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Abstract: This paper presents a two-qubit model derived from an SU(2)-symmetric 4 x4 Hamiltonian.
The resulting model is physically significant and, due to the SU(2) symmetry, is exactly solvable in
both time-independent and time-dependent cases. Using the formal, general form of the related
time evolution operator, the time dependence of the entanglement level for certain initial conditions
is examined within the Rabi and Landau-Majorana-Stiickelberg—Zener scenarios. The potential
for applying this approach to higher-dimensional Hamiltonians to develop more complex exactly
solvable models of interacting qubits is also highlighted.
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1. Introduction

The two-level approximation, where the dynamics of a quantum system are limited
to only two states, is commonly recognized for its broad applications in both physics and
chemistry [1-6]. For instance, recent studies have demonstrated that the two-level formal-
ism is effective in accurately describing the dynamics of charge transfer [7,8] and molecules
in optical cavities [3]. Additionally, over the past few decades, the two-level quantum dy-
namical problem has become crucial in various quantum technologies, including quantum
computing [9-11], quantum sensing [12,13], quantum information processing [14,15], and
quantum metrology [16,17].

In quantum computing, beyond implementing qubits correctly, it is crucial to initialize
and measure them with precision. This is where quantum control becomes essential.
Quantum control Hamiltonians, which are time-dependent and characterized by external
driving forces, are designed to manage qubit dynamics. Identifying exactly solvable single-
qubit scenarios, where the time evolution operator of time-dependent Hamiltonians can be
analytically derived, is crucial. Numerous mathematical approaches have been developed
to tackle exactly solvable two-level dynamical problems [18-25], given the general difficulty
of solving the Schrodinger equation with a time-dependent Hamiltonian. Among these,
the Rabi [26] and Landau-Majorana-Stiickelberg—Zener (LMSZ) [27-31] scenarios are
particularly notable for their extensive applications in physics. This research is broadly
relevant, as analytical solutions for single two-level systems have been helpful in more
complex systems without spin variables [32], and similar approaches have been used to
solve non-Hermitian two-level dynamical problems [33].

In many-qubit scenarios, however, the coupling between different effective two-level
systems (TLSs) cannot be ignored [34,35]. In contexts like quantum computation, tuning the
interaction between TLSs is essential for using quantum logic gates that generate entangled
states witha high level of entanglement [36-38], which is a key resource in quantum compu-
tation [39]. Investigating more complex models comprising many interacting qubits, which
can be analytically treated to obtain exact results, is then relevant as well. For this reason,
significant attention has been given to the simplest many-qubit system: the two-qubit
scenario. This involves two TLSs interacting either directly (through exchange, Heisenberg,
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and Dzialoshinskii-Moriya (DM) interactions) or indirectly (via photon-mediated interac-
tion). This focus is evidenced by the extensive research on quantum gates and operational
protocols in two-qubit systems across various platforms [40-58].

Developing strategies to solve the dynamical problem of two-qubit time-dependent
Hamiltonians, in order to fully control the dynamics of two interacting qubits, is also
crucial. For example, in Ref. [59], the original two-qubit problem is decomposed into
two independent single-qubit subproblems related to two dynamically invariant subspaces,
thanks to a specific Hamiltonian symmetry and its constant of motion. Thus, by leveraging
exact solutions for single-qubit scenarios, exact solutions for the two-qubit problem have
been derived, revealing physical effects in both closed [60-62] and open [63] systems.

Nevertheless, other exactly solvable and analytically treatable two-qubit models,
presenting no constants of motion, can exist. This paper presents a general time-dependent
two-qubit Hamiltonian model without integrals of motion, whose time evolution operator
can still be formally expressed and, in specific cases, analytically derived. This study
utilizes group theory particularly focusing on the SU(2) group. By exactly solving the
dynamical problem, this paper investigates the exact time dependence of the concurrence
(which measures the level of entanglement between the two qubits) in three scenarios:
time-independent, Rabi, and LMSZ. It is demonstrated how the controlled generation of
entanglement is achievable both periodically and asymptotically in adiabatic and non-
adiabatic regimes. Finally, it is particularly significant that the method demonstrated in this
paper for two-qubit systems can be similarly applied to higher-dimensional Hamiltonians.
Therefore, this approach allows for the development of exactly solvable Hamiltonian
models that describe the dynamics of more complex systems involving multiple interacting
qubits or, more generally, qudits.

The paper is structured as follows. Section 2 introduces the basics of the SU(2) sym-
metry group and derives the new two-qubit Hamiltonian model. Section 3 discusses three
possible solutions to the dynamical problem, while Section 4 examines the time behavior of
the two-qubit concurrence. Finally, Section 5 provides concluding remarks.

2. The Model
2.1. SU(2) Symmetry

The SU(2)-symmetric group is a compact group whose lowest-dimensional matrix
representation consists of the set of all two-dimensional unitary matrices of the form

U = (_fz* ;1)1 1)

with a and b being two complex parameters satisfying |a|? + |b|> = 1. The generators of
this 2 x 2 representation of the SU(2) group are the Pauli matrices: ¢*, 0¥, and ¢*. The most
general generator, a combination of the three Pauli matrices, can then be written as

Hy = wyo™ + wyo? + Qo* = (c?* _wQ>, ()
with w = wy — iwy and Q) denoting, respectively, the magnitudes of the transverse and
the longitudinal fields on the spin, and the matrix is represented in the basis of ¢*. It is
worth underlining that Hj values are the generators of U in the sense that Uy values are
the solutions of the equation ill = HU (where the dot denotes the time derivative), which
is nothing but the Schrodinger (with the reduced Planck constant 71 = 1) equation for a
physical system described by the Hamiltonian H. This holds when the Hamiltonian is both
time-dependent and time-independent (the time plays the role of the group parameter). In
the time-independent case, the expressions of a and b can be straightforwardly derived by
diagonalizing the Hamiltonian. In the time-dependent case of H, instead, the solution of
the system for a and b, stemming from the Schrédinger equation, can be quite a complicated
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task. However, several examples of exactly solvable dynamical problems related to time-
dependent Hamiltonians exist [18-27,31,59].

Matrix representations of the same SU(2) group in higher dimensions are also possible.
The three-dimensional representation, for example, consists of all 3x3 unitary matrices
whose generators are linear combinations of the three spin-1 Pauli matrices. The peculiarity
at the basis of all representations is that they are always characterized by two independent
parameters. That is, one can formally write the entries of the higher-dimensional unitary
matrices of SU(2) as specific combinations of the two parameters a4 and b. The three-
dimensional matrices, e.g., can be cast as

2 \/2ab b2

a
Uz =| —v/2ab* aa* —bb* /2a*D |. 3)
b*Z —\/iﬂ*b* a*Z

As far as physical problems are concerned, this aspect is highly relevant from a
dynamical point of view, since it implies that high-dimensional SU(2)-symmetric dynamical
problems can be solved by solving the related analogous 2 x2 SU(2) dynamical problem.

In this study, the 4x4 representation of the SU(2) group is considered. The 4 x4 unitary
matrices constituting the set read

a3 \/3a2%b \/3ab? b3
Uy — —V/3a?b*  a(|a]®> —2|b]?)  b(2]a]®> - |b]?) V/3a*b? )
| VBab? —br(2aP — b)) a*(a]? —2[bP) V3a*?b |

_b*3 \/ga*b*Z _\/ga*zb* *3

The related generators are the spin-3/2 operators and the most general linear combi-
nation, in the basis of 5%, is

300/2  V3w/2 0 0
| VBwr/2 Q/2 w 0
Hy = 0 w* —0/2  V3w/2 ®)
0 0 V3w /2 =30)/2

Also, in this case, apparently, the matrix Uy is the formal solution of the equation
illy = HyUy. Certainly, depending on the forms of () and w (in the general time-dependent
case), one obtains different expressions of a and b, solutions of the two independent
equations stemming from the Schrodinger equation.

2.2. SU(2) Two-Qubit Model

One can interpret Hy, which is the 4 x4 matrix representation of the generic generator
of the SU(2) group, in terms of two spin-qubits. In other words, one can interpret the Hamil-
tonian Hy as written in the composite basis of the two qubits {|++), |+—),|—+),|——)},
with 0%|+) = £|£). Itis possible to verify that the resulting two-qubit model reads

Q 3
Hy =Qo7 + Eaf + g (wwﬁ‘ - wyazy) +
w
%(0{‘0&‘ —i—afffg) - 7y (a{‘ag - U{Uf).

(6)

This describes two qubits interacting through a Heisenberg term depending on wy and a
DM term [64,65] characterized by the DM vector d = (0, 0, Zwy) (since the DM interaction is
commonly written as d - 1 X Sy [66], with S; = i/ 2{(7]?‘, U]y , a]:Z },j =1,2). The first qubit is
subjected to a magnetic field along the z direction, namely (0, 0, 2Q2), while the second
one is subjected to a different magnetic field with nonvanishing components on the three
directions, precisely (v/3wx, v/3wy, Q). Appendix A shows the Derivation of the SU(2)
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two-qubit model. One can see that, in order to obtain the SU(2) form, specific relations
between the parameters of the two-qubit Hamiltonian exist. In particular, nterstingly, the
link between the strength of the magnetic field on the x—y plane (on the second spin) and
the interaction parameters, as well as the z-magnetic field on the first spin, which doubles
the one on the second spin. To stress is that the magnetic fields written before, compared to
the terms in the Hamiltonian, lack a factor 1/2 since the Hamiltonian terms describe the
coupling between the magnetic field and the spin magnetic moment, which, for a spin-1/2,
is characterized by a pre-factor 1/2 (i = 1) in front of the Pauli matrices, namely, s = /2.
As discussed above, the dynamical problem related to such a two-qubit model can
be solved by finding the solutions of 2 and b that can be derived by solving the analogous
two-dimensional dynamical problem. Below three dynamical scenarios are considered.

3. Dynamical Scenarios
3.1. Time-Independent Case

First, consider the case where the three Hamiltonian parameters are time-independent,
namely Q = O, w = wpe'® (where wy = /w2 + wﬁ, and ¢g = — arctan(wy /wy)). In this
case, one can talk about eigenenergies of the system, and they read

3 1 1 3 I >

The expressions of 4 and b can be analytically derived and it is possible to verify that
they result in

a(t) = cos(kt) — i% sin(k t),

(8)

b(t) = —i%sin(k ).

One can see that the parameter ¢y does not play any role in the dynamics since it does
not appear in the above expressions of 2 and b. This finding is physically reasonable since
the Hamiltonian can be unitarily transformed by performing a rotation in the x—y plane in
order to obtain ¢, = 0, that is, w} = wp and w; =0.

3.2. Rabi Scenario

The Rabi scenario is characterized by a precessing magnetic field with a constant
component along the z-axis and a rotating field on the x—y plane, that is,

Qt) = Qy, wy(t) = wocos(vp t), wy(t) = wosin(vp t), 9)

where vy is the precession frequency of the field. In this case, 2 and b obtain the following
expressions [26]:
A ‘
a(t) = |cos(vg t) —i— sin(vg t)] e~ ot
" ® (10)
b(t) = —i—2 sin(vg t)e ™!,
VR

with A = Qg — vy being the detuning and vg = /A2 + w3 the Rabi frequency. A = 0
corresponds to the known resonance condition for which the Rabi oscillations of the
populations in a two-level system are characterized by the maximum amplitude [26]. It
is worth stressing that the realization of a Rabi scenario for the two-qubit model under
scrutiny could be challenging from an experimental point of view since the transverse
magnetic field on the second spin and the coupling between the two qubits must be
varied accordingly in order to maintain the SU(2) symmetry of the Hamiltonian. However,
through trapped ion and superconducting circuit technologies, both parameters can be
appropriately managed [67].
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3.3. Landau—Majorana-Stiickelberg—Zener Scenario

The LMSZ scenario [27,31] is characterized by a constant transverse field, i.e., w(t) = wy,
and a longitudinal ramp, that is, a linearly varying magnetic field along the z direction,
namely Q)(t) = a t (with the « > 0 being the slope of the ramp), from negative to positive
infinite values [t € (—o0, +00)]. To consider negative values of time is a mathematical trick
to formally describe the experimental procedure consisting of the inversion of the magnetic
field. Precisely, the passage from negative to positive values means that the magnetic field
is initially set along a specific direction and its modulus is linearly decreased in time until it
vanishes. At this point, the modulus starts to be linearly increased in the opposite direction
from the original one. The instant when the field vanishes is then the inversion point.

The related dynamical problem cannot be solved in general but only for specific
initial states [27,31]. Moreover, it is not physically meaningful, from both a theoretical and
experimental point of view, since an infinite field implies infinite energies, as well as an
infinite process. However, the dynamical problem related to a ‘finite’ LMSZ scenario, that
is, a ramp starting and ending at finite instants; i.e., t € [—fg, +tg], can be generally solved
as well [68]. The expressions of a and b, although complicated, can be analytically derived

and read [68]:
_ Ff(l—iﬁ)

V27
x [Dig(V2e /4 1) D_y445(V2e°™ *1y)
+ Diﬁ(ﬁei3n/4r) D71+iﬂ(\/§efi7r/4,q)]/

b= T(1- iﬁ)em/z;
\/2mp
x[=Dig(V2e ™™ 41) D_145(V2e7 %)
+ Dlﬁ(\/ieiBH/LF) D71+iﬂ(\/§efi7r/4,q)]/

where g = w3 /a, T 7 is the gamma function, Dy (z) is the parabolic cylinder functions [69],
and T = /a t is a time dimensionless parameter (let us stress that since i = 1, then
[#] = s72); and T; identifies the initial time instant. It is worth stressing that in this case,
one can consider also non-symmetric time windows, that is, 7; # —Tf; it is particularly
relevant in the case with 7; = 0 [68], which can generate entangled states of two-qubit [60]
and two-qutrit [70] systems through an adiabatic change in the field (¢ < 1).

a

(11)

3.4. Two-Qubit Spin—Flip and Phase Gate Realization

In this Section, the possibility of performing two-qubit operation through the interac-
tion model under scrutiny is outlined. It can be noted indeed that if considerably large times
are considered in the LMSZ, thatis, T > 1, one obtains a(7 > 1) ~x 0and b(7 > 1) ~ 1. In
this instance, the time evolution operator Uy acquires the following quite a simple form:

0 0 0 1
0 0 -1 0

=109 1 0 o (12)
-1 0 0 0

To note is that the same unitary matrix can be periodically generated in the Rabi
scenario by putting A = 0 for the time instants vgt = 77/2.

The operator (12) acts as a two-qubit spin—flip gate. The two-qubit standard basis
states are indeed transformed as follows:

Uy|++4) = |==), Wal+—=) =|-+), Uyl—+)=|+-), U——)=[++), (13)

upon a physically not relevant global phase in the second and fourth case. Here, 4+ and
— denote the eigenstates of ¢* (namely, 6%|+) = £|£)). Such a phase factor, however,
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becomes crucial when superposition states are considered. This unitary operator indeed
has the property of transforming the ‘analogous’ Bell states (that is, the Bell states obtained
by the superposition of the same standard basis states) into each other, namely,

Uy|@F) = [@F),  Uy¥™) = [¥F), (14)

where |®)* = (|4++) 4+ |-—))/v2and [¥)* = (|+—) £ |—+))/v/2. On the basis of this
property, it follows that such a unitary matrix transforms the ‘analogous” Werner states into
each other, the latter being written as

1—a
4

11—«

+ | @), +altF), (15)
where « is a real number in [0, 1]. Therefore, it means that through the interaction model
derived here, one can accurately manipulate the Bell states of the two qubits with no loss
in entanglement, by applying either a Rabi or a LMSZ magnetic field, which are the most
experimentally feasible and employed fields.

4. Concurrence Dynamics

The level of entanglement of a two-qubit system can be quantified through the con-
currence [71], which, in the case of a generic normalized pure state |¢) = cq4|++) +
C4—|+—) +c—y|—+) + c—_|——), acquires the following analytical form:

C= 2|C++C77 — C+7C7+|. (16)

In Figures 1 and 2 the concurrence is calculated for different initial conditions, namely
when the two-qubit system is initialized in the state |——), |+—), and (|++) + [+—))/V/2
(in each of Figures 1 and 2a—c, respectively) for the time-independent (Rabi) scenario.
One can see that the behavior of the concurrence is qualitatively similar in the two cases.
This is due to the feature that the expressions of a4 and b for the Rabi scenario closely
resemble the ones related to the time-independent case. This circumstance stems from
the finding that the Rabi Hamiltonian can be unitarily transformed to a time-independent
one by changing the reference frame from the laboratory one to the frame rotating with
the precessing magnetic field. The time behaviors of the concurrence practically consist of
periodic oscillations. It can be noted that Figures 1a and 2a are identical, since, in that case,
that is, for the initial condition |——), the concurrence results to be C = 4|(a*)3| [b?|. In
this instance, the factor ¢!, appearing in the expressions of a and b for the Rabi scenario,
does not play any role, contrary to what occurs in the other cases (Figures 1b,c and 2b,c),
which show slight differences.

0.25}

0.20
0.15
0.10
0.05
0.00

0.30
o 0.25
0.6 0.20
O o4l ©0.15
0.10
0.2 0.05
‘ ’ 0.0t ‘ ‘ ‘ ‘ ‘ 0.00t ‘ ; ; ; ]
8 10 0 2 4 6 8 10 0 2 4 6 8 10
T T
(b) (c)
Figure 1. Time dependence of the concurrence for the initial condition: (a) |[——), (b) |+—), and

(©) (J4++) + |[+—))/V/2, in the time-independent case when )y = 2wy as a function of the dimen-
sionless time T = k t. See text for details.
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0.57 0.35F
0.4} 0.8f 0.30¢
0.3: 0.6/ 8-58:
©] ®) O 4
0.2} 0.4; 0.15;
0.10¢
0.1; 0.2; 0.05¢
0.0t 0.0t 0.00¢ ]
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
T T T
(a) (b) ()
Figure 2. Time dependence of the concurrence for the initial condition: (a) |[-—), (b) |[+—), and
() (|[++) + |+—))/+/2, in the Rabi scenario when Q)y/2 = 21y = wy as a function of the dimension-
less time T = vg t. See text for details.
In Figures 3-5, the time behavior of the concurrence in the LMSZ scenario is plotted
for the three initial conditions |¢; (t;)) = |——), |[¢2(t;)) = |[+—), and |53(t;)) = (|++) +
|4+—))/+/2, respectively. The value of 8 = wi/a determines the level of adiabaticity of
the dynamics. In particular, for B < 1 (8 > 1), the system is driven by a non-adiabatic
(adiabatic) process.
B8=0.1 B8=0.2 B=2
0.5} ] 05 0.5
0.4} 0.4 0.4
0.3} 0.3 0.3
@) o ]
0.2} 0.2 0.2
0.1; 0.1 / 0.1
0.0t 0.0t 0.0
-30-20-10 0 10 20 30 -30-20-10 0 10 20 30 -30-20-10 0 10 20 30
T T T
(a) (b) (0)
Figure 3. Time dependence of the concurrence in the LMSZ scenario, as a function of the dimension-
less time T = y/a t, for the initial condition |——), when (a) 8 = 0.1, (b) 8 = 0.2, (c) B = 2. See text
for details.
$=0.1 p=0.2 B=2
0.8} 0.8 'm”m 0.8
0.6} 0.6 0.6
© 04 ©o04 ©o04
0.2} 0.2 0.2
0.0t 0.0 0.0 ]
-30-20-10 0 10 20 30 -30-20-10 0 10 20 30 -30-20-10 0 10 20 30
T T T
(a) (b) (c)

Figure 4. Time dependence of the concurrence in the LMSZ scenario, as a function of the dimension-
less time T = y/a t, for the initial condition |+—), when (a) 8 = 0.1, (b) 8 = 0.2, (c) B = 2. See text
for details.
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Figure 5. Time dependence of the concurrence in the LMSZ scenario, as a function of the dimen-
sionless time T = +/a t, for the initial condition (|++) + |[+—))/+v/2, when (a) = 0.1, (b) 8 = 0.2,
(c) B = 2. See text for details.

The differences between the cases related to § = 0.1 and B = 0.2 in Figures 3-5
are only quantitative. The system indeed starts from a vanishing concurrence (since the
considered initial conditions are separable); then, after the inversion of the field, an amount
of entanglement is generated between the two qubits.

A qualitatively different behavior is instead obtained for the plots with § = 2. In this
case, for the three initial conditions, the maximum level of entanglement is generated at or
near the central point (the inversion point of the field). At considerably large times, the
concurrence tends to zero again, meaning that the system comes back to a separable state.
This can be seen by explicitly writing the evolved states at time ¢, obtaining

[p1(t — ) = Ua(t — ) 91 (1)) =b°|++) + V3a 0 [+—) + V3(a")?b|—+) + ()| ——),
|92t — ;) = Ua(t — 1) |92 (t:)) =V3a%b|++) + a([al* —2(b*)|+~)

— b 2laf? = b —+) + V3a (0" =), W)

[p3(t = t;)) = Us(t — t;)|s(t;)) :L{(as +V/3a%)|++) + [a(|a]* — 2[b*) — V3a?b"][+ )

V2
~[V3a(b*)? = b* (2|af* — [b)]|—+) + (V3a* (b")? — (b*)g)I——>}/

and by taking into account that, for adiabatic dynamics, (8 > 1) a(t > t) — Oand b(t > t) — 1.
In this limit, it is possible to see that |y (t > 1)), [¢2(t > 1)), and |ip3(f > 1)) obtain a
separable form, namely

=) +]=-)
=,

justifying the vanishing concurrence at quite large times. Let us note that this kind of
dynamics practically consist of full state inversion, that is, in flipping the spin states.
Contrarily, for non-adiabatic dynamics (8 < 1), the state at considerably large times is not
separable, presenting a non-vanishing level of entanglement.

However, it is instructive to show that it is also possible to generate entanglement
also through adiabatic dynamics. In this case, it is sufficient to modify the procedure
of application of the magnetic field; namely, it serves only to modify the time window,
leaving the linear time dependence of the ramp unchanged. Indeed, for a half ramp,
that is, a magnetic field initially vanishing and then linearly increasing, the production
of of entanglement can be seen in Figure 6. One can see that in the three cases, the
concurrence, starting from a vanishing value, asymptotically tends to a (almost) constant
value, namely 0.5. In the transient, for the cases in subplots Figure 6b,c, a high level of
entanglement, corresponding to C ~ 0.9, is reached by the two-qubit system during the
adiabatic dynamics.

[Pt > 1)) = |+4), |t >1) =|-+)  |ys(t>1)) = (18)
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Figure 6. Time dependence of the concurrence in the LMSZ scenario as a function of the dimensionless
time T = y/a t, for the initial condition: (a) |[——), (b) |[+—), and (c) (|++) + |+—))/v/2 and for
adiabatic procedures, namely when = 2. See text for details.

Finally, it is worth stressing that the fast oscillations clearly visible in all of the plots
related to the LMSZ scenario are not due to approximations adopted to obtain the plots.
Rather, they are related to the fast oscillating cylinder functions appearing in the analytical
solutions of the LMSZ model given in Equation (11).

5. Conclusions

In this paper a model of two interacting qubits has been presented and studied. Special
emphasis has been placed on the method used to obtain the model. The model has indeed
been derived by first considering the finite four-dimensional representation of the general
generator of the SU(2) group. This 4 x4 matrix can be expressed in operator form using
spin-3/2 Pauli operators, resulting in a single spin-3/2 (a four-level system) subjected to a
magnetic field with generally non-zero components in three independent directions.

However, this same 4 x4 matrix can also be interpreted in terms of the Pauli matrices
of two spin-1/2 particles (TLSs or qubits). By translating it into the language of two TLSs,
a model of two qubits interacting through both exchange and Dzialoshinskii-Moriya
interaction terms is obtained. These two qubits are also subjected to different local magnetic
fields: the first qubit experiences only a longitudinal (z) magnetic field, while the second
is subjected to both longitudinal and transverse (x-y plane) magnetic fields. To maintain
the SU(2) symmetry of the generator, specific relations exist between the Hamiltonian
parameters, such as the longitudinal magnetic field on the first qubit being twice that on
the second qubit, and the coupling strength of interaction parameters being closely related
to the transverse magnetic field magnitude on the second qubit.

The significance of an SU(2)-symmetric model lies in the understanding of the general
structure of the operator U generated by the Hamiltonian H through U = =1 (7 = 1). In
physical terms, U is the time evolution operator. The general structure of U, dependent on
two generally complex parameters (which can be found by solving the related Schrodinger
equation), holds for both time-dependent and time-independent Hamiltonian parameters.
While the time-independent case is straightforwardly solvable, the time-dependent one
depends on the specific time dependence of the field, making exact solutions generally
challenging to find. However, thanks to the SU(2) symmetry, one can derive exact solutions
for the two-qubit problem from known solutions of single-qubit dynamical problems. This
considerably simplifies the task since numerous exactly solvable single-qubit scenarios
(with analytical solutions to the Schrédinger equation) exist in the literature [18-31,59].
Consequently, one can derive the exact dynamics of the two qubits for all these scenarios.
This means one can fully control the evolution of the two-qubit system for these scenarios
and apply specific applications developed for single two-level systems [72-77] to two-qubit
scenarios. To stress is that the same considerations also hold when higher-dimensional
Hamiltonians are considered. This situation highlights the method’s potential applicability
and its physical significance for use in many-qubit scenarios.
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Beyond the time-independent case, the paper considered the most known exactly
solvable time-dependent scenarios: the Rabi and LMSZ scenarios. The exact expressions
of the two parameters defining the time evolution operator have allowed us to derive
the analytical form of the evolved states from certain initial (separable) conditions. In
particular, the time evolution of concurrence, a measure of the entanglement between the
two qubits, have been analyzed. High levels of entanglement can be generated through
such interaction models and scenarios. Additionally, it has been highlighted how, in the
LMSZ scenario, high concurrence values can be generated differently depending on the
procedure’s adiabaticity level (i.e., the slope of the magnetic field).

Finally, it is worth underlining that the potential of the method used to obtain the
SU(2)-symmetric two-qubit model lies in its applicability to more complex Hamiltonians
and physical scenarios. For instance, applying this procedure to a 6x6, 8x8, or 9x9
SU(2)-symmetric matrix yields exactly solvable models for qubit-quitrit, three-qubit, and
two-qutrit systems, respectively. In these cases, the method thus allows for the appropriate
control of more complex physical systems” quantum dynamics with consequent possible
advantages for quantum computation tasks.
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Appendix A. Derivation of the SU(2) Two-Qubit Model

This Appendix outlines the technical details on the basis of the derivation of the
two-qubit model in Section 2. As declared in this paper, one can write the operator form of
the 4x4 SU(2) matrix in Equation (5) in terms of the Pauli operators of two qubits.

To begin with, it is instructive to express the entries of a 2x2 matrix in terms of the
Pauli operators as follows:

i~|»AZ X 4+ ioY
ma -7, 1)(- = T N
=2y = 122 .
o 2 ’ o 2

Certainly, the entries of a 4 x4 matrix in terms of two-qubit Pauli operators can be
written as tensor product of the single-qubit operators, for example,

AXAX 1 i(5XAY | sYax 7Y 5Y
_ 0705 +i(070, +0707) — 0107

=) .

(A2)

In this way, by expressing the the appropriate operator form of each entry of the
4x4 SU(2) matrix and summing the analogous term, one can derive the expression of
the Hamiltonian in Equation (6). The analogous procedure can be applied in the case of
higher SU(2) Hamiltonians. For a 3x3 matrix, for example, the tensor product of the Pauli
operators of three qubits must be employed.
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