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ARTICLE INFO ABSTRACT

Editor: Dr. Pinyan Lu The Longest Common Substring (LCS) and Longest Palindromic Substring (LPS) problems are
fundamental challenges in string processing, traditionally solved in linear time using classical

iggggﬂgsc computation through suffix trees. Recent breakthroughs by Le Gall and Seddighin [1] introduced
68012 sublinear quantum query algorithms, while Akmal and Jin [2] further improved the LCS com-

plexity to O(n*/?). While these results are remarkable in the quantum query model, their practical
Keywords: implementation on real quantum hardware remains elusive. In this paper, we bridge this gap by
Quantum computing presenting the first O(W) quantum algorithms for both LCS and LPS in the circuit model of compu-
Text processing tation. Our circuits are explicitly constructed and analyzed in terms of size and depth, achieving

Sequence analysis polylogarithmic overheads while preserving the O(y/n) depth bound. This provides, for the first

time, concrete circuit-level blueprints and resource estimates for quantum solutions to LCS and
LPS.

1. Introduction

Quantum computing is a rapidly developing area of computer science that leverages the properties of quantum mechanics to create
computing systems that can tackle problems in a markedly different way than classical computers both from the software and the
hardware perspectives. Unlike classical computers, which rely on bits (either 0 or 1) to encode data, the information unit in quantum
computing is the quantum bit aka qubit, which can exist in a superposition of classical states. Additionally, when considering multiple
systems of qubits they might be in an entangled state. Entanglement is a physical phenomenon that allows two or more qubits to have
dependent behaviours even when they are separated by a great distance. These unique features give quantum machines an advantage
over classical ones, particularly in areas such as code-breaking and optimization, allowing them to perform certain calculations at an
exceptional speed.

The most notable examples of quantum algorithms that exhibit a computational advantage over their known classical counterparts
are Shor’s algorithm [4] for factoring large numbers and Grover’s algorithm [5] for unstructured database searching. These algorithms
provide exponential and quadratic speed-ups over classical algorithms, respectively, serving as impressive demonstrations of the
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power of quantum computing and sparking a surge of interest in further research and development in the field. Moreover, the recent
demonstration of quantum supremacy [6] unleashed a wave of interest in quantum computing, leading to the integration of these
new technologies in various areas of computer science.

Only recently have text processing and string problems become a topic of interest for quantum computer scientists. The first
notable quantum algorithm for such problems was the O(\/ﬁ + ﬁ) time algorithm by Ramesh and Vinay [7], which finds the
first exact occurrence of a pattern of length m in a text of length n. Subsequently, Niroula and Nam [8] presented a more general
algorithm for exact string matching in 0(\/;) time. More recently, the Niroula-Nam quantum algorithm has been extended [9,10]
to swap matching and other variants of approximate string matching achieving O(n) time in the case of short patterns, i.e., when
m = O(log(n)).

This paper focuses on the fundamental Longest Common Substring (LCS) problem and the Longest Palindromic Substring (LPS) prob-
lem, both of which play crucial roles in string processing. The LCS problem asks for the longest substring that is common to two
given input strings x and y of the same length n both over a common alphabet X of size o, while the objective of the LPS problem is
to determine the longest substring of a string x of length » that remains unchanged when read forward or backward.

1.1. Models and existing results on LCS and LPS

In classical computer science, the most straightforward solutions to such two problems are those based on dynamic programming,
which solves both problems in O(n?) time. However, the LCS and LPS problems admit linear-time solutions [11]. Remarkably, the
solutions to these problems are nearly identical and involve the construction of the generalized suffix trees [12] for the input strings
and the identification of the lowest common ancestors among the tree nodes.

The question of whether it is possible to exploit the properties of quantum information to solve LCS and LPS more efficiently
naturally arises.

In a recent paper [1], Le Gall and Seddighin [1] presented quantum algorithms for both LCS and LPS that assume the quantum
query model [7,13] and have sublinear-time complexity. Specifically, these solutions to LCS and LPS require O(n°/) and O(n'/?) oracle
queries, respectively, and are based on well-known quantum procedures, such as Grover search [5], quantum string matching [7],
quantum element distinctness [14], and amplitude amplification and estimation [15].

More interestingly, in [1], the authors proved that any quantum algorithm for LCS must take at least Q(1n%*/?) time, even when
binary strings are considered. More recently, Akmal and Jin reached in [2] this lower bound with a quantum algorithm in O(n?/3)
time, improving the previous result, using the MNRS quantum walk framework [16], together with a careful combination of string
synchronizing sets [17] and generalized difference covers [18].

The complexity of the aforementioned solutions [1,2] is analyzed in the quantum oracle model (also known as the query complexity
model [7,13,19]), where the input is accessed via a black-box oracle. In this model, the query complexity of an algorithm is defined
as the number of oracle invocations, while the overall time complexity also includes the size of the quantum circuit implementing the
algorithm, not counting the internal cost of oracle evaluation.

While the query model presents an intriguing and abstract framework valuable for purely theoretical exploration, its practical rel-
evance may be limited in the context of algorithm design for real hardware implementation. This limitation arises from the challenge
of efficiently and concretely constructing or simulating such an oracle.

On the other hand, there are a variety of different models of quantum computation that easily and almost directly translate to
concrete implementations on quantum computers'.

The complexity of a quantum algorithm is best expressed in the computational complexity model [20], where the input is encoded
as a binary string and supplied to the algorithm, which computes an output string. In such a model, an algorithm is expressed using
the quantum Turing machine model [21] or the quantum circuit model [22]. Perhaps, this latter is one of the most widespread
among such models, considering that there are several programming languages featuring the circuit formalism, such as IBM’s Qiskit,
Microsoft’s Q#, and Google’s Cirq, just to cite a few. The computational complexity of a quantum circuit can be measured by its size
(the number of gates) or by its depth (the number of layers). We refer to Section 2 for details on the quantum circuit model and a
discussion about the measures of its complexity.

Thus, given that any quantum oracle comprises at least one gate, and gates are applied sequentially in an algorithm adhering to
the query complexity model, the query complexity of solutions given in [1] and [2] establishes a lower bound for both size and depth
of any quantum circuit implementing the same algorithms. Consequently, the optimal input-oracle-based solution would necessitate
a depth (and a size) of Q(n2/3) (see Table 1).

1.2. Our contributions

In this paper we present the first quantum algorithm for the LCS problem in the circuit model of computation, providing actual
implementation of a quantum circuit that works in é(ﬁ) depth, despite its O(n) size. Specifically, the proposed approach leads to the
definition of an effective circuit with O(\/; log*(n))-depth in the case of binary strings, and 0(\/2 log®(n))-depth in the general case. For
the LPS problem, we obtain two circuits having depth O(\/Z log(n)) and 0(\/2 log*(n)) in the two corresponding cases, respectively.

1 We observe that contemporary quantum computers do not have yet the memory capabilities to deal with the large number of qubits involved
in our algorithm.
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Table 1

A comparison of quantum solutions on LPS and LCS. The time com-
plexities for [1] and [2] are unknown due to their reliance on
random-access oracles, which lack a circuit-level construction in the
referenced paper.

Problem Paper Case # Query Circ. Depth
exact LPS [1] general case O(+/n) -
exact LCS [11 general case On*/%) -
exact LCS [1] non-repetitive O(n¥'*) -
exact LCS [2] general case On?3) -
exact LPS This paper general case - O(\/Z)
exact LCS  This paper general case - O(ﬁ)

At first glance, our result might seem contradictory to that of Le Gall and Seddighin; however, in fact, the comparison of the two
results shows how in quantum computation space efficiency can be traded off for time efficiency. While Le Gall and Seddighin access
the input by querying a quantum oracle, we have direct access to the input, which is encoded on a circuit input register. Instead of
claiming the preferability of one model over the other, we aim to draw the reader’s attention to the differences between them. The
query model allows one to study and analyze quantum algorithms without worrying about the technicalities around the construction
of any specific oracle and has been the framework of the first outstanding attempts to design algorithms that exhibit a theoretical
advantage against classical ones.

Another significant difference lies in how the two algorithms access any input string s. In [1], the authors assume a QRAM
(Quantum Random Access Memory) model [23]. Specifically, it is assumed that the string s can be accessed directly by a random
access oracle that performs, at unit cost, unitary mappings of the kind |i)|a)|z) — |i}|a ® s[i]}|z), where i is a string position, such
that 0 <i < n, a € X is a character, z € {0,1}*, and ® denotes an appropriate binary operation defined on X. However, we point out
that the most efficient QRAM designs [24,25] exhibit a polylogarithmic-time-complexity for accessing the memory with respect to
its size. In our scenario, the memory size is O(n), which implies that QRAM queries will incur an additional multiplicative cost of at
least O(logz(n)). Moreover, we must consider the overhead of initializing the quantum memory, which requires O(n) operations [26].

In contrast, our algorithm does not rely on a random access oracle, but we assume, as in [8,27], that the input registers are already
stored in a quantum memory and do not need initialization?.

Ultimately, our approach stands apart from the previous results due to its inherent simplicity, which enables us to provide a
circuit-level blueprint and to assess the quantum resources required for its implementation.

Table 1 summarizes the complexities of the discussed quantum solutions for LCS and LPS.

The paper is organized as follows. In Section 2, we fix the notation and review some useful preliminaries. Next, in Section 3 we
provide an abstract view of the algorithm for solving the LCS problem. Then, in Section 4, we describe an actual implementation of
the same algorithm within the circuit-based model. In Section 5, we show how to adapt the given algorithm for LCS to a solution of
the LPS problem. Finally, in Section 6, we briefly draw our conclusions.

1.3. Extensions beyond the conference versions

This extended version substantially improves upon the two previously published conference papers [3,27]. In particular, it intro-
duces for the first time a quantum algorithm for the Longest Palindromic Substring (LPS) problem, together with its complete quantum
circuit implementation and complexity analysis. Furthermore, the quantum algorithm for the Longest Common Substring (LCS) problem,
originally sketched in [3], is here described in full detail and optimized in terms of depth and modular structure. The generaliza-
tion to non-binary alphabets is also explicitly treated. Compared to [27], this version unifies and reuses the fixed-length substring
matching procedures as subroutines within more complex circuit architectures. In addition, the description of the FSM circuit has
been substantially extended: we provide rigorous proofs of the size and depth complexity of each component (reversal, conjunction,
rotation, carry, and disjunction operators), as well as of the overall circuit, thereby consolidating the formal analysis of its efficiency.
Finally, a deeper theoretical discussion is included, concerning the computational implications of working within the quantum circuit
model, and potential separations with classical circuit complexity.

2. Preliminaries

Basic Notations. We denote by N, Z, and C the sets of natural, integer and complex numbers, respectively.
Notation for Strings. We represent a string x of length n > 1, over a finite alphabet X of size o, as a finite array x[0.n — 1], and
denote by |x| the length of x. The empty string has zero length and is denoted by . We also denote by x[i] the (i + 1)st character

2 Like the oracle-based model, our approach assumes an idealized setting: large quantum superpositions, entangled registers, and a number of
qubits proportional to the input size. While clearly beyond current hardware capabilities, we believe such assumptions are acceptable in theoretical
computer science, where the goal is to explore algorithmic structure and complexity. Notably, the oracle model itself also relies on features such as
QRAM and coherent data access, which are equally unfeasible today. Our contribution should thus be seen as a concrete and transparent alternative
model for analyzing quantum algorithms.



D. Cantone, S. Faro, A. Pavone et al. Theoretical Computer Science 1065 (2026) 115716

of x, for 0 < i < n, and by x[i . j] the substring of x contained between the (i + 1)st and the (j + 1)st characters of x, for 0 <i < j <n.
A k-substring of a string x is any substring of x of length k. For ease of notation, the (i + 1)st character of the string x will also be
denoted by the symbol x;, so that x = xx, ... x,_;. A substring of x starting at position 0 is a prefix of x.

For any two strings x and y of length n, we say that x and y have a common k-substring if there exist two indices 0 < i, j < n — k such
that x[i.i+ k — 1] = y[j.j + k — 1]. In particular, when the indices i and j coincide, we say that x and y share a k-substring at position
i. The expression x - y denotes the concatenation of x and y. Furthermore, given a string x of length » and a shift 0 < j < n, we denote
by X/ the cyclic rightward rotation of the characters of x by j positions. More formally, we have X/ :=x[n—j.n—1]-x[0.n—j — 1].

Elements of Quantum Information. The fundamental unit in quantum computation is the quantum bit, also known as qubit. A qubit
is an element of the two-dimensional Hilbert space H over C, equipped with the usual inner product. Using Dirac’s notation, we

denote the elements ( (1) ) and < (1) ) from H, respectively, by the symbols |0), and |1). The set {|0),|1)} is a basis of H, called

the (standard) computational basis. Namely, the elements of this basis correspond to the classical states of a (classical) bit. Using again
Dirac’s notation, the mathematical expression of a generic qubit, |y ), is a linear combination of the two computational basis states, i.e.,
lw) = «|0) + B|1), where « and f, called amplitudes, are complex numbers satisfying |a|? + |#|> = 1. The squared magnitudes of « and #
represent the probabilities of measuring |y ) in the state |0) or |1), respectively®. A quantum measurement is the only operation through
which we can gain some knowledge of the state of a qubit; however, this operation causes the qubit to collapse onto a classical bit in
the classical measured state, which is 0 or 1 depending on the probability distribution described by the squares of its amplitudes before
the measurement is performed. The symbols |+) and |—) denote the quantum states L2(|0> + (1)) and LZ(IO) — |1)), respectively. Both

are uniform superpositions of the two computational basis states |0) and |1); howbeit, |+) and |-) differ in their respective relative
phase, which is positive for |+) and negative for |-). Multiple qubit systems are referred to as quantum registers. A quantum register
lw) = 140,415 --- »4,—1 ) Of size n is an element from H®", that is, the tensor product of n copies of H, and is thus expressed as a linear
combination of the 2" states in {0, 1}". Specifically, |y) = Zin:?)l a,|k), where the values a, represent the probability amplitudes of
the corresponding classical states |k) and satisfy Zi:)l la|> = 1. Sometimes, we use |¢)®" to denote a quantum register of size n such
that each of its constituent qubits is in the state |q).

The allowed operations on systems of qubits are those permitted by quantum mechanics and can be distinguished into two classes:
measurements and transformations that change the state of a quantum register into another.

Quantum measurements are operations that cause the collapse of a quantum system into a classical state and result in the loss of the
probability amplitude wave. Quantum measurements are needed not only to have access to the elaboration of the information stored
in qubits but also for their state preparation [28] Section 1.10 .

The dynamics of quantum systems are described by unitary transformations that result in the change of the state of a quantum register
into another. A unitary operator is a bounded linear operator U on a Hilbert space that satisfies UTU = UUT = I, where UT is the
conjugate transpose of U, and I is the identity operator. In other words, a unitary transformation is an automorphism U of the (tensor)
state space that preserves the inner product, (Ux, Uy) = (x, y), thus ensuring the conservation of the probability amplitudes. Formally,
each unitary transformation on an n-qubit register can be described by a 2" x 2" unitary matrix with complex entries. In particular,
unitary transformations are reversible, meaning that no information is lost when performing them, and the composition of multiple
unitary transformations is also a unitary transformation. Any unitary transformation on an n-qubit register can be implemented
as a sequence of 2-qubit unitary transformations. For this reason, 2-qubit and single-qubit unitary transformations are also called
elementary quantum operations.

A quantum algorithm on a n-dimensional input register consists of quantum unitary transformations and measurements. Expressing
a quantum algorithm using elementary quantum operations is often a challenging task that is essential for the implementation of such
algorithms in real quantum machines*.

Quantum Circuits.

This paper adopts the quantum circuits model of computation [20]. David Deutsch was the first to formulate the idea of the quantum
circuit model [29] to encapsulate quantum computations, although, in his original formalization, Deutsch used the term quantum
network. General computational circuits are represented as directed acyclic graphs, where nodes denote gates operating on information
carried by edges. Boolean and arithmetic circuits are examples of circuit models used for classical computation. In the case of quantum
circuits, each gate models either a unitary transformation or a measurement. Unlike classical Boolean counterparts, quantum circuits
must be reversible (except for measurement gates) and ensure the number of input edges matches the number of output edges.
Consequently, quantum circuits cannot join (fan-in) multiple wires or copy/split (fan-out) information due to the No-Cloning Theorem
[30]. Thus, the graph representation features parallel wires (qubits) passing through gates. To support classical data propagation and
fan-out within quantum circuits (operations which are constrained by the No-Cloning Theorem for general quantum states) ancillary
qubits are often used to replicate basis states such as |0) and |1) without violating the theorem.

A basis gate corresponds to an elementary operation, and every other gate is obtained as a combination of basis gates. For example,
in Boolean circuits, the basis gates typically include the negation -, the logical AN D, and the logical OR gates, from which every
other finite Boolean operation can be constructed. In arithmetic circuits, the basis gates are the binary addition gate, + , and the
binary multiplication gate, X. A set of elementary quantum operations from which every other can be obtained must be uncountable.

3 when measuring it with respect to the computational basis.
4 which can perform only a fixed small set of elementary operations.
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However, as established by the Solovay-Kitaev theorem [31], any quantum operation can be efficiently approximated to any desired
degree using a finite set of universal quantum gates. Furthermore, as discussed in the previous paragraph every unitary transformation
can be constructed as a sequence of 2-qubit quantum operations as well as a sequence of single-qubit quantum operations and CNOT
operations [32]. For this reason, any gate implementing a unary or binary quantum operation is a basis quantum gate, also referred
to as an elementary (quantum) gate. Hereafter, we list a few of the most well-known quantum elementary gates.

There is a wide variety of elementary quantum gates that can be combined to form non-elementary gates performing more complex

quantum operations. We will list the two elementary gates used in this paper:

The Pauli-X (or X or NOT) gate is the quantum equivalent of the NOT gate for classical computers. It operates on a single qubit,
mapping the computational basis states |0) to [1) and |1) to |0).
Formally, its action can be described by the following unitary matrix:

0 1
X =
i
This matrix, when applied to a qubit state, exchanges the amplitudes of the |0) and |1) components, effectively performing a

bit-flip operation.
The Hadamard (or H) gate is a single-qubit operation that maps the basis states |0) and |1) to ﬁ(w) + 1)) and to %(IO) -

|1)), respectively, thus creating a superposition of the two basis states with equal amplitudes. This makes the Hadamard gate a
fundamental tool for creating quantum superpositions. Its action is described by the unitary matrix:

PERRI
\/5 1 -1
The Pauli-Z (or Z or phase-flip gate) is the third single-qubit operator of our interest. It leaves the basis state |0) unchanged while

mapping |1) to —|1), that is, applying a negative phase to it. Based on the equivalence Z = H X H, the Z operator can be obtained
from the previous two operators. Its matrix representation is:

1 0
2=l 4
The controlled-NOT gate (or CNOT) is a two-qubit gate that flips the second (target) qubit if and only if the first (control) qubit

is set to 1. Formally, it maps a register |gy,q;) onto |q,, gy @ ;). The matrix representation of the CNOT gate, expressed in the
standard computational basis {|00), |01}, |10}, |11)}, is given by:

1 0 0 O
0 1 0 O
CNOT = 0 0 o 1
0 0 1 O

The Toffoli gate (also known as CCNOT gate) is a works on 3 qubits: if the first two qubits are both set to 1, it inverts the third
qubit, otherwise, all qubits stay the same. Formally, it maps a register |qq, q;, ¢,) onto |qy. q;, goq; D ¢, )- Its matrix representation
in the computational basis (of dimension 8 x 8 for three qubits) is:

1 0 0 0 0 0 0 O
01 0 0 0O O 0 O
0 0 I 0 0 0 0 O
0 0 0 1 0 0 0 O

CCNOT = 00 0 0 1 0 0 O
0 0 0 0 0 1 0 O
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 O]

The swap gate (SWAP) implements the 2-qubit operation that swaps the state of the two qubits defined by SWAP(|g,, ¢,)) = |4;, qp)-
Interestingly, the swap gate can be achieved by the application of three CNOT operators. The matrix representation of the SWAP
gate in the computational basis (dimension 4 x 4) is:

1 0 0 O
0 0 1 0
SWAP = 0 1 0 0
0 0 0 1

Graphical representations of the listed gates can be found in Fig. 1.

Generalizations of the CNOT gate are the n-ary fanout operator and the multiple-CNOT. Given a quantum register |y) =

|90 415 ---»4q,—1) Of n qubits, a fanout operator simultaneously copies the control qubit |¢g,) onto the n— 1 target qubits |g;), for
i=1,...,n— 1. Formally, the fanout operator applies the following mapping |qy, 1. 42, ---»4u—1) = 40,90 ® 41,90 D 92 --- - 4o D Gp_1)-
Although a constant-time fanout can be obtained as the product of n controlled-not gates, the no-cloning theorem [33, Box 12.1]

5
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Fig. 1. The representation of the following basic gates (from left to right): Pauli-X, Pauli-Z, Hadamard, CNOT, Toffoli, and Swap.
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Fig. 2. The representation of n-ary fanout operator and multiple-CNOT with » control qubits.

n

makes it difficult to directly fan out qubits in constant depth [34]. However, assuming that the target qubits are all initialized to |0),
it is easy to see that, by a divide-and-conquer strategy, we can compute fanout in depth @(log(n)), using controlled-not gates requiring
no ancillary qubits [35]°.

A multiple-CNOT (or M-CNOT) operator flips the unique target qubit |g,_,) if all the n — 1 control qubits |g;) (for i =0,.,n—2)
are set to |1). Formally, the M-CNOT operator maps g, 41> @2 - @u—1) © 1905 Q1> -+ » Gn-2> (G0 * 41 *** Gn_2) D q,_;)- The most direct way
to implement an M-CNOT operator is to use the concepts of classical Boolean logic as shown in [36] for classical circuits, and later
in [32] in the field of quantum computing. However, this implementation has a linear depth with respect to the number of control
qubits and requires n — 2 ancillary qubits®. In more recent papers [37,38], it was shown that a construction rearranging the circuit
gates to achieve logarithmic depth by exploiting parallelism is possible, using n — 2 and n/2 ancillary qubits, respectively’. Fig. 2
shows the graphical representations of a general n-ary fanout operator and multiple-CNOT with n control qubits.

Given a function f : {0,1}" — {0, 1}, any quantum operator that maps a register containing the value of a given input x € {0, 1}"
into a register whose value depends on f(x) is called a quantum oracle. We distinguish two main classes of quantum oracles: boolean
oracles and phase oracles. A Boolean oracle U, maps a register |x) ® |0), of size n+ 1, to the register |x) ® | f(x)). More formally,
U;|x,0) = |x, f(x)). A phase oracle P for a function f : {0,1}" — {0, 1} takes as input a quantum register |x), where x € {0, 1}", and
leaves its value unchanged, while applying to it a negative global phase only when f(x) = 1, that is, only if x is a solution for the
function. More formally, P;|x) = (=1)/®|x). Intuitively, a Boolean oracle is a black-box function that outputs a binary result (0 or 1)
based on the input. A phase oracle, instead of giving a classical output, alters the relative phase of the quantum state if a condition
is met, flipping its sign. Thus, while the Boolean oracle returns a bit, the phase oracle encodes the result directly into the quantum
state’s relative phase, which is important for algorithms like Grover’s search®.

Computational Complexity of Quantum Circuits.

There are two major measures of computational complexity for circuit models. One is the total number of basis gates, referred to
as the size of the circuit. The other is the depth of the directed acyclic graph that represents the circuit. Clearly, the depth and the size
of a basis gate equals O(1).

The size of a circuit does not consistently represent the most precise measure of complexity in quantum computation and typically
offers only a rough approximation of the algorithm’s intricacy.

The depth of a circuit equals the number of layers that are required for the parallel execution of the circuit [40], where a qubit
can be involved in at most one interaction per layer. We observe that the depth of a circuit is, in general, not the same as the size
of the circuit itself, since gates that act on disjoint sets of qubits can often be applied in parallel. As quantum gates necessitate

5 One possible way to implement a multiple~-CNOT (with one control and » targets) in logarithmic depth is to use a balanced binary tree of ancille,
often called a “cat state” construction. The control qubit is coherently copied onto O(n) ancill in O(log n) layers of CNOTSs, so that each replica can
act in parallel on a distinct target. After applying the CNOTs to all targets in one constant-depth layer, the ancillze are uncomputed by reversing the
tree. This yields depth O(log n) and size @(n). Variants of this construction exist, but all rely on the same tree-based replication principle.

6 There exist different constructions for realizing an M-CNOT gate with logarithmic depth. A standard approach relies on a tree-based scheme: the
n— 1 control qubits are combined in pairs using Toffoli gates, producing [(n — 1)/2] intermediate results stored in ancillee. This process is iterated
in parallel across O(log n) levels until a single ancilla encodes the logical AND of all controls. A single CNOT from this ancilla flips the target qubit,
after which the tree is uncomputed to restore all ancillae to |0). This yields a circuit of depth O(log n) and size ®(n), at the expense of ©(n) additional
ancille.

7 For the sake of completeness, we also mention a recent result [39] that enables the implementation of multi-controlled NOT gates in constant
time in architectures with trapped ions and neutral atoms.

8 It is worth noting that a phase oracle can be emulated from a Boolean oracle by introducing an ancillary qubit and exploiting the phase kickback
technique.
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QUANTUM-LCS(z,y,n):
1. £+ 0;r<n

2. while { < r do

3 d< |(0+71)/2]

4 if‘ﬂi,j €{0,....,.n—1} : ;T‘j[i..ierfl]:y[j..j+d71}‘ < QUANTUM TEST
5. then ¢ < d
6

7

elser«d—1
return /£

Fig. 3. The pseudocode of the algorithm for computing the LCS between two strings, x and y, of length n. The quantum part of the algorithm reduces
to the iterative test of line 4.

Fig. 4. The circuit implementing Grover’s algorithm.

implementation time, the depth of a circuit in modern quantum computers approximately correlates with the duration required for
the quantum computer to execute the circuit. Consequently, circuit depth serves as a crucial metric to assess the feasibility of running
a quantum circuit on a device®.

We close this paragraph by noting that in classical computation, there is a strong relationship between space-bounded Turing Ma-
chines and depth-bounded Boolean circuits. Specifically, space-bounded computations can be efficiently simulated by bounded-depth
circuits, and bounded-depth circuits can be efficiently simulated by space-bounded computations through depth-first explorations of
the circuits (see [41,42] for details). Such a relationship is not known for quantum computations. While space-bounded computations
on Quantum Turing Machines can be efficiently simulated by bounded-depth quantum circuits, the reverse is not known and is con-
sidered very unlikely. Beyond theoretical considerations (see [43]), practical quantum computations are limited by short coherence
times, indicating that highly parallelized quantum circuits are preferable to other quantum models of computation, ' especially from
the perspective of near-term quantum computing [40,44].

For the reasons stated above, the objective of the present paper is to provide solutions to the LCS and the LPS problems in the
form of quantum circuits that are efficient with respect to circuit depth rather than size.

3. Quantum longest common substring in the circuit model

In this section, we first describe our quantum algorithm for computing the LCS within an abstract model, that is, in order to
better understand the algorithm’s design, we define the quantum oracles involved in the computation without giving their actual
implementation. Later, we will show that our abstract algorithm requires ()(\/Z) queries to the oracles'!. Subsequently, we will
present an actual implementation of our algorithm in the circuit-based computational model. Our algorithm, named QUANTUM-
LCS, consists of a quantum-based computation component and a classical-based computation one. Its simple underlying structure is
summarized in the pseudocode shown in Fig. 3.

The classical part of the computation consists of a binary search for identifying the length d of the longest common substring of
x and y (line 2).

During each iteration, we check for the presence of a common substring of length ¢ between x and y. Let [¢.r] be the interval
over which the binary search is restricted during an iteration of the algorithm, and let d = |(¢ + r)/2]| be its median. The values of #
and r are initialized to 0 and n, respectively. At each iteration, it checks for the presence of a common substring of length d between
x and y. The efficient resolution of such a problem, which we call the bounded substring matching (BMS) problem, is the basis of our
algorithm.

If the iterative test returns a positive answer, then the interval is narrowed to [d . r] and otherwise is narrowed to [¢.d — 1]. The
search identifies the length d of the longest common substring in O(log(n)) steps.

9 The depth of a circuit is considered the measure of complexity in many quantum languages. See for example https://docs.quantum.ibm.com/
api/qiskit/0.43/circuit
10 1t is noteworthy that achieving parallelism within the quantum circuit model mandates the capability to interact with spatially distant qubits.
Various implementations may impose physical constraints on the extent of such interaction. Nonetheless, recent advancements in quantum computing
have demonstrated the possibility of realizing long-range qubit interactions in several proposed schemes.
11 We would like to point out that in counting the number of queries requested by our algorithm, we do not intend to compute its query complexity,
since we work within the circuit-based computational approach that does not conform to the constraints of the query-based model.

7
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The quantum part of the algorithm implements the test of line 4. In what follows, we will focus exclusively on the implementation
of such an iterative test. Before describing the details of the quantum procedure for the iterative test, we formalize some assumptions
we make along the description.

Since a quantum register of dimension log(n) can take on any value between 0 and n — 1, like any binary sequence of the same
dimension, for simplicity we will assume that both input strings x and y have length n = 27, for some p > 0. We also assume that x
and y end with two distinct special characters, $ and %, respectively, not belonging to the alphabet X. These assumptions can be
made without any loss of generality, since it would suffice to take the smallest value p for which we have n < 2? and concatenate the
text with 27 — n copies of the special character. For instance, if x = abaacbcbbca is a text of length 11, we silently concatenate it with
5 copies of the character $, i.e., we assume that x = abaacbcbbca$$$$$. This assumption has no effect on the complexity, since the
resulting string has at most twice the length of the original string.

Although any substring of length d can begin at any position j of the text, for 0 < j < n —d, in this paper we also allow for values
of j between 0 and n — 1, thus assuming that a substring of the text can be obtained in a circular way. Even such an assumption can be
made without loss of generality, because the last characters of x and y are the special characters $ and %, respectively, and therefore
no substring obtained circularly can ever be returned as LCS.

For the sake of simplicity, we restrict our study to circuit algorithms designed for processing binary strings. This further simplifica-
tion, however, does not lead to any substantial change in our results since, assuming that each character can be represented with (at
most) log(o) bits, it is easy to show that the quantum operators used in the construction of the algorithm would undergo an increase
in their depth by at most a factor of log(c).

In the next two sections, we introduce the quantum operators used within the quantum circuit that implements the iteration test
of the algorithm. Basically, these are the circular shift operator (Section 3.2) and the bounded match operator (Section 3.3). Finally,
in Section 3.4 we describe the quantum procedure for the iterative test and discuss the overall depth of the algorithm.

3.1. Grover’s search algorithm

Grover’s search algorithm [5] is one of the most famous results proving theoretical quantum supremacy, together with Shor’s
algorithm [4]. Grover’s algorithm searches a desired item within an unstructured dataset of n items in O( \/Z) time [45], which is
quadratically lower than the lower-bound to the runtime of an algorithm solving the same problem in a classical model of computation.
The algorithm is inherently bounded-error, but we know there is no quantum algorithm making less than » queries that solves the
problem with certainty for an arbitrary dataset [46].

Given a function f : {0,1}'°¢™ — {0, 1} with a unique solution w € {0, 1}'°¢™ such that f(w) = 1, the algorithm uses a rotation
of the quantum register representing the superposition of all inputs x € {0, 1}!°¢" to increase the probability of getting the desired
solution w when measuring the register.

More in detail, the algorithm starts with a register encoding the uniform superposition of all possible inputs x € {0, 1}'°¢™_ Note
that the objective register, in which the unique solution w has amplitude 1 and all other items have amplitudes 0, is nearly orthogonal
to the starting register. Thus the goal of the algorithm is to apply to the initial register a rotation as close as possible to /2 to bring
it closer to the objective register. A single iterative step of the algorithm consists of two rotations.

The first one consists in a Phase Oracle gate U, for the function f, which flips the amplitude of the qubit |w) corresponding to
the searched item, leaving the amplitudes of all other inputs unchanged. The second rotation is performed by the Grover’s Diffusion
operator (or Diffuser), which operates a reflection across |+)®". The overall rotation performed during a single Grover iteration is
approximately equal to 2/ ﬁ radiants. Thus, = /4\/2 iterations are necessary and sufficient. Fig. 4 represents the circuital translation
of Grover’s algorithm, in which details on the circuit implementing the Diffuser used by the algorithm are provided.

The Diffuser requires a multicontrolled Z gate of size n; therefore, its depth is logarithmic in n. Thus, Grover’s algorithm has depth
O(W(T(n) + log(n))),'? where T'(n) is the depth of the phase oracle gate.

In the case where the function f has r solutions, with r > 1, (9(\/7:) iterations are still enough to find a solution, but it can be
shown that roughly IZ[\/? iterations are required [15], and that this bound is optimal [47]. However, in general, the value r is not
known a priori and can only be obtained through a complex procedure based on the Quantum Phase Estimation. Finally, If we have
r solutions and we would like to find all of them, G)(\/E) iterations are sufficient and necessary [48].

Observe that, when the number r of solutions is unknown, the standard version of Grover’s algorithm cannot guarantee optimal
success probability, which may drop to 1/2 if the number of iterations is not properly calibrated [47]. In such cases, one can rely
on amplitude amplification techniques, such as the BBHT algorithm [47] or fixed-point variants [49], which preserve the 6(\/;)
complexity up to logarithmic factors in the parameter.

3.2. Circular shift operator

A circular shift operator (or cyclic rotation operator) ROT applies a rightward shift of s positions to a register of n qubits for a
fixed parameter 0 < s < n. Thus, the element at position i is moved to position (i + s)modn. Such an operator has been effectively used

12 If we assume to be able to implement the multicontrolled Z gate in constant time [39], a Grover’s search on a dataset of n items achieves

O(4/nT(m)) time.
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Fig. 5. A circular shift operator on a n-qubit register |g) controlled by a log(n)-qubit register |j). The circuit makes use of log(n) ancilla qubits which
is not shown in this graphical representation. On the left of the figure, we show the succinct graphical representation used below in this paper.

in other quantum text searching algorithms [8-10], which use a O(log(n))-depth circuit implementing it. However, it is possible to
perform a circular shift more efficiently via a constant-depth quantum circuit [44]. The details for constructing such a constant-depth
circuit have been detailed in [50], where it is shown that the resulting operator can be executed in linear size and constant depth by
two layers each made of 3 CNOT gates, both in the case of binary strings and in the general case (see Algorithm 1).

ALGORITHM 1: Algorithm constructing a quantum circuit for the rotation of a register of size n by s positions [50].

Input: n,s
Initialize n input wires (qubits) |gy), ..., |g,_1);
fori=1to [g]—ldo
Swaplq;, 4,—;)
end
for j=1to [g]—ldo
Swaplgrs)_j- 4|3 )+;)
end

Suppose we operate on a circuit containing two quantum registers: the first register |j), of size [log(n)], encoding the input value
related to the shift amount, and the second register |q), of size n, representing the register to be rotated. We denote such a controlled
circuit by ROT, and its action on a register |q) of size n controlled by a register |j) (of size log(n)) is formalized by

ROT(Ij) ® 190 a1 - » Gp1 ) = 1) ® 1Gu—js dujrt - > dnje1) = 1J) ® |R;(9))-

Because the controlled cyclic shift gate does not change the control register, we abuse the notation writing ROT; for ROT(| /), -).
Since a register of size n can be rotated by a number of positions between 0 and » — 1, the |j) register can be implemented using
log(n) qubits. We have then |j) = ®1,(f0(")_1 |j;), where |j;) is initialized with the value of the ith least significant bit of the binary
representation of the value j. It will then be enough, for any value of i, such that 0 < i < log(n), to apply to register |¢) the rotation
operator ROT,; controlled by the qubit | ;). Note that the rotation operator ROT,: consists of a sequence of at most log(n) layers, each
containing at most, g parallel gates, controlled by the same qubit. Thus, to keep the parallelism of the cyclic shift operator in its
controlled version, we apply the technique described in Section 2 that involves the use of g log(n) ancilla qubits for the application of
all parallel operators controlled by the same qubit, that is, for each 0 < i < log(n), the cyclic shift controlled by 2 positions we need
g ancilla qubits. The controlled cyclic shift by 2/ positions requires depth O(log(n)) to fan the information on the control qubit out to
the ancillee plus O(1) to perform the cyclic rotation. Therefore, the overall controlled circular shift operator ROT; over a register of
size n and dependent on the value of an input quantum register of size log(n) can be implemented by a quantum circuit with depth

equal to O(log(n)). Fig. 5 contains an illustration of such a circuit.

3.3. Fixed substring matching operator

In this section, we focus on the Fixed Substring Matching (FSM) Operator, a quantum circuit originally introduced in [27] as a
unified construction for addressing different variants of fixed-length substring matching. In that work, the circuit was shown to solve
the following three related combinatorial problems:

1. the Fixed Prefix Matching (FPM) problem, which checks whether the two input strings share a common prefix of length d;

2. the Fixed Factor Matching (FFM) problem, which verifies whether the two strings coincide on a substring of length d starting at a
prescribed position j; and

3. the Shared Fixed Substring Checking (SFC) problem, which generalizes the task by asking whether such a common substring of
length d exists at any position ;.
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All these problems belong to the family of Fixed Substring Matching problems, where the parameter d is fixed in advance. Within
this framework, the FPM problem can be seen as a special case of FFM (with j = 0), while SFC extends FFM by ranging over all valid
positions. The FSM provides a single quantum primitive capable of supporting each of these formulations.

In the following, we adopt the name FSM to emphasize its use in the Fixed Substring Matching setting; however, throughout the
literature and depending on the specific problem under consideration, the same circuit may be referred to by different names (e.g.,
FPM, FFM, or SFC). For clarity, we will treat these as instances of the same underlying operator.

3.3.1. Definitions of core components of FSM

We first give the notion of matching substring vectors, originally introduced in [27]. Let x and y be two strings of length n. For
any integer i > 0, the matching substring vector A’ of x and y is defined as the bit vector of length n such that A'[j] = 1 whenever
the substrings x[j.j+2' — 1] and y[j.j+2' — 1] are identical, and A'[j] = 0 otherwise. Such vectors can be efficiently computed in
a recursive fashion, starting from A°, the vector whose entries 1°[;] are the character-wise comparisons of x and y, and combining
the results to handle increasing substring lengths. It is easy to check that A°[j] = 1 only if x[j] = y[j] and that, in general, A'[j] is
equal to the conjunction of two entries in A'~!, corresponding to adjacent blocks of length 2/~!. We exploit this recursive structure
to identify equal substrings of any power-of-two length. For example, given the strings x = cgaactta and y = ctacctta, we obtain
A=[10101111],A4'=[0000 11 1 0],andsoon.

Combining the two notions given above, we get the following result [27] stating that a substring of length d starting at position
j in both x and y is equal if and only if, for every power 2/ in the decomposition of d, the corresponding bit in A’ is set to 1 at the
appropriate shifted position.

Lemma 3.1 (from [27]). Letd > 0 and let d denote its reverse binary representation. Then, for any j < n — d:

Xjj+d=1=)lj.j+d =11 = N\i[j+d0:i-1]] =1,
ieS

where S is the set of bit positions i such that d[i] = 1.

Note that d[0:i — 1] is not a binary array, but rather the integer value represented by the first i bits of the reversed binary form of
d.

We refer the reader to [27] for the full derivation and additional properties of this technique. Following the idea underlying
Lemma 3.1, we employ a family of auxiliary bit-vectors D, indexed by i, that characterize the presence of common substrings
between x and y. Each vector D' encodes the information on matching substrings of length d[0:i], according to the power-based
decomposition of the target length d. The bit at position j + d[0:i] is set to 1 if and only if a common substring of length d[0:i] begins
at position j of both strings.

Such vectors are built incrementally: D° corresponds to matching substrings of the shortest relevant length, and the subsequent
vectors D' combine and extend this information to longer substrings, aligned with the binary expansion of d.

To simplify the base case of the construction, we assume that the empty string is trivially shared between x and y at every position.
As a result, the initial vector is set to D! = 1"+113,

3.3.2. Circuit logic for the FSM procedure

In this section, we discuss the ideas underlying the workflow of the Fixed Substring Matching (FSM) operator and describe its
quantum circuit implementation in terms of elementary at-most-ternary gates that compose it.

Fig. 6 contains the pseudocode of the algorithm designed to solve the general FSM problem. The algorithm proceeds in three
distinct stages and takes as input the strings x and y, the matching length d, and an auxiliary bit vector D!, which is initialized
according to the specific application '*.

Let L = |log(d)]|. In its first stage (initialization stage), the algorithm initializes the matching vector A° (line 1) and the corresponding
vector D (line 2). This stage is followed by a loop (extension stage) of L iterations (lines 3-6) that compute the vectors A’ and D/, by
exploiting the recursive relations described in the previous section. Upon completion of the loop, the algorithm computes a bitwise
OR over the entries of the final vector D, and, finally, the resulting bitwise OR value is output (line 7), indicating the presence or
absence of a fixed-length match.

We provide now a detailed description of the quantum circuit implementing the algorithm presented above. Such a quantum
circuit is depicted in Fig. 7, and our description will closely follow its structure, presenting each operator that composes it, and
analyzing its complexity in terms of both size and depth.

3.3.3. Registers of the FSM quantum circuit
The circuit implementing the FSM operator utilizes two registers, |x) and |y), each of size n, which store the characters of the
input strings x and y, respectively. These registers are assumed to be preloaded in quantum memory and do not require initialization.

13 Here, 1"*! denotes the binary vector of length n + 1 with all bits set to one.

14 The vector D' serves as an initialization step, tailored to the specific problem being addressed. In particular, if the goal is to check the equality
of a specific substring starting at position i, the corresponding bit in the vector must be initialized to 1. Conversely, if the objective is to verify all
possible positions, the vector should be initialized with all bits set to 1.

10
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FSM(d, z,y, D™1):
L. A%« M(x,y)

2. if (d[0] = 1) then D° < (D71 A \0) > 20
3. L« |log(d)]

4. fori<+ 1to L do

5. Af < EXT; (A1)

6 if (d[i] = 1) then D < (D=1 A XP) > 2¢
7 else D! + Di~1

8. v \/p_y DL

9. returnr

Fig. 6. The pseudocode of the FSM algorithm.

A separate register, |d), of size L, holds the fixed-length value d. Initializing this register requires O(log(n)) time. For simplicity, in
Fig. 7, we assume that d is within the range 1 < d < 8, which allows it to be represented using 3 bits. In our quantum implementation,
each vector D' is stored in a quantum register |D’) of size n + 1, and each vector A’ is stored in a quantum register |A') of size n.
Here the index i ranges over 0 < i < L, with L < log(n), so that representing i requires at most O(log n) qubits. The final result of the
computation is stored in the single-qubit register |r).

3.3.4. Initialization of the FSM circuit

The initialization step involves the application of the reversal operator to the register |d) = |d,,_, ... d,d,), where m = [log,(d + 1)]
is the number of qubits required to encode d. This operator maps |d) onto |d) = |dyd, ... d,,_;), i.e., it reverses the order of the qubits.
Formally, the reversal operator R,, is defined by

R, |dy_y ... dydy) = |dod, ... d,_y),. (€))
and it is implemented by swapping qubit i with qubit m — 1 —i, for all 0 < i < [m/2].
Lemma 3.2 (Complexity of the reversal operator). The m-qubit reversal operator R,, admits an implementation of size ®(m) and constant

depth:

o if SWAP is primitive, the circuit requires |m/2| SWAP gates in parallel (depth 1);
o if SWAP is decomposed into three CNOTs, the depth is 3 and the two-qubit gate count is 3|m/2].

Proof. The operator R, consists of |m/2] disjoint transpositions. All swaps can be applied in parallel since they act on disjoint qubit
pairs. If SWAP is primitive, the depth is 1; otherwise each SWAP is replaced by its standard three-CNOT decomposition, scheduled in
three parallel layers, giving depth 3. In both cases the gate count is ©(m), hence the size is linear and the depth constant. [

Remark 3.3. The assumption that the pattern and text registers are preloaded with input data is standard in both classical and
quantum string-matching algorithms. The only initialization cost considered here is the reversal of |d), whose complexity is as stated
in Lemma 3.2.

3.3.5. Computing the |A) quantum registers

The registers holding the matching substring vectors A’ are computed in the first phase of the algorithm through the application
of the matching operator M (for the initialization of A°) and the extension operators EXT; for subsequent iterations. Formally, the M
operator performs, for all x, y € {0, 1}", the following mapping

Mx)p)[07) = |x)|y)]4%)

and is based on the following simple logical relation

ALY = (x; A 9;) v (7, A=)
Thus, the matching gate M can be implemented by two sets of n parallel Toffoli gates, the second of which is squeezed by two layers
of parallel X gates. Fig. 8 (left) illustrates the quantum circuit implementing the M match operator, acting on two input registers x

and y, each consisting of 8 qubits. The output register 1°, of the same size, stores a 1 in position j if and only if x =Y
The extension operator EXT; performs, for all 0 < i < log(n), the following mapping

EXT,[4"71)]0") = 14"7")14")

and its computation is based on the following simple logical relation

AT = AT A AT+ 27

11
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Init. | Compute A ! Compute D° | Compute D* ! Compute D>  !Disj.
Depth: O(1); O(log(n)) i O(og’(n)) | O(log’(n)) | O(log(n))  Oflog(n))
Size: O(L) i O(nlog(n)) i O(nlog(n)) i O(nlog(n)) i O(nlog(n)) iO(n)
e 3 3 3
ly) -~ : : : :
1 1 1 1
— | 1 1 1
o) l l l l
) —— =1 : : :
|d2) My ! ! 1
1 1 1 1
n | | | |
o g : : :
[ATy - : : : ‘
. n I I I I
[A2) ‘ : : :
|
oy o]
‘DU) n+1 1
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|
|D?) A= :
1
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Fig. 7. Simplified quantum circuit for the FSM procedure. The circuit takes as input the registers encoding the text x, the pattern y, and the offset
d, and proceeds in stages: (i) initialization of the auxiliary register D~'; (ii) computation of the matching vectors A’ via the operator M and their
extension operators EXT;; (iii) iterative construction of the vectors D’ using controlled conjunctions (A), controlled rotations (ROT;), and the CRC
operator; and (iv) final disjunction (v) and measurement of the result qubit r. Each block is annotated with its asymptotic depth and size, showing
that the overall circuit achieves depth O(log?(n)) and size O(nlogn).

)|y} [A%) <= Mz)|y)]0") IATHINY) = BT ATH]0m)

|zo) ® ® )
jan) & ® v "
) [2) ® ® ) — )
|3) G D Rgg
|4) & ® p\é)
|zs) G D =
9
[40) G © AL
1 1
lv2) ® ® [A") Rf)
lv) = ly2) ® ® I
ls) ® ® !
[ys) & @ [A5) —1
)\1
1 A
) M) —o M)
A i
A
W Gk b M
[A$) |A)
[A9) 1A%) IA3)
[AQ) [A3) b—

Fig. 8. (Left) Graphical representation of the M match operator acting on two input registers x and y, each composed of 8 qubits. The output register
2%, of equal length, has its jth qubit set to 1 if and only if x; = y;. (Right) Graphical representation of two extension operators used to compute the
vector A from 4"~!. The jth qubit of A’ is set to 1 if and only if both qubits at positions j and j + 2"~ in A'~! are equal to 1. The compact notation
for each operator is displayed alongside its corresponding circuit.

Therefore, the EXT; operator can be implemented by means of a set of Toffoli gates. Fig. 8 (right) displays the quantum circuit
representations of two extension operators used to compute the vector A’ from A’~!. The jth qubit of A’ is set to 1 if and only if both
qubits at positions j and j +2/~! in A’~! are equal to 1.

Lemma 3.4 (Complexity of computing the matching vectors A'). Let x,y € {0, 1}" and define the bit-vectors 1%, A!, ..., il by

Pli=1b;=y]  and 1= 27GIAZT 27 for 1 <i< L,

12
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le) —e— le)
|ao)
|a1)
la) —o— las) le) —o— ey —® D
|as)
ag) ao)
|as) a1)
= la) —3—  la2)
|bo) |as)
|b1) |aa)
|b) —o— |b2) |as)
|bs) =
[b4) [bo)
|bs) [b1)
o) —{c]— [b2)
|70 |b3)
q1) [ba)
l9) _m_ q2) |bs)
lgs)
qa)
lgs)

Fig. 9. (left) The graphical representation of the bitwise conjunction operator between two quantum registers |a) and |b) of 6 qubits; and (right)
the graphical representation of the copy operator with reversal control over one input registers |a) of 6 qubits. The resulting qubit, |b), is a copy of
|a) only if the control qubit |c) is set to 0. On the right of each of the operator is shown its compact graphical form.

where indices in the second term are valid for 0 < j < n— 2/~!. Then there exists a quantum circuit which, on input |x)|y)|0"*+D), outputs
[x)[3)14%) --- | ALy with

e circuit depth O(L),
e circuit size O(nL),

in the standard circuit model where two-qubit (or three-qubit) gates acting on disjoint sets of qubits can be executed in parallel. In particular,
taking L = |logn| yields depth O(log n) and size ©(nlog n), while taking L = |logd| yields depth O(log d) and size ©(nlog d).

Proof. We first consider the initialization stage (M operator). The vector A’ implements the component-wise equality check between
x and y. Using the identity 1[x; = y;] = (x; A y;) V (=x; A 7y;), one can compute A%[j] with a constant number of two-/three-qubit
gates per position j, e.g., two parallel layers of Toffoli gates with suitable X gates to handle negations. All n positions are independent,
hence this stage has constant depth and gate count O(n).

Next, we consider the first part of ith iteration of the extension stage for a fixed i (EXT;). For each valid j, the bit 4[] is the conjunction
of two entries of 4'~! with indices j and j + 2'~!. We implement A'[] by a single Toffoli with controls 4~'[j] and A'~![; +2/~'] and
target the fresh qubit 4’[;]. Consider the interaction graph G, = (V, E;) where V = {0, 1,...,n — 1} and

Ej={{j,j+27"} 1 0<j<n=-2""}

Each vertex has degree at most 2, so G, is a disjoint union of paths and is therefore bipartite; in particular, its edge-chromatic number
is 2. Hence the edge set E; can be partitioned into two matchings EI.(O) and Efl) so that no two edges in the same matching share a

vertex. Scheduling the Toffoli gates corresponding to E,.(O) in one parallel layer and those corresponding to E;]) in a second parallel
layer computes all the targets A’[,] in constant depth for this i. The number of Toffolis used at level i is ®(n) (up to boundary effects),
so the gate count per level is O(n).

Overall, the initialization has constant depth and ®(n) gates, while each level i = 1,..., L has constant depth (two parallel Toffoli
layers plus O(1) layers of single-qubit gates, if any) and uses ®(n) gates. Summing over L levels yields overall depth O(L) and size
O(nL).

Gate set considerations. If Toffoli is decomposed into a constant number of two-qubit gates and single-qubit gates, the above depth
bounds incur only a constant-factor increase, leaving the asymptotic complexity bounds unchanged. O

3.3.6. Computing the | D) quantum registers
The the second part of the ith iteration of the extension stage computes the vector | D'), for 0 < i < L. According to the pseudocode
outlined in Fig. 6 (lines 5-6), if |d;) equals |1), then |D') is obtained by first performing a bitwise AND between |D'~!) and |4'), and
then applying a right shift by 2/ positions to the resulting register. Conversely, if |d;) equals |0), | D) simply retains the value of | D'~1).
In what follows, we detail the circuit-level realization of the primitives required by the update rule for the registers | D’): (i) the
controlled bitwise conjunction operator, (ii) the rotation operator (already described in Section 3.2), and (iii) the copy operator with
reversal control.

13
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The controlled bitwise conjunction operator applies a bitwise logical AND between two n-qubit registers, |a) and |b), storing the
result in an n-qubit target register |g), but only when a single-qubit control register |c) is set to |1). Otherwise, all registers remain
unchanged. Formally, for all a,b € {0, 1}", the mapping is given by

n—1

Ale)la)lb)0"y = [e)la)|b) @) lc Aa; Ab;).
i=0

Its implementation uses » triple-controlled gates (with |c), |g;), and |b;) as controls, and |g;) as target) for 0 < i < n. Since all gates
share the same control qubit |c), they cannot be directly applied in parallel. To enable parallelism, the value of |c) is first copied
to n ancilla qubits, allowing all n gates to be executed simultaneously and resulting in a circuit depth of O(log n). Fig. 9 depicts the
graphical representation of the controlled bitwise conjunction operator over input registers of 6 qubits.

The copy operator with reversal control (or simply CRC operator) is designed to transfer the value of the qubits of a first register
|a) into the corresponding qubits of a second register |b), assuming that |e) and |b) have the same length and that |b) is initially in
the all-zero state |0"). Unlike a general copying operation (which is not possible for arbitrary quantum states), this transfer is valid
because the target register is prepared in a known computational basis state.

Formally, the CRC operator applies the following transformation to any input state |c)|a)|0"), where a € {0,1}" and ¢ € {0, 1}:

n—1
CRC|c)|a)|0") = |c)|a) @) |c A a)).
i=0
Its implementation relies on a sequence of n Toffoli gates, with the control qubit inverted by a preceding X gate so that the
operation is triggered when |c) = |0). Specifically, for each index i € {0,...,n— 1} , a Toffoli gate uses |c) and |q;) as control qubits
and |b;) as the target. Since all gates share the same control qubit |c), a direct parallel application is not possible. However, a standard
fanout strategy can be employed: the value of |c) is first replicated into » ancillary qubits, which are then used to independently control
the n Toffoli gates in parallel. By leveraging this technique, the CRC operator can be realized by a quantum circuit with depth O(log n).
Fig. 9 shows the graphical representation of the CRC operator over an input registers |a) of 6 qubits.

Lemma 3.5 (Depth/size of the circuit computing the registers |D')). Let n € N and let d > 1 with binary length L+ 1 = |logd| + 1.
Assume that for each iteration i € {0, ..., L — 1} the update | D'~') ~ |D') is implemented by the sequential composition of:

1. a controlled bitwise conjunction that computes the bitwise AND of | D'~!) and |A’) conditioned on |d;),
2. a controlled rotation (right shift by 2 positions) conditioned on |d,),
3. a CRC operator that fixes the branch d; = 0.

Under the standard parallel-disjoint-gates model, and using the fanout technique to replicate a one-qubit control into n per-qubit controls in
O(log n) depth, each of the three primitives above admits an implementation with depth O(log n) and size ®(n). Therefore, the whole computation
of ID°),....|D") has

depth O(logd - logn) and size O(nlogd).
In particular, since logd < log n, the worst-case depth is O(log? n).

Proof. We analyze one iteration i and then sum over i =0, ..., L — 1.

(1) Controlled bitwise conjunction. This primitive applies, for each position j, a constant-size (e.g., Toffoli-based) gate controlled
by |d;) to compute the bitwise AND between the jth bits of | D'~!) and |4') into the jth target wire. To enable parallelism across all j,
the single control |d;) is fanned out to n ancille via a balanced tree in depth O(log n) and size ©(n). All n per-position gates then run
in O(1) parallel layers on disjoint targets. Hence the controlled conjunction has depth O(log n) and size ©(n).

(2) Controlled rotation by 2'. By the construction recalled in Section 3.2, a cyclic shift by 2/ positions controlled by a one-qubit
control can be implemented by (i) fanning out the control to ©(n) ancille in depth O(log n), then (ii) applying the required parallel
swap/permute layers in O(1) depth. Thus the controlled rotation has depth O(log n) and size ©(n).

(3) Copy operator with reversal control (CRC). As described in the text, CRC applies n parallel constant-size controlled gates, again
requiring a fanout of the one-qubit control into n ancillee. Therefore, CRC also runs in depth O(log n) with size O(n).

Per-iteration and total bounds. Within one iteration, the three primitives are composed sequentially, so the per-iteration depth is the
sum of three O(log n) terms, i.e., O(log n), and the per-iteration size is ©(n). There are L = |logd | iterations, which must be executed
sequentially because | D') depends on | D~!). Summing over all iterations yields total depth O(L logn) = O(log d - log n) and total size
©(nL) = O(nlogd). Finally, since logd < logn, the worst-case depth is O(log2 n). O

3.3.7. Computing the final output
The last step of the circuit consists in computing the final output by applying a disjunction between the qubits in the register | D*).
This is done via the register disjunction operator that performs, for all a € {0, 1}", the following transformation.

n—1
\V a,->. )

i=0

V|a)|0) = |a)

The implementation of the disjunction operator can be realized by a fanout operator on the |a) registers, and with target |r),
squeezed by two layers of X operators on the |a) qubits (see Fig. 10). Thus, the depth of the resulting circuit is equal to O(log(n)).
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|ag) —B—4—B—

o)) —B—4—B—

|a) |az) ——3—@—
|as) —B—4—O—

= |ay) —H———

|as) —B—4—B—

|r) r) ————

Fig. 10. The graphical representation of the register disjunction operator over input registers |a) of 6 qubits each. The resulting qubit, |r), is set to
1 if at least one of the qubits of |a) is set 1. On the right of each of the operators is shown its compact graphical form.

Lemma 3.6 (Complexity of the register disjunction). Let the symbol v denote the register disjunction operator that, on input |a)|0)
with a € {0, 1}", defined as in Eq. (2). Then there exists a quantum circuit implementing Vv in depth O(log n) and size ©(n) in the standard
parallel-disjoint-gates model. The same asymptotic bounds hold if Toffoli gates are decomposed into two-qubit gates up to a constant factor.

Proof. One can compute \/; g; as = A\; ~g; by first applying X to all g;, then a multi-controlled Toffoli onto the output qubit, and
finally X on the output and on all ;. Realizing the n-control Toffoli with a balanced ancilla construction gives depth O(log n) and size
©(n); see standard decompositions of multi-controlled Toffoli gates. [

Theorem 3.7 (Overall complexity of the FSM circuit). Let x,y € {0,1}" and let d > 1 with binary length L = |logd]|. The quantum
circuit implementing the FSM procedure, which (i) initializes the control register by reversal, (ii) computes the matching vectors A°, ..., AL,
(iii) performs L iterative updates to obtain D°, ..., D, and (iv) computes the final disjunction \Vi ; D™[j), admits an implementation with

depth O(logd - logn) and size O(nlogd),

under the standard parallel-disjoint-gates model (with Toffoli implementable at constant depth up to two-qubit decompositions). In particular,
since log d < log n, the worst-case bounds are

depth O(log?n)  and  size O(nlogn).

Proof. (Initialization) The reversal R, has constant depth and size ©(n) (Lemma 3.2). (Computation of ') Computing A0, ..., AL uses
depth O(L) and size ®(nL) (Lemma 3.4), i.e., depth O(log d) and size ®(nlog d). (Iterative updates for D') Each of the three primitives
per iteration-controlled bitwise conjunction, controlled rotation by 2/, and CRC-has depth O(logn) and size ®(n) using standard
fanout on the 1-qubit control. Over L sequential iterations this yields depth O(Llogn) = O(logd - logn) and size ©(nL) = O(nlogd)
(Lemma 3.5). (Final disjunction) The register disjunction (OR-reduction) has depth O(log n) and size ®(n) (Lemma 3.6). Summing the
contributions, the depth is dominated by the D-phase, O(logd - log n); the size is ®(nlogd). O

3.3.8. Initialization variants for different problem settings

The bounded matching operator described above provides a common quantum framework for solving the three fixed substring
matching problems, i.e., FPM, FFM, and SFC. The distinguishing factor among these problems lies exclusively in the initialization of
the register | D)~!, while the rest of the circuit remains unchanged.

e For the Fixed Prefix Matching (FPM) problem, |D)~! is initialized so as to restrict the matching process to the prefix region, i.e.,
alignment at position j = 0. In this context | D)~! is initialized to |1)|0)".

e For the Fixed Factor Matching (FFM) problem, | D)~! is initialized to encode the prescribed starting position j, thereby constraining
the computation to substrings beginning at that offset. In this context | D)~! is initialized to |0)7|1)|0)"~/.

e For the Shared Fixed Substring Checking (SFC) problem, the initialization of | D)~ is set to allow all possible alignments j, enabling
the circuit to test for the existence of a shared substring at any valid position. In this context |D)~! is initialized to |1)"*!.

Hence, all the three variants of the problem reduce to the same quantum computation, differing only by the way in which the
initial state of | D)~! is prepared. This highlights the versatility of the bounded matching operator as a general-purpose primitive for
substring comparison tasks.

3.4. Quantum iterative test

Given two strings x and y, both of length », and a bound d < n, the quantum test checks for the presence of a common substring
of length d between x and y.

The abstract procedure that implements the iterative test is illustrated in Fig. 11. It consists of three phases, each of which is
implemented by a quantum sub-procedure: (1) a search phase, (2) a verification phase, and (3) a final check. The output of the
iterative test is the input to the final check. In the current section, we describe the details of the role, structure, and depth-complexity
for each of such phases. Finally, we discuss the overall depth-complexity of the iterative test.

The search phase makes use of Grover’s search algorithm [5] for finding (with high probability) a solution (if any) to a black
box function, making just O(\/;) queries to the function. We refer to Section 3.1 for a detailed discussion of a quantum circuit
implementing Grover’s search and its complexity.
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QUANTUM TEST:

1. j < get a random k such that 2% and y (possibly) share a d-substring (SEARCH PHASE)
2. i+ get a random k such that Z7[k..k +d — 1] is (possibly) equal to y[k..k +d — 1] (VERIFICATION)
3. check if Z7[i..i+d — 1] is equal to y[i..i +d — 1] (FINAL CHECK)

Fig. 11. The structure of the quantum test used in the algorithm in Fig. 3. The test consists of 3 phases, each of which is implemented as a quantum
procedure.

Specifically, the input black box to the algorithm is accessed by a phase oracle P, implementing the function v, ,,: {0,...,n—
1} x{0,...,n—1} — {0, 1}, which depends on the strings x and y. Given the two input parameters j and d, with 0 < j,d < n, the
phase oracle P, tests whether the two strings ¥/ and y share a d-substring. The function Wiy, 1S defined, for all 0 < j,d < n, as

o1 if3ief0,...,n—1} X [i.i+d-1=yli.i+d-1]
Wiy U-d) = {0 otherwise. @)

When the values of x and y are clear from the context, for simplicity we will use the symbol y instead of v, ,). Using this
convention, the phase oracle P, operates so as to achieve the transformation P, |j)|d) = (-1)*Y9|j)|d), for all j,d € {0,1}1°¢® 15 In
Section 4.1 we show how the phase oracle P,, can be effectively implemented by means of a circuit having depth O(log®(n)).

After O(\/Z) iterations of Grover’s algorithm, the procedure returns a potential solution j to the problem, such that ¥/ and y share
a d-substring. However, since such a solution may not exist (a case in which the search would return a random state 0 < j < n), it is
necessary to run the subsequent verification procedures to check whether the returned state is an actual solution of the function.

Assuming X/ and y share a d-substring, the verification phase again makes use of Grover’s search algorithm in order to identify
a position i within the strings such that ¥/[i.i +d — 1] = y[i.i + d — 1]. In this case, the input black box to the algorithm is a phase
oracle P, implementing the function ¢, ,,: {0,...,n =1} x {0,...,n =1} x {0,...,n = 1} — {0, 1}, where, for all strings x and y, and
for all 0 < i,j,d < n, we have:

o 1 ifX¥[i.i+d-11=yli.i+d—-1]
PecyliJod) = { 0  otherwise. “)

Therefore, the oracle P, operates so as to achieve the phase transformation P, |i)|j)|d) = (~=1)*@/®|i)|j), for all i, j,d € {0,1}°¢™. In
Section 4.1 we give an implementation of the phase oracle P, in O(log>(n)) time 16,

Even in this case, after O(\/ﬁ) iterations of Grover’s algorithm, the procedure returns a potential position i, such that ¥/[i.i + d —
N=yli.i+d-1].

Ultimately, the quantum test ends by checking whether the two substrings of length d starting at position i of the strings ¥/ and y
are indeed equal. Such a final check can be exactly computed through a single execution of the quantum oracle U,, implementing the
function ¢ defined in (4).

The whole structure of the quantum test is depicted in Fig. 11. The first two phases require both O(\/Z) queries to the oracles
P, and P,, respectively, while the last check requires a single query to the boolean oracle U,,. Therefore, the quantum iterative test
requires O(\/ﬁ) queries.

We point out that, when a solution exists, both the search and verification phases may fail with a probability O(1/n), due to the
internal randomness of Grover’s algorithm. When the search phase or the verification phase returns a value that is not a solution of
the respective function, the final check fails by returning the value 0. In such a case, we can simply repeat the whole test an arbitrary
constant number of times in order to suppress the probability of failure. The test terminates when a common substring is found, or
when such an attempt fails an arbitrary number of times.

The overall number of queries needed to solve the problem is O(\/Z log(n)), since the execution of the quantum iterative test
requires O(\/;) queries and the binary search for the length of the LCS requires O(log(n)) iterations.

4. A circuit-model based implementation

In this section, we provide an actual implementation of the iterative test shown in Fig. 11 within the circuit-based computational
model. The purpose of this translation is to provide a direct implementation of the algorithm in a quantum computer and evaluate
the actual resources required.

The three steps of the iterative test are implemented by the three circuits reported in Fig. 14. Only three operators are used as
building-blocks in the three circuits: the circular shift (ROT) operator, the shared fixed substring checking (SFC) operator, and the
fixed prefix matching (FPM) operator (see Table 2). We observe that the oracles used in the actual circuits of Fig. 14 are implemented

15 We remark that in the first Grover search the variable |j) represents the sole search input, while the parameter |d) is kept fixed throughout the
process and only appears as a constant input to the oracle function y.

16 In the second Grover search the variable |i) is the actual search input, while both |;) and |d) are fixed parameters provided to the oracle function
@.
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Table 2
The three operators used in the implementation of our circuits, with an indication
of their size and their depth in the case of binary strings (B.S.) and in the general

case (G.C.).

OPERATOR SYMBOL SIZE DEPTH B.S. DEPTH G.C.

Controlled Circular Shift ROT O(nlog(n)) O(log(n)) O(log(n))

Shared Fixed Substring Check ~ SFC O(nlog(n))  O(log*(n)) O(log* (n))

Fixed Prefix Matching FPM O(nlog(n)) O(log3 (n)) 0(10g4(n))
7 1=y ly) Ad) ) lout)
l7) =) ly) |d) 10) |0) < INITIALIZATION
[7) E’J) ly) |d)y |0) |0) < APPLICATION OF ROT|j)|z)
D12 ) ld) e, ©.d)  [0) ¢ APPLICATION OF SFC|z)[y)|d)|r)
) 129 ) d) [zi ) (0,d)  [¥(zi4)(0,d)) < APPLICATION OF CX|r)|out)
7 127) ly) |d) |0) [%(23 (0, d)) « appLicaTiON oF SFCT|z)[y)|d)|r)
17> 1=y ly) Id) 10) [V (73,4 (0,d)) ¢+ appLICATION OF ROT|j)|z)

Fig. 12. The evolution of the 6 registers (|}|x)|y)|d)|r) and |our)) involved in the computation of the boolean oracle U,,, whose circuit is depicted
in Fig. 14.

[y _13) =) ly) _1d) Ir) |out)

[y 17y |z) ly) |d) |0) |0) INITIALIZATION

3y |5 |Z9) ly) |d) |0) |0) AppLICATION OF ROT|j)|z)

[8y 15) 29T |y |d) |0) |0) APPLICATION OF ROT|é)|z)

[8y 15 |29 |7 |d)  |0) |0) AppLICATION OF ROT|i)|y)

B 1) T D) ez g00,0,d)  [0) APPLICATION OF FPM]2)|y)ld)|r)
[y 13 127t 1§ |d) lo@i+ti,71)(0,0,d))  |pzi+ti 7i)(0,0,d)) appLICATION OF CX|r)|out)

[3y 1) 29T |7 |d)  |0) lp(zi+i,7i)(0,0,d)) APPLICATION OF FPMT|z)|y)|d)|r)
T 2 S S @it 70y (0,0,d))  APPLICATION OF ROT![i)]y)

3y |5y |Z9) ly) |dy 10) lo(zi+i,7i)(0,0,d))  APPLICATION OF ROTT|i)|z)

[y 19 1) lv) 1d) 10) lo(ziti,711(0,0,d))  appLIcaTION OF ROTT|j)|z)

Fig. 13. The evolution of the 7 registers (|i)|j)|x)|y)|d)|r)|out)) involved in the computation of the boolean oracle U, as shown in Fig. 14.

as boolean oracles rather than as phase oracles. For this reason, such oracles and the corresponding gates are denoted as U,, and
U, rather than P, and P, respectively. However, this choice is not crucial and it does not lead to differences in the computational
complexity since - as we have already observed - initializing the output register of a boolean oracle to the value |-) allows it to
behave like a phase oracle.

Below, we provide a brief overview of how these operators are structured and refer the reader interested in the details of the
constructions to the references cited above.

Let us describe the quantum circuits that implement the three phases of the quantum iterative test. All circuits make use of two
registers |x) and |y), both of size n, which we assume to contain the characters of the two input strings x and y, respectively. We also
assume that these registers are already stored in a quantum memory and do not need initialization. All circuits involve the presence
of an input register |d), of size [log(d)] < log(n), containing the binary representation of the bound d < n. The initialization of such
input register requires O(log(n)) time. The output of the computation, for all circuits, is stored in the |our) register consisting of a
single qubit.

4.1. Implementing the circuits for the three phases

The circuit for the search phase is depicted on the top of Fig. 14. It makes use of the additional register |;), of size log(n), which
holds the rotation values of the string x. It is initialized to |+)!°2™, in order to maintain, at the initial stage, the superposition of all
possible rotation values between 0 and n — 1. The |r) register, of a single qubit initialized to |0), stores the output of the SFC operator.

The core of the quantum procedure consists of applying Grover’s search algorithm on the phase oracle, U,, of the y, ,, function,
as defined in (3). The boolean oracle U,, takes the two registers |j) and |d) as input, and is implemented through the ROT and SFC
operators. The output of the SFC operator is stored in the qubit |r), while the output of U, is stored on the |out) register, which is
initialized to |-) to make U, to behave as a phase oracle.

In Fig. 12, we show the evolution of the 6 registers involved in the computation of the boolean oracle U,,, namely [/)|x)|y)|d)|r)
and |out) (see also Fig. 14).
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Fig. 14. The quantum circuits implementing the three phases of the iterative test of the QUANTUM-LCS algorithm. For simplicity, the circuits do
not contain all the ancillee qubits. The operators in gray color represent the inverse operators.(For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Specifically, the application on the register |x) of the ROT operator, controlled by the register |j), allows |x) to be modified so that
it contains the superposition of all its possible cyclic rotations. Next, the application of the SFC operator on the registers |d), |x), and
|y) allows the procedure to identify a possible position i (if any) for which X/[i.i+d — 1] = y[i.i + d — 1]. Note that the application
of the SFC operator is done in parallel, for all possible rotations of the register |x). The oracle completes its computation by saving
the output of the SFC operator into the |out) register and uncomputing the entire process by applying the inverse operators in their
reverse order.

Regarding the depth of the circuit for the search phase, we can observe that the ROT and the SFC operators have a depth equal to
O(log(n)) and 0(]og3(n)), respectively. The same is true for their inverse, while the Grover’s diffuser is executed in O(log(log(n))) time.
Since Grover’s search requires iterating the phase oracle and diffuser a number of times equal to O(\/Z), we state that the depth of
the circuit implementing the search phase is O(\/Z log3(n)).

Once the value j has been returned by the search phase, the circuit for the verification phase again uses Grover’s search algorithm
to identify the position i, with 0 < i < n, for which X/[i.i +d — 1] = y[i.i + d — 1] holds. The circuit, depicted in the middle of Fig. 14,
uses the |j) register containing the output of the search phase, and the |i) register, holding the position values of the two strings,
initialized to |+)!°¢®", in order to maintain, at the initial stage, the superposition of all possible position values between 0 and n — 1.
The qubit |r), initialized to |0), stores the output of the operator.
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At the heart of the quantum circuit lies the application of Grover’s search algorithm to the function ¢, , 4, as outlined in Eq. (4).
The quantum phase oracle, U, for the function ¢, , ;) operates on the input register |i) and is executed using the ROT and the FPM
operators. The output from the FPM operator is stored in the register |r), while the output from the oracle U,, gets stored in the |our)
register, a single qubit that is initially set to |~) in order to make U, to behave as a phase oracle within Grover’s search algorithm.

Fig. 13 illustrates the evolution of the 7 registers |i), |/), |x), |¥), |d), |r), and |out) involved in the computation of the boolean
oracle U, as depicted in Fig. 14.

Specifically, we apply the ROT operator on the register |x), controlled by the register |;), allowing |x) to be modified in order
to contain the cyclic rotation of j positions. Next, an application of the rotation operator controlled by register |i) to both registers
|x) and |y) allows the two strings to be rotated by a shift of the same value. Note that, after the application of these operators, the
register |x) contains the superposition of all possible rotations of X/, while |y) contains the superposition of all its possible rotations.
Formally, the application of the FPM operator on the registers |x) and |y) allows the procedure to check if ¥/[0.d — 1] = y[0.d — 1], for
all possible rotations of ¥/ and y. The oracle completes its computation by saving the output into the |out) register and uncomputing
the entire process by applying the inverse operators in reverse order.

Regarding the depth of the circuit for the verification phase, we observe that three ROT operators have a depth equal to O(log(n)),
as well as their inverse. The FPM operator is executed in depth O(log(n)), while the Grover’s diffuser on the register |i) has depth
O(log(log(n))) '7. Since Grover’s search requires O(\/E) iteration, we can conclude that the depth of the circuit implementing the
verification phase is equal to O(ﬁ10g3(n)).

The circuit for the final check takes as input two registers, |i) and |j), containing the output of the search phase and the verification
phase, respectively, and checks whether X/[i.i +d — 1] = y[i.i + d — 1]. Such a circuit is obtained by means of the boolean oracle U,
Thus, the resulting circuit implementing the final check has a depth equal to O(log>(n)).

The following theorem formalizes the overall complexity of our QUANTUM-LCS algorithm in terms of circuit depth and size.

Theorem 4.1. Let x and y be two strings of length n over an alphabet of size 6. The QUANTUM-LCS algorithm can be implemented in the
quantum circuit model using O(n) elementary gates (i.e., circuit size O(n)) and with circuit depth

0(\/;:10g4 n), if o =2 (binary case);
O(y/nlog’ n), otherwise.

Proof. The QUANTUM-LCS algorithm proceeds in three phases. In the first phase, we construct an initial superposition over all
potential starting positions for substrings of a given length d. This requires O(\/ﬁ log® n) time steps due to the use of the fixed-point
quantum search procedure.

In the second phase, we perform a quantum check to determine whether the selected substrings of x and y match. This comparison,
implemented via a quantum parallel matching subroutine, also requires O(\/; log® n) time steps.

The third phase involves the classical post-processing of quantum measurement outcomes and selection of the longest successfully
matched substrings. This step has depth complexity O(log® n).

We obtain an overall circuit depth of O(\/ﬁ log? n) for the core quantum operations, which leads to a total depth of 0(\/2 log* n)
in the case of binary alphabets. For larger alphabets, the encoding and comparison procedures introduce an additional logarithmic
overhead, resulting in a depth of O( \/7110g5 n). The total circuit size remains O(n) in both cases. O

Our analysis establishes a concrete depth and size bound for the quantum LCS problem, highlighting the potential of circuit-based
models in designing efficient quantum algorithms for fundamental string problems (Fig. 15).'8

5. Quantum longest palindromic substring

Our solution to LCS can be easily adapted to solve the LPS problem, which, given a string x of length n, is the problem of deciding
the existence of a palindromic substring of length d, starting at position i. In the present section, we describe and discuss the details
of such a quantum-classical hybrid algorithm whose quantum circuit formalization has the same depth complexity as the circuit
presented for the LCS problem.

The main loop, based on classical computation, consists of an iterative binary search for the length of the LPS, while the quantum
part consists of the iterative test. Consistent to the fact that the LPS problem is computationally simpler than the LCS one, the iterative
quantum test consists of only two phases, namely the search phase and the final check.

17 Recall that Grover’s diffuser acts as the reflection I — 2|s)(s| over the uniform superposition on n elements. When applied to a register of log(n)
qubits, its implementation requires multi-controlled phase inversions, which reduce to the construction of an M-CNOT gate with log(n) controls.
Since such an operator can be realized in O(log(log(n))) depth using parallelized decompositions of multi-controlled gates [32,37], the overall depth
of the diffuser is bounded by this factor.

18 1t is worth noting that achieving a similar trade-off between circuit depth and size for the LCS problem in the classical Boolean model remains
an open and challenging task. While linear-time sequential algorithms are well known for LCS, the design of Boolean circuits that simultaneously
achieve sublinear depth and subquadratic size is, to the best of our knowledge, still elusive. This suggests that the depth bounds we obtain in the
quantum circuit model could point toward a potential separation in the computational power of quantum and classical circuits for this class of
problems.
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QUANTUM-LPS(z,n):
1. £+0;r<n
while ¢ < r do
d+ |(L+r)/2]

2

3

4 if‘ﬂ 1€{0,...,n—1} : zfi..i+d— 1] is palindromic| < QUANTUM TEST
5 then £ < d

6 elser<d—1

7. return /
Q

1.

2.

UANTUM TEST:
i+ get a random k such that Z*[0..d — 1] is palindromic ~ (SEARCH PHASE)
check if Z%[0..d — 1] is palindromic (FINAL CHECK)

Fig. 15. (Top) The pseudocode of the algorithm for computing the LPS of a string x of length n. The quantum part of the algorithm reduces to the
iterative test of line 4. (Bottom) The structure of the quantum test used in the algorithm. The test consists of 2 phases, each of which is implemented
as a quantum procedure.

The quantum procedures that implement the two phases use a single phase oracle U, defined on the function p: {0,...,n -1} x
{0,....,n—1} - {0,1}, where

aay=11 if x[i.i + d — 1] is palindromic
PD=0  otherwise.

Therefore, the oracle P, operates so as to achieve the following phase transformation, for all i,d € {0, 1 Jlog(m;
P|)ld) = (=1)’"D|i)|d).

Specifically, the search phase is responsible for identifying a position i (if any) such that x[i.i + d — 1] is palindromic. This phase
is based on a Grover search that iterates 0(\/5) times the oracle U,. Once the index i has been identified in the search phase, the final
check verifies whether x[i.i +d — 1] is palindromic, through a single execution of U,,.

The iterative test thus requires O(\/;) queries to the oracle. Since the binary search requires O(log(n)) iterations, the algorithm for
computing the LPS requires O(\/ﬁ log(n)) oracle queries.

5.1. Quantum oracle for substring palindromicity

Determining whether a substring of a given string is a palindrome is a fundamental problem in computer science, with applications
in text processing, bioinformatics, and pattern recognition. In the quantum setting, this problem can be addressed efficiently by making
use of operations that can be implemented with logarithmic-depth quantum circuits. Specifically, we use the ROT quantum operator
to perform cyclic rotations of a quantum register and the PFM quantum operator to compare prefixes of two strings. By combining
these operations, we design a quantum circuit verifying the palindromicity of a substring through cyclic shifts and prefix matching
techniques.

Formally, given a string x of length n, the goal is to determine whether the substring of length d, starting at position i, is palin-
dromic. The proposed quantum approach follows these steps:

1. Apply a cyclic left shift of x by i positions.

2. Copy the result into a quantum register of length n, reversing the order of characters so that the register contains x (rotated by i
positions) in reverse order.

3. Apply a cyclic right shift of the second register by d positions.

4. Verify whether the first d qubits of the two registers match.

The following technical lemma states that our procedure for verifying the palindromicity of a substring of x of length d works
correctly.

Lemma 5.1. Given a string x of length n, we let x’ be the cyclic left shift of x by i positions, y be the reverse of x', and y' be the cyclic right
shift of y by d positions. Then, the substring of x of length d starting at position i is palindromic if and only if x' and y’ share a common
prefix of length d.
Proof. To prove this statement, we decompose the string x of length » into three factors such that x = u - w - z, where u is a prefix
of length i, w is a substring of length d , and z is a suffix of length n — d — i. The goal is to determine whether w is palindromic. The
sequence of steps is illustrated in Fig. 16.

After the first step, we cyclically shift x left by i positions, obtaining x’ = w - z - u. In the following step x’ is copied in reversed

order into a new string y of length nso that y = x' = - z - 0.'°

19 We recall that, for any string x, the notation X denotes the reversal of x, that is, the string obtained by writing the characters of x in reverse
order.
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i d — n-d-i —
X u w z
d — n-d-i — i
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i —n-d-i — d
y u z w
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4 — p— J—
Yy w u z

Fig. 16. Illustration of the substring palindromicity test. The circuit rotates x, copies it in reversed order, and realigns the registers so that checking
the first d qubits proves whether the substring w is a palindrome.
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Fig. 17. The quantum circuits implementing the two phases of the iterative test of the QUANTUM-LPS algorithm. For simplicity, the circuits do not
contain all the ancillae qubits. The operators in gray color represent the inverse operators.

The final step consists of cyclically shifting y to the right by d positions, resulting in the string y' = w - i - Z.
It follows that the first d characters of y’ correspond to the reverse of the prefix of x’ of length d, thus proving the lemma. O

For example, consider the string x = 11101010110 with n = 11, and let i = 3, d = 5, where we underlined the substring we want to
test for palindrome. We perform the following steps:

* Step 1: Left shift by 3 positions, obtaining: x’ = 01010110111.

e Step 2: Copy to another register in reverse order: y = 11101101010.

 Step 3: Right shift y by 5 positions: y’ = 01010111011.

o Step 4: Compare the first d = 5 bits of x and y: 01010 vs. 01010, confirming a palindrome.
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5.2. Implementing the circuits for the two phases

Based on the procedure outlined above, the quantum circuit designed for palindromic substring verification consists of two main
phases: the Search Phase and the Final Check. Both phases rely on the implementation of the boolean oracle U,. However, their
usage differs significantly: while the Final Check operates in a deterministic manner and requires only a single execution of U, the
Search Phase leverages U, within Grover’s algorithm for unstructured quantum search. Consequently, in this phase, U, is employed
to simulate the corresponding phase oracle P,, enabling an efficient search process.

The circuit implementing U, comprises several quantum registers that facilitate its execution. A primary register |x), of size n,
is used to store the input string x, while an auxiliary register |y), of the same length, is allocated to maintain a reversed copy of
x. Additionally, a register |j), of size log(n), is introduced to hold the rotation values of x. This register is initialized in the uniform
superposition state |+)1°2", allowing the system to consider all possible cyclic shifts of x simultaneously. Alongside these, a register
|d), also of size log(n), encodes the substring length d, ensuring the circuit’s flexibility in processing substrings of different lengths.
The circuit also includes an auxiliary register |r), initialized to |0), which temporarily stores intermediate computation results, while
the final outcome is recorded in the output register |out), initially set to |-) to enforce the correct behavior of the phase oracle.

The oracle’s execution follows a structured sequence of operations, each crucial to the verification process. First, a cyclic left
rotation is applied to the register |x), controlled by the register |j). This transformation efficiently reorders the characters of x
according to the selected shift, and its implementation can be achieved with circuit depth O(log(n)). Following this, a reversal copy of
|x) is stored into the auxiliary register |y), a step that ensures the availability of the reversed substring for comparison. This reversal
process is executed in constant depth using a sequence of n C-NOT gates, where each gate takes the jth qubit of |x) as control and
the (n — j — 1)th qubit of |y) as target. In Fig. 17, this operation is denoted as the Reversal Copy (RCP) operator.

Once the reversal is completed, the next step involves applying a cyclic right rotation to the register |y), controlled by |d). This
operation effectively shifts the reversed sequence, aligning it with the portion of x that needs to be checked for palindromicity. The
verification itself is performed by the FPM (Prefix Matching) operator, which determines whether the first d characters of |x) and |y)
match. If the two registers share a common prefix of length d, it implies that the examined substring exhibits palindromic symmetry.
The result of this verification is then copied into the output register |our), signaling the successful identification of a palindromic
substring.

To maintain quantum coherence and prevent information loss, the final step of the oracle consists of reversing all previous
operations. By applying the inverse transformations in reverse order, the circuit restores the original quantum state of all registers,
ensuring that no residual information affects subsequent computations. This guarantees that the oracle functions correctly within
Grover’s algorithm while preserving the integrity of the quantum system.

The complexity of the QUANTUM-LPS algorithm can be summarized as follows.

Theorem 3. Let x be a string of length n over an alphabet of size o. The QUANTUM-LPS algorithm can be implemented in the quantum
circuit model with overadll circuit size O(n) and depth

{0(\/Zlog4 n), ifo=2;

O(\/Zlog5 n), otherwise.

Proof. The QUANTUM-LPS algorithm operates in two main phases. The first phase constructs a quantum superposition over the space
of candidate palindromic substrings of a given length, centered at each possible midpoint of the input string. This search is performed
using a fixed-point amplitude amplification procedure and requires O(+/nlog® n) time steps.

The second phase performs a quantum palindrome verification procedure by checking the symmetry of each candidate substring.
This matching process can be implemented with depth O(log® n).

Summing up, the two phases require O(\/ﬁlog3 n) and O(log® n) time steps, respectively. Consequently, the overall depth of the
quantum iterative test is O(\/;log3 n). This leads to an efficient implementation of the QUANTUM-LPS algorithm. Specifically, for
binary strings, the algorithm achieves a circuit depth of 0(\/; log* n), while for general alphabets the depth increases by an additional
logarithmic factor, reaching O(\/Z log> n). In both cases, the overall circuit size remains O(n). O

Therefore, both the LCS and the LPS problems can be solved efficiently in the quantum circuit model, with the same asymp-
totic depth complexity. This aligns with the fact that the two problems have the same complexity in the classical Turing model of
computation, confirming their similarity.

6. Conclusions

We have provided a concrete implementation of the first quantum algorithm for the LCS problem within the circuit model,
contributing to the foundational study of depth-efficient quantum string processing. While previous works in the query model offer
valuable theoretical insights, our approach emphasizes the importance of circuit-based implementations for real-world applications,
where practical considerations such as quantum resource requirements and hardware constraints play a crucial role. By directly
encoding the input into the circuit register, we achieve a circuit-level complexity of O(\/Z log*(n)), highlighting the trade-offs between
time and space efficiency in quantum computation.

We note that achieving a similar depth/size trade-off in the classical Boolean circuit model remains a major open challenge. While
the LCS problem has a well-known ©(n) lower bound in the sequential setting, this does not imply a corresponding depth lower bound
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for Boolean circuits, where the input is available in parallel. Nonetheless, the inherently global nature of LCS - requiring pairwise
substring comparisons and propagation of match lengths - suggests that designing circuits with both sublinear depth and subquadratic
size may be difficult. We are not aware of any classical construction achieving depth 5( ﬁ) and size 5(n) for LCS. Proving that such a
construction is impossible would represent a breakthrough in circuit complexity and offer a formal quantum advantage in this setting.
We highlight this as an important and intriguing direction for future research.

On the classical side, we stress that translating work-optimal, polylog-time PRAM/word-RAM algorithms for suffix-tree-based
pipelines into uniform bounded-fan-in Boolean circuits with quasi-linear size and polylogarithmic depth is nontrivial and, to the best
of our knowledge, not covered by existing references under standard alphabet assumptions. Establishing such circuits would be an
interesting classical contribution in its own right. Our quantum result provides an explicit circuit construction with proven depth
O( ﬁ) and well-accounted size, in a directly comparable circuit model.

We are aware that the circuit-based model adopted in this work, like the oracle-based model, relies on assumptions that are not
currently realizable on existing quantum hardware. Nevertheless, we believe that such idealizations are legitimate within theoretical
computer science, where the primary goal is to understand computational limits and algorithmic structure. In this spirit, our work
offers a depth-efficient solution within a fully specified model, which may serve as a foundation for future developments as quantum
technologies mature.

While both the circuit-based and oracle-based models involve idealized assumptions, the long-term trajectory of quantum hardware
development may favor the former. In particular, scaling up the number of available qubits appears to be a more feasible engineering
goal than maintaining deep quantum coherence or large-scale entanglement across many qubits, as required by query-based access
models such as QRAM. This trend reinforces the relevance of circuit-level algorithmic analysis under explicit resource assumptions.

Thus, our results not only advance the state of quantum algorithms for LCS and LPS but also underscore the broader implications
for circuit-based quantum computing, where resource optimization is essential. Future work will continue to explore these trade-offs
and further refine quantum algorithms for practical deployment on quantum hardware.
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