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“There cannot be a language more universal and more simple,

more free from errors and from obscurities,

that is to say more worthy to express

the invariable relations of natural things.

Considered from this point of view,

mathematical analysis is as extensive as nature itself;

it defines all perceptible relations, measures times,

spaces, forces, temperatures;

this difficult science is formed slowly, but it preserves

every principle which it has once acquired;

it grows and strengthens itself incessantly in the midst

of the many variations and errors of the human mind.”

Joseph Fourier - The Analytical Theory of Heat.
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Introduction

In this thesis we present the main results obtained during the PhD course. It is

structured in three chapters: Chapter I is devoted to the preliminaries; Chapter 2

contains a short history regarding the 4th order problems and the various methods

used to determine the solutions; in Chapter 3 we will introduce our problem and

report the results obtained.

The aim of this thesis is to derive the existence of infinitely many solutions for

an elliptic problem involving both the p-biharmonic and the p-Laplacian operators

under Navier boundary conditions. Our approach is of variational nature and does

not require any symmetry of the nonlinearities.

The problem is the following:
∆2
pu−∆pu+ V (x)|u|p−2u = λf(x, u) + µg(x, u) in Ω

u = ∆u = 0 on ∂Ω

(Pλ,µ)

where Ω ⊂ Rn is an open bounded subset of class C1, n ≥ 1, p > max
{

1, n
2

}
,

∆2
pu is a p-biharmonic operator, V ∈ C(Ω) is the potential function and has some

special characteristic, ∆pu is a p-laplacian operator, f, g with a suitable behavior

vi



and λ ∈ R, µ > 0.

Variational methods are indispensable as a tool in mathematical physics and

geometry so, before summarizing the topics mentioned in the above discussion, we

recall the beginning of this theory.

Variational methods arise with Riemann, who proposed this approach to study

the classic problem involving the Laplacian operator:
−∆u = f(x, u) in Ω

u = ∆u = 0 on ∂Ω

(P )

He realized that the solutions that satisfy P could be found minimizing a certain

functional

I(u) =

∫
Ω

|∇u|2 dx−
∫

Ω

(∫ u(x)

0

f(x, s) ds

)
,

which he called Energy Functional, since in many cases of physical interest this

functional had the function of describing the energy associated with the system.

Then, the fundamental idea is to interpret a Dirichlet problem as a differential

problem consisting in finding the solution of the energy functional, in fact many

boundary value problems are equivalent to

F (u) = 0,

where F : X → R is a mapping defined on an appropriate set of functions. When

the problem is variational there exist a differentiable function

< I(u), v >= I ′(u)(v) = 0 (1)
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(in a sense to be made precise we have F = I ′) such that his zeros are exactly

the solution of the differential problem. A solution constructed by a variational

method is called weak solution. So, the issue is: how we can find the critical

points of I?

In view of their numerous and wide-ranging applications, interest in variational

methods is very strong and growing. Of course not all differential problems can

be written in the form 1, but when it is possible we could use abstrac theorems

which guarantee the existence of weak solutions.

The two most famous such results are the 1973 Mountain Pass Theorem by

Ambrosetti and Rabinowitz, and the 1978 Saddle Point Theorem by Rabinowitz.

This is where the elementary variational methods end, and make space for the

most recent and sophisticated techniques. In this thesis the main tool is a recent

Ricceri theorem (see [16]) which guarantees the existence of infinite critical points

for a parametric functional of the type

Φ(u) + λΨ(u).

In recent years several authors have used this theorem to solve a huge amount

of differential problems, see for example [2, 7, 8, 19]. The peculiarity of this

theorem is that in order to find weak solutions, appropriate function sequences

must be built; so in our approach this function intervenes in the formulation itself

of the multiplicity result, in the sense that different choices of it lead to different

hypotheses on the data of the problem. For this reason we thought to introduce

viii



a suitable space of test functions (in chapter 3) so as to have a greater generality

and from time to time choose the sequence that best solves the question. Now let

us explain how the thesis is divided and what results we have obtained.

In the first chapter we introduce some basic notations and classical results

which are the preliminaries to the development of the thesis. The weak solutions

belongs to particular functional spaces, called Sobolev spaces, which are the nat-

ural spaces to work with the variational methods. After we introduce a review

of differential calculus for functionals defined on a Banach space and we will give

an introduction to the variational formulation, where we will present Ricceri’s

variational principle which is the abstract tool used to determine weak solutions.

In the second chapter we will deal with a bit of history of the fourth order

problems, we will see how they can be solved with various different methods and

in particular we will see how in recent years the research has focused on the study

of perturbed problems involving the p-Biharmonic operator and real parameters.

In the third chapter, we will present our main results. They concern the ex-

istence of infinitely many weak solutions for a class of problems involving the p-

Biharmonic and p-Laplacian operators, a potential term and two real parameters

λ, µ. We will study the following elliptic problem:
∆2
pu−∆pu+ V (x)|u|p−2u = λf(x, u) + µg(x, u) in Ω

u = ∆u = 0 on ∂Ω

(Pλ,µ)

and we will establish:
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• a multiplicity result when f has a global (m-1)-sublinear growth, with m < p,

while g is related to the behaviour at +∞ of the function

t 7→
∫

Ω

max
|ξ|≤t

(∫ ξ

0

g(x, s) ds

)
dx, t 7→

∫
B(x0,ρ)

(∫ t

0

g(x, s) ds

)
dx t > 0,

• a multiplicity result when f(x, t) = h(x)|t|m−2t and g(x, u) = r(x)s(u), where

m < p, h ∈ L1(Ω) and the integral function of s satisfies some suitable growth

conditions,

• a multiplicity result concerns the case in which the growth exponent of non-

linearity f(x, t) is exactly (p-1) and g satisifes the same conditions of the

first result.

In particular, for the first two results we will get infinite weak solutions to the

problem for each λ ∈ R while for the third result the existence of infinite weak

solutions will be obtained non for each λ ∈ R but in an appropriate interval.
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Chapter 1

Preliminaries and Basic Results

First of all, we briefly recall the basic definitions that will be needed in this and

the following chapters.

All the functions considered are real value function. The symbol Ω will always

stand for an bounded domain of Rn with smooth boundary ∂Ω but we clarify

later what does it means. The euclidian space Rn is endowed with the standard

measure of Lebesgue and all integrals are to be considered in this sense. Moreover,

the measure of a measurable set A ⊂ Rn is denoted by |A|.

Now we introduce the following functions spaces, which are knows:

• Ck(Ω), for k=1,2,... is the space of functions u : Ω → R that are k times

differentiable in Ω and whose k-th detivatives are continuous in Ω,

• C∞(Ω) is the space of functions u : Ω → R that are infinitely many times

differentiable in Ω,
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• C∞0 (Ω) is the subspace of C∞(Ω) consisting of functions with compact sup-

port in Ω,

• Ck,α(Ω), with 0 < α ≤ 1 and k a non negative integer, consist of all functions

whose kth order derivatives are Hölder continuous with exponent α,

• Let 1 ≤ p ≤ ∞, we recall the classical Lebesgue space:

Lp(Ω) =

{
u : Ω→ R |

∫
Ω

|u(x)|pdx < +∞
}

L∞(Ω) = {u : Ω→ R | there exists C > 0 such that |u(x)| ≤ C a.e. on Ω}

The norms that makes these spaces Banach spaces are, respectively,

‖u‖p =

(∫
Ω

|u(x)|p
) 1

p

and ‖u‖∞ = ess sup
x∈Ω

|u(x)|

• Let 1 ≤ p ≤ ∞, we recall the space of all locally p-integrable functions:

Lploc(Ω) =

{
u : Ω→ R |

∫
K

|u(x)|pdx < +∞ for every compact set K ⊂ Ω

}
.

Note that if u ∈ Lploc(Ω) then u ∈ L1
loc(Ω).

Furthermore, we will assume that the theories of Banach and Hilbert spaces are

known. For our purposes, we only mention the following statements.

Definition 1.0.1. Let (E, ‖.‖E) and F ⊂ E a subspace with norm ‖.‖F induced

by E. We say that F is continuously embedded into E if the inclusion map

i : F → E

is continuous, i.e. if there exists a constant C > 0 such that ‖x‖E ≤ C‖x‖F .
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Definition 1.0.2. Let (E, ‖.‖E) and F ⊂ E a subspace with norm ‖.‖F induced

by E. We say that F is compactly embedded into E if the inclusion map

i : F → E

is a compact operator.

Proposition 1.0.1. Let (E, ‖.‖E) and F ⊂ E a subspace with norm ‖.‖F induced

by E. Suppose that F is compactly embedded into E. Then every weakly convergent

sequences in F is a strongly convergent sequences in E.

The application of variational methods to differential problem leads to the con-

struction of a functional defined in a Sobolev space so it is necessary to extend

the concepts of derivability. Here, defining the Fréchet and Gâteaux derivatives

we generalize the total and directional derivatives of classic Calculus in finite di-

mensions.

Definition 1.0.3. Let (E, ‖.‖E) be a normed space, E∗ his dual, A ⊆ E an open

set, x0 ∈ A and let J : A → R be a functional. We say that J is Gâteaux

differentiable at x0 if there exists ϕx0 ∈ E∗ such that, for all x ∈ E,

lim
t→0

J(x0 + tx)− J(x0)

t
= ϕx0(x). (1.1)

If J is Gâteaux differentiable (G-differentiable) at x0, the map ϕx0 is uniquely

determined and it is called Gâteaux differential of J at x0 and it is denoted by

J ′G(x0).
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Remark 1. Gateaux differentiability doesn’t even imply continuity. In fact the

following function defined in R2

f(x, y) =


x2y
x4+y2 if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)

possess all the Gâteaux derivatives at the origin but fails to be continuous there.

Definition 1.0.4. Let (E, ‖.‖E) be a normed space, E∗ his dual, A ⊆ E an open

set, x0 ∈ A and let J : A → R be a functional. We say that J is Fréchet

differentiable at x0 if there exists ϕx0 ∈ E∗ such that

lim
‖x‖E→0

J(x0 + x)− J(x0)− ϕx0(x)

‖x‖E
= 0. (1.2)

If J is Fréchet differentiable (F-differentiable) at x0, the map ϕx0 is uniquely de-

termined and it is called Fréchet differential of J at x0 and it is denoted by J ′F (x0).

Definition 1.0.5. If J : A→ R be a functional F-differentiable at any point of A

we say that it is differentiable in A. The map

J ′F : A→ E∗ such that x0 7→ J ′F (x0)

is the derivative of J. If J ′F is continuous, we say that J is of class C1.

We conclude this section with definitions of critical points and critical levels, as

fundamental concepts for the development of the thesis.

Definition 1.0.6. Let E be a Banach space, A ⊆ E an open set and assume that

J : A→ R is functional differentiable in A. A critical point of J is a point x0 ∈ A
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such that

J ′(x0) = 0.

Since J ′(x0) is an element of the dual space E∗, the equation J ′(x0) = 0 is

equivalent to J ′(x0)(v) = 0, for all v ∈ E. If J ′(x0) = 0 and J(x0) = c, we say

that x0 is a critical point for J at level c.

The equation J ′(u) = 0 is called the Euler, or Euler-Lagrange equation associ-

ated to the functional J .

Moreover, in this chapter there are few proofs which are concentrated towards

the end, when we introduce the variational methods. The reader can consult

[6, 10, 18] for more details abouts the arguments of this first chapter.

1.1 Sobolev Spaces

The theory of Sobolev Spaces is the proper setting to apply ideas of function

analysis to obtain information concerning PDE. Our intention, broadly put, will be

to take a specific PDE and to rewrite it abstractly as operator acting on appropriate

linear space which could be a Sobolev Space.

1.1.1 The Sobolev spaces W 1,p(Ω) and W 1,p
0 (Ω)

We start with generalized the concept of the derivative of a function u ∈ L1
loc(Ω).

This definition is motivated by the integration by parts formula.
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Definition 1.1.1. For all i = 1, . . . , n, a function u ∈ L1
loc(Ω) is weakly differen-

tiable w.r.t. xi-variable if there exists a function gi ∈ L1
loc(Ω) such that

∫
Ω

u
∂ϕ

∂xi
dx = −

∫
Ω

gi ϕdx for all ϕ ∈ C∞0 (Ω), (1.3)

where the symbol ∂
∂xi

denotes the classical derivative.

The existence of a weak derivative is, however, not equivalent to the existence of

a pointwise derivative almost everywhere. Unless stated otherwise, we will always

interpret derivatives as weak derivatives and following the literature, we use the

same notation to indicate the weak and classical partial derivatives of a function.

Definition 1.1.2. If u has weak derivatives ∂u
∂xi

for each i = 1, ..., n, we call weak

gradient of u, the vector ∇u := ( ∂u
∂x1
, ∂u
∂x2
, . . . , ∂u

∂xn
), where ∂u

∂xi
is the weak derivative

of u for i = 1, . . . , n.

Now we can introduce the space W 1,p(Ω). A Sobolev space is a vector space of

functions equipped with a norm that is a combination of Lp-norms of the function

together with its derivatives and the derivatives are understood in the weak sense.

Definition 1.1.3. Let Ω ⊂ RN be an open set and 1 ≤ p ≤ +∞. The Sobolev

space W 1,p(Ω) is defined by

W 1,p(Ω) = {u ∈ Lp(Ω) :
∂u

∂xi
∈ Lp(Ω) for all i = 1, . . . , n}. (1.4)

Remark 2. To semplify that every weak derivative belongs to Lp(Ω) often we write

∇u ∈ Lp(Ω).

6



For all 1 ≤ p ≤ ∞, the space W 1,p(Ω) is equipped with the norm

‖u‖W 1,p(Ω) = ‖u‖p + ‖∇u‖p (1.5)

or sometimes, for 1 ≤ p <∞ we used the equivalent norm

‖u‖W 1,p(Ω) =
(
‖u‖pp + ‖∇u‖pp

) 1
p .

Sobolev spaces with p = 2 possess a special notation which we explain soon.

However we put

W 1,2(Ω) = H1(Ω).

In the following propositions we recall some useful properties of Sobolev space, one

of them is that they are complete. Thus Sobolev spaces are closed under limits of

Cauchy sequences. We treat the case of H1(Ω) in a separately proposition.

Proposition 1.1.1. Let Ω ⊂ Rn be an open set. Then the space W 1,p(Ω) is a:

1. Banach space if 1 ≤ p ≤ +∞,

2. separable space if 1 ≤ p < +∞,

3. reflexive space if 1 < p < +∞,

endowed with the norm ‖u‖W 1,p(Ω).

Proposition 1.1.2. Let Ω ⊂ Rn be an open set. Then the space H1(Ω) is a

separable Hilbert space equipped with the scalar product

(u, v)H1 = (u, v)L2(Ω) + (∇u · ∇v)L2(Ω) =

∫
Ω

uv dx+

∫
Ω

∇u · ∇v dx.
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The norm endowed by the scalar product is

‖u‖H1 =
√

(u, u) =

(∫
Ω

u2dx+

∫
Ω

|∇u|2dx
) 1

2

When Ω = Rn and p = 2, Sobolev spaces could be define using the Fourier

transform but we do not take this point of view here.

It is practical to keep in mind the following facts: in a general Banach space

X, with dual X ′, we write uk → u when the sequence {uk}k converges strongly to

u, which means ‖uk − u‖ → 0, as k → +∞; we write uk ⇀ u if {uk}k converges

weakly to u, which means that f(uk)→ f(u), as k → +∞, for all f ∈ X ′. Moreover

the closed unit ball of an infinite dimensional Banach space fails to be compact

with respect to the strong topology induced by the norm therefore so, we have to

regain compactness in some way. The first compactness result which help us is the

Banach-Alaoglu’s Theorem:

Theorem 1.1.3 (Banach-Alaoglu). Let X be a reflexive Banach space. If B ⊂ X

is bounded, then B is relatively compact in the weak topology of X.

Thanks to this we can assert:

Theorem 1.1.4 (Compactness). Let Ω ⊂ Rn be an open set and let 1 < p < ∞.

Assume that {uk} ⊂ W 1,p(Ω) is bounded. Then there exist a subsequence (still

denoted by) {uk} and u ∈ W 1,p(Ω) such that uk ⇀ u in W 1,p(Ω).

We introduce next a density results and extension theorems regarding functions

in W 1,p(Ω), after that we could define a new space with important property which

reveal useful in the applications. First, we need the following.
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Definition 1.1.4. Let Ω ⊂ Rn be an open set. We say that an open set ω ∈ Rn

is strongly included in Ω, and we write ω ⊂⊂ Ω, if ω ⊂ Ω and ω is compact.

The first density result holds for general open set .

Theorem 1.1.5. Let u ∈ W 1,p(Ω) with 1 ≤ p <∞. Then there exists a sequence

{uk}k ∈ C∞0 (Rn) such that

uk|Ω → u in Lp(Ω)

and

∇uk|ω → ∇u|ω in Lp(ω)n for all ω ⊂⊂ Ω.

If Ω = Rn and u ∈ W 1,p(Rn), there exists a sequence {uk}k ∈ C∞0 (Rn) such that

uk → u in Lp(Rn)

and

∇uk → ∇u in Lp(Rn)n.

Our goal now is to extend functions in Sobolev spaces W 1,p(Ω) to become

functions in W 1,p(Rn). In a general way our extension should be zero in Rn \Ω but

we may thereby discontinuity along ∂Ω and the weak derivatives does not exists.

Definition 1.1.5. An open set Ω is said to be of class Ck (or more specific, with

boundary of class Ck) if for every x ∈ ∂Ω there exists a neighborhood U ⊂ Rn of

x and a diffeomorphism H : BR → U such that

U ∩ Ω = H(B+
R), U ∩ ∂Ω = H(B+

R ∩ {x ∈ Rn : xn = 0}),
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H ∈ Ck(BR), H−1 ∈ Ck(U),

where BR = {x ∈ Rn : |x| < R} and B+
R = {x ∈ BR : xn > 0} The map H is called

a local chart.

Theorem 1.1.6. Assume that Ω is of class C1 and let 1 ≤ p ≤ ∞. Then there

exists a linear extension operator

P : W 1,p(Ω)→ W 1,p(Rn)

such that for all u ∈ W 1,p(Ω):

1. P (u)|Ω = u,

2. ‖P (u)‖Lp(Rn) ≤ C‖u‖Lp(Ω),

3. ‖P (u)‖W 1,p(Rn) ≤ C‖u‖W 1,p(Ω).

As an immediate consequence of this extension theorem there is a following density

result which is more specific than 1.1.5.

Corollary 1.1.7. Suppose that Ω is of class C1. Let u ∈ W 1,p(Ω) with 1 ≤ p <∞.

Then there exists a sequence {uk}k ∈ C∞0 (Rn) such that

uk|Ω → u in W 1,p(Ω).

Otherwise speaking, the restrictions to Ω of C∞0 (Rn) functions form a dense sub-

space of W 1,p(Ω).
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Here, we introduce a very important space not only in the theory of Sobolev space

but also to solve boundary value problems because often it’s the right space to

find weak solutions.

Definition 1.1.6. Let Ω ⊂ Rn be an open set and let 1 ≤ p ≤ ∞. The space

W 1,p
0 (Ω) is defined as the closure of the space C∞0 (Ω) in W 1,p(Ω) (with respect to

the norm-topology of W 1,p(Ω)).

Remark 3. W 1,p
0 (Ω) is a subspace of W 1,p(Ω). The space W 1,p

0 (Ω) can be equipped

with the W 1,p(Ω)-norm and it is a separable Banach space. Moreover, if 1 < p <

∞, the space W 1,p
0 (Ω) is reflexive.

The functions in W 1,p
0 (Ω) are roughly those of W 1,p(Ω) that vanish on ∂Ω.

It is delicate to make this precise, since a function u ∈ W 1,p(Ω) is defined only

a.e. and the measure of the boundary is zero then u need not have a continuous

representative.

Lemma 1.1.8. Let u ∈ W 1,p(Ω) with 1 ≤ p < ∞ and assume that supp(u) is a

compact subset of Ω. Then u ∈ W 1,p
0 (Ω).

The following theorems clarify aspects of functions in W 1,p
0 (Ω).

Theorem 1.1.9. Let Ω an open set of class C1 . Let

u ∈ W 1,p(Ω) ∩ C(Ω)

with 1 ≤ p <∞. Then the following properties are equivlent:
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1. u ∈ W 1,p
0 (Ω),

2. u=0 on ∂Ω.

Theorem 1.1.10. Let Ω an open set of class C1. Let u ∈ Lp(Ω) with 1 < p <∞.

The following properties are equivalent:

1. u ∈ W 1,p
0 (Ω),

2. there exists a costant C such that∣∣∣∣∫
Ω

u
∂ϕ

∂xi

∣∣∣∣ ≤ C‖ϕ‖Lp′ (Ω) for all ϕ ∈ C∞0 (Rn), for all i = 1, . . . , n

3. the function

u(x) =


u(x) if x ∈ Ω

0 if x ∈ Rn \ Ω

belongs to W 1,p(Rn),and in this case ∂u
∂xi

= ∂u
∂xi

.

1.1.2 The Sobolev Spaces W k,p(Ω) and W k,p
0 (Ω)

In this section we introduce the Sobolev spaces of positive integer order which

consists of all locally integrable functions that admit weak derivatives up to order

k and each of them is p-sommable on Ω. Obviosly, this is an extention of the

definition 1.1.3 that required only ∇u ∈ Lp(Ω). First of all, let us recall the

multi-index notation.
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Remark 4 (Multi-Index notation). A list α = (α1, . . . , αn) of integer αi ≥ 0 is

called a Multi-index of order |α| :=
∑n

i=1 α1 + . . . + αn. For a multi-index α the

associated partial derivative of a function ϕ is denoted by

Dαϕ(x) =
∂|α|ϕ(x)

∂xα1
1 . . . ∂xαnn

.

Definition 1.1.7. A function u ∈ L1
loc(Ω) is said to admit a weak derivative

corresponding to α if there exists a function gα ∈ L1
loc(Ω) such that

∫
Ω

u Dαϕdx = (−1)|α|
∫

Ω

gα ϕdx for all ϕ ∈ C∞0 (Ω). (1.6)

We set gα = Dαu.

Definition 1.1.8. Let k ≥ 2 an integer and 1 ≤ p ≤ ∞. We set

W k,p(Ω) = {u ∈ LpΩ : Dαu ∈ Lp(Ω) for each multi-index α s.t. |α| ≤ k}

For all 1 ≤ p ≤ ∞, the space W k,p(Ω) is equipped with the norm

‖u‖Wk,p(Ω) =
∑

0≤|α|≤k

‖Dαu‖p (1.7)

or sometimes, for 1 ≤ p <∞ we used the equivalent norm

‖u‖Wk,p(Ω) =

 ∑
0≤|α|≤k

‖Dαu‖pp

 1
p

.

If p = 2 we put W k,2(Ω) = Hk(Ω).

Proposition 1.1.11. Let Ω ⊂ Rn be an open set. Then the space W k,p(Ω) is a:
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1. Banach space if 1 ≤ p ≤ +∞;

2. separable space if 1 ≤ p < +∞;

3. reflexive space if 1 < p < +∞.

endowed with the norm ‖u‖Wk,p(Ω), for every k ≥ 2.

Proposition 1.1.12. Let Ω ⊂ Rn be an open set. Then the space Hk(Ω) is a

separable Hilbert space equipped with the scalar product

(u, v)Hk =
∑

0≤|α|≤k

(Dα u,Dα v)L2(Ω).

As done for space W 1,p(Ω), our aim now is to show that smooth functions are

dense in W k,p(Ω). Thus every Sobolev function can be locally approximated with

a sequence of smooth functions in the Sobolev norm. In this case we use also the

approximation by sequence of mollifiers.

Definition 1.1.9. A sequence of mollifiers, denoted by φε is a sequence of function

in C∞0 (Rn) with these properties:

φε ≥ 0,

∫
Rn
φε dx = 1, supp(φε) ⊂ B(0, ε).

Theorem 1.1.13. Let u ∈ W k,p(Ω) with 1 ≤ p <∞ and set

uε = u ∗ φε in ω,

for all ω ⊂⊂ Ω, where ′∗′ denoted the standard convolution product. Then:

1. uε ∈ C∞(ω),
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2. uε → u in W k,p(ω).

Now we show that we can find an approximation with smooth functions not

only locally.

Theorem 1.1.14 (Mayers-Serrin). Suppose Ω bounded and let u ∈ W k,p(Ω) with

1 ≤ p <∞. Then there exists a sequence um ∈ C∞(Ω) ∩W k,p(Ω) such that

um → u in W k,p(Ω).

Remark 5. A consequence of this result is that the set
{
u ∈ C∞(Ω) : ‖u‖Wk,p(Ω) <∞

}
is dense in the Sobolev space. Obviously the converse of the theorem is also true

so, in other words, W k,p(Ω) is the completion of C∞(Ω) in the Sobolev norm. The

Meyers-Serrin theorem is false for p =∞.

If instead of Ω we would like to use Ω then we should add the regularity of the

boundary.

Theorem 1.1.15 (Mayers-Serrin). Suppose Ω bounded, of class C1 and let u ∈

W k,p(Ω) with 1 ≤ p < ∞. Then there exists a sequence um ∈ C∞(Ω) ∩W k,p(Ω)

such that

um → u in W k,p(Ω).

We remember that the functions of Lp(Ω) can be approximated with func-

tions in C∞0 (Ω) but this property fail in the case of W k,p(Ω), in fact we have

C∞(Ω) = W k,p(Ω) so, the closure of C∞0 (Ω) is a proper subset of the Sobolev

space. Then we can give the following:
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Definition 1.1.10. Let Ω ⊂ Rn be an open set and let 1 ≤ p ≤ ∞. The space

W k,p
0 (Ω) is defined as the closure of the space C∞0 (Ω) in W k,p(Ω) (with respect to

the norm-topology of W k,p(Ω)).

Remark 6. The space W k,p
0 (Ω) can be equipped with the W k,p(Ω)-norm and it is

a separable Banach space. Moreover, if 1 < p <∞, the space W k,p
0 (Ω) is reflexive.

1.1.3 Sobolev Inequalities and Embeddings

Now we are interested in the inclusions of Sobolev spaces into others spaces. A

function u ∈ W k,p(Ω) is integrable with p-exponent, by the fact that also ∇u ∈ Lp

therefore this exponent could be brought up to a threshold value, which is denoted

by p∗. The Sobolev’s inequalities will be the most important tools to understand

how this type of embeddings works. So, let’s start with a simple result with

Ω = Rn; Sobolev proved the following result in the case p > 1 while Nirenberg and

Gagliardo in the case p = 1.

Theorem 1.1.16 (Sobolev-Gagliardo-Nirenberg inequality). Let 1 ≤ p < n. Then

there exists a constant C = C(n, p) > 0 such that for every function u ∈ C1
0(Rn)(∫

Rn
|u|p∗dx

) 1
p∗

≤ C

(∫
Rn
|∇u|pdx

) 1
p

(1.8)

where p∗ := pn
n−p .

The exponent p∗ comes out by simple considerations, starting also using a

smooth function uλ(x) = u(λx), with λ > 0, and asking if there exists an inequality
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of the type ‖u‖Lq(Rn) ≤ C‖∇u‖Lp(Rn). Comes out that the exponent q cannot be

arbitrary but possess a specific form, in fact one has

‖u‖Lq(Rn) ≤ Cλ1−n
p

+n
q ‖∇u‖Lp(Rn).

To make true the inequality we must have 1 − n
p

+ n
q

= 0 and so the exponent q

should be np
n−p . Now, we can give the following definition:

Definition 1.1.11. The exponent p∗ := pn
n−p is the so called Sobolev critical expo-

nent. Obviously if p = n then p∗ = +∞.

Theorem 1.1.17 (Sobolev-Gagliardo-Nirenberg inequality in W 1,p(Ω)). Let Ω

bounded and of class C1. Assume 1 ≤ p < n and u ∈ W 1,p(Ω). Then, u ∈ Lp∗(Ω)

and there exists a constant C = C(n, p,Ω) > 0 such that

‖u‖Lp∗ (Ω) ≤ C‖u‖W 1,p(Ω). (1.9)

Theorem 1.1.18 (Morrey’s inequality in W 1,p(Ω)). Let Ω bounded and of class

C1. Assume p > n and u ∈ W 1,p(Ω). Then, u ∈ C0,1−n
p (Ω) and there exists a

constant C = C(n, p,Ω) > 0 such that

‖u‖
C

0,1−np (Ω)
≤ C‖u‖W 1,p(Ω). (1.10)

Remark 7. When we say that u ∈ C0,1−n
p (Ω) it is clear that this notation implies

the existence of a function ũ (when it is useful, we can still denote with u), which

is the continuous representative of u.
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In the borderline case, when p∗ = ∞, we can’t say that if u ∈ W 1,p(Ω) then

u ∈ L∞(Ω). However the estimate exists and one has:

Theorem 1.1.19. Let Ω bounded and of class C1. Assume p = n and u ∈ W 1,p(Ω).

Then, u ∈ Lq(Ω) for all q ∈ [p,+∞) and there exists a constant C = C(n, p,Ω) > 0

such that

‖u‖Lq(Ω) ≤ C‖u‖W 1,p(Ω).

Now, we continue with the general case, which is what interests us. When the

Sobolev space is W k,p(Ω), the extention of p∗ is the following:

Definition 1.1.12. The general Sobolev critical exponent is p∗ := pn
n−kp . Obviously

if n = pk then p∗ = +∞.

We distinguish three cases on the basis of the relationship between pk and n:

Theorem 1.1.20 (Embeddings of W k,p(Ω)). Let Ω bounded and of class C1. As-

sume u ∈ W k,p(Ω). Then there exists a costant C (different for each case) such

that:

1. if pk < n we have

‖u‖Lq(Ω) ≤ C‖u‖Wk,p(Ω) for all q ∈ [1, p∗),

2. if pk > n we have

‖u‖
C
k−[np ]−1,γ

(Ω)
≤ C‖u‖Wk,p(Ω),
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where γ =


[n
p
] + 1− n

p
if n

p
is not an integer

any positive numbers < 1 if n
p

is an integer

3. if pk = n we have

‖u‖Lq(Ω) ≤ C‖u‖Wk,p(Ω) for all q ∈ [p,+∞).

Moreover, in 1. the space W k,p(Ω) is continuously embedded in Lp
∗
(Ω) and com-

pactly embedded in Lq(Ω) for any q < p∗ and in 2. the space W k,p(Ω) is continu-

ously embedded in Ck−[n
p

]−1,γ(Ω).

The main difference between W 1,p(Ω) and W 1,p
0 (Ω) is given by the following

inequality.

Theorem 1.1.21 (Poincaré’s inequality). Assume that Ω is bounded and 1 ≤ p <∞.

Then there exists a constant C = C(p,Ω) such that

‖u‖Lp(Ω) ≤ C‖∇u‖Lp(Ω) (1.11)

for every u ∈ W 1,p
0 (Ω).

Remark 8. The critical exponent doesn’t appear in this theorem. Moreover, the

presence of only ∇u on the right hand side of the inequality ensure that ‖∇u‖Lp(Ω)

is an equivalent norm on W 1,p
0 (Ω).
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1.2 Variational Formulation

The application of a variational method to a differential problem consists in the

construction of a functional associated to problem, called energy functional, defined

in a suitable infinite dimensional Sobolev space, whose critical points correspond to

the weak solutions of the problem. Then, the attention shifts from the research for

solutions of the problem to the application of critical points theory to functional

energy. Without any doubt it can be said that variational methods provide a

theoretical set of procedures that allow to solve a large quantity of problems of a

different nature.

The argument is not very different from that we learned in the first courses

of analysis. The critical points of the energy functional will be found from the

equation J ′(u) = 0, which obviously will be understood in a broad sense, as we

have already seen in the previous paragraphs. Furthermore, depending on the

problem, we may be interested in the maximum or minimum points but also in

saddle points.

1.2.1 Ricceri’s variational theorem

The famous Mountain Pass theorem is an extraordinary result that marks the

beginning of a new approach to critical point theory, moreover, it is one of the

most used theorems in variational methods. However, it is not the central tool

that we will apply, in fact we will use a much more recent theorem that often goes
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under the name of “Ricceri’s variational principle ”. For more detail see [16].

The great utility of Ricceri’s theorem also emerges in the most recent studies on

the fractional Laplacian, the interested reader can consult [], here, the applicability

of this variational principle guarantees the existence and multiplicity of solutions

in many cases.

Some recent multiplicity results using Ricceri’s theorem can be found in [7, 8].

To be more specific this result is an alternative theorem for perturbed abstract

functionals.

Theorem 1.2.1 (Ricceri’s variational principle, v. 1). Let X be a reflexive real

Banach space, J,Φ : X → R be two sequentially weakly lower semicontinuous and

G-differentiable functionas. Moreover Φ is strongly continuous and coercive. Let

ϕ : ]infX Φ,+∞[→ R be a function such that

ϕ(r) = inf
x∈Φ−1(]−∞,r[)

J(x)− infx∈Φ−1(]−∞,r[) J

r − Φ(x)
for all r > inf

X
Φ (1.12)

Then, the following conclusion holds:

1. for all r > infX Φ, for all λ > ϕ(r) the restriction J + λΦ|Φ−1(]−∞,r[) has a

global minimum;

2. set γ := lim infr→+∞ ϕ(r) assume that γ < +∞. Then for all λ > γ the

following alternative holds:

2a. the functional J + λΦ has a global minimum on X or
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2b. there exists a sequence of local minimum {xn}n of J + λΦ such that

limn→+∞Φ(xn) = +∞;

3. set δ := lim infr→(infX Φ)+ ϕ(r) assume that δ < +∞. Then for all λ > δ the

following alternative holds:

3a. there exists a local minimum of J + λΦ which is a global minimum of

Φ or

3b. there exists a sequence of local minimum {xn}n of J + λΦ such that

limn→+∞Φ(xn) = infX Φ.

The following result is a direct consequence of theorem 1.2.1 and it is particu-

larly useful for applications.

Theorem 1.2.2 (Ricceri’s variational principle, v. 2). Let X be a reflexive real

Banach space, J,Φ : X → R be two sequentially weakly lower semicontinuous and

G-differentiable functionas. Moreover Φ is strongly continuous and coercive. Let

ϕ : ]infX Φ,+∞[→ R be a function such that

ϕ(r) = inf
x∈Φ−1(]−∞,r[)

J(x)− infΦ−1(]−∞,r[)
w J

r − Φ(x)
for all r > inf

X
Φ (1.13)

where Φ−1(]−∞, r[)w is the closure of Φ−1(]−∞, r[) in the weak topology. Fixed

λ ∈ R, then

1. if {rn}n is a real sequence with limn→+∞ rn = +∞ such that ϕ(rn) < λ,

for each n ∈ N, the following alternative holds: either J + λΦ has a global
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minimum or there exists a sequence {xn}n of critical points of J + λΦ such

that limn→+∞Φ(xn) = +∞.

2. if {sn}n is a real sequence with limn→+∞ sn = (infX Φ)+ such that ϕ(sn) < λ

for each n ∈ N, the following alternative holds: either there exists a global

minimum of Φ which is a local minimum of J+λΦ or there exists a sequence

of {xn}n of pairwise distinct critical points of J+λΦ, with limn→+∞Φ(xn) =

infX Φ, which weakly converges to a global minimum of Φ.

Now we will see how this theorem applies to a differential problem involving the

p-Laplacian operator. The p-Laplacian operator, is a quasilinear elliptic partial

differential operator of 2nd order. It is a nonlinear generalization of the Laplace

operator when we change the square to a pth power:

Definition 1.2.1. Assume 1 < p < +∞ the p-Laplacian operator is given by

∆p(u) := div(|∇u|p−2∇u).

Obviously, when p = 2 the p-Laplacian reduces to the usual Laplacian.

Remark 9. ∆p(.) is linear in the second derivatives, but contains terms which are

nonlinear functions of the gradient of the unknown. The solutions of the equation

div(|∇u|p−2∇u) = 0 are called p-harmonic functions.

Using 1.2.2 as abstract tool, we present a result of existence of infinitely many
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solutions for the Dirichlet problem:
−∆pu = f(u) in Ω

u = 0 on ∂Ω,

(D)

where Ω ⊂ Rn is a bounded open subset of class C1, p > n and f : R → R is a

coninuous function. The reader is invited to consult [7] and the references therein

for more detail.

We multiply the equation of (D) by v ∈ C∞0 (Ω) and integrate the result over

Ω we obtain:

−
∫

Ω

∆pu(x)v(x) dx =

∫
Ω

f(u(x))v(x) dx

n∑
i=1

[∫
Ω

∂

∂xi

(
|∇u(x)|p−2 ∂u

∂xi
(x)

)
v(x) dx

]
=

∫
Ω

f(u(x))v(x) dx

using the integration by parts

n∑
i=1

[∫
Ω

∂

∂xi

(
|∇u(x)|p−2 ∂u

∂xi
(x)v(x)

)
dx−

∫
Ω

|∇u(x)|p−2 ∂u

∂xi
(x)

∂v

∂xi
(x) dx

]
=

=

∫
Ω

f(u(x))v(x) dx

and so

∫
Ω

div(|∇u(x)|p−2v(x)∇u(x)) dx−
∫

Ω

|∇u(x)|p−2∇u(x) · ∇v(x) dx =
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=

∫
Ω

f(u(x))v(x) dx

By the divergence’s theorem and thanks to the fact that v ≡ 0 on ∂Ω, we have

∫
Ω

|∇u(x)|p−2∇u(x) · ∇v(x) dx =

∫
Ω

f(u(x))v(x) dx.

Obviously, the presence of the pth−power suggests that the correct space to apply

the variational methods is W 1,p
0 (Ω).

Definition 1.2.2. A weak solution of (D) is any u ∈ W 1,p
0 (Ω) such that∫

Ω

|∇u(x)|p−2∇u(x) · ∇v(x) dx−
∫

Ω

f(u(x))v(x) dx = 0 (1.14)

for all v ∈ W 1,p
0 (Ω).

We continue studying the differentiability of some relevant functionals onW 1,p
0 (Ω).

We start with the norm.

Proposition 1.2.3. Let Ω ⊂ Rn be a bounded open set and let p > 1. Let f, g ∈

Lp(Ω) and Nf,g : R→ R a function such that

Nf,g(t) =

∫
Ω

|f(x) + tg(x)|p dx, for all t ∈ R.

Then, Nf,g is differentiable at 0 and

N ′f,g(0) = p

∫
Ω

|f(x)|p−2f(x)g(x) dx.

Proposition 1.2.4. Let p > 1. The functional Φ : W 1,p
0 (Ω)→ R defined by

Φ(u) = ‖u‖p
W 1,p

0 (Ω)
=

∫
Ω

|∇u|p dx
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for all u ∈ W 1,p
0 (Ω), is G-differentiable and one has

Φ′(u)(v) = p

∫
Ω

|∇u(x)|p−2∇u(x) · ∇v(x) dx (1.15)

Proof. Applying 1.2.3 with ∇u,∇v ∈ Lp(Ω) we have

lim
λ→0

Φ(u+ λv)− Φ(u)

λ
= lim

λ→0

N∇u,∇v(λ)−N∇u,∇v(0)

λ
= N ′∇u,∇v(0) =

= p

∫
Ω

|∇u(x)|p−2∇u(x) · ∇v(x) dx.

We have now to prove that Φ′(u) ∈ W 1,p
0 (Ω)∗. Obviously, it is linear thanks to the

linearity of the integral and gradient. Finally, for all v ∈ W 1,p
0 (Ω) we evaluate

|Φ′(u)(v)| =
∣∣∣∣p∫

Ω

|∇u(x)|p−2∇u(x) · ∇v(x) dx

∣∣∣∣ ≤
≤ p

∫
Ω

|∇u(x)|p−1|∇v(x)| dx ≤ p

(∫
Ω

|∇u(x)|p dx
) p−1

p
(∫

Ω

|∇v(x)|p dx
) 1

p

=

= p‖u‖p−1

W 1,p
0 (Ω)

‖v‖W 1,p
0 (Ω) = C‖v‖W 1,p

0 (Ω)

where C = p‖u‖p−1

W 1,p
0 (Ω)

is the right costant for the continuity.

Proposition 1.2.5. Let p > n and assume that f : R → R of class C1. The

functional J : W 1,p(Ω)→ R defined by

J(u) =

∫
Ω

f(u(x)) dx

for all u ∈ W 1,p(Ω), is G-differentiable and we have:

1. J is well defined on W 1,p(Ω) and sequentially weakly lower semicontinuous;
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2. J ∈ C1 and

J ′(u)(v) =

∫
Ω

f ′(u(x))v(x) dx for all v ∈ W 1,p(Ω); (1.16)

3. J ′ is compact.

Proof. We only prove (2.); the proof of statements (1.) and (3.) is simple and can

be omitted. Fix v ∈ W 1,p(Ω), we take {λn}n ⊆]0,+∞[ with λn → 0, for all n ∈ N

by the Lagrange Theorem there exists a real number θn(x) ∈ U(u(x)+λnv(x), u(x))

such that:

lim
n→+∞

J(u+ λnv)− J(u)

λn
= lim

n→+∞

∫
Ω

f(u(x) + λnv(x))− f(u(x))

λn
dx =

= lim
n→+∞

∫
Ω

f ′(θn(x))v(x) dx

but f ′(θn(x))v(x)→ f ′(u(x))v(x) for all x ∈ Ω and by dominated convergence we

have

lim
n→+∞

J(u+ λnv)− J(u)

λn
=

∫
Ω

f ′(u(x))v(x) dx.

Proposition 1.2.6. Let p > n and assume that f : R → R is a continuous

function. The functional Jf : W 1,p(Ω)→ R defined by

Jf (u) =

∫
Ω

(∫ u(x)

0

f(t) dt

)
dx

for all u ∈ W 1,p(Ω), is G-differentiable and we have:

1. Jf is well defined on W 1,p(Ω) and sequentially weakly lower semicontinuous;
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2. Jf ∈ C1 and

J ′f (u)(v) =

∫
Ω

f(u(x))v(x) dx for all v ∈ W 1,p(Ω); (1.17)

3. J ′f is compact.

The main theorem is the following:

Theorem 1.2.7. Let Ω be an open set of class C1 and p > n.

Assume that f : R → R is conntinuous and f(x) = 0 for all x ∈] − ∞, 0]. Let

F (x) =
∫ x

0
f(t) dt for all x ∈ R with inf [0,+∞[ F (x) ≥ 0. Moreover, suppose that

there exist two sequences {ak}k, {bk}k with 0 < ak < bk for each k ∈ N and

limk→+∞ bk = +∞ such that

1. limk→+∞
bk
ak

= +∞,

2. maxx∈[ak,bk] f(x) ≤ 0,

3. σ(n,p)
p (supΩ d(x,∂Ω))p

< lim supx→+∞
F (x)
xp

< +∞

where

σ(n, p) = inf
µ∈]0,1[

1− µn

µn(1− µ)p
(1.18)

Then, the problem (D) admits a sequence of non-negative weak solutions {un}n

such that ‖un‖W 1,p
0 (Ω) → +∞.

Problem (D) has been studied extensively and many results concerning the

existence of infinitely many weak solutions are known in the literature. However,

with this approach no symmetry properties on nonlinearities are required.
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The energy functional is E : W 1,p
0 (Ω) → R such that E(u) = 1

p
Φ(u) + Jf (u),

where Φ(u) = ‖u‖p
W 1,p

0 (Ω)
and Jf (u) = −

∫
Ω
F (u(x)) dx. So, the parameter λ that

appears in theorem 1.2.2 became λ = 1
p
.

In this applications, in order to guarantee that

ϕ(rn) <
1

p
for each n ∈ N

and that the functional 1
p
Φ(u) + Jf (u) has no global minimum, it is necessary to

construct suitable sequences of functions:

uk(x) =



0 x ∈ Ω \B(x0, γ),

ξk x ∈ B(x0,
γ
2
),

2ξk
γ

(γ − ‖x− x0‖Rn) x ∈ B(x0, γ) \B(x0,
γ
2
).

(1.19)

So, this kind of sequence heavily comes into play in the proof, for this reason

in this thesis we introduce an abstract class of test functions to find the sequence

that best fits the problem’s data; some examples presented in Chapter 3 will clarify

this fact. A similar procedure can be found in [8, 17] where the authors doesn’t

choose the test functions arbitrarily during the proof but he uses generic functions

with appropriate behavior.
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Chapter 2

A brief history of fourth-order

problems

In this chapter we will introduce a series of fourth order differential problems and

see how the use of various methods leads to the determination of the existence and

multiplicity of solutions. The methods used are very different and most of all it is

not said that they are variational.

Motivated by the fact that such kinds of problems are used to describe a large

class of physical phenomena, in fields like continuous mechanics, potential theory,

EulerBernoulli beam theory, conformal geometry, etc, many authors have looked

for multiple solutions of fourth order elliptic equations. We will present just a few

examples of problems solved over the past thirty years.
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2.1 One-Dimensional fourth order problem

The one-dimensional beam equation describes the relationship between the beam’s

deflection and the applied load. Existence results of at least one solution, or

multiple solutions, or even infinitely many solutions have been established by many

authors using fixed point theorems, lower and upper solutions methods, and critical

point theory. We will present just a few examples of problems solved over the past

thirty years.

In 1998, Ma and Zhang, showed the following result (see [13]):

Theorem 2.1.1. Suppose

1. f ∈ C([0,∞[, [0,+∞]),

2. h ∈ C([0, 1], [0,+∞[) and h(t) 6= 0 on every subinterval of [0, 1].

Then the BVP 
u(4)(t) = h(t)f(u(t)) in (0, 1)

u(0) = u(1) = u′′(0) = u′′(1) = 0

(2.1)

has at least one solution in the case

i) f0 := limu→0
f(u)
u

= 0 and f∞ := limu→+∞
f(u)
u

=∞ or

ii) f0 =∞, f∞ = 0.

The proof of the above theorem was based on an application of the well-known

Krasnoselskii’s fixed point theorem.
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In [3] Bai and Wang, using fixed-point and degree theory, shows that the problem


u(4)(t) = λf(t, u(t)) in (0, 1)

u(0) = u(1) = u′′(0) = u′′(1) = 0

(2.2)

where λ > 0 and f ∈ C([0, 1] × [0,∞[, [0,+∞]), possess one or two positive

solutions of problem for some λ and under some assumption on the asymptotic

behavior of f at zero and infinity. Moreover under the assumption that f(t, u(t))

is monotone increasing in u they get the existence of infinitely many positive

solutions.

While, using a variational approach, many articles are related to finding weak

solutions for perturbed problems involving parameters of the type

u(4)(t) + Au′′(t) +Bu = λf(t, u(t)),

see for instance [4, 12, 20].

In particular, the authors in [4], using a local minimum theorem for differ-

entiable functionals which extends the Ricceri Variational Principle 1.2.1, have

proved the existence of at least one non-trivial solution under suitable non-standard

growth conditions on the nonlinearity in an appropriate interval without any

asymptotic conditions at infinity for the following one-dimensional perturbed prob-

lem 
u(4)(t) + Au′′(t) +Bu = λf(t, u(t)) in (0, 1)

u(0) = u(1) = u′′(0) = u′′(1) = 0

(2.3)

where A and B be two real constants such that max
{
A
π2 ,
−B
π4 ,

A
π2 − −Bπ4

}
< 1.
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Moreover, when f has separable variables they showed that the problem


u(4)(t) + Au′′(t) +Bu = λh(t)g(u) in (0, 1)

u(0) = u(1) = u′′(0) = u′′(1) = 0

(2.4)

where h : [0, 1]→ R be a nonnegative, non-zero and essentially bounded func-

tion and g : R → R be a nonnegative and continuous function, has at least one

non-trivial weak solution.

2.2 Fourth order problems in Rn

Of course, the research has focused heavily not only on one-dimensional problems.

Several authors investigated existence and multiplicity about problem in suitable

dimension; this is the case of the famous Hénon’s problem, formulated in 1973,
∆u = |x|α u

n+2
n−2 in B

u > 0 in B

u = 0 on ∂B

(2.5)

which model mass distribution in spherical symmetric clusters of stars. In 2014

Y. Zhang, N.Wang, Y. Lu and J. Hao have considered the extension of the Hénon

problem involving the biharmonic operator with Neumann condition, see [24] for

more details.
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
∆2u = |x|α u

n+4
n−4 in B

u > 0 in B

u = ∂u
∂n

= 0 on ∂B

(2.6)

They proved:

Theorem 2.2.1. Let n ≥ 8. Then, for every α > 0 large enough, the problem 2.6

admits at least one nonradial solution.

Two years later, in [23] the authors construct infinitely many solutions of the

Hénon type biharmonic problem with Navier boundary conditions:


∆2u = |x|α u

n+4
n−4 in B

u > 0 in B

u = ∆u = 0 on ∂B

(2.7)

where B is the unit ball of Rn, n ≥ 5 and α > 0 using different techniques

not-variational.

2.3 Fourth order problems in Rn via variational

methods

Obviously the variational approach is not the only one that can be used to search

solutions for differential problems, however in this thesis it is the fundamental
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aspect. Now, we introduce some results of existence and multiplicity of weak

solutions for fourth order problems up to a typology similar to the one we studied.

Let’s start by considering the following biharmonic problems:


∆2u = f(x, u(x)) in Ω

u = ∂u
∂n

= 0 on ∂B

(P1)


∆2u = f(x, u(x)) in Ω

u = ∆u = 0 on ∂B

(P2)

in [[21]] the authors, using a variant version of Mountain Pass Theorem, have

proved that the above problems have a nontrivial solution under suitable assump-

tions of f(x, t), where f is asymptotically linear with respect to t at infinity and

n > 4.

In 2012, Candido and Bisci, in the paper [9], proved that the problem


∆2
pu = λf(x, u) in Ω

u = ∆u = 0 on Ω

(C1
λ)

where λ is a positive parameter, p > max
{

1, n
2

}
, requiring a suitable growth of

the antiderivative of f, possesses at least three weak solutions. Their approach is

chiefly based on critical point theory contained in [5]. Precisely they established a

well determined interval of values of the parameter λ for which the problem admits

at least three weak solutions.
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The same problem was studied, two years later, by Bisci and Repovs, (see

[15]) here, the authors, requiring a suitable growth of the primitive of f ensures

the existence of two real intervals of parameters Λ1 and Λ2 such that, for each

λ ∈ Λ1 ∩ Λ2, the problem C1
λ admits at least three weak solutions whose norms

are uniformly bounded with respect to every λ ∈ Λ2.

Always in 2012, Candido, Li and Livrea, using a differet version of theorem 1.2.2,

have showed the existence of infinitely many weak solutions for a class of elliptic

Navier boundary value problems depending on two parameters and involving the

p-biharmonic operator:


∆2
pu = λf(x, u) + µg(x, u) in Ω

u = ∆u = 0 on Ω.

(C2
λ,µ)

To conclude this short succession of works, in [11] the authors were interested in

the multiplicity of solutions for a 4th order problem involving the p-Biharmonic

operator and the p-Laplacian:


∆2
pu−∆pu = λf(x, u) + µg(x, u) in Ω

u = ∆u = 0 on Ω

(C3
λ,µ)

where λ, µ are positive parameters, p > max
{

1, n
2

}
and f, g are Carathéodory

functions. In particular, their aim is to localize precise positive intervals Λ ⊂ R

and a positive real number q with the following property: for every λ ∈ Λ and for

every function g there exists a costant δ such that for every µ ∈ [0, δ] the problem
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C3
λ,µ admit at least three weak solutions whose norms are less than q.

In the following we will expose our work which is a fourth order perturbed

problem involving not only the p-Biharmonic and p-Laplacian operators but also

a potential term which is indicate with V. Our aim is to apply the theorem 1.2.2.
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Chapter 3

Multiplicity Results for a fourth

order problem

In this paper we establish some results of existence of infinitely many solutions

for an elliptic equation involving the p-Biharmonic and the p-Laplacian operators

coupled with Navier boundary conditions where the nonlinearities depend on two

real parameters and do not satisfy any symmetric condition. The nature of the

approach is variational and the main tool is the Ricceri’s result 1.2.2.

The novelty in the application of this abstract tool is the use of a class of test

functions which makes the assumptions on the data easier to verify, but we clarify

later this aspect.
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3.1 Existence and Multiplicity Fourth Order Prob-

lems

Using the Ricceri’s variational principle we investigate the existence of infinitely

many solutions to the following p-biharmonic elliptic equation with Navier condi-

tions 
∆2
pu−∆pu+ V (x)|u|p−2u = λf(x, u) + µg(x, u) in Ω

u = ∆u = 0 on ∂Ω

(Pλ,µ)

where Ω ⊂ Rn (n ≥ 1) is a bounded domain of class C1, p > max
{

1, n
2

}
,

∆2
pu = ∆(|∆u|p−2∆u) is the p-biharmonic operator, ∆pu = ∇(|∇u|p−2∇u) is the

p-Laplacian operator, V ∈ C(Ω) satisfying infΩ V > 0, f, g : Ω × R → R are two

Carathéodory functions with suitable behaviors which we clarify later, λ ∈ R and

µ > 0.

Definition 3.1.1. The Biharmonic Operator is the square of the laplacian:

∆2u := ∆(∆u).

For example, in three dimensional Cartesian coordinates the biharmonic equation

has the form

∆2u =
∂4u

∂x4
+
∂4u

∂y4
+
∂4u

∂z4
+ 2

∂4u

∂x2∂y2
+ 2

∂4u

∂x2∂z2
+ 2

∂4u

∂y2∂z2
.

Remark 10. The iterated Laplacian ∆(∆u), usually multiplied with a positive

constant ν, often occurs in NavierStokes equations as a viscosity coefficient.
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Definition 3.1.2. Assume 1 < p < +∞ the p-Biharmonic operator is given by

∆2
pu := ∆(|∆u|p−2∆u).

Obviously, when p = 2 the p-Biharmonic reduces to the usual Biharmonic operator.

3.1.1 Variational Settings

In our fourth order problem the suitable sobolev space will be a subspace of the

space W 2,p(Ω). We will soon understand the motivation when we see what we

mean by weak solution of the problem Pλ,µ. We denote by ω := π
n
2 /Γ

(
n
2

+ 1
)

the

measure of the unit ball in Rn. If E is a Banach space, the symbol B(x, r) stands

for the open ball centered at x ∈ E and of radius r > 0.

Definition 3.1.3. Let E, F two Banach spaces. The norm on the space E ∩ F is

given by

‖u‖E∩F = ‖u‖E + ‖u‖F .

Here and in the sequel E denotes the space E = W 2,p(Ω)∩W 1,p
0 (Ω). Surely a norm

that makes E a separable and reflexive Banach space is given by the definition 3.1.3

however, for our purposes different but equivalent norms will be needed. We recall

in the following proposition the equivalent norms that can be defined on E. In

particular, for further details and proofs see [22].

Proposition 3.1.1. Assume Ω ⊂ Rn be a bounded open set of class C1. Thanks

to assumption on V, in the space W 2,p(Ω) ∩W 1,p
0 (Ω) the norms
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1. ‖u‖ = ‖u‖W 2,p(Ω) + ‖u‖W 1,p
0 (Ω),

2. ‖u‖ =
(∫

Ω
|∆u|pdx

) 1
p ,

3. ‖u‖V =
(∫

Ω
|∆u|p + |∇u|p + V (x)|u|pdx

) 1
p .

are equivalents.

Definition 3.1.4. We say that a function u ∈ E is a weak solution to (Pλ,µ) if

∫
Ω

(
|∆u|p−2∆u∆v + |∇u|p−2∇u∇v + V (x)|u|p−2uv

)
dx =

= λ

∫
Ω

f(x, u(x))v(x)dx+ µ

∫
Ω

g(x, u(x))v(x)dx

for each v ∈ E.

Obviously the weak solutions to (Pλ,µ) are exactly the critical points in E of

the energy functional defined, for each u ∈ E, by

E(u) :=
1

p
Ψ(u) + λΦF (u) + µΦG(u) (3.1)

where

Ψ(u) := ‖u‖pV ,

ΦF (u) := −
∫

Ω

F (x, u(x))dx,

ΦG(u) := −
∫

Ω

G(x, u(x))dx,

where, for each (x, t) ∈ Ω× R,

F (x, t) :=

∫ t

0

f(x, s)ds, G(x, t) :=

∫ t

0

g(x, s)ds.
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Remark 11. The energy functional E(u) is well defined. The proof follows stan-

dard arguments and we omit it for sake of brevity.

Remark 12. Being p > n
2
, the theorem which regard the embeddings of W k,p(Ω)

assures that E is compactly embedded in C0(Ω); in particular, there exists a con-

stant c∞ > 0 such that

‖u‖∞ ≤ c∞ ‖u‖ ≤ c∞ ‖u‖V (3.2)

for every u ∈ E.

Now, motivated by the reasons that we have illustrated in the Introduction

and in the paragraph 1.3, let us introduce the following class of functions.

If {ak}, {bk}, {σk} are three real sequences with 0 < ak < bk and σk > 0,

for each k ∈ N, let us denote by H({ak} , {bk} , {σk}) the space of all sequences

{χk} ⊂ W 2,p((ak, bk)) satisfying

i) 0 ≤ χk(x) ≤ σk for a.e. x ∈ (ak, bk);

ii) limx→a+
k
χk(x) = σk, limx→b−k

χk(x) = 0;

iii) limx→a+
k
χ′k(x) = limx→b−k

χ′k(x) = 0;

iv) for all j ∈ {1, 2} there exists cj > 0, indipendent of k, such that

|χ(j)
k (x)| ≤ cj

σk
(bk − ak)j

(3.3)

for a.e. x ∈ (ak, bk) and for all k ∈ N.
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Now, we show how the space H({ak} , {bk} , {σk}) help us to built some sequences

in E that play a crucial role in the proof of the main result.

If x0 ∈ Ω, {bk} ⊂]0,+∞[ such that B(x0, bk) ⊂ Ω, for each k ∈ N, and {χk} ∈

H({ak} , {bk} , {σk}), consider the function uk : Ω→ R defined by setting

uk(x) =



0 in Ω \B(x0, bk),

σk in B(x0, ak),

χk(|x− x0|) in B(x0, bk) \B(x0, ak)

for each k ∈ N.

Simple computations show that, fixed k ∈ N, for each i ∈ {1, . . . , n}, we have

∂uk
∂xi

(x) =



0 in Ω \B(x0, bk),

0 in B(x0, ak),

χ′k(|x− x0|) xi−x
0
i

|x−x0| in B(x0, bk) \B(xo, ak)

and

∂2uk
∂x2

i

(x) =



0 in Ω \B(x0, bk),

0 in B(x0, ak),

χ′′k(|x− x0|) (xi−x0
i )

2

|x−x0|2 + χ′k(|x− x0|) |x−x0|2−(xi−x0
i )

2

|x−x0|3 in B(x0, bk) \B(x0, ak)

Using these computations together with (3.3), we get the following inequalities
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|∇uk(x)| ≤ |χ′k(|x− x0|)| ≤ c1
σk

(bk − ak)
,

and

|∆uk(x)| ≤ |χ′′k(|x− x0|)|+|χ′k(|x− x0|)|
(n− 1)

|x− x0|
≤ c2

σk
(bk − ak)2

+c1
σk

(bk − ak)
(n− 1)

ak
.

These inequalities allow us to estimate the norm of the functions uk as follows

‖uk‖pV =

∫
Ω

(|∆uk|p + |∇uk|p + V (x)|uk(x)|p) dx =

=

∫
B(x0,bk)\B(x0,ak)

|∆uk(x)|pdx+

∫
B(x0,bk)\B(x0,ak)

|∇uk(x)|pdx+

∫
B(x0,bk)

V (x)|uk(x)|pdx ≤

≤ ωσpk

{[
c2

(bk − ak)2
+

c1(n− 1)

ak(bk − ak)

]p
(bnk − ank) +

[
c1

(bk − ak)

]p
(bnk − ank) + bnk max

B(x0,bk)
V

}
.

Let us denote by C the class of all Carathodory functions η : Ω×R→ R satisfying

sup|t|≤ξ |η(·, t)| ∈ L1(Ω) for all ξ > 0 and let f, g ∈ C.

3.1.2 Results

The first multiplicity result deals with the case in which f has a global (m − 1)-

sublinear growth, withm < p, while different cases are considered for the behaviour

of function g.
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Theorem 3.1.2. Let V ∈ C(Ω) satisfy infΩ V > 0 and let f, g ∈ C such that:

(i1) there exist 1 < m < p and h ∈ L1(Ω) such that |f(x, t)| ≤ h(x) (1 + |t|m−1)

for a.e. in Ω and for all t ∈ R,

(i2) G(x, t) ≥ 0 for a.e. x ∈ Ω and for all t ≥ 0,

(i3) there exists x0 ∈ Ω and ρ > 0, p1, p2 > 1 such that B(x0, ρ) ⊆ Ω and

lim inf
t→+∞

∫
Ω

max|ξ|≤t G(x, ξ)dx

tp1
:= a < +∞,

lim sup
t→+∞

∫
B(x0,ρ)

G(x, t)dx

tp2
:= b > 0.

Then the following facts hold:

(r1) if p1 < p < p2, for all λ ∈ R and for all µ > 0, the problem (Pλ,µ) admits a

sequence of non-zero weak solutions;

(r2) if p1 < p = p2, there exists µ1 > 0 such that for all λ ∈ R and for all µ > µ1,

the problem (Pλ,µ) admits a sequence of non-zero weak solutions;

(r3) if p1 = p < p2, there exists µ2 > 0 such that for all λ ∈ R and for all

µ ∈ (0, µ2), the problem (Pλ,µ) admits a sequence of non-zero weak solutions;

(r4) if p1 = p2 = p, there exists γ > 1 and CV,γ,ρ > 0 such that, if

CV,γ,ρ <
b

ωcp∞a
, (3.4)

(the previous inequality always being satisfied whether a = 0 or b = +∞) for

all λ ∈ R and for all µ ∈ (µ1, µ2), the problem (Pλ,µ) admits a sequence of

non-zero weak solutions.
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Proof. To prove (r1), let us apply part 1) of Theorem 1.2.2 choosing X = E, Ψ

defined as above and Φ = λΦF + µΦG. As we have already observed the critical

points of the functional Φ + 1
p
Ψ are precisely the weak solution of problem (Pλ,µ).

The functionals Φ and Ψ are sequentially weak lower semicontinuous and moreover

Ψ is strongly continuous and coercive. In our case the function ϕ is defined by

setting

ϕ(r) = inf
‖u‖pV <r

Φ(u) + sup‖w‖pV ≤r (−Φ)

r − ‖u‖pV

for each r > 0. Now, we wish to find a sequence {rk}k∈N such that limk→∞ rk = +∞

and ϕ(rk) <
1
p

for each k ∈ N. To this aim is suffices to prove that for each k ∈ N

there exists a function uk ∈ X, with ‖uk‖pV < rk, such that

sup
‖w‖pV ≤rk

{
λ

∫
Ω

F (x,w(x))dx+ µ

∫
Ω

G(x,w(x))dx

}
− λ

∫
Ω

F (x, uk(x))dx+

−µ
∫

Ω

G(x, uk(x))dx <
1

p
(rk − ‖uk‖pV ) .

Thanks to (i3), fixed a > a, for each k ∈ N there exists αk ≥ k such that

∫
Ω

max
|ξ|≤αk

G(x, ξ)dx ≤ aαp1

k .

Now we choose uk = θE and

rk =
1

cp∞
αpk.

Obviously we have limk→∞ rk = +∞. Before proving (3.1.2), observe that, for

each w ∈ X with ‖w‖pV ≤ rk, one has

‖w‖∞ ≤ c∞ ‖w‖V ≤ c∞r
1
p

k = αk
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for each k ∈ N. Therefore, we obtain

λ

∫
Ω

F (x,w(x))dx+ µ

∫
Ω

G(x,w(x))dx ≤ |λ|
∫

Ω

|h(x)|
(
|w(x)|+ |w(x)|m

m

)
dx+

+µ

∫
Ω

max
|ξ|≤αk

G(x, ξ)dx ≤ |λ|‖h‖1

(
αk +

αmk
m

)
+ µaαp1

k ≤

≤ |λ|‖h‖1c∞r
1
p

k +
|λ|
m
‖h‖1c

m
∞r

m
p

k + µacp1
∞r

p1
p

k <
1

p
rk

for k large enough, being 1 < m < p and p1 < p. So, thanks to part a) of Theorem

1.2.2, the functional Φ + 1
p
Ψ has a global minimum, or there exists a sequence of

weak solutions {uk} ⊂ E such that limk→∞ ‖uk‖ = +∞. This part of proof will

end if we show that the functional Φ + 1
p
Ψ has no global minimum. To this aim,

using (i3), fixed 0 < b < b, we get βk ∈]0,+∞[ with βk ≥ k, such that∫
B(x0,ρ)

G(x, βk)dx ≥ bβp2

k

for each k ∈ N. After choosing γ > 1 such that B(x0, γρ) ⊆ Ω and a sequence

{χk} ∈ H(ρ, γρ, {αk}), we consider

wk(x) =



0, in Ω \B(x0, γρ),

βk, in B(x0, ρ),

χk(‖x− x0‖) in B(x0, γρ) \B(x0, ρ).

Using the estimation of the norm made in the previous section, we get

‖wk‖pV ≤ ωβpk

[
2p−1(γn − 1)

ρ2p−n(γ − 1)2p
cp2 +

(2p−1(n− 1)p + ρp)(γn − 1)

ρ2p−n(γ − 1)p
cp1 + γnρn max

B(x0,γρ)
V

]
.

If we put

CV,γ,ρ =
2p−1(γn − 1)

ρ2p−n(γ − 1)2p
cp2 +

(2p−1(n− 1)p + ρp)(γn − 1)

ρ2p−n(γ − 1)p
cp1 + γnρn max

B(x0,γρ)
V
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we have

Φ(wk) +
1

p
Ψ(wk) = −λ

∫
Ω

F (x,wk(x))dx− µ
∫

Ω

G(x,wk(x))dx+
1

p
‖wk‖pV ≤

≤ |λ|
∫

Ω

|h(x)|
(
|wk(x)|+ |wk(x)|m

m

)
dx− µ

∫
B(x0,ρ)

G(x, βk)dx+
ωCV,γ,ρ
p

βpk ≤

≤ |λ|‖h‖1βk + |λ|‖h‖1
βmk
m
− µbβp2

k +
ωCV,γ,ρ
p

βpk

and, since 1 < m < p < d2 and limk→∞ βk = +∞, the functional Φ + 1
p
Ψ has no

global minimum, being limk→∞Φ(wk) + 1
p
Ψ(wk) = −∞. This concludes the proof

of (r1).

The proof of (r2) is similar. If p1 < p and p2 = p, we choose µ1 =
ωCV,γ,ρ
pb

(obviously

if b = +∞ we choose µ1 = 0). Therefore, if λ ∈ R and µ > µ1, choosing b such

that
ωCV,γ,ρ
pµ

< b < b, in a similar way we have

Φ(wk) +
1

p
Ψ(wk) ≤ |λ|‖h‖1βk + |λ|‖h‖1

βmk
m
−
(
µb− ωCV,ρ,γ

p

)
βpk

and, thanks to the choice of b, also in this case the functional Φ+ 1
p
Ψ has no global

minimum. This concludes (r2).

As for the proof of (r3), if p1 = p and p2 > p, we choose µ2 = 1
pcp∞a

(obviously if

a = 0 we choose µ2 = +∞). Then, fixing λ ∈ R and 0 < µ < µ2, we can choose a

such that a < a < 1
pcp∞µ

. Similar computations give

λ

∫
Ω

F (x,w(x))dx+ µ

∫
Ω

G(x,w(x))dx ≤

≤ |λ|‖h‖1c∞r
1
p

k +
|λ|
m
‖h‖1c

m
∞r

m
p

k + µacp∞rk <
1

p
rk
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for k large enough, being 1 < m < p and µacp∞ < 1
p
.

Finally, the proof of (r4) relies on the considerations made in the previous two cases.

We have only to prove that µ1 < µ2, but this is guaranteed by the assumption

(3.4).

Now, we are interested in the existence of infinitely many weak solutions in the

case that the nonlinearities f and g have a particular form.

Theorem 3.1.3. Let V ∈ C(Ω) satisfy infΩ V > 0, m < p, h ∈ L1(Ω), and

r ∈ L1(Ω)\{0} with r ≥ 0 a.e. in Ω. Let s : R→ R be a continuous function with∫ t
0
s(ξ)dξ ≥ 0, for all t ≥ 0. Moreover assume that there exists p1, p2 > 1, α, β > 0

and {αk}, {βk} satisfying limk→∞ αk = limk→∞ βk = +∞, such that

max
|ξ|≤αk

∫ ξ

0

s(t)dt ≤ ααp1

k ,

∫ βk

0

s(t)dt ≥ ββp2

k

for each k ∈ N. Then, for the problem
∆2
pu−∆pu+ V (x)|u|p−2u = λh(x)|u|m−2u+ µr(x)s(u) in Ω

u = ∆u = 0 on Ω

(P λ,µ)

the following facts hold:

(r1) if p1 < p < p2, for all λ ∈ R and for all µ > 0, the problem (P λ,µ) admits a

sequence of non-zero weak solutions;

(r2) if p1 < p = p2, there exists µ1 > 0 such that for all λ ∈ R and for all µ > µ1,

the problem (P λ,µ) admits a sequence of non-zero weak solutions;
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(r3) if p1 = p < p2, there exists µ2 > 0 such that for all λ ∈ R and for all

µ ∈ (0, µ2), the problem (P λ,µ) admits a sequence of non-zero weak solutions;

(r4) if p1 = p2 = p, there exist x0 ∈ Ω, ρ > 0, γ > 1 and CV,γ,ρ > 0, such that, if

CV,γ,ρ <
β‖r‖L1(B(x0,ρ))

αωcp∞‖r‖L1(Ω)

, (3.5)

for all λ ∈ R and for all µ ∈ (µ1, µ2), the problem (P λ,µ) admits a sequence

of non-zero weak solutions.

Proof. We want to apply Theorem 3.1.2 choosing f(x, t) = h(x)|t|m−2t and g(x, t) =

r(x)s(t) for all (x, t) ∈ Ω × R. The hypotheses (i1), (i2) are obviously verified.

Since h 6≡ 0 we can choose x0 ∈ Ω and ρ > 0 such that B(x0, ρ) ⊂ Ω and h > 0 in

B(x0, ρ). Then we have:∫
Ω

max
|ξ|≤αk

G(x, ξ)dx =

∫
Ω

max
|ξ|≤αk

(∫ ξ

0

r(x)s(t)dt

)
dx =

= ‖r‖L1(Ω) max
|ξ|≤αk

∫ ξ

0

s(t)dt ≤ ‖r‖L1(Ω)αα
p1

k

and ∫
B(x0,ρ)

G(x, βk)dx =

∫
B(x0,ρ)

(∫ βk

0

r(x)s(t)dt

)
dx =

= ‖r‖L1(B(x0,ρ))

∫ βk

0

s(t)dt ≥ ‖r‖L1(B(x0,ρ))ββ
p2

k .

Therefore

lim inf
t→+∞

∫
Ω

max|ξ|≤t G(x, ξ)dx

tp1
≤ ‖r‖L1(Ω)α < +∞

and

lim sup
t→+∞

∫
B(x0,ρ)

G(x, t)dx

tp2
≥ ‖r‖L1(B(x0,ρ))β > 0.
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So, (i3) is also verified with a = α‖r‖L1(Ω) and b = β‖r‖L1(B(x0,ρ)). Therefore we

can apply the Theorem 3.1.2 and obtain the conclusions (r1)-(r4).

Now, we want to exhibit two examples. In the first one we present a function s

verifying the hypotheses of Theorem 3.1.3.

Example 3.1.1. Let p > 1, δ > 1 and let s : R→ R be the function such that

∫ t

0

s(ξ)dξ =



0, in (−∞, 0],

−2δt3 + 3δt2, in (0, 1],

2p(k−1)δk in
(

2k−1δ
k−1
p , 2k−1δ

k
p

]
k ≥ 1,

Akt
3 +Bkt

2 + Ckt+Dk in
(

2k−1δ
k
p , 2kδ

k
p

]
k ≥ 1

where

Ak := −2(p−3)k+4δ
(p−3)k
p
(
δ − 2−p

)
,

Bk := 9 · 2(p−2)k+2δ
(p−2)k
p
(
δ − 2−p

)
,

Ck := −3 · 2(p−1)k+3δ
(p−1)k
p
(
δ − 2−p

)
,

Dk := 2pkδk
(
5δ − 22−p) .

The function s satisfies all the assumption of Theorem 3.1.3 with α = 1, β = δ,

αk = 2k−1δ
k
p and βk = 2kδ

k
p , for each k ∈ N. In particular

max
|ξ|≤αk

∫ ξ

0

s(t)dt =

∫ 2k−1δ
k
p

0

s(t)dt = 2p(k−1)δk = αpk
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and ∫ βk

0

s(t)dt = 2pkδk+1 = δβpk

for all k ∈ N.

The next example shows a case in which the choice of a sequence of functions

with the norm raised to a second power makes Theorem 3.1.3 inapplicable, while

the use of a different sequence solves the problem.

Example 3.1.2. Let p > 1, Ω = B(0, 1) in Rn, x0 = 0, r ∈ L1(Ω) \ 0, with

r ≥ 0, V (x) = |x|2R2, for all x ∈ B(0, 1), ρ = 1
2
, γ = 2 and {σk} ⊂]0,+∞[ with

limk→∞ σk = +∞. Let {χ1
k} , {χ2

k} ∈ H(1
2
, 1, {σk}) the sequences defined by

χ1
k(x) = 4σk(4x

3 − 9x2 + 6x− 1)

and

χ2
k(x) =

σk
2

cos(π(2x− 1) + 1)

for all x ∈ (1
2
, 1) and for each k ∈ N. We observe that, for each x ∈ (1

2
, 1),

|χ1
k
′
(x)| ≤ 3σk, |χ1

k
′′
(x)| ≤ 24σk

and then the constants cj({χ1
k}), defined in (3.3), are respectively c1({χ1

k}) = 3
2

and c2({χ1
k}) = 6. In a similar way, for each x ∈ (1

2
, 1), we have

|χ2
k
′
(x)| ≤ πσk, |χ2

k
′′
(x)| ≤ 2π2σk

and, in this case, the constants cj({χ2
k}) are respectively c1({χ2

k}) = π
2

and c2({χ1
k}) =

π2

2
.
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Now let us consider a sequence of functions that, in combination with the norm,

raises it to the second power; namely

χ3
k(x) =


σk (−8x2 + 8x− 1) in (1

2
, 3

4
)

αk(8x
2 − 16x+ 8) in (3

4
, 1)

(3.6)

for each k ∈ N. In this case

|χ3
k
′
(x)| ≤ 4σk, |χ3

k
′′
(x)| ≤ 16σk

and then c1({χ3
k}) = 2 and c2({χ1

k}) = 4. With respect to these three sequences

of test functions the best CV,γ,ρ depends on the values of n and p. For instance,

for n = 3 and p = 2 the best CV,γ,ρ is the one in correspondance with the sequence

{χ3
k}; in fact

CV,γ,ρ({χ1
k}) ≈ 1269, CV,γ,ρ({χ2

k}) ≈ 968, CV,γ,ρ({χ3
k}) = 911.

But, for instance, for n = 4 and p = 3, the best CV,γ,ρ is the one in correspondance

with the sequence {χ2
k} being

CV,γ,ρ({χ1
k}) ≈ 73736, CV,γ,ρ({χ2

k}) ≈ 53987, CV,γ,ρ({χ3
k}) = 67261.

Now, in any case, if we consider the function s of Example 3.1.1, taking δ >

ωcp∞‖r‖L1(Ω)CV,γ,ρ

‖r‖
L1(B(0, 12 )

the corresponding problem admits a sequence of non-zero weak so-

lutions.

The last theorem concerns the case in which the growth exponent of nonlinear-

ity f(x, t) is exactly p−1. In this situation the existence of infinite weak solutions

will be obtained not for each λ ∈ R but in an appropriate interval.
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Theorem 3.1.4. Let V ∈ C(Ω) satisfy infΩ V > 0 and let f, g ∈ C such that (i2)

and (i3) are verified. Moreover, suppose that:

(ĩ1) there exist h ∈ L1(Ω) such that |f(x, t)| = h(x) (1 + |t|p−1) for a.e. in Ω and

for all t ∈ R.

Then the following facts hold:

(r̃1) if p1 < p < p2, for all λ such that |λ| < 1
‖h‖1cp∞

(for all λ if h = 0) and for

all µ > 0, the problem (Pλ,µ) admits a sequence of non-zero weak solutions;

(r̃2) if p1 < p = p2, there exists µ1 > 0 such that, for all µ > µ1, there exists

λµ > 0 such that, for all |λ| < λµ, the problem (Pλ,µ) admits a sequence of

non-zero weak solutions;

(r̃3) if p1 = p < p2, there exists µ2 > 0 such that, for all µ ∈ (0, µ2), there exists

λµ > 0 such that, for all |λ| < λµ, the problem (Pλ,µ) admits a sequence of

non-zero weak solutions;

(r̃4) if p1 = p2 = p, there exists γ > 1 and CV,γ,ρ > 0 such that, if

CV,γ,ρ <
b

ωcp∞a
(3.7)

for all µ ∈ (µ1, µ2), there exists λµ > 0 such that, for all |λ| < λµ the problem

(Pλ,µ) admits a sequence of non-zero weak solutions.

Proof. The proof is similar to that of Theorem 3.1.2. In fact, computing the two
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main evaluations for m = p, we get:

λ

∫
Ω

F (x,w(x))dx+ µ

∫
Ω

G(x,w(x))dx ≤

≤ |λ|‖h‖1c∞r
1
p

k +
|λ|
p
‖h‖1c

p
∞rk + µacp1

∞r
p1
p

k

(3.8)

and

Φ(wk) +
1

p
Ψ(wk) ≤ |λ|‖h‖1βk + |λ|‖h‖1

βpk
p
− µbβp2

k +
ωCV,γ,ρ
p

βpk . (3.9)

To prove (r̃1), fix λ such that |λ| ≤ 1
‖h‖1cp∞

and µ > 0. Thanks to the choice of λ

and to the fact that p1 < p then, from (3.8) we get

λ

∫
Ω

F (x,w(x))dx+ µ

∫
Ω

G(x,w(x))dx <
1

p
rk (3.10)

for k large enough (remember that limk→∞ rk = +∞); moreover, from (3.9) we

obtain

lim
k→∞

Φ(wk) +
1

p
Ψ(wk) = −∞ (3.11)

because p < p2.

To prove (r̃2), it is sufficient to choose µ1 =
ωCV,γ,ρ
pb

. Fixed µ > µ1 and b in a

similar way as done in Theorem 3.1.2, we define λµ = min
{

1
‖h‖1cp∞

,
µpb−ωCV,γ,ρ
‖h‖1

}
.

Fixed λ such that |λ| < λµ, obviously, from (3.8), we get (3.10) (for k large enough)

because p1 < p and thanks to the choice of λ. Moreover, using (3.9), the choice of

λ and µ guarantees that (3.11) holds.

To prove (r̃3), it is sufficient to choose µ2 = 1
pcp∞a

. Fixed µ ∈ (0, µ2) and a in a

similar way as done in Theorem 3.1.2, we choose λµ = 1−µpcp∞a
‖h‖1cp∞

. Fixed λ such that
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|λ| < λµ, obviously, from (3.9), we get (3.11) because p < p2. Moreover, using

(3.8), the choice of λ and µ guarantees that (3.10) holds.

In the last case, to prove (r̃4), we observe that, thanks to (3.7), we have µ1 < µ2.

So, fixed µ ∈ (µ1, µ2), and choosing a and b in a similar way as done in Theorem

3.1.2, we define λµ = min
{

1−µcp∞a
‖h‖1 ,

µpb−ωCV,γ,ρ
‖h‖1

}
. Fixed λ such that |λ| < λµ,

obviously, from (3.8), we get (3.10) (for k large enough) because of the choice of λ

and µ. Moreover, using (3.9), the choice of λ and µ guarantees that (3.11) holds.

3.1.3 Conclusion

To conclude this thesis it is useful to remember that the introduction of a test

functions space guarantees greater generality to the proof, however it is not always

clear and easy to find the sequence of functions that optimizes the results. In our

case the extremes of definition used to construct this functions have been taken

using constant sequences.

In the end, the three theorems demonstrated in this chapter allowed us to

determine infinitely many weak solutions for the problem Pλ,µ under different hy-

potheses. The line of research could continue by asking whether it is possible to

apply the same theorem to the ”Kirchhoff” variant of the problem
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
∆2
pu−

[
M
(∫

Ω
|∇u|p dx

)]p−1
∆pu+ V (x)|u|p−2u = λf(x, u) + µg(x, u) in Ω

u = ∆u = 0 on ∂Ω

(3.12)

or to apply the theorem 1.2.2 to the same problem in the context of the theory

of Orlicz-Sobolev’s spaces.
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