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Abstract

The Traveling Salesman Problem (TSP) is a fundamental challenge in combinatorial opti-
mization, with wide-ranging applications in logistics, manufacturing, and network design.
In addition to the classical formulation, recent years have witnessed the emergence of
complex variants, such as the TSP with Drones (TSP-D), TSP with Time Windows, and
Prize-Collecting TSP, that incorporate novel constraints reflecting real-world requirements
like last-mile delivery and multimodal logistics. This review presents a comprehensive
survey of metaheuristic approaches for solving both the classical TSP and its emerging
extensions, with particular emphasis on metaheuristic, hybrid methods, and machine
learning-enhanced strategies. Recent algorithmic developments, benchmark datasets, and
evaluation metrics are investigated, and critical challenges in addressing drone coordi-
nation, synchronization, and uncertainty are identified, as well. Bibliometric analysis is
further provided to map research trends and the evolution of the field. By synthesiz-
ing foundational techniques and state-of-the-art innovations, this review outlines current
progress and proposes future directions for metaheuristic optimization in increasingly
dynamic and heterogeneous routing scenarios.

Keywords: Traveling Salesman Problem; TSP variants; multiple TSP; TSP with time windows;
TSP with Drones; metaheuristics; hybrid algorithms; machine learning; optimization

1. Introduction
In recent decades, improvements in computational power and the development of new

optimization algorithms have greatly influenced the field of combinatorial optimization.
Among these, the Traveling Salesman Problem (TSP) is particularly notable because it
poses significant theoretical challenges while also offering practical benefits. The TSP
seeks the most efficient route that visits each location exactly once before returning to the
starting point, with the goal of reducing overall distance, time, cost, or energy consumption.
Due to its extensive applications in logistics, transportation, manufacturing, and network
design [1,2], the TSP has maintained a high level of interest within the optimization
community. In parcel delivery, for instance, the sequence in which customers are served
greatly influences delivery times, fuel use, and overall system reliability and efficiency [3].
Therefore, modest improvements in route optimization can lead to substantial cost savings
and lower emissions when implemented on a large scale [4]. TSP is then essential in several
specialized domains such as circuit board drilling [5], genome sequencing [6], telescope
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scheduling [7], and robotic inspection [8]. In addition, TSP is also increasingly relevant in
the context of drone-enabled logistics. The integration of drones into delivery systems has
revolutionized last-mile operations by enabling rapid and efficient parcel delivery in both
urban and rural areas. Drones can navigate directly to delivery points, bypassing ground
traffic to substantially reduce delivery times. However, their limited payload capacity and
battery life introduce new complexities to routing problems. These operational challenges
have given rise to the Traveling Salesman Problem with Drones (TSP-D) and its related truck-
drone routing variants, in which a truck launches and retrieves one or more drones while
continuing its own route [9].

For this reason, in addition to reviewing the latest advances in the classical TSP and
its variants, this article places particular emphasis on the TSP-D. By focusing on this emerg-
ing variant, this review aims to highlight the unique challenges, solution methodologies,
and practical applications associated with drone-enabled delivery systems, thereby pro-
viding a comprehensive perspective on the state-of-the-art in this dynamic and rapidly
evolving field. This article therefore aims to provide a comprehensive review of meta-
heuristic approaches for solving the Traveling Salesman Problem and its variants, with a
particular focus on the integration of machine learning techniques. The main goals of this
work are to:

1. summarize the state-of-the-art metaheuristics used for solving TSP and its variants;
2. discuss ML technique integration into metaheuristic frameworks for enhanced the

optimization performance;
3. identify current trends, challenges, and future research directions in the application

of metaheuristics to the TSP, with particular focus on one of the TSP variants, such
as TSP-D.

1.1. Background

The Traveling Salesman Problem is the most-studied combinatorial optimization
problem that seeks to find the shortest possible route that visits a set of cities exactly once
and returns to the starting city. Formally, given a complete weighted graph G = (V, E),
with V being the set of n cities and c : V × V → R+ being the cost function representing
the distance between each pair of cities (u, v) ∈ E (with u, v ∈ V), the goal is to find a
permutation π = (π1, . . . , πn) with πi ∈ V (i = 1, . . . , n) that minimizes the total cost of
the tour; that is:

min
n

∑
i=1

c(πi, πi+1), (1)

with πn+1 = π1 to ensure the tour forms a closed loop. Despite its straightforward
formulation, the TSP is NP-hard [10], and exact methods quickly become infeasible as
problem size increases. As a result, the TSP has long served as a benchmark for evaluating
optimization algorithms.

Metaheuristic algorithm design for the TSP has evolved significantly over the years,
with a focus on developing efficient heuristics that can provide high-quality solutions
within reasonable time frames. Early approaches relied on simple heuristics such as nearest-
neighbor and insertion methods, which, while effective for small instances, often fail to
deliver optimal solutions for larger problems [11]. In recent years, however, hybrid meta-
heuristics have garnered significant attention for their ability to synergize complementary
algorithmic strategies. Indeed, recent advancements in metaheuristics have demonstrated
their effectiveness in handling dynamic optimization problems [12]. Notably, integrating
Machine Learning (ML) techniques into metaheuristics has emerged as a transformative
strategy, enabling them to learn from past search experiences and dynamically enhance
their performance [13–15]. Research indicates that incorporating ML methods, such as
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reinforcement learning, surrogate modeling, and adaptive parameter tuning, can substan-
tially improve performance by optimizing the search process, accelerating convergence,
and equipping metaheuristics to tackle increasingly complex and dynamic optimization
challenges [16–18]. Consequently, the integration of ML techniques into metaheuristic
frameworks represents a promising direction for advancing optimization methodologies in
the context of the TSP and its variants [19]. Several studies have already demonstrated that
ML-enhanced metaheuristics can outperform traditional methods in terms of both solution
quality and computational efficiency [20,21].

Beyond classical benchmark instances, TSP has been extensively promoted and il-
lustrated by large-scale and creative demonstrations. A notable example is the project of
mapping an optimal or near-optimal tour that visits every city on Earth above a certain pop-
ulation threshold [22], effectively showcasing the capacity of state-of-the-art TSP solvers to
handle tens or even hundreds of thousands of nodes. In another demonstration, a “star map
TSP” [23] was constructed by treating individually cataloged stars as cities, underscoring
how the TSP framework can be generalized to a broad variety of data points in metric
spaces beyond terrestrial geography. In a different direction, Robert Bosch has created a
fascinating series of TSP instances that provide continuous-line drawings of well-known
artwork [24–26]. Techniques for generating these point sets have evolved over the past sev-
eral years through work by Bosch and Craig Kaplan [27]. One particularly famous instance
is the Mona Lisa TSP Challenge, shown in Figure 1, comprising 100,000 cities: the TSP tour
on these points recreates Leonardo da Vinci’s iconic portrait in a single continuous stroke.
Additional art-inspired TSP instances include van Gogh’s Self Portrait 1889, Botticelli’s The
Birth of Venus, Velázquez’s Juan de Pareja, Courbet’s The Desperate Man, and Vermeer’s Girl
with a Pearl Earring. These data sets [28] range in size up to 200,000 cities and serve as
large-scale visually engaging test problems for TSP solvers. Table 1 provides an overview
of the available files and their sizes.

Figure 1. TSP solution for da Vinci’s Mona Lisa (100,000 cities) [24].
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Table 1. TSP art instances by Robert Bosch and collaborators, available at [28].

Original Art Data Set Cities

Da Vinci’s Mona Lisa mona-lisa100K.tsp 100,000
Van Gogh’s Self Portrait 1889 vangogh120K.tsp 120,000
Botticelli’s The Birth of Venus venus140K.tsp 140,000
Velázquez’s Juan de Pareja pareja160K.tsp 160,000
Courbet’s The Desperate Man courbet180K.tsp 180,000
Vermeer’s Girl with a Pearl Earring earring200K.tsp 200,000

Such demonstrations have been popularized on the Concorde TSP website [29], where
large-scale tours are visualized and the solver’s underlying methods are outlined. The web-
site also highlights record-breaking instances solved, including routes involving thousands
of cities across the globe or novel domains such as pixel-level images (i.e., for representing
art), three-dimensional point clouds, or astrophysical data sets. Over the decades, sub-
stantial efforts have been devoted to exact algorithms for the TSP. Established approaches
include branch-and-bound [30], branch-and-cut [31], and cutting-plane techniques [32].
Implementations such as the Concorde [29] solver have been highly successful for instances
with several thousands of cities [33], although the running time can become prohibitive
as problem size grows. The Held–Karp dynamic programming algorithm, with time com-
plexity O(n22n), provides a theoretical framework but is limited in practice to relatively
small n [34,35]. In light of this, exact methods are rarely the first choice when building
large-scale or time-sensitive applications. The TSP has served as a canonical testbed for
developing and analyzing new algorithmic paradigms [33,36]. Its core requirement, to find
a single-cycle tour visiting each node exactly once, captures fundamental challenges in
network design, logistics, and manufacturing.

1.2. Scope and Methodology

To ensure a comprehensive and unbiased survey, we conducted a systematic liter-
ature review across major scientific databases, including Scopus. This review focuses
on peer-reviewed journal articles published between 2015 and April 2025. Studies have
been included based on their relevance to the development, analysis, or application of
metaheuristic algorithms to the TSP and its variants.

To better understand the scientific context in which metaheuristics for the TSP are
studied, we conducted a preliminary bibliometric analysis using the Scopus database.
The query was designed to retrieve publications related to the TSP and metaheuristics from
2015 to early 2025. Figure 2 shows the number of publications per year. The data clearly
indicate a growing trend, with a marked increase in 2018 and 2020, and a peak in 2024
(>180 articles). The apparent drop in 2025 is to be expected, as the current year has only
partially unfolded and many publications may not yet be indexed.

To explore the disciplinary landscape of the field, we categorized the articles retrieved
by subject area. As depicted in the left plot of Figure 3, most of the research is concentrated
in Computer Science, followed by Engineering and Mathematics. It is worth noting that
Decision Sciences also contributes significantly, underscoring the relevance of TSP-related
problems in practical optimization and decision-making settings. These findings are further
detailed in the pie chart shown in the right plot of Figure 3, which illustrates the relative
weight of each subject area among the total corpus. Computer Science alone accounts
for more than 30% of the publications, highlighting the algorithmic nature of the prob-
lem. Engineering and Mathematics follow with substantial shares, while interdisciplinary
contributions from areas such as Decision Sciences, Materials Science, and Social Sciences
indicate the widespread applicability of TSP metaheuristics across diverse domains.
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Figure 2. Number of publications per year on metaheuristics for TSP (Scopus, 2015–2025).
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Figure 3. Number of publications (left plot) and relative distribution of publications (right plot) by
subject area.

1.3. Organization of This Paper

The remainder of this article is organized as follows: Section 2 explores the classical
TSP and its key variants, including mTSP, TSP-TW, PC-TSP, GTSP, and STSP, highlighting
their definitions, applications, and challenges. Section 3 focuses on the TSP with Drones
(TSP-D), discussing its formulation, practical variants, metaheuristic strategies, and real-
world applications. Section 4 reviews metaheuristic approaches for the TSP and its variants,
including a discussion of benchmark datasets and performance metrics. Section 5 examines
the integration of Machine Learning with metaheuristics, showcasing hybrid strategies for
complex TSP variants. Finally, Section 6 identifies open challenges and proposes future
research directions in metaheuristic optimization for TSP and its variants.

2. Traveling Salesman Problem and Its Variants
For addressing the TSP, two different variants can be considered: (1) Symmetric TSP

(STSP), when c(i, j) = c(j, i) for all i, j ∈ V, as shown in Figure 4a, and (2) Asymmetric TSP
(ATSP), when, instead, the costs can differ in each direction, (c(i, j) ̸= c(j, i)), as shown
in Figure 4b. Small and simple changes to the constraints and/or cost structure give rise
to a series of TSP variants, such as the Vehicle Routing Problem (VRP), the TSP with Time
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Windows (TSP-TW), and the Orienteering Problem (OP), each of which reflects distinct
real-world demands [37]. Even relatively small instances of any of these variants can
become computationally intractable when attempting to find provably optimal solutions.
This difficulty has therefore motivated and directed substantial research into metaheuristics,
which are high-level strategies that guide lower-level heuristics to escape local optima and
broadly explore the solution space [38]. Such algorithms include, for instance, Genetic
Algorithms, Simulated Annealing, Tabu Search, and Ant Colony Optimization, among oth-
ers [39–42]. Typically, these algorithms generate near-optimal solutions in reasonable time
on large instance dimensions, unlike exact methods that instead may struggle or be unable
to find optimal solutions. As we will discuss in Section 4.1, metaheuristics are especially
well-suited for TSP variants characterized by additional constraints or specialized cost
structures (e.g., capacity limits, time windows, or multi-objective criteria). In these cases,
balancing solution quality and computational feasibility becomes paramount [37,43].
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(b)
Figure 4. Example of both comparison symmetric and asymmetric TSP instances. (a) Symmetric TSP:
Equal cost in both directions. (b) Asymmetric TSP: Different costs in each direction.

By embedding problem-specific knowledge (e.g., tailored neighborhood moves,
problem-aware crossover operators) within a robust metaheuristic framework, researchers
and practitioners can address large-scale and highly constrained TSP variants that might
otherwise exceed the practical limits of exact optimization. While the classical TSP remains
a central benchmark for algorithmic design, many real-world scenarios involve additional
constraints or generalizations. These give rise to a rich family of TSP variants, each model-
ing different operational requirements such as multiple agents, time constraints, partial
visits, or probabilistic availability. In the following subsections, key TSP variants that have
received significant attention in both the theoretical and applied optimization communities
are discussed. We will start by analyzing the scenario where we have more “salesmen”.

2.1. Multiple Traveling Salesman Problem (mTSP)

Multiple Traveling Salesman Problem (mTSP) is a generalization of the classical TSP in
which m ≥ 1 salesmen, all starting and ending at a common depot, must collectively visit
a set of n cities such that each city is visited exactly once by one salesman, an example of
mSTP is shown in figure 5. The goal is to minimize either the total distance traveled by all
salesmen or the length of the longest individual tour (min–max variant), depending on the
application context [44]. This variant is particularly relevant in real-world scenarios involv-
ing fleet coordination, such as multi-vehicle logistics, distribution systems, and ride-sharing
platforms. From a modeling perspective, the mTSP can be formulated as a Mixed-Integer
Linear Program (MILP) with subtour elimination constraints, although exact methods
quickly become impractical as n and m grow [45].
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Figure 5. Illustration of a multi-TSP solution with four salesmen and a single depot (node 0).

Metaheuristic adaptations for the mTSP require algorithmic innovations that extend
beyond those developed for the classical TSP. A core challenge is the encoding of multiple
disjoint tours within a single chromosome in Genetic Algorithms (GAs). Among the
most widely used approaches are delimiter-based representations, which explicitly define
tour boundaries for each salesman. A recent study by Mahmoudinazlou and Kwon [46]
proposes, for instance, a hybrid genetic algorithm where individuals are represented by a
TSP sequence. This sequence is evaluated using a dynamic programming algorithm that
determines the optimal set of mTSP tours. Their method introduces a novel crossover
operator designed to combine similar subtours from parent solutions, thereby promoting
diversity while preserving feasibility. The algorithm is further enhanced with self-adaptive
local search procedures that refine the offspring quality.

In a complementary line of research, Lupoaie et al. [47] integrate Self-Organizing
Maps (SOMs), Evolutionary Algorithms, and Ant Colony Systems to address the min–max
variant of the single-depot mTSP. Their work illustrates the potential of hybrid approaches
that merge neural network paradigms with metaheuristic strategies to improve exploration
and solution quality. Specialized crossover and mutation operators are crucial not only
for preserving the feasibility of solutions but also for maintaining population diversity
across multiple tours. For swarm-based metaheuristics, such as Ant Colony Optimization
(ACO) and Particle Swarm Optimization (PSO), sets of cooperative agents explore different
regions of the solution space in parallel. These agents coordinate through decentralized
information-sharing mechanisms, such as pheromone trails in ACO or shared velocity and
position updates in PSO [48]. Tang et al. [49] propose an adaptive ACO framework tailored
to large-scale TSP instances, featuring dynamic pheromone updates and embedded local
search strategies to accelerate convergence and enhance solution quality. Furthermore,
hybrid ACO-PSO methods are introduced to exploit the complementary strengths of both
paradigms when applied to the mTSP.

Local search heuristics play a crucial role in improving candidate solutions by refining
tour structures. Techniques such as multi-tour, 2-opt and inter-tour node exchanges are
commonly applied to balance the workload among salesmen and reduce overall travel cost,
contributing to both solution feasibility and optimality [50,51]. Beyond the coordination
of multiple agents in mTSP, another class of real-world constraints arises from temporal
limitations imposed on service times. In many delivery and routing scenarios, customers
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must be visited within specific time intervals, motivating the formulation of the Traveling
Salesman Problem with Time Windows (TSP-TW). This variant introduces additional
feasibility challenges and requires specialized algorithms that balance routing efficiency
with strict timing constraints.

2.2. Traveling Salesman Problem with Time Windows (TSP-TW)

Traveling Salesman Problem with Time Windows (TSP-TW) extends the classical TSP
by introducing temporal constraints. In this variant, each city i has to be visited within a
specified time window [ai, bi]. If the salesman arrives before ai, they must wait until the
window opens; similarly, arriving after bi time renders the solution infeasible. This problem
is particularly relevant in logistics and transportation scenarios where deliveries or services
are constrained by customer availability or regulatory time frames.

Formally, TSP-TW can be defined on a complete directed graph G = (V, E), where
V = {0, 1, . . . , n} represents the set of nodes, with the node 0 denoting the depot; each node
i ∈ V has assigned a time window [ai, bi] and a service time si; and each edge (i, j) ∈ E
has an associated travel time tij and travel cost cij. The goal is therefore to determine a
minimum-cost Hamiltonian circuit, starting and ending at the depot, such that each node i
is visited exactly once within its time window [ai, bi]. Solving the TSP-TW is particularly
challenging due to the feasibility constraints imposed by time windows. A feasible solution
must respect the temporal availability of each node, requiring that any route planning
technique carefully coordinate arrival and departure times. In practice, violations are often
penalized through soft constraints when strict feasibility is relaxed. An example of the
TSP-TW is shown in Figure 6.

0
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TW [2, 4]

2

TW [4, 6]

3 TW [6, 8]

4
TW [8, 10]

5
TW [10, 12]

Arr:
3
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A
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A
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: 9
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Node TW
1 [2, 4]
2 [4, 6]
3 [6, 8]
4 [8, 10]
5 [10, 12]

Figure 6. Illustration of a TSP with time windows (TSP-TW). Nodes 1–5 each have a specific time
window (TW), and the labeled arrival times along edges show when the salesman arrives at each
node. The depot (node 0) is visually distinguished.

Recent research has explored a variety of approaches to tackle the TSP-TW. Traditional
metaheuristics such as Genetic Algorithms (GAs) and Ant Colony Optimization (ACO) have
been successfully applied, often integrated with local search or constraint repair techniques
to maintain feasibility. Alharbi et al. [52] proposed a deep learning-based method using
hybrid pointer networks, incorporating time features to predict route sequences that respect
time constraints. Their model outperformed classical heuristics on medium-scale instances.
To address uncertainty in travel times, Bartolini et al. [53] developed a robust optimization
framework for TSP-TW using a knapsack-constrained uncertainty set. Their method
applies column generation and dynamic programming, yielding high-quality solutions
even under travel time variability. Time-dependent travel costs have also been investigated.
Vu et al. [54] introduced new formulations and lower bounds for a generalized time-
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dependent TSP-TW, where travel times vary with departure time. They proposed a branch-
and-price algorithm capable of solving complex dynamic cost scenarios.

Ban and Pham [55] tackled both TSP-TW and the Traveling Repairman Problem using
a multifactorial evolutionary algorithm. Their approach applies randomized variable
neighborhood search and knowledge transfer between problem variants, resulting in a
competitive solution quality across both tasks. Incorporating learning-based components,
Chen et al. [56] presented a method that uses look-ahead strategies to improve the legality
of constructed solutions. Their model simulates the downstream effects of current routing
decisions, improving both solution feasibility and overall tour cost. Holliday et al. [57]
explored quantum computing paradigms by applying D-Wave’s hybrid quantum-classical
solver to the TSP-TW. They demonstrated that quantum annealing, when combined with
classical heuristics for time-window repair, can yield competitive results, especially in
constrained, small-sized instances.

Despite the practical relevance of the TSP-TW in real-world logistics and scheduling
problems, our bibliometric analysis suggests that it remains a relatively niche topic within
the broader TSP research landscape. A targeted query on Scopus for journal articles
explicitly focused on “TSP with Time Windows” or “TSP-TW” published between 2015 and
2024 yielded only a few articles (13). As shown in Figure 7, several years (e.g., 2017, 2021,
and 2022) featured no indexed publications on the subject. Even in recent years, the number
of articles per year remained very modest, typically two. This limited publication volume
contrasts sharply with the surge of interest in more general metaheuristic approaches
for the classical TSP, indicating that TSP-TW has yet to attract widespread or sustained
attention despite its theoretical and practical significance.
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Figure 7. Number of publications per year on TSP with Time Windows (Scopus, 2015–2024).

2.3. Prize-Collecting Traveling Salesman Problem (PC-TSP)

The Prize-Collecting Traveling Salesman Problem (PC-TSP) is another generalization
of the classical TSP that relaxes the requirement to visit all nodes. In this problem, indeed,
each node i ∈ V is associated with a non-negative prize pi, and the goal is to construct a
tour that minimizes the sum of the tour cost and penalties for uncollected prizes. More
formally, the goal in solving PC-TSP is to find a subset S ⊆ V, with 0 ∈ S, and a tour
visiting nodes in S, such that:

Minimize ∑
(i,j)∈E

cijxij + ∑
i/∈S

pi, (2)
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where xij ∈ {0, 1} indicates whether the edge (i, j) is in the tour and cij is the cost of
traveling from node i to j. The challenge lies in balancing the cost of traveling versus the
benefit of collecting prizes [58]. An illustration of this variant is proposed in Figure 8.

0
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5
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= Depot
= Visited node
= Skipped node

Figure 8. Illustration of a PC-TSP instance. The chosen route is 0 → 1 → 3 → 4 → 6 → 0, visiting a
subset of nodes to balance route cost and prize collection. Nodes 2 and 5 are skipped, incurring their
respective prize penalties.

This variant introduces a bi-criteria decision-making problem: it is not only about
minimizing cost but also about maximizing the utility of visited nodes. The PC-TSP has
several practical applications, such as: emergency response planning, where only a subset
of critical sites can be visited under time or resource constraints [59]; surveillance and pa-
trolling, which require prioritizing higher-value targets when not all can be covered [60,61];
budget-constrained delivery, selecting profitable customers to serve within a limited de-
livery route [62,63]. Solving the PC-TSP is more complex than the classical TSP due to the
combinatorial explosion introduced by optional node visitation. The solution space be-
comes significantly larger, as every subset of nodes represents a candidate route, increasing
the difficulty of finding near-optimal tours [64,65].

Metaheuristic algorithms for PC-TSP adapt classical TSP approaches with new mech-
anisms to handle the prize-versus-cost tradeoff. Notable strategies include hybrid meta-
heuristics, like the one presented in Ref. [66] that introduces a hybrid metaheuristic known
as Clustering Search (CS), which combines clustering techniques with evolutionary algo-
rithms. Modified acceptance criteria in Simulated Annealing (SA) [66] within the Clustering
Search framework accounts for the prize-versus-cost tradeoff, thus allowing the algorithm
to probabilistically accept solutions that may have longer routes but higher collected prizes,
especially in the early stages of the search. Also, Tabu Search (TS)was tailored in Ref. [67] to
tackle the PC-TSP. The authors adapted the TS algorithm with specialized moves, evaluation
metrics, and memory structures to effectively solve the PC-TSP. Their method dynamically
explores the trade-off between travel cost and prize collection and demonstrates strong
empirical performance on standard benchmarks.

Other methodologies include multi-objective formulations or weighted-sum ap-
proaches to simultaneously optimize for total cost and collected prize, depending on
user-defined priorities [63,68–70]; pareto-based evolutionary techniques, such as NSGA-II
or MOEA/D, that maintain a diverse set of solutions along the tradeoff frontier between
cost and reward [71]; or adaptive penalization schemes where the algorithm dynamically
adjusts the importance of missing a node based on convergence behavior [72,73]. A repre-
sentative work is provided by Feillet et al. [74], who compare several exact and heuristic
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approaches for the PC-TSP and propose benchmark instances, which are available in the
TSPLIB [75] but whose standardized performance metrics remain sparse. Common eval-
uation criteria include: (i) total tour cost, (ii) collected prize, (iii) prize-to-cost ratio, and
(iv) gap to best-known solutions.

2.4. Generalized Traveling Salesman Problem (GTSP)

The Generalized Traveling Salesman Problem (GTSP) is an extension of the classical
TSP in which the set of cities (nodes) is partitioned into m disjoint clusters and the goal
is to find a minimum-cost tour that visits exactly one node from each cluster [76]. This
model captures real-world scenarios where locations are grouped by geographic regions,
functional types, or availability, and the precise selection of a representative node from each
cluster introduces additional combinatorial complexity. Formally, let V = {v1, v2, . . . , vn}
be the set of nodes, partitioned into m clusters C1, C2, . . . , Cm, such that

m⋃
i=1

Ci = V and Ci ∩ Cj = ∅ for i ̸= j.

The goal is to find a tour of minimum total cost that includes exactly one node from
each cluster and returns to the starting node. The GTSP generalizes the TSP and is also
NP-hard [76,77], as it reduces to the TSP when each cluster contains a single node.

The GTSP finds application in several fields, such as (1) data aggregation in sensor
networks, where each cluster represents a region monitored by sensors, and the tour must
collect data from a single representative sensor in each cluster [78]; (2) manufacturing and
inspection planning, where machines or workstations are grouped by task type or location,
and only one needs to be visited per group [79–82]; and (3) communication networks,
where relay stations or routers are grouped geographically or logically, and the goal is to
ensure representative coverage with minimal latency [78,83–85].

From a modeling perspective, the GTSP poses a challenge due to the interdependence
between cluster selection and tour optimization: the algorithm must determine not only
the best sequence of clusters but also the optimal node within each cluster. Addressing this,
many approaches adopt a two-phase decomposition strategy, such as (i) cluster-first, route-
second [86], in which clusters are first reduced to representative nodes using heuristics, then
the classic TSP on the reduced graph is solved; and (ii) route-first, cluster-second [87], where
a complete tour is initially computed ignoring cluster constraints, which is then refined to
satisfy the GTSP requirements.

2.5. Stochastic Traveling Salesman Problem (STSP)

The Stochastic Traveling Salesman Problem (STSP) extends the classical TSP by treating
one or more problem elements, typically edge costs, travel times, or even vertex availability,
as random variables. A common two-stage formulation considers a first-stage tour deci-
sion π chosen before the uncertainty ξ ∈ Ω is revealed and a recourse action that adapts π

after realization [88]. Let Cij(ξ) denote the random travel cost on arc (i, j) and ρ(π, ξ) the
cost of the recourse; a widely used objective is to minimize the expected tour length, i.e.,

min
π∈Sn

Eξ

[ n

∑
i=1

Cπ(i)π(i+1)(ξ) + ρ(π, ξ)
]
, (3)

with π(n+1) = π(1). Special cases include Probabilistic TSP (PTSP), where each customer
has an independent probability, and variants constrained by chance or robust variants that
limit the probability of excessive delay or cost [89–91].
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STSP models naturally arise in same-day delivery with uncertain customers, drone or
vehicle routing under stochastic weather, service technician dispatch where requests appear
dynamically, and humanitarian logistics in disaster-relief operations [92]. Evaluating a sin-
gle tour often requires Monte-Carlo simulation over many scenarios, making naive enumer-
ation prohibitive. Scenario-reduction techniques [93], sample-average approximation [94],
and variance reduction estimators are therefore crucial for practical metaheuristics.

The integration of uncertainty in edge costs and node availability has motivated
hybrid metaheuristics that combine classical search methods with advanced probabilistic
modeling techniques. The following approaches, presented as examples, are demonstrated
in closely related vehicle routing problems, highlighting their broader applicability and
their methodological relevance to the STSP context:

1. Sampling-Guided GA/ACO Hybrids: Monte Carlo-based fitness evaluation coupled
with local 2-opt or 3-opt has proven effective on PTSP benchmarks;

2. Adaptive Large-Neighborhood Search: Luo et al. propose an adaptive large neighbor-
hood search heuristic to address a vehicle routing problem with stochastic demands
and weight-related costs [95]. The method includes dynamic programming to evaluate
expected route costs and is validated on 84 benchmark instances;

3. Joe et al. [96] introduce a novel hybrid metaheuristic for dynamic vehicle routing
problems with time windows and uncertain customer demands, formulated as a
route-based Markov Decision Process. Their approach, DRLSA, combines deep-
reinforcement learning, specifically temporal-difference learning with experience
replay, with a simulated annealing-based heuristic. This integration allows for near-
instantaneous re-routing decisions in highly dynamic environments, achieving su-
perior performance over standard Approximate Value Iteration (AVI) and Multiple-
Scenario Approach (MSA), particularly when the degree of dynamism exceeds 0.5;

4. Wang et al. [97] propose a distributively robust optimization model for the Vehicle
Routing Problem with Uncertain Customers (VRPUC), leveraging historical data to
identify uncertain customer sets. Their approach integrates robust and stochastic
paradigms via a cross-moment ambiguity set to minimize the Essential Riskiness
Index (ERI), aiming to reduce both the likelihood and severity of vehicle overload.
The resulting mixed-integer semidefinite programming model is solved through a
branch-and-cut algorithm with a callback mechanism to enforce positive semidef-
initeness. Experimental results show this hybrid method outperforms traditional
stochastic programming approaches in express logistics settings.

3. Traveling Salesman Problem with Drones (TSP-D)
In this section, we focus on the main topic of this review: theTraveling Salesman Prob-

lem with Drones (TSP-D). This extension of the classical TSP integrates aerial drones with
ground vehicles, enabling the optimization of routing by leveraging the complementary
strengths of both systems. As a result, faster deliveries and enhanced operational flexibility
are achievable, making TSP-D highly relevant for addressing the challenges of modern
logistics and distribution networks.

TSP-D is gaining significant popularity in all of it forms [98]. It models the coordinated
operation of a ground vehicle carrying one or more drones. While the truck follows a
classical tour, the drone(s) can be launched at customer i and retrieved at customer j (i ̸= j),
provided that endurance, launch/retrieval times and synchronization constraints are re-
spected [99]. Typical objective functions are (1) min–sum, minimizing the total completion
time of the last returning vehicle, and (2) min–max, minimizing the longest individual route.
TSP-D formulations vary depending on the drone/truck coordination protocol and physical
limitations of the delivery system. A standard setting assumes (i) a single truck (ground
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vehicle) and one or more drones; (ii) drones are launched and retrieved at designated nodes;
(iii) both truck and drone may travel simultaneously; (iv) drones operate within a fixed
flight endurance or range.

The problem can be formulated as follows: let G = (V, E) be a complete graph with
the cost matrix C. Each drone sortie is modeled as a triple (i, j, k), where the truck launches
a drone from node i, continues to node j, and picks up the drone at node k. A sortie is
feasible if:

tdrone(i, k) + si + sk ≤ τ, (4)

where τ is the drone endurance and si, sk are launch and recovery service times. Synchro-
nization requires the truck to arrive at k no later than the drone. Figure 9 illustrates a TSP-D
instance with a single truck and a single drone, where the truck follows a route visiting
customers 1 to 5, while the drone is launched at customer 1, serves customer A and is
retrieved at customer 2.

Depot

1

2

3

4

5A

B

C

5

6

4

7

5

8

3

3

1

6

3

5

Depot

Truck-visited customer

Drone-served customer

Truck path

Drone flight

Figure 9. Illustration of a TSP-D instance with a single truck and a single drone. The truck follows a
route visiting customers 1 to 5, while the drone is launched at customer 1, serves customer A, and is
retrieved at customer 2. The dashed red lines represent the drone’s flight paths, while the solid black
lines represent the truck’s route.

3.1. Problem Variants

TSP-D has several practical variants, each of which introduces specific complexities
and reflects different operational priorities. While the base TSP-D often considers one truck
and one drone (sometimes called FSTSP), extensions involve multiple drones (mTSP-D)
operating from a single truck, or even multiple trucks each potentially carrying drones
(VRPD) [100]: Single vs. Multiple Drone TSP-D. Coordinating multiple drones increases
the potential for parallel deliveries but significantly increases routing complexity, requiring
sophisticated synchronization and task allocation strategies to avoid conflicts and optimize
fleet utilization [101,102]. Another important modeling dimension concerns the choice of
objective function, particularly the contrast between min–sum vs. min–max formulation.
The choice of objective function critically impacts the resulting routes. Minimizing the
makespan (a min–max objective focusing on the completion time of the last vehicle) priori-
tizes speed of service completion [103]. Conversely, minimizing total operational cost (a
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min–sum objective considering factors like fuel, energy, and distance) prioritizes efficiency.
These objectives can lead to different operational strategies; for instance, minimizing cost
might not yield the fastest overall delivery time [104].

Uncertainty is another critical challenge, addressed in stochastic TSP-D variants. Stochas-
tic variants model randomness in factors like drone flight times (due to weather, especially
wind), battery consumption rates, or even unexpected customer unavailability [105,106].
Addressing this uncertainty requires advanced optimization techniques, such as chance
constrained programming, which limits the probability of violating operational constraints
(such as vehicle or drone capacity) [107], or robust distributional approaches. Develop-
ing exact solution methods like branch-and-cut-and-price for these stochastic problems
presents significant challenges, particularly when considering correlations between uncer-
tain parameters [107].

Finally, battery management is central to many TSP-D variants, given the strict en-
durance limits of drones. Several models incorporate explicit battery swapping or recharg-
ing strategies [108,109]. In some cases, drones may return to trucks or dedicated stations
not only to pick up new packages but also to replace or recharge batteries [110]. Optimiz-
ing the timing and location of these operations adds another layer of complexity to the
routing problem, and the choice between swapping and recharging can have significant
implications for both total time and environmental impact [109].

3.2. Solution Techniques and Metaheuristics

The combinatorial complexity inherent in the TSP-D, arising from the coupled routing
and scheduling decisions for both the truck and drone(s), significantly surpasses that of
the classical TSP. Consequently, while exact methods based on mathematical programming
are crucial for providing structural insights and solving smaller instances to optimality,
heuristic and metaheuristic approaches dominate the literature for tackling problems of
practical scale [111,112].

3.2.1. Exact Methods and Decomposition

Mixed-Integer Linear Programming (MILP) formulations provide a rigorous frame-
work for modeling TSP-D variants [113,114]. These typically involve constraints to manage
vehicle routing, drone sortie feasibility (including endurance limits), and intricate truck–
drone synchronization requirements. Recently, Boccia et al. [115] introduced an arc-based
MILP formulation for the Flying Sidekick TSP (FS-TSP), avoiding big-M constraints and
using a polynomial number of variables. They developed a branch-and-cut algorithm
that exploits vehicle coordination inequalities and drone endurance-based variable fixing
strategies, achieving optimal or improved results in many instances previously unsolved
in the literature. To enhance computational tractability for larger instances, decomposition
techniques are frequently employed. Branch-and-price algorithms, based on set parti-
tioning formulations, have shown promise by decomposing the problem into a master
problem coordinating routes/sorties and a subproblem generating feasible truck paths and
drone operations [116]. Other approaches include Benders decomposition and tailored
branch-and-cut algorithms incorporating problem-specific valid inequalities [117]. Despite
these advances, obtaining provably optimal solutions for medium-to-large TSP-D instances
within reasonable time remains a significant computational challenge.

3.2.2. Heuristic and Metaheuristic Strategies

Given the limitations of exact methods, researchers have turned to a spectrum of
heuristic and metaheuristic algorithms for TSP-D. The most straightforward belong to the
family of constructive two-phase heuristics: they first compute an (almost) optimal truck-
only TSP tour, then they greedily weave in feasible drone sorties where the marginal benefit
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is positive, often polishing the result with quick local refinements [113]. Although this
sequential strategy is extremely fast, it explores only a narrow slice of the solution space
(truck and drone decisions remain largely decoupled), so substantial improvements may
still be left on the table. To achieve higher-quality solutions, numerous metaheuristics have
been adapted or specifically designed for TSP-D. Key considerations included are:

1. Solution Representation, as encoding a TSP-D solution effectively is a non-trivial task.
Strategies include multi-component representations (e.g., separate sequences for truck
nodes and drone assignments) [46], integrated permutations where special markers
might denote drone operations, or graph-based representations;

2. Neighborhood Structures and Operators: operators must be designed to navigate the
complex solution space, including moves that modify the truck’s path (e.g., 2-opt,
Or-opt adapted for drone impacts), reassign customers between truck and drone,
change drone launch/rendezvous nodes, or optimize drone sortie timings [114].

Specific metaheuristics applied include Genetic Algorithms (often hybridized with
local search) [46,118,119], Simulated Annealing [109,120,121], Tabu Search, Ant Colony Op-
timization [122], and notably Adaptive Large Neighborhood Search (ALNS) [117]. ALNS,
leveraging sophisticated destroy and repair operators tailored to TSP-D constraints, has
proven particularly effective for various drone routing problems. Recognizing that no
single metaheuristic is universally excellent, hybrid approaches combining algorithmic
components are prevalent. Common examples include embedding local search within
population-based frameworks, Memetic Algorithms [123], (see [124] for a comprehensive
review of MAs), integrating GRASP with path-relinking [125,126], or combining different
neighborhood search paradigms (e.g., VNS). Matheuristics that integrate exact optimiza-
tion techniques (like MILP solvers for subproblems) within a heuristic framework (e.g.,
using MILP to optimize drone sorties for a fixed truck path within an ALNS iteration)
represent a powerful new trend for obtaining high-quality solutions [127,128]. In particular,
for routing/drones, some notable works regarding matheuristics can be found in [114,129].
The development and comparative analysis of these different solution strategies remain
an active area of research, driven by the need for scalable and effective algorithms for
increasingly complex drone-assisted logistics scenarios.

3.2.3. TSP-D Benchmark Instances

Unlike the classical TSP, which benefits from the long-established TSPLIB suite, bench-
mark standardization for TSP-D is still evolving. The earliest test beds were proposed by
Murray and Chu [113], who introduced small FSTSP instances derived from TSPLIB node
coordinates. Agatz et al. [114] subsequently contributed structured Euclidean instances for
systematic evaluation of optimization approaches. A major step toward standardization
was achieved by Dell’Amico et al. [130], who released an open benchmark set with proven
optimal solutions for several problem settings; this collection has since become the de facto
reference for both exact and heuristic comparisons. For the 2021 Amazon Last-Mile Routing
Research Challenge, Merchán et al. [131] published 9184 asymmetric routing instances
derived from real delivery van routes across the United States, including GPS coordinates,
service times, and driver-chosen sequences [132]; although originally designed for the
VRP, these instances can be adapted for TSP-D studies by selecting customer subsets and
introducing drone sortie constraints. Despite these contributions, no unified TSP-D bench-
mark library analogous to TSPLIB exists yet, and many studies still rely on ad hoc instance
generators, which complicates cross-study comparison and reproducibility.
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3.2.4. Most Effective Algorithmic Approaches

Among the wide range of metaheuristics applied to TSP-D, certain algorithmic fam-
ilies have consistently achieved superior results. Adaptive Large Neighborhood Search
(ALNS) has emerged as one of the most effective frameworks, owing to its ability to
accommodate the complex destroy-and-repair operators needed for joint truck–drone
scheduling; the work by Mara et al. [117] demonstrated strong performance on the FSTSP
with multiple drops. Hybrid Genetic Algorithm approaches, which combine genetic op-
erators with problem-specific local search, have also proved competitive: the GA + ACO
hybrid by Gunay-Sezer et al. [133] improved several best-known TSP-D solutions. More
recently, the Iterative Chainlet Partitioning (ICP) algorithm by Lee et al. [134], which
models the truck–drone tour as chainlets and employs dynamic programming within
a ruin-and-recreate metaheuristic, improved the state-of-the-art by an average of 2.6%
across 1249 public instances while reducing CPU time by roughly 91%. On the exact
side, the branch-and-cut algorithm proposed by Boccia et al. [115] closed bounds for sev-
eral previously unsolved FSTSP instances. Two-phase constructive heuristics (TSP-first,
drone-assignment second) [113], while less sophisticated, remain competitive baselines
due to their simplicity and speed. Overall, the most effective approaches tend to combine
constructive and improvement phases, exploit problem-specific neighborhood structures,
and integrate exact subproblem solvers within heuristic frameworks (matheuristics).

3.3. Practical Applications and Deployment

Thanks in part to steady progress on air-worthiness standards (e.g., the U.S. FAA’s Part
135 certification for package-delivery drones) and growing public acceptance, a number
of truck–drone systems have moved from laboratory studies to live operations. These
deployments provide valuable evidence that the theoretical benefits captured by TSP-D
models translate into meaningful real-world gains chiefly as faster cycle times, lower cost
per stop, and substantial CO2 savings when drones replace short van hops.

In discussing last-mile parcel delivery, a relevant example is provided by Amazon
Prime Air: following the FAA’s approval for Beyond Visual Line of Sight (BVLOS) opera-
tions in June 2024 [135], Amazon expanded its drone delivery services in College Station,
Texas, and announced plans for a new hub in San Antonio, aiming to achieve same-day
delivery of packages weighing up to 3 kg [136,137]. These developments are documented in
environmental assessments published by the Federal Aviation Administration (FAA), which
detail the operational parameters, safety measures, and logistical frameworks supporting
drone integration into last-mile delivery networks [136,137]. Although Amazon’s current
model primarily focuses on direct drone deliveries without a truck moving alongside,
the logistics behind drone launching, scheduling, and synchronization are conceptually
very similar to TSP-D models, where coordination between trucks and drones is optimized
to minimize overall delivery time.

Alphabet’s Wing (Walmart & Wing) began drone delivery operations for Walmart in
the Dallas-Fort Worth (DFW) metroplex in August 2023, initially serving approximately
60,000 households. In early 2025, Wing had completed over 75,000 deliveries in the Dallas
area, maintaining an average flight time from takeoff to delivery of 3 min and 27 s. Walmart
announced plans to expand drone delivery services to up to 75% of the DFW population,
covering approximately 1.8 million households [138–140].

Another real-world application where the TSP-D accurately models operational logis-
tics is the medical supply chain. Since 2019, UPS’s drone subsidiary, UPS Flight Forward,
in partnership with Matternet, has operated daily drone deliveries of medical specimens
at WakeMed Hospital in Raleigh, North Carolina [141]. Building on this success, similar
drone-enabled logistics loops have been launched in Florida and California, notably at UC
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San Diego Health, to expedite the transport of lab specimens, supplies, and documents
between campuses [142]. In these systems, fixed hubs, such as hospitals, serve as launching
and receiving points for drones, effectively combining ground-based staging with aerial
sorties, a main characteristic of the TSP-D framework. Typical transport cycles cover 5–9 km
in less than 10 min, achieving delivery speeds approximately three times faster than courier
vans operating in urban traffic.

4. Metaheuristic Approaches for TSP
A diverse set of metaheuristic approaches are investigated in this section, crafted to

tackle the NP-hard nature of the Traveling Salesman Problem and its extensions. Meta-
heuristic methods provide effective and scalable alternatives when exact algorithms become
computationally prohibitive [143].

4.1. Metaheuristic Algorithms

Metaheuristics drive virtually all state-of-the-art results on medium-to-large TSP in-
stances because they offer a pragmatic balance between solution quality and computation
time. In broad strokes, they combine exploration, i.e., searching new regions of the solution
space, with exploitation, i.e., intensifying the search around high-quality tours, through
carefully designed move operators, adaptive parameters, and memory structures. The fol-
lowing subsections review the “classical five” single-method families and then survey the
growing body of hybrid schemes that blend their strengths.

Metaheuristics for permutation problems like TSP typically share four components:
(1) solution encoding (usually a direct permutation or path representation); (2) generator of
neighboring tours (e.g., 2-opt, 3-opt, or Or-opt); (3) a selection rule that decides whether
a neighbor is accepted; and (4) optional long-term feedback such as adaptive cooling,
pheromone trails, or Tabu memories [144]. Runtime is dominated by evaluating edge ex-
changes, so incremental cost updates and candidate-list pruning are crucial implementation
tricks [145,146]. Recent surveys [147] emphasize that parallelism [148], adaptive parameter
control [149] and problem-specific neighborhoods [11] remain the most effective avenues
for improvement across essentially all metaheuristics. In the following paragraphs, we will
explore how classic metaheuristics work concerning the TSP problem.

4.1.1. Genetic Algorithms (GAs)

GAs encode a tour as a chromosome and evolve it through selection, crossover and
mutation. Modern variants use specialized operators such as Edge-Assembly Crossover
(EAX) [123], which preserves high-quality subtours, and self-adaptive restart strategies.
Recent multi-operator GAs have achieved new best solutions in several TSPLIB instances by
mixing four crossovers and embedding local 2-opt search after every generation [150,151].
For larger problems, hybrid GA frameworks remain competitive in min–max mTSP [46]
and in time-dependent or release-date extensions [152,153].

4.1.2. Tabu Search (TS)

Tabu Search (TS) iteratively explores the best non-Tabu neighbor while forbidding or
penalizing recently visited moves to prevent cycling. Early TSP-specific milestones include
Glover’s ejection chains [154] and the Johnson–McGeoch case study [155]. More recent
TS algorithms incorporate geometric sparsification to prune long edges based on angular
metrics [156] and employ adaptive Tabu tenures for dynamic environments.

4.1.3. Ant Colony Optimization (ACO)

ACO uses a colony of artificial ants to build tours probabilistically according to
pheromone trails [157] reinforced on short edges. The original Ant System and its refine-
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ment, Ant Colony System (ACS), produced near-optimal solutions on standard benchmarks
with only a few dozen ants [42]. Improvements focus on max–min pheromone limits [158],
candidate lists, and 2-opt-based local search [159]. A recent study by Tang et al. [49]
introduces an adaptive Ant-Colony system that adjusts the state-transition and pheromone-
update rules and applies selective 2-opt, reporting the Percentage Error (PE) ≤ 1% and
Err ≤ 2%, across 45 TSPLIB instances. For large Euclidean TSPs, CPU-oriented ACO
variants and GPU-aware implementations deliver strong performance at scale. On the CPU
side, Skinderowicz [160] introduced Focused ACO (FACO), a refinement of the Max–Min
Ant System (MMAS) [158], which achieves subpercent gaps to the best-known tours on
very large instances while keeping runtimes practical on commodity multicore hardware.
On the GPU side, a warp-specialized Ant Colony System accelerates solution construction
(with a static–dynamic balanced candidate-set strategy) and pheromone updates, yielding
substantial speed-ups over prior GPU ACS baselines (with competitive tour quality) [161].
Complementing this, Dawson and Stewart [162] parallelize the candidate-set (candidate-
list) mechanism on GPUs and report up to an order-of-magnitude speed-up while preserv-
ing solution quality. Overall, these results show that both the design of architecture-aware
algorithms (CPU/GPU) and parallelization of key ACO data structures (such as candidate
lists) can scale ACS-style methods to very large TSP instances without sacrificing accuracy.
For the drone-assisted variant, Gunay-Sezer et al. [133] presented the first GA + ACO
hybrid that improves several best-known TSP-D solutions, and Dell’Amico et al. [130]
provided the standard open benchmark set with proven optimal tours.

4.1.4. Particle Swarm Optimization (PSO)

Although classical PSO operates in a continuous space, several discrete encodings such
as swap-sequence, edge exchange, or random-key representations have been successfully
adapted to the TSP. Wang et al. (2023) [163] introduced a discrete PSO variant tailored for
the TSP, demonstrating that PSO can be effectively reformulated for combinatorial contexts
by redefining position and velocity operators accordingly. Additionally, Wu (2020) [164]
conducted an empirical comparison of PSO, GA, and ACO on TSP instances, showing that
PSO’s performance aligns closely with that of GA on medium-sized Euclidean problems.

4.2. Benchmark Instances

A fair comparison between metaheuristics is based on two crucial aspects: (1) selection
of representative test instances; and (2) choice of robust quantitative metrics to evaluate
performance. This section reviews the benchmark libraries that have become standard in
TSP research.

Reinelt’s TSPLIB is de facto the standard suite for symmetric and asymmetric TSP
and related problems such as the Hamiltonian circuit [165] problem and vehicle-routing
problem (CVRP) (The official mirror is maintained at http://comopt.ifi.uni-heidelberg.de/
software/TSPLIB95/, accessed on 9 november 2025).

TSPLIB groups instances based on structural properties (EU = Euclidean; CEIL = rounded
Euclidean; GEO = great-circle; etc.) and size (14–85,900 nodes). Exact optimal tours are known
for every instance, which makes TSPLIB indispensable as a “sanity check” for new algorithms.
A recent community effort added “hard” Euclidean instances that force Concorde to run
orders of magnitude longer than on classic TSPLIB cases; Hougardy’s public release [166]
provides ready-to-use files up to 200 nodes and a generator for larger sizes.

4.2.1. n-TSP Synthetic Sets

Learning-based solvers rarely train on TSPLIB because the number of distinct instances
is too small. Instead, they rely on large corpora of random Euclidean instances generated
by sampling n points uniformly in the unit square. The community convention is to
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label these sets TSPn, where n is the corresponding number of nodes (e.g., TSP20, TSP50,
TSP100, etc.). Kool et al. released one million training cases and made the generator open
source, which has become the default in ICLR/NeuroIPS articles on neural combinatorial
optimization [167]. Because optimal tours are unknown for n > 100, researchers report
the gap to Concorde’s solution or the best-known tour after a time limit. Beyond routing-
specific benchmark libraries, synthetic weighted benchmarks have also been proposed in
the metaheuristics literature to study the behavior of stochastic search processes under
controlled conditions [168].

4.2.2. Real-World Data

Researchers are increasingly testing on geospatial or application-specific instances that
capture road-network distances; UAV energy models; PCB drills; or genome ordering. Exam-
ples include:

• 24,978-city Sweden tour (https://www.math.uwaterloo.ca/tsp/sweden/index.html,
accessed on 1 March 2026); the 15,112-city Germany tour (https://www.math.
uwaterloo.ca/tsp/d15sol/index.html, accessed on 1 March 2026); and other country-
wide instances;

• PCB/VLSI drilling data: classical TSPLIB files such as pcb442, pcb1173, and the
102-instance VLSI suite model tool-head moves when drilling or etching circuit boards
and wafers; they span 131 to 744, 710 nodes and are still widely used in metaheuristic
studies [75,169];

• Last-mile logistics zones: the 2021 Amazon Last-Mile Routing Research Challenge
opened 9184 asymmetric TSP/VRP instances derived from real van routes, complete
with GPS coordinates, service times, and driver-chosen sequences [131,132]. Sim-
ilar GIS-extracted data sets now appear in studies on drone-enabled delivery and
urban micro-fulfilment.

Unlike TSPLIB, these data often lack certified optima; therefore, comparative studies
must rely on relative indicators (see Section 4.3).

Synthetic Euclidean sets are invaluable for controlled experiments: they allow system-
atic scaling in n and admit fast distance lookups, but they gloss over domain peculiarities
such as asymmetry, forbidden edges, or clustered customer patterns. A balanced benchmark
campaign therefore should be as follows: (i) validate the algorithm on TSPLIB (guaranteed
optima); (ii) stress-tests on large synthetic n-TSP data (scalability); and (iii) demonstrate
applicability on at least one domain-specific real instance set (external validity). Table 2
reports and summarizes the widely used benchmark data sets for the TSP.

Table 2. Widely used benchmark data sets for the Traveling Salesman Problem (TSP). SYM = symmet-
ric distances, ASY = asymmetric distances.

Dataset Nodes n Type Ref. Algorithms Commonly Tested

TSPLIB 95 14–85,900 SYM/ASY [165] Concorde, LKH, GA, ACO, SA
Hard Euclidean TSPLIB ≤200 (gen.) SYM [166] Concorde, LKH
Random Eucl. n-TSP 20–100 test (1 M) train SYM [167] Attention Model, POMO, RL-TSP
VLSI/PCB suite (102) 131–744,710 SYM [169] LKH, ACO, large-scale heuristics
World TSP 1,904,711 GEO distance [170] LKH (record tour), D&C
GalaxyTSP 1.69 × 109 SYM [171] ML-guided D&C + LKH
DIMACS TSP Challenge up to 10,000,000 SYM [172] Concorde, CLK, LKH

4.3. Performance Metrics

In evaluating the performance of metaheuristic algorithms for TSP and its variants,
several quantitative metrics have emerged as standard measures, such as:
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• Best Known Solution (BKS): the shortest tour length L(BKS) currently found in literature,
or the one returned by Concorde given a generous time limit;

• Optimality Gap: let L be the length of a candidate tour. Then, the optimality gap is
given by:

Gap (%) = 100
(

L − LBKS

LBKS

)
. (5)

Gaps should be averaged over an entire class of instances (e.g., all EUC-2D problems
with n ≤ 1000) and accompanied by the standard deviation;

• Time-To-Target plots (TTT-plots): the wall-clock time required to hit a fixed gap thresh-
old (often 0% or 0.1%). Reporting TTT curves conveys the anytime behavior of
metaheuristics more faithfully than a single “final” gap;

• Robustness Across Seeds: stochastic algorithms must quote the number of independent
runs r; mean µL; and standard deviation σL (or coefficient of variation) of tour lengths.
A low σL value indicates stable performance; a high σL value suggests reliance on
lucky random choices;

• Success rate: proportion of runs that reach the target gap within the cut-off time. This
is particularly informative for hard TSPLIB or adversarial instances;

• Memory and energy: for ML-based solvers, peak GPU memory and average power
draw are increasingly reported, supporting green-AI comparisons.

5. Integration with Machine Learning and Other Techniques
Recent work has shown that data-driven components can complement or in some

cases replace hand-crafted metaheuristics for the TSP and its variants. Deep neural net-
works now build high-quality tours in milliseconds; reinforcement learning modules steer
neighborhood search; and quantum or language model tools provide additional accel-
eration or human-readable insights. This section reviews the main directions, grouping
them into two issues: (1) machine learning enhancements in classical optimization; and
(2) emerging hardware and generative AI techniques.

5.1. End-to-End Neural Solvers

Pointer networks marked the first end-to-end model for tour construction, and recent
works have extended this paradigm using graph attention mechanisms and reinforcement
learning for dynamic tour refinement [173]. A more recent structure-aware Transformer
augments standard attention with closeness-centrality and spatial encodings; when trained
with policy-gradient RL, it achieves mean deviations of 0.03%, 0.16%, and 1.13% from
Concorde in 20, 50, and 100 node Euclidean instances, respectively, with inference times
around 17 ms for TSP20 and under 85 ms for TSP100 [174]. Moving beyond supervised or
RL-based training, the UTSP framework (Unsupervised Learning for TSP) learns a graph
neural network with a surrogate cycle-consistency loss and filters its edge heat-map with
local 2-opt; it outperforms previous learned heuristics on the same testbed while using only
10% of their parameters and 0.2% of the training data [175].

5.2. Learning-Enhanced Hyper-Heuristics

Bouazza’s [176] 2024 survey processes a corpus of 963 hyper-heuristic (HH) papers
with text-mining to map the field and proposes a compact three-axis taxonomy: whether
the high-level heuristic (HLH) selects or generates low-level heuristics; whether the search
is constructive or perturbative; and whether learning feedback is absent, offline, online or
mixed. It shows that the selection HHs now vastly outnumber generation HHs and that
reinforcement-learning variants, especially Q-learning, Deep Q-Networks and large-state
RL with GNN embeddings, dominate modern implementations across scheduling, rout-
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ing, packing and warehouse domains. Rule-generation studies are fewer but highlight
interpretable or data-efficient models such as decision tree, random forest and deep sym-
bolic regression policies for dispatch rules and knapsack scoring. The review also tracks
emergent themes: deeper ML integration; multi-objective evolutionary HHs; and trans-
lation of methods into real-world logistics and industrial testbeds. Finally, it identifies
unresolved barriers, namely scalability on large instance sets, cross-domain generalization,
and the need for explainable policies, which it argues will drive next-generation research
toward distributed inference, transfer/meta-learning and transparent RL controllers. A
very recent contribution by Lee et al. [134] introduces the Iterative Chainlet Partitioning
(ICP) algorithm for the Traveling Salesman Problem with Drone and a graph-neural “neuro”
acceleration (NICP) that fits naturally within a ruin-and-recreate metaheuristic. ICP models
the truck–drone tour as a sequence of launch–rendezvous “rings”, which are grouped into
overlapping chainlets. At each iteration, the chainlet with the highest predicted gain is
selected and re-optimized using a dynamic programming subroutine (TSP-ep-all), while
the rest are cached for reuse. A theoretical bound ensures that beyond the initial iteration,
at most 25 subroutine calls are required, yielding in a total work that scales linearly in
the number of customers. Across 1249 public TSP-D instances, ICP improved the state-of-
the-art by an average of 2.6% while reducing CPU time by 91.3%. Replacing expensive
subroutine calls with a graph-transformer predictor leads to Neuro-ICP, which cuts runtime
by a further 28.6% at the cost of just 0.14% in solution quality because each move is still
certified by an exact partitioner.

5.3. Dynamic and Stochastic Settings

Deep RL is especially attractive when travel times or customer sets change online.
Chen et al. [177] propose an actor–critic framework based on a Dynamic Graph Temporal
Attention model (DGTA-RL) for the Dynamic Traveling Salesman Problem with Time-
Dependent and Stochastic travel times (DTSP-TDS). Their architecture encodes evolving
travel time distributions via a multi-head dual-attention mechanism and a temporal pointer
decoder, achieving near real-time decisions under uncertainty. Experiments show that
DGTA-RL consistently outperforms rolling baselines and prior RL methods in both quality
and runtime, with strong generalization to unseen instances. Zhang et al. [178] address
the DTSP and its pickup-and-delivery variant using a dual encoder–decoder architecture
that separately models traffic dynamics and customer updates. One encoder handles time-
dependent travel costs, while the other re-encodes the environment after each customer
visit. Their policy-gradient agent, tested on real-world Beijing traffic, yields high-quality
routes with millisecond-level inference and outperforms both rolling baselines and dynamic
programming. Konovalenko and Hvattum [179] studied a dynamic vehicle routing problem
(DVRP) where customer orders arrive stochastically and must be accepted or rejected in
real time. They frame the DVRP as a Markov Decision Process and train a Proximal Policy
Optimization (PPO) agent. Through controlled experiments, they show that enriching the
state space with spatial and derived features, such as distance-to-order and load-demand
ratios, improves rewards significantly, while careless feature expansion (e.g., redundant
one-hot encodings) hinders learning. While dynamic and stochastic settings emphasize
real-time adaptation through learning-based policies, a complementary line of research
explores how exact optimization methods can be hybridized with algorithmic or learning
components to enhance performance on structured, static variants of drone-enabled routing
problems. In the following, we present some relevant works.
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5.4. Hybrid Exact Learning Approaches

Montemanni and Dell’Amico [180] introduced the first constraint programming (CP)
model for the Parallel Drone Scheduling Traveling Salesman Problem (PDSTSP), a bi-agent
routing problem where a truck and multiple drones operate in parallel from a central
depot. Implemented using Google OR-Tools CP-SAT and parallelized over eight threads,
the solver closes all 720 benchmark instances with 10–20 customers within 180 s and
establishes the first exact solutions for several larger TSPLIB-derived cases. For three
instances, it improves the best-known upper bounds by up to 15%. Compared to MILP-
based solvers, the CP model exhibits strong parallel scalability and proves optimality
where previous methods returned only heuristic results. The authors highlight constraint
programming as a promising and underutilized tool for drone–truck coordination.

Boccia et al. [115] propose a new arc-based MILP formulation for the Flying Sidekick
Traveling Salesman Problem (FS-TSP), which models a hybrid delivery system that involves
one truck and one drone. Their formulation avoids big-M constants and time-indexed
variables, instead relying on a compact three-index model with polynomial growth in
variables. To enhance solver performance, they designed a Branch-and-Cut algorithm incor-
porating several classes of valid inequalities (targeting infeasible sorties and coordination
gaps) as well as variable fixing strategies based on drone endurance. Experiments on stan-
dard benchmarks show that the method improves or closes bounds for several previously
unsolved instances, outperforming prior formulations in both quality and runtime.

Cheng et al. [181] address the passenger-and-parcel Share-A-Ride Problem with
Drones (SARP-D), where demand-responsive buses equipped with autonomous drones
coordinate the transport of both passengers and packages. The problem is formulated
as a mixed-integer nonlinear program (MINP) that models synchronized drone launches
during passenger boarding and alighting. To scale to real-world sizes (up to 200 requests),
the authors developed an adaptive large neighborhood search (ALNS) metaheuristic that
dynamically selects destroy and repair operators, guided by a time-slack strategy and
simulated annealing acceptance. Outcomes show that the algorithm produces high-quality
solutions efficiently, supporting urban multi-modal logistics with soft time windows and
energy constraints.

Bruni et al. [182] developed a logic-based Benders decomposition (LBD) algorithm
for the Multi-Trip Traveling Repairman Problem with Drones (MTRPD), where a single
truck and multiple drones collaborate to minimize customer waiting times. The prob-
lem is tackled as a mixed-integer linear program over an extended graph, allowing each
drone to perform multiple trips launched from arbitrary truck stops. The LBD approach
decouples truck routing (master problem) from drone scheduling (subproblem) and it-
eratively adds cuts based on trip feasibility. The algorithm solves instances with up to
25 customers and outperforms standard CPLEX models by up to an order of magnitude,
demonstrating how decomposition-based exact methods can manage the combinatorial
complexity of synchronized drone–truck operations. As algorithmic advances continue
to push the frontier of drone-enabled optimization, emerging research also explores how
novel hardware platforms and generative AI tools can unlock further gains in scalability,
realism, and interactive solution design.

5.5. Emerging Hardware and Generative Tools

Ciacco et al. [183] explore the potential of quantum annealing (QA) to solve the Steiner
Traveling Salesman Problem (STSP), a variant of TSP where non-mandatory “Steiner” nodes
may be traversed to reduce overall travel cost. The authors formulate the problem as an
integer linear program (ILP) and then convert it into a Quadratic Unconstrained Binary
Optimization (QUBO) model suitable for quantum devices. To address the scalability
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bottleneck of current QA hardware, they developed a preprocessing method (PMRA) that
significantly reduces the problem size by pruning redundant arcs and disconnected nodes.
The reduced QUBO (RQUBO) formulation is tested on both D-Wave’s QPU and LeapBQM
hybrid solver. Results show that PMRA enables the quantum models to outperform their
unreduced counterparts in both solution quality and runtime, with LeapBQM achieving a
55% lower cost on average compared to the standard formulation. This study represents
the first known application of QA to the STSP and underscores the promise of hybrid
classical-quantum solvers for complex graph-based routing problems.

Ramezani et al. [184] propose novel quantum encoding for the Traveling Salesman
Problem (TSP) that reduces the required qubit count from the conventional n2 to nlog2n,
enabling more efficient deployment on current Noisy Intermediate-Scale Quantum (NISQ)
devices. Built within the Quantum Approximate Optimization Algorithm (QAOA) frame-
work, their method replaces position-based binary variables with logarithmic city encodings
and formulates a corresponding Hamiltonian that preserves solution feasibility. Simula-
tion experiments on 4-city TSP instances show that this compact encoding outperforms
the standard one across multiple metrics, including approximation ratio, rank, and true
solution probability, while reducing quantum resource requirements. Although gate com-
plexity increases in theory, the lower qubit demand makes the method promising for
real-world quantum processors, paving the way for more scalable quantum optimization
in the NISQ era.

Wang et al. [185] propose DEITSP, a diffusion-based non-autoregressive (NAR) solver
for the Traveling Salesman Problem that balances high-quality solutions with fast infer-
ence. Unlike standard denoising diffusion models that simulate lengthy Markov chains,
DEITSP performs direct one-step denoising through a self-consistency-enhanced training
regime. A novel dual-modality graph Transformer jointly encodes node and edge features
to improve structural reasoning, while an efficient iterative strategy alternates between
adding and removing noise to enhance solution diversity. The model supports config-
urable iteration steps to trade off quality and latency. Across 20–1000 node TSP instances
and real-world maps, DEITSP outperforms prior NAR solvers and even competes with
autoregressive methods such as Transformer and POMO, achieving near-optimal results
at a fraction of their runtime. This work demonstrates how diffusion models can scale to
combinatorial settings when tailored to task-specific structure and inference goals.

Basson and Preux [186] introduce IDEQ, an improved diffusion-based neural solver
for the Traveling Salesman Problem that sets new performance records among generative
models. Building on DIFUSCO and T2TCO, IDEQ introduces two key innovations: (1) it
enforces Hamiltonian tour structure during inference via a reconstruction operator and local
2-opt refinement; and (2) it replaces the strict one-tour supervision target with a distribution
over 2-opt equivalence classes to smooth the learning signal. These refinements improve
both convergence and generalization without requiring full retraining. Experiments on
TSPLIB and synthetic benchmarks show that IDEQ consistently outperforms previous
diffusion solvers and achieves optimality gaps of just 0.3% on TSP-500 and 0.5% on TSP-
1000, surpassing even LKH3 on select large instances. The model also exhibits reduced
variance in solution quality and better scalability with problem size, highlighting the
robustness of structure-aware generative design in neural combinatorial optimization.

Masoud et al. [187] explore the use of Large Language Models (LLMs), specifically GPT-
3.5 Turbo, to solve the Traveling Salesman Problem (TSP) via prompting and fine-tuning.
They evaluate zero-shot, few-shot, and chain-of-thought (CoT) prompting strategies, show-
ing that well-crafted prompts can produce valid and reasonably accurate tours for instances
with up to 20 nodes. The authors further fine-tune GPT-3.5 on fixed-size TSP instances
and find that the model generalizes effectively to larger problem sizes. To enhance out-
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put quality without retraining, they introduce a self-ensemble approach that queries the
model multiple times and selects the best result, improving robustness and performance.
The study demonstrates that general-purpose LLMs can exhibit latent combinatorial rea-
soning abilities when paired with careful prompt design and lightweight adaptation.

5.6. Convergence Guarantees of ML-Hybrid Metaheuristics

Despite their strong empirical performance, most ML-hybrid metaheuristics for rout-
ing problems lack formal convergence or optimality guarantees. End-to-end neural solvers
trained with REINFORCE or Proximal Policy Optimization converge to stationary points of
the policy-gradient loss, yet a stationary point may correspond to a poor solution distribu-
tion for the underlying NP-hard combinatorial problem. Caramanis et al. [188] provide the
first positive theoretical result: for a broad class of combinatorial problems including TSP,
they show that polynomial-size generative models exist whose policy-gradient landscape
has no sub-optimal stationary points, and they introduce a regularization procedure that
provably escapes bad stationary regions. However, this analysis applies to carefully de-
signed surrogate models rather than to the Transformer or GNN architectures deployed in
practice. On the empirical side, Liu et al. [189] systematically benchmark neural combinato-
rial optimization solvers on TSP instances of increasing size and show that training-loss
convergence does not imply consistent solution quality: performance degrades markedly
when the evaluation size exceeds the training distribution, and no tested neural solver con-
sistently matches traditional solvers such as LKH-3 across all scales. Manchanda et al. [190]
corroborate this finding, demonstrating that attention-based constructive solvers generalize
poorly to instances even moderately larger than those seen during training. For hybrid
schemes that embed reinforcement learning within a metaheuristic loop (e.g., deep rein-
forcement learning for operator selection in ALNS [191] or graph-neural accelerators inside
ruin-and-recreate frameworks [134]), convergence proofs reduce to classical RL results
(tabular Q-learning converges under infinite exploration, but Deep Q-Networks provide
no finite-time guarantee). In summary, certified optimality or bounded sub-optimality
for ML-augmented routing solvers remains an open theoretical challenge, and bridging
this gap is essential before such methods can be trusted in safety-critical or high-value
logistics applications.

6. Research Gaps and Conclusions
Research on metaheuristics has advanced from their development for the early tour-

improvement tricks for the classical Traveling Salesman Problem to sophisticated hybrids
that tackle large-scale, drone-enabled logistics in real time. However, a fully mature
field-ready toolkit remains just beyond reach because five obstacles still loom: (i) even
the most versatile neighborhoods and self-tuning parameters can falter on adversarial
instances or heavily constrained variants, a sign that quantitative guidance on search-
space exploration and automated configurators is still under-used; (ii) neural and other
learning-driven solvers create high-quality routes in seconds, but their value is blunted by
brittle behavior outside the training regime, opaque decision paths, and a rarely quantified
energy bill; Concretely, attention-based constructive models and RL-trained improvement
operators frequently see optimality gaps double or triple when evaluated on instances
only moderately larger than those in the training set [189,190]; no mainstream neural
solver yet provides worst-case performance certificates analogous to the constant-factor
approximation ratios available for classical heuristics. Equally concerning is the lack of
interpretability: practitioners cannot audit why a learned policy selects a particular drone
launch or truck detour, which limits adoption in regulated logistics environments. Future
work should therefore pursue (a) formal out-of-distribution robustness bounds, (b) post
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hoc explainability layers (e.g., attention-weight attribution or counterfactual analysis),
and (c) standardized energy-cost accounting that reports GPU-hours alongside solution
quality; (iii) drone-assisted formulations idealize operations by treating battery endurance
as constant, ignoring sequential sorties, and omitting regulated air corridors, leaving a
gap between models and practice; In particular, most TSP-D and FSTSP models assume
a fixed flight range independent of payload weight and ambient conditions; even recent
battery-aware studies such as Es Yurek [192] model energy consumption as proportional to
distance, explicitly noting that real-world factors including drone speed, wind, and payload
affect discharge in ways their model does not capture. Furthermore, the predominant
single-sortie paradigm (one launch, one delivery, one retrieval) excludes sequential multi-
delivery sorties in which a drone visits several nearby customers before returning to
the truck; allowing such sorties could significantly increase the utilization of airborne
assets, yet the combinatorial complexity of multi-stop drone routing under dynamic energy
constraints is largely unexplored. Equally neglected are regulatory airspace restrictions:
no-fly zones around airports, hospitals, and critical infrastructure, as well as altitude
ceilings imposed by national aviation authorities, constrain the feasible drone graph but
are rarely embedded in optimization models. Closing this gap requires energy models that
capture weight-dependent, time-varying discharge rates, multi-delivery sortie scheduling
within a single launch–retrieval cycle, and geofence-aware path planning that respects
real-world airspace regulations; (iv) reproducibility is uneven: full code, seed lists, anytime
curves, and shareable real-world instances are not always available, which hinders fair
comparison and cumulative progress; (v) finally, exact and heuristic approaches still form
separate camps; warm-starting exact solvers with heuristic incumbents and, conversely,
steering heuristics with dual bounds offer a promising but mostly unexplored bridge. The
“matheuristic” paradigm, i.e., embedding MILP or constraint-programming sub-solvers
inside a metaheuristic shell, has proved effective in classical vehicle routing [127,128]
but remains rare in TSP-D research. For example, an ALNS framework could delegate
drone-assignment or time-window sub-problems to a MILP solver at each destroy–repair
iteration, exploiting the tight bounds that exact methods provide on small neighborhoods
while the metaheuristic manages the global search. Conversely, heuristic incumbents
can warm-start branch-and-cut or Benders decomposition, drastically pruning the search
tree, as demonstrated by Boccia et al. [115] and Bruni et al. [182] for related drone–truck
coordination problems. Systematically investigating such hybrid exact-heuristic strategies
for TSP-D variants, including the use of column generation with metaheuristic pricing and
logic-based decompositions with learning-enhanced master problems, is a high-priority
direction for the field.

Addressing these challenges will demand algorithms that combine adaptive search
with interpretable learning modules, models that reflect dynamic batteries and regulated
airspace, and a community culture of open data and transparent reporting. Success on those
fronts promises routing solutions that are faster, greener, and more robust, ensuring that the
next generation of metaheuristics keeps pace with the ever-evolving logistics landscape. In
particular, establishing formal convergence and approximation guarantees for ML-hybrid
metaheuristics, designing energy-aware sortie models with realistic battery dynamics,
bridging the exact-heuristic divide through matheuristic decompositions, and enforcing
transparent, reproducible experimental protocols are the most pressing next steps toward
field-ready drone–truck optimization.
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