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Preface

This thesis deals with two common applications in remote sensing, namely the task of localisation

in passive remote sensing and the medium characterisation in active remote sensing. Two novel

approaches are presented, using and combining together the latest trends in literature for both the

topics. For localisation, a new approach to deal with the direction of arrival (DoA) problem is presented,

along with a new metric to evaluate the correctness of the estimation. As medium characterisation, a

novel approach to estimate the drop size distribution (DSD) is proposed, which exploits the features

of polarimetric radar measurements and the pattern-recognition capacity of a fully connected neural

network (FCNN).

Giuseppe Giammello
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Conventions and Symbols

Mathematical conventions

Here is a summary about the mathematical notation used throughout the text, even for different topics.

The appropriate symbols and constants used for each topic are listed in the Symbols section.

General variables representing scalar quantities are identified by italic latin letters (𝑎 − 𝑧, 𝐴 − 𝑍), and

greek letters (𝛼 − 𝜔, 𝐴 −Ω). When the variables represent a vector quantity, they are identified by

bold latin and greek letters (a, A, 𝜶, A, etc.).

A matrix is represented using a bold uppercase latin or greek letter with a bar below the letter; some

examples can be A, B, 𝚪. The zero vector is identified by a bold zero, i.e. 0, while the zero matrix with

a bold underlined zero, 0. The identity matrix is represented with a bold underlined capital i, I. The

transpose of a matrix is written with a capital T superscript, i.e. AT
.

There is no particular notation for complex numbers, they follow the previous notation for scalar,

vector and matrix quantities. The imaginary unit is represented with the lowercase italic j, where

𝑗 = (−1)1/2
. The complex conjugate is done by putting a star superscript above the variable, e.g. 𝑧∗; if

the variable is a matrix quantity, then this notation identifies the conjugate transpose of that matrix

(e.g. A∗
). When the matrix is Hermitian, a capital H superscript is used to write the conjugate transpose

(AH
).

Another general notation is the usage of a hat diacritic above the variable. This identifies the variable

as the estimated version of the "truth" variable (if 𝑎 is the true quantity, 𝑎̂ is the estimated one). This

notation is applied to the vector and matrix quantities that are estimated, too. This diacritic, together

with the notation to write a vector, may be used to represent a unit vector, depending on the context.

The components of a vector quantity are represented by using the same letter as the vector, but not

in bold, and with a subscript identifying the component they refer to; this notation applies to both

when the basis elements are identified through unit vectors (a = 𝑎𝑥 x̂ + 𝑎𝑦 ŷ + 𝑎𝑧 ẑ) and when they are

identified by an index (a = 𝑎1û1 + 𝑎2û2 + 𝑎3û3). The same notation works when vectors are written in

vector form (a = [𝑎𝑥 𝑎𝑦 𝑎𝑧], a = [𝑎1 𝑎2 𝑎3]).

Symbols

Symbols (mathematical and physical) used throughout the whole document:

𝔼 [·] Expected value operator.

N(𝜇, 𝜎) Univariate normal distribution, with mean 𝜇 and variance 𝜎.

𝑐0 Speed of light in vacuum, 299 792 458 m s
−1

(approximated to 3 × 10
8

m s
−1

)
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Signal processing lies at the core of modern remote sensing, enabling

the transformation of raw sensor data into meaningful information

about the Earth’s surface and atmosphere. Remote sensing systems

acquire data through the measurement of electromagnetic, acoustic,

or other types of waves reflected, emitted, or scattered by the target

environment. The goal of signal processing in this context is to

improve the interpretability of these measurements by filtering

noise, enhancing resolution, and extracting features that represent

physical, biological, or structural properties of observed objects.

Recent developments in computational power and data-driven

methodologies, particularly in machine learning, have significantly

expanded the capabilities of remote sensing signal processing. For

instance, advanced frequency-domain techniques and deep learn-

ing architectures have enabled precise detection and changed the

monitoring across complex environments [1].

Feature extraction transforms raw signals into reduced, interpretable

descriptors suitable for classification, detection, and estimation. Fea-

tures can represent physical characteristics (e.g., reflectance spectra,

backscatter coefficients), temporal dynamics, or statistical properties

of the observed scene. For instance, in optical fibre networks used

for passive sensing, feature extraction of reflected optical spectra

enables the accurate estimation of environmental parameters such

as water levels [2].

In active sensing modalities, features derived from signal phase and

amplitude play a crucial role in forming radar or LiDAR images. For

example, passive radar imaging using GNSS signals of opportunity

relies on sophisticated processing chains to reconstruct target geome-

tries and extract physical features such as ship length or orientation

[3].

The effectiveness of feature extraction defines the ultimate success

of downstream analytical tasks such as classification or anomaly

detection, making it a central challenge in both passive and active

sensing workflows.

Remote sensing systems are generally divided into two main cat-

egories – passive and active – based on how the signal used for

observation is generated.

Passive remote sensing relies on naturally emitted or reflected radia-

tion, such as sunlight or thermal emissions. Examples include optical

and infrared imaging sensors used for environmental monitoring.
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Active remote sensing, in contrast, employs artificially generated

signals, such as radar or LiDAR pulses, to probe the environment.

These systems measure the time delay and intensity of the returned

signal to estimate distance, shape, and material properties [4].

Recent hybrid systems integrate both approaches to exploit the com-

plementary advantages of each. For example, combining passive

satellite imagery with active LiDAR data enhances the characteriza-

tion of complex ecosystems by linking radiometric and structural

information [5].

In some applications, and particularly in the experimental case

developed in this thesis, the locator’s antenna system detects a signal

intentionally emitted by a tag. In this context, the tag is not fully

passive, but collaborative, meaning that the target (i.e. the tag) is not

just emitting radiations – as in most of the passive remote sensing

scenarios – but actually sends a signal. However, the locator itself is

fully passive, as it only detects signals emitted by the tag present in

the environment.

1.1 Detection and localisation in passive remote
sensing

Detection and localisation are among the most common applications

when dealing with passive remote sensing observations, enabling

the identification and spatial tracking of targets based on naturally

emitted or reflected signals. Unlike active systems that transmit their

own energy, passive systems rely on ambient sources such as sunlight,

thermal radiation, or environmental acoustic waves. Their advantage

lies in stealth, simplicity, and energy efficiency, though they require

advanced signal processing to extract meaningful information from

often weak and noisy signals.

A key method to perform localisation in passive RF systems is direc-

tion of arrival (DoA) estimation. DoA techniques determine the angle

at which a signal impinges on a sensor array, allowing triangulation

of the target’s position when combined with geometric information.

These techniques typically rely on beamforming, interferometry,

or subspace-based algorithms such as MUSIC and ESPRIT, which

exploit the spatial correlation among array elements to estimate

incoming signal angles with high precision.

In the RF domain, passive radar sensors have shown that DoA esti-

mation enables precise localisation using ambient electromagnetic

fields. Passive radar systems leverage signals of opportunity such as

those from Global Navigation Satellite Systems (GNSS) or cellular

transmissions. By cross-correlating direct and reflected signal paths,

DoA measurements can be used to estimate target positions and
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trajectories without active illumination. This makes them particularly

effective for surveillance, air traffic monitoring, and non-cooperative

target tracking [6]. Moreover, DoA estimation in passive RF sens-

ing is being adapted for emerging wireless sensing and situational

awareness applications. For instance, passive RF sensor networks

can localise transmitters, detect interference sources, or infer envi-

ronmental properties like building layouts by analysing multi-path

DoA patterns. Such methods are central to next-generation spectrum

monitoring and remote localisation architectures where passive

sensing offers strategic advantages – notably, non-emission-based

detection and resilience against jamming or detection.

1.2 Medium characterisation in active remote
sensing

Active remote sensing plays a crucial role in characterising the

physical and chemical properties of a medium, whether terrestrial,

oceanic, or atmospheric. By transmitting controlled electromagnetic

or acoustic pulses and analysing their interactions with the envi-

ronment, active sensors provide precise, quantitative information

about material composition, structure, and dynamics. Active remote

sensing systems, such as radar, LiDAR, and sonar, enable accu-

rate measurements of topography, vegetation height, ocean salinity,

and atmospheric composition. For example, synthetic aperture radar

(SAR) and light detection and ranging (LiDAR) systems provide com-

plementary information: while SAR characterises surface roughness

and moisture, LiDAR captures vertical structure and elevation, both

of which are vital for understanding habitat and terrain morphology

[7]. Moreover, active object-detection frameworks in modern remote

sensing leverage adaptive algorithms and reinforcement learning

to adjust sensing parameters dynamically, thereby improving de-

tection and medium characterisation accuracy under challenging

imaging conditions [8]. These systems autonomously optimise illu-

mination and perspective based on environmental feedback, marking

a paradigm shift from static observation to interactive environmental

interrogation.

An important application of active remote sensing in atmospheric

medium characterisation is the retrieval of drop size distribution

(DSD), which describes the concentration and size of droplets within

a volume of air. Active sensors – particularly radar and lidar – en-

able remote DSD retrieval by analysing the backscattered power,

Doppler velocity, and attenuation of transmitted signals. In fact,

dual-frequency and Doppler radar systems provide vertical profiles

of raindrop characteristics, including mean diameter, total number

concentration, and liquid water content, by exploiting the spectral
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dependence of radar reflectivity and velocity on drop size. For in-

stance, 94 GHz Doppler radar data combined with lidar observations

have been used to retrieve DSD and rain rate using the CAPTIVATE

variational algorithm developed for the EarthCARE mission [9].

Similarly, coherent Doppler lidar techniques can separate aerosol

and raindrop signals to estimate DSD parameters such as mean

drop diameter and fall velocity, showing strong correlation with

co-located micro rain radar measurements [10].

1.3 Outline

Here is the outline of this thesis.

Chapter 2 focuses on a general overview related to the direction

of arrival (DoA) estimation, introducing the problem and

presenting the necessary basic theory. Also, two estimation

algorithms are discussed, which are then used in the rest of

the thesis to conduct the studies presented.

Chapter 3 presents a novel approach to estimate the DoA by using

the embedded radiation patterns (ERPs) of the antenna under

test. In particular, using two well-known algorithms, it will

be shown that the performance of the sensing system will

be enhanced by using the proper physical properties of the

receiving antenna.

Chapter 4 discusses the usage of the metrics in the literature related

to DoA estimation, by reviewing the most used metrics, and

introducing a novel one, capable of measuring more accurately

the difference between the true and estimated DoA, due to ge-

ometric considerations related to the direction of the incoming

wave.

Chapter 5 presents a new method to estimate the drop size distri-

bution (DSD) for a cloud of hydrometeors from polarimetric

radar observations by using a DL approach; the designed

model retrieves the parameters of the distribution – modelled

as a gamma DSD – at the same time, using the principle of

multi-task learning (MTL).

Chapter 6 summarises the works and the results reported in the

various chapters, providing also some directions for future

improvement on the results obtained.
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This chapter presents an introduction to the problem of the direction

of arrival (DoA) estimation. As a widely studied problem, there are

many approaches and methods to solve it, many belonging to the

more generic direction finding (DF) topic. Most of these approaches

are out of the scope of this chapter (and thesis); here, the work is

focused on the so-called subspace-based algorithms, which identify

the directions of the incoming signals by exploiting the properties of

the spaces generated by the signals at the receiver’s ports and the

geometric disposition (and interactions) of the set of sensors used

on the receiver (e.g., the array manifold). Firstly, the necessary theory

that backs these algorithms is analysed, then a summary on this

category of algorithms is presented. After that, the algorithms that

will be used in the remaining chapters are detailed, namely Bartlett

and Multiple Signal Classification (MUSIC).

2.1 Introduction

Direction of arrival (DoA) estimation is a technique in array signal

processing, aiming at determining the direction a received signal orig-

inates from, generally performed by processing data from multiple

antennas or the radiating elements of an antenna array. This problem

has been widely studied, finding its way in many applications in

different fields, e.g. remote sensing (radar), wireless communication,

seismology. Over the years, researchers have developed several algo-

rithms that can be broadly categorized into classical, subspace-based,

sparse, and machine learning-based methods.

Classical methods, such as beamforming and Capon’s Minimum

Variance Distortionless Response (MVDR), rely on spatial filtering

techniques to estimate the directions of the incoming signals. These

are simple and computationally efficient but often limited by low

resolution and sensitivity to noise [11]. To overcome these limitations,

subspace-based methods such as the Multiple Signal Classification

(MUSIC) and Estimation of Signal Parameters via Rotational Invari-

ance Techniques (ESPRIT) were introduced. These techniques exploit

the properties of the signal covariance matrix – mostly eigenvalues

and singular values – to achieve high resolution, even under low

signal-to-noise ratio (SNR) conditions [12, 13].

In recent years, sparse signal representation and compressed sensing

techniques have significantly advanced DoA estimation performance.

These approaches reconstruct the spatial spectrum from limited or
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incomplete measurements, improving resolution and reducing the

number of required sensors. Grid-less sparse methods, such as atomic

norm minimization and covariance fitting, have been shown to avoid

discretization errors and enhance estimation accuracy [14]. The most

famous in this category is the Orthogonal Matching Pursuit (OMP)

algorithm, which leverages the sparsity of incoming signals within

a redundant dictionary to reconstruct the sparse representation

of the received data [15]. This was also used as a foundation for

developing an on-grid sparse recovery algorithm [16]. Also, there are

improved versions, like the Focused Orthogonal Matching Pursuit

(FOMP) algorithm [17], which can detect peaks from the angular

spectrum even for two adjacent incoming signal sources, even for

non-uniform arrays [18], or its application to a Hybrid non-uniform

array configuration (HOMP) [19], or its extended version called

3D-OMP [20].

There are also cases in which the estimation performances of the

subspace-based algorithms and methods using compressive sensing

have been combined [21]. From this analysis it has been inferred

that subspace-based methods, like 3D-MUSIC and 3D-ESPRIT [22],

have better angular resolution with respect to Compressive sensing

methods for small array configurations and a higher number of

snapshots; when the array becomes large, compressive sensing

performs better.

The integration of machine learning and deep learning has opened

a new frontier in DoA estimation. Neural networks, including con-

volutional and deep architectures, can learn complex signal patterns

directly from data, outperforming traditional methods in noisy and

non-linear environments [23, 24]. Additionally, novel hybrid systems

that combine artificial intelligence with metasurface antennas have

demonstrated potential for real-time, high-precision DoA detection

in miniaturized systems [25].

Despite the significant progress in processing strategies over the last

years, subspace-based algorithms such as MUSIC, Root-MUSIC, and

ESPRIT remain the preferred choice in DoA estimation, due to their

balance of accuracy, interpretability, and computational feasibility,

especially in scenarios with moderate SNR and well-calibrated arrays.

When calibration or training data are limited, those subspace-based

algorithms maintain superior accuracy and robustness under a broad

range of conditions, outperforming newer approaches [26]. Even the

new deep learning frameworks for DoA estimation – such as Sub-

spaceNet – embed neural architectures within subspace frameworks

rather than replacing them, relying on subspace-based algorithms

to leverage interpretability of signal and noise subspaces [27]. Other

hybrid models – like TransSubNet and MD-DOA – build upon the

theoretical foundations of subspace decomposition while enhancing
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covariance estimation through deep learning, reinforcing that sub-

space analysis remains the core computational paradigm for modern

DoA estimation [28, 29].

Amongst the many algorithms available at the state of the art, only

the subspace-based ones will be addressed here, focusing on two of

them, MUSIC and Bartlett. The other types of algorithms are beyond

the scope of this thesis.

2.2 Antenna array theory

The subspace-based algorithms perform the DoA estimation relying

on the design of the system of receiving antennas when using

multiple sensors – being either a network of antennas or an antenna

array. In particular, the most important characteristics exploited by

these algorithms is the spatial distribution of the various sensors (or

elements).

Focusing on the antenna arrays, the concept used to this end is the

one related to the steering vectors or array response (often organised

in matrix format). In the following, the array response – either

measured or simulated – of the receiver (locator) antenna system is

used to synthesise the measured data (snapshots) for a prescribed

environment. Some DoA reconstruction algorithms may exploit the

array response (or embedded radiation pattern), while others rely

solely on the conventional steering vector approach.

Let us Steering vectorsconsider a narrowband electromagnetic plane wave with

angular frequency 𝜔0 impinging on an array of 𝑀 antenna elements

located at fixed position vectors r𝑚 in free space, with𝑚 = 0, . . . , 𝑀−
1. Suppose that the array is in the far field region with respect to the

source, thus the electric field at the array can be locally approximated

as a uniform plane wave:

E(r, 𝑡) = ℜ
{
E0 𝑒

𝑗𝜔0𝑡−𝑗𝑘k̂(𝜙,𝜃)·r
}

(2.1)

where𝜆 is the wavelength, 𝑘 = 2𝜋/𝜆 is the wavenumber, and k̂(𝜃, 𝜙)
is the unit vector in the direction of propagation of the incident wave

(expressed as depending on the elevation 𝜃 and azimuth 𝜙 angles,

as in a spherical reference system), [30]. For a receiving element at

position r𝑚 , this wavefront introduces a propagation delay:

𝜏𝑚(𝜙, 𝜃) =
1

𝑐0

k̂(𝜙, 𝜃) · r𝑚 (2.2)

Under the usual narrowband assumption, where the complex en-

velope 𝑠(𝑡) of the impinging signal varies slowly compared to the
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carrier, each sensor output can be written in complex baseband form

as:

𝑥𝑚(𝑡) ≈ 𝑠(𝑡) 𝑒−𝑗𝜔0𝜏𝑚(𝜙,𝜃) + 𝑛𝑚(𝑡) = 𝑠(𝑡) 𝑒−𝑗𝑘k̂(𝜙,𝜃)·r𝑚 + 𝑛𝑚(𝑡) (2.3)

where 𝑛𝑚(𝑡) denotes additive noise and possible interference at the

𝑚th sensor [31].

Stacking the 𝑀 sensor outputs into a column vector yields the

canonical narrowband array model:

x(𝑡) =


𝑥0(𝑡)
𝑥1(𝑡)
...

𝑥𝑀−1(𝑡)

 = a(𝜙, 𝜃) 𝑠(𝑡) + n(𝑡), (2.4)

where n(𝑡) is the noise vector and

a(𝜙, 𝜃) =


𝑒−𝑗𝑘 k̂(𝜙,𝜃)·r0

𝑒−𝑗𝑘 k̂(𝜙,𝜃)·r1

...

𝑒−𝑗𝑘 k̂(𝜙,𝜃)·r𝑀−1


∈ ℂ𝑀

(2.5)

is called the steering vector – or array manifold vector – associated

with direction (𝜙, 𝜃) [32, 33], collecting the relative phase shifts

experienced by the plane wave propagating in that direction at the

different array elements’ ports.

TwoULA and URA cases simple and important special cases are the steering vectors of

a uniform linear array (ULA) and of a uniform rectangular array

(URA). A ULA has 𝑀 identical elements with inter-element spacing

𝑑, arranged along the 𝑥 axis. Their position is referenced with respect

to the first element (𝑚 = 0), which lies at the origin of the reference

system; thus, r𝑚 = 𝑚𝑑 x̂. If 𝜃 denotes the angle of arrival measured

from broadside in the (𝑥, 𝑧) plane, then k̂(𝜃) = sin𝜃x̂+cos𝜃ẑ and

k̂(𝜃) · r𝑚 = 𝑚𝑑 sin𝜃.

Inserting this into Equation 2.5 gives the familiar ULA steering

vector:
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a(𝜃) =



1

𝑒−𝑗𝑘𝑑 sin𝜃

𝑒−𝑗2𝑘𝑑 sin𝜃

...

𝑒−𝑗(𝑀−1)𝑘𝑑 sin𝜃


, (2.6)

which depends only on the element spacing, the wavelength, and

the direction of arrival.

The derivation for the URA is similar; the 𝑀 identical elements form

a rectangular with dimensions 𝑀𝑥 on the 𝑥 axis and 𝑀𝑦 on the 𝑦

axis, resulting in 𝑀 = 𝑀𝑥 ×𝑀𝑦 . The inter-element spacings along

both axes are 𝑑𝑥 and 𝑑𝑦 , respectively. The first element lies at the

origin, with 𝑚𝑥 = 𝑚𝑦 = 0. Following the result for the ULA, and

considering that here two angles need to be taken into account (𝜃
and 𝜙), the steering vector for the URA is:

𝑎(𝜙, 𝜃, 𝑚𝑥 , 𝑚𝑦) = 𝑒−𝑗𝑘 sin𝜃[𝑚𝑥𝑑𝑥 cos 𝜙+𝑚𝑦𝑑𝑦 sin 𝜙]
(2.7)

where 𝑚𝑥 = 0, . . . , 𝑀𝑥 − 1 and 𝑚𝑦 = 0, . . . , 𝑀𝑦 − 1 and a(𝜙, 𝜃) ∈
ℂ(𝑀𝑥×𝑀𝑦)×1

.

The Applicationssteering vector plays a central role in array processing during

both transmission and reception; as an example, when using the array

to receive signals, a linear beamformer forms the scalar output

𝑦(𝑡) = wHx(𝑡)

and the same steering-vector formalism governs the spatial filtering

properties of w, with many classical and modern DoA and beam-

forming algorithms expressed directly in terms of a(𝜙, 𝜃) and its

collection over angles, the so-called array manifold [31–33].

In practical systems, the steering vector also provides the parametric

link between the physical array geometry and the statistical data

model. In the presence of 𝐾 narrowband sources with waveforms

𝑠𝑘(𝑡) arriving from directions (𝜙𝑘 , 𝜃𝑘), the snapshot vector general-

izes Equation 2.4 to

x(𝑡) =
𝐾∑
𝑘=1

a(𝜙𝑘 , 𝜃𝑘) 𝑠𝑘(𝑡) + n(𝑡) = A(𝝓, 𝜽) s(𝑡) + n(𝑡) (2.8)

where

A(𝝓, 𝜽) =
[
a(𝜙1 , 𝜃1), . . . , a(𝜙𝐾 , 𝜃𝐾)

]
(2.9)
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is the steering matrix and s(𝑡) collects the source signals. This narrow-

band array model underlies classical beamforming, Capon/MVDR

processing, subspace methods such as MUSIC and ESPRIT, and

many contemporary sparse-reconstruction approaches [31–33].

2.2.1 Conventional Steering Vectors

The conventional steering vectors (CSVs) approach refers to the

use of ideal analytically-derived steering vectors to perform the

reconstruction of the array response. These are computed only from

the nominal array geometry and the operating frequency, considering

a simple plane-wave (in far-field); moreover, some assumptions are

made:

▶ the array elements are identical and perfectly calibrated;

▶ mutual coupling between elements is negligible;

▶ the element patterns are either isotropic or known but separa-

ble from the array factor;

▶ the propagation medium is homogeneous and lossless.

Under these assumptions, the conventional steering vector aCSV(𝜙, 𝜃)
is equal to the one in Equation 2.5 and it is used directly in both

beamforming and DoA estimation algorithms [31]. For example, in

the Bartlett algorithm for DoA estimation, as defined in Subsection

2.3.1, the spatial pseudo-spectrum is given by:

𝑃B(𝜙, 𝜃) = aH

CSV
(𝜙, 𝜃) R x aCSV(𝜙, 𝜃) (2.10)

where R x is the sample-averaged covariance matrix of x(𝑡), and

scanning (𝜙, 𝜃) over the field of view – or the entire array manifold.

2.3 Algorithms

Amongst all the DoA estimation algorithms, here only Bartlett and

Multiple Signal Classification (MUSIC) will be covered. Both require,

as first step, the estimation of the covariance matrix. MUSIC, starting

from this matrix, estimates the eigenvectors of the noise space and

uses them to filter out the Angles of Arrival (AoAs) related to noise,

returning a pseudo-spectrum. Bartlett, instead, does not isolate the

noise directions, providing a lower resolution than Schmidt’s MUSIC

algorithm [34].
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2.3.1 Bartlett

Let us start from the situation described by Equation 2.8, but consid-

ering 𝑀 sensors and 𝐷 incoming signals from different directions

(𝜙𝑑 , 𝜃𝑑), with 𝑑 = 0, . . . , 𝐷 − 1. Equation 2.8 can be rewritten as

x(𝑘) = A(𝝓, 𝜽) s(𝑘) + n(𝑘) (2.11)

where 𝑘 is the time sample, x(𝑘) ∈ ℂ𝑀
is the array snapshot, s(𝑘) ∈

ℂ𝐷
collects the source signals, n(𝑘) is additive noise and A(𝝓, 𝜽) is

the steering matrix, as defined in Equation 2.9. Given 𝐾 snapshots,

the sample-averaged covariance matrix of the array data is:

R x =
1

𝐾

𝐾∑
𝑘=1

x(𝑘) xH(𝑘) (2.12)

Most classical DoA estimators, including Bartlett and MUSIC, operate

on R x and differ in how they construct a spatial spectrum from it.

The Bartlett (or conventional beamformer) forms, for each direc-

tion (𝜙, 𝜃) in the array manifold, a spatial filter with weight vector

w𝐵(𝜙, 𝜃) proportional to the steering vector (up to a scalar normal-

ization). The output power of this beamformer is:

𝑃𝐵(𝜙, 𝜃) = wH

𝐵 (𝜙, 𝜃) R x w𝐵(𝜙, 𝜃) ∝ aH(𝜙, 𝜃) R x a(𝜙, 𝜃) (2.13)

The Bartlett spatial spectrum𝑃𝐵(𝜙, 𝜃) is then scanned as a function of

𝜙 and 𝜃; peaks in this spectrum are interpreted as DoA estimates.

Generally, the Bartlett spectrum exhibits relatively high sidelobes,

so strong interferers or noise can mask weaker sources. On the

other hand, the method is conceptually simple, computationally

inexpensive, and robust to modest model mismatches, which makes

it a useful baseline and a natural starting point for more sophisticated

DoA estimators [31, 32].

2.3.2 MUSIC

The Multiple Signal Classification (MUSIC) algorithm, introduced

by Schmidt in the mid-1980s [34], offers a dramatic improvement

in angular resolution by exploiting the eigenvalues of the array

covariance matrix. Under the standard assumptions of narrowband,

far-field sources, spatially white noise (Equation 2.8), and a number

of sensors 𝑀 strictly larger than the number of sources 𝐷, the

ensemble covariance of the array output is:
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R x = 𝔼
[
x(𝑘) xH(𝑘)

]
= A(𝝓, 𝜽) R s AH(𝝓, 𝜽) + 𝜎2

𝑛 I𝑀 (2.14)

where R s is the source sample-averaged covariance matrix and 𝜎2

𝑛 I𝑀
models spatially white noise.

The key insight of MUSIC is that Rx admits an eigen-decomposition

such as:

R x = U s 𝚲 s UH

s + U n 𝚲n UH

n (2.15)

where the 𝐷 largest eigenvalues in 𝚲 s and their eigenvectors in U s
span the signal subspace, and the remaining𝑀−𝐷 equal eigenvalues

– all equal to 𝜎2

𝑛 in the ideal model – and associated eigenvectors in

U n span the noise subspace. When a steering vector corresponds

to a true DoA, it lies entirely in the signal subspace, thus being

orthogonal to the noise subspace:

UH

n a(𝜙𝑑 , 𝜃𝑑) = 0 , 𝑖 = 0, . . . , 𝐷 − 1. (2.16)

In practice, R x is replaced by its sample estimate R̂ x, which is then

eigen-decomposed numerically. Once an estimate of the number of

sources 𝐷̂ is available, the 𝑀 − 𝐷̂ eigenvectors associated with the

smallest eigenvalues are collected into Û n, an estimate of the noise

subspace. MUSIC defines the pseudo-spectrum:

𝑃MUSIC(𝜙, 𝜃) =
1

aH(𝜙, 𝜃) Û n ÛH

n a(𝜙, 𝜃)
(2.17)

For a direction (𝜙, 𝜃) close to a true DoA, the steering vector a(𝜙, 𝜃)
becomes nearly orthogonal to the estimated noise subspace, so the de-

nominator in Equation 2.17 is small and the pseudo-spectrum exhibits

a sharp peak. By locating these peaks, one obtains high-resolution

DoA estimates, often capable of resolving sources separated by less

than a conventional beamwidth [32, 34].

Compared to the Bartlett spectrum, the MUSIC pseudo-spectrum

typically has much narrower peaks and greatly reduced sidelobes,

enabling more accurate discrimination of closely spaced sources

and weaker emitters in the presence of strong interferers. However,

this gain in resolution comes at the price of higher computational

complexity, a need to estimate the number of sources, and increased

sensitivity to model mismatches such as calibration errors, array

perturbations, coherent multipath, or coloured noise. When sources

are highly correlated or coherent, preprocessing techniques such as
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spatial smoothing are often required to restore the rank conditions

assumed by MUSIC.

In summary, the Bartlett beamformer can be interpreted as a classical

spatial spectral estimator whose resolution is fundamentally limited

by the physical aperture, while MUSIC is a subspace-based method

that leverages the structure of the array covariance matrix to achieve

super-resolution under suitable conditions. Both algorithms play a

central role in the theory and practice of DoA estimation and serve as

canonical examples of, respectively, conventional and high-resolution

array processing techniques.

2.4 Conclusions

Here, an overview about the DoA estimation problem was given,

by showing the theory behind it and the various methods that have

been developed through the years, as the topic is well established

in the literature. The presented theory and algorithms’ detailed

explanations will be used in the following chapters, which deal with

two precise aspects of this problem.
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This chapter is dedicated to the analysis of performance in DoA

estimation by using the embedded radiation patterns (ERPs) of the

locator antenna. This method was applied to an indoor positioning

application and implemented on top of the Bluetooth Low Energy

(BLE) standard, where a system of receiving antennas works as a

locator. The aspect related to signal processing and the antenna array

modelling are very similar to a DoA application for remote sensing;

the detection part may be different (since detection is performed

by the BLE protocol), but the localisation – i.e. DoA estimation – is

equal.

The performance analysis of the algorithms (mostly MUSIC) is

conducted by a) changing the inter-element spacing of the receiving

antenna array, b) comparing conventional steering vector (CSV)

approach and the newly proposed embedded radiation pattern

(ERP) approach, c) reducing the number of snapshots.

3.1 Introduction

Subspace-based algorithms are the most common algorithms used in

DoA estimation, mainly due to their ability to achieve high angular

resolution – even under low SNR conditions – without requiring

extensive array calibration [35]. The input data for these algorithms

is the spatial covariance matrix derived from the received signals,

containing both the wanted and the unwanted signals – generally

noise and unwanted echos of the true signals. To achieve good

performances with these algorithms, part of the input data must be

modelled very precisely; since the signal is generally unknown, this

task is heavily related to the modelling of the antenna array used in

reception.

Modelling the antenna array means to analyse how each element of

the array responds to a certain input. Traditionally, this response is

represented through conventional steering vectors (CSVs), assum-

ing simplified conditions about the elements gains and neglecting

their inter-element coupling – basically treating them as idealised

isotropic radiators with uniform gain. Although simple, a CSV-

based approach can introduce significant modelling errors when the

inter-element interactions cannot be ignored [36]. Such inaccuracies

lead to distortions between the ideal and actual array responses,

degrading the performances of these algorithms. Many tried to

mitigate these effects – e.g., deriving from inter-element coupling, or
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mutual coupling – by computing them and taking them into account

when dealing with linear arrays of dipoles [37, 38] or with spherical

antenna arrays [39–41].

A valid solution to these problems can be the usage of embedded

radiation patterns (ERPs), which consist in the true electromagnetic

responses of each antenna element, thus automatically including the

various effects due to the geometry and the building of the antenna

array, such as mutual coupling, loading effects, and radiation non-

idealities. This leads to a broader approach in dealing with these

different effects, instead of taking care of them separately.

3.2 System model

To perform the DoA estimation, three models need to be consid-

ered:

▶ The physical model of the receiving antenna array;

▶ The mathematical model related to the propagation of the

signals in an indoor environment;

▶ The determination of the incoming signals’ model, which

combines true signals and noise.

TheAntenna array receiver (or locator) is a uniform rectangular array (URA) with

9 octagonal microstrip patch antennas, working in right-handed

circular polarisation (RHCP) [42]. This polarisation was chosen

because it is not – or slightly – affected by signal degradation that

may be caused by a) bad weather conditions and b) the relative

orientation between the transmitting and receiving antennas [43,

44]. Also, this polarisation makes the antenna naturally reject the

odd reflections from the environment; this is due to the way circular

polarised waves are reflected. If a RHCP wave is reflected by a

perfect electric conductor (PEC), it becomes LHCP after reflection

(and vice versa). For a dielectric interface, this is not necessarily the

case: a RHCP wave does not in general become perfectly LHCP upon

reflection. The resulting polarisation depends on the incidence angle,

the permittivity contrast, and the Fresnel coefficients. Only in special

situations – such as grazing incidence or strong dielectric contrast –

can the reflected wave approach the opposite handedness.

TheSignals’ propagation mathematical model adopted to describe the signal propagation

accounts only for coherent reflections of the useful signal, since

the filtering chain implemented in the BLE receiver is capable of

avoiding the non-coherent power of adjacent channels, making those

unwanted signals negligible. Therefore, all interfering signals in this

formulation arise from reflections (coherent interferences) of the

useful signal itself. Considering an indoor environment, there may
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Figure 3.1: Propagation model for

an indoor environment with the TR-

GRM applied to the walls and the

ground. The line of sight (LOS) path

is shown by a solid red line, while the

non line of sight (NLOS) paths are

shown as solid lines in blue (walls)

and light blue (ground). The dashed

black lines denote the various heights

and distances, while the small dotted-

dashed lines (located near the sur-

face where the reflection happens)

represent the normal direction with

respect the related surface.

be more than one reflection reaching the receiving antenna: generally,

the dominant reflection is from the ground, then the one from the

roof, then reflections from unintentional reflectors placed sideways

to the path, and finally also reflections from obstacles behind the

receiver.

To model such a propagation environment with an appropriate

relative power 𝑃𝑖 , the two-ray ground-reflection model (TRGRM) is

exploited for each reflection. Considering the position of the receiver

and the target in the indoor environment, the lateral walls can be

identified depending on their position with respect to both:

▶ rear wall, the one closest to the back of the target and that

stands behind it;

▶ front wall, the one opposite to the rear wall (closer to the receiver).

▶ right wall, the one that is on the right when looking at the

receiver from the rear wall;
▶ left wall, the one that is on the left when looking at the receiver

from the rear wall;

Let us suppose that 𝑟 is the line of sight (LOS) distance between the

target and the receiver, ℎ𝑙 is the height of the receiver, ℎ𝑡 is the height

of the target, ℎ𝑟 is the height of the indoor environment (like in a

room, this is the distance between the ground and the ceiling), 𝑑𝑡
and 𝑑𝑙 are the horizontal distances from one of the walls to the target

and the receiver, respectively. 𝑑𝑤 is the distance between lateral walls.

This situation is displayed in Figure 3.1.

The LOS distance, 𝑟, between the target and the receiver can be

calculated as:

𝑟 =

√
𝑑2 + |ℎ𝑡 − ℎ𝑙 |2 + |𝑑𝑡 − 𝑑𝑙 |2 (3.1)

The non line of sight (NLOS) wave paths reflected by the ground

(NLOS_ground), ceiling (NLOS_roof) and walls (NLOS_r_wall,

NLOS_l_wall) can be expressed as:

𝑟NLOS_ground =
√
𝑟2 + 4ℎ𝑡ℎ𝑙

𝑟NLOS_roof =
√
𝑟2 + 4(ℎ𝑟 − ℎ𝑡)(ℎ𝑟 − ℎ𝑙)

𝑟NLOS_r_wall =
√
𝑟2 + 4𝑑𝑡𝑑𝑙

𝑟NLOS_l_wall =
√
𝑟2 + 4(𝑑𝑤 − 𝑑𝑡)(𝑑𝑤 − 𝑑𝑙)

(3.2)

Equation 3.1 and Equation 3.2 simply incorporate the Euclidean

distance in the model depicted in Figure 3.1. For the sake of brevity,

we introduce the following notation, which will be used throughout

the rest of the chapter:
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𝑟NLOS,d ∈
{
𝑟NLOS_ground , 𝑟NLOS_roof , 𝑟NLOS_l_wall , 𝑟NLOS_r_wall

}
(3.3)

Then, by using the TRGRM and assuming the target to be a nearly

isotropic radiator, the relation between the LOS path loss 𝐿LOS of the

direct signal and the NLOS path loss 𝐿NLOS,d due to the reflected

signals is given by the Friis formula for radio links in decibel:

𝐿NLOS,d = 𝐿LOS + 10 log
10

(
𝑟

𝑟NLOS,d

)
2

+ 10 log
10
|ΓW| (3.4)

where |ΓW| is the reflection coefficient of the sidewalls, assuming

it to be a random value varying within the interval 0.2 to 0.6. This

coefficient can incorporate polarisation mismatch losses, which can

be evaluated by adding the logarithm term in the equation above.

Hence, the power of the signal arriving from the direction 𝑑 can be

expressed as:

𝑃𝑑 =

{
𝑃0 = 𝑃𝑡 + 𝐿LOS , for LOS signal

𝑃NLOS = 𝑃𝑡 + 𝐿NLOS , for NLOS signals

(3.5)

where 𝑃𝑡 is the radiated power emitted by the tag.

The resulting model is a typical statistical model for one incoming

signal and its reflections; to do this, some assumptions were made:

▶ the usage of circular polarisation significantly reduces the

power received from odd reflections (since the power received

is affected by large polarisation mismatch losses);

▶ ℎ𝑟 = ℎ𝑡 + ℎ𝑙 ;
▶ 𝑑𝑤 = 𝑑𝑡 + 𝑑𝑙.

TheSignals’ model response of the URA to the 𝐷 + 1 impinging signals at a specific

𝑛th snapshot is described by the array response matrix (or steering
vector matrix):

A =
[
𝑎(𝜙0 , 𝜃0), . . . , 𝑎(𝜙𝑖 , 𝜃𝑖), . . . , 𝑎(𝜙𝐷 , 𝜃𝐷)

]
∈ ℂ𝑀×(𝐷+1)

(3.6)

where 𝑖 = 1, . . . , 𝐷 is the index of one of the incoming signals and

𝑀 is the number of elements in the antenna array. a(𝜙𝑑 , 𝜃𝑑) ∈ ℂ𝑀×1

is the column vector containing the response of the 𝑀 elements of

the array due to the signal arriving from direction 𝑑 ↔ (𝜙𝑑 , 𝜃𝑑) 1
1: These angles refer to a spherical

reference system; thus, 𝜙 is the az-
imuthal angle (or azimuth), and 𝜃 is

the polar angle, which is defined as

𝜃 = 90 − 𝜃
el

, where 𝜃
el

is the eleva-
tion angle.

;

𝑑 = 0 identifies the useful LOS signal.
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The baseband samples at the BLE receiver, running at a proper

sample period 𝑇𝑠 without ADC impairments can be expressed as:

X ADC = A E S +N ∈ ℂ𝑀×𝑁
(3.7)

where A is the array response matrix seen above. E is the matrix

considering the path loss for each impinging signal, and it is defined

as:

E = 𝐸𝑑𝑒
𝑗Δ𝑑I =


𝐸0 0 · · · 0

0 𝐸1𝑒
𝑗Δ1 · · · 0

... 0

. . .
...

0 0 · · · 𝐸𝐷𝑒
𝑗Δ𝐷

 , 𝑑 = 0, . . . , 𝐷 (3.8)

with 𝐸𝑑 ∝
√
𝑃𝑑 used to consider the relative amplitude of the 𝑑

impinging signal – incorporating possible polarisation mismatch

losses – and Δ𝑑 being the phase shift of the 𝑑th signal due to its

propagation (with reflections or not). S is the matrix containing the

signals with normalised amplitude (with respect to its contribution

to the received power, 𝑃𝑑):

S =


𝑠01 𝑠02 · · · 𝑠0𝑁

𝑠11 𝑠12 · · · 𝑠1𝑁

...
...

. . .
...

𝑠𝐷1 𝑠𝐷2 · · · 𝑠𝐷𝑁

 ∈ ℂ(𝐷+1)×𝑁
(3.9)

where 𝑁 is the number of samples. N is the noise matrix, which is

modelled as additive white Gaussian noise (AWGN):

N=


𝑛0

𝑛1

...

𝑛𝐷

 =

𝑛01 𝑛02 · · · 𝑛0𝑁

𝑛11 𝑛12 · · · 𝑛1𝑁

...
...

. . .
...

𝑛𝐷1 𝑛𝐷2 · · · 𝑛𝐷𝑁

 ∈ ℝ𝑀×𝑁
(3.10)

where 𝑛𝑚 is the AWGN for the 𝑚th antenna element port, which

is independent and identically distributed (iid) and drawn from

N(0, 𝜎2), with 𝜎2
related to the SNR.

The matrix XADC previously defined in Equation 3.7, needs to be low-

pass filtered and downsampled to 𝐹𝐼𝑄 – during the sampling process

of the incoming signal – to obtain the matrix X, with dimensions

𝑀 × 𝑁 .
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3.3 Detection and localisation

Applications performing localisation of targets generally require the

detection task to be executed before actually working to localise the

target. In this specific application:

▶ the detection is performed by using the BLE protocol, using a

feature called constant tone extension (CTE);

▶ the localisation phase is performed by the DoA estimation

algorithms.

3.3.1 Detection

DF via Bluetooth was made possible by introducing the CTE at

the end of a BLE packet. It consists of a sequence of alternating

switch and sample slots, each with a duration of either 1 µs or 2 µs,

as specified by the host [45].

The CTE has a variable length between 16 µs and 160 µs. During the

in-phase and quadrature (IQ) sampling process, the BLE receiver

extracts only CRC-valid packets. Considering the switch slot duration

𝑇𝑠𝑤𝑖𝑡𝑐ℎ and the sampling slot duration 𝑇𝑠𝑎𝑚𝑝𝑙𝑒 , the receiver extracts

IQ samples during the CTE sample slots at the frequency 𝐹𝐼𝑄 =

1/(𝑇𝑠𝑤𝑖𝑡𝑐ℎ + 𝑇𝑠𝑎𝑚𝑝𝑙𝑒).

As said in Section 3.2, these IQ samples are arranged in a matrix,

labelled X. This matrix has 𝑀 rows and 𝑁 columns – with 𝑀 the

number of elements in the array and 𝑁 the number of samples for

each antenna. Each column can be referred to as a snapshot. The

X matrix is the input data for the DoA algorithm to perform the

localisation phase. The maximum number of snapshots that can be

obtained is 𝑁 = 80, when the CTE length in time is set equal to

160 µs, with 𝑇𝑠𝑤𝑖𝑡𝑐ℎ = 𝑇𝑠𝑎𝑚𝑝𝑙𝑒 = 1 µs.

3.3.2 Localisation

The localisation phase is performed by using two DoA estimation

algorithms, namely Bartlett and MUSIC
2

2: Since MUSIC is a reference model

in DoA estimation, it is still used here

alongside the conventional Bartlett

beamformer, despite the well-known

fact that MUSIC does not perform

well with coherent signals.

. Bot of them require the

reconstruction of the array response for all the different possible

directions of incoming signals. For this task, two approaches are

considered: CSV and ERP.

For both the approaches, the array response is sampled for different

discrete directions of arrival (𝜙, 𝜃) in 3D space; thus, the steering

matrix used in the estimation algorithms (Equation 2.9) has dimen-

sions 𝑀 × 𝐿, with 𝑀 the number of sensors (which is nine) and 𝐿

the number of directions obtained by varying 𝜙 and 𝜃. The total
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field of view analysed by the algorithms is achieved by sweeping 𝜙
from 0

◦
to 359

◦
and 𝜃 from 0

◦
to 180

◦
, with 1

◦
resolution. In the end,

𝐿 = 65160.

The CSV approach starts from the analytical definition of the steering

vectors for a URA, as written in Equation 2.7, with𝑚𝑥 , 𝑚𝑦 ∈ {0, 1, 2},
since the array is a 3 × 3 URA, and 𝜙 and 𝜃 varying in the 𝐿

aforementioned directions.

In this application, to use the ERP approach, the steering vectors

are evaluated from the radiation patterns calculated by full-wave

simulations, which consider the various effects on the generated

pattern due to the geometry of the array. Amongst the several

advantages, this method can also be applied in a more compact

version of the array with very closely spaced elements, where the

oversimplified CSV approach falls short.

The resulting steering matrix is then fed to both of the algorithms to

compute the pseudo-spectra for each of the 𝐿 directions, as seen in

Equation 2.13 and Equation 2.17. The estimated directions of arrival

are given by the combinations of (𝜙, 𝜃) where the pseudo-spectrum

has a peak.

3.4 Localisation performance evaluation

The effectiveness of the mathematical model presented in Section

3.2 was tested in different scenarios, obtained by changing:

▶ the size of the receiving antenna array (by changing their

inter-element distance);

▶ the method for reconstructing the array response, i.e. CSV or

ERP;

▶ the number of snapshots;

Extensive numerical analysis has been carried out by considering

realistic 3D ERPs from the antenna design in [42], where the ERPs

were obtained either from measurements on a real locator prototype

or from full-wave simulations in ANSYS HFSS. Only the locator

with spacing 𝑑 = 𝜆/2.5 was fabricated and measured. The pattern

measurements show that the simulated and measured ERPs are in

good agreement, thereby justifying the use of simulated patterns for

the other spacings as well.The performances of MUSIC and Bartlett

algorithms have been tested by considering only the incident signal

(LOS) or both the incident signal and two NLOS interfering signals,

by varying the SNR of the system.
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3.4.1 Antenna array size

The aim of this first step is to find a balance between antenna

miniaturization and accuracy of the estimation.

To perform this analysis, a statistical model for the incoming signals

was generated and stored, allowing the comparison between the

performances of different layouts. The ranges for the considered

angles of arrival are: 𝜃 ∈ [0◦ , 85
◦] for elevation and 𝜙 ∈ [0◦ , 360

◦]
for the azimuth. The SNR is referred to the ADC frequency, 𝐹𝐴𝐷𝐶 ,

and to the received power of the LOS path, 𝑃0. Cases with 80, 8, and

1 snapshots have been simulated, where 8 snapshots correspond to

1 packet. For these tests, the distance between the receiver and the

target, 𝑟, has been chosen randomly in the range from 1 m to 9 m.

The selected distance between the ceiling and the floor, ℎ𝑟 , has been

taken equal to 4 m, while the distance between the walls, 𝑑𝑤 , has

been randomly chosen up to 6 m. Moreover, the reflection coefficient

of the materials, Γ𝑊 , has been chosen randomly in the interval 0.2 to

0.6.

To effectively evaluate the performances of various antenna layouts

through extensive numerical analysis, all the comparisons have

been made by assuming the same incoming signal statistics, thus

under equal conditions. To obtain a better configuration in terms

of tracking accuracy and miniaturisation, three array structures

have been taken into account, with a over-wavelength-normalised

inter-element distance 𝑑/𝜆 of 0.5, 0.4, and 0.35, respectively. For

these scenarios, the ERP approach was used to account for mutual

coupling effects and gain loss due to miniaturization.
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Figure 3.2: Impact of inter-element

distance 𝑑 with 2 NLOS and ERP

approach. MAE applied to the re-

sults of the MUSIC algorithm, with 1
◦

resolution on azimuth 𝜙. The MAE

analysis reveals more accurate esti-

mates (minimum, mean, maximum)

across the azimuthal range 𝜙 when

the 𝑑 = 𝜆/2.5 spacing is chosen.

Figure 3.3: 3 × 3 array configura-

tions with different inter-element dis-

tances: (a) 𝑑 = 𝜆/2, (b) 𝑑 = 𝜆/2.5, (c)

𝑑 = 𝜆/3.5. Over these values, the esti-

mation tests were conducted, to find

the best trade-off between tracking ac-

curacy and miniaturisation. By reduc-

ing the size of the array, a substantial

decrease in gain is observed, passing

from 3.4 dB in case (a) to 0.5 dB in

case (c).

As shown in Figure 3.3, a reduction in size of 20 % and 30 % is

achieved by moving from (a) to (c). However, this size reduction also

results in a significant decrease in gain. Specifically, the gain drops

from 3.4 dB for a single radiator at 2.44 GHz in the 3 × 3 array with

a 𝑑 = 𝜆/2 spacing, to 2 dB for a 𝑑 = 𝜆/2.5 spacing, and 0.5 dB for a

𝑑 = 𝜆/3.5 spacing.

The mean absolute error (MAE) served as the performance metric

to assess the accuracy of the estimation for the main direction of

arrival. MAE represents the average absolute error between the true

angle of arrival (ground truth), and its estimation, averaged over 𝑁

measurements. MAE can be calculated individually for the elevation,

𝜃, and for the azimuth, 𝜙. The definition of MAE over 𝜃 is the

following, as seen in [46]:

MAE𝜃 =
1

𝑁

∑
𝑛

��𝜃𝑛 − 𝜃̂𝑛
��

(3.11)
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Figure 3.4: MAE estimation in the

𝜙 plane. By adopting the direction

cosines approach, the geometric an-

gle between the two unit vectors u
and û is calculated.

The MAE over 𝜙 has been estimated by exploiting the concept of

direction cosines; namely, true and estimated directions along the

azimuthal plane are associated to their unit vectors, u and û (see

Figure 3.4):

u = cos 𝜙û𝑥 + sin 𝜙û𝑦
û = cos 𝜙̂û𝑥 + sin 𝜙̂û𝑦

(3.12)

thus the MAE can be computed as:

MAE𝜙 =
1

𝑁

∑
𝑛

arccos

(
cos 𝜙𝑛 cos 𝜙̂𝑛 + sin 𝜙𝑛 sin 𝜙̂𝑛

)
=

1

𝑁

∑
𝑛

arccos

[
cos(𝜙̂𝑛 − 𝜙𝑛)

] (3.13)

where𝑁 is the number of trials. The definition presented in Equation

3.13 is equivalent to the one in [46], with the notable difference that it

effectively incorporates the periodicity of 𝜙 every 2𝜋rad or 360
◦
.

Results for the error in the azimuth (𝜙) plane are presented in Figure

3.2. The analysis reveals that the 𝑑 = 𝜆/2.5 configuration yields the

highest accuracy based on the minimum, mean, and maximum MAE

values.

Considering the results for MAE over elevation 𝜃, as illustrated in

Figure 3.5, a large increase of MAE for high values of 𝜃 is observed,

due to the negligible gain of patch antennas at such angles.

As a result of the MAE analysis over 𝜃 and 𝜙, the 𝑑 = 𝜆/2.5 array

spacing was selected as optimal configuration, as it provides a

good balance between the size of the array and estimation accuracy.

This configuration, which is depicted in Figure 3.3(b), will be used

throughout the rest of the chapter.

3.4.2 Method for array response reconstruction

It is useful to compare the performance of the MUSIC and Bartlett

algorithms when using the CSV and ERP approaches. This provides

insight on the impact of mutual coupling and gain loss on DoA

estimation accuracy.

The ERP approach considers and automatically compensates for

mutual coupling between array elements. On the other hand, CSV is

an analytical approach that requires less information on the array

since does not account for these factors. As shown in Figure 3.6, in

a environment with just one LOS signal, the ERP estimation over
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Figure 3.5: Impact of inter-element

distance d with 2 NLOS and ERP

approach. MAE using MUSIC algo-

rithm, 1
◦

resolution on 𝜃. In this

case, the MAE value increases for

high values of 𝜃 since the gain be-

comes negligible at those angles. For

𝜃 < 70
◦
, 𝑑 = 𝜆/2 spacing demon-

strates superior performance, while

for 𝜃 > 70
◦
, 𝑑 = 𝜆/2.5 spacing is the

recommended compromise.

𝜙 and 𝜃 is more accurate than CSV. In the presence of multipath,

the performance with ERP is still better than CSV as long as the

number of NLOS paths does not degrade the SNR. However, in a

noisy scenario, the two approaches do not differ much.

In Figure 3.7, an ERP comparison has been conducted considering

3 × 3 and 4 × 4 array configurations, for 0 and 2 NLOS paths. The

evaluation of MAE on the azimuthal and elevation plane indicates

that the 4 × 4 configuration outperforms the 3 × 3 configuration

thanks to the higher spatial resolution of the larger array. In this

simulation, the ERPs for the 4 × 4 array were simulated.

3.4.3 Number of snapshots

The problem of using few snapshots (or just one) for DoA algorithms

has been extensively studied for linear arrays in the literature [47]

and to a lesser extent for rectangular arrays [48], but in both cases,

only isotropic radiators were considered. In [49], a linear array of

independent isotropic radiators was studied with a single snapshot

and multiple snapshots.

Here, the analysis is conducted by varying the number of snapshot,

and using the ERP approach for every test.
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Figure 3.6: ERP vs CSV approach

comparison with 0 and 2 NLOS. MAE

evaluation using MUSIC algorithm,

1
◦

resolution on azimuth and eleva-

tion, 80 snapshots and inter-elements

distance of 𝑑 = 𝜆/2.5(as seen in

Figure 3.3(b)). ERP can compensate

for frequency mismatching and mu-

tual coupling between elements en-

suring better performances in terms

of SNR over 𝜃 and 𝜙. Nonetheless,

when multiple reflections are consid-

ered (i.e., NLOS paths), similar per-

formances between ERP and CSV ap-

proaches are achieved.

In Figure 3.8a, the performance of the algorithm is evaluated as the

number of snapshots varies. It is observed that as the number of

snapshots decreases, the MAE increases, indicating a decrease in

performance. The degradation is noticeable when the number of

snapshots is reduced from 80 to 8, especially for SNRs below 0 dB. The

degradation is even more significant for a single snapshot, especially

for SNRs less than 10 dB. Neither of the two presented algorithms

outperforms the other in the case under test. This observation is

consistent with the fact that MUSIC does not provide any advantage

over conventional beamformers in the presence of coherent signals.

In the case of two reflections, as shown in Figure 3.8b, the MAE

gets worse in the case of azimuthal acquisition: about 15
◦

at SNR

= 20 dB. Instead, about 9
◦

degradation is observed in elevation. In

particular, when SNR > 20 dB, similar performances are achieved as

the number of snapshots varies. This implies that for high SNRs the

accuracy resolution does not depend on the number of snapshots,

with a significant reduction on the overall computational burden if

only one snapshot is used. Again, MUSIC and Bartlett exhibit similar

performances.
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Figure 3.7: ERP approach compari-

son for 3 × 3 and 4 × 4 array config-

uration with 0 and 2 NLOS. MAE

evaluation using MUSIC algorithm,

1
◦

resolution on azimuth and eleva-

tion, 80 snapshots and inter-elements

distance of 𝑑 = 𝜆/2.5. 4 × 4 array

configuration outperforms 3 × 3 on

azimuth and elevation.

For 4 NLOS paths, both the ERP and CSV approaches were found to

fail, due to large number of coherent interferences, which degraded

the SNR. However, we do not report the results for 4 NLOS, since

the usage of circular polarisation effectively limits the number of

coherent reflections. Moreover, the scenario with 4 strong NLOS

signals is not very common in real applications, when both target

and receiver use circular polarisation.
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Figure 3.8: (a) Comparison between MUSIC and Bartlett algorithms by varying the number of snapshots with 0 NLOS. MAE

evaluation, 1
◦

resolution on azimuth and elevation. When the number of snapshots decreases the performance in terms of

MAE deteriorates. Specifically, a noticeable degradation is observed for SNR less than 0 dB when reducing the snapshots

from 80 to 8. Considering only 1 snapshot results in a performance deterioration, especially for SNR values less than 10 dB.

(b) Comparison between MUSIC and Bartlett algorithms by varying the number of snapshots with 2 NLOS. MAE evaluation,

1
◦

resolution on azimuth and elevation. As shown, for high SNR (i.e., > 20 dB), the accuracy does not depend on the number

of snapshots, thus allowing faster computation.

3.5 Conclusions

In this chapter, the performance of a BLE DoA estimation application

was evaluated by using a newly developed approach based on

ERPs together with subspace-based DF algorithms, MUSIC and

Bartlett. The performance was measured in terms of MAE by varying

some setup parameters, namely the receiver size, the number of

snapshots and the approach for array response reconstruction. While

it was observed that reduction of the number of snapshots leads

to a predictable loss of SNR in every condition, the ERP approach

generally guarantees better results compared with the CSV approach,

both in LOS and NLOS environments. The limit that still remains

is the number of interferences, which degrades the SNR when

increasing.

By accurately modelling the device with real values, higher perfor-

mances can be reached, paving the way for next-generation direction-

finding systems capable of operating effectively in miniaturized,
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multi-sensors platforms where conventional steering vector assump-

tions no longer hold.
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This chapter investigates the topic related to the evaluation of the

performance of the direction of arrival (DoA) estimation algorithms.

Although this problem is widely studied, there is no unique er-

ror metric in the literature to compare the results obtained in the

various works. Here, a new approach is considered, which deals

with the angular nature of the results in DoA estimation. A set of

numerical and experimental results is presented to demonstrate

the potential of the proposed approach compared to the other well-

known metrics. Unlike other metrics, the proposed error definition

is frame-independent. Also, practical use cases are briefly discussed

to highlight the pervasive impact of this fundamental definition.

4.1 Introduction

direction of arrival estimation is a long-standing area of research

extensively studied in various disciplines and fruitfully applied

in many fields of engineering, including in radar systems [50],

sonar, navigation, and geophysical and seismic sensing, to name a

few. Despite being a mature topic, it has become a research area

of great interest at present due to the recent advancements in (i)

signal processing [51] and machine learning techniques [52–54]; (ii)

electronics and sensing devices [55, 56]; and (iii) wireless technologies

[57, 58] and services [59, 60].

In the vast literature on DoA estimation, it is very common to evaluate

the performance of these estimations with the Cramér-Rao bound

(CRB) and/or with an error metric. Although they are both related

to the performance of the estimators, they serve different purposes

in the context of statistical estimation and signal processing. The key

differences between them are summarized below:

▶ The CRB serves as a theoretical benchmark for the variance

of unbiased estimators, whereas error metrics are practical

tools used to assess the accuracy of any estimator, regardless

of whether it is biased or unbiased;

▶ The CRB focuses on the minimum achievable variance, offer-

ing insight into the optimal performance of an estimator. In

contrast, error metrics concentrate on the actual performance

of the estimator, providing a measure of how well it performs

with real data.
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It is worth mentioning that the optimal achievable performance of

different DoA estimators is well defined by means of the CRB in the

literature. However, the actual performance of DoA estimators is

evaluated using different error metrics, namely root mean square

error (RMSE), mean square error (MSE), and mean absolute error

(MAE).

To perform the evaluation, a comparison between the true and

estimated directions is made. The problem in the usage of these

metrics lies on the datum itself, since a direction is generally indicated

by using the azimuth and elevation angles in a spherical reference

system centred at the receiver. With the result of the estimation

expressed through its angles, the resulting statistics – deriving from

the simulations – should be regarded as a distribution in directional
statistics. There are strategies to avoid this issue when dealing with a

1D DoA estimation problem – e.g. evaluating azimuth and elevation

errors separately [61–64] – but it cannot be avoided in 2D DoA

estimation.

4.2 Error metrics

Let us1D DoA estimation start with the most-common used error metrics in the literature

related to 1D DoA estimation; considering 𝑁 number of tests, 𝜃𝑛 the

direction of arrival for the 𝑛th test, and 𝜃̂𝑛 its estimation, the mean

absolute error (MAE), mean square error (MSE), and root mean

square error (RMSE) are defined:

MAE =
1

𝑁

𝑁∑
𝑛=1

��𝜃̂𝑛 − 𝜃𝑛
��

(4.1)

MSE =
1

𝑁

𝑁∑
𝑛=1

(
𝜃̂𝑛 − 𝜃𝑛

)
2

(4.2)

RMSEa =
1

𝑁

𝑁∑
𝑛=1

√(
𝜃̂𝑛 − 𝜃𝑛

)
2

RMSEb =

√
1

𝑁

𝑁∑
𝑛=1

(
𝜃̂𝑛 − 𝜃𝑛

)
2

(4.3)

As it can be seen, the only problem in these metrics is that they not

take into account the cyclic nature of the angular data, leading to

possible distortions in the results – more evident when the angle is

near 0
◦
.

For2D DoA estimation 2D DoA estimation, the most used metric is the RMSE, but it is

applied in many different ways. The framework here is generally a
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Figure 4.1: Limit situation for true

and estimated angles, when the di-

rection of arrival and its estimation

are close to the 𝑧 axis. In this case,

classical error metrics like MAE or

RMSE will fail to report the correct-

ness of the prediction, giving rise to a

high error, even though the directions

are very close to each other.

spherical reference system, identifying a direction of arrival with

the two angles, 𝜙 and 𝜃. The first method is to evaluate separately

the estimations of the two angles by applying on each of them the

RMSE:

RMSE𝜙 =

√
1

𝑁

𝑁∑
𝑛=1

(
𝜙̂𝑛 − 𝜙𝑛

)
2

RMSE𝜃 =

√
1

𝑁

𝑁∑
𝑛=1

(
𝜃̂𝑛 − 𝜃𝑛

)
2

(4.4)

Such an approach may not offer a comprehensive view of the error

since it does not provide a joint error. To address this issue, other

authors have combined the azimuthal and the elevation error (as in

[54]) for MAE and RMSE:

MAE =
1

𝑁

𝑁∑
𝑛=1

(��𝜃̂𝑛 − 𝜃𝑛
�� + ��𝜙̂𝑛 − 𝜙𝑛

��)
(4.5)

RMSE =

√
1

𝑁

𝑁∑
𝑛=1

[(
𝜃̂𝑛 − 𝜃𝑛

)
2

+
(
𝜙̂𝑛 − 𝜙𝑛

)
2

]
(4.6)

Here, the two angular errors are combined by treating them as a

two-dimensional array, while ignoring the physical 3D problem;

both expressions may provide unexpected results when, for instance,

incoming signals arrive from directions close to the 𝑧 axis of a

cartesian reference system (as in Figure 4.1).

For this reason, an error metrics that takes into account the distance

between the true and estimated directions in 3D space needs to be

addressed.

4.2.1 Proposed metric

Let d be the true direction of arrival and d̂ the estimated one, both

defined in a spherical reference system and with radius equal to 1

(thus lying on the surface of a unit sphere). Converting them into 3D

vectors on a cartesian reference system, they can be written:

d = (1, 𝜃, 𝜙) ↔ d = (sin𝜃 cos 𝜙, sin𝜃 sin 𝜙, cos𝜃)
d̂ = (1, 𝜃̂, 𝜙̂) ↔ d̂ = (sin 𝜃̂ cos 𝜙̂, sin 𝜃̂ sin 𝜙̂, cos 𝜃̂)

(4.7)



34 4 Error metrics for Direction of Arrival estimation

1: Geometrically speaking, perform-

ing the scalar product between two

vectors means to select a plane con-

taining both vectors and project one

of them onto the other one.

Table 4.1: Test cases (TC) for error

comparison in 2D DoA estimation.

TC1 TC2

(𝜃, 𝜙) (5,90) (45,90)

(𝜃̂, 𝜙̂) (5,270) (45,270)

MAE 180 180

RMSE 180 180

𝛼E 10 90

Considering the definition of direction cosines and of scalar product

between two vectors, and applying it to the both vectors expressed

in cartesian coordinates
1
:

d · d̂ = 𝑑𝑥 𝑑̂𝑥 + 𝑑𝑦 𝑑̂𝑦 + 𝑑𝑧 𝑑̂𝑧 = cos 𝛼E (4.8)

and removing the cosine,

𝛼E = arccos

(
d · d̂

)
(4.9)

obtaining the angle (or angular distance) between them. Since the

cosine is odd, there are two solutions for 𝛼E: one is an acute angle and

the other is an obtuse one. Picking the acute one – as a convention –

gives the minimum angular distance.

Here, the MAE and the RMSE are rewritten with the new angular

error:

MAE𝛼 =
1

𝑁

𝑁∑
𝑛=1

𝛼E (4.10)

RMSE =

√
1

𝑁

𝑁∑
𝑛=1

(𝛼E)2 (4.11)

4.3 Experimental validation

In this section, the performance of the proposed error metrics in

different electromagnetic scenarios is analysed, using a receiver

specifically designed for Bluetooth Low Energy (BLE) applications

[42]. The details of the fabricated 3 × 3 array and its application for

DoA estimation are reported in [42] for a single channel and in [65]

for multiple channels of the BLE band. The DoAs are estimated with

the classical Multiple Signal Classification (MUSIC) method using

the conventional steering vector (CSV) and embedded radiation

pattern (ERP), as discussed in Chapter 3. In Table 4.1, there are the

test cases considered during this evaluation.

In the first scenario,Dependence of incoming DoA the sensitivity to the direction of the incoming

signals – as indicated in the test cases (TCs) listed in Table 4.1 – is

analysed within a real setup under various noise levels, as shown in

Figure 4.2.

Specifically, the estimation error for TC 1 when using the CSV

approach is shown in Figure 4.2a and the one using the ERP is shown

in Figure 4.2c, while the error for TC 2 is presented in Figure Figure
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Figure 4.2: Error vs. SNR, estimated using different metrics: CSV method for (a) TC 1 and (b) TC 2; ERP method for (c) TC 1

and (d) TC 2.

4.2b when using the CSV approach and Figure 4.2d when using the

ERP. As expected and confirmed by the application in Chapter 3,

the ERP outperforms the CSV in DoA estimation in terms of both

metrics; however, the proposed metric MAE𝛼 consistently produces

lower estimated errors compared to commonly used metrics across

the different cases and in noisy scenarios. The errors evaluated using

the 2D metrics are, in general, overestimated for the 𝜃 ≈ 0 case

compared to the one found with the proposed 3D metric, reinforcing

the results in Table Table 4.1. Also, the estimated errors for TC 2 are

less sensitive to the choice of error metric, which aligns with the

findings in Table Table 4.1 for TC 2. This suggests that 2D error metric

definitions may exaggerate the error in DoAs from the broadside

(𝜃 ≈ 0) direction.

To verify Reference frame dependencethe universality of the metric across reference systems, an

analysis was performed using the same physical DoA but adopting

different conventions for the reference system, specifically by using

the antenna’s plane, labelled as the 𝑌𝑍 plane, as illustrated in Figure

4.3b, instead of the previously considered 𝑋𝑌 plane, as shown
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Figure 4.3: Frame dependence – (a) receiver in 𝑋𝑌 plane, (b) receiver in 𝑌𝑍 plane, and (c) errors evaluated using different

metrics.

in Figure Figure 4.3a. Thus, the same incoming signal from the

broadside direction will have the direction of arrival (𝜃, 𝜙) = (0, 0)
as the first choice (Figure 4.3a) when the antenna array lies in the 𝑋𝑌

plane, and (𝜃, 𝜙) = (90, 0) as the second choice, Figure 4.3b, when

the antenna lies in the𝑌𝑍 plane. The estimated errors obtained from

the different metrics at varying noise levels are presented in Figure

4.4. Notably, the proposed metric, MAE𝛼, demonstrates a consistent

error across reference systems, while other metrics show sensitivity

to the different reference systems, as highlighted in Figure 4.4.

The proposed metric,Dependence on number of trials MAE𝛼 (Equation 4.10), is not exactly equal

to RMSE𝛼 in Equation 4.11, which is an extended version of the

equation reported in [66], at𝑁 = 1, although MAE𝛼 = RMSE𝛼 when
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Figure 4.4: Sensitivity to number of trials – (a) CSV and (b) ERP.

𝑁 = 1. Figure Figure 4.3 shows the dependence of error estimation

on the number of trials, 𝑁 , with the proposed metric Equation 4.10

and with the metric reported in [66]. It is clearly evident that the

error metric discussed in [66] and the newly proposed one are very

similar but not exactly equal.

4.4 Conclusions

The error metrics used in the literature on DoA estimation have been

reviewed and a proper and unique error metric for 2D DoA estimation

has been recommended. In recent papers, a proper definition of the

error metric used is often omitted, and, in some cases, inappropriate

ones that lack a meaningful physical interpretation are adopted. It

has been observed that commonly used error metrics can sometimes

yield incorrect and misleading results due to the physical 3D nature

of the 2D DoA estimation problem. Therefore, an error-free universal

error metric was proposed, which was defined by exploiting the

directional cosines. In addition, it has been verified, using numerous

representative examples, that the proposed new error metric is

able to provide meaningful results as it is related to the angular

difference between the actual direction of arrival and its estimation.

Moreover, the sensitivity of different error metrics were validated

using the experimental data from a fabricated 3× 3 locator designed

for BLE applications. The experimental validation confirmed that the

proposed metric is insensitive to the direction of incoming signals,

the reference system used, and the number of trials conducted

compared to other well-known error metrics.





1: Generally, a cube of 1 m
3

is consid-

ered as a unit volume.
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In this chapter, a novel method to estimate the drop size distribution

(DSD) of a cloud of particles – focusing on hydrometeors – is pre-

sented. This method exploits the polarimetric capacity of modern

weather radars by using the ensemble-averaged covariance matrices

to perform the estimation of the parameters for a distribution mod-

elled after the gamma DSD through a Deep Learning (DL) approach

using modern techniques, such as multi-task learning (MTL). Before

the application itself, a little summary of the necessary theory used

in the methodology is presented.

5.1 Introduction

The drop size distribution (DSD) is one of the most fundamental

descriptors of the microphysics behind the precipitation of hydrom-

eteors. Its aim is to characterise the sensed medium (e.g., air-water

mixture during rain) through the computation of the number of

raindrops in a unit volume
1

by assuming the particles statistically

distributed with respect to the diameter (Figure 5.1). This results

in a macrophysical model that directly links the microphysical pro-

cesses in the medium to macroscopic quantities such as rain rate,

reflectivity, and attenuation. Accurate retrieval of DSDs from ground-

based and satellite instruments is at the core of modern quantitative

precipitation estimation (QPE) and remote sensing of rainfall.

Over the past several decades, advances in radar meteorology have

made it possible to infer DSD parameters from active and pas-

sive microwave sensors. Polarimetric and dual-frequency radars,

in particular, allow for the retrieval of the median volume diame-

ter, normalised intercept parameter, and shape factor of the DSD

through empirical or physically constrained relationships [67, 68].

However, these retrievals are highly sensitive to assumptions about

the underlying DSD model; the most commonly used ones are the

exponential, gamma, or generalized gamma distributions [69, 70].

Also, the uncertainty in DSD retrievals arises from both instrumental

limitations and natural variability; for example, the choice of radar

frequency affects sensitivity to different drop sizes and scattering

regimes [71].

A common approach to estimate the DSD has been the integration of

in-situ measurements from disdrometers with polarimetric radar ob-

servations. This represents one of the most robust and comprehensive

approaches for retrieving DSDs. Each observational system offers
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Figure 5.1: Generic example of DSD,

where the number of particles are dis-

tributed against their diameters. It is

worth noticing that the distribution is

generally skewed towards the smaller

particles.

complementary strengths: disdrometers provide high-resolution,

ground-based DSDs, while polarimetric radars offer wide-area cov-

erage and vertical profiling capability. Together, these data sources

enable both calibration and validation of DSD retrieval algorithms

and allow improved quantification of uncertainties across spatial

and temporal scales [70, 72]. One of the central advancements in

this area has been the development of physically constrained DSD

models that use radar observables such as reflectivity (𝑍), differ-

ential reflectivity (𝑍DR), and specific differential phase (𝐾DP) to

estimate the parameters of gamma or generalized gamma DSDs.

When these radar-derived estimates are validated against in-situ

disdrometer data, strong agreement is often observed, particularly

when constrained-gamma models are employed [73, 74]. Such multi-

sensor comparisons have been instrumental in refining shape-slope

relationships in constrained models, reducing biases in retrieved

median volume diameter (𝐷0) and intercept parameter (𝑁w).

Recent studies have also demonstrated the benefits of collocated

radar and disdrometer networks for retrieving higher-order DSD mo-

ments. For instance, a study showed that lower-order DSD moments

(𝑀0 - 𝑀2), which are typically difficult to retrieve from radar alone,

can be accurately estimated by combining polarimetric variables

with complete in-situ spectra extending down to small drop sizes.

The integrated retrievals achieved less than 15 % bias in moment

estimates compared with direct disdrometer calculations, illustrating

the synergy between remote and ground-based sensing [75]. Simi-

larly, dual-polarization radar networks integrated with disdrometer

arrays have provided valuable insight into the variability of DSDs

during stratiform and convective events. Ground-based disdrome-

ters capture localized microphysical features such as breakup and

coalescence processes, while polarimetric radars enable the spatial

extrapolation of these characteristics to mesoscale domains. Valida-

tion campaigns, such as those conducted in Oklahoma and West

Africa, confirm that co-located datasets significantly improve the

accuracy of radar-based DSD retrievals and rainfall estimation [72,

76].

Despite the significant advancements in radar-based retrieval algo-

rithms, accurate and reliable DSD estimation remains fundamentally

dependent on disdrometer data. Polarimetric radar systems, while

offering extensive spatial and temporal coverage, inherently pro-

vide indirect measurements of DSD parameters that require model

assumptions – such as gamma or exponential forms – introducing

potential biases and uncertainties. Disdrometers, by contrast, directly

measure the size and fall velocity of individual raindrops, serving

as the essential ground truth for calibrating, validating, and refining

radar-based retrievals.
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2: The scattering problem at hand

is in the Rayleigh regime when the

dimensions of the particles are very

small compared to the wavelength of

the incident plane wave.

5.2 Theory

In this section, an overview of the basic theory of radar scattering

and drop size distribution will be given, which will be useful to

understand the results in this study.

5.2.1 Radar scattering

Let us consider the scattering of an incident plane wave by a single

particle in the Rayleigh regime
2
. Suppose a cartesian reference

system with the origin at the centre of the particle, and the incident

wave coming from a direction specified by the unit vector k̂𝑖 or by

the polar angle 𝜃𝑖 and the azimuthal angle 𝜙𝑖 , forming the triplet of

unit vectors (k̂𝑖 , 𝜃̂𝑖 , 𝜙̂𝑖). If the horizontal unit vector ĥ𝑖 = 𝜙̂𝑖 and the

vertical unit vector v̂𝑖 = 𝜃̂𝑖 are considered, the triplet (k̂𝑖 , v̂𝑖 , ĥ𝑖) can

be obtained. The incident wave can be written as:

E𝑖 = ê𝑖𝐸0 𝑒
−𝑗𝑘0 î·r𝑖

(5.1)

where r𝑖 is the vector from the origin to a point of the plane of

constant phase (wavefront), î is the direction of incidence, 𝑘0 = 2𝜋/𝜆
is the wave number of free space, with 𝜆 the associated wavelength.

At the origin of the reference system – i.e. the centre of the particle –

the electric field becomes the plane wave amplitude and, considering

the vertical and horizontal unit vectors, can be written:

E𝑖(O) = ê𝑖𝐸0 = 𝐸𝑖
ℎ
ĥ𝑖 + 𝐸𝑖𝑣 v̂𝑖 (5.2)

where O identified the origin. If the back scatter alignment (BSA)

is used, the reflected wave at the origin will have the form E𝑟 =

𝐸𝑟
ℎ
ĥ𝑟+𝐸𝑟𝑣 v̂𝑟 and, following the result in [77], the relationship between

the incident and reflected waves is:

E𝑟 = S
BSA

E𝑖 =

𝐸𝑟
ℎ

𝐸𝑟𝑣

 = 𝑒−𝑗𝑘0𝑟

𝑟


𝑆ℎℎ 𝑆ℎ𝑣

𝑆𝑣ℎ 𝑆𝑣𝑣

BSA


𝐸𝑖
ℎ

𝐸𝑖𝑣

 (5.3)

where 𝑟 is the magnitude of the position vector and S
BSA

is the

scattering matrix in BSA convention. For the reciprocity theorem

[78], in BSA convention 𝑆ℎ𝑣 = 𝑆𝑣ℎ , making the scattering matrix

Hermitian.

Considering that the raindrops are generally considered to be oblate

spheroids instead of perfect spheres, the elements of the scattering

matrix in BSA can be written:
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(𝑆ℎℎ)BSA =
𝑘2

0

4𝜋𝜀0

[
𝛼 + (𝛼𝑧 − 𝛼) sin

2 𝜃O sin
2 𝜙O

]
(𝑆ℎ𝑣)BSA =

𝑘2

0

4𝜋𝜀0

[ (𝛼𝑧 − 𝛼)
2

( cos𝜃𝑖 sin
2 𝜃O sin 2𝜙O

+ sin𝜃𝑖 sin 2𝜃O sin 𝜙O ) ]

(𝑆𝑣𝑣)BSA =
𝑘2

0

4𝜋𝜀0

[ 𝛼 + (𝛼𝑧 − 𝛼) ( cos
2 𝜃𝑖 sin

2 𝜃O cos
2 𝜙O

+ sin
2 𝜃𝑖 cos

2 𝜃O +
sin 2𝜃𝑖 sin 2𝜃O cos 𝜙O

2

) ]

(5.4)

where 𝜃O and 𝜙O are the orientation angles of the particle, which

express the rotation of its symmetry axis along the 𝑥 axis and along

the 𝑧 axis, respectively. 𝛼𝑧 is the polarisability along the symmetry

axis of the particle – supposed to be along 𝑧 – and 𝛼 is the one along

the other two axes; they both derive from the way the polarisability

matrix is expressed:

𝜶 = 𝛼I + (𝛼𝑧 − 𝛼)ẑẑ

Since the scattering matrix is symmetric, a feature vector can be

introduced:

s =


𝑆ℎℎ
𝑆ℎ𝑣
𝑆𝑣𝑣

BSA

(5.5)

containing the elements of the upper triangular part of the scattering

matrix.

The scattering matrix above is related to the scattered signal from a

single particle. When observing a weather phenomenon, the scatter-

ing of a single particle cannot be measured; also, it is not possible

to determine the number of particles in the illuminated volume or

other properties (e.g. orientation, shape). Thus, the cloud of particles

is modelled as a statistical distribution per unit volume, either for

the number of particles or the other properties. The modelling of

the number of particles is generally achieved by using a drop size

distribution (DSD), which returns the concentration of particles per

diameter in a unit volume (see Subsection 5.2.2).

To study the polarimetric characteristics of the cloud of particles

(raindrops), the ensemble-averaged covariance matrix can be built

from the feature vector above:
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ΣBSA = ⟨𝑛ss∗⟩ =

𝜎11 𝜎12 𝜎13

𝜎21 𝜎22 𝜎23

𝜎31 𝜎32 𝜎33


=

〈
𝑛


|𝑆ℎℎ |2

√
2(𝑆ℎℎ𝑆∗ℎ𝑣) (𝑆ℎℎ𝑆∗𝑣𝑣)√

2(𝑆ℎ𝑣𝑆∗ℎℎ) 2|𝑆ℎ𝑣 |2
√

2(𝑆ℎ𝑣𝑆∗𝑣𝑣)
(𝑆𝑣𝑣𝑆∗ℎℎ)

√
2(𝑆𝑣𝑣𝑆∗ℎ𝑣) |𝑆𝑣𝑣 |2


〉

=


〈
𝑛 |𝑆ℎℎ |2

〉 〈
𝑛
√

2(𝑆ℎℎ𝑆∗ℎ𝑣)
〉

⟨𝑛 (𝑆ℎℎ𝑆∗𝑣𝑣)⟩〈
𝑛
√

2(𝑆ℎ𝑣𝑆∗ℎℎ)
〉 〈

𝑛 2|𝑆ℎ𝑣 |2
〉 〈

𝑛
√

2(𝑆ℎ𝑣𝑆∗𝑣𝑣)
〉〈

𝑛 (𝑆𝑣𝑣𝑆∗ℎℎ)
〉 〈

𝑛
√

2(𝑆𝑣𝑣𝑆∗ℎ𝑣)
〉 〈

𝑛 |𝑆𝑣𝑣 |2
〉 

(5.6)

The generic element 𝜎 of the matrix depends on the 𝑀 particle

states 𝑔1 , 𝑔2 , . . . , 𝑔𝑀 (e.g. shape, orientation, thermodynamic phase,

etc.) and the DSD 𝑁(𝐷). Visually dropping this dependence for the

generic scattering element 𝑆𝑎𝑏(𝐷; 𝑔1 , 𝑔2 , . . . , 𝑔𝑀) = 𝑆𝑎𝑏 and for the

joint probability density function ℙ(𝑔1 , 𝑔2 , . . . , 𝑔𝑀) = ℙ(g) (with

g = (𝑔1 , 𝑔2 , . . . , 𝑔𝑀)), the generic element will have this form:

𝜎 =

∫
𝐷

𝑁(𝐷)
∫
𝑔1

· · ·
∫
𝑔𝑀

𝑆𝑎𝑏𝑆𝑐𝑑 ℙ(g) 𝑑𝑔1 𝑑𝑔2 . . . 𝑑𝑔𝑀 𝑑𝐷 (5.7)

where 𝑎, 𝑏, 𝑐, 𝑑 ∈ {ℎ, 𝑣}.

In this case, only the orientation of the particles is considered as a

particle state; this can be statistically modelled through a particle

orientation distribution (POD), which gives a statistical orientation

for the raindrops by using their orientation angles 𝜃O (which will

become 𝜃POD) and 𝜙O (which will become 𝜙POD); thus, the scattering

element can be rewritten as:

𝜎 =

∫
𝐷

𝑁(𝐷)
∫

𝜃POD

∫
𝜙POD

𝑆𝑎𝑏 𝑆𝑐𝑑 ℙPOD 𝑑𝜃POD 𝑑𝜙POD 𝑑𝐷 (5.8)

where ℙPOD = ℙ(𝜃POD , 𝜙POD) represents the probability density of

the POD.

The scattering elements in Equation 5.4, the ensemble-averaged

covariance matrix in Equation 5.6 with its elements expressed as

in Equation 5.8 are the basis for the simulator built to generate the

necessary input, as described in Subsection 5.3.1.
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5.2.2 Drop Size Distribution

The drop size distribution (DSD) statistically models the distribution

of the particles inside a cloud by their diameter – or, better, the

diameter of the equivolume sphere, as explained below.

The importance of DSD estimation lies in the possibility of computing

many rainfall-related variables; these are generally derived using

the moments (also statistical) of the DSD function. The definition of

the DSD function is the following.

Physically, the drop size distribution 𝑁(𝐷) [mm
−1

m
−3] is the con-

centration of drops (particles) of diameter 𝐷 [mm] per unit volume

of air. We write:

𝑁(𝐷) = 𝑁𝑇 𝑓 (𝐷) (5.9)

where

𝑁𝑇 =

∫ ∞

0

𝑁(𝐷)𝑑𝐷 (5.10)

is the total number concentration of raindrops [m−3] and 𝑓 (𝐷) [mm
−1]

is a probability density function for the drop diameters such that:∫ ∞

0

𝑓 (𝐷)𝑑𝐷 = 1 , ℙ[𝐷 ≤ 𝑥] =
∫ 𝑥

0

𝑓 (𝐷)𝑑𝐷

The diameter 𝐷 in the definition is not the real diameter of a water

drop, but the diameter of the equivalent (or equivolume) sphere,

since a drop may not have a spherical shape. In general, due to

aerodynamic forces, the drops are oblate spheroids; this effect is

more evident in the bigger particles, and less for smaller particles

(they are almost spheres) [79].

Considering that the rain phenomena are generally extended very

widely in space, the local concentrations of raindrops, their positions,

and sizes all fluctuate over space and time. Therefore, the DSD

should be seen as a probabilistic summary of the average (i.e., the

expected) raindrop size distribution over a large number of unit

volumes. For weather-radar-related applications, this assumption

is reasonable because radar sampling volumes are generally much

larger than one cubic meter (unit volume).

A concept widely used for a DSD is related to its statistical moments,

which are related to some physical properties of the cloud of particles.

The 𝑛th (or 𝑛th-order) moment𝑀𝑛 [mm
𝑛

m
−3] of the DSD is defined

as:
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𝑀𝑛 =

∫ ∞

0

𝐷𝑛𝑁(𝐷)𝑑𝐷 (5.11)

where 𝐷 is the equivalent diameter. As said before, these moments

are related to some rainfall properties of interest:

▶ 0th moment is the total number concentration 𝑁𝑇[m−3];
▶ 1st moment is related to the mean drop diameter;
▶ 2nd moment is the most relevant to assess optical extinction

(in visibility studies) [80];

▶ 3rd moment is linked to the liquid water content (LWC);

▶ 3.67th moment is approximately proportional to the rainfall
rate [81];

▶ 5th moment is roughly proportional to the kinetic energy [82];

▶ 6th moment is equal to the microwave backscattering (radar
reflectivity) in the Rayleigh scattering regime [83].

Most radar remote-sensing applications rely heavily on higher-order

moments of the DSD, while microphysical processes in rain, such

as collisional drop breakup, coalescence, and evaporation, also

depend on lower-order moments [84, 85]. Higher-order moments are

more sensitive to the concentration of large drops than lower-order

moments. This is why a few large drops will affect rain rate and

radar reflectivity substantially, while having very little impact on the

mean drop diameter and drop number concentration.

5.3 Methodology

The approach used here aims at retrieving the DSD parameters by

predicting them with a fully connected neural network (FCNN), tak-

ing the ensemble-averaged covariance matrices as input. To achieve

this goal, the solution of the direct problem was studied for the

generation of a dataset; it was also needed the design and training of

a neural network. In the following, the details of these operations are

given, together with the tools used to assess the prediction quality.

5.3.1 Dataset generation

When using a machine learning (ML) approach, the first step is

usually to create a dataset to train the network – thus containing the

"real" training samples and the ones used for the validation and test
phases.

Here, a simulator capable of solving the direct problem – i.e. capa-

ble of computing the ensemble-averaged scattering matrix and the
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Figure 5.2: Effect of 𝜇 and 𝜆 parame-

ters on the form of the gamma DSD.

Increasing𝜇moves the "bell" shape to

the right, while increasing 𝜆 dumps

the right slope of the bell, narrowing

it.

ensemble-averaged covariance matrix – was developed, implement-

ing also the theory from Section 5.2. There are many parameters that

can be set, both related to the physics of the cloud of particles and

the simulation itself; the most important ones, along with the values

used in this case, are listed in Table 5.1.

Table 5.1: Parameters fed to the

simulator to generate the ensemble-

averaged covariance matrices to be

used as input to the FCNN.

Dataset generation parameters

Parameter Value

Incoming echo elevation angle 𝜃el 0
◦

Radar frequency 2 GHz

Relative permittivity 𝜀w 77.9 + 𝑗 7.57

drop size distribution Gamma DSD

Diameter range 0 mm to 8 mm

Diameter resolution 0.1 mm

Parameters resolutions

Δ𝜇 0.01

Δ𝜆 0.01 mm
−1

DSD parameters

𝜇 0 to 15

𝜆 0 mm
−1

to 30 mm
−1

𝑁0 8000 m
−3

mm
−1−𝜇

particle orientation distribution Fisher Distribution

Parameters resolutions

Δ𝜃POD 1
◦

Δ𝜙POD 1
◦

Orientation angles ranges

𝜃POD 0
◦

to 180
◦

𝜙POD 0
◦

to 360
◦

POD parameters

𝜅 100

𝜃̄POD 0
◦

𝜙̄POD 0
◦

Since the aim is to train a neural network to retrieve the DSD

parameters, the generated dataset contains the ensemble-averaged

covariance matrices obtained by changing those parameters in their

chosen ranges and considering all the possible combinations. The

chosen DSD is the classical gamma DSD, as defined in [81]:

𝑁(𝐷) = 𝑁0𝐷
𝜇𝑒−𝜆𝐷 [m−3] (5.12)

where 𝑁0[m−3
mm

−1−𝜇] is the intercept to scale the total concentra-

tion of particles, 𝜇 is the shape parameter, and 𝜆[mm
−1] is the slope
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Figure 5.3: Visual heatmap for the

Fisher distribution when using 𝜅 =

100, 𝜃̄
POD

= 0
◦

and 𝜙̄
POD

= 0
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.
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parameter. The effect of 𝜇 and 𝜆 in the distributions can be observed

in Figure 5.2.

The investigated variation in parameters is related to the change of

𝜇 and 𝜆, with 𝜇 varying from 0 to 15 and 𝜆 varying from 0 mm
−1

to

30 mm
−1

. These ranges of values for both parameters were chosen by

looking at empirical DSD ranges in literature [86]. The only difference

in range is for 𝜇 which starts from 0 and not from −2; the reason

for this choice is that the DSD is just a very high peak at 𝐷 = 0 for

𝜇 ≤ 0 – decreasing 𝜇 moves the "bell" to the left, narrowing it – which

destabilises the numerical integrations to compute the covariance

matrix, leading to a matrix with no valid values.

To compute the scattering from a cloud of raindrops, the orientation

of the particles is also important. The distribution that was used is

the Fisher distribution, which is a special case of the von Mises-Fisher
distribution in directional statistics, as suggested in [78].

The von Mises-Fisher distribution is a probability distribution on the

(𝑝 − 1)-sphere in ℝ𝑝
. Its probability density function for the random

𝑝-dimensional unit vector x̂ is given by:

𝑓𝑝(𝑥̂ , 𝜇̂, 𝜅) = 𝐶𝑝(𝜅)𝑒𝜅 𝝁̂𝑇 x̂

where 𝜅 ≥ 0 is the concentration parameter, 𝝁̂ (||𝝁̂|| = 1) is the mean

direction, and 𝐶𝑝(𝜅) is the normalisation constant. If 𝑝 = 3, the

distribution becomes the Fisher distribution

𝑓3(x̂, 𝝁̂, 𝜅) = 𝐶3(𝜅)𝑒𝜅 𝝁̂𝑇 x̂ =
𝜅

4𝜋 sinh𝜅
𝑒𝜅 𝝁̂𝑇 x̂

If we consider that

𝜇̂ = sin 𝜃̄POD cos 𝜙̄POD + sin 𝜃̄POD sin 𝜙̄POD + cos 𝜃̄POD

𝑥̂ = sin𝜃POD cos 𝜙POD + sin𝜃POD sin 𝜙POD + cos𝜃POD

where 𝜃̄POD and 𝜙̄POD are the angles with respect to the reference

system values for the mean direction, we can rewrite:

𝐹(𝜃POD , 𝜙POD) =
𝜅 sin𝜃POD

4𝜋 sinh(𝜅) 𝑒
𝜅[cos 𝜃̄POD cos𝜃POD+sin 𝜃̄POD sin𝜃POD cos(𝜙POD−𝜙̄POD)]

(5.13)

where 0 < 𝜃POD < 𝜋; 0 < 𝜙POD < 2𝜋 and 𝜅 > 0; and 𝜃̄POD and

𝜙̄POD are the average values of 𝜃POD and 𝜙POD, respectively, and

𝜅 is a parameter that controls the width (scale) of the distribution.
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3: As demonstrated in [78], this hap-

pens when the POD is symmetric

with respect to the mean canting an-

gle

In this case, 𝜃POD ranges from0
◦

to 180
◦
, 𝜙POD from0

◦
to 360

◦
,

𝜅 = 100, 𝜃̄POD = 0
◦
, and 𝜙̄POD = 0

◦
, as suggested in [78]. A visual

representation of the Fisher distribution with these values is given

in Figure 5.3.

Trying to emulate the real situation for a weather radar, and consid-

ering that the formulation above for the radar scattering was made

in the Rayleigh regime, the frequency of the wave interacting with

the cloud of raindrops was set to 2 GHz (S-band); at the same time,

the relative permittivity of the water was set to 𝜀w = 77.9 + 𝑗 7.57,

as considered in [87], for the chosen frequency and a temperature

of 25
◦
C. Also, the elevation angle of the radar antenna was set to

𝜃el = 0
◦
.

5.3.2 Neural network design

Here, a neural network-based model was developed, to address the

problem of accurately retrieving the parameters of the DSD from

radar polarimetric measurements. Various techniques of ML have

been used in literature to this end, such as random forests, support

vector regression, and Fully Connected Neural Networks (FCNNs);

they represent a data-driven approach to model the complex de-

pendencies and improve the retrieval accuracy [88] by using the

polarimetric variables [89, 90].

The proposed approach focuses on the design of a FCNN in a

Deep Learning (DL) framework to retrieve both the 𝜇 and 𝜆 of

the traditional gamma DSD at the same time, without recurring

to a neural network per parameter or normalised versions of the

distribution. The configuration of the FCNN is shown in Table 5.2.

The input dataset contains the ensemble-averaged covariance matri-

ces created with the methodology in Subsection 5.3.1. Before feeding

them to the neural network, the matrices needed to be flattened

to be passed to the input layer of the FCNN; also, there are some

considerations that need to be done: (a) the elements of a covariance

matrix are complex-valued numbers, (b) the matrix is symmetric,

and (c) the off-diagonal elements of the matrix go to zero when a

"mirror" reflection symmetry condition
3

happens. Since the POD used

here (see Equation 5.13) satisfies (c) – and (b) is always true – the

choice was to use only the upper-triangular part of the covariance

matrix, and in particular using only the on-diagonal elements (the

two off-diagonal are zero).

The general approach to handle complex-valued input data in neural

networks is to find a real-valued representation suitable for the

problem at hand [91]. Here, the choice was to split complex-valued

numbers in magnitude and phase; considering part of the matrix

selected before, this leaves us with 4 magnitudes and 1 phase. Only
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MTL FCNN configuration

Parameter Value

Dataset covariance matrices

Batch size 128

Dataset percentages

Training phase 70 %

Validation phase 20 %

Test phase 10 %

Number of inputs 4

Number of outputs (tasks) 2

Common hidden layers 1

Number of units 128

Task 1 retrieve 𝜇
Hidden layers 3

Number of units 64, 32, 16

Task 2 retrieve 𝜆
Hidden layers 3

Number of units 64, 32, 16

Hidden layers regularisation Yes

Weights reg. factor 1 × 10
−3

Biases reg. factor 1 × 10
−3

Hidden layers normalisation Yes

Normalisation type LayerNormalisation

Hidden layers activation GELU

learning rate (LR) 1 × 10
−4

(reduce on plateau)

Loss

Task 1 loss MSE

Task 1 loss weight 1

Task 2 loss MSE

Task 2 loss weight 1

Table 5.2: Parameters fed to the

simulator to generate the ensemble-

averaged covariance matrices to be

used as input to the FCNN.

the magnitudes of 𝜎11, 𝜎13, 𝜎22, and 𝜎33 are used as the input to the

FCNN, while dropping the only phase: this choice was made to avoid

the possible numerical instabilities caused by the phase values being

completely different in range with respect the magnitude values.

The whole dataset – which is huge, with 4.5 × 10
6

elements – was

randomly split in three parts for the various stages of the learning

phase: 70 % for training, 20 % for validation, 10 % for test. After the

partitioning, each part was divided in batches of 128 elements, to
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perform the training efficiently.

The FCNN architecture is a custom design, which exploits the

advantages of multi-task learning (MTL). MTL, as described in [92],

is an inductive transfer method that improves generalization by

learning related tasks in parallel using shared representations. The

core idea is that what is learned for one task can help other tasks

be learned more effectively. This is realised by having a normal

FCNN, and then create 𝑛 branches (for 𝑛 tasks) with their own

hidden layers and then output layers. Considering that generally a

FCNN is a Multi-Layer Perceptron (MLP) using the back-propagation

algorithm, the common hidden layers transfer what they learn to all

the 𝑛 tasks, so that all of them can use those features while focusing

on learning their tasks.

Here, we consider the retrieval of 𝜇 and 𝜆 as two separate tasks;

this means that the FCNN will have two branches. The network

architecture starts with the input layer, which accepts the aforemen-

tioned four magnitudes selected from the covariance matrix; after

that, there is the only common layer with 128 units. All the units in

this layers are then connected to the two branches, both having three

hidden layers with 64, 32, and 16 units, respectively. At the end of

each branch, there is a output layer, with only 1 unit, with neither

normalisation nor activation function.

All the hidden layers in the network (common and per branch)

normalise their input data (input from the previous layer multiplied

by the weights matrix and adding the biases vector) before passing

it to the activation function; the reason behind this is the problem

of having inputs to the neurons – and their activations – with a

great variance, making the learning unstable. The normalisation is

achieved by using the Layer Normalization (LN) technique, designed

to accelerate and stabilise the training of DL neural networks [93].

This technique was created to solve the problems of Batch Normaliza-

tion (BN), mainly the requirement of large mini-batches to compute

stable mean and variance statistics and the different behaviour of the

layer during training and inference. LN, instead, normalises across

the neurons in a layer rather than across the batch dimension; for

each layer, this technique normalises the outputs of the neurons by

using a mean 𝜇 and a standard deviation 𝜎 defined as:

𝜇 =
1

𝐻

𝐻∑
𝑖=1

𝑎𝑖 , 𝜎 =

√√
1

𝐻

𝐻∑
𝑖=1

(𝑎𝑖 − 𝜇)2 (5.14)

where 𝐻 is the number of neurons, and 𝑎𝑖 is the output of the 𝑖th

neuron.
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After having normalised, the output of this layer goes to the activation

function; in this case, amongst the various alternatives, the chosen

one was the gaussian-error linear unit (GELU), which smooths the

classical rectified linear unit (ReLU) in the region close to 0 by

having a "bump" with negative derivative to the left of 0. This avoids

numerical instabilities when values are close to 0.

The model was trained using the Adam optimiser with a constant

learning rate (LR) of 1 × 10
−4

. Although there was no LR scheduler,

the Reduce-On-Plateau strategy was applied, reducing LR by a factor

of 0.2 when the training loss reduction was less than 1 × 10
−1

for 4

successive epochs; the admitted minimum LR was 1× 10
−6

. The loss

function was MSE for both tasks; to help the training, some penalties

related to the weights and biases of the hidden layers were used,

adding a L2 regularisation with a factor of 1 × 10
−3

for the weights,

and a L1 regularisation with a factor of 1 × 10
−3

for the biases. Thus,

the complete loss function is given by:

𝐿 = 𝛼𝜇
1

𝑁

𝑁∑
𝑛=1

����𝜇̂ − 𝜇
����2

2

+ 𝛼𝜆
1

𝑁

𝑁∑
𝑛=1

����𝜆̂ − 𝜆
����2

2

+

𝛼W
����W����2

F

+ 𝛼b ||b||
1

(5.15)

where 𝛼𝜇, 𝛼𝜆, 𝛼W, and 𝛼b are the weights of each elements of the

loss function – 2 MSE, L2 and L1 regularisations; 𝑁 is the number of

samples in a batch, W is the weight matrix of the entire network, b is

the biases vector of the entire network, ||·||
F

is the Frobenius’ norm

operator, and ||·||
1

is the taxicab norm operator.

Early stopping was employed to mitigate overfitting, and model

checkpoints were saved based on training loss. The training was

performed for 46 epochs – instead of 50 because of early stopping –

using a batch size of 128 on a NVIDIA RTX 3080Ti, working with

the TensorFlow framework through Keras API.

5.4 Results

The performance of the designed model was tested in several ways. To

perform the inference phase, the whole dataset – training, validation

and test parts – was passed as input to the trained model. In the

following, the validation of the model is performed by evaluating

several metrics and variables in the whole dataset, which can be

represented as a 2D space in 𝜇 and 𝜆, thus representing the results of

these metrics as heatmaps. The parameters used to consider the entire
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Figure 5.4: Heatmaps containing the errors between the estimated parameter and the true one for both 𝜇 and 𝜆. In the

figures, both the signed and the absolute errors are shown, as indicated in the caption of every figure. In general, in this

range of parameters, both the errors are not so big, except for some small regions, leading to a possible problem in the total

number concentration of the DSD.

space, are the true ones and not the estimated ones. The evaluated

variables are:

▶ the errors (absolute and signed) on 𝜇 and 𝜆;

▶ the probability density functions of 𝜇 and 𝜆;

▶ two variables deriving from the DSD, the median diameter 𝐷0

and the terminal velocity 𝑉T;

▶ the Kullback-Leibler divergence on the normalised DSDs;

▶ the total number concentration ratio between the predicted

and true DSD.

Moreover, to understand the generalisation limits of the proposed

model, a change in radar frequency was explored – even though

the theoretical model used to generate the input data started with

the assumption of the Rayleigh regime. After the evaluation of the
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(a) 𝜇 PDF (b) 𝜆 PDF

Figure 5.5: PDFs for 𝜇, 𝜆 and their estimated versions. The distributions of the predicted quantities mostly follow the ones of

the true parameters. Problems arise towards the edges of the intervals, but with no big concentrations around a single value.

model by looking at the variables listed above, a comparison of the

results obtained by testing the proposed methodology with different

radar frequencies will follow.

The signed and absolute errors on 𝜇 and 𝜆 Parameters errorsis a simple measure of

how precise was the prediction. These errors are reported in Figure

5.4.

The coordinates of each point in the heatmap are given by the (𝜇,

𝜆) values in the true inference sample, while the color of that point

is given by the difference between the estimated parameter during

interference and the true one (as indicated in the caption of every

sub-figure). The errors (both signed and absolute) are very small for

both 𝜇 and 𝜆, except for some regions, where the error grows.

Another variable worth evaluating is the Parameters PDFsprobability distributions of

the parameters, which are depicted in Figure 5.5.

Both parameters’ PDFs are almost equal to the true ones. The 𝜇̂ PDF

is very precise in the central values of 𝜇, while there is a difference

in the values close to the edges of the intervals. The same trend can

be seen for 𝜆̂, except that the upper limit of the distribution is at a

lower value with respect to 𝜆. Also, there is no value going outside

these intervals, meaning that there are no DSD shapes different from

the ones in this analysed in this space.

The median diameter 𝐷0
Median diameteris one of the variables describing the

properties of the cloud of raindrops that derives directly from the

DSD. This variable is defined as the diameter which divides the

DSD such that half of the liquid water content (LWC) – which is

another variable – is due to drops with diameters greater than 𝐷0;

mathematically,
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2

∫ 𝐷0

0

𝐷3 𝑁0 𝐷
𝜇 𝑒−𝜆𝐷 𝑑𝐷 =

∫ ∞

0

𝐷3 𝑁0 𝐷
𝜇 𝑒−𝜆𝐷 𝑑𝐷 (5.16)

Figure 5.6: Heatmap depicting the

difference in the median diameter

between the estimated and the true

DSD. The difference is expressed in

mm, as the diameters are generally

used in mm. The differences between

the median diameters coming from

the predicted DSDs and the ones com-

ing from the true DSDs are very small,

thus maintaining the distribution of

the liquid water content (LWC) in the

unit volume.

The difference between the median diameters between the estimated

and the true DSDs is shown in Figure 5.6. Each point of the heatmap

is a combination of true (𝜇, 𝜆) – i.e. a sample in the dataset – to

which corresponds a combination of predicted (𝜇̂, 𝜆̂). Computing the

median diameter for both the DSDs coming from these combinations,

leads to two values, 𝐷0(𝜇,𝜆) and 𝐷0(𝜇̂, 𝜆̂); by subtracting these two

median diameters for each combination, the spectrum in the figure is

obtained. By observing its values, one can notice that the difference

(in mm) is very small, and increases only for small values of 𝜇 and 𝜆.

A small difference means that the LWC calculated before and after

𝐷0 is equal to the one related to the true DSD.

In the same wayReflectivity-weighted mean termi-
nal velocity

as for the median diameter, another variable deriving

from the DSD is the reflectivity-weighted mean terminal velocity, which

relates the the fall velocity of a particle of diameter 𝐷 with the

reflectivity at the same diameter, as defined in [94]. The mathematical

definition is given by:

𝑉𝑇 = 9.65 − 10.3

(
1 + 0.6

𝜆

)−(𝜇+7)
(5.17)

Following the same process as the median diameter, the results are

shown in Figure 5.7.

The trend of the difference between these velocities coming from

the estimated and true DSDs is similar to the median diameter,
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Figure 5.7: Heatmap depicting the

difference in the reflectivity-weighted

terminal velocity between the esti-

mated and the true DSD. The differ-

ence is expressed in m s
−1

.

with no great differences between the two, considering each (𝜇,𝜆)

combination.

Another way to compare the results of the prediction, Kullback-Leibler divergenceis to actually

compare the shapes of the predicted and true DSDs. By normalising

both distributions for their 0th-order moment, the PDFs deriving

from the DSDs are obtained; these are scaled in magnitude (compared

to the DSDs), but maintain the shape of the distribution. At the same

time, they can be compared with well-known methods to compare

PDFs. In this case, the Kullback-Leibler divergence from information

theory was used, which is defined as:

𝐷𝐾𝐿(ℙ𝑇 ∥ ℙ𝑃) =
∑
𝐷∈Δ

ℙ𝑇(𝐷) log

ℙ𝑇(𝐷)
ℙ𝑃(𝐷) (5.18)

where ℙ𝑇 and ℙ𝑃 are the PDFs of the true and predicted DSDs,

respectively. This divergence derives from the definition of entropy

in information theory; thus, a value close to 0 means that the distri-

butions are very close (or equal), while a bigger value means they

are far apart. The result for this are presented in Figure 5.8.

The resulting divergences for each (𝜇,𝜆) combination are almost

zero in the whole space, meaning that the shape of the true DSD

was fully recovered in the estimated one. Although there are regions

with mildly higher values (reaching divergences of 0.5 or a little less),

the true region with higher values is the top left corner, with very

low 𝜇 and high 𝜆.

The final variable to look at is the total number concentration, Total number concentrationwhich

is the 0th-order moment of the DSD. It is given by:
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Figure 5.8: Heatmap depicting the

Kullback-Leibler divergence between

the estimated and the true DSD. It can

be noticed that its value it is almost

always 0, meaning the shapes of the

DSDs for all the combinations are

well predicted.

𝑁𝑇 =

∫
𝑁0𝐷

𝜇𝑒−𝜆𝐷𝑑𝐷 (5.19)

Since this is the magnitude of the DSD, i.e. the total number of

particles in the unit volume, it makes sense to compute the ratio

between the predicted and true DSD, for each (𝜇,𝜆) combination.

Such computation is reported in Figure 5.9.

Figure 5.9: Heatmap showing the ra-

tio of the total number concentration

between the estimated and the true

DSD. The prediction is mostly good,

except for the region at the left and

top borders.

Most of the values in the picture are around 1, meaning that the

network also estimated well the total number of particles in the unit

volume. From this plot, and considering the plots related to the

errors in parameters estimations (see Figure 5.4), it is worth to notice

that with this method, and when the errors between the real and the

estimated parameters gets bigger, the shape of the estimated DSD is
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Table 5.3: Frequencies and water

permittivities adopted to train the

FCNN.

Frequency 𝜀w

2 GHz 77.9 + 𝑗 7.57

3.417 GHz 76.4 + 𝑗 12.9

5.3 GHz 73.1 + 𝑗 18.7

6 GHz 71.9 + 𝑗 20.6

7.9 GHz 67.8 + 𝑗 25.7

10.45 GHz 61.1 + 𝑗 30.2

not really affected by it, while the total number of particles inside

the reference volume is greatly affected, thus changing the intensity

of the phenomenon.

5.4.1 Frequency dependence

Frequency is one of the most important variables to consider when

evaluating the generalisation of the proposed method, since weather

radars adopted in meteorology span several radar bands (S, C, X, K).

The FCNN model described in the previous sections was designed to

work with data generated at 2 GHz. To test it against data collected

at other radar frequencies and being able at the same time to make

the comparisons between the various operating frequencies, these

steps were performed (for each frequency):

1. Training stage with the same parameters as the ones described

in Subsection 5.3.2 and in Table 5.2, but using another dataset;

data were generated with the parameters listed in Subsection

5.3.1 and in Table 5.1, but changing the radar frequency and

the electric permittivity of water. This resulted in a generated

dataset for each frequency tested.

2. Inference stage with the new trained model and the newly

generated dataset at the related frequency.

Considering the theoretical model exposed in Subsection 5.2.1 (par-

ticularly the formulae in Equation 5.4), the variables that change with

the frequency are the wavelength in free space and the polarisability,

which depends on the electric permittivity 𝜀w of the water. Thus,

the choice of the frequencies was based on the availability of tabular

data for 𝜀w in [87]. See Table 5.3 for the chosen values, which range

in S, C, and X radar bands. The main problem with the formulae in

Equation 5.4 is that they are obtained after simplifying the general

scattering equations by using the Rayleigh assumption, which does

not really apply to the higher bands, such as the X one.

The following results are obtained by using the variables and indices

considered in the previous section, which were computed during

the inference stage for all the tested frequencies. Generally, the

estimation of the DSD shape is quite good across the analysed

frequencies, with a little to none degradation of the estimation

gradually introduced with the frequency increase. Despite this, it

can be observed that performances related to some indices greatly

worsen with the increasing frequency.

The first important indices to look at are the errors in the DSD

parameters estimations, which are depicted in Figure 5.10 (errors on

𝜇) and in Figure 5.11 (errors on 𝜆).
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(a) 𝜇̂ − 𝜇 @ 2 GHz (b) 𝜇̂ − 𝜇 @ 3.417 GHz

(c) 𝜇̂ − 𝜇 @ 5.3 GHz (d) 𝜇̂ − 𝜇 @ 6 GHz

(e) 𝜇̂ − 𝜇 @ 7.9 GHz (f) 𝜇̂ − 𝜇 @ 10.45 GHz

Figure 5.10: Heatmaps containing the errors between the estimated 𝜇 parameter and the true one for all the analysed

frequencies. In the figures, the signed errors are shown, with the white and blue areas denoting the regions where the

absolute error is equal or greater than 2. In general, the errors are not so big in this range, except for the white and blue

regions, leading to a possible problem in the total number concentration of the DSD. It can be observed a degradation of

estimation for lower values of 𝜆 (lower region of the figure) with the increase of the frequency.
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(a) 𝜆̂ − 𝜆 @ 2 GHz (b) 𝜆̂ − 𝜆 @ 3.417 GHz

(c) 𝜆̂ − 𝜆 @ 5.3 GHz (d) 𝜆̂ − 𝜆 @ 6 GHz

(e) 𝜆̂ − 𝜆 @ 7.9 GHz (f) 𝜆̂ − 𝜆 @ 10.45 GHz

Figure 5.11: Heatmaps containing the errors between the estimated 𝜆 parameter and the true one for all the analysed

frequencies. In the figures, the signed errors are shown, with the white and blue areas denoting the regions where the

absolute error is equal or greater than 2. In general, the errors are not so big in this range, except for the white and blue

regions, leading to a possible problem in the total number concentration of the DSD. It can be observed a degradation of

estimation for lower values of 𝜆 (lower region of the figure) with the increase of the frequency.
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(a) 𝐷0 @ 2 GHz (b) 𝐷0 @ 3.417 GHz

(c) 𝐷0 @ 5.3 GHz (d) 𝐷0 @ 6 GHz

(e) 𝐷0 @ 7.9 GHz (f) 𝐷0 @ 10.45 GHz

Figure 5.12: Heatmaps depicting the difference in the median diameter between the estimated and the true DSD. The

difference is expressed in mm, as the diameters are generally used in mm. In the figures, the grey and black areas denote the

regions where the absolute error is equal or greater than 0.3 mm. The differences between the median diameters coming

from the predicted DSDs and the ones coming from the true DSDs are very small, thus maintaining the distribution of the

liquid water content (LWC) in the unit volume. It can be observed a degradation of estimation for lower values of 𝜆 and 𝜇
(lower left region of the figure) with the increase of the frequency.
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(a) 𝑉𝑇 @ 2 GHz (b) 𝑉𝑇 @ 3.417 GHz

(c) 𝑉𝑇 @ 5.3 GHz (d) 𝑉𝑇 @ 6 GHz

(e) 𝑉𝑇 @ 7.9 GHz (f) 𝑉𝑇 @ 10.45 GHz

Figure 5.13: Heatmaps depicting the difference in the reflectivity-weighted terminal velocity between the estimated and the

true DSD. The difference is expressed in m s
−1

. In the figures, the grey and black areas denote the regions where the absolute

error is equal or greater than 0.4 m s
−1

. The differences between the terminal velocities coming from the predicted DSDs and

the ones coming from the true DSDs are very small. There is not a clear degradation of estimation for with the increase of the

frequency.
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(a) 𝐷𝐾𝐿 @ 2 GHz (b) 𝐷𝐾𝐿 @ 3.417 GHz

(c) 𝐷𝐾𝐿 @ 5.3 GHz (d) 𝐷𝐾𝐿 @ 6 GHz

(e) 𝐷𝐾𝐿 @ 7.9 GHz (f) 𝐷𝐾𝐿 @ 10.45 GHz

Figure 5.14: Heatmaps depicting the Kullback-Leibler divergence between the estimated and the true DSD. In the figures,

the black areas denote the regions where the divergence is equal or greater than 2.5. It can be noticed that its value it is

almost always very close to 0, meaning the shapes of the DSDs for all the combinations are well predicted; although, a

slight degradation in the shape estimation can be observed with the increase of the frequency in the lower left region on the

heatmap (low 𝜇 and low 𝜆).
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(a) 𝑁𝑇 @ 2 GHz (b) 𝑁𝑇 @ 3.417 GHz

(c) 𝑁𝑇 @ 5.3 GHz (d) 𝑁𝑇 @ 6 GHz

(e) 𝑁𝑇 @ 7.9 GHz (f) 𝑁𝑇 @ 10.45 GHz

Figure 5.15: Heatmaps showing the ratio of the total number concentration between the estimated and the true DSD. In the

figures, the black and gray areas denote the regions where the ratio is equal or greater than 1.3 and equal or lower than 0.7,

respectively. The coloured regions represent very good ratio values. Here, the degradation due the increase of the frequency

is very strong, mostly present in the bottom and top left regions.



64 5 Drop Size Distribution retrieval through Deep Learning approach

The overall accuracy deteriorates with the frequency increase for

combinations of parameters with low values of 𝜆 (bottom region

of the plot) and for combinations with high values of 𝜆 and low

values of 𝜇 (top left corner of the plot). A similar behaviour can be

noticed in the estimation of the total number concentration (shown

in Figure 5.15), confirming that a variation in DSD parameters can

significantly impact the total number of particles inside the reference

volume, thus changing the intensity of the phenomenon.

Nonetheless, this lack of accuracy does not affect the estimation of

the DSD shape, as it can be observed from the plots in Figure 5.14.

Here, the Kullback-Leibler divergence has values close to zero almost

in the whole (𝜇, 𝜆) region for all the tested frequencies; the only

region where its value gets bigger is the bottom left part of the plot

(low values of both 𝜇 and 𝜆), and this can be observed for all the

frequency, except 2 GHz.

Another index that is directly connected to the shape of the DSD

– because of its definition – is the median diameter 𝐷0, with its

estimation being shown in Figure 5.12. The plots show how accurately

the median diameter is estimated, meaning that the distribution

of the LWC across the drop diameters is predicted with very good

precision.

Another variable used in this comparison is the reflectivity-weighted

terminal velocity, which is a flux variable of the DSD; the related

plots are shown in Figure 5.13. Even though this variable is not really

related to the shape of the DSD or the total number of particles in

the reference volume, it can be noticed that the proposed FCNN

model is capable of retrieving it in a good way for all the tested

frequencies.

5.5 Conclusions

Here, a novel approach for DSD estimation was presented. Start-

ing from the full polarimetric information given by an ensemble-

averaged covariance matrix, a Deep Learning FCNN was designed,

featuring the implementation of novel techniques such as multi-task

learning and Layer Normalization to stabilise and shorten the learn-

ing process, along the augmentation of learning common features for

different tasks (objectives). The designed model aims at retrieving

the parameters of the distribution of the number of particles charac-

terising a unit volume, which is modelled as a traditional gamma

DSD. The results show that this model is capable of estimating the

DSD parameters from the features contained in a ensemble-averaged

covariance matrix, returning a small error that does not affect the

shape and slope of the statistical distribution and some related rain
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variables, such as the median diameter or the terminal velocity. As ex-

pected, the estimation of the total number concentration needs some

improvements, although the results here are mostly acceptable.





Conclusions 6
Amongst the various applications in remote sensing, leveraging the

power of different instruments, the ones presented in this thesis are

very important for their respective types of remote sensing.

Detection and localisation tasks, which are generally performed

together (with the second usually depending on the first), are very

common in passive remote sensing, where the instruments are often

used to observe and monitor phenomena and targets; examples may

be the monitoring performed with imaging instruments (visible and

thermal cameras, LiDAR) or the tracking of little transmitting targets

working in radio frequency (RF).

One of the most discussed and applied techniques is the direction of

arrival (DoA) estimation when working with networks of antennas

or an antenna array as sensing device. Many solutions have been

proposed to this problem, applying also very different strategies.

This thesis focus on bringing novelty into two specific directions of

improvement: the study of an appropriate antenna for the problem

at hand, its interaction with the signal processing methods and

frameworks to perform the estimation, and the assessment of the

performance reached by the proposed methodology.

The design of the antenna is the first aspect to take care when

dealing with a specific custom problem, shortly followed by the

exploitation of its properties in the signal processing chain. The

novelty proposed here analyses the usage of circular polarisation

(CP) and of embedded radiation patterns (ERPs) directly measured

on the antenna design (physically or in an accurate simulation) and

combining it with the most common algorithms used in literature, i.e.

MUSIC and Bartlett. As seen in the dedicated chapter, this approach

enhances the performances of these algorithms compared to the

classical approach, where the conventional steering vector (CSV)

are analytically computed, thus missing the real physical properties

of the measuring device. Moreover, the performances shown are

influenced positively by the choice to design the antenna with right-

handed circular polarisation (RHCP), which is more resistant to

noise and reflections generated by the environment’s obstacles and

limits.

In addition to starting with a very well designed hardware and the

seamless integration of its properties in the processing methods, it is

important to evaluate in the best possible way the performances of

the developed system and strategy. In DoA literature, this aspect is

taken care in very different ways across the many existing solutions,
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thus lacking of a reference method to compare evaluations. Even

if there are some very common methods that are the mostly used,

these many times do not take into account the physical geometry of

the problem. In fact, the most common used metrics to compare the

true and estimated DoA – which are generally expressed through

angles – are the ones taken from classical statistics, such as root mean

square error (RMSE). Here, a novel metric is proposed, which treats

the direction of arrival as a vectors in space, thus finding a better way

to compare the distance (error) between the true and the estimated

one, as shown in the dedicated chapter.

While in passive remote sensing the received signal is transmitted

by the target itself, in active remote sensing is the sensing system

that does that. This makes this type of remote sensing very adapt

to measure the electromagnetic properties of a material, since the

emitted wave is fully known, as it is accurately designed for the

specific problem and the wanted properties to analyse; thus, the

response of the target can be compared with the transmitted one,

discerning the characteristics of the measured target.

This approach is very useful when measuring physical phenomena,

where many times there is very little or inaccurate knowledge of

the phenomenon itself. Amongst the various applications and their

aims, a very common one is the measurement of meteorological

phenomena, such as rain. When measuring such phenomenon, a

cloud of particles – hydrometeors, for rain specifically – interacts

with the atmosphere, generating a precipitation phenomenon. To

accurately measure the phenomenon, its important to know its

structure and its properties. In this context, one of the most analysed

problem is the estimation of the drop size distribution (DSD), which

statistically models the number of particles and their distribution

with respect to the drop size – generally expressed through the

diameter of an equivolume spherical particle – in a unit volume; the

statistical modelling is necessary, since at the moment of writing

there is no instrument capable of measuring the particles one by

one. Through the years, many different methods were proposed,

bringing novelty in both the used instrumentation (e.g., from using

single radars to dual-radars measurements or combining radars and

other devices such as disdrometers) and the used processing chains

due to the enhancement of processing devices and techniques. The

latest development exploit the usage of polarimetric weather radars,

capable of giving more information about the shape of the particle

and their response in two different orthogonal polarisations – i.e.

linear (vertical and horizontal) and circular (right and left). At the

same time, the developments in the machine learning (ML) field

brings new way to deal with the acquired data.

In this work, a novel approach combining polarimetry and the latest

developments in ML is proposed. From the radar polarimetric mea-
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surements, the ensemble-averaged covariance matrix is extracted,

which combines the information from both polarisations by corre-

lating the different scattering factors, averaged for the properties of

the particles in the unit volume, such as the DSD and the particle

orientation distribution (POD). The elements of this matrix are then

fed to a Deep Learning (DL) fully connected neural network (FCNN)

integrating a multi-task learning (MTL) approach, which let the

neural network learn different objectives at the same time. In this

case, the objectives are the parameters of the chosen model for the

DSD, which is the traditional gamma DSD, one of the most used

distributions. As shown in the related chapter, the network learns

quite well the standalone features and representations per task, as

well as the ones that span across both tasks. The result show a very

precise retrieval of the shape of the DSD, thus estimating very well

the variables deriving from the distributions, such as the median

diameter.

Future research directions

Even though the results in the studies discussed in this thesis

represent novelties for the respective fields, there is a lot of directions

to follow to improve these results.

For the DSD estimation part, the new approach was used with

very well known analytical algorithms to solve the direct problem.

Considering the improvement given with the current approach,

it may reach new performance levels if applied to data-driven

approaches in ML, since both the ERPs and a massive quantity

of measurements to be used as dataset can be acquired through

antenna testing in real world. At the same time, it can be considered

to implement the proposed metric as a loss function in a DL approach

or in a ML one in general.

The proposed method for DSD parameters retrieval also has many

ways in which can be improved. It may be worth expanding it in

several direction, such as a multi-frequency approach or one that is

capable of accurately measure the total concentration number only

using the polarimetric radar measurements; for sure, the biggest

improvement would be to generalise the formulation of the DSD,

with a generalised model that can become all of the proposed models

for the various types of precipitations in all the regions in the world

or using an estimation more focused on the distribution itself instead

of the parameters of the mathematical model, with the aim to provide

a unified framework to macroscopically describe clouds of different

types of particles, e.g. hydrometeors and lithometeors originating

from sandstorms or volcanic eruptions.
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