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Abstract

We calculate the Meissner masses of gluons in neutral three-flavor color superconducting matter for finite strange quark mass.
In the CFL phase the Meissner masses are slowly varying function of the strange quark mass. For large strange quark mass, in
the so-called gCFL phase, the Meissner masses of gluons with ectofis 2 become imaginary, indicating an instability.

0 2004 Elsevier B.VOpen access under CC BY license.
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1. Introduction

At asymptotic densities cold quark matter is in the color flavor locked (CFL) phase of [QICBee alsd2]
and[3]). This state is characterized by nine gapped fermionic quasi-particie?, 8r color and flavor) and by
electric neutrality even for non-vanishing quark masils providedM ; # 0 does not destroy the CFL phegg.
For lower densities, it has recently been sh¢®#i7]that, including the strange quark mads, requiring electrical
and color neutrality, and imposing weak equilibrium, a phase transition occurs, from the CFL phase to a new phase,
called gapless CFL or gCFL. In the gCFL phase seven fermionic quasi-particles have a gap in the dispersion law,
but the remaining two are gapless. At zero temperature the transition from the CFL to the gCFL phase takes place
at Msz/ub ~ 2A, wherepu,, is the quark chemical potential antlis the gap parameter. At non-zero temperature
the situation is more involvef¥,8] and also the existence of mixed phaf#shas to be taken into account. The
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next phase at still lower densities is difficult to detéme and the crystalline color superconductive phase is a
candidatd10].

The aim of this Letter is to investigate the dependence of Meissner masses on the strange quark mass in the
gCFL phase. For two flavors a similar analysashrecently been performed by Huang and ShovKagy. Im-
posing weak equilibrium and neutrality they compute the gluon Meissner mass in the 2SC phase and show that
an instability arises in a certain range of values of the parameters, with some gluon masses becoming imaginary.
We present numerical evidence that a similar instability is also present in the gCFL phase. By the same method
we also investigate the dependence of Meissner massag amthe gapped phase (CFL wit; # 0). Our cal-
culational scheme is the high density effective theory (HDER)13], which allows a significant reduction of the
computational complexity.

The plan of this Letter is as follows. In Secti@we derive the effective Lagrangian and the grand potential in
the HDET scheme. In Sectidhwe determine the polarization tensor for the gluons in the HDET approximation.
In Sectiord we present and discuss the numerical results for the Meissner masses as a function of the strange quark
mass. The conclusions are summarized in Se&ion

2. HDET approach to the gCFL phase

Following Ref.[6] the Lagrangian for gluons and ungapped quarks With= M; = 0 and M # 0 can be
written as follows (color, flavor and spin indices suppressed):
L=y P —M +pnyo)v, @)
whereM = diag(0, 0, M) is the mass matrix in flavor space and the matrix of chemical potential is givis] by
2
wil = (updij — 1 Qij)8* +8;; <M3T3?ﬂ + —MsTéxﬂ) &)
V3
(i, j = 1, 3 flavor indicesp, g = 1, 3 color indices). Moreovefs = 3 diagl, —1,0), Tg = Z—jé diag1, 1, —2) in
color space and) = diag(2/3, —1/3, —1/3) in flavor spacej.( is the electrostatic chemical potentials, g
are the color chemical potentials assoeihtrespectively, to the color chargésand Ts; 1, is quark chemical

potential which we fix to 500 MeV. As usual in the HDET, to get rid of the Dirac structure we introduce velocity
dependent fields of positive (negative) enetgy¥,) by the Fourier decompositidi3]

Y=Y V(Y + W), ®)

wherev is a unit vector representing the Fermi velocity of the quarks. Substituting the exprédsioiiq. (1) at
the leading order im/[sz/m, we obtain the HDET Lagrangian

M? D, D
L= T(iv-1)+5 __) P *(7) , 4
ijwv b g e PV T @
whereV# = (1,v), V#* = (1, —v) and
1, - -
PHY = gV E(v“ VY4 VEVY). (5)

Itis clear that, at this order of approximation, the effecMaf+£ O is to reduce the chemical potential of the strange
quarks. Let us now define a new bagis for the spinor fields:

9

Vai = Z(FA)ailﬂA, (6)

A=1
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where the matricesy can be expressed by

F—11+T+1T F—ll T+1T F—ll 2T (7
1=zlo+1s ﬁs, 2=3lo—15 ﬁs, 3=3lo ﬁs,
Fa5=T1%iT>, Fo7=Ts+iTs, Fgo=Te+iT7, (8
with T, = A, /2 theSU(3) generators andy the identity matrix. Introducing the Nambu—Gorkov fields
Alcee,)
XA=—Fx (9)
\/é Cwiv A
the kinetic part of the Lagrangig¥) reads
(Vl+8ua— 542 )(SAB 0
Lo=) X ( e ) o XB (10)
v 0 (V.z—am+ﬁ)3w
where
6/"LA = ((SMTM’ (Sl"bgdv 3“})57 (Sllvrd’ (Sl"bdu’ Sﬂrsv 3/’«1)14, (Sl"LgSv SMbd) (11)
andM?2 = M?(0,0,1,0,0,1,0,1,0). If we define
M2
S =8pa — =2, (12)
4 AT 2u
we may recast Eq10)as
(V- +8us )54z 0
Lo=> xi ( ) XB, (13)
" 0 (V K—(SM )(SAB

which is formally equivalent to the Lagrangian for massless quarks with different chemical potentials.
In the gapless color-flavor-locking (gCFL) phase the symmetry breaking is induced by the confgnsate

3
AP = Wia Cysg) = A1l e (14)

and the corresponding gap term in the Lagrangian in the mean field approximation is
- ——A“ﬂ Z vl Cyswjpv +hc. (15)

In the Nambu—Gorkov bas(®) the gap term reads

cA—ZxA( g ‘(‘;‘B)XB, (16)
whereA 4 is the 9x 9 matrix defined by
0 A3 42 0O 0O O 0 0 O
A3 0 A, O O 0O O 0 O
A2 A1 O 0O 0O O 0 0 O
3 0O 0 0 0 -4 0O 0 0 O
Aap=—) A/Ti[Fje/Fge]=| 0 0 0 -43 0 0 0 0 0O (17)
=1 0o 0 0 0 0 0 -4 0 0
0 0 0 0 0 -4 0 0 0
o 0 0 0 0 0 0 0 -4
0o 0 0 0 0 0 0 -4 0
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From Egs(13) and (16pne immediately obtains the inverse fermion propagator that in momentum space is given
by

_ (V -+ 818845 —Aap

W50 = ( > eff ) (18)
—App (V-£—38uy)dan
It can be inverted to get the fermion propagator
PA(V -1 —8per) AL PacAcs
Sap(l) = (( 4 s o ) (19)
DacAcs (DA -1+ 8ue)A™Y) 5
where
1

(20)

AWV 1= 8 ANV -+ Sperr) —

andD=P(V <V, Sueff <> —38ueff). From the poles of the propagator we can now determine the dispersion laws
of the quasiparticles. The knowledge of the dispersion laws allows the evaluation of the grand potential which in
the limit of zero temperature is given by

A 9 4
w
Q=— f Ze,(e‘|)|+ 24+ A5+ A3) - EQZ, (21)

whereA is the ultraviolet cutoffe ; (¢) are the quasi particle dispersion lawgjs the quark momentum measured
from the Fermi surfacep(= w, + ¢)), andG is the Nambu-Jona Lasinio coupling constant. WeGias in[5],
requiring that the value of the gap is 25 MeV i, = 0. In order to enforce electrical and color neutrality one has
to minimize the grand potential with respectitg, u3 andug. Including the stationary conditions with respect to
the gap parameters;, A, A3 one ends up with a system of six equations which must be solved simultaneously.
Once this system of equations is solved one may exptgss\,, Az and the chemical potentialsy, 113 andug

as a function ofv2/u,. We have numerically checkedathusing the grand potentié21), with 11, = 500 MeV

andA = 800 MeV, we recover the results of Rg5] with an error of 5%.

3. Polarization tensor of gluons

To compute gluon Meissner masses waleate the polarization tensaﬂ“b (p). In the HDET approach, at
the leading order irgu, there are two contribution to the polarizatitensor: the self-energy (s.e.) diagram and
the tadpole (tad) diagram (see, e.g., Fig. 21i4]). To evaluate the self-energy diagram we extract the trilinear
quark—gluon coupling by the minimal coupling term in the Lagran¢/n

Li=igy Wi iV AL Ypj (22)
\Y
which can be rewritten in the Nambu—Gorkov ba8sas
i1V A hAB 0 a;L
1_ngXA< 0 iV Agh® XB—ngXA BXBAY, (23)
whereh’, , = Tr[FA T°Fg]. Therefore the self-energy contribution to the polarization tensor is given by:

g°u?

. —rS.e.uv _
lnab (p)_ 47_[3

/ Z—;' / dPeTH[ SO H™S( + p)H""]. (24)
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In order to evaluate the tadpole diagr contribution we extract the gdilinear quark—gluon coupling from the
second term on the r.h. side of E4)

T. Ty

- 22% A Uy Puy AL A). (25)
In the Nambu—Gorkov basis this term reads
_ds 0
Lo==gY xn | " | xePwAlAL ==Y XY ih s P AL A}, (26)
O WBZH.I; Vv

with df‘% = Tr[F); T4T? Fg]. The tadpole contribution is then evaluated to be

- rptaduy _ 2 Am v . (b +€))? 0 ab

II =—-2g —P” dedeyTr|iS( Yer|. 27

Hab 167r4/ / : [l ()( 0 (1 = £)? @

Finally, in the HDET approximation, the gluon polarization tensor is given by:
T3 (p) = Mgy " (p) + M (p). (28)

We note that this result for the polarization tensor is correct at the e /)2

4, Numerical results

The Meissner masses of the gluons are obtained by the eigenvalues of the polarizatio(2®risdhe static
limit po =0, p — 0. In the CFL phase witi; = 0 the Meissner masses are degenerate and orjé$46)

2,2
) mpg®( 11 1
S ( 36 27I n2+ 2) (29)
For a non-zero strange quark mass the integrals in 243.and (27have to be evaluated numerically. fig. 1
we present the results for the squared Meissner masses of gluons withzceldbyr2, 3, 8 in units ofm,zw. The
solid line denotes gluons with colar= 1, 2, the short-dashed line gluons with coloe 3 and the long-dashed
line gluons witha = 8 (the physical eighth gluon is obtained by a mixing with the phdioh18]and its mass
is only proportional to the mass of the unrotated gluon; however in therré],i(Ms)/m%(O) the proportionality

0

2t

A4t
6T 2
M
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Fig. 1. Squared values of the Meissner masses in un'»szﬁ,pf(see Eq(29)) as a function OWSZ//LZ, (in MeV) for gluonsa =1, 2, 3,8. The
solid line denotes the gluons with colars= 1, 2. The short-dashed line denotes the gluons with coler3 and the long-dashed lire= 8.
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Fig. 2. Squared values of the Meissner masses in un'vtzszﬁpfas a function ofMSZ/ub. Dashed line denotes the gluons with colars: 4, 5;
solid line the gluons with colorg =6, 7.

constant cancels out). We find that increaszlmé/ub the degeneracy in the Meissner masses is partially removed.
Moreover, there is a discontinuity of the squared Meissner mass of gluons of actois2, which at the onset

of the gCFL phase, i.e., fa¥?/u;, ~ 24, drop to negative values. Thus we find an instability in the gCFL phase
analogous to the one observed by Huang and Shovkoljyin the g2SC case. On the other hand we note that
gluons of colors: = 3 anda = 8 are continuous positive functions Msz/m, both in the CFL and gCFL phase.

In Fig. 2 we present the results for the gluons with coloe 4,5 (solid line) and colo = 6,7 (dashed
line). Also in these cases the squared Meissner mass of gluons are continuous funcM}W@f One can
notice that, for very large values of the strange quark mass, the squared Meissner masses of these gluons becom
negative. However, this result is not robust besgain the computation of the polarization tensor &8) we have
discarded terms of ord€? (M, /u;)2. Therefore, to establish the instability related to the gluoes4, 5,6 and 7
a more accurate analysis would be needed. Also in this case, as with prEigodsour results give not only the
Meissner masses in the gCFL phase, but also theirrdbgree on the strange quark mass in the CFL phase, i.e.,
for M?/up < 2A.

The instability we have fountheans that the vacuum was not cotheddentified. A possible origin of the
instability is a non-vanishing vacuum expectationuealvev) of one (or more) time components of the gluon
operatorAl: (AS) #+ 0 (se€[19]). Clearly defining a new field operator with vanishing vev’s adds contributions
that, fora = 3, 8, act as effective chemical potential terms in the Lagrangiag{A(?)wTAaw. The presence of
these new terms would alter previous results and maytteaell Meissner masses. We have numerically checked
that, either With(A%) # 0 and the other vev’$A2) =0, or with (A%) # 0 and the other vev’'s equal to zero, one
removes the instability (numieally the non-vanishing vev’s must be of the order-oflO MeV). At present the
physical mechanism at the basis of this gluon cond@nsés still unclear and we do not push the analysis any
further since our purpose here is to indicate the instability in gCFL and not to fully discuss its antidotes (for possibly
relevant discussion s¢20]). In any case, given the instability of th€FL phase, other patterns of condensation,
e.g., spin-one color superconductivity, shoukl ddso considered (for a recent analysis 44 and references
therein).

5. Conclusions

It is well established that at asymptotic large densities quark matter is in the CFL phase. At lower densities,
in a range presumably more relevant for the study of compact stars, neutrality, together with finite strange quark
mass, suggests the gCFL (gapless CFL) phase as the next occurring ground state. Our calculations in this note
suggest an instability of the gCFL ps a phenomenon analogous to what observed in the two flavor case. The
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instability arises because gluons of color indices 1 and 2gmtean imaginary mass. Its removal may require a
different condensation pattern, mosbpably including gluon condensation.
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In the abstract substitute= 1, 2 witha =1, 2, 3 and 8.

After Eq. (29) substitute “On the other hand we note that gluons of caless3 anda = 8 are continuous
positive functions OMsz/,U«b both in the CFL and gCFL phase.” with “Also the gluans- 3, 8 show this behavior.”

In the caption of Fig. 1 substitute “The short-dashed line denotes the gluons withacel@ and the long-
dashed line: = 8.” with “The short-dashed line denotes the functierf (x) — m3(x))/2m?,, and the long-dashed
one denotes 2 (m3(x) — m3(x))/2m3,”

In the conclusions substitute “gluons of color indices 1 and 2” with “gluons of color indices 1, 2, 3 and 8”.
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