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1. Introduction

The motivation behind this paper was the recent fundamental enrichment to the functional analysis of
integrodifferential operators. We mainly refer to the pioneering contributions of Luis Caffarelli and Luis
Silvestre who studied the construction of fractional Laplacian operator (—A)®, where 0 < s < 1, from
an extension problem to the upper half space for a specific elliptic partial differential equation [10]. This
operator is considered as an extension of the previously known operator (—A)% and contributed to treat
more problems involving integrodifferential operators.

The first main objective of our work is to introduce a new fractional G-Laplacian operator and its
corresponding function space.

Given an open set 2 C R™,n > 1, this paper is concerned with a new type of fractional Orlicz-Sobolev
space with variable order defined by
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WG Q) = {u e LY(Q // )\|u u(y)|) dady < oo for someX > 0}, (1.1)

|z — yls(“f v ) |z -y

where s :  x Q —]0, 1] is a measurable function and G is an Orlicz function. See section 2 for more details.
This space is a natural extension of the classical fractional constant-order Orlicz-Sobolev space, namely

W (Q) = {u € LY(Q // )\|u$ mE (y)|) dody < oo for some\ > O}.

|z —y|™

Also, the space given in (1.1) is an extension of fractional variable-order Sobolev space with constant
exponent, namely

sOP(Q) — p (y)|?
w (Q) :=que LP( // o — ‘n+ps T sy dady < oo}

Naturally, the space W*():¢(Q) is associated with the new fractional G— Laplacian operator under the
form

CAYOuls) = o o lu@) —uy)|\ w(z) —u(y) dy
()& u(@) == p. 'R[G(|x—y|s<w=y>)|u<x>—u

where G’ is the right derivative of G and p.v. stands for principal value.

The first documented appearance of the concept of fractional order was through papers exchanged be-
tween the two mathematicians Leibniz and L’Ho6pital during the seventeen century in which they discussed
the interpretation of the operators (ﬁ% when « is not integer. The fractional derivative and pseudodifferential
operators with variable order have been discussed and studied by many mathematicians and physicists from
different research areas. In [21], Hartley and Lorenzo first presented the physical motivation toward vari-
able order operators. In particular, some diffusion processes reacting to temperature changes may be better
described using variable order derivatives in a nonlocal integro-differential operator [22]. Xiang et al. [33]
discussed the multiplicity of solutions for variable order fractional Laplacian problems with concave-convex
nonlinearity involving variable exponent. In [7], the authors studied the existence and multiplicity results for
variable-order nonlocal Choquard problems with variable exponents. Choudhuri et al. [12] proved the multi-
plicity of solutions for critical nonlocal degenerate Kirchhoff problems with a variable singular exponent. In
2020, Patnaik et al. [27] gave a review and applications of these type of operators in mechanical engineering,
evolution differential equations, anomalous transport, variable control and mathematical modelling.

Partial differential equations driven by nonhomogeneous operators have been extensively investigated and
received much attention since they can be presented as models for many physical phenomena. As examples,
the field of nonlinear elasticity, plasticity and electro-rheological fluids, see [28-30]. A simple example of
problem with nonhomogeneous operator which illustrates the need for more inclusive classes of function
spaces than W*():P(R") is driven by the following equation

|u(z) —u(y)[?ya-t dy -
R~

The energy functional associated to the Euler-Lagrange equation (1.2) is defined by

W= [[ (1 My el

R2n
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It seems to be difficult to deal with the functional E on the usual fractional variable-order Sobolev space
We()P(R™). Indeed, it is clear that

(1+t%)7—1~ gt? t—0,

(1+t3)9 -1~ t — 00.

When ¢ # 1, neither W*():2(R™) nor W*()-2¢(R") includes the other. Consequently, the functional E is
not well defined on neither of them. The most natural Sobolev space on which E is defined is the fractional
variable-order Orlicz-Sobolev space associated with the Orlicz function G(t) = (1 + ¢?)? — 1.

Let us comment a little more on the motivation of this space. A. Alberico et al. [2] gave sufficient
structural conditions for an embedding theorem of fractional constant-order Orlicz-Sobolev space when )
is a bounded Lipschitz domain, namely

2 ) dz < o0 (1.3)
O/(G(z)) <

and

1/ (G?z)) = dz = oo. (1.4)

Under the conditions (1.3) and (1.4), the authors detected the target space L% (©2) where G'» is the optimal
Orlicz function that plays the role of a critical function in the class of Orlicz functions. Specifically, they
showed the embedding

W=¢(Q) — LY (Q). (1.5)

A natural question is to seek embedding results in the case where s is no longer constant. To this purpose
for more inclusive classes of function space than W*%(Q), we introduce the operator (—A)Z(‘) and its
corresponding Sobolev space. Certainly, some new classes of nonlinear equations will appear. For more
papers on the study of problems involving (—A)Z,, we refer, for instance, to [4,6,8,9,31] for a list of references

and results from the variational analysis and regularity theory.

Let us now describe our results in further details. In this manuscript, we define first the space given in
(1.1). We will study in details its main properties. We prove structural results of these spaces. Precisely,
under the condition:

There exist a > 1 such that

Gl _ G
t S

forall 0 <t <s,

we show that

w > inf {)\ >0: / // )\|:c - ys(iy3|> xdid:jn < 1} (1.6)
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is a quasi-additive functional in W*():¢(Q) and the constant of quasi-additivity is smaller or equal to 8a.
Moreover, under structural conditions “almost-increasing, almost-decreasing”, we prove the relation between
the functional (1.6) and the modular functional

U / (Ju(x)]|)dz + // (y)‘) dzdy
Ix - yI“’(’”’” |z —y|m

Also, we give criteria for which WS(‘)’G(Q) is separable, reflexive and uniformly convex. As far as we know,

it seems to be the first time where fractional Sobolev space W*():G¢(Q) with G following “almost-increasing,
almost-decreasing” structural conditions is introduced. Even in the case where s is constant, we never found
it in the literature. For more information about these properties, see subsection 3.1. For a special case, see

[5].
In [12], the authors established the embedding
WeL2(Q) — L1O(Q), (1.7)

where the variable exponent ¢(.) can be close to the exponent 2*(.) := m Specifically, the function

q(.) follows the conditions:

e q(.):Q — R is continuous and 1 < ¢~ < ¢(x) < ¢* for all z € Q.
o There exists € = ¢(z) > 0 such that

( ) < 2n
sup q(y) < . ,
YEQy, n—2inf(, e, x0, . s(y, 2)

where Q,; . = B.(x) N Q, for z € Q.

This result extends the classical continuous embedding when the order s is constant. Qur main contribution
is the overall to sharp counterparts of the embeddings (1.5) and (1.7). Especially, we prove that our space
WS(')’G(Q) embedded in a large space that includes a Lebesgue space with variable exponent and a Lebesgue-
Orlicz space. Using interpolation arguments and a suitable auxiliary function in our conditions, we guarantee
the stability of the continuous embedding (1.5) when s is constant. Also, we show that our space is related
with Lebesgue-Musielak space. Under the continuity condition of the order function, we give an embedding
theorem that allows us to identify one of the functions that can play the role of a critical function in a class
of Musielak functions. Obviously, this space can raise delicate mathematical questions, in particular, with
regard to the critical function, as well as to the question concerning the target space and whether it can be
determined under the restrictive condition of the order function continuity.

Our abstract results are motivated by the existence of solutions to the following singular elliptic problem:

“AYOuz) = ol iz )L i
(—A) () i( ) (@, | I)|U| | ;n\ﬂ (1.8)

where f’ is a generalized singular term and ¢ is a positive function. See section 4 for more details about
conditions on g and f.

In the recent years, many authors have treated singular elliptic problems with a G-Laplacian operator,
see [11,15], where the authors have used various methods. To the best of our knowledge, this is the first work
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examining singular elliptic equations by using variational arguments combined with the theory of Musielak
functions and Musielak-Lebesgue spaces. Below, we describe the novelty of our equation:

1. It is considered a large class of singular term which includes the singular term of the form f(z,t) = t7(®)
where 0 < v(z) < 1.

2. Related to our approach, we are using new and optimal assumptions on singular term.

3. We are using a new general embedding theorem.

4. We are using new inhomogeneous operators.

Let us present some relevant articles in this approach where the authors used monotonicity arguments,
algebraic calculations on the variable exponent combined with Hélder’s inequality and some properties of
the norm. In [23], Kefi-Saoudi investigated the existence of solutions for the following variable exponent
elliptic equation involving the biharmonic operator, namely

A(JAuP® =2 Au) = g(x)u™ @) 4 Nf(z,u) inQ
Au=u =0 on Jf,
p* (z)
where Q@ C R"(n > 3), g € LrF@+@-1(0), 0 < v < 1 is a continuous function and f is a subcritical
nonlinearity.

The existence of a solution for the fractional Laplacian operator with Kirchhoff term and critical nonlin-
earity has been proved by A. Fiscella [16] who studied the problem

|u(z) —u(y)® =1 e | T

R2n
u =20 in R™\ £,
where €2 is an open bounded subset of R™ with continuous boundary, n > 2s, 0 < s < 1, 2} := n2_”25 and
0<y<Ll

Recently, Bahrouni-Radulescu treated a singular double phase system with variable growth for the
Baouendi-Grushin operator [3], namely

B AT PR = 0y (2 — bz (ol Ol
—Ag(z,)V +[v]9) 2y + [0[PE) =20 = ay(2)v72(3) — b(2)B(2)|u|*@) |v]|# ()2,

with 2 = (z,y) € RY, a1,a2,b,p,q, 8 € C(RY,R), 71,72 : RY —]0,1[ are continuous functions such that
7 <72 and Ag(,,y) stands for the Baouendi-Grushin operator with variable coefficient, which is defined by

n

Aoyt = Z (IVmulq’(I’y)*zuzi)z' + 2] Z (|Vyu|‘1’(w’y)*2uyi)y‘7
=1 B i=1 i

where ® : RNV —]1,00[ is a continuous function and RY ~ R" x R™.

In our case, the situation is more general since we deal with a larger variety of singular terms. This forces
us to use flexible algebraic calculations compatible with these functions.

Organization of paper: In the second section, we recall some properties of Musielak-Lebesgue spaces
and first order Orlicz-Sobolev space. The third section is devoted to proving some properties of the new
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fractional variable-order Orlicz-Sobolev space and finally, in section 4, we present our existence result for
problem (1.8).

2. Preliminaries

The basics on Musielak functions and Musielak-Lebesgue spaces may be found in the monographs [19,
25,26] but we recall here some necessary results. Let 2 be a measurable subset of R™. We denote by L°(£2)
the set of measurable functions on 2. We say that a quasi-normed space X is continuously embedded
into a quasi-normed space Y, denoted, X — Y, if X C Y and there exists a constant ¢ > 0 such that
llz|ly < c||z||x for all x € X. The embedding of X into Y, denoted, X <+ Y, if X < Y and bounded
sets in X are precompact in Y.

2.1. Musielak functions
Definition 2.1.
o A function G : Q x [0, 00[— [0, o0[ is called a weak Musielak function if the following conditions hold:

(1) z+— G(z,|u(x)|) is measurable for all u € L(Q);
(2) for a.e. z € Q, G(z,.) is continuous and strictly increasing;
(3) There exists a > 1 such that

G(z,t) < aG(ac, s)
t - s

: (2.1)

fora.e. z € Q and for all 0 <t <s.

o A weak Musielak function is called a Musielak function, if G(z,.) is convex for a.e. z € Q.
o A weak Musielak function is called an N-Musielak function if for a.e. z € ,
G(z,t)

lim G(z,1) =0 and lim —~* =00
t—0+ t t—o0 t

o When G is independent of the variable z, i.e. G(z,t) = G(t), G is called a weak Orlicz function, Or-
licz function or N-Orlicz function instead of weak Musielak function, Musielak function or N-Musielak
function respectively.

Remark 2.1.

1. By continuity and assumption (2.1), we have
G(z,0)=0 and tlim G(z,t) = +oo,
—00

for a.e. x € Q.

2. If G(=,.) is convex and G(z,0) = 0 for a.e. € §, then G(z,.) is strictly increasing for a.e. x €  and
satisfies (2.1) with a=1.

3. A Musielak function can be represented as

t

G(z,t) = /G'(mys) ds,

0
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where G'(z,.) is the right-hand derivative of G(z,.). The function G’'(z,.) is right-continuous and nonde-
creasing.

Let G be a weak Musielak function. We consider the condition (A) that will be used throughout this
paper.

There exist two constants g° > go > 1 such that

tG' (z,t) < 0

1 <
<go = G(l’,t) =g,

for a.e. x € {2 and for all ¢ > 0.
Under the condition (A), we have the following remarks.
Remark 2.2. [25] Let G be a weak Musielak function satisfying (A). Then, for a.e. x € Q we have

e G(z,8t) < B9 G(x,t), forallt>0,8>1;
o G(z,pt) > B%G(z,t), forallt>0,8> 1.

Definition 2.2. Let G be a weak Musielak function. Define G* : 2 x [0, co[— [0, 00] for a.e. z € £, by

G*(x,s) :=sup(st — G(z,t)) s>0.
>0

G* is called the complementary or conjugate function of G.

If G*(x,.) is finite for a.e. x € Q, it is also a Musielak function and can be represented as

G (2, 1) :/(G*(x,.)),(s)ds,

with
(G*(:}:, ))l(s) =sup{t > 0:G'(z,t) < s}.
By definition of G*,
st < G(x,t) + G*(x, s),
for a.e. x € Q and for all s, > 0. This is called Young’s inequality.

Definition 2.3. Let G' be a weak Musielak function. We denote G=1(z,.) : [0, 0o[— [0, 00[ for a.e. z € Q the
inverse function of G(z,.). Furthermore, we define G~ : Q x [0, co[— [0, 0o[ such that:

G (x,5) =1,
where G(z,t) = s.

The next proposition establishes that the conjugate function G* satisfies also the condition (A).
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Proposition 2.1. /8] Let G be a Musielak function satisfying (A), then the following relations hold
(1) For a.e. x € Q, we have

G*(z,G'(x,1)) < (¢" — 1)G(xz,t), forall t>0;

(2) For a.e. x € Q, G*(x,.) satisfies

' < >
P G lat) S -1 forall t>0;
(3) For a.e. x € Q, G~ (x,.) satisfies
!
L < t(G_l(x")> W 1 i t>0
g_o < Gzt < g—o, for a

When we study continuous and compact embeddings, we need the notion of comparison between func-
tions. For this purpose, we have the next definition.

Definition 2.4.

(1) Let ®, ¥ : Qx[0,00[— [0, 00[. ¥ is larger than ®, denoted by ® < U, if there exist C > 0 and h € L' (Q)
such that

Bz, 75) < V(a,t) + h(o),

for a.e. z € Qand for allt > 0.
(2) U is essentially larger than ®, denoted by ® <« W, if for any ¢ > 0

lim (sup @(w,ct)) =0,
=0\ e \IJ(:L‘,t)

where Q is a bounded domain and ®, ¥ are continuous functions on € x [0, ool.

(3) Two functions @, ¥ : Q x [0,00[— [0, c0[ are equivalent, denoted by ® ~ ¥, if there exists L > 1, such
that

1
E\P(m,t) < O(x,t) < LY(x,t),

for a.e. z € Q and for all ¢t > 0.

Remark 2.3. [1] It is easy to see that, ® < ¥ if and only if

\Il_l
lim (sup ﬂ) =0,
t—o00 z€Q @7 (:ﬁ,t)

where ®, ¥ are weak Musielak continuous functions on Q x [0, ool
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2.2. Musielak-Lebesgue spaces and first order Orlicz-Sobolev spaces

Given a weak Musielak function G and an open set 2 C R™, we consider the Lebesgue-Musielak space
LG (Q) defined as follows:

LEO(Q) = {u c L) : /G(x, Aul)dz < oo for some A\ > O}.
Q

This space is endowed with the so-called Luxemburg quasi-norm defined as:

~ [u(z)
= — . <1l
HUHG Hu‘ LEON(Q) inf {A >0 /G(@ b\ ) dz < 1}
Q
A Holder’s type inequality holds [19]:

/u(m)v(m) dz < 2Hu‘)gHv‘

Q

a’

for all w € LE)(Q) and v € LE" O(Q).
Remark 2.4. If G is a weak Orlicz function, we write L () instead of L&) ().
Also, we have the following known results.

Theorem 2.1. [19,26] Let G be a Musielak function satisfying (A). Then LG (Q) is a reflexive separable

Banach space.
Theorem 2.2. [19,20]

1. Let ®, ¥ be two weak Musielak functions. If ® < U, then LY (Q) embedded continuously into L2 ().
2. Let ®,V be two weak Musielak functions. If &' ~ U1 then L*)(Q) = LY (Q).

Proposition 2.2. [25] Let G be a weak Musielak function satisfying (A), then

min{Hu‘

for all u € LEO(Q).

]} < [ e d < ma {|of 2 o]
o’ uG}_ x, |ulx x_max{ ug, uG}7
Q

Now, we recall the definition of the first order Orlicz-Sobolev space and also some continuous and compact
embedding results. We define

whe(Q) = {u € LE(Q) : |Vu| € LE(Q) in the distribution sense}.

This space is equipped with the norm

o], = Ml + ([ 7ed
1,G G G
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In order for the Sobolev embedding results to hold, one needs to impose some condition on G. We consider
the following assumption:

0/(val(zzj))mdz<oo and /(G?z)>mdz—m. (2.3)

Under assumption (2.3), we define the optimal critical function by:

G, (t) = GoH; (t),
where

n—1

mo=([ ()" 0) ™

The following fundamental Orlicz-Sobolev embedding theorem can be found in [13].

Theorem 2.3. Let Q be a Lipschitz bounded domain in R™ and G be an Orlicz function satisfying (2.5).
Then, we have

WhE(Q) — LY (Q).
Moreover, given ¥ any Orlicz function, the embedding
Whe(Q) = LY(Q)
is compact if only if ¥V < G,,.
3. New class of fractional Sobolev spaces

In this section, we look for the properties of a new class of fractional-Sobolev spaces under optimal
assumptions on generating weak Orlicz-function.

3.1. Almost increasing-almost decreasing properties

Let G : Q x [0,+00[— [0,400[ be a function and €2 is a measurable subset of R™. We consider the
following structure conditions:

(AInc)y, o: There exist go > 0 and a > 1 such that

G(z,t) < aG(x, 2)

t9o - z90

)

for a.e. x € N and for all 0 < ¢ < 2.
(ADec) o 5: There exist g° > 0 and b > 1 such that

G(z,t) < bG(x, 2)

tgo Zgl) )

forae.z € Qandforall 0 < z < ¢
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From now on, we consider that a and b as the smallest constants characterizing the properties (AlInc)g, q
and (ADec)go p.

Remark 3.1.

(1) Every weak Musielak function satisfies (Alnc); , for some a > 1.
(2) Let G be a Musielak function satisfying the condition (A), then G satisfies (AInc)y, 1 and (ADec)go 1.
(3) Let G(z,.) € C?(]0,+oc[) be a weak Orlicz function such that

tG" (z,t) 0
0<gyo—1< —""2<g"—1 forallt>0.
9o S Ot g or a
Then, it is easy to see that
tG' (z,1) 0
— < for allt > 0.
go < G(x,t) <g or allt >
Conversely, if G satisfies
tG' (x,t) 0
<2< for allt > 0, 3.1
9= Gy =9 fora (3.1)

then G'(z,.) satisfies (AIHC)g 1 a0 and (ADec)

o_; «0- It is for this reason that we are interested in
0— a% —Lgn

g 190

these properties.
Indeed, by (3.1), for allt > 0 we have

G(z,t) < 1 G'(z,1) G'(z,t) 0 Gz, 1)

t9o T go t9o—1 t90—1 <9 t90 <3'2>

Let 0 < t < z then, by (3.2), we have

G (z,1) - 0 G(z,1) < gOG(x,z) < 9° G'(z,2)

go—1 — 90 - 9o - go—1 7’
z go =z

therefore

G'(z,t) < g’ G'(x, 2)
tg(l_l 7% zgo—l ’

hence G'(x,.) satisfies (AInc)gOi1 o0 - Similarly, G'(x,.) satisfies (ADec)ng 0 -
)90 ’90

(4) If ¥ is a Musielak function satisfying (Alnc)y, . and (ADec)yo; with 99 > 1, then ¥ satisfies the
condition (A) (see Lemma 2.2.6 in [19]).

Note that the condition (A) is used by Lieberman [24] and Simonenko [32]. The structure conditions
almost increasing-almost decreasing are considered by Harjulehto-Hésto in [20] and also by Ragusa et al. in
[18].

Now, we define a function that plays an important role in our hypotheses of problem (1.8).
Let U, ® : Q x [0, 00[— [0, 00[. We define Tod : Q x [0, co[— [0, o0 by:

Uod(z,t) := U(x, D(x,t)).
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If U, ® are two functions independent of the variable x, then the definition above Wo® matches with the
classical composition of two functions.

Proposition 3.1.

(1) Let U, : Q x [0,00[— [0,00] satisfying (AInc)y, q, and (AInc)y, o, respectively. If for a.e. x € Q,
O(z,.) is strictly increasing and ®(z,0) = 0, then Yod satisfies (AInc)%woyalag,o.

(2) Let W, ® : Q x [0,00[— [0,00] satisfying (ADec)yop, and (ADec)go s, respectively. If for a.e. z € Q,
O(x,.) is strictly increasing and ®(x,0) =0, then Vod satisfies (ADGC)wwO,blb;”O'

(3) If U, ® are weak Musielak functions, then Wo® is a weak Musielak function.

(4) If U, ® are Musielak functions, then Yo® is a Musielak function.

(5) If U, ® are N-Musielak functions, then Wo® is an N-Musielak function.

Proof.(1) Let 0 < ¢ < z. Then, for a.e. z € {2 we have

Yo
Y(a, ®(z,t)) _ Wz, B(x,)) (‘P(M))
t®oto (@(I, t)) Yo P00
U(z, ®(z,2)) [ B(w,2) e
(@(z,z))% ( e )

U(z, P(z,2))
2%0%o ’

S

<aja’

Therefore, Yod satisfies (Alnc) Soto.aral’ In the same way, the other assertions are proved. 0O
E 2

Examples 3.1.

1) Uq(x,t) = tP®) x) + 1)Log(e + t) + =) satisfies (AInc) _ ,+., and (ADec +.1, where p is a
(1) P g po 2t pho p

e+t N pt, B
p— +1 p—+1
measurable function on Q, p* = sup,cq p(z) < 0o and p~ = infeq p(z) > 0.
(2) Wa(z,t) =t 4 b(x)t? Log(e + t) satisfies (Alnc), 1 and (ADec), 1,1, where b € LY(Q).
(3) W3(x,t) =e! —t — 1 is not satisfying almost decreasing property.

3.2. Fractional variable-order Orlicz-Sobolev space

Given an open set @ C R™ and a measurable function s :  x Q —]0, 1[, to simplify the notations, we

denote dy = \Sf?frn the regular Borel measure on 2 x €, and we define the s(.)— Holder quotient by:

V8U<$,y> = u(x)—u(y)

T |z—y|s=w)

Remark 3.2.

s(z,y) = s(y, z), then we have Vou(z,y) = —Vu(y, x).
*(u+v) = Vou+ Vou.

‘Au = AV?u, for all \ € R.

*(uv)(z,y) = w(@)Vu(z,y) + v(y) Vou(z,y).

®

44448
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Let G be a weak Orlicz function, we introduce the fractional variable-order Orlicz-Sobolev space
We()1E(Q) as follows:

weG(Q) = {u € LY(Q): // G(\|V°u|)dp < oo for some A > 0}.
QxQ
For any u € W*():¢(Q), let

Ma(w) = [ G(uds+ [ G(vouan
Q

QxQ

and

The next theorem proves that H

U
;= inf cMa(=) <15.
06 in {/\>0 G()\)_ }

06 is a quasi-norm in W*()-¢(Q) and the constant of triangle quasi-
s(.),
norm is smaller or equal to 8a, where a is the constant of (Alnc); , property.

Theorem 3.1. Let G be a weak Orlicz function, then we have:

1 HH 1S a quasi-norm;
(1) G q

(2) If G is an Orlicz function, then H

is a norm.

(),

Proof. 1. By standard arguments, we have absolute homogeneity and Tositive definiteness. We prove quasi-

triangle inequality. Let u,v € W*()¢(Q), a > Hu‘ 0.6 8> Hv 06 and z,y € . By definition of
H , we have
s(.),G
u v
Ma(=)<1 d Mg(=) <1
c(7)<1 an G(ﬁ) <

Since G satisfies

oD

t z

Q

forall 0<t<z,

we get the following inequalities:

[v(2)]

G(IU(Q?)I) < iG(IU(x)\% G(

dac

) <

G( \VSU(WJ)\) <

4ao

iG(IV uriwxy)l) and G(IV Z(Eg;y)l) < iG(W vé%y)\).
Using the inequality

G(t1 +t2) < G(2t1) + G(2tz) for any t1,t2 >0,

we obtain
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|u(z) + v(z)| / 2[u()| / 2Jv(x)|
———2)dzx < | G d G d
/G( 8a(a+ B) Jdz < ( S8ax Jdz + ( 8af )de
Q Q Q
1 |u(z)] 1 |v(z)|
< Z Z
74/G( . )dx+4/G( 3 )dx
Q Q
1
< —.
-2
Similarly, we have
\V (u+ )| 1
dp < =
// 8a(a+ ) Salat ) WS 2
QxQ
Thus
Hu—i—v 0O < 8a(a+ B),
therefore
e ollg ey =3l * P00
is a quasi-norm.
2. . By the convexity of Mg,
S('))G ’G
a u B v o B v
M, ( u —) < Ma(Z) + Ma(2
\atBa arpp) SarpeQ T araMelp)
@
< =1.
- a—f—,@’
Thus Hquv < a+ 3, which yield Hquv < Hu” + H’UH , as required for (2). O
G,s(.) G,s(.) ) G,s(.)
Remark 3.3.

1. On W*():¢(Q), the following quasi-norms:

G
ML, - weoe@ — re ’
u = ullg + [uls),e
[ weoc@) — Rt
s(),G
U — max (HUHG7[U]5()7G>
and
] - weos@) — Rt
s(.),G

u inf{)\>0:MG(§)§1}
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are equivalent, where [u],() ¢ := inf {)\ >0: // G( |)d,u < 1}
QxQ
G max

2. If G is an Orlicz function, then H are also norms.

S

The following proposition gives the relation between the quasi-norm and the corresponding modular
function Mg under the minimal assumptions on the generating weak Orlicz function G.

Proposition 3.2. Let G be a weak Orlicz function satisfies (AInc)gy o and (ADec)yo, properties with g° >
go > 1. Let u € W*():G(Q), then the following properties hold:

1
>1 implies — ’ ’u
s(),G a

PV
s(.),G G(U)

I

g0

s(),G

<1 dimplies

(g
s(.),G

< Mg(u) < aHu
G

Proof. Let u € W*()-G(Q)

G > 1 and z,y € Q. By (ADec) g0 ;, property, we have

G(HUHs()G %) < bG(HlH( )|G>
ju(z)]o” - ( @)l )

Hulls()G

and

|Viu(z,y)| [Veu(z,y)]
G(”“”s( )G Tl ) B bG(iuuns(.m )
[Vou(z,y)]9" - (|vw(m,y>|)g°

lulls(y.e

Hence, we have

[ ctu@as+ [ [ cveute i
Q Q Q

Sb(ﬂ/G(HUHS()G Jda +// Iv|Z|| ) o

9()G.

Therefore

Mg (u)

Letae} ,

[ and z,y € Q. By (Alnc)g, o, property, we have

6(22) _ ofuo)

a

()™ ™ (ju)”

s(.),G

and
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G(FEt)  G(vrutew)))
(\VSuéz,y)l)go =4 (\Vsu(x, y)|)go '

Hence
[ ctu@as+ [ [ G1veute. i
Q Q Q
1 u(z) |Viu(z,y)|
go _
>a a(/G( //G( - Jdi).
Q Q Q
, then we obtain
/G” //G'v Dygp =1,
Q Q
therefore

/G(|u(x)|)da:+//G Vou(z, y)|)du > 1a9°.

Q

o e deduce (3.3).

Let u € W*():G(Q)

o < 1. By (Alnc)g, o property, we have

and

G<|V5u(:v, y)l) _. G(W)
(1Vouta.y)l)” ~ (outea)™

Using the definition of the quasi-norm, we obtain

90 |Vs
G(———+—)dzx —|—// )d,u ,
s(-),G(Q/ \|U||s()<; ||U\|e()G )

Mg (u) < aHu

hence

9o

Mg (u) SaHu

s(.),G

Now, let 8 € }07

O G[ o < 1. Since f < 1, then by (ADec)qo , property we have
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and

It follows that

/ G(Ju(z) )dz + / G(IVou(z, y))du (3.5)
Q Q Q
L [ i@l V(e y)|
zbﬂg(/a<ﬂ>d+//e< ) (3.6)
Q Q Q
If we take v = %, we obtain
6= 113
s0,a  pllsy,a

Using (3.3), we find

/GU,T

Q

[ [T

Combining (3.6) and (3.7), we deduce that

[

Letting 5~ HUH 0.6 we obtain (3.4). O

The following theorem gives criteria for which fractional variable-order Orlicz-Sobolev space is reflexive,
uniformly convex and separable.

Theorem 3.2. Let G be a weak Orlicz function.

(1) If G satisfies (ADec)go , property, then (WS(')’G(Q), H‘

is a quasi-Banach space.
G,s(.)) 1 P

(2) If G satisfies (ADec)yo , property with g° > 1, then (WS(')’G(Q)7 HHG ()) is separable.
(3) If G satisfies (AInc)gy o with go > 1 and (ADec)yo p, then WG (Q) is uniformly convex and reflezive.

Proof. (1) By Remark 3.3, we know that H 0.6 and H .

are equivalent norm on W*():G((Q).

Same as of the proof of the Proposition 3.2, we have

.1 s ’
min ( [u ]S( NeTbs S( ), G / G(|VPul)dp < max < [u]9 e b[u]z(.)’g).
QxQ
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Let {tm}m>1 € W*):G(Q) be a Cauchy sequence. Then, for any € > 0, there exists N € N such
that

G
<e, forallm,j> N, (3.8)

s(.

Hum 7’[1,]‘

which yield that

G
< €.
s(.)

Hunl_}ujHG = HUWL_7h

Apply the completeness of L () to a find a u € LE(Q) such that u,, — u in LE(Q) as m — co. Then,
there exists a subsequence {u,,, } € W*():G(Q) such that u,,, — u almost everywhere in Q. As a result,
the Fatou’s lemma and the inequality (3.8) with e = 1 imply that

// GV ul)dps < liminf // G|V, )i
—00

QxQ QxQ

. . 0 0
< C'lim inf max ([umk =)y o+ [wild) e lwme = uils)e + [uj]s(.),c;>

0

< C’(l -+ max ([uj]g(,),c;v [Uj]s(_)7G) < 00,
and

HUH < Climinf (Humk — Uy U
G

k—o0

|
G

)

o1+ o) <=

for any fixed j > 0, where C(a,b) > 0. Therefore, u € W*():G(Q). Then, the Fatou’s lemma leads to

G G
< €,

s(-)

< lim inf ‘ ‘um — U,
s(.) k— o0

[t =

i.e., Up — u in WG (Q) as m — oo.
Let
Q: W*OE(Q) = LE(Q) x LE (Q X Q,du>

defined by
Q) = (u, 1) ).

By the mapping Q, the space W*():%(Q) is a closed subspace of L¢(Q) x LY (Q x Q, d,u).
By Theorem (3.5.2) in [19], LY (Q2) and L¢ (Q xQ, d,u) are separable since G satisfies (ADec) o 5, property
with g° > 1. Thus, W*():¢(Q) is separable.
Uniform convexity and reflexivity depend only on the space, hence by Corollary (3.6.7) in [19], L (£2)
and LE (Q x €, du) are uniformly convex and reflexive spaces since G satisfies (Alnc)y, o with go > 1

and (ADec) g0 5, properties. Therefore, W*():%(Q) is uniformly convex and reflexive. O
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3.83. Embedding theorems

Let Q be a bounded domain with Lipshitz boundary, s : R™ x R™ —]0, 1] be a measurable function and
G be an Orlicz function satisfying (A). This subsection is devoted to the embedding results of the new
fractional Orlicz-Sobolev space W*(-):¢(Q).

Theorem 3.3. Let W be a Musielak function. Suppose there exists K disjoint open sets ; of Q with Lipshitz
boundary such that Q C (U:i{( Q;JUN, IN| =0 and for alli=1,2,..K

sS4 s

/OO<G?Z)) e dz =00 and /1 (G?z)) "z < o0,
1 0

where
= et xa, V)
Set
U (t) = Sélg U(z,t) <oco forallt>=0
and
G (t) = GoHz' (1),
where

IfUf < G% for alli=1,..K, then there is a continuous embedding of W*():¢(Q) into L¥Y()(Q).
Moreover, if \Il;Ir < G% forallt=1,...K, then the embedding
WG (Q) — LYO(Q)
is compact.
Now, we state another version of embedding results whose proof is similar to the previous theorem.
Theorem 3.4. ¥ is an N-Musielak function and n > 2. Suppose that G is an N-Orlicz function and there

exists K disjoint of open sets Q; of Q with Lipshitz boundary such that Q C (UZ{( Ql> UN, |N| =0 and
foralli=1,2 .. K

n+si, n+si
zZ n zZ n

1 e’}
—1 -1
/G—(Z)dz < oo and /wdz = 00,
0 0

where
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i = inf VY)-
5 (:E,y)IGI}Z,LXQ,L S(‘T y)
Set
U (t) :== sup ¥U(z,t) < oo forallt >0
z€Q;
and

G, s; the N-Orlicz function defined by their inverse by

t
1
tl—>/7G (Z)dz.
0

n+s;
zZ n

If Vi < Gy, foralli=1,..K, then there is a continuous embedding of We(:E(Q) into LY (Q).
Moreover, if Uf < Gy, for alli=1,...K, then the embedding
WeL¢(Q) — LY (Q)
is compact.

Remark 3.4.

1. Under the additional restrictive condition (A), Theorem 3.3 is a sharper version of Theorem (8.1) in [2]
when the order function s is constant.

2. When the order function s is constant, Theorem 3.4 reduces to the Theorem (1.2) in [6].

3. When G(t) = t2, Theorems 3.3 and 3.4 reduce to the Theorem (2.3) in [12]. Moreover, continuity condition
for the order function s is not required in our Theorems. Clearly, our results also generalizes Theorem
(2.3) in [12] for any p > 1 if we consider G(t) = tP. We state the result in this case:

Let © C R™ be a Lipshitz bounded domain and a : © — [1,a] be a continuous function. Suppose

there exists K disjoint of open sets of Q with Lipshitz boundary such that  C (Uiif QZ> UN,|N|=0
and for allt=1,2,..K

np
sup1a(y) < ,
yem{ ()} —

where s; = inf(; ,ye, x0, 5(2,%). Then, we have
weOr(Q) — LO(Q).

In the next theorem, we state another version of compactness results under the continuity condition in
the order function, this result allows us to identify one of the function that can plays the role of a critical
function in the class of Musielak functions. Moreover The analogous result for Musielak Sobolev spaces was
proved by P. Harjulehto and P. Hésto in Theorem (6.3.8) [19].

Theorem 3.5. ¥ be a weak Musielak function, n > 2 and p be a continuous function on Q. Suppose that

1. s is continuous on ) x §);
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2. ¢%s(x,x) <n for all x € Q;
3. Ul ~t7POG™L wherep(z) € ]O, S(aj—nw)[ for allz € Q.

Then, the embedding
WweOE(Q) — LYO(Q)
is compact.
Remark 3.5.
1. The condition of the continuity of the order function s in Theorem 3.5 is introduce to enlarge the interval
of compactness.
2. If G(t) = t? and q € C(Q) verify

1 <q(z) <p(x) = #ﬁxm) for allz € Q,

we obtain the embedding
WeOP(Q) s LIO(Q).
The function (z,t) — Gy p(z,t) := tn=pste) plays the role of a critical function in this case. For a special

case, see Theorem (2.1) in [33].
3. Let ¢ € C() such that

gon

— & forallz e Q.
n — gos(x, x)

1<q(z) <

Then, we have
WG (Q) e LI (Q).
Question: Let ® be a weak Musielak function such that
ot G

Is W*():¢(Q) continuously embedded into L*)(Q)?

Here and in the remainder of the proof, C' denotes a positive constant independent of u € WS(')VG(Q)
and may vary from line to line.

Lemma 3.1. Let Q) be either a bounded or an unbounded open subset of R™. Then, we have
WG (Q) e WOG(Q) s W E(0),

where 0 < s~ = inf(, ) caxa s(z,y) and st .= SUDP(4,4)c0xQ s(z,y) < 1.



22 H. Boujemaa et al. / J. Math. Anal. Appl. 526 (2023) 127342

Proof. Let u € W*():¢(Q)\ {0}. Then we have

// y)l) dxdy
Iw— I(“’) |z —y|"

_ G(IU(%) - U<y)l) dzdy G(\U(ﬂf) - U(y)l) dzdy
|z —y|s@w) |z —y| |z —y|s@) ) |z —y|
Q on{|z—y[>1} Q an{lz—y|<1}
lu(z) —u(y)]\ dady [u(z) —u(y)|\ dzdy
< / G( _ als— ) _ ln G( _ olst ) _ oln
|z —yl |z =yl |z —yl |z =yl
Q Qn{|z—y|>1} Q on{|z—y|<1}

§/ / G(|u|(;c)—_yﬁ(y |xdfd;n // u|x_y| y)|> |a:did;/|"'

2 an{lz—y|>1}

We claim that

/ G(|u|(;c)_—y|zi(y)) |xdfdy|n - C/G (lue

@ anflz—y[=1}

Since t — @ is increasing, then we have

G( |u(@)| ) dady

lz —yls™/ [z —y|"
Q an{lz—y[>1}

G(lu(x)]) _dazdy

lz —yl*™ |z —y|
Q Qnfla—y|>1}

< C/G(|u(x) ) dx
Q

1
where we used the fact that ——— dz exists.
|Z ‘ n+s

|z|=1

By condition (A), we have

G(IU(?E) - U(y)l> dady
lx —yls™ /o -yl
Q Qn{la—y|>1}

</ / {G( 2|u(x)\7)+G( 2|u(y)| )} dzdy

- lz —yl* lz =yl |z —y|™

Q an{la=y|>1}

N = R e

@ an{lz—y|>1}

< C/G(\u(m)Ddx

Q
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Thus, the claim is valid. So, we obtain

// y)\) dady
Ix—yl (@) J |z —y|
<C /G|u dx+// |u +y)|) dedy )
va* yl® |z —y|"

Therefore
wee(Q) = WO-C(Q).
Similarly, W*():¢(Q) is continuously embedded into W* ¢ (Q). O
8.4. Proof of Theorem 5.3
Claim 1: The functions ¥ are Orlicz functions.

It is clear ¥} is convex, ¥ (0) = 0 and ¥} is continuous on ]0,00[. By convexity and the fact that
U (0) = 0, we have

UH(t) < E\Pf(s) forall 0<t< s,
therefore
tg%l+ UH(t) = 0=V (0).
It is also continuous in 0.
Claim 2: W*():G(Q;) is continuously embedded into LY (Q;).
Indeed, by Lemma 3.1, we have
W9 () — W9 ().

By Theorem (8.1) in [2], we obtain

) Gn
WG (Qy) — L5 (Q).

Moreover, as ¥ is an Orlicz function and ¥;" < G =, then by Theorem 2.2 it follows that

Gn
L s

() = LY ().
On the other hand, by definition of \I/j, we infer that
LY () — LYO ().

Combining the previous embeddings we deduce the embedding
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WG (Q,) — LYO ().

By claim (2), there exists a constant C; such that

1ol sy = €l -
L) () Ws(),G (€,)
Note that
i=K
il = 3 Julxa,,
i=1
then we obtain
[ Z ([P
i—1
Thus, we have
i=K 1=K
C H .
Hu‘ LYO)(9) Z: H ‘ LYO(Q 1 w2000

=1

Therefore

I

<y
L‘I’(')(Q) Ws(.),G(Q)

So we find that
WG Q) — LYO(Q).

If Vi < G », using Theorem (9.1) in [2] and proceeding as in the previous proof, we get that the
embedding

WeOCG () — LY Q)

is compact. The compactness of this embedding in ) can be established by extracting a suitable convergent
sub-sequence in LY()(;) for each i = 1,...K from a bounded sequence {uy} in W*().¢(Q).

8.5. Proof of Theorem 3.5

Let ¢ € C(Q) such that 0 < g(x) < S(fl’x) for all # € . Under assumptions from Theorem 3.5, we have

1 00
G~ 1(2) G~ 1(2)
0 1

Hence, we define the auxiliary N-Musielak function G,y associated to q, by

t
G~l(2)
-1 -
0
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Claim 1: We have
PG = G
Indeed, let # € Q and 8 > 1. By Proposition 2.1, we have
BTGt < GTL(Bt) < B GL(t) for allt > 0. (3.9)
Hence, by (3.9) and the definition of the function Gg(%)(x, .), we get
B BTIG (@) < Gyl (@, 1) < B0 BTG (@),

for all z € Q and ¢ > 0.

This implies that

(e -1 _ 1 L _p(x
gao p(z) _ 1G*1 (o.0) < Gp(')(x,ﬂt) Gp(_)(x,t) _ B0 P _q
B—1 p()\T =

Letting 8 — 17 we obtain

where

1—gomin__q p(x 1—¢%°ma 5 P(T
0o Lo gomiteeaP(®) g g < py = L9 Mea ()

7 40 < 1.

0<p

This implies that

pOG;(T)(zc,t) <t P@G(t) < pOG;(%) (z,t) for allz € Qandt > 0.
Claim 2: If ¢(2) > p(z) for all z € Q, then L&) (Q) is continuously embedded into L&) (Q).
Indeed, it is clear that

—q(z) (-1
lim su t G~ ()

— > =0.
t—-+o0 zeg t—P(@)G-1(t)

Using claim 1, as
21 o -1 -1 o o1
tTPYUGET & Gp(_) and ¢t IYGTT = Gq(_) ,

we infer that

Hence, we have
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G Lkt
lim sup M =0,
tﬂﬁ_oomeﬁ GQ(~)(x7t)

for any k > 0. Therefore, we obtain L&) () «— L&) ().

As Q is a bounded domain and p, s are continuous functions on €2, there exists a constant ¢ > 0 such that

s(z, x)

- >e>0,
- p(x) > ¢

for all 2 € Q. Hence, the finite covering theorem yields that there exist a positive constant e(s,p) > 0 and
a finite family of disjoint open bounded domains with Lipschitz boundary {Q; : ¢ = 1,......K} such that

Qc (Ufil QZ) UN, ’N’:O and diam(€;) < e that verify

2 —p(a) > § >0,
for any x € Q; and (y,2) € Q; x Q;.
Set
. c
8i 1= (y’z)rgslgmiS(y,Z), pi = gé‘cgfp(x) and  ¢;:=pi+ 3.
Then

p(z) < ¢ < % for all x € ;.
Furthermore, using Theorem (1.2) in [6], we conclude that
WeeG(Q;) v LG (Q;). (3.10)
By claim 2, we note that
LG (Q;) = L0 (). (3.11)
Applying Lemma 3.1 on §2;, it follows that
WeE(Q,) — W9 (Qy). (3.12)
Therefore by (3.10), (3.11) and (3.12), we deduce that
WeE(Q) s LGP0 ().
Finally, proceeding as in the previous theorem, we obtain

WG (Q) s LYO(Q).



H. Boujemaa et al. / J. Math. Anal. Appl. 526 (2023) 127342 27

4. Singular problem
4.1. Statement of the problem

In this section, we prove our main existence result of a nonnegative weak solution. Recall that the problem
under consideration is the following one

U
(=8¢ u(@) = g(@)f'(x. Jul)jr 0 ©Q
|ul (4.1)
u=20 in R™\ ,
where Q is a bounded domain with Lipschitz boundary.
We will work in the closed linear subspace

WO Q) = {u e W*OCR) :u=0 nR"\ Q}

This space is equipped with the norm

ulls(),e = llulle + [u]s).6)
where
. |Voul
= : —_— < .
[u]s(),a lnf{/\ >0 //G( 3 Ydp < 1}
R2n
Remark 4.1.

o By Lemma 3.1 and Poincaré inequality (see Theorem (6.1) in [8]), it is easy to see that the semi-norm
[u]s(.),c becomes a norm in Wg(')’G(Q). Moreover, the norms [u],(),¢ and ||.|[s(.),¢ are equivalent.
+ In what follows, we will use the norm [u],(),¢ which will be denoted by ||.|[5(.),¢ again.

. C2(Q) c W YQ).
e WGQ) c WY YQ).  (Lemma 3.1)

Now, we are in position to state our conditions. G and V¥ satisfying the compactness conditions of
Theorem 3.3 and also ¥ satisfies the condition (A). We suppose the following assumptions on s, g and f.

(Hy): s is a measurable function in R™ x R™ such that

() s(s,9) = s(3,2)  for ace. (z,y) € R?™;
(i) 0<s™ <s(x,y) <st <1 forae. (z,y) € R?,

(Hy): f: 82 x[0,00[— [0, 00[ such that
(i) for a.e. z € Q, f(2,0) =0 and f(z,.) € C1(]0, 00|) is strictly increasing;
(ii) & — f(z,|u(x)|) is measurable for all measurable function u;

(iii) There exist 0 < fo < f° <1 and a,b > 1 such that

fla, )t o <af(x,2)277,
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for a.e. x € Q and ¢,z > 0 with t < z and
fa, bt < bf(r,2)2
for a.e. x € Q and ¢,z > 0 with ¢ > z;
(Hy): g: 9 — R* is a measurable function verifying
g€ LTI ().
Remarks 4.1.

 Assumption (Hy) confirms the existence of singularity at ¢t = 0. Indeed, let z € Q, then we have

)= f (.0 : 7”0
Hoet et = I8 > 30 f(e.1) = |l (1),

for all 0 <t < 1. Since 0 < f% < 1, we have a singularity in the right hand side term of equation (4.1).
o f~1is a weak Musielak function. Indeed, let x € Q and 0 < a < 8 with a = f(z,t) and 3 = f(x,2) for

some 0 < t < z. Then, we have

f_l(:c,a) _ f_l(xaf(xvt)) _ 1 7fl—f0
« N f(z,t) fla, t)t=1°
and
f_l(xvﬁ) _ f_l(xaf(wvz)) _ 1 Zl—fo
g flez) flzz) '

By assumption (Hy), we have

1 S 1 1
fla,2)2=7° = b fa, )t
therefore
Fl@p) , 1 e 2y, 117 (o)
B ~ b a t ) a
hence
S wa) I )
a - B

By Lemma (2.5.12) in [19],  + f~!(z, |u(z)|) is measurable for all u € L°(Q), therefore f~1 is a weak
Musielak function. By Proposition 3.1, Wof~! is a weak Musielak function. Hence, the condition (H,)

makes sense.

Definition 4.1. We say that ug € Wg(')’G(Q) is a weak solution of (4.1) if

9()f' (. luol)p € L1 ()
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and

/ s VS’U,O
JJ o e

R2n

u
Vidn— [ a(o)f (@ uol) o = 0
Q

for all p € Wg(')’G(Q).

Theorem 4.1. Under assumptions (H,), (Hy) and (Hgy), (4.1) has a nontrivial weak solution ug €
w4 (@).

Problem (4.1) has a variational structure and F : WS(')’G(Q) — R defined by

B = [ G(7"Oul)du [ g(o)falul)da

R2n Q

is the energy functional associated to (4.1). Because of the presence of a singular term in (4.1), the functional
E is not differentiable on W (')’G(Q) in the Fréchet sense.

The next proposition is an extension of a result obtained by J. Giacomoni et al. in [17] and D. Edmunds
et al. in [14] which is useful to verify some properties related to our existence result.

Proposition 4.1. Let 2 be either a bounded or an unbounded measurable subset of R™, ® a weak Musielak
function and S : Q x [0, 00[— [0, 00] satisfying (AINc)my,q, and (ADec)po q,. Suppose that ®oS is a weak
Musielak function and x v+ S(z, |u(z)|) is measurable for all w € L°(Q). If u € L®5(Y), then S(.,|u|) €
L®(Y), and we have

mo
HS<"|U|)H®SGIHU‘ ous’ Hu‘ o S
’"LO .
[sCrn||, <allel[” i |fu]], =1
1 m? )
Hs(.M)H@zm all L ||sco]|, <1
ay "0y
ot 2 2 s, 22
®  ap oS P

Proof. If Hu‘ bos <1, then by (AInc),, ., property, we have
o
12/@(36,5(3:7M)>dx
|ull@os
Q
>/(I>(x 5@ ju()))da
=) Gl |
Q
Therefore

mo

st ], <l

<I>oS.
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> 1. Then by (ADec);,0 o, property, we have

Suppose ‘ ‘u‘
PP doS

|u(z)]
1> [ &z, Sz ) )dz
g" ( )

" ulloos
1
> [ @0 (o Ju(o)]) ) da.
as|ullg,s
Q
Hence
. < .
st = az[[ul]

Now, suppose that HS(., \u|)Hq> < 1. Then by (AINc)mg,q, and (ADec),0 4, properties, we have

8(x, [u(@)])
1>/®@wwum»hﬁx

Q
2/@(17, iS(x, Lﬂl))dx
o 2 1S ful)llg”
Z/(I)($,S(£, 1|u(x)| . ))da:
L pm )
o (araz) ™o [|S(., [u])]|§
It follows that
' o
[u]| < (@az)ma|sC ]|
PoS [
therefore
mO
L ymg < ||S(. .
()7 || < ||sC b,

It HS(., |u|)H® > 1, by (AInc),,,.q, property, we have
S(x, lu(z)|)
IZ/Qxﬁ—————M
/ ( HS(JUDH¢)

>/¢@£@,1|mm|l)ﬁm

o ag" 1S, [ul)l|g°
Thus, we obtain
1 1
u < a;"|S(.,|u Hmo
H‘qms_l (’||)<1>
and
1 mo
arllill,s < [[SC1ab]],-
ay oS P
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Remark 4.2.

1. Let Q be either a bounded or an unbounded measurable subset of R™, ® be a weak Musielak function
and S : Q x [0, 00[— [0, 0o[ satisfying (AInc),,,1 and (ADec),,0 1. Suppose that ®oS is a weak Musielak
function and = — S(z, |u(z)|) is measurable for all u € L(Q). If u € L*°%(Q), then S(., |u|) € LT(Q),
and we have

= lsctll, < ol it ol
doS PoS PoS
mo

ol = s moll, <l g 38 [l 2 2
PoS PoS ®oS

2. In [14,17], it is established that if p, q are real measurable functions in 2 such that 0 < p~ < p(z) < p*,
1 <gq(x) < o0, 1 < p(x)g(r) < oo for a.e. z € Q and u € LP#4(*)(Q), then

e (7| IR
p(z)q(z) q(x) p(z)q(z) p(z)q()
P~ pT

o= 1,
p(x)q(x) q(z) p(z)q(z) p(z)q(x)

Proposition 4.1 generalizes this result. Indeed, set S(z,t) = t?®) and ®(x,t) = t9®). It is clear that S
satisfies (AInc),- 1, (ADec),+ 1 properties, and ®(z,t) = t9® and ®oS(xz,t) = tP(*)2@) are weak Musielak
functions.

4.2. Proof of the main result
Lemma 4.1. Under assumptions (H,), (Hy) and (Hy), the functional E is coercive on WO( ), G(Q)
> 1. Then, from Proposition 3.2, we have

//G(|Vsu|)du > Hqu()G (4.2)

R2n

Proof. Let u € WOS(')’G(Q)

Since u € LY()(Q), then by Proposition 4.1 and Hélder’s inequality, we get

/g<x>< e <|fo]| . ..

Q

£ Jul)]

\Ilof_l.

Again, by Proposition 4.1, we have

[ st tyas < |lof -, (af o] ot 101)

Wof~lof
Q

f(]
J|).
4

max (a u

<ol
g (Tof=1)*

Then, we obtain from Theorem 3.3 that
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f()
s(.),G

Jowipupaz<cllgl| . |
Q

Finally, combining (4.2) and (4.3), we obtain

B = [ 60v*ubdn - [ @) sz lul)da
R2n Q
p
U G

go
> Hu

=l
s().G IMewor-1y

— oo and we conclude that E is coercive

Since 0 < f% < 1 < go, we infer that E(u) — oo as Hu O

on WOS(‘)’G(Q). O

Lemma 4.2. Under assumptions (Hy), (Hy) and (Hy), there exists vy € Wg(')’G(Q) such that E(tvg) < 0
for t > 0 small enough.

Proof. Let v € C3°(Q) \ {0} and 0 < ¢ < 1. Hence, by conditions (A) and (Hy), we have

G(|Vety|) < t9°G(|Vv|)

and
1 70
@, tol) = St f(z, o).
Therefore
E(tv) ://G(|Vstv|)d,u— /g(x)f(a:,t|v|)dx
R2n Q
1 ;0
<o [ aqveedu - 30" [ g@)fte. o) .
R2n Q

Consequently, E(tv) <0 for all 0 <t < tJ°""" | where

/ 9(2) f(, [v]) dz

to < min (1, o . O
b [ Gveel) du
R2n

Lemma 4.3. Let J : W(‘f(')’G(Q) — R defined by

T(u) = // G(IV*ul) dp.

R2n

Then, we have
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1. J e CYW9(Q)) and

//G’ |V5u| ‘ Vepdu, forall @€ W(f(')’G(Q).

2. J is sequentially weakly lower semicontinuous.

Proof. By standard arguments, it is easy to see that

/ a'( |VSu| | Voo du,

*

for all u,p € Wg( ) G(Q) It suffices to prove that J' : W ), G(Q) — (W(‘;(‘)’G(Q)) is continuous.
Let (ug)r C WS(')’G(Q) with ug — u strongly in W‘(’( ), G(Q), then

Vou, — Veu  in LE(R?™ du).

By dominated convergence theorem, there exists a subsequence V°uy, and a function 7' in LY (R du)
such that

Voug, (z,y) = Viu(z,y) for ae (z,y) € R*

and
[Voug, (z,y)| < |T(z,y)| for ae (z,y) € R
Hence
G (17"t () s (0 = GV o)) oty for e (.9) € B
and

Vsukj (.’E, y)

GV, (=) ) e (o]
G (|V ug, (z y)|)\v8ukj(x,y)\

| <IE(T@ )| for ae (zy)eR™
By Proposition 2.1, we have
GH(G(IT(z,y)) < (¢° = DG(T (=, y)]).
It follows that
G'o|T| € L% (R?",dy).
Using Holder’s inequality, we get

‘// G'(IV ur, 1) |Vs jl G'(|V*ul) z:Z)VSgOdN‘

R2n

<2f|(@(IV"u |>|§:“‘“ S|

Ao
G,s
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Then, by dominated convergence theorem, we obtain
J(ug,) = J'(u) in (WS(')’G(Q)) :

(2) On one hand, by (1), we have J € C’l(WOS(')’G(Q)) and
(rw.e) = [[ @ e
R2n

for all u,p € Wg(‘)’G(Q). On the other hand, J is a convex functional since G is. Let (ug)r C Wg(')’G(Q)
with

Viu
[Veul

Vipdu,

up —u weakly in W 9(Q).

By convexity of J, we have
J(ug) > J(u) + <J’(u),uk - u>.
Therefore, we obtain
J(u) < limkinf J(ug).
This implies that J is weakly lower semicontinuous. O
Lemma 4.4. Under assumptions (Hy), (Hy) and (Hy), there exists ug € WOS(')’G(Q) such that

E(ug) = inf E(u) =m.

ueWw % (@)

Proof. Let (ug)r C WS(')’G(Q) be a minimizing sequence for m, that is such that

limg 00 E(ugx) = m.
Since E is coercive, (ug)r C WOS(‘)’G(Q) is bounded in Wg(‘)’G(Q). As WOS(')’G(Q) is reflexive, therefore,

up to a subsequence, there exists ug € W (‘)’G(Q) such that

up —ug  weakly in - W% (Q),

up — uo  strongly in - LY (Q), (4.4)
ug(z) = up(x) for a.e. x € Q.
By Lemma 4.3, we have
//G(|V5uo|)du < likminf// G(|Viugl) dp. (4.5)
R2n o R2n

We claim that

/g(x)f(w, luo(x)]) dw = lim [ g(z)f(z, |ux(z)|) dz. (4.6)

k—o0
Q Q
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It is clear that
klim g(x) f(x, |uk|) dz = g(x) f(z, Jug|) for a.e. z € Q.
— 00
According to Vitali’s theorem it suffices to show that the family

{9@)f (@, lurl), ke N}

is uniformly absolutely continuous, which means:
Given € > 0 there exists 7 > 0, such that, if || < n, then /g(x)f(x, lug|) dz < €, for all k.
Q/

Let € > 0, there exists v,n > 0 such that

gl *
< Vo f ! dr < &7
Hg‘ Q(Wof—1)* —Q//( of ) (|g(x)|) r<e€’,

for every ' C Q with |€'| < 1. On the other hand, by Proposition 4.1 and Holder’s inequality, one has

Tz < o 7o)
[o@ s luhaz <|lof|, ||,
Ql
I fo
Smax(bHukH ,CLHUk‘ )6-
V7] g

Finally, the fact that HukH is bounded, implies that the claim is valid.
7

Hence, by (4.5) and (4.6), we deduce that
m < E(up) < liminfy_,oo F(ux) = m.

Consequently
E(up) =m. O
By Lemma 4.2 and the fact that wug is a global minimum, we have
m = E(up) < 0= E(0),
therefore ug # 0.
It is clear that
|9 uol| < [V,
hence
[uo| € W5 ().

Therefore
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E(Jup|) < E(up) = inf E(u),

uew Q)

this implies that
E(luol) = E(uo).
Thus, we can suppose that ug > 0.

Now, we are in position to prove Theorem 4.1. Let ¢ > 0 and ¢ > 0, we have

E(ug +ty) — E(ug)
t

/G’ Vo)) IVS ‘ Vipdu

—hmsup/g(x)f(x’uo +tp) — f(z,u0) dz,

t—0 t

0< lim inf

hence

lim sup/g(x)f(x’uo +te) — f(@,uo) dx

t—0 t
Q

Viu
< // G (1 o] iV

R2n

By the mean value theorem, there exists € €]0, 1] such that

[ ot L0 R LI 4y [ )+ e

Q Q

Since ¢ > 0, by Fatou’s lemma, we get

lim sup
t—0

> hmmf/ (x)f(z,uo +tp) — f(w,u0) Az

t—0 t
Q
:hrtniglf/g(ﬂf)f'(w,uo+tes0)<pdx > /g(x)f’(w,uO)sodm
—
Q Q

Therefore

[ ¢iv b G o= [ go)f @ uo)pda >0,
Q

R2n

for all ¢ € WS( )G Q) with ¢ > 0. Hence, we get
2

Viu
0 [ g uolelar < | GV Vel di < o0
Q

R2n
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for all ¢ € WOS(’)’G(Q). Therefore

g(')f/<"u0)‘p € Ll(Q)v

for all ¢ € WOS(')’G(Q).
Now, let ¢ € WS( ), G(Q) and consider the following sets

Q. {xGR":uo+e<p§0},

0= {xER":uo+e<p>0},
Al = {(x,y) € R*™ : Viug(z,y) > 0},

Ay = {(:c,y) € R™ : Viugy(z,y) < O}.

We define also the following functions

Pe = Up + €p,
o = max (uo + €, 0),

P, :=max ( — (uo + €p), O).
It is clear that

‘ngae(x Y ‘ ’Vs y)’ ae (z,y) € R*™.

Hence, ¢, oo € WOS(')’G(Q). Choosing ¢ in (4.7), one has

0 </ G'(|VPuq D|VS |V3 —/g(a:)f (7, up)p dx
QO
G'(|VPuq d,u—l—/ G'(|V*uq Vi du
/ (190 e (190
/ / (2, up)pe dx)
= (/ G'(|Vsu0|)|vsuo|du—/ () f'(z, uo)uodx)
R2n
—l—e //G' |Vug |V9 /g (z,uo godx)
R2n (9]
/ S V S, =
G'(|V°u |)Ws 0 v cdp+ [ g(z)f(x,uo)p. de.
R2n Q

€

If we define h : [—€,¢] = R as

37
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Hence h(0) = infyc[_c g h(t), from where A'(0) = 0. It is straightforward to see that ug satisfies

JJ 615wl ol ~ [ @)f (.o e =0,

R2n Q
Therefore, we get

0 <e(_ [ v ) ety e Q/ o(2)f (2, uo)pde

R2n

VSUO _
G'(|v* Vip, du.
+R[/ (V) i Ve i

Thus, dividing by €, we obtain

Viu
og(/ G’(IVSUoI)|VSUE|VSs0du—/g(x)f'(x,u(;)wdx)
R2n Q
1 , s VSUO s —

R2n

We now claim that there holds

o Veug
0 <//G’(V5uo|)|vszzVésodu—/g(x)f’(x,u())sodx-
Q

R2n

The claim will follow if we prove that

1 S
lim ~ //G’(\VsuoD VU0 G5y = 0,

e—0 € |VS’LL0‘
R?n
Let

R Viup(z,y) —s —

Ni) = G (T ua(o)) ot o 9 (o,0)
and

s Viuo(z,y) 4

N) = G (T ua(o)) o ) Tl

It is clear that
Ne<x7y> :M(y7$)

Hence, we have

Viu
/ G,(‘VSUQD |v3u2‘ VSQD; d,U, = Il + 2]2,

R2n

where
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Il.f//./\/:zyd,u and Igf//./\/xy
Q. R\,

It is clear that, if I; + 215 < 0, then

G'(|V*uo I) S Vipdu— /g(:c)f’(:c,Uo)cde > 0.
Q

IVé ol
R2n

Without loss of generality, we may assume that I; 4+ 21 > 0.

Estimate of I:

! S |vsu0‘ // 4 s suo s
- G'(|Viu Vipdu.
/ / GV wol) [gsy, (V0D g e 4

Qe Qe Qe Qe

//G/ ‘vs SU’OP d//l/ > O
|VSUO| =7

Qe Qe

Viu
L < 6//GI(VSU0|)|VSUEV5<PdM-

Qe Qe

It is clear that

therefore

Estimate of I5:

Consider
Z5 = (Q x (R™ \Qe)) nAf
and
Z5 = (Q x (R™\ QE)) NAg,.
‘We have

V uo —(up + €p)(x)
)d G'(|[V*up d
Let (z,y) € Z} , then V*ug(z,y) > 0 and ug(y) + ep(y) > 0, which implies that
—(uo + €p)(x)
< Gl s (UO d

Zuo Zuo
IVsug| \fa — gl )

Zih

Hence
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Voug|? Viug
N ; d < _/ G/ VS | d _ / G/ vs vs d
[ Mwman <= [ v u T an—e [f &9 ) o v edn
Zd, zt, Zd,

/ edl |VSUO|)|V5 lV wdpu.

Zuo

On the other hand

(v —(uo + €p) ()
//N z,y)dp = //G (IV3ug)) |Vsu0|( PEEE )du <0.

Finally, we get

VS
p=[ [ Nz ] o0vu) gy

Qe R7\Q, zt,
Collecting the previous estimations of I; and I, we obtain

[ et e an < —o( [ [Wemanr [ [ Awan)

R2n Q. Q. Q. R\,

<2 [ [ Wizl an

Qe R»

By Proposition 2.1, it is easy to see that
G'(|V*uol) € L (R*", dp),
and invoking Holder’s inequality, we deduce that
N € LY(R*™, dp).

Hence, for any r > 0 there exists R, sufficiently large such that

r
(supp @) X (R™\BR,.)

Also, by the definition of €2, we have . C supp ¢ and ’Qe X BRT‘ — 0 as € — 0F. Thus, since N €
LY(R2" dp) there exist 1, > 0 and €, > 0 such that for any € €]0, ¢,

and // xy|d,u<§

Qe XBRT

‘Q XBR

Therefore, for any € €]0, €[,

// N(z,y)|dp < r,

QxR
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from which we get

lim // (N (z,y)|dp = 0.

QxR

Therefore, (4.8) is valid. By the arbitrariness of ¢, we have

J] &7l v (o) au— [ gl m)(—p)dr >0
Q

R2" |
for all p € Wg(')’G(Q).

Consequently

[ @07 L2 dn— [ s @ uppdr =0,
Q

R2n |vsu’0 |

for all o € WC(Q).
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