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A frictionless contact formulation for planar multibody systems
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HIGHLIGHTS

« A novel penalty formulation for 2D contact using intersection area is proposed.

« The formulation is applicable to both rigid and flexible bodies.

« Verification against the established segment-to-segment method and Hertzian theory is provided.
« The effectiveness of the formulation is demonstrated through numerical examples.

ARTICLE INFO ABSTRACT

Keywords: A novel contact formulation for 2D flexible bodies is presented here, utilizing the penalty method. The algorithm
Penalty method focuses on the intersection area between the master and slave perimeters. After performing a geometric collision
Contact test, the contact force module is evaluated as a linear function of this overlapping region. The direction of the

Flexible bodies
STS penalty formulation
Hertzian contact

contact force is determined by computing a weighted average of the outward normal unit vectors at the boundary
nodes of the contact region, where the weights account for both tributary areas and nodal indentation distances.
This formulation can be applied to both rigid and flexible bodies. In the latter case, the global contact force is
decomposed into the nodal forces following specific assumptions. The methodology is first compared with the
Hertzian theory benchmark of two contacting cylinders. Subsequently, the method is benchmarked against the
well-established segment-to-segment (STS) penalty formulation using a pin bouncing inside a journal bearing as
a case study. Finally, three numerical simulations, including a standard patch test, a Geneva mechanism, and an
ordinary gearbox, are studied to demonstrate the efficiency of the proposed method.

1. Introduction node-to-node (NTN), node-to-segment (NTS), and segment-to-segment
(STS) schemes.

The NTN scheme addresses contact boundary interfaces on a nodal
basis [3,4]. It is typically reserved for interfaces with matching finite
element meshes and is restricted to small deformations. Adapting this
approach to large deformations or non-matching meshes necessitates
continuous re-meshing to manage the addition or removal of interface
nodes, increasing computational overhead.

The NTS scheme was originally conceived to manage non-matching
meshes and enforce strictly geometric non-penetration conditions be-
tween contacting bodies [5-11]. Due to its straightforward implemen-
tation, intuitive physical interpretation, and versatility, it remains a
standard choice in many finite element (FE) software packages. In the
conventional one-pass NTS approach, the non-penetration constraint is
upheld by preventing nodes on the slave boundary from penetrating
the master segments; however, no reciprocal constraints are inherently

The efficiency and operational lifespan of numerous mechanical sys-
tems, ranging from power transmissions and gears to cam-follower and
chain-sprocket assemblies, rely heavily on the nature of contact inter-
actions. These phenomena are omnipresent: they dictate traction and
control at the tire-road interface, govern stability and noise in wheel-rail
systems, and ensure the precision required for robotic grasping. Even in
granular media, the collective behavior of the system is fundamentally
defined by the interplay between interacting bodies.

Due to the inherent complexity of contact phenomena, closed-form
solutions are restricted to idealized cases. Consequently, computational
contact mechanics leverages continuum mechanics principles to inves-
tigate contact, friction, and wear through numerical methods and the
discretization of bodies and interfaces [1,2]. This discretization of the
contact interface has evolved into three primary methodologies: the
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$\rightarrow $


$\mathbf {p}_1 = (x_1, y_1)$


$\mathbf {p}_2 = (x_2, y_2)$


$\mathbf {p}_3 = (x_3, y_3)$


$\mathbf {p}_4 = (x_4, y_4)$


\begin {align}& D = (x_1 - x_2)(y_3 - y_4) - (y_1 - y_2)(x_3 - x_4) \label {eq:denom}\end {align}


$D = 0$


$(x_i, y_i)$


\begin {align}x_i &= \frac {(x_1 y_2 - y_1 x_2)(x_3 - x_4) - (x_1 - x_2)(x_3 y_4 - y_3 x_4)}{D} \label {eq:xi}\\ y_i &= \frac {(x_1 y_2 - y_1 x_2)(y_3 - y_4) - (y_1 - y_2)(x_3 y_4 - y_3 x_4)}{D} \label {eq:yi}\end {align}


\begin {align}x_i &= \frac {(x_1 y_2 - y_1 x_2)(x_3 - x_4) - (x_1 - x_2)(x_3 y_4 - y_3 x_4)}{D} \label {eq:xi}\\ y_i &= \frac {(x_1 y_2 - y_1 x_2)(y_3 - y_4) - (y_1 - y_2)(x_3 y_4 - y_3 x_4)}{D} \label {eq:yi}\end {align}


$(x_i, y_i)$


\begin {align}\min (x_1, x_2) \leq x_i \leq \max (x_1, x_2) \quad &\text {and} \quad \min (x_3, x_4) \leq x_i \leq \max (x_3, x_4) \label {eq:bounds_x}\\ \min (y_1, y_2) \leq y_i \leq \max (y_1, y_2) \quad &\text {and} \quad \min (y_3, y_4) \leq y_i \leq \max (y_3, y_4) \label {eq:bounds_y}\end {align}


\begin {align}\min (x_1, x_2) \leq x_i \leq \max (x_1, x_2) \quad &\text {and} \quad \min (x_3, x_4) \leq x_i \leq \max (x_3, x_4) \label {eq:bounds_x}\\ \min (y_1, y_2) \leq y_i \leq \max (y_1, y_2) \quad &\text {and} \quad \min (y_3, y_4) \leq y_i \leq \max (y_3, y_4) \label {eq:bounds_y}\end {align}


$n_s$


$n_m$


$A$


\begin {align}\label {eq:Area} & A = \frac {1}{2} \left | \sum _{i=1}^n \left ( x_i y_{i+1} - x_{i+1} y_i \right ) \right |\end {align}


$n = n_m + n_s + 2$


$i=n$


$x_{n+1}$


$y_{n+1}$


$x_{n+1}=x_1$


$y_{n+1}=y_1$


$x_i, y_i$


$\mathbf {F}$


$k_p$


$A$


\begin {align}\label {eq:force} & |\mathbf {F}| = k_p A\end {align}


$k_p$


$k_p$


$E^*$


$\alpha $


$|\mathbf {F}| = f(A)$


$\mathbf {x}_c = (x_c, y_c)$


\begin {align}\label {ieq2} x_c = \frac {1}{6A} \sum _{i=1}^n (x_i + x_{i+1}) (x_i y_{i+1} - x_{i+1} y_i)\\ \label {ieq3} y_c = \frac {1}{6A} \sum _{i=1}^n (y_i + y_{i+1}) (x_i y_{i+1} - x_{i+1} y_i)\end {align}


\begin {align}\label {ieq2} x_c = \frac {1}{6A} \sum _{i=1}^n (x_i + x_{i+1}) (x_i y_{i+1} - x_{i+1} y_i)\\ \label {ieq3} y_c = \frac {1}{6A} \sum _{i=1}^n (y_i + y_{i+1}) (x_i y_{i+1} - x_{i+1} y_i)\end {align}


$\mathbf {x}_c$


$P_{s_i}$


$i=1,\ldots ,n_s$


$P_{s_{i-1}}$


$P_{s_{i+1}}$


$\mathbf {\hat {n}}_{s_i}$


$P_{s_i}$


$\mathbf {p}_{s_{i+1}} - \mathbf {p}_{s_{i-1}}$


\begin {equation}\label {eq:Unit_vector_ns_new} \mathbf {\hat {n}}_{s_i} = \frac {\mathbf {R} \, (\mathbf {p}_{s_{i+1}} - \mathbf {p}_{s_{i-1}})}{\| \mathbf {p}_{s_{i+1}} - \mathbf {p}_{s_{i-1}} \|}, \quad \text {with} \quad \mathbf {R} = \begin {bmatrix} 0 & -1 \\ 1 & \phantom {-}0 \end {bmatrix}\end {equation}


$P_{s_i}$


$\mathbf {\hat {n}}_{s_i}$


$m_i$


$P_{m_i}^*$


\begin {align}\label {eq:Distance_new} & d_{s_i} = \| \mathbf {p}_{s_i} - \mathbf {p}_{m_i}^* \|\end {align}


$P_{s_i}$


$\mathbf {\hat {n}}_{s_i}$


$d_{s_i}$


$\mathbf {\hat {n}}_{m_i}$


$i = 1, \ldots , n_m$


$p_i$


$\mathbf {F}_i$


$i$


$i$


\begin {align}\label {eq:Fi} & \mathbf {F}_i = p_i A_i^{trib}\mathbf {\hat {n}}_i\end {align}


$A_i^{trib}$


\begin {align}\label {ieq4} & A_i^{trib} = \frac {L_{i-1,i} + L_{i,i+1}}{2}\end {align}


$L_{i-1,i}$


$s_i$


$L_{i,i+1}$


$s_{i+1}$


$p_i$


\begin {align}\label {eq:pi} & p_i = \alpha _s {(d_{s_i})}^q\end {align}


$q$


$\alpha _s$


\begin {equation}\label {eq:F_s} \mathbf {\hat {F}}_s = \frac {\sum _i^{n_s} \mathbf {F}_{s_i}}{\|\sum _i^{n_s} \mathbf {F}_{s_i}\|} = \frac {\sum _i^{n_s} \alpha _s A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i}}{\|\sum _i^{n_s} \alpha _s A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i}\|} = \frac {\sum _i^{n_s} A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i}}{\|\sum _i^{n_s} A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i}\|}\end {equation}


$\alpha _s$


\begin {equation}\label {eq:F_m} \mathbf {\hat {F}}_m = \frac {\sum _i^{n_m} \mathbf {F}_{m_i}}{\|\sum _i^{n_m} \mathbf {F}_{m_i}\|} = \frac {\sum _i^{n_m} \alpha _m A_{m_{i}}^{trib} {(d_{m_i})}^q \mathbf {\hat {n}}_{m_i}}{\|\sum _i^{n_m} \alpha _m A_{m_{i}}^{trib} {(d_{m_i})}^q \mathbf {\hat {n}}_{m_i}\|} = \frac {\sum _i^{n_m} A_{m_{i}}^{trib} {(d_{m_i})}^q \mathbf {\hat {n}}_{m_i}}{\|\sum _i^{n_m} A_{m_{i}}^{trib} {(d_{m_i})}^q \mathbf {\hat {n}}_{m_i}\|}\end {equation}


$\mathbf {F}_s$


$\mathbf {F}_m$


$\mathbf {\hat {F}}_s\neq -\mathbf {\hat {F}}_m$


\begin {equation}\label {eq:F_global} \mathbf {\hat {F}}_{contact} = \frac {\mathbf {\hat {F}}_s - \mathbf {\hat {F}}_m}{\|\mathbf {\hat {F}}_s - \mathbf {\hat {F}}_m\|}\end {equation}


\begin {align}\mathbf {F}_s &= +k_p A \mathbf {\hat {F}}_{contact}\label {autoeq:1}\\ \mathbf {F}_m &= -k_p A \mathbf {\hat {F}}_{contact}\label {autoeq:2}\end {align}


\begin {align}\mathbf {F}_s &= +k_p A \mathbf {\hat {F}}_{contact}\label {autoeq:1}\\ \mathbf {F}_m &= -k_p A \mathbf {\hat {F}}_{contact}\label {autoeq:2}\end {align}


$A$


$\mathbf {x}_c$


$i$


$s_{i}$


$s_{i+1}$


$m_{i}$


$m_{i+1}$


$\hat {\mathbf {n}}_{s_i}$


$\hat {\mathbf {n}}_{m_i}$


$P_{m_i}^*$


$P_{s_i}^*$


$d_{s_i} = \| P_{s_i} - P_{m_i}^* \|$


$d_{m_i} = \| P_{m_i} - P_{s_i}^* \|$


$A_{s_{i}}$


$A_{m_{i}}$


\begin {equation*}\mathbf {\hat {F}}_s = \frac {\sum _i^{n_s} A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i}}{\|\sum _i^{n_s} A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i}\|},\quad \mathbf {\hat {F}}_m = \frac {\sum _i^{n_m} A_{m_{i}}^{trib} {(d_{m_i})}^q \mathbf {\hat {n}}_{m_i}}{\|\sum _i^{n_m} A_{m_{i}}^{trib} {(d_{m_i})}^q \mathbf {\hat {n}}_{m_i}\|}\end {equation*}


\begin {equation*}\mathbf {\hat {F}}_{contact} = \frac {\mathbf {\hat {F}}_s - \mathbf {\hat {F}}_m}{\|\mathbf {\hat {F}}_s - \mathbf {\hat {F}}_m\|}\end {equation*}


\begin {equation*}\mathbf {F}_s = +k_p A \mathbf {\hat {F}}_{contact},\,\quad \mathbf {F}_m = -k_p A \mathbf {\hat {F}}_{contact}\end {equation*}


\begin {equation}\label {eq:Sum_Fi} \sum _{i=1}^{n_s} \mathbf {F}_{s_i} = \mathbf {F}_s\end {equation}


$\mathbf {x}_c$


\begin {equation}\label {eq:Sum_Moments} \sum _{i=1}^{n_s} \overline {\mathbf {a}}_{s_i}^T \mathbf {F}_{s_i} = 0\end {equation}


$\mathbf a_{s_i} = \mathbf p_{s_i} - \mathbf x_c$


$i$


$\overline {\mathbf {a}}_{s_i}$


$\overline {\mathbf {a}}_{s_i} = \mathbf {\hat {k}} \wedge \mathbf {a}_{s_i}$


$\mathbf {\hat {k}}$


$n_s$


$F_{s_i}$


$i=1\ldots n_s$


$F_{s_i}$


$F_{s_i}$


\begin {align}\label {eq:Fsi} & F_{s_i} = \alpha _s {(d_{s_i})}^q A_{s_{i}}^{trib}\end {align}


$\alpha _s$


$\mathbf {\hat {n}}_{s_i}$


$\alpha _s$


\begin {align}\label {eq:Sum_Fi2} & \alpha _s \sum _{i=1}^{n_s} A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i} = \mathbf F_s\end {align}


\begin {align}\label {eq:Sum_Moments2} & \alpha _s \sum _{i=1}^{n_s} \overline {\mathbf {a}}_{s_i}^T A_{s_{i}}^{trib} {(d_{s_i})}^q \mathbf {\hat {n}}_{s_i} = 0\end {align}


\begin {align}\label {eq:alphas} & \alpha _s \mathbf B_s = \mathbf b_s\end {align}


$3\times n_s$


$\mathbf B_s$


$3$


$\mathbf b_s$


\begin {equation}\label {ieq5} \mathbf {B}_s = \begin {bmatrix} A_{s_{1}}^{trib} {(d_{s_1})}^q \mathbf {\hat {n}}_{s_1} & \cdots & A_{s_{n_s}}^{trib} {(d_{s_{n_s}})}^q \mathbf {\hat {n}}_{s_{n_s}} \\ \overline {\mathbf {a}}_{s_1}^T A_{s_{1}}^{trib} {(d_{s_1})}^q \mathbf {\hat {n}}_{s_1} & \cdots & \overline {\mathbf {a}}_{s_{n_s}}^T A_{s_{n_s}}^{trib} {(d_{s_{n_s}})}^q \mathbf {\hat {n}}_{s_{n_s}} \end {bmatrix},\, \mathbf b_s = \begin {bmatrix} \mathbf F_s \\ 0 \end {bmatrix}\end {equation}


\begin {align}\label {eq:alpham} & \alpha _m \mathbf B_m = \mathbf b_m\end {align}


$3\times n_m$


$\mathbf B_m$


$3$


$\mathbf b_m$


\begin {equation}\label {ieq6} \mathbf {B}_m = \begin {bmatrix} A_{m_{1}}^{trib} {(d_{m_1})}^q \mathbf {\hat {n}}_{m_1} & \cdots & A_{m_{n_m}}^{trib} {(d_{m_{n_m}})}^q \mathbf {\hat {n}}_{m_{n_m}} \\ \overline {\mathbf {a}}_{m_1}^T A_{m_{1}}^{trib} {(d_{m_1})}^q \mathbf {\hat {n}}_{m_1} & \cdots & \overline {\mathbf {a}}_{m_{n_m}}^T A_{m_{n_m}}^{trib} {(d_{m_{n_m}})}^q \mathbf {\hat {n}}_{m_{n_m}} \end {bmatrix},\, \mathbf b_m = \begin {bmatrix} \mathbf F_m \\ 0 \end {bmatrix}\end {equation}


$\alpha _s$


$\alpha _m$


$\alpha $


$\alpha _s$


$\alpha _m$


\begin {equation*}\alpha _s \mathbf {B}_s = \mathbf b_s,\quad \alpha _m \mathbf {B}_m = \mathbf b_m\end {equation*}


\begin {equation*}p_{s_i} = \alpha _s {(d_{s_i})}^q,\quad p_{m_i} = \alpha _m {(d_{m_i})}^q\end {equation*}


\begin {equation*}\mathbf {F}_{s_i} = p_{s_i} A_{s_i}^{trib}\mathbf {\hat {n}}_{s_i},\quad \mathbf {F}_{m_i} = p_{m_i} A_{m_i}^{trib}\mathbf {\hat {n}}_{m_i}\end {equation*}


$j$


\begin {align*}&\mathbf {Q}_{s_j} = \begin {bmatrix} &\mathbf {F}_s^T| & \cdots & \mathbf {F}_{s_1}^T & \mathbf {F}_{s_2}^T & \cdots & \mathbf {F}_{s_{n_s}}^T \cdots \end {bmatrix}^T\\ &\mathbf {Q}_{m_j} = \begin {bmatrix} &\mathbf {F}_m^T| & \cdots & \mathbf {F}_{m_1}^T & \mathbf {F}_{m_2}^T & \cdots & \mathbf {F}_{m_{n_m}}^T \cdots \end {bmatrix}^T\end {align*}


\begin {equation*}\mathbf {Q}_i = \sum _{j=1}^{n_{area}} \begin {bmatrix} \,\cdots & \mathbf {Q}_{s_j}^T & \cdots & \mathbf {Q}_{m_j}^T & \cdots \,\end {bmatrix}^T\end {equation*}


\begin {equation}\label {eq:DAE} \begin {cases} \mathbf {M}(\mathbf {q})\ddot {\mathbf {q}} + \boldsymbol {\Phi }_q^T(\mathbf {q})\boldsymbol {\lambda } + \mathbf {D}\dot {\mathbf {q}} + \mathbf {K}\mathbf {q} = \mathbf {Q}_v(\mathbf {q},\dot {\mathbf {q}}) + \mathbf {Q}_i(\mathbf {q}) \\ \boldsymbol {\Phi }(\mathbf {q}) = \mathbf {0} \end {cases}\end {equation}


$\mathbf {q}$


$\boldsymbol {\lambda }$


$\mathbf {M}(\mathbf {q})$


$\boldsymbol {\Phi }_q$


$\mathbf {D}$


$\mathbf {K}$


$\mathbf {Q}_v$


$\mathbf {Q}_i$


$\alpha $


$R_1$


$R_2$


$E$


$\nu $


$F$


$a$


\begin {align}\label {ieq7} & \frac {1}{R^*} = \frac {1}{R_1} + \frac {1}{R_2}\end {align}


$R_1 = R_2 = R$


$R^* = R/2$


\begin {align}\label {ieq8} & E^* = \frac {E}{2(1-\nu ^2)}\end {align}


\begin {align}& a = \sqrt {\frac {4 F R^*}{\pi E^*}} \label {eq:hertz_a}\end {align}


$x \in [-a, a]$


\begin {align}& p(x) = \frac {2F}{\pi a^2} \sqrt {a^2 - x^2} \label {eq:hertz_pressure}\end {align}


\begin {align}& p_{\max } = p(0) = \frac {2F}{\pi a} \label {eq:hertz_pmax}\end {align}


$R = 8$


$E = 200$


$\nu = 0.3$


$F$


$\approx $


$x = \pm a$


\begin {align}\label {ieq9} & F = k_p A\end {align}


$k_p$


$A$


$F$


\begin {align}\label {ieq10} & k_p = \frac {F_{target}}{A}\end {align}


$A$


$q$


$0.5$


$q = 0.5$


\begin {align}\label {ieq11} & \varepsilon = \frac {|p_{\max }^{penalty} - p_{\max }^{Hertz}|}{p_{\max }^{Hertz}} 100\end {align}


\begin {align}\label {ieq12} & p_{\max }^{Hertz} = \frac {2F}{\pi a} \approx \ 6.61\text {Pa}\end {align}


$p_{\max }^{penalty} \approx $


$\varepsilon \approx 0.37\%$


$R_1=20$


$R_2=35$


$t = 0$


$E$


$\nu $


$t$


$\rho $


$k_p$


$207\times 10^8$


$5\times 10^7$


$t \in [0,T]$


$t^*$


$1.0$


$1$


$0.7$


$1.3$


$0.7$


$1.3$


$t \in [0,0.3]$


$t = 0.05$


$y = 0$


$10^{-2}$


$2$


$6$


$n$


$C$


$r$


\begin {align}\label {ieq13} & m = \frac {r}{C} = \sin \left (\frac {\pi }{n}\right )\end {align}


$\rho (\theta )$


\begin {align}\label {ieq14} & \rho (\theta ) = \sqrt {C^2 + r^2 - 2Cr\cos \theta }\end {align}


$\phi $


\begin {align}\label {ieq15} & \phi = \operatorname {atan2}(r\sin \theta , C - r\cos \theta )]\end {align}


$g$


$b$


$d$


$g$


$\Delta \phi (\theta )$


$\phi _{eff}$


\begin {align}\label {ieq17} & \phi _{eff}(\theta ) = \phi \pm \Delta \phi (\theta )\end {align}


$C$


$r$


$d$


$b$


$g$


$E$


$\nu $


$t$


$\rho $


$k_p$


$207\times 10^8$


$6\times 10^8$


$\pi /3$


$d = 0.1$


$\pi /3$


$g$


$t=0.0329$


$t=0.0414$


$\phi _{\text {sim}}$


$\phi _{\text {eff}}$


\begin {align}\label {ieq18} & \varepsilon _{\phi } = \frac {1}{\phi _{\text {eff}}} \sqrt {\frac {1}{n} \sum _{i=1}^{n} {(\phi _{\text {sim},i} - \phi _{\text {eff},i})}^2} \times 100 = 1.13\%\end {align}


$n$


$h > 4 \cdot 10^{-4}$


$h = 4 \cdot 10^{-4}$


$h = 2 \cdot 10^{-4}$


$h = 5 \cdot 10^{-4}$


$h = 8 \cdot 10^{-4}$


$t = 0.8$


$h = 2 \cdot 10^{-4}$


$h = 5 \cdot 10^{-4}$


$h = 8 \cdot 10^{-4}$


$R_1 = 23$


$z_1 = 23$


$R_2 = 57$


$z_2 = 57$


$\theta = 20^\circ $


$\tau = z_1/z_2 = 23/57 \approx 0.4035$


$E$


$\nu $


$t$


$\rho $


$k_p$


$207\times 10^9$


$6\times 10^8$


$1.9818$


$98.18\%$


$1.82\%$


$0.6$


$t = 0$


$t = 0.2$


$600$


$k_p = 6 \cdot 10^8$


$0.4$


$0.15$


$2$


$\theta _{ideal} = 20^\circ $


$\tau _{ideal} = 0.4035$


$\bar {\tau }$


$\bar {\theta }$


$d = 0.4$


$\mathbf {F}_s$


$\mathbf {F}_m$


$t = 0$


$t = 0.5$


$\tau = \omega _{out}/\omega _{in}$


$t = 0.2$


$t = 0.5$


$\bar {\tau } = 0.4035$


\begin {align}& \varepsilon _\tau = \frac {1}{\tau _{ideal}} \sqrt {\frac {1}{n}\sum _{i=1}^{n}{\left (\tau _i - \tau _{ideal}\right )}^2} \times 100 \label {eq:err_tau}\end {align}


$\tau _i$


$i$


$\tau _{ideal} = 23/57$


$n$


$0.6$


$\varepsilon _\tau = 0.3137\%$


$\theta $


$20^\circ $


$20^\circ $


$20^\circ $


$t = 0.2$


$h = 5 \cdot 10^{-5}$


$h = 8 \cdot 10^{-5}$


\begin {align}\label {ieq1} & k_p = \alpha E^*\end {align}


\begin {align}\label {ieq16} & \Delta \phi (\theta ) = \arcsin \left ( \frac {g/2}{\rho (\theta )} \right )\end {align}
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imposed on the master nodes. This asymmetric enforcement can com-
promise solution accuracy and may lead to a failure of the contact patch
test unless specific corrective measures are implemented [4,12-14].
Furthermore, significant challenges arise in scenarios where identify-
ing a unique master segment for a given slave node becomes ambiguous
or computationally infeasible [15]. To address these limitations, recent
advancements have introduced novel NTS algorithms integrated within
the smoothed finite element (S-FEM) framework [16].

In contrast to the point-wise nature of NTS methods, the STS ap-
proach relies on a rigorous subdivision of the contact interface into
discrete segments for numerical integration, paired with an indepen-
dent approximation of the contact pressure [17,18]. Recently, Batisti¢
et al. [19] utilized an STS penalty formulation within a finite volume
framework to investigate planar and spatial frictional contact problems.

The STS scheme is widely regarded as the precursor to mortar fi-
nite element methods in computational mechanics. The mortar method
represents an advanced numerical strategy that discretizes the con-
tact interface through projection functions to guarantee a consistent
and accurate force distribution. By enforcing compatibility and non-
penetration conditions in a global, integral sense, this approach provides
superior precision and robustness over traditional point-wise techniques
[20-26]. Consequently, it is particularly advantageous for simulations
demanding high computational fidelity and numerical stability.

In addition to the discretization approaches of the contact interface,
different procedures for the enforcement of contact boundary constraints
are based mainly on three methods: the penalty method, the Lagrange
multiplier method, and the Augmented Lagrangian method, which is a
penalized Lagrangian method, [27].

The penalty method approximates the non-penetration condition by
applying a contact force proportional to penetration, avoiding extra un-
knowns. While simple and widely used, it requires careful tuning of
the penalty parameter to avoid stiffness matrix ill-conditioning and con-
vergence issues. The Lagrangian multiplier method exactly enforces the
contact geometry conditions using extra variables defined as Lagrangian
multipliers. By combining the benefits of the Lagrangian multiplier and
penalty methods, the Augmented Lagrangian method provides better
convergence properties compared to pure penalty methods [28].

Parallel to advancements in computational contact mechanics, mod-
eling Flexible Multibody System Dynamics (MBSD) has become essential
across engineering fields, including wind turbine gearboxes, robotics,
biomechanics, and aerospace. Key research focuses on impulsive phe-
nomena such as joint clearances, gear backlashes, and impact-driven
mechanisms (e.g., object capture or ejection), where flexibility directly
impacts durability and safety [29].

In MBSD, three primary modeling approaches prevail:

« Compliant Force Models: The impulsive event is modeled as a
smooth force distribution, typically using spring—damper systems
with linear or nonlinear stiffness [30]. This method provides a
continuous representation of deformation and restitution based on
material compliance and damping estimates.

Impulse-Momentum Balance: This approach addresses velocity
jump discontinuities by solving algebraic equations derived from
generalized system-wide momentum balance [31]. It calculates
post-impact states to update the system’s velocity without mod-
eling the contact force duration.

Both the first and second approaches are event-driven, treat-
ing motion as piecewise smooth segments separated by switching
points. A Differential Algebraic Equation (DAE) integrator han-
dles each segment, pausing at impacts to resolve force laws before
restarting with updated initial conditions.

Nonsmooth Contact Dynamics: Unlike event-driven schemes, this
time-stepping formulation directly discretizes measure differen-
tial inclusions, bypassing switching point detection [32,33]. By
assuming a constant discrete state during each step, it offers a
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robust framework for capturing the nonsmooth nature of complex
mechanical interactions.

Mixed formulations have also emerged, integrating multibody tech-
niques with advanced contact mechanics. For instance, the Floating
Frame of Reference Formulation (FFRF) has been coupled with STS tech-
niques for transient gear dynamic simulations [34] and enhanced with
hierarchically refined reduced isogeometric analysis (IGA) models [35].

Simultaneously, the Absolute Nodal Coordinate Formulation (ANCF)
has proven effective for modeling thin beams undergoing large defor-
mations. This approach has been combined with master-slave methods
to simulate frictional contact dynamics [36] and extended to multi-zone
contact scenarios [37]. Furthermore, Sun et al. [38] introduced a spe-
cialized STS formulation within the ANCF framework, specifically tai-
lored for frictionless contact in planar multibody systems experiencing
significant geometric nonlinearities.

The proposed method computes the global contact force between two
bodies by using both the intersection area and the normal unit vectors at
the nodes forming the perimeter of the contact region. The intersection
area is used to determine the magnitude of the contact force, while its
direction is calculated as the average of the outward normal unit vectors
associated with the nodes on the intersection perimeter. The resulting
force is then applied to the centroid of the contact region. The global
contact force formulation enables direct application to rigid bodies. To
extend the approach to flexible bodies, the contact force is decomposed
into nodal forces under specific assumptions. Each nodal force is as-
sumed to be proportional to its indentation depth and oriented along a
projection vector. All nodal forces are then scaled by a factor determined
to satisfy equilibrium conditions. In this way, the scale factor is the only
parameter that needs to be computed, as it minimizes the residual in
both force and torque balance. This strategy guarantees that all nodal
forces are repulsive, without requiring iterative solvers such as Jacobi
or Gauss-Seidel methods.

The main differences from the methods reported in the literature are
listed below.

a) In some parts, the formulation seems more like an NTS contact
approach, but with important differences. For instance, the slave
body is not restricted to linear elements, as the algorithm does
not rely on Lobatto integration. The issue of the smaller mesh
compared to the master is also partially overcome. In the NTS
contact approach, the correct sizing of elements is fundamental
for a realistic transfer of stress between interacting bodies [39].
Specifically, the slave segment must be smaller than the mas-
ter segment because a coarser slave mesh acting against a finer
master surface often results in a numerical loss of contact. To
verify that these contact stresses are being distributed correctly, a
specific patch test, which serves as a numerical benchmark for ac-
curacy, has been employed. To simplify this process and eliminate
the risk of a poor manual choice, many modern finite element
codes utilize a two-pass contact algorithm, performing a double
check by swapping the roles of master and slave parts, ensuring a
stable and accurate solution regardless of which side is assigned
to each role. The proposed method is symmetric with respect to
the two bodies in contact, and therefore, the definition of master
and slave could also be eliminated. The classification between
master and slave is maintained only for descriptive purposes to
distinguish the two bodies.

b) The proposed method adopts a top-down approach, contrast-
ing with traditional bottom-up contact formulations. In conven-
tional techniques—such as Node-to-Node (NTN), Node-to-Surface
(NTS), or Surface-to-Surface (STS)—individual contact elements
are first defined and subsequently assembled using standard
Finite Element Method (FEM) procedures. In our approach, how-
ever, all nodes within the intersection zone are identified during
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the initial phase and treated collectively as a single contact entity.
The balance of forces is enforced across the entire interface, anal-
ogous to the integral form of contact equilibrium used in segment-
based methods. By directly computing the global resultant force
without aggregating local components, this method proves highly
efficient for simulating interactions between rigid bodies or for
real-time applications, such as gaming, where high-fidelity lo-
cal pressure distribution is secondary to computational speed.
Furthermore, if one or both bodies are flexible, the algorithm pro-
ceeds by decomposing these global resultants across the nodes of
each contact interface. This unified framework seamlessly adapts
to all contact scenarios—rigid-rigid, rigid-flexible, and flexible-
flexible—eliminating the need for specialized formulations like
Segment-To-Analytical-Surface (STAS), [40].

c) Another key aspect is that the method finds the solution of the
closest point projection (CPP) procedure without resorting to
special/irregular cases. The CPP requires the differentiability of
the function representing the parametrization of the contacting
body’s surface. At the discretization level, the discontinuity of
normals is resolved by uniquely guaranteeing a contact normal
at every point of the boundary.

The paper is organized as follows. Section 2 outlines the new
methodology for deriving the global contact force and its subsequent
decomposition into nodal forces. Next, in Section 3, the method is
verified through a comparison with the Hertzian contact theory bench-
mark and the STS penalty formulation. Then, a patch test and two case
studies are presented to validate the methodology with flexible multi-
body mechanisms. Finally, some concluding remarks are provided in
Section 4.

2. Methodology

The proposed method calculates the contact pressure and the force
between two bodies using a penalty formulation designed to be sym-
metrical; thus, the distinction between master and slave bodies is no
longer necessary but will be maintained throughout the discussion solely
to distinguish the two bodies. The latter can have multiple contacts in
different areas, while self-contact cannot yet be predicted.

The method begins by meshing both the master and slave bodies with
triangular finite elements. The perimeter of each body is then defined

Slave body

Master body

(a) No contact between the two bodies.

Slave body
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directly by the boundary nodes of this finite element mesh, where con-
secutive boundary nodes form the line segments that will be used for
contact detection and intersection point identification. It is important
to emphasize that there is no separate or additional discretization pro-
cess specifically for the perimeters; rather, the boundary of the finite
element mesh naturally provides the geometric representation needed
for the contact algorithm. The internal nodes of the mesh are utilized
when simulating flexible body dynamics, as they allow the method to
capture body deformation by tracking nodal displacements throughout
the simulation. However, before any penetration occurs, the algorithm
must verify whether the two bodies are in contact. The process starts
with a geometric inclusion test to determine whether any nodes of one
body fall within the perimeter of the other body.

If none of the nodes from the master body fall inside the slave body,
and vice versa, as shown in Fig. 1(a), it indicates that no contact has
occurred. In this case, the algorithm advances to the next step without
further computations.

If the geometric inclusion test detects that only one node, either from
the master or the slave body, is located within the other, as shown in
Fig. 1(b), the algorithm still bypasses the contact computation. This is
because the algorithm requires at least one node from each body to
identify the intersection points between the perimeters and define the
intersection area, as will be explained later in the section describing the
intersection point computation.

Similarly, if a node from one body lies exactly on a segment of the
other, resulting in a single intersection point, the case is classified as a
tangential contact, as shown in Fig. 1(c). In such cases, the algorithm
skips the contact force computation, as no indentation occurs.

The step-by-step procedure for multiple area contact detection is de-
tailed in Algorithm 1. Once the geometric inclusion test confirms that
at least one node from the master and slave bodies is located inside the
opposing body, the algorithm calculates the intersection points between
the master and slave perimeters, as shown in Fig. 2.

This step ensures that the contact area is accurately defined, forming
the basis for computing the magnitude and direction of the contact force.
The intersection calculation is performed by iterating over segment
pairs between the master and slave bodies. To enhance computational
efficiency, the intersection checks are not performed on all segments
of the master and slave perimeters. Instead, the algorithm employs a
localized identification strategy to restrict the evaluation to segment
pairs that are most likely to be involved in contact. Specifically, only

Master body

(b) Partial penetration involving only a single

internal node.

(c) Tangent contact configuration.

Fig. 1. Three representative failure scenarios of the geometric inclusion test used in contact detection algorithms: (a) no contact, (b) insufficient penetration, (c)

tangential contact.
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Algorithm 1 Multiple area contact detection.

Require: Discretized perimeters of master and slave bodies
1: Find all candidate contact areas
2: for each contact area do
3: Step 1: Contact detection
4 Perform geometric inclusion test
5 if no node from one body is inside the other then
6: return no contact
7 else if only one node lies inside the other then
8 return insufficient penetration
9: else if only one intersection point exists then
10: return tangent contact

11: else

12: Valid contact configuration — Algorithm 2
13: end if

14: end for

nodes identified by the geometric inclusion test, together with their
adjacent nodes, are considered as candidates for intersection. This is
because segments crossing the contact boundary necessarily connect a
node inside the opposing body to one outside. The candidate segments
are then constructed by connecting consecutive nodes within each ex-
panded set, and the intersection calculation is performed only between
these reduced sets of segment pairs. This selective approach significantly
reduces computation time while maintaining accuracy in detecting the
contact region.

For each candidate segment pair, the algorithm checks for the ex-
istence of an intersection and computes its coordinates as follows.
Consider two segments: the first defined by endpoints p; = (x;,y,) and
p, = (x5, ¥,), and the second by endpoints p; = (x5, y3) and py = (x4, y4)-
The intersection point is obtained by first computing the denominator:

D =(x; —x)(y3 = ya) — (¥ = ¥2)(x3 — Xx4) (@)

If D = 0, the segments are parallel and no intersection exists. Otherwise,
the coordinates of the intersection point (x;, y;) are given by:

(x1yp = y1x9)(x3 = X4) = (X1 — xp)(X3¥4 = ¥3%4)
= D
_ (x1y2 = y1%)(y3 = ¥4) — (01 — »2)(X3¥4 — ¥3X4)
=
D

(2a)

(2b)

Slave body
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These formulas compute the intersection point of the two lines passing
through the segment endpoints. However, the resulting point may lie
outside the actual segments. To retain only valid intersections, the algo-
rithm verifies that (x;, y;) falls within the bounding box of each segment,
ie.,:

min(x;, x,) < x; <max(x;,x,) and min(x3,x4) < x; < max(xz,xs) (3a)

min(y;, y,) < y; <max(y;,y,) and  min(ys, ys) < y; < max(ys, y4) (3b)

Only intersection points satisfying these conditions are retained as valid.

Let n; denote the number of slave nodes that fall within the master
body, and n,, the number of master nodes that fall inside the slave body.
These points, together with the intersection points of the perimeters, are
then combined and ordered to define a closed polygon representing the
overlapping region, as shown in Fig. 2. This polygon serves as the basis
for further calculations, including the calculation of the contact area and
the direction of the force.

The algorithm proceeds with the calculation of the intersection area
using Gauss’s area formula, a direct method for determining the area
of a polygon from its vertices. Computing the intersection area is fun-
damental for determining the magnitude of the contact force between
the master and slave bodies. Let A be the value of the intersection area,
calculated using Gauss’s area formula:

n

A= % Z (XiYip1 = X1 31) @

i=1

where n = n,, + n; + 2 is the total number of vertices that define the
polygon representing the area of the intersection, including the two in-
tersection nodes. When i = n, Eq. (4) will contain the terms x,,; and
Ynt1; We assume x,,; = x; and y,,; = y; to allow the calculation of the
area of closed contours.

The coordinates x;, y; of these vertices are ordered sequentially to
form a closed polygon.

Then, the penalty method is applied to compute the global contact
force. The magnitude of the force F is obtained by multiplying a penalty
coefficient, here indicated as k,, by the intersection area A, according
to the relation:

F| = k,A 5)

In the proposed approach, the force is conceived as proportional to the
intersection area, where the proportionality constant is defined by the

0 Master nodes

* Slave nodes

O Intersection nodes
Il intersection area

& Centroid Xc
—» Global contact force - Master body|
—> Global contact force - Slave body

Master body

Fig. 2. Contact configuration and intersection area.
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P Ol Masler nodes
¥ # Slave nodes
I Intersection area,

Slave body perimeter

Fig. 3. Unit vector identification.

penalty coefficient k,. Since k, has dimensions of pressure, it is natu-
rally scaled with respect to the equivalent elastic modulus E* of the
contacting bodies through a dimensionless factor «, i.e.

k,= aE* 6)
following a similar approach as formulated in [41]. Furthermore, a more
generalized expression, |F| = f(A), can be formulated without loss of
generality regarding the underlying methodology. The point of applica-

tion of this force is set at the centroid of the overlapping region, denoted
as x, = (x., y.), whose coordinates are calculated as:

n
1
W ’-:Z](xi + X DX Yig1 — Xip1¥) (72)
1 n
Ye = 6a g(yi + Vi DX Yig1 = Xig1 Vi) (7b)

The same point of application x, is used for both the global contact
forces to ensure the translational equilibrium between the two bodies,
following Newton’s third law.

The computation of the force direction, instead, requires a more
detailed procedure. In the following, nodes will be denoted with cap-
ital italic letters while the corresponding vectors will be denoted with
lower-case bold letters.

The algorithm starts by considering a generic node P, of the slave
body, i =1,...,n,, as shown in Fig. 3. Then, the two adjacent nodes P,
and P, , either internal or intersection nodes, are identified. These two
nodes define a local segment whose orientation is used to compute the
corresponding normal vector fi;, at node Py .

The unit normal vector is calculated by rotating the vector p,, —py, |
by 90 degrees counterclockwise and normalizing the result:

1

R, -P,_,)
nS'

= — U with R:[O _1] 8
t P, —Ps |l

1 0

Since the resulting vector may point in the opposite direction with
respect to the master body, its orientation is modified to point towards
the perimeter of the master body. Once the correctly oriented normal
vector is obtained, the algorithm follows a directional line starting at P;
in the direction fi,. It then iterates over the segments of the master body
m; to find the intersection point P . Once this intersection is detected,
the iteration stops, and the penetra‘tion distance is computed as:

ds, = lps, =0, I ©)]

This step is repeated for all nodes P; of the slave body, resulting in
a set of unit vectors fi;, and corresponding penetration distances d,.
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Similarly, a corresponding set of unit vectors #,,, i = 1,...,n,, is com-
puted for the master body relative to the slave body, as shown in Fig. 3.
It is noteworthy that a significant advantage of the proposed method
is that it inherently resolves the Closest Point Projection (CPP) prob-
lem without requiring specific treatments for singular or irregular cases.
Conventionally, the CPP procedure relies on the differentiability of the
surface parametrization; however, at the discrete level, the common
issue of normal discontinuities at nodes is effectively overcome. By en-
suring a uniquely defined contact normal at every boundary point, the
formulation maintains numerical robustness even in the presence of
non-smooth geometries.

Then, the penalty formulation provides discrete nodal pressures p;
and forces F; at each mesh node i located within the contact region. For
a node i, the force is computed as:

F, = PiA,t-ribﬁi 10

where the tributary area A;’“’, displayed in Fig. 3, is defined as:

L. ,.+L..
ib _ i—1,i ii+1
Al = 5 an
Here, L;_,; denotes the length of the segment s;, and L;;,, denotes the

length of the segment s, ;. It should be noted that the intersection points,
which define the boundaries of the contact region, are purely geomet-
ric entities and do not correspond to physical mesh nodes. Consequently,
no contact forces or pressures are computed at these locations. For mesh
nodes adjacent to an intersection point, one of the two segments in the
tributary area calculation connects to this intersection point rather than
to another mesh node. In a uniform mesh, segment lengths between
physical nodes are approximately constant, whereas segments connect-
ing to intersection points may have different lengths depending on the
exact location of the contact boundary.

Each nodal pressure p;, in turn, is set proportional to the g-powered
distance, i.e.,

P = a(dy) 12

where ¢ is a coefficient that governs the shape of the resulting pressure
distribution and «, is a common scaling factor for all pressures to be
determined.

The overall direction of the global contact force is then determined
by aggregating all these individual forces. Specifically for the slave body,
the direction of the force is given by:

. Y'F, Y a A, YR, XAV ),

Fi=——>= = —— 13
TP F IEP agAried, i, Il I E) A, ), |

which does not depend on the common scaling factor a,. This weighted

aggregation ensures that the force direction accurately reflects the con-

tributions of all contact points. A similar expression can be found for the

master body, that is,

o o T XA )R, X AL,
ONZEL X ALy ) R X AR, )R,
(14)
In general, the global contact forces F, and F,, are not in equilibrium,

meaning that ¥, # —F,,. To reestablish the equilibrium and make the
formulation symmetric, the following strategy is adopted:

S

>
=51

F =z (15)

IE, -,

contact =
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Algorithm 2 Global contact force computation.

: Step 2: Contact region identification
: Compute intersection points between master and slave perimeters
: Identify the intersection polygon
: Compute the area A and the centroid x,
: Step 3: Computation of contact force
for each contact node i of the slave/master do
Identify the segment s;, s;,1, m;, and m;
Compute the outward normal fi;, and #,,
Find the intersection points Pm*, and PS*I’
Compute distances dg, = |IP;, — P,:" || and dy, = 1Py, = P: Il
Compute the tributary areas A;, and 4,
: end for
: Compute force directions:

[E—Y
Eoe®EeNO O s Wy R

[
w N

Ns ptrib 9H
_ Z[A As‘. (ds,-) ns‘v
- ng : ~ ’
IE) ArivGd, A, |

n, t b A
X AT, ),
- n, ;: ~

I 25" Arib(d,, )R, I

s m

14: Find the contact force directions

. P, - F
Fconmct = »\S—Am
[IEs —Fyll

15: Find the equilibrated global contact forces

Fy=+k, AF opiper: By = —kpAF ppac,

and then
F, = +k,AF o000 (16a)
FIm = _kpAFcontact (16b)

These two forces are equilibrated by construction and can be directly
used to implement contact for rigid bodies. The entire procedure is de-
tailed step-by-step in Algorithm 2, which refers to both rigid and flexible
bodies.

However, when studying flexible bodies, these global forces must be
decomposed into individual nodal contributions according to specific
criteria.

The first criterion ensures the force equilibrium, requiring the sum
of all nodal forces to equal the global contact force:

nA‘
Y F, =F, a7)
i=1

The second criterion ensures the torque equilibrium and requires that
the sum of the moments of the individual nodal forces, calculated with
respect to the centroid x,, is zero:

aF =0 (18)

where a,, = p,, —x, represents the distance between the i-th node of the
slave body and the centroid of the overlapping area and aj, is obtained
as a; = k A a,, with k being the unit vector normal to the plane of
interaction.

In general, combining Egs. (17) and (18), a linear problem with
unknowns F, , i = 1...n,, is obtained. Since this is an under-constrained
problem, infinite solutions exist. Furthermore, the solution of the system
can provide negative values for the magnitudes F; , thereby producing
an unfeasible physical interpretation as the negative values would rep-
resent attractive forces. One possible approach to overcome this issue

S;2
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involves ensuring that all nodal forces are non-negative, e.g., repulsive
forces, as is done using iterative solvers such as Jacobi or Gauss-Seidel
methods [33]. However, this approach can result in an unfeasible force
distribution.

Instead, following Egs. (10) and (12), we assigned to each nodal force
a magnitude F, defined as

F, = a,(d, )1 A]" 19

where q; is the only unknown to be determined. Following this strategy,
the resulting nodal forces are guaranteed to be positive, as their direc-
tion is defined by the unit vectors fi;, while their magnitude is expressed
in absolute value. Furthermore, each nodal contact force is proportional
to the local indentation within the contact area; therefore, nodes with
smaller indentation contribute less to the overall force. This behavior
can be further tuned by adjusting the parameter g. In particular, by
increasing ¢ more weight will be given to the nodes with the highest
penetration.

By inserting Eq. (10) into Eq. (17) and factoring out the scaling factor
ay, the global contact force can be reformulated as

nS
a ) AV, )Ry = F, (20)

i=1

Similarly, Eq. (18) turns into the following

n.\‘
ay Y8, AT )R, =0 1)

i=1
These two equations can be reformulated in matrix form:

aB,=b

s

s (22)
where the 3 x n, matrix B, and the 3-dimensional vector b, are defined
as:

Af;]"b(dsl )iy,

Airib(ds )Qﬁs F
B = _r ) | Sng ns ns R - [ s] (23)
B EAL IR Y

=T 4trib an

asnx As: ’S (d%) fig 0
The same procedure can be implemented for the master nodes, leading
to

,B, =b, 24)

where the 3 x n,, matrix B,, and the 3-dimensional vector b,, are defined
as:
ALy, SR IO
= |=T 4ui . =T i N » by =
" aml Ai’:’lb(dml )qnml amnm A";Zn (dmnm )qnmnm " 0
(25)

The two systems (22) and (24) have «; and «,, as their only un-
knowns, respectively. In the proposed model, the parameter a scales
all contact pressures while preserving the same shape of the pressure
distribution, thereby adapting it to balance the global contact force.

The complete procedure is summarized in Algorithm 3, which specif-
ically pertains to flexible bodies as it handles the derivation of both nodal
pressures and forces. For both rigid and flexible bodies, the algorithm ne-
cessitates a boundary mesh of the two contacting entities. In the case of
a rigid body, calculating the global force applied at the centroid of the
contact area is sufficient to determine the system’s dynamic response.
Conversely, for flexible bodies, the global forces are further decomposed
into nodal contributions, provided the boundary mesh is a subset of the
overall surface mesh. It should be noted that the FFRF method used for
the equations of motion requires not only these nodal components but
also the global force and its corresponding moment relative to the FFR
origin.
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Algorithm 3 Nodal pressure and forces.

1: Form the two linear systems and solve for «, and «,,:

52 m=m

2: Recover nodal pressures:
ps, = ag(d;), Py, = ay(dy,)
3: Recover nodal forces:

_ triba _ triba
F, =p, A "0, F, =p, A" h,

i i S i iom;

i

4: Create the generalized contact forces for each area j:

T
T T RT T
Q, = [ F7| A A ]
T
Q,, = [ F7| o le Fzz anm ]

5: Find the global vector of generalized contact forces:

Qiznf[... Qg Qzl ]T

=1

2.1. DAE system

Following the formulation proposed in [34], the contact forces are in-
corporated into the Differential Algebraic Equation (DAE) system which
contains the equations of motion and the nonlinear constraints, i.e.,

(26)

M(@)d + @ (@)2 + D + Kq = Q,(q. ) + Q;(q)
®(q) =0

where

« q: generalized coordinates

« A: mechanical constraint Lagrange multipliers

« M(q): generalized mass matrix

« @,: Jacobian of the constraints

« D: generalized damping matrix

« K: generalized stiffness matrix

+ Q,: generalized vector of Coriolis/centrifugal forces
+ Q;: generalized contact forces

System (26) is then integrated using the generalized-« method pro-
vided in [42]. To speed up computation, each flexible component has
been reduced using normal modes obtained by imposing free-floating
reference conditions [43], and system (26) is converted into its reduced
form.

3. Numerical simulations

The methodology is first verified using the contact between two
cylinders, a classic benchmark of Hertzian theory. Subsequently, four
case studies are examined: a planar pin joint, a patch test, a Geneva
mechanism, and a conventional gearbox. For all scenarios, a global
search phase was implemented, utilizing distance checks or axis-aligned
bounding box (AABB) intersections to identify potential contact pairs.
Once a collision is detected during the global search, a local search is
triggered to precisely calculate the intersection areas and identify the
specific perimeter segments involved in the contact.

3.1. Hertz theory benchmark: two cylinders pressed into contact

To evaluate the accuracy of the proposed penalty-based contact
formulation, a benchmark problem with a known analytical solution
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was investigated. The classical Hertzian contact theory for two elas-
tic cylinders with parallel axes serves as an ideal reference, providing
closed-form expressions for both the contact half-width and the pressure
distribution [44].

Consider two elastic cylinders with parallel axes, radii R; and R,,
and identical material properties characterized by Young’s modulus E
and Poisson’s ratio v. When the cylinders are pressed together by a force
per unit length F, the contact occurs along a narrow rectangular strip of
half-width a. The equivalent relative curvature is defined as:

1 1 1
F = R_l + R_2 (27)
which, for the case of equal radii R, = R, = R, allows for calculating
the equivalent radius R* = R/2. The plane-strain equivalent modulus is
given by:

E* £

21— @8

According to Hertzian theory [44], the contact half-width is ex-
pressed as:

-
aszg (29)

The resulting pressure distribution within the contact region x €
[—a, a] exhibits a semi-elliptical profile:

mw=%§Vﬁ—ﬂ 30)

with a maximum value at the center of the contact zone:

2F
Pmax = p(o) - g (31)

A two-dimensional contact problem involving two cylinders of equal
radius R = 8 m was investigated [19]. Both bodies are assumed to be
linearly elastic, with a Young’s modulus E = 200 Pa and a Poisson’s ratio
v = 0.3. While these parameters do not represent typical engineering
materials, they were deliberately selected to produce contact dimensions
of order unity, thereby facilitating the numerical verification process.

The applied load was set to F = 10N. Substituting the relevant
parameters into Eq. (29) yields a ~ 0.97 m.

To establish conditions consistent with the Hertzian assumptions, the
vertical separation between the centers of the cylinders was adjusted so
that the geometric intersection of the undeformed bodies coincided pre-
cisely with the theoretical contact boundaries at x = +a. This procedure
ensures that the penalty-based algorithm operates over a contact region
identical to that predicted by the analytical solution.

Within the proposed penalty framework, the global contact force is

computed as:
F =k,A (32)
where k, denotes the penalty stiffness and A represents the overlapping
area between the contacting bodies. To reproduce the target load of F
= 10N, the penalty coefficient was determined as:

F,

k, = —': £ (33)
where A is evaluated at runtime based on the actual geometric inter-
section. This calibration strategy ensures force consistency between the
numerical and analytical solutions.

Regarding the value of the distance exponent g, it is set equal to 0.5
so that the pressure law in Eq. (9) recovers the semi-elliptical Hertzian
distribution. As shown analytically by Johnson [44], this is the unique
value consistent with the parabolic approximation of the gap between
cylindrical surfaces.
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Fig. 4. Contact pressure distribution: comparison between the analytical Hertzian solution (solid blue line) and the penalty-based numerical method with ¢ = 0.5 and

different mesh sizes (500, 1000, 5000).

10°

10*

10°

102

Relative error (%)

N

\
ool

V2
Vo
\Z
2
%
Covnl ok

10-1 L L TR L L L
108

102 107"

Element size (m)

Fig. 5. Mesh sensitivity analysis: relative error in maximum contact pressure as a function of the element size.

Fig. 4 presents the pressure distribution obtained from the penalty
method for three different mesh densities, equal to 500, 1000, and 5000
nodes, alongside the analytical Hertzian solution. The numerical results
exhibit remarkable agreement with the theoretical prediction across the
entire contact region, with all three discretizations closely following the
characteristic semi-elliptical profile.

Quantitative assessment of the numerical accuracy was performed by
evaluating the relative error at the center of the contact zone, as shown
in Fig. 5, where the maximum pressure occurs:

enalty Hertz
_ 1o — P 100 34

Hertz
Prnax

The theoretical maximum pressure, computed from Eq. (31), is:

2F

pilerz = — ~ 6.61Pa

(35)

The corresponding value obtained from the penalty method was
PPy~ 6.59Pa, resulting in a relative error of e ~ 0.37%. This close
agreement verifies the proposed penalty-based contact algorithm and
confirms its capability to accurately reproduce the classical Hertzian
pressure distribution.

The small discrepancy observed near the contact boundaries can be
attributed to the discrete nature of the mesh and the finite size of the
tributary areas near the intersection points; mesh refinement is expected
to reduce this error further.

3.2. Planar pin-joint

To evaluate the effectiveness of the proposed formulation, a numeri-
cal simulation is performed on a planar pin-joint. The system consists of
a circular pin with radius R; = 20 (mm), designated as the slave body,
placed inside a concentric circular support with radius R, = 35 (mm),
chosen as the master body, so that, at initial time ¢ = 0, the two bodies
share the same center, as shown in Fig. 6.

The pin and the support are modeled as linear elastic bodies.
Structural parameters and penalty coefficients are reported in Table 1.

The inner pin is subjected to gravitational loading, which causes the
pin to move downward within the circular cavity of the support. As the
simulation progresses, the pin gradually loses its initial alignment and
comes into contact with the lower portion of the housing. The goal of
the analysis is to capture the evolution of the contact interaction over
a defined time interval 7 € [0, T], focusing on both the distribution and
the magnitude of the forces exchanged between the two bodies. This
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Fig. 6. Initial position of the planar pin-joint. The circular pin, acting as the slave
body, is shown in green and is initially centered within the circular support,
shown in black, which serves as the master body.

Table 1
Pin-joint structural parameters.

Young module  Poisson ratio  thickness  mass density  penalty coefficient
E (Pa) v t (mm) p (kg/m?3) k,
207 x 108 0.29 5 7800 5x 107

configuration serves as a benchmark for verification, as it allows a direct
comparison between the results obtained using the proposed method and
those produced by the well-established STS formulation. At the begin-
ning of the numerical simulation, the first contact event occurs when at
least one node from the master body and one node from the slave body
penetrate beyond the perimeter of the opposing body. As described in

-0.025

-0.030

£ .0.035 At
=

-0.040 -

-0.045
-0.010 -0.005 0.000 0.005 0.010

X (m)

(a) STS method, mesh size=1.0 (mm).
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Section 2, this condition activates the contact algorithm, which calcu-
lates both the centroid and the area of the overlapping region. At each
time step, the contact force is computed and subsequently distributed
among the nodes involved in the penetration region for both the master
and slave bodies. This process continues until the contact force reaches
its maximum value, corresponding to the time instant /* when the two
bodies reach their maximum penetration. After the compression phase,
the restitution phase begins as the pin rebounds, and the contact force
gradually decreases as the bodies separate, eventually returning to their
initial configuration.

Fig. 7 shows the configuration corresponding to the maximum pen-
etration with a mesh size of 1.0 (mm). The nodal contact forces for the
slave body are shown in red, and those for the master body are shown in
blue, using both the STS formulation and the proposed method. It can be
observed that the force distributions are remarkably similar in both for-
mulations, characterized by a bell-shaped profile that reflects the extent
of penetration between the bodies.

To assess the robustness of the proposed method with respect to
mesh density, additional simulations were performed using two different
mesh spacings: a finer mesh size of 0.7 (mm) and a coarser mesh size of
1.3 (mm). Figs. 8 show the nodal contact force distributions at maximum
penetration for both mesh configurations. The comparison demonstrates
that the proposed approach maintains excellent agreement with the STS
formulation across different levels of discretization.

Table 2 reports the computational times for the three mesh densi-
ties considered. The results demonstrate that the proposed approach
achieves significantly shorter simulation times across all mesh densities,
with computational savings ranging from approximately 46% to 51%.
It should be noted that this comparison was conducted using a common
code framework for both methods, which differ only in the calculation of
contact forces. All parameters related to simulation time, time step, and
convergence tolerance of the generalized-alpha method were set equally
for both formulations, ensuring a fair comparison. The computational
advantage is maintained consistently across different mesh refinement
levels, indicating good scalability of the proposed method.

The effectiveness of the proposed method is further confirmed by
comparing the evolution of the global contact force with that obtained
using the STS formulation. Fig. 9 illustrates this comparison, focusing
on the time interval spanning from the initial contact event to the in-
stant of body separation. The two curves are nearly indistinguishable,
highlighting the excellent agreement between the two formulations.

Another indicator of the effectiveness of the proposed method can
be observed in Fig. 10, which illustrates the time evolution of the
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(b) Proposed method, mesh size=1.0 (mm).

Fig. 7. Comparison of nodal contact forces computed using (a) the STS formulation and (b) the proposed method with mesh size=1 (mm). Red arrows indicate the
nodal contact forces on the slave body, while blue arrows correspond to those on the master body. The results show strong agreement in both the trend and magnitude

of the computed forces for the two formulations.
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Fig. 8. Comparison of nodal contact forces for two mesh densities: (a)-(b) mesh size of 0.7 (mm) and (c)-(d) mesh size of 1.3 (mm).

Table 2

Computational time comparison between the STS for-
mulation and the proposed method for different mesh
sizes.

Mesh size (mm) STS method (s) Proposed method (s)

0.7 21.61 11.57
1.0 19.05 9.29
1.3 16.57 8.99

vertical displacement of the slave body over the interval ¢+ € [0,0.3]
(s). Specifically, the figure shows the vertical trajectory of the center of
mass of the pin. After the first contact, corresponding to the minimum
point, i.e., the moment of maximum penetration, approximately after
t = 0.05 (s), the pin returns to its initial position at y = 0, confirming
that the method does not introduce dissipation when included in an im-
plicit time-stepping scheme such as the Generalized-alpha method. This
behavior is repeated in subsequent bounces. In particular, and in agree-
ment with the results shown in Fig. 9, the two formulations exhibit an
almost perfect overlap, further confirming the accuracy of the proposed
contact algorithm.

3.3. Patch test

The patch test is a benchmark used in computational contact mechan-
ics to assess the accuracy of a contact algorithm in transmitting uniform
stress between two contacting bodies. This test is crucial for verifying the

10

robustness of penalty-based contact models. Taylor and Papadopoulos
originally introduced the patch test [4] as a criterion to ensure that a
contact formulation can accurately transfer constant normal stress across
the contact interface.

In the execution of this patch test, two rectangular bodies are ar-
ranged so that their surfaces remain parallel, thus maintaining a uniform
gap. For ease of description, the larger rectangle will be considered the
master body, while the smaller one will be the slave. The bottom sur-
face of the master body is fully constrained, whereas the slave body is
initially positioned slightly above the master and then released under
the action of gravity. As the slave body falls and comes into contact
with the master, the contact algorithm is activated, and the resulting
pressure distribution is evaluated.

First, the true patch-test case with uniform mesh discretization is
performed by imposing forces to the upper body. As shown in Fig. 11, a
uniform distribution of contact pressure occurs in both the master and
slave bodies. The edge nodes have smaller forces because their tributary
area is smaller than that of the internal nodes, calculated by considering
the previous/next internal nodes, along with the intersection point, as
adjacent nodes.

Fig. 12 reports the corresponding contact pressure distribution along
the interface for both the master and slave bodies. The pressure val-
ues are nearly uniform across the contact region, with variations on the
order of 10~2 (Pa). The small discrepancy between the two values is
related to the tributary area distribution discussed above for the edge
nodes: the slave body has a slightly larger total tributary area along the
contact interface, as it includes contributions from the vertical sides of
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Fig. 9. Evolution of the global contact force over time, comparing the results of the proposed formulation with those obtained using the STS approach. The plot refers
to the time interval spanning from the initial contact to the loss of interaction between the two bodies.
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body (gray) is released under gravity. Nodal contact forces are shown in blue
(master) and red (slave).
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the penetrating portion in addition to the horizontal interface. This effect
decreases as the contact gap is reduced.

To investigate the role of the gap and node distribution, four cases
were simulated by imposing prescribed displacements: they are divided
into two pairs with gaps set to 2 (mm) and 6 (mm), respectively. For
each gap, two cases are presented: the first with a defined non-uniform
mesh and the second with a mesh obtained from a random distribution.

The results are presented in Fig. 13. First, it is observed that the force
distribution follows the nodal arrangement, as it is directly governed by
the calculation of the tributary areas. This behavior accurately reflects
the physics of the contact process: an increase in nodal density results in
smaller tributary areas, consequently reducing individual nodal forces.
Conversely, regions with a lower nodal density exhibit higher forces due
to their larger associated tributary areas.

Second, while the contact pressure remains uniform across each
body, a discrepancy exists between the two values. This discrepancy
arises from the asymmetrical positioning of the intersection nodes;
specifically, while the slave nodes are aligned along the contact inter-
face, this alignment is not maintained for the master nodes.

3.4. Geneva mechanism

A planar Geneva mechanism is presented further to verify the capa-
bilities of the proposed contact algorithm. The Geneva drive is a widely



P.D. Maddio, R. Sinatra and A. Cammarata

Computers and Structures 325 (2026) 108213

2756.0790 2813.0630
2756.0785 e rra ey —2813.0625
_.2756.0780 - —2813.0620
g =
= <
I} o
k7 >
@ 8
€ 2756.0775 - —2813.0615 @
o e
= 3
5
E o
2756.0770 - —2813.0610
2756.0765 [ —2813.0605
2756.0760 —. L L L . . . . ! ! 2813.0600
0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60
x (m)

Fig. 12. Contact pressure at each boundary node along the interface for the master (blue) and slave (red) bodies.
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Fig. 13. Figures (a) and (b) report the nodal contact forces considering a gap of 2 (mm). Figures (c) and (d) report the nodal contact forces considering a gap of 6

(mm).

Fig. 14. Initial configuration of the Geneva mechanism. The driving wheel,
equipped with a pin, is shown in black, while the driven wheel, equipped with
the six equally spaced radial slots, is shown in green.
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used indexing mechanism that converts continuous rotational motion
into intermittent rotary motion. It consists of a driving wheel equipped
with a pin and a driven wheel containing a set of radial slots. The pin en-
ters one slot at a time at specific intervals, resulting in discrete rotational
steps of the driven wheel.

Fig. 14 shows the initial configuration of the mechanism, where the
pin of the driving wheel, shown in green, is positioned immediately
before engaging one of the radial slots of the driven wheel, which is
represented in black. In a Geneva mechanism with n slots, the cen-
ter distance C and the crank radius r are related by the engagement
requirement

c =sin(3)
m=— =sin( =
C n

The instantaneous distance p(6) between the driven wheel center and
the pin center is

p(0) = VC? +r2 —2Crcosf

The theoretical angular position of the driven wheel ¢ is given by

(36)

37

¢ = atan2(rsinf, C — rcos 0)] (38)
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Table 3

Geneva mechanism geometrical parameters.
wheelbase driver radius pin diameter slot width clearance
C (mm) r (mm) d (mm) b (mm) g (mm)
50 25 8 8.01 0.01

Table 4

Geneva mechanism structural parameters.

Young module  Poisson ratio  thickness  mass density  penalty coefficient
E (Pa) v t (mm) p (kg/m%) k,
207 x 108 0.29 5 7800 6x 108

However, to ensure correct operation, it is necessary to provide a clear-
ance g between the width b of the slots and the diameter d of the pin.
Assuming the pin maintains contact with the slot wall, the clearance g
introduces an angular error A¢(9), i.e.,

Ag(0) = arcsin <%> 39

Due to clearance, the effective angular position of the driven wheel ¢,/ ,
becomes

ey r(0) = b= AP(O) (40)

where the sign of the correction depends on the direction of rotation:
negative for counterclockwise rotations and positive for clockwise ones.

Fig. 14 also describes the starting condition of the simulation, while
the mechanism’s geometrical, inertial, and structural parameters are re-
ported in Tables 3 and 4. Since the driven wheel has six radial slots, each
full revolution of the driving wheel produces a discrete rotation of /3
radians of the driven wheel.

In the proposed configuration, the driving wheel rotates at a constant
angular velocity. During this interaction phase, contact occurs between
the cylindrical surface of the pin and the perimeter of the radial slot.
As in the previous test cases, both bodies are modeled as flexible and
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deformation at the interface. The driving wheel is subjected to a rheo-
nomic constraint, rotating at a constant angular velocity. In contrast, the
driven wheel is free to rotate under the action of the contact forces. To
ensure its angular stability during disengagement phases and to prevent
undesired backward motion, a torsional damper of constant d = 0.1 N
m s/rad was introduced at the center of the driven wheel. This addition
helps maintain the wheel close to its target position, minimizing the risk
of misalignment during subsequent engagements.

This numerical simulation is particularly significant because of the
dynamic nature of the interaction, which involves repeated cycles of
contact engagement and disengagement. These characteristics make the
Geneva mechanism an ideal benchmark for assessing the performance
of contact formulations under intermittent and nonconforming contact
conditions.

Fig. 15 shows the angular displacement of the driven wheel over
a simulation time of 10 s. The driving wheel is set to rotate at a con-
stant angular velocity of 30 (rpm). As can be observed, the rotation
of the driven wheel occurs in discrete steps of z/3 radians, confirming
expectations.

In Fig. 16, the comparison between the effective angular position of
the driven wheel with the proposed method using a simulation time of
1 s. Considering the starting conditions and the presence of clearance
g, contact should theoretically occur at a time ¢ = 0.0329. However, in
the proposed method, contact does not occur at the point of tangency
between the pin and slot but is slightly shifted in time, i.e., 1 = 0.0414,
due to the penetration of the profiles, which has the same effect as an
increased clearance compared to the actual one. This phenomenon gen-
erates a delay in the rotation of the driven element, as can be seen from
the phase shift of the two curves. It is important to emphasize that this
phenomenon cannot be eliminated in a penalty method.

Despite this inherent phase shift due to contact detection delay, the
overall kinematic accuracy was quantitatively verified by computing the
normalized RMS error between the simulated ¢, and the effective ¢4
angular positions over the engagement phase:

n
equipped with revolute joints modeled using RBE3 elements, which al- 1 1 2 _
€4 = - imi — )7 %100 = 1.13% 41
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Fig. 15. Angular displacement of the driven wheel.
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Fig. 16. Comparison between the nominal effective angular position of the driven wheel and the proposed method.
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Fig. 17. Global contact force exchanged between the driving and driven wheels during the simulation.

where n represents the number of samples over the engagement cy-
cle. The low RMS error of 1.13% confirms that, despite the time delay
in contact initiation, the penalty-based contact formulation accurately
captures the kinematic transmission characteristics of the mechanism
throughout the engagement cycle.

Fig. 17 illustrates the time history of the contact force exchanged
between the driving and driven bodies throughout the simulation inter-
val. The plot highlights the intermittent nature of the interaction, with
contact forces peaking during engagement and dropping to zero during
disengagement phases.

Finally, Fig. 18 shows the distribution of the nodal contact forces on
the driving and driven wheels at a specific time instant during the en-
gagement phase, when the pin pushes against the slot and causes the
driven wheel to rotate. It can be observed that the mesh discretization
of the driven wheel is not uniform along the slot perimeter. This non-
uniformity directly affects the magnitude of the nodal forces: higher
values occur in regions of greater penetration and where the tributary
area is larger, consistent with the formulation described in Section 2.

To assess the computational performance of the simulations, a para-
metric study was conducted by varying the time step size of the
integrator over a simulation interval of 1 s, corresponding to the occur-
rence of the first contact event. The results are summarized in Fig. 19,

14

where the total CPU time and the mean number of Newton-Raphson iter-
ations per time step are reported. As the time step decreases, the mean
number of iterations reduces. This behavior is expected: smaller time
steps result in smaller incremental changes in the system state, providing
a better initial guess for the Newton-Raphson solver and thus requiring
fewer iterations to achieve convergence. However, reducing the time
step also increases the total number of steps required to complete the
simulation, which tends to increase the overall CPU time. Conversely,
larger time steps reduce the number of integration steps but lead to
greater incremental changes in the system configuration. This makes
convergence more difficult, as reflected by the increasing number of
iterations observed for 4 > 4 - 1074 (s).

The interplay between these two effects produces a characteristic U-
shaped curve for the CPU time: at small time steps, the computational
cost is dominated by the large number of integration steps; at large time
steps, it is dominated by the increased number of iterations required for
convergence. An optimal time step of approximately 4 = 4 - 107# (s) is
identified, where the total CPU time reaches its minimum value.

The time history of the number of iterations is further detailed in
Fig. 20 for three representative cases: h = 2-107* (s), h = 5- 107* (s),
and h = 8-107* (s). The plot is limited to t = 0.8 (s), as the contact phase
ends before this time. Smaller time steps require a significantly lower
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number of iterations throughout the simulation compared to larger time
steps, confirming the trends observed in Fig. 19.

3.5. Ordinary gearbox

As a final example, we have simulated the contact between two cylin-
drical gears with an involute profile in an ordinary gearbox, as shown in
Fig. 21. A pinion with radius R; = 23 (mm) and number of teeth z; =23
is paired with a crown wheel with radius R, = 57 (mm) and number
of teeth z, = 57. The pressure angle between the two gears is 6 = 20°,
while the transmission ratio is = = z;/z, = 23/57 ~ 0.4035. Structural
and inertial parameters are reported in Table 5. This example has been
selected to verify that the proposed model can simulate multiple con-
tacts; in fact, during normal operation, the number of teeth in contact
is approximately 1.9818, meaning that two pairs of teeth are in contact
98.18% of the time, while only one pair is in contact for the remaining
1.82% [45].

Both gear bodies are discretized using a uniform triangular mesh with
an edge size of 0.6 (mm) along the perimeters. The pinion is driven by
a prescribed angular motion consisting of a linear velocity ramp during
the transient phase, from r = 0 to t = 0.2 (s), followed by a constant
angular velocity of 600 (rpm) at steady state. The penalty coefficient
k,=6- 108 was determined through a parametric study: higher values
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Fig. 20. Time history of the number of iterations for three different time step sizes: h=2-10"*(s), h=5-10"* (s), and h = 8 - 107* (s).
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AR

Fig. 21. Initial configuration of the ordinary gearbox. The pinion, shown in
green, drives the crown wheel, shown in black.

Table 5
Gear structural parameters.

Young module  Poisson ratio  thickness = mass density  penalty coefficient
E (Pa) v t (mm) p (kg/m?) k,
207 x 10° 0.29 50 7800 6x 108

produced impulsive forces that led to unstable and erratic mechanism
behavior, whereas lower values resulted in excessive penetration be-
tween the two bodies, yielding physically unrealistic configurations.
Additionally, a damping coefficient of 0.4 (Nms/rad) was introduced in
the crown wheel to ensure angular stability. This value was selected
through a sensitivity analysis at fixed mesh resolution, by varying the

0.403530
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damping coefficient from 0.15 to 2 (Nms/rad) and evaluating the result-
ing mean values of the pressure angle and transmission ratio. As shown
in Fig. 22, the optimal damping value corresponds to the point closest
to the intersection of the nominal values 6,,,,, = 20° and 7,,,,, = 0.4035.

Based on these parameters, a series of simulations were performed to
assess the precision and robustness of the proposed method. The global
contact forces F,; and F,, exchanged between the teeth of the crown
wheel and the pinion are shown in Fig. 23, depicted in green and red,
respectively. The simulation corresponds to the case of flexible bodies,
as evidenced by the mesh visualization with a color scale representing
the nodal displacements at a specific time instant. In particular, the color
scale for the pinion is displayed on the left side, while that for the crown
wheel is shown on the right side.

A magnified view of the local contact interaction between two mesh-
ing teeth is provided in Fig. 24. The distribution of the nodal forces
along the perimeters of both bodies, calculated according to the algo-
rithm described in Section 2, can be clearly appreciated. Since the mesh
is uniformly distributed, larger force magnitudes correspond to regions
of greater penetration. An exception occurs for nodes adjacent to an in-
tersection point, where the tributary area may be smaller than nominal,
as can be observed in the figure.

The kinematic behavior of the mechanism was further investigated
by analyzing the angular velocities of both bodies. The time histories
of the pinion and the crown wheel angular velocities over the entire
simulation interval, from ¢ = 0 to 7 = 0.5 (s), are reported in Fig. 25. To
evaluate the transmission ratio at steady state, the ratio r = w,,,/®;, was
computed by averaging over the interval from r = 0.2 (s) to = 0.5 (s),
corresponding to the steady-state regime. The resulting mean value is
7 = 0.4035, which matches the theoretical value reported above.

To quantify the instantaneous deviations from the ideal transmis-
sion ratio, the following relative root-mean-square error (RMSE) was
employed:

n

3 (2= Tigear)” % 100

i=1

(42)

where 7; denotes the instantaneous transmission ratio at the i-th time
step, ;5. = 23/57 is the theoretical value, and » is the number of sam-
ples in the steady-state interval. The computed error for the selected
mesh size of 0.6 (mm) is e, = 0.3137%, confirming the accuracy of the
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Fig. 22. Sensitivity analysis of the damping coefficient: mean transmission ratio 7 versus mean pressure angle @ for different damping values. The dashed lines indicate
the theoretical values, and the star marker denotes the optimal configuration at d = 0.4 Nms/rad.
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Fig. 24. Magnified view of the contact region between two meshing teeth,
showing the distribution of nodal contact forces along the perimeters of both
bodies.

proposed contact formulation in reproducing the expected kinematic
behavior.

The precision of the contact formulation was further evaluated by
examining the evolution of the pressure angle. Analytically, in a con-
tact between two spur gears with involute profiles, the pressure angle 0
should remain constant for each engaging tooth pair, with the resultant
force aligned along the line of action. As shown in Fig. 23 for the three
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contact pairs, the most significant deviations from the nominal 20° value
occur at the beginning and end of the contact path. These fluctuations
correspond to the points where the tooth tip enters or exits the flank of
the mating gear. Conversely, the angle remains stable and close to the
nominal value throughout the central portion of the engagement, where
the transmitted force reaches its maximum.

The time history of the simulated pressure angle, compared to the
nominal value of 20°, is reported in Fig. 26. During the initial transient
phase, the system exhibits significant oscillations. This behavior is at-
tributed to the fact that, at the beginning of the simulation, the gear
teeth are not yet in contact. When the velocity ramp is applied to the
pinion, the two bodies suddenly engage, and the mechanism responds
with a pronounced dynamic transient characterized by large amplitude
fluctuations.

As the simulation progresses and the system reaches steady state, af-
ter t = 0.2 (s), the pressure angle oscillates around the nominal value
with a considerably reduced amplitude. These residual oscillations are
inherent to the penalty-based contact formulation, which allows pen-
etration between the contacting bodies. This penetration introduces
small deviations from the ideal kinematic behavior, causing the com-
puted pressure angle to fluctuate about its theoretical value rather than
remaining exactly constant.

Finally, a mesh sensitivity analysis was performed to evaluate how
the mesh size affects the accuracy of the numerical results. As reported
in Fig. 27 and Table 6, refining the mesh leads to a progressive reduc-
tion in the transmission ratio error. This trend confirms the expected
convergence behavior as the number of mesh elements increases, with
the numerical solution progressively approaching the analytical result,
thus confirming the accuracy of the proposed method.

Following the same analysis performed for the Geneva mechanism,
Fig. 28 reports the time history of the number of iterations required for
convergence at each time step for two different time step sizes.
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Table 6
Mesh sensitivity analysis: RMSE of the transmission
ratio for different mesh sizes.

Mesh size (mm) RMSe (%) Simulation time (s)
1.20 1.1388 48.89

0.90 0.6208 62.32

0.60 0.3137 100.28

0.45 0.2767 146.67

0.30 0.2753 219.66

4. Discussion and conclusions

This work introduces a novel contact formulation for planar multi-
body systems, employing a penalty approach that leverages the inter-
section area between contacting bodies to determine the global contact
force. The proposed methodology directly utilizes the geometric overlap
to compute both the magnitude and direction of the contact interaction.
The resultant force is applied at the centroid of the contact region, with
its magnitude scaled proportionally to the intersection area. Its direction
is established through a weighted average of the outward unit normal
vectors at the boundary nodes; this weighting scheme consistently ac-
counts for both tributary areas and local nodal indentation distances
to ensure a physically grounded force distribution. This global contact
force is then decomposed and distributed to the contact nodes, ensur-
ing equilibrium and preserving its direction. A first relevant aspect is
that the proposed method is symmetric with respect to the two bod-
ies in contact, and therefore, the definition of master and slave can
also be eliminated. Another significant advantage is that the proposed
method inherently resolves the Closest Point Projection (CPP) problem
without requiring specific treatments for singular or irregular cases.
Conventionally, the CPP procedure relies on the differentiability of the
surface parametrization; however, at the discrete level, the common
issue of normal discontinuities at nodes is overcome. By ensuring a
uniquely defined contact normal at every boundary point, the formula-
tion maintains numerical robustness even in the presence of non-smooth
geometries.

An initial comparison demonstrated the method’s ability to faith-
fully reproduce the results of Hertzian theory. The formulation was then
benchmarked against the STS method. The proposed method proved
highly accurate, yielding results comparable to STS across various mesh
densities. Furthermore, computational performance tests revealed that
the contact algorithm consistently outperforms STS. This efficiency
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stems from its top-down architecture: all nodes within the intersection
zone are identified in the initial phase and treated collectively as a single
contact entity.

A classic patch test was subsequently employed to verify the unifor-
mity of the normal contact pressure under varying nodal distributions
and penetration depths. The results demonstrate that the nodal force
distribution is directly governed by the tributary areas, accurately re-
flecting contact physics where higher nodal densities lead to lower indi-
vidual forces. While the contact pressure remains uniform, a discrepancy
persists between the master and slave bodies due to the asymmetrical
positioning of their respective intersection nodes. Although this inher-
ent penalty-method error cannot be eliminated, it can be mitigated by
increasing the penalty stiffness. However, a trade-off is required: while
high stiffness minimizes penetration, it must be balanced against the risk
of numerical instabilities and overly impulsive responses during impacts.

The Geneva mechanism was then utilized to assess the influence of
impacts and flexibility on the dynamics of a precision system. The find-
ings were consistent with theoretical expectations. As anticipated, the
interpenetration inherent in the penalty formulation introduces a mi-
nor delay in the driven response, which nevertheless remains within
acceptable limits.

Finally, an ordinary gearbox was analyzed to evaluate the method’s
performance in scenarios involving multiple simultaneous contacts. The
formulation proved reliable in replicating key features, such as the trans-
mission ratio and the pressure angle. In the latter case, the penalty
approach introduces small fluctuations around the nominal values due to
the interpenetration between the tooth tip and flank. A sensitivity anal-
ysis across different mesh densities confirmed that the results remain
robust and consistent with theoretical predictions, even when using
coarser meshes.

Future developments will focus on incorporating friction forces
into the proposed formulation. The integration of tangential contact
forces will enable a more detailed representation of contact interac-
tions, allowing the method to capture stick—slip phenomena and energy
dissipation.
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