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Abstract
Networks mediate our economic interactions. From spatial networks representing transportation routes, to more abstract networks of 
similarity among products, we interact, trade, and compete over networks with a complex structure. Nevertheless, classical economic 
models of how prices are formed under competition, such as the Edgeworth and the Hotelling models, completely neglect the network 
structure of real markets. Here, we introduce a dynamical model of price formation, where sellers and buyers are placed on the nodes 
of a network with any arbitrarily complex topology. Buyers are modeled as random walkers with perfect or limited information about 
the market, and their distribution depends on the prices and positions of sellers. Concurrently, sellers dynamically adjust their prices 
to maximize their payoff, based on the current distribution of buyers. These two dynamical processes coevolve and we show that, 
depending on the positions of the sellers and on the level of information available to the buyers, the model can either converge to 
fixed prices, or produce cycles of different amplitudes and periods, similar to those observed in real-world markets. By unveiling how 
competition depends dynamically on the structure of a market, our model allows to quantify the strength of competition in real- 
world markets and also to identify the most profitable locations for a seller. We use urban street patterns of different cities from all 
over the world, as examples of spatial networks, to illustrate a novel measure of node centrality, which ranks nodes based on the 
payoff earned by a seller placed on that node.
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Many real-world markets are oligopolies, economic systems where prices are shaped by competition among a small number of en
trepreneurs. Despite price formation in oligopoly models having been studied since the end of the 19th century, understanding 
how and why different price patterns emerge remains an open question. In particular, both stable and cycling prices are observed 
in real markets. Here, we introduce a model of price formation where structured markets are represented as networks. Depending 
on network topology, seller positions, and information levels, our model produces both fixed prices and cycles with regular and irregu
lar periods in a unified framework. This also opens the possibility of using price dynamics to identify the most profitable markets and 
positions for a seller.
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Introduction
Oligopoly pricing, i.e. how market prices are formed in the pres
ence of two or more competitors, is a central topic in economic 
theory. The origin of the interest in oligopoly pricing can be 
tracked back to a series of classical papers from the end of the 
19th century, which can be regarded as the ancestors of modern 
noncooperative game theory (1, 2). In 1883, Bertrand showed 
that, in the presence of price competition, the Cournot model of 
duopoly (3) led to the famous Bertrand’s Paradox, unrealistically 
predicting perfect competition (i.e. zero profit) even in the simple 
case of two sellers (4). A first solution to the Bertrand’s paradox 
was proposed by Edgeworth in 1925: by introducing sellers with 
capacity constraint, i.e. such that each one of the sellers alone is 
unable to serve the whole market, he showed the emergence of 

the so-called Edgeworth price cycles, oscillations in the prices 
having positive profit for the sellers (5). In his seminal 1929 
work, Hotelling first noticed how the market structure can have 
a great impact on the stability of prices in an oligopoly (6). He in
troduced a model where two sellers occupy different positions 
on a market described as a line segment. The line here represents 
a simplified spatial market, e.g. the main street in a town, where 
the sellers are placed along the street and are separated by geo
graphical distance. However, the market structure is not limited 
to representing the geography of a system. As noticed by 
Hotelling himself, the line can also be interpreted as a measure 
of a given feature/quality of a product (e.g. the different levels of 
sourness/sweetness of a cider, or the different colors of a pair of 
trousers). In such a case, the similarity of two products is defined 
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by the distance of their positions on the line. Hotelling showed 
how in his model prices converge to nontrivial fixed values with 
positive profit as a consequence of the market structure and of 
the positions occupied by the sellers.

Even if qualitatively opposite conclusions can be drawn from 
the solutions proposed by Edgeworth and Hotelling to the 
Bertrand’s paradox, both fixed (à la Hotelling) and cycling (à la 
Edgeworth) prices with positive profit have indeed been observed 
in the real world. In particular, thanks to the increasing amount of 
fine-grained prices’ data available, Edgeworth price cycles, once 
thought a purely theoretical construction (7), have been recently 
observed in real-world markets such as the retail gasoline market 
and online bid platforms (8, 9). Despite these fundamental results, 
a full understanding of the link between price dynamics and the 
structure of a market is still missing. Firstly, due to its mathemat
ical complexity, a general solution of the Hotelling model on a line 
segment has not yet been found (10–16). Moreover, a line segment 
is a too strong and unrealistic assumption (10, 11), and this greatly 
limits the applicability of the Hotelling model to complex real- 
world markets (17–20). Finally, it is also challenging to incorporate 
in the Hotelling model realistic aspects of the decision making 
process, such as bounded rationality and cost of information 
(21, 22), which have been proved to play a central role in many 
complex systems (23–27).

Here, we propose a dynamical model of price competition in 
which sellers and buyers are placed on the nodes of a graph of 
any arbitrary topology. Given their great flexibility in represent
ing interactions in complex systems (28–31), graphs are the nat
ural choice for modeling real-world markets (32–39). For 
instance, they can better capture the geographical aspects of a 
market (40, 41) than a simple line segment. They are also better 
suited to describe the complex pattern of relations among a set 
of products, given that the similarity/difference between two 
products is often based on the degree of overlap of more than a 
single feature (42, 43). In our model of price competition the dis
tribution of buyers over the graph is not fixed, but dynamically 
depends on the prices and positions of sellers. At the same 
time, the price dynamics is influenced by the distribution of 
the buyers. In this way, our model allows to include different 
price update rules and also buyers with limited information 
about the market (bounded rationality), by naturally modeling 
them as random walkers.

We find that the model exhibits a very rich dynamics. In 
fact, depending on the positions of the sellers on the graph, 
and on the level of information available, the prices can either 
converge to fixed values (à la Hotelling), or produce Edgeworth 
cycles of different amplitudes and periods. As an additional 
benefit, the price dynamics of the model allows us to define a 
set of metrics to characterize the structure of a real-world mar
ket, both at a global and at a local scale. First, we show that the 
maximum prices scale with the size of a market. By extracting 
the scaling exponent, we can then define the “market competi
tion dimension” of a network. This is a quantity that allows to 
measure, at a global scale, the level of competition of sellers in 
a given structured market. As an application, we find that the 
street networks of real-world cities considerably enhance com
petition compared to artificial graphs such as regular square 
lattices. Then, at a microscopic scale, we use the average pay
off as a function of the seller position to define a novel measure 
of node centrality that we name “Hotelling centrality” (HC). 
Such a centrality identifies and ranks the more profitable posi
tions on a market as a function of the level of information of 
the sellers.

Model framework
In our model, the market units are the nodes of an undirected 
graph (28), whose links can represent either geographical adja
cency or feature similarity. The structure of the graph can be ar
bitrarily complex and is described by the adjacency matrix 
A = {aij}, whose element aij is equal 1 if node i and j are connected 
by an edge, otherwise is 0. Sellers and buyers are placed on the no
des of the graph. We focus on the case of two sellers, α and β, lo
cated at nodes nα and nβ, selling a commodity at prices pα and 
pβ, although the model can be readily extended to include add
itional sellers. The process by which buyers search for the seller 
to buy from is modeled as a random walk with a tunable level of 
rationality, w. That is, with probability 1 − w, a buyer has bounded 
rationality and moves as a lazy random walker. This means that a 
buyer at node i either jumps to one of the neighbors of i on the 
graph with uniform probability or it remains on node i, as long 
as the price difference |pα − pβ| is below a given threshold ΔpT (rep
resenting the limit of bounded rationality). Instead, with a prob
ability w, the buyer at node i is fully informed about the 
positions and prices of the sellers. In this case, at each time 
step, it moves on the graph towards the seller α with the lower de
livered price:

Piα = pα + diα. (1) 

The delivered price Piα combines the actual price pα of the product 
sold by seller α together with the graph distance diα from node i to 
the node occupied by the seller α (for further discussion on buyers’ 
dynamics, see Supplementary material). This tradeoff between 
rational and random search is in line with existing models of 
buyers–sellers dynamics in different contexts. For example, in 
Ref. (34), the authors model a real-world fish market, where 
buyers are connected to sellers by loyalty bounds (i.e. a measure 
of social distance) and they can change these bounds based on pri
ces and random exploration. In spatial networks, the distance can 
instead be directly interpreted as the transportation cost to reach 
the seller. Instead, on a network of feature similarity, the position 
occupied by sellers represents the features of the product sold by 
the seller, while the position of a buyer reflects its ideal prefer
ence. Therefore, in this case, diα measures the distance between 
the preference of a buyer at node i and the offer of seller α. The 
row vector ϕ(t) = {ϕi(t)}i=1,...,N, representing the distribution of 

buyers across the N nodes of the network at time t, evolves over 
time according to ϕ(t) = ϕ(t − 1)Π. Here, Π is the transition matrix 
governing the dynamics of random walkers on the network, where 
each element Πij denotes the probability of a buyer transitioning 

from node i to node j (see Materials and methods for further de
tails). An important assumption in our model, which is consistent 
with the original Hotelling model, is that prices evolve on a slower 
time scale than the buyer dynamics. That is, we assume that pri
ces do not change in the time between the evaluation of the lowest 
price and the purchase of the good, similarly to what happens in 
many real-world markets (e.g. in a mall or in a city’s main street), 
where buyers plan their visit to a shop attracted by price and the 
price remain stable on a daily or weekly basis. Once the buyers 
have reached their stationary distribution ϕ∗ (i.e. a distribution 
that no longer evolves over time, such that ϕ∗ = ϕ∗Π), the two sel
lers evaluate their payoffs. A seller payoff is calculated as the 
product of the seller price times the fraction of buyers visiting 
the node occupied by the seller: πα = ϕ∗αpα for seller α and πβ = 
ϕ∗βpβ for seller β. A randomly selected seller, let us say α, can 

then change its price pα in order to increase its payoff. We consid
ered two different price update rules, the so-called One-Step (OS) 
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and Best Response (BR). In the OS dynamics the seller slowly ad
justs its price in steps of Δp = ±1. Conversely, in the BR dynamics 

the seller can choose the new pα from the set of prices that maxi
mize its payoff, given the current price of the other seller. This set 
represents the best response to the competitor’s price, evaluated 
over the entire range of possible prices, i.e. without any restriction 
on the price step Δp.a A new stationary distribution of buyers is 
then recalculated according to the new value of pα, i.e. the new de
livered prices in Eq. 1. If the payoff associated with the new pα is 
higher than the old payoff, the seller will adopt the new price, 
otherwise the seller will keep the old one. Hence, the price dynam
ics is driven by two opposite forces: while on the one hand increas
ing (decreasing) the price pα will lead seller α to earn more (less) 
from each buyer, on the other hand it will reduce (increase) the 
number of sellers buying from seller α, as it causes an increase (de
crease) of the delivered price Piα.

Results
Price dynamics
We first characterize the price dynamics of our model in the sim
plest case in which the sellers are placed on a chain of N nodes and 
the buyers have perfect information, i.e. w = 1. Consistently with 
the original formulation by Hotelling, we assume here a uniform 
initial distribution of the buyers over the nodes, which can re
present their residence in a spatial network as a city. For w = 1, 
each buyer moves towards the seller with the lowest delivered 
price with probability 1. This effectively assigns each buyer i to 
the seller α with the lowest Piα in a deterministic manner, analo
gously to the original Hotelling model. Notice that a chain is a gen
eralization of the line segment originally used in the Hotelling 
model, as for large N the chain reduces to the line segment. 
Such a simple topology is still of theoretical interest. In fact, the 
equilibrium prices initially found by Hotelling (6) have been subse
quently proven to be correct only when the two sellers are not too 
close. Therefore, the Hotelling model on a line segment still lacks a 
general solution (10–16). Instead, with our approach, we will not 
only be able to provide a complete characterization of the solu
tions but also to explore the effect of different price update dy
namics and levels of information. When the sellers occupy two 

nodes nα and nβ at distance dαβ on a chain, we expect to recover 
the equilibrium prices corresponding to the Nash Equilibrium 
(44) of the original Hotelling model (6):

pH
α = N +

a − b
3

(2) 

pH
β = N −

a − b
3

, (3) 

when N and dαβ are sufficiently larger than 1 and in the case of per
fect rationality w = 1. Here, a and b are the distances of sellers α 
and β, respectively, from the closer extremity of the chain. 
Figure 1 shows the price dynamics of our model when the two sel
lers are at distance dαβ = 10 on a chain of N = 25 nodes. In Fig. 1a, 
we compare the results obtained under the two considered price 
update rules, namely the OS and the BR. Notice that under the 
OS price update rule, the dynamics converges to a local maximum 
of the two seller payoffs, which corresponds to the Hotelling fixed 
price solutions in Eqs. 2 and 3. We have verified that fixed prices 
are recovered for all the positions of the two sellers, except 
when they are too close and both on the same side of the chain 
(see Supplementary material). In the case where sellers update 
their prices according to the BR rule, the price dynamics is more 
complex than for the OS rule, and the model is able to generate 
Edgeworth’s price cycles (5, 45). In this case, the prices form closed 
stationary cycles with a peculiar asymmetric pattern. To highlight 
the features of such cycles in Fig. 1b, we report the typical trajec
tories of the two sellers’ prices as a function of time. We notice 
that the two sellers start undercutting the prices until a lower 
price bound when one of the two sellers suddenly increases the 
price. Such a seller is immediately followed by the other one, 
and then the price undercutting process starts again. For each 
cycle i, we have computed, as shown in Fig. 1c, the period Ti, de
fined as the number of time steps between two consecutive max
ima, and the cycle amplitude δi, given by the price difference 
between maximum and minimum. In Fig. 2, we study the BR price 
dynamics as a function of the positions of the two sellers on the 

chain. In particular, we report the average cycle period T (Fig. 

2a,b) and its variance σT (Fig. 2c,d), and the average amplitude δ 
(Fig. 2e,f), as functions of the normalized distances d′αβ = dαβ/D 

a b

c

Fig. 1. Price dynamics on a chain of N = 25 nodes, with seller positions nα = 10 and nβ = 20. a) The heatmap shows the payoff of seller α, the payoff’s level 
curves of seller β are represented in green-magenta. The blue and cyan trajectories show the price dynamics under a OS and BR update, respectively. The 
OS converges to the equilibrium prices predicted by the continuous Hotelling linear model (white star), while the cyan trajectory shows price cycles. b) 
Time trajectories of the two players’ prices, showing the typical asymmetric patterns of the Edgeworth cycles. c) Sketch of the two quantities measured to 
characterize each cycle i, namely the period Ti and the amplitude δi.
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and d′′αβ = d′αβCnα/Cnβ . Here, D is the chain diameter, that is the lar

gest possible distance between two nodes in the chain, while Cnα 

and Cnβ are the closeness centralities (CCs) (29) of the two sellers, 

i.e. the inverse of the average distance between the position of a 
seller and all the nodes in the network. With such normalizations, 
both quantities d′αβ, d′′αβ take value in the range [0, 1]. Each data 

point in Fig. 2 represents a unique pair of seller positions (nα, nβ), 

with nα < nβ. Note that different pairs (nα, nβ) yield identical values 

of d′αβ when the node pairs distance is the same, and identical val

ues of d′′αβ when the node pairs share also the same closeness cen

trality. An independent simulation run was conducted for each 
unique pair. According to the sellers’ positions, the model gives 
rise to four different types of stationary solutions, whose dynam
ics is illustrated in Fig. 3. For values of d′′ < 0.5, we observe 

Edgeworth’s cycles (Fig. 3a) with average cycle period T and aver

age amplitude δ (Fig. 2b and f) that increase with d′′ until d′′ ≈ 0.25 
(Fig. 3b), and then decrease until d′′ ≈ 0.5 (Fig. 3c) . For d′′ > 0.5, we 
have the coexistence of Hotelling fixed points (Fig. 3f) and irregu
larly oscillating solutions (with fluctuations of the order of the 
price unit) around Hotelling fixed points (Fig. 3e). The appearance 
of irregular oscillations at d′′ ≈ 0.5 is revealed by the sharp change 
in the variance of the periods σT in Fig. 2c and d. Finally, for 
d′′ ≈ 0.5−, together with the two solutions found for d′′ > 0.5, we 
also observe the emergence of price cycles with broad amplitude 
as in Edgeworth cycles but irregular period as for the solutions 

oscillating around the Hotelling equilibrium (Fig. 3d). In such 
cycles, the two sellers follow a pattern that is inverted to that of 
the standard Edgeworth cycles. They spend most of the time at 
the Hotelling equilibrium, until one of the two sellers dramatically 

a b

c d

e f

Fig. 2. a,b) Average period T and c,d) its variance σT, and e,f) average amplitude δ of the BR dynamics on a chain of N = 50 nodes as a function of the 
normalized seller distances d′αβ (left panels) and d′′αβ (right panels). Denoting the chain’s middle point xc = 25.5 and the sellers center of mass 
nc = (nα + nβ)/2, the orange squares are for positions (nα, nβ) such that nα, nβ < xc, the purple circles, green diamonds, and yellow triangles are for nα < xc < nβ 
with nc < xc − 0.5, nc > xc + 0.5 and |nc − xc| ≤ 0.5, respectively. The vertical bars are the SD.

a b c

d e f

Fig. 3. Price trajectories for increasing seller distances. The values (nα, nβ), 
d′′ are shown in the bottom-right of each panel. For d′′ < 0.5, Edgeworth 
cycles appear: a, b) T and δ increase with distance for d′′ < 0.25, then c) 
decrease for 0.25 < d′′ < 0.5. d) Irregular reverse cycles occur near d′′ = 0.5. 
e, f) For d′′ > 0.5, either Hotelling fixed points or irregular oscillations 
around them are observed.
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cuts its price to steal the buyers from the other seller, still making 
the same profit as before. The other seller sees its earnings drop
ping to zero and is then forced to follow the other seller in cutting 
the price to reacquire part of the market. Then, the two sellers 
start raising the prices, until they reach again the Hotelling equi
librium. Notice that reverse Edgeworth cycles, such as those theoret
ically predicted by our model, can indeed exist in real systems, as 
recently found in empirical analyses of online bid platforms (9).

Bounded rationality
Let us now consider the case w < 1, where a fraction of the buyers 
has no information on seller positions and prices. We present here 
the results for the symmetric case nα = nβ (the two sellers α and β 
are on the same node), which allows a complete analytical charac
terization of the price dynamics under a BR price update (Fig. 4). 
We recall that the fraction w of informed buyers will buy from 
the cheaper seller while 1 − w will buy with equal probability 
from the two sellers on the same node, as long as the price differ
ence Δp is below a given threshold ΔpT > 0, a free parameter repre
senting the limit of bounded rationality. In fact, if the price 
difference exceeds ΔpT > 0, buyers act rationally and choose to 
purchase from the lower-priced seller. Edgeworth cycles also 
emerge for w < 1, depending on the values of w and of the limit 
of bounded rationality ΔpT. In particular, we observe a critical val
ue of wc = 1 − 2/(2 + ΔpT), such that Edgeworth cycles exist only for 
w < wc or otherwise if:

2
2 + ΔpT

≤ 1 − w ≤ 1, (4) 

while the minimum and maximum prices in each cycle are given 
by (see Supplementary material for details):

pm =
(1 − w)ΔpT + 1

2w
+

1
2

(5) 

pM = pm + ΔpT (6) 

It is worth stressing that these results hold for any network top
ology, as by placing the sellers on the same nodes we are neglect
ing the effect of the network structure, focusing only on the effect 
of bounded rationality.

This is not the case for the most general case w < 1 and nα ≠ nβ, 
that is where the two sellers occupy different nodes, where in this 
case, depending on the nodes occupied, the network structure can 
play a major role. However in this case, even in the simple scen
ario of a chain, the results are highly nontrivial and the emerging 
price dynamics are complex and of difficult theoretical interpret
ation. In particular, for the BR update rule, when the fraction of 
buyers with no information is small (1 − w < 0.1), we numerically 
observed that, as 1 − w increases, the interval of values of d′, the 
normalized distance between sellers, where we observe the 
Edgeworth cycles (as a reference, see Fig. 2 for the case 
1 − w = 0) moves towards larger values of d′ (i.e. to the right of 
the x-axis), with the Edgeworth cycles disappearing for smaller 
values of d′. Further increasing 1 − w (1 − w ≥ 0.1) still moves the 
interval of distance towards higher values of d′, but at the same 
time, Edgeworth cycles appear again for small values of d′ (left 
of the x-axis), with a sort of “Pac-Man” effect. In the 
Supplementary material, we provide a complete numerical char
acterization of the price dynamics for buyers with bounded ra
tionality over a chain, both for the BR and OS price update rules.

Real-world markets
In order to explore the effects that the topology of the market has 
on the price dynamics, we have studied our model on real-world 
markets. As examples of real-world markets, we have considered 
the spatial structures of urban street networks of 20 cities from all 
over the world (17, 18). Cities are characterized by different struc
tural properties and layouts, and we have therefore investigated, 
through numerical simulations of our model, how their topology 
impacts the dynamics of prices. We focus on the case of a perfect
ly rational population of buyers, namely w = 1, and we look at the 
average equilibrium price, 〈p∗α〉dαβ , where 〈·〉dαβ indicates the average 
over all the positions of the two sellers for a fixed distance dαβ. Our 
numerical simulations show that, for sufficiently large values of 
dαβ, the average equilibrium price reaches a maximum value 〈p∗α〉
(see Supplementary material). This value depends on the graph 
size N and the network topology but is independent of the type 
of price dynamics (namely OS or BR). For the results presented, 
we used the BR price dynamics. Figure 5a shows the scaling of 
〈p∗α〉 with N for different networks. In particular, we compare a 

a
b

Fig. 4. Price patterns for the BR dynamics and buyers’ bounded rationality, when both sellers are located on the same node. a) Edgeworth cycles 
corresponding, from left to right, to increasing values of bounded rationality 1 − w. Since the two sellers are indistinguishable and positioned at the same 
location, their price cycles are identical. b) Numerical results (colored dots) align perfectly with the analytical predictions. In particular, the dashed 
vertical lines mark the domain in 1 − w given by Eq. 4 where cycles are observed, while the green and purple dotted lines represent the minimum and 
maximum prices, respectively, as determined by Eqs. 5 and 6.
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linear market (chain) to a 2D square lattice and to the street net
work of Cairo. For artificial networks (chains and square lattices), 
we can study this scaling simply by generating systems for in
creasing values of N. Instead, for real-world street networks, we 
examined subnetworks within neighborhoods of range r around 
the node with the highest closeness centrality, that is we included 
only nodes within fixed distance r. By incrementing r, we sampled 
subnetworks of increasing size N (see Supplementary material). 
By fitting the numerical results by 〈p∗α〉(N) ∼ N1/md , it is possible to 
define the competition dimension of a market from the value of md 

(see Materials and methods). In fact, the exponent md quantifies 
how the maximum price (and payoff) increases with the order of 
the graph N. The higher md, the slower the maximum price in
creases, i.e. md is a measure of the price competition. In particular, 
we obtained a value of md = 1 for the linear market and md = 2 for a 
square lattice. Hence, it is intuitive to identify md as the dimension 

of a market. Figure 5b reports the values of md obtained for the 
street networks of different cities (see Supplementary material
for more details and for other cities). Interestingly, for all real- 
world street networks we found 2 < md < 3.2, i.e. the price compe
tition is enhanced with respect to a 2D square lattice, and the 
maximum prices increase considerably slower.

Hotelling centrality
The dynamics of our competition model can also be used to intro
duce a new measure of graph centrality (29). We define the so- 
called HC of a node, as the average payoff earned by a seller placed 
on that node, where the averages are taken over all the possible 
positions of the other seller. Hence, nodes with the highest HC 
are the best positions that a seller can occupy to maximize its 
earnings, when the seller has no information on the position of 
the other seller. Interestingly, in the case of a chain, we observe 
that the two nodes with the highest HC under BR dynamics are i = 
0.25N and j = 0.75N (see Supplementary material). These posi
tions, when occupied by the two sellers, minimize the average de
livered cost for the buyers. Namely, the positions guaranteeing 
the average highest payoff to a seller are also the ones minimizing 
the transportation cost of the buyers. Figure 6 illustrates how the 
HC works in a real-world market, such as the street network of 
Venice (the area around Rialto bridge) (17, 18), and compares the 
HC with a standard measure of centrality, namely the closeness 
centrality (CC) defined as the inverse of the average distance be
tween a given node and all the other nodes in the network. 
Figure 6a and c shows the spatial distribution of HC on the map 
of the city, with the nodes with the highest values of centrality col
ored in red. The scatter plots (HC, CC) in Fig. 6b and d indicates 
that, while HC is strongly correlated to CC in the case of the OS 

a b

Fig. 5. a) Maximum values 〈p∗α〉 of the average equilibrium price as a 
function of the graph order N for different networks: a chain, a regular 
square lattice and the real street network of a city (in this plot Cairo, 
Egypt). We report the corresponding market competition dimension md 

obtained by fitting 〈p∗α〉(N) = N1/md to the data points. b) md values for 
several cities. The reported error is the SE of the estimate.

a b

c d

Fig. 6. HC for the street network of Venice and its comparison with the CC. Both centralities are normalized between 0 and 1. a, b) refer to the OS 
dynamics, while c, d) to the BR dynamics. The Spearman’s correlation coefficient rs between the two quantities in the scatter plots is also reported.
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dynamics, the two measures can give different results when in
stead a BR dynamics is adopted. In the latter case, we observe 
that the relation between the HC of a node and its position on 
the graph is highly nontrivial. e.g. the red nodes with the highest 
HC in Fig. 6c are different from those with the highest CC (i.e. 
the nodes minimizing the average distance from the other nodes), 
which are located in a single area around the Rialto bridge (the 
graph barycenter (46)). They define instead two different centers 
(the two red areas) in the graph, one on each side of the bridge, 
while the bridge has low HC (colored in cyan).

Discussion
In the dynamical model of price formation, we have introduced in 
the article, two sellers and a large number of buyers are placed 
over the nodes of a network. The buyers are modeled as random 
walkers with variable levels of information while the sellers are 
rational decision makers competing, through prices, for the mar
ket (i.e. for the buyers). In this way, the model accounts for the 
mutual influence between sellers’ price dynamics and buyers’ ex
ploration dynamics of the market. Interestingly, depending on the 
market topology, i.e. on the structure of the underlying market, on 
the position of the two sellers’ and on the level of information 
available to the buyers, we are able to observe, within a single 
model, both fixed prices à la Hotelling and price cycles à la 
Edgeworth. In particular, we observe that, when the sellers are 
closer than a certain distance on the network, or when the frac
tion of rational buyers is below a critical threshold wc, the fixed 
prices solutions are replaced by cycling patterns of prices. In add
ition to this, our numerical simulations show that, right at the 
transition between the region of fixed price solutions and that of 
regular Edgeworth price cycles, the model displays a completely 
novel type of cycles with a peculiar reversed pattern and irregular 
periods. These are similar to price patterns recently observed in 
online bid platforms (9). Notice that, in the classical Edgeworth 
model the market is a point, therefore price cycles do not depend 
on the market structure but instead emerge as a consequence of 
the sellers’ capacity constraints. That is, if one or both sellers 
alone cannot, or are not willing to, serve the entire market, there 
will be a spillover of buyers from the lower-priced seller to the 
higher-priced one. This means that the higher-priced seller, des
pite selling the same good for a less convenient price, will still ob
tain a positive profit. The presence of such a spillover destabilizes 
the market, causing a cyclic price war of attrition between the two 
sellers (5). Conversely, in our model the buyers spillovers towards 
the higher-priced seller emerge as a consequence of the market 
structure, the distance between the two sellers, and/or the 
bounded rationality of buyers. In this way, a structured market, 
or a localized market of buyers with bounded rationality, can 
give rise to cycling prices, even in the absence of sellers’ capacity 
constraints.

In addition to the theoretical results of our work, the versatility 
of representing markets as complex networks makes it possible to 
use our model to study the impact of the complex topology of real- 
world markets on price dynamics. In particular, we ran numerical 
simulations of our model on spatial street networks of cities from 
all over the world, which present a great variety of structural 
properties and layouts. Some of the cities we have considered, 
such as Barcelona, have patterns realized over a short period of 
time as the result of a single plan, and usually display a regular 
grid-like structure. Other cities, such as Ahmedabad, Cairo, and 
Venice, exhibit more complex patterns grown throughout a large
ly self-organized, fine-grained historical process, without any 

central control. Given this great variety, it is highly nontrivial to 
understand how the different structural properties of these spa
tial markets impact competition. Numerical simulations of our 
model show that competition on real-world spatial networks is al
ways enhanced with respect to artificial 2D regular networks of 
the same size, with self-organized cities such as Ahmedabad, 
Cairo, and New Delhi, having particularly high values of competi
tion dimension md.

In conclusion, understanding how the actual topology of a mar
ket impacts the price dynamics is of fundamental importance to 
design effective policies and to optimize the market both for sel
lers and consumers. Our dynamical model of price competition 
on networks, on the one hand reveals that the structure of real- 
world markets further amplifies the competition in price dynam
ics, on the other hand uses such dynamics to characterize the 
market topology. The model can also be easily generalized in dif
ferent directions, e.g. considering more than two sellers, allowing 
both positions and prices to change at the same time, and includ
ing nonlinear costs of transportation (12, 47, 48). Since price com
petition is a fundamental mechanism of real-world markets, we 
hope our work can open new research avenues with tangible prac
tical implications.

Materials and methods
Transition matrix and stationary distribution of 
buyers
The distribution of buyers over the N nodes of a graph, described 
by the row vector ϕ(t) = {ϕi(t)}i=1,...,N, evolves in time according to 
ϕ(t) = ϕ(t − 1)Π, where the transition matrix Π = {Πij} reads:

Πij = w aij

􏽐
α σiα(j)Θ( minβ (Piβ) − Piα)
􏽐

α σiαΘ( minβ (Piβ) − Piα)

􏼔 􏼕

+ (1 − w)
aij

2
1
ki

+
δij

2

􏼒 􏼓

.

(7) 

Here, aij are the entries of the adjacency matrix of the graph, 

where aij = 1 if node i and j are connected by an edge (i.e. if node 

j can be reached from node i) and aij = 0 otherwise. The quantities 

σiα and σiα(j) are, respectively, the total number of shortest paths 
from node i to seller α, and the number of those passing through 
node j. A shortest path between two nodes is any minimal se
quence of edges connecting them (29). The Heaviside step func
tion Θ(x) is such that Θ(x) = 1 for x ≥ 0, and zero otherwise. 
Therefore, in Eq. 7, Θ(x) is equal to 1 only if the delivered price 
Piα of the seller α being considered in the sum is the lowest one, 
which means if it equals minβ (Piβ), the minimum delivered price 

over the set of the sellers. Otherwise, it is zero and seller α does 
not contribute to the sum. Finally, δij is the Kronecker delta, de

fined as δii = 1 and δij = 0 for j ≠ i. Equation 7 consists of two terms, 

corresponding to the two mechanisms contributing to the buyers’ 
random walk dynamics. The first term, weighted by the fraction w 
of rational buyers, describes the probability of a buyer moving 
from i to j following the shortest paths towards the seller offering 
the lowest delivered price. The second term, weighted by 1 − w, 
accounts for the erratic movement of an uninformed or irrational 
buyer, which with probability 1/2 remains at the node i, and with 
probability 1/2 moves randomly from i to one of its ki neighbors. 
Since the Markov chain defined by this transition matrix is aperi
odic, and the underlying graph is connected, a stationary distribu
tion ϕ∗ = ϕ∗Π always exists unique (49) and can be easily found 
using a standard power method (50).
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Data sets of real-world spatial markets
As examples of real-world markets, we have considered the spa
tial structures of urban street networks. We used the data set pro
vided in Refs. (17, 18), consisting of 1-square mile samples of the 
spatial street networks of 20 cities from all over the world. Each 
urban street network is represented as an undirected graph, 
where intersections are nodes and streets are edges. The number 
of nodes N and edges K goes from a minimum of N = 169 and K = 
197 for the city of Walnut Creek to a maximum of N = 2,870 and 
K = 4,387 for the city of Ahmedabad. Cities differ in their structural 
properties and layouts (17, 18).

Market competition dimension
The competition dimension md of a market is the exponent char
acterizing how the maximum average seller’s price 〈p∗〉, which is 
equal to two times the maximum average seller’s payoff, scales 
with the size of the network N:

〈p∗〉 = 2〈π∗〉 ∼ N1/md . (8) 

In the case of artificial markets, we have directly generated chains 
and square lattices with different values of N. Instead, for urban 
street patterns, in order to produce networks with different N 
for each city, we have considered the subgraphs defined by a 
neighborhood of range r of the node with the highest closeness 
centrality, and we have varied the value of r. To calculate md, giv
en a graph of size N and fixed positions of the two sellers, we aver
aged the payoff over the last 200 time steps of the model price 
dynamics, after waiting a thermalization time of 100 time steps. 
We then averaged the payoff over all the possible combinations 
of sellers’ positions at a given distance dαβ, and we took the max

imum over dαβ to obtain 〈π∗〉. We finally fitted the value of md from 
the scaling relation in Eq. 8. See Supplementary material for more 
details and a complete list of the values of md extracted for the 20 
cities.

Note
a While, in principle, the BR should consider all (infinitely many) dis

crete prices, we verified numerically that in our model, when sellers 
are on different nodes and for w = 1, BR prices do not exceed twice 
the diameter of the graph. Forw < 1, this limit can be exceeded de
pending on the value of w. This observation allows us to restrict our 
search for the BR price to this range of price values.

Supplementary Material
Supplementary material is available at PNAS Nexus online.
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