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Introduction  

Cold-formed Hollow Structural Sections (HSS) are widely used as col-
umns in steel moment-resisting frames due to their high strength-to-
weight ratio, similar lateral stiffness along orthogonal directions, and 
large torsional stiffness. The growing interest in these members is re-
flected by numerous experimental and numerical studies aimed at: (i) 
characterising the stress–strain response of coupons extracted from cold-
formed members; (ii) quantifying residual stresses induced by the manu-
facturing process; (iii) investigating the cyclic response of HSS columns 
under combined axial load and bending; (iv) reproducing their response 
through refined finite element (FE) models and assessing rotation capac-
ity; and (v) developing simplified modelling approaches suitable for non-
linear assessment of structural systems incorporating HSS members. 

Due to the manufacturing process, especially in the case of the indi-
rect forming method for all sections and the direct method for rather nar-
row profiles, coupons extracted from cold-formed members are character-
ized by a stress-strain response with no sharply defined yield point. The 
cold-forming process also leads to an increase of the yield strength of steel 
(determined as the value corresponding to 0.2% strain offset) and to a 
reduction of its ductility in specimens extracted from the corner parts and 
the longitudinal weld of the sections.  

In parallel, residual stresses represent another key feature of cold-
formed HSS: bending residual stresses provide the dominant contribu-
tion, while membrane stresses are generally close to zero; tensile residual 
stresses develop on the outer surface and compressive residual stresses 
on the inner surface, with larger magnitudes typically observed toward 



10  Introduction 

the middle of the plates. These characteristics influence local buckling, 
post-buckling degradation, and ultimately the deformation capacity of 
members under seismic-type loading. 

A large number of laboratory testing has explored the cyclic response 
of HSS columns made of different steel grades and subjected to axial load 
ratios typically ranging from 0.0 to 0.4. The results consistently highlight 
the key influence of local slenderness and axial load level on deformation 
capacity. Symmetric loading protocol was used in almost all these labor-
atory tests. Asymmetric (collapse-consistent) loading protocols were used 
in some tests conducted by Suzuki and Lignos, which underlined that the 
chord rotation capacity of members subjected to collapse-consistent load-
ing protocols is up to two-to-three times larger than that of the same 
members subjected to a standard symmetric cyclic loading protocol. 

Refined numerical models have been developed to replicate these be-
haviours and to extract design-oriented metrics. Detailed FE approaches 
based on shell or solid elements can represent instability modes with high 
fidelity, but become computationally demanding when extended to large 
parametric studies or structural analyses. For this reason, several alter-
native modelling strategies have been proposed over the last decades to 
incorporate damage-related effects in computationally efficient frame-
works. These strategies typically introduce: (i) effective section property 
reductions, (ii) constitutive models with distinct tensile and compressive 
behaviour to reproduce post-buckling response, or (iii) concentrated plas-
ticity formulations using zero-length rotational springs with cyclic stiff-
ness and strength deterioration at member ends. While these approaches 
can capture degradation, their calibration is currently mainly limited to 
I-shaped cross sections. Therefore, their calibration for cold-formed HSS 
and their extension to the combined effects of axial force and bending 
moment may require dedicated developments. 

Despite the significant progress, most research and design-oriented 
proposals remain primarily focused on members subjected to axial load 
and uniaxial bending. In contrast, HSS columns in three-dimensional 
moment-resisting frames are typically subjected to biaxial bending, espe-
cially under seismic actions. Experimental evidence on biaxial response 
remains limited, and numerical investigations have highlighted that the 
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biaxial loading path may affect strength deterioration and axial shorten-
ing compared to uniaxial bending. However, consolidated proposals to es-
timate the rotation capacity of cold-formed HSS columns under biaxial 
bending and to model their cyclic response are still lacking. This gap mo-
tivates the research presented in this thesis, which aims to develop and 
validate modelling strategies capable of capturing local instability effects 
and degradation, and to provide design-oriented capacity measures under 
both uniaxial and biaxial bending conditions. 

The thesis is organised into five chapters, which progressively move 
from literature background and benchmark modelling to original numer-
ical developments and simplified modelling tools. Chapter 1 provides the 
state of the art on cold-formed steel box sections used as structural com-
ponents, focusing on material properties, residual stresses, experimental 
evidence, and numerical strategies available in the literature. Chapter 2 
presents the refined finite element model adopted in the thesis. More spe-
cifically, the chapter summarises the modelling approach previously pro-
posed by Bosco et al. and its validation for uniaxial bending, and then 
reports the original contributions of this thesis, namely the extension and 
validation of the model against stub-column tests and cantilever-column 
tests under combined axial load and biaxial bending. Chapter 3 builds on 
this validated finite element model to carry out an original parametric 
numerical investigation on HSS columns under uniaxial and biaxial 
bending, considering different axial load ratios, cross-section geometries, 
and cantilever lengths. The results are synthesised into chord-rotation 
capacity domains for the Significant Damage and Near Collapse limit 
states, consistently with the performance-based philosophy of the second 
generation of Eurocode 8. Based on the evidence gathered in Chapter 3, 
Chapter 4 develops an original simplified OpenSees modelling strategy 
for uniaxial bending, based on concentrated plasticity and a zero-length 
rotational spring, together with calibration relationships for the model 
parameters. Chapter 5 further extends this research by proposing an 
original fibre-based OpenSees model for combined axial load and biaxial 
bending, employing a modified SteelRebar formulation to reproduce the 
strip-dependent response of box sections. 





 

 

Chapter 1 

STATE OF ART OF COLD FORMED HSS 

1. Applications and manufacturing processes of HSS 

Cold-formed Hollow Structural Sections (HSS) are an increasingly popu-
lar structural solution in civil and structural engineering. Due to their 
mechanical and geometric properties, they are widely used in many ap-
plications, including structural frames, bridges, transmission towers, and 
modular structures. Interest in HSS members lies in their high strength-
to-weight ratio, excellent torsional stiffness, and good resistance to aero-
dynamic effects. The cold-forming process increases the yield strength 
due to strain hardening; however, it simultaneously reduces ductility, 
making the steel more vulnerable to brittle fracture. The toughness, de-
fined as the material’s ability to absorb energy before fracture, is lower 
than that of hot-rolled sections. Consequently, the use of cold-formed hol-
low sections in environments subject to dynamic loading and low temper-
atures requires caution. 
The two most common manufacturing methods of cold-formed HSS are 
direct forming and continuous forming. Both processes are carried out at 
room temperature and exploit the ductility of steel to obtain the desired 
shape. However, they differ in key aspects that affect the mechanical and 
structural properties of the final product. In Fig. 1 the direct-forming 
process includes: (i) roll-forming a coil strip directly into an open section 
with the desired rectangular shape; and (ii) joining the edges of the open 
section by welding to obtain a closed rectangular shape. Outside 
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dimensions up to 500 mm and thicknesses up to 40 mm can be produced 
[27]. In this case, cold working is concentrated in the four corner parts, 
while the flat parts of the final product, away from the weld, retain prop-
erties close to those of the virgin material. 

The continuous-forming process (Fig. 2) includes: (i) roll-forming a 
coil strip into an open circular tube; (ii) welding the edges of the open tube 
to form a closed circular shape; and (iii) flattening the walls of the circular 
tube to obtain the desired rectangular shape. In this case, the final prod-
uct experiences more general strain hardening across the cross-section, 
with a stronger localisation in the corner parts [1]. 

Manufacturing techniques directly influence the mechanical and 
structural properties of cold-formed hollow sections. 

 
Fig. 1 – Direct-forming process [2]. 
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Fig. 2 – Continuous-forming process [2]. 

Direct forming generates high residual stresses in the corner and 
weld regions, whereas the continuous process leads to a more uniform 
residual-stress distribution but with a greater reduction in ductility. 
From a practical standpoint, hollow sections produced by continuous 
forming are often preferred over press-formed members because they are 
more ductile.  

HSS are employed in a wide range of structural applications due to 
their intrinsic properties. Their use is particularly common in lightweight 
and prefabricated steel construction, where weight savings and dimen-
sional accuracy play a key role. They are particularly suitable for columns 
in steel moment-resisting frames owing to their ability to develop compa-
rable stiffness and strength about the two principal axes of the cross-sec-
tion (Fig. 3).  

In addition, they are well suited for bracing systems (Fig. 4a) and 
lattice frameworks, owing to their high torsional stiffness. Another val-
ued feature of HSS is their resistance to corrosion, especially when they 
are made of galvanized or coated steel. Indeed, their closed profile reduces 
the area exposed to atmospheric agents, limiting maintenance require-
ments compared to traditional open sections. This characteristic makes 
them particularly suitable for infrastructure built in harsh environmen-
tal conditions, such as bridges and offshore structures (Fig. 4b). 
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Fig. 3 – Examples of applications of hollow structural sections (HSS): (a) The 

Shard (London), employing hollow section steel members; (b) square HSS mem-

bers in a steel moment-resisting frame [3]. 

 

 

 
Fig. 4 – (a) HSS members used in braced structures [4]; (b) Composite road 

bridge, Marvejols, France [5]. 

(a) 

(b) 

(a) 

(b) 



State of art of cold formed HSS 17 

Despite their advantages, cold-formed hollow sections also present 
limitations that must be carefully considered in design. A major issue is 
the presence of high residual stresses, which can negatively affect mate-
rial response. Moreover, reduced ductility and lower energy absorption 
capacity require the adoption of specific design criteria to ensure a safe 
and effective structural performance. 

Residual stresses and the potential susceptibility to brittle fracture 
impose constraints on the joining techniques that can be adopted. Euro-
pean and American standards recommend special precautions for weld-
ing in the corner parts, where stress concentrations may compromise 
joint strength. 

The increasing use of cold-formed hollow sections in structural engi-
neering is motivated by their high performance in terms of strength-to-
weight ratio, torsional stiffness, and dimensional accuracy. However, a 
critical aspect that continues to drive experimental research is the lim-
ited understanding of the cyclic behaviour of these sections, particularly 
with respect to strength degradation and plastic strain accumulation un-
der cyclic loading. The lack of consolidated datasets and the limited guid-
ance in current standards make further experimental investigation nec-
essary to improve the understanding of their structural response and to 
develop more accurate predictive models. In addition, limitations in ex-
isting design codes, which often do not account for the specific character-
istics of HSS, provide further motivation for continued research. 

2. Material properties 

Recent experimental work has largely focused on the mechanical charac-
terisation of cold-formed HSS material, with particular attention devoted 
to the stress–strain laws in both flat and corner parts and to the effects 
of strain hardening during manufacturing. These effects are typically ex-
pressed in terms of increased strength and reduced deformation capacity. 
Experimental evidence also provides the basis for constitutive modelling, 
which is a central component of analytical, numerical and design-ori-
ented approaches in structural engineering. Over the last decades, sev-
eral models have been proposed to represent the nonlinear stress–strain 
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response of metallic materials, most of which can be traced back to the 
general formulation originally introduced by Ramberg and Osgood [6]. 

In the present work, two studies from the literature are taken as key 
references, namely Poursadrollah et al. [7] and Gardner and Yun [8]. 

Poursadrollah et al. [7] reported experimental results and finite ele-
ment simulations aimed at investigating the buckling resistance of cold-
formed hollow-section columns with square and rectangular cross-sec-
tions. Material stress–strain curves were obtained from coupon tests ex-
tracted from the flat and the corner parts of the cross-sections, as well as 
from coupons including welds. These latter coupons were elongated both 
in the longitudinal and transverse axes of the member. The experimental 
dataset was processed statistically to quantify the effects of cold-forming 
on strength and ductility and to calibrate the parameters of Ramberg–
Osgood [6] and Giuffrè–Menegotto–Pinto [9] material models. All speci-
mens were produced in Europe and manufactured through the continu-
ous forming method using S275J0 and S355J0 steel plates. 

To evaluate material behaviour, a total of 83 coupons were extracted 
from cold-formed hollow structural sections (CFHSS) and tested in ten-
sion. To avoid thermal alterations, the coupons were cut using water-jet 
technology. The coupons were distributed as follows: 35 taken from the 
flat walls of the section, 30 from the corner parts, and 18 extracted in the 
direction transverse to the weld. The selection of transverse coupons was 
limited to sections with a minimum width of 100 mm, to ensure sufficient 
free length for testing. As for corner-part coupons, a dedicated mechani-
cal connector was designed to ensure proper load transfer between the 
testing machine and the specimen. Experimental results were processed 
following a standardised procedure for extracting mechanical properties. 
The engineering stress–strain curves were subsequently converted into 
true stress–strain curves by accounting for the instantaneous cross-sec-
tional area, using Eqs. (1) and (2). These relationships are valid up to the 
onset of necking, where σeng and σtrue denote the engineering and true 
stress, and εeng and εtrue are the engineering and true strain: 

𝜎௧௥௨௘ = 𝜎௘௡௚൫1 + 𝜀௘௡௚൯ (1) 

𝜀௧௥௨௘ = ln൫1 + 𝜀௘௡௚൯ (2) 

 



State of art of cold formed HSS 19 

 

Fig. 5 – Stress–strain curves of the coupons extracted  

from the S355_200×8 section [7]. 

As for flat part coupons, Fig. 5 reports, as an example, the stress–
strain curves of coupons extracted from the 200×8 column made of S355 
steel. 

The experimental analysis highlighted marked differences in me-
chanical properties across the cross-section. The stress–strain response 
exhibited a rounded shape without a clearly defined yield plateau. For 
this reason, a conventional yield stress was adopted, associated with a 
residual plastic strain equal to 0.2%. Coupons taken from the flat parts 
showed lower yield stress values than those extracted from the corner 
parts. However, they exhibited higher ductility. Corner parts displayed a 
larger increase in the yield strength due to strain hardening. Coupons 
transverse to the weld showed an intermediate strength between flat and 
corner parts. Moreover, the stress–strain curve in the welded region was 
found to be similar to that of corner parts. This indicates that the weld is 
not the weakest region, as necking developed outside the welded zone. 

Table 1 lists the sections from which coupons were extracted and 
compares the measured yield and ultimate strengths of the flat parts (fyf, 
fuf ) and corner parts (fyc, fuc) with the nominal values of the virgin mate-
rial (f*y,nom, f*u,nom). It is noted that, for both flat and corner parts, the 
values reported in the table represent the mean of the corresponding cou-
pon results (flat or corner) taken from that same section, rather than a 
global average across different sections. On average, the measured yield 
strength in the corner parts was approximately 20% higher than that in 
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the flat parts. In addition, the strength of the flat parts was, on average, 
about 70% higher than the nominal value for grade S275 and about 40% 
higher for grade S355. A comparison in terms of average ductility based 
on the strain ratio u/y is provided in Fig. 6. 

Flat parts exhibit higher ductility than corner parts, with an average 
increase by a factor of 4.8. This trend is consistent with the higher degree 
of the plastic strain hardening experienced by corner parts during cold 
forming.  

Table 1 – Strength values of the tested specimens. 

Specimen  f*y,nom 

(MPa) 
f*u,nom 

(MPa) 
fyf,med 

(MPa) 
fyc,med 

(MPa) 
fuf,med 

(MPa) 
fuc,med 

(MPa) 

S275_50x6 275 430 471.0 471.3 503.7 492 

S355_50x6 355 510 481.9 524.7 525.2 565.2 

S275_100x8 275 430 454.1 505.0 509.3 553.4 

S355_100x8 355 510 453.4 542.2 532 554.8 

S355_200x8 355 510 463.8 536.1 554.9 582.5 

S275_60x40x6 275 430 470.6 510.6 501.2 542.6 

S355_70x50x6 355 510 429.7 477.5 518.5 557.5 

S355_200x100x12.5 355 510 535.0 523.0 601.6 616.1 

S355_220x140x8 355 510 445.6 521.9 598.1 597.7 

S275_200x120x12 275 430 363.2 400.3 485.5 503.1 
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Fig. 6 – Ductility of the extracted coupons. 

Unlike Poursadrollah et al. [7], whose work relies on an extensive 
experimental campaign, the study by Gardner and Yun [8] is based on a 
broad review and processing of data available in the literature. Their ob-
jective was to develop a predictive model using a database of 729 tensile 
tests on cold-formed steel coupons, including 581 tests on specimens ex-
tracted from flat parts and 148 from corner parts. 

The collected data span a wide range of steel grades, manufacturing 
methods, and cross-section geometries. The section types considered in-
clude square (SHS), rectangular (RHS), elliptical (EHS), semi-oval 
(SOHS), circular (CHS), polygonal hollow sections (PHS), as well as chan-
nels (CNS), box/cassette sections (CSS), angles, and Z- and C-sections. 
The investigated steels cover nominal yield strengths ranging from 235 
N/mm² to 1100 N/mm². Ultimate strain values were available for 598 
tests, as the remaining studies did not report this quantity explicitly. In 
addition, 356 complete stress–strain curves were analysed, which were 
essential to derive predictive equations for the strain-hardening expo-
nents n and m within the two-stage Ramberg–Osgood framework [6] as 
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adopted by Mirambell and Real [1] for cold-formed steels. Out of the ex-
perimental campaigns considered by Gardner and Yun [8], those dealing 
with sections produced with European steels are summarised in Table 
2. For each campaign, the steel grade, a label identifying the cross-section 
geometry, and the number of tested sections is reported, distinguishing 
datasets used to determine strength and ultimate strain parameters from 
those used to characterise the constitutive relationship. 

Table 2 – Tested specimen using European steels. 

Study Steel Parameters 
σy, σu and ɛu 

Full σ-ɛ 
curves 

Afshan et al. [10] S355 12 (SHS/RHS) 8 (SHS/RHS) 

Gardner et al. [11] S235 10 (SHS/RHS) 10 (SHS/RHS) 

Kesti [12] S350 2 (CNS) - 

Kaitila [13] S350 32 (CSS) 32 (CSS) 

Kettler [14] S275/S355 24 (SHS/RHS) 24 (SHS/RHS) 

Kyvelou et al. [15] S450 6 (C-section) 6 (C-section) 

Kyvelou et al. [16] S450 9 (C-section) 9 (C-section) 

Li and Young [17] S700/S900 3 (SHS/RHS) - 

Li and Young [18] S700/S900 11 (SHS/RHS) - 

Ma [19]; Ma et al. [20] S700/S900/S1100 22 (SHS/RHS/CHS) 22 (SHS/RHS/CHS) 

McCann et al. [21] S355 3 (SHS/RHS/CHS) - 

Nseir [22] S355 17 (SHS/RHS/CHS) 16 (SHS/RHS/CHS) 

Schillo et al. [23] S500/S700 34 (SHS/RHS) 19 (SHS/RHS) 

Salmi et al. [24] S355/S460 215 (SHS/RHS) 112 (SHS/RHS) 

Tran et al. [25] S650 18 (CHS/PHS) - 

    

The analysis of the collected stress–strain curves enabled the extrac-
tion of key material parameters. Young’s modulus E was defined as the 
slope of the initial linear portion of the response. To reduce experimental 
scatter, Gardner and Yun recommended estimating E over a stress range 
between 0.2𝜎௬ and 0.4𝜎௬. The mean value obtained from the database was 
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203’000 N/mm², which is close to the value recommended by AISI S100-
2007 [32], but slightly lower than the 210’000 N/mm² adopted in EN 1993-
1-1. The conventional yield stress 𝜎௬ was defined consistently with Pour-
sadrollah et al. [7], as the intersection between the measured stress–
strain curve and a line offset from the origin by the specified plastic strain 
while maintaining the same slope E. An empirical equation was proposed 
to estimate the ultimate stress 𝜎௨ of the flat parts from the yield stress 
𝜎௬ (Eq. (3)), accounting for the reduction of the ratio ఙೠ

ఙ೤
 with the increase 

of the yield strength. 

ఙೠ

ఙ೤
= 1 + ൬

ଵଷ଴

ఙ೤
൰

ଵ.ସ

 (3) 

Fig. 7 plots the experimental yield and ultimate stresses (𝜎௬ and 𝜎௨) from 
literature HSS tests (markers) and the corresponding ultimate stress pre-
dicted by Eq. (3) from the ultimate stress 𝜎௨ (dashed line). 

Fig. 7 – Comparison of the ultimate stress 𝜎௨ predicted by Gardner and Yun [8] 

with 𝜎௨ from different experimental results. 

Overall, among the two reviewed contributions, the study by Pour-
sadrollah et al. [7] is more closely aligned with the modelling performed 
in the present work, as it is based on experimental data obtained 
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exclusively from steels produced according to European standards. In 
contrast, Gardner and Yun [8] relied on literature data and considered a 
broader range of steel grades manufactured under different standards. 

3. Geometric and mechanical imperfections in HSS 

The manufacturing process of cold-formed steel hollow structural sec-
tions leads to the development of two main categories of imperfections, 
namely mechanical and geometric. Mechanical imperfections primarily 
refer to non-uniform material properties and residual stresses introduced 
by plastic straining during cold forming and by welding operations. Geo-
metric imperfections, on the other hand, include deviations from the nom-
inal shape such as out-of-straightness, local plate waviness, and thick-
ness or corner-radius variations, which may significantly affect the onset 
of local instability and the overall structural response. 

3.1. Mechanical imperfections 

The variation of mechanical properties in cold-formed profiles is primar-
ily attributable to strain hardening caused by plastic deformations in-
duced during the cold forming process. This phenomenon may increase 
the yield strength of the material by up to 50%, with a more pronounced 
effect in the most highly strained regions. This trend was already high-
lighted in the previous section. 

Residual stresses are self-equilibrated internal stresses that develop 
as a consequence of industrial manufacturing processes, including ther-
mal processes (cooling, welding, cutting) and mechanical processes (cold 
rolling, straightening). In cold-formed profiles, rolling chiefly induces re-
sidual stresses that vary through the thickness of the material [26].  

A major contribution to the characterisation of residual stresses in 
cold-formed profiles was provided by Somodi B. and Kövesdi B. [2], who 
experimentally measured residual stresses and proposed analytical rela-
tionships for their estimation. According to these researchers, the effect 
of residual stresses on high-strength steel members is less severe than in 
mild-steel structures. Nevertheless, residual stresses significantly influ-
ence the global buckling behaviour of steel members. By reviewing the 
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available literature, Somodi and Kövesdi also observed that residual-
stress distributions depend on the manufacturing method. However, for 
both direct and continuous forming methods, tensile residual stresses 
generally develop on the outer surface, whereas compressive residual 
stresses are found on the inner surface. Overall, the residual-stress field 
can be decomposed into three distinct components: (i) membrane stresses, 
(ii) bending stresses, and (iii) layering stresses, i.e., the stress distribu-
tion through the thickness. For these reasons, the experimental cam-
paign was carried out on 15 square hollow-section specimens, supplied by 
three different manufacturers with five steel grades (S420, S460, S500, 
S700, S960). All specimens were manufactured through the continuous-
forming process. Nine cross-sections were investigated to evaluate the in-
fluence of geometry and local plate slenderness b/t of the flat parts on 
the residual-stress distribution. The section width 𝑏 ranged from 100 mm 
to 250 mm, while the thickness 𝑡 varied between 3 mm and 8 mm. The 
local slenderness ranged from 13.75 to 60.5 and was defined as the ratio 
between the clear width, i.e., the total width 𝑏 minus twice the external 
corner radius r, and the thickness t. The length of each profile was equal 
to four times the cross-section width. 

Residual stresses were measured using the sectioning method, which 
was considered the most reliable and cost-effective among those available 
in the literature. Strain gauges were applied on the specimen surfaces 
and protected with a waterproof film. The gauges were arranged along 
the cross-section of each profile at a minimum distance of 2b from the 
member end, with a number that varied depending on the section width 
and corner radius. In total, measurements were taken at 386 locations, 
enabling an accurate mapping of residual stresses. The sectioning proce-
dure consists of two steps. First, a transverse cut is performed at a dis-
tance of 2–3 mm from the gauges. Second, longitudinal cuts are executed 
on both sides of each gauge at approximately 1 mm distance. During cut-
ting, the released strain is recorded by gauges with a sampling frequency 
of 0.5 Hz. The final strain values are then multiplied by the elastic mod-
ulus of steel (E=210 GPa) to obtain the residual stresses. The resulting 
values correspond to residual stresses on the outer or inner surface, de-
pending on the gauge position. Conversely, membrane residual stresses, 
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i.e., stresses at the mid-thickness of the plate, are evaluated as the aver-
age of the values measured by gauges on opposite surfaces. 

The experimental campaign led to the following main observations. 
Tensile residual stresses develop on the outer surface, whereas compres-
sive residual stresses develop on the inner surface. Membrane stresses 
are nearly zero and can therefore be neglected in comparison with bend-
ing residual stresses. Residual stresses in the corner parts are signifi-
cantly lower than those measured at the centre of the flat parts. At the 
centre of the plates, residual stresses are slightly lower than those at the 
plate edges, and the magnitude of this difference depends on the b/t ratio 
of the cross-section. In the vicinity of the weld, residual stresses decrease. 

Laser interferometry, also referred to as the “Laser-Falconeye” 
method, was employed to assess the accuracy of the sectioning technique 
and investigate the through-thickness distribution of residual stresses. 
The measurements indicated that the through-thickness distribution is 
not strictly linear, although it can be approximated reasonably well by a 
linear trend 

Based on the experimental evidence and the literature review, the 
researchers proposed relationships to estimate residual stresses [2]. The 
model assumes a constant residual-stress distribution along the cross-
section, with a reduced magnitude in the corner parts equal to 55% of the 
value of the flat parts. The resulting pattern is shown in Fig. 8.   

 
Fig. 8 – Residual stresses of the proposed model. 
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The mean bending residual stresses can be estimated using the fol-
lowing expressions [2], proposed for: (4) flat parts made of high-strength 
steel (S500–S960), (5) flat parts made of normal-strength steel (S235–
S460), and (6) corner parts: 

𝜎௥௕,௙௟௔௧,ுௌௌ = ± ቀ1.28 −
ఙ೤

ଵଶ଻଴ெ௉஺
ቁ 𝜎௬ (4) 

𝜎௥௕,௙௟௔௧,ேௌௌ = ±൫0.8𝜎௬ − 67𝑀𝑃𝑎൯ (5) 

𝜎௥௕,௖௢௥௡௘௥ = ±0.55𝜎௥௕,௙௟௔௧ (6) 

The model discussed in this section has the following limitations: (i) it is 
applicable only to sections produced through the continuous-forming pro-
cess; (ii) it is preferable for square HSS made of steel grades from S500 
to S960 (for normal-strength steels it may overestimate residual 
stresses); (iii) it is suggested for sections with thickness between 4 mm 
and 7 mm and a b/t ratio between 18 and 38. 

3.2. Geometric imperfections 

Geometric imperfections can be classified into two main categories: trans-
verse and longitudinal imperfections. The former affects the cross-section 
geometry, whereas the latter refer to deviations of the member longitudi-
nal axis from the theoretically straight configuration. 

Regarding transverse imperfections, rolled profiles may exhibit 
thickness variations due to the progressive wear of the rolls, which can 
lead to irregularities in the dimensions of the different parts of the cross-
section. An additional source of transverse imperfection is the lack of per-
fect orthogonality between the plates forming the section. Longitudinal 
geometric imperfections mainly appear as out-of-straightness, i.e., devia-
tions of the member axis from its ideal rectilinear position. These irregu-
larities arise from manufacturing processes and may be further exacer-
bated by erection procedures on site [26]. EN 10219 [27] specifies the 
technical delivery conditions for cold-formed hollow sections with circu-
lar, square and rectangular cross-sections. Tolerances prescribed for 
square and rectangular hollow sections are summarised in Table 3 and 
illustrated in Fig. 9. 
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Table 3 – EN 10219 [27] tolerances. 

Characteristic Tolerance 

External dimensions  
(b and h) 

If h, b < 100 mm  1% with a minimum of ±0.5 mm 
if 100 < h, b < 200 mm  0.8% 

if h, b > 200 mm  0.6% 

Thickness (t) If t < 5 mm  ±10% 
if t > 5 mm  ±0.50 mm 

Concavity / Convexity X1 and X2 = 0.8%(h,b), 
with a minimum of 0.5 mm over the side length 

Face squareness θ = 90° ±1° 

Corner radius profile 
If t < 6 mm  r = 1.6t to 2.4t 

If 6 < t < 10 mm  r = 2.0t to 3.0t 
If t > 10 mm  r = 2.4t to 3.6t 

Twist / warping v = 2mm plus 0.5 mm per metre of length 

Straightness e = 0.15% of the total length 

Mass (M) ±6% per individual profile 

 
Fig. 9 – Dimensional and geometrical tolerances according to EN 10219 [27]. 

Toffolon [28] conducted an extensive measurement campaign on local 
geometric imperfections in cold-formed hollow sections. The aim was to 
characterise the as-built geometry of the profiles, since imperfections can 
markedly influence the structural response by affecting local buckling, 
plastic behaviour, and ultimate capacity. Prior to scanning, the speci-
mens were thoroughly cleaned to remove surface contaminants that could 
compromise the measurements. The external surface geometry was then 
acquired using a Zeiss 3D laser scanner, producing a high-resolution 
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point cloud of each section. The main outcome of the study is that the 
highest imperfection amplitudes were consistently observed near the 
specimen ends, which was attributed to the cutting or welding operations 
used during fabrication. More generally, larger imperfections tend to con-
centrate in the corner parts and at the mid-width of the flat parts. For 
completeness, mean values and standard deviations for selected sections 
are reported in Table 4. 

Overall, the geometric imperfections were found to be smaller than 
the tolerance limits prescribed by EN 10219. 

Table 4 – Concavity/convexity (X1 and X2) measured by Toffolon [28] for SHS 

and RHS sections. 

Specimen Mean value 
[mm] 

Standard deviation 
[mm] 

SHS 140X140X4 0.180 0.164 

SHS 200X200X5 0.199 0.156 

SHS 200X200X8 0.432 0.433 

SHS 200X200X4 0.301 0.247 

SHS 200X200X5 0.186 0.151 

RHS 300X150X6 0.273 0.294 

RHS 300X150X8 0.663 0.585 

4. Experimental studies on members 

Following material characterisation, research efforts reported in the lit-
erature have increasingly shifted toward the global response of cold-
formed hollow structural members [28]-[35]. Early experimental pro-
grammes on cold-formed box-section members primarily addressed sta-
bility under monotonic loading [36]-[38]. Subsequent studies progres-
sively extended this scope to include cyclic axial compression, flexural re-
sponse, and beam–column behaviour under combined axial load and 
bending [29]-[33]. More recently, experimental investigations have also 
considered members subjected to biaxial bending in the presence of axial 
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load, i.e., combined compression and bending about the principal axes 
[34]-[35]. 

Cyclic axial compression tests have been mainly aimed at quantify-
ing the deformation capacity of members employed as bracing elements 
[39]-[41]. For this reason, such tests are not discussed within the present 
thesis. which focuses on members governed by the combined effects of 
compression and bending. 

4.1. Stub column tests 

An extensive experimental programme of stub column tests was carried 
out by Toffolon [28] with the aim of developing dedicated design rules for 
the verification of slender hollow sections made of mild and high-strength 
steel. The experimental campaign was performed at the laboratory of the 
Universität der Bundeswehr München and involved cold-formed square 
and rectangular hollow sections (SHS and RHS), stiffened hollow sections 
(SHS-S, SHS-T), and hot-rolled hexagonal sections (HEX) (Fig. 10). Two 
steel grades (S355 and S500) and twelve cross-section geometries were 
investigated so as to cover all four cross-section slenderness classes de-
fined in Eurocode 3. 
The experimental investigation included two main configurations: (i) 
stub column tests under nominally pure axial compression and (ii) short 
beam–column tests, in which the load was applied with different eccen-
tricities to reproduce combined compression and bending. All the tests 
were conducted under displacement control. Target axial displacements 
ranged between 10 mm and 20 mm for the pure compression tests and 
between 10 mm and 60 mm for the combined compression–bending tests. 
Loading was applied at a constant, low rate between 0.01 mm/s and 0.06 
mm/s in order to reproduce quasi-static conditions. 

Surface strains and rotations were monitored through a digital image 
correlation (DIC) system. 
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Fig. 10 – Cross-sections tested [28]: a) SHS-S; b) SHS-T; c) RHS; d) SHS; e) 

HEX. 

 

Fig. 11 – Stub column test setup and loading conditions [28]: (a) stub column 

test configuration; (b) eccentricity levels; (c) stress field induced in the eccentric 

compression tests; (d) layout of the eccentric compression tests. 
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Overall, the experimental programme comprised twelve tensile coupon 
tests, twelve stub column tests, thirty-six short beam–column tests, and 
geometric imperfection measurements for each specimen. Tests were 
grouped into five categories based on loading conditions and specimen 
length. In the first four categories, local buckling was investigated by pro-
gressively increasing the load eccentricity (T1 to T4, Fig. 11). Category 
T1 consisted of pure compression tests. Category T2 featured a small ec-
centricity at the top end, linearly reducing to zero at the bottom end, thus 
producing a response still dominated by compression. Category T3 
adopted a moderate eccentricity representative of combined axial force 
and bending moment interaction. Category T4 involved a large eccen-
tricity leading to a condition with virtually no compression, closely re-
sembling major axis bending. Specimens in categories T1–T4 had a 
length of 800 mm. In addition, category T5 included seven tests designed 
to explore the interaction between local and global buckling. The loading 
configuration was equivalent to T3, but the specimen length was in-
creased to 2000 mm. 

All tested specimens exhibited local buckling phenomena. As an ex-
ample, the response of specimen SHS_200×8_S355 is reported in Fig. 12. 
Table 5 lists the SHS and RHS cross-sections investigated and reports 
the ultimate loads Nu associated with the onset of local buckling. 

In the present thesis, the results from the stub column tests have 
been used for the validation of a numerical model made on OpenSees. 
They are discussed in Chapter 5. 

 
Fig. 12 – Stub column test response for SHS_200×8_S355 [28]. 
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Table 5 – Stub column test results for SHS and RHS sections  

in terms of ultimate load [28]. 

Specimen Steel grade Nu 
[kN] 

SHS 140X140X4 S355 861.3 

SHS 200X200X5 S355 1227.9 

SHS 200X200X8 S355 2917.9 

SHS 200X200X4 S500 1111.2 

SHS 200X200X5 S500 1736.1 

RHS 300X150X6 S355 1482 

RHS 300X150X8 S355 2806.8 

4.2. Uniaxial bending test 

Current code provisions [42] for evaluating the cyclic rotation capacity of 
beam–column members are not specifically designed to cold-formed box 
sections. Furthermore, the rotation capacity of HSS is expected to differ 
from that of wide-flange members due to a different yield-line pattern 
and the distinct evolution of local buckling phenomena. Consequently, 
investigating the cyclic behaviour of cold-formed HSS is essential to clar-
ify key aspects such as the location and extent of the plastic hinge region, 
as well as the cyclic degradation of strength under seismic-type loading. 
This research will also contribute to the development of more reliable 
modelling approaches and appropriate design criteria.  

The following section summarises the most recent and relevant find-
ings obtained from experimental programmes carried out using different 
cyclic loading protocols. 

4.2.1. D’Aniello et al. (2012) 

The study by D’Aniello et al. [30] is relevant to seismic and plastic design 
of steel structures, as it provides improved criteria for cross-section clas-
sification and structural response prediction. The main objective was to 
calibrate design-oriented relationships for prediction of rotation capacity 
and flexural overstrength of steel beams. To this end, the ultimate behav-
iour of HSS was investigated under non-uniform bending. 
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Two main cross-section typologies were examined: (i) hot-rolled I- 
and H-sections, and (ii) cold-formed HSS with rectangular and square 
shape (RHS and SHS). Hot-rolled open sections are generally more prone 
to lateral–torsional instability and less prone to local buckling than hol-
low sections. In particular, local buckling may significantly limit the ro-
tation capacity of HSS. 

The experimental programme comprised a total of 18 bending tests, 
including 9 monotonic and 9 cyclic tests. Specimens were selected to in-
vestigate the influence of local slenderness of cross-section plates on flex-
ural performance. Table 6 reports the main geometric properties of the 
tested members, together with the yield and ultimate strengths of the 
steels of the flat parts. In particular, the global slenderness L/b and the 
local plate slenderness ratios c/tf and b/tw were provided. 

All tests were carried out on cantilever beam specimens, loaded at 
the free end through a hydraulic actuator. Lateral bracing was also pro-
vided so that lateral–torsional instability so prevented and failure was 
governed by local buckling phenomena. The clear length of the specimens 
was L = 1875 mm. A set of displacement transducers (LVDTs) and incli-
nometers was used to measure deformations and rotations in the region 
where plastic hinges were expected to develop (Fig. 13). 

Table 6 – Summary of the properties of the tested HSS sections [30]. 

Specimen L/b 
[-] 

c/tf 

[-] 
b/tw 

[-] 
σy 

[MPa] 
σu 

[MPa] 

RHS 150x100x5 26.670 18.51 35.50 342 377 

RHS 160x80x4 25.00 19.75 30.00 315 346 

RHS 250x100x10 16.00 10.00 23.00 415 500 

SHS 160x160x6.3 25.00 25.64 23.40 420 466 

SHS 200x200x10 20.00 20.4 18.00 450 522 

SHS 250x250x8 16.00 31.25 29.25 482 525 
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Fig. 13 – Test setup and instrumentation: (a) test configuration;  

(b,c) transducer locations [30]. 

Cyclic tests followed the loading protocol prescribed by AISC (2005), 
which applies progressively increasing deformation amplitudes and re-
peats a fixed number of cycles at each displacement level. In particular 
the displacement level is expressed in terms of chord rotation, which is 
defined as the ratio of lateral displacement at the tip of a cantilever ele-
ment to the shear length of the member. For chord rotations exceeding 
0.04 rad, the protocol continued with increasing amplitudes (+0.01 rad 
per step) up to failure. This procedure allowed the researchers to evaluate 
low-cycle fatigue effects and the progressive degradation of rotation ca-
pacity. Monotonic tests were performed under displacement control up to 
failure of the member. The flexural response of the six HSS specimens is 
shown in Fig. 14 and 15 in terms of bending moment and chord rotation.  

The cyclic results highlight that rotation capacity and overstrength 
under cyclic loading are lower than those developed under monotonic 
loading; in particular, the cyclic rotation capacity may be approximately 
60–70% lower than the monotonic one. Cyclic degradation was more pro-
nounced for thin-walled members. Failure was mainly governed by local 
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buckling of the compressed plates, with no clear evidence of torsional in-
stability. 

 
Fig. 14 – RHS experimental test results [30]. 

Web instability was amplified by the limited restraint provided by 
slender flanges. During cyclic loading, progressive crack formation was 
observed in the transition region between flange and web, attributed to 
repeated load reversals. The observed collapse mechanisms were charac-
terised by an “elephant-foot” pattern, i.e., a plastic bulging of the com-
pressed wall near the base of the specimen, which accelerated the loss of 



State of art of cold formed HSS 37 

the load-carrying capacity and became more evident with the increase of 
local slenderness. Energy dissipation was also investigated, showing that 
hollow sections may experience a rapid drop of strength after the first 
plastic cycle due to progressive localisation of plastic deformations. The 
experimental evidence indicated that current code criteria may be non-
conservative in some cases. On the basis of the experimental database 
and existing literature, the researchers proposed revised empirical ex-
pressions to predict rotation capacity and flexural overstrength under 
both monotonic and cyclic loading, and validated these formulations 
against test results. 

 
Fig. 15 – SHS experimental test results [30]. 
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4.2.2. Fadden M. and McCormick J. (2012) 

To investigate the flexural behaviour of HSS members under cyclic load-
ing, Fadden and McCormick [31] considered 11 standard American HSS 
sections manufactured from ASTM A500 Grade B steel. The selected 
specimens covered a broad range of width-to-thickness and depth-to-
thickness ratios, with b/t varying from 8.46 to 31.3 and h/t from 19.9 to 
48.5 (Table 7). The experimental campaign examined the effects of cyclic 
loading on strength degradation, rotation capacity, secant stiffness, and 
energy dissipation up to relatively high rotation demands. 

Tests were performed on vertical cantilever specimens, fixed at one 
end and free at the other. All members had the same length, equal to 
1537 mm. To ensure a predominantly flexural response, the load was ap-
plied so as to avoid axial forces. In addition, local reinforcement plates 
were provided to shift plastic deformations away from the clamped region 
(Fig. 16). Displacements were recorded through an infrared optical track-
ing system, while strain gauges were installed on the flanges at different 
distances from the support to monitor the progression of yielding along 
the member length. 

Table 7 – Summary of the properties of the tested HSS sections [31]. 

Specimen b/t 
[-] 

h/t 
[-] 

σy,flat 

[MPa] 
σu,flat 

[MPa] 
σy,corner 

[MPa] 
σu,corner 

[MPa] 

HSS 203.2 x 101.6 x 6.4 14.2 31.3 453.8 489.6 - - 

HSS 203.2 x 101.6 x 9.5 8.46 19.9 430.0 487.5 - - 

HSS 203.2 x 152.4 x 6.4 22.8 31.3 381.8 469.6 - - 

HSS 203.2 x 152.4 x 9.5 14.2 19.9 417.8 499.1 513.7 592.5 

HSS 203.2 x 203.2 x 6.4 31.3 31.3 423.3 529.1 555.9 617.0 

HSS 203.2 x 203.2 x 9.5 19.9 19.9 425.2 481.9 - - 

HSS 254.0 x 101.6 x 6.4 14.2 39.9 434.0 505.0 - - 

HSS 254.0 x 152.4 x 6.4 22.8 39.9 379.6 457.3 - - 

HSS 254.0 x 203.2 x 6.4 31.3 39.9 406.7 495.5 - - 

HSS 304.8 x 101.6 x 6.4 14.2 48.5 391.3 469.4 - - 

HSS 304.8 x 152.4 x 6.4 22.8 48.5 422.9 491.1 - - 
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The loading history consisted of cycles with increasing target dis-
placements, intended to emulate a “far-field” earthquake demand.  

Fig. 17 reports the quasi-static displacement-controlled protocol. For 
each specimen, the chord rotation was computed as the lateral displace-
ment divided by the shear span length, and the maximum imposed rota-
tion was 0.08 rad. In practice, none of the specimens reached the target 
value: several attained rotations of about 0.07 rad, and all specimens 
achieved at least 0.05 rad. 

 
Fig. 16 – HSS test setup [31]: schematic view and photograph. 

 
Fig. 17 – Loading protocol used for the experimental tests. 
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Among the tested sections, HSS 203.2×203.2×9.5 developed the high-
est flexural capacity, i.e. 225 kNm, whereas HSS 203.2×101.6×6.4 exhib-
ited the lowest, i.e. 87 kNm. The 9.5 mm-thick specimens showed higher 
flexural overstrength s (defined as the ratio between the maximum mo-
ment and the plastic moment) and reached their peak strength at larger 
chord rotations than 6.4 mm-thick specimens. Reported overstrength val-
ues ranged from 0.90 to 1.28. Sections exhibiting s < 1.0 experienced local 
buckling before the plastic bending moment could be fully developed. 

As illustrated in Fig. 18, subfigures (a), (c), and (e) present the cyclic 
responses—expressed in terms of normalised bending moment and chord 
rotation—for three representative specimens, while subfigures (b), (d), 
and (f) show the plastic hinge region at the base after testing. The ob-
served cyclic behaviour varied markedly across specimens. For example, 
HSS 203.2×152.4×9.5 exhibited full hysteresis loops with limited degra-
dation, whereas the 6.4 mm-thick specimens showed a noticeable reduc-
tion in flexural strength at higher rotation levels due to local buckling 
and progressive deterioration. 

All HSS specimens displayed a stable hysteretic response during the 
initial cycles. The largest percentage drop in bending moment typically 
occurred between the first and the second cycle after reaching the maxi-
mum moment, particularly for sections with higher b/t and h/t. This re-
duction remained below 5% for all 9.5 mm-thick specimens, while for HSS 
254×203.2×6.4 it ranged between 10% and 15%, and for HSS 
304.8×152.4×6.4 strength losses up to 19% were observed. Based on these 
results, the researchers suggested that b/t < 25 and h/t < 40 should be 
required to ensure at least 90% of the maximum bending moment at a 
chord rotation of 0.04 rad. In all cases, secant stiffness decreased as rota-
tion demand increased, with the three 9.5 mm-thick specimens showing 
the most stable overall behaviour. 

In conclusion, box-section members exhibited a strong capacity to dis-
sipate energy through stable hysteresis, provided that width-to-thickness 
and depth-to-thickness ratios were adequately limited to mitigate the on-
set and progression of local buckling. 
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Fig. 18 – Normalized moment–rotation hysteresis curves and test photographs 

for HSS specimens [31]: (a,b) HSS 203.2 × 152.4 × 9.5 mm; (c,d) HSS 254 × 

101.6 × 6.4 mm; (e,f) HSS 304.8 × 152.4 × 6.4 mm. 

4.2.3. Bai Y. et al. (2015) 

In steel buildings, local buckling of structural members can play a deci-
sive role in the progression toward collapse. Local buckling in HSS col-
umns leads to a reduction in member stiffness and strength, thereby un-
dermining load-carrying capacity. After buckling occurs, a progressive 
axial shortening of the column may develop, which can increase the axial 
demand and further accelerate structural deterioration. 

Bai et al. [32] carried out an experimental programme on HSS col-
umns subjected to cyclic lateral loading under constant axial force. The 
primary goal was to investigate the post-buckling behaviour, focusing on 
strength and stiffness degradation and, in particular, on the axial short-
ening that develops after plastic deformation and subsequent local buck-
ling. 
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The tested members were square HSS columns with outer width b = 
200 mm and a height of approximately 1200 mm. To examine the influ-
ence of local slenderness, three wall thicknesses were selected: t = 6, 9, 
and 12 mm, corresponding to b/t ratios of 33, 22, and 17, respectively. 

  

  

  

Fig. 19 – Normalized moment–rotation response [32]. 
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A symmetric, displacement-controlled cyclic protocol with increasing 
amplitude was adopted, pushing the specimens to large deformation lev-
els, up to 8–10 times the yield rotation. To assess the influence of axial 
load on the lateral resistance, two constant axial load ratios were applied, 
namely N/Npl = 0.1 and 0.3.  

The bending moment–rotation responses show a progressive loss of 
load-carrying capacity after the onset of local buckling (Fig. 19). The ini-
tial strength deterioration occurred at a rotation of about 0.04 rad for 
both axial load levels. Strength degradation was more pronounced for 
specimens with N/Npl = 0.3, confirming that higher axial load accelerates 
loss of resistance. Specimen S1703 reached structural collapse at a rota-
tion of 0.06 rad, losing its ability to sustain the acting axial force. 

Axial shortening after local buckling was also examined. After buck-
ling initiation, the deformed steel plates at the member ends may come 
into contact, triggering an acceleration of axial shortening (Fig. 20). Fig. 
21 presents the bending moment–axial shortening response for the spec-
imen with b/t = 33, highlighting a marked increase in axial contraction 
following the onset of local buckling. In this case, an axial load ratio of 
0.3 further accelerated resistance degradation. 

 
Fig. 20 – Local buckling at the fixed-end section [32]. 
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Fig. 21 – Normalized moment–axial shortening response with different values 

of axial load ratio [32]: (a) N/Npl = 0.1; (b) N/Npl = 0.3. 

The experimental results confirm that higher axial load ratios lead 
to faster strength deterioration after local buckling. The observations also 
underline the strong influence of local slenderness: columns with             
b/t = 33 experienced a more rapid and severe degradation, accompanied 
by substantial axial shortening. Plastic deformations concentrated near 
the member ends, and for specimens under higher axial load, the inter-
action between deformed plates contributed to an accelerated collapse 
mechanism. 

4.2.4. Suzuky Y. e Lignos D.G. (2021) 

Most studies available in the literature rely on quasi-static tests with 
symmetric loading protocols. These protocols may not faithfully repro-
duce the actual collapse conditions of steel structures during seismic 
events, with the potential consequence of underestimating deformation 
capacity. The experimental programme by Suzuki and Lignos [33] inves-
tigates the behaviour of steel columns subjected to cyclic demands repre-
sentative of earthquakes, with specific attention to loading histories con-
sistent with seismic hazard.  

A total of 21 tests were carried out on steel columns with wide-flange 
and hollow cross-sections. The specimens were fabricated according to 
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North American and Japanese standards, using A992 Grade 50 steel with 
nominal yield strength fy = 345 MPa for wide-flange members, and ASTM 
A500 Grade B steel with fy = 315 MPa for HSS members. 

The tested HSS columns had cross-sections 254x9.5 mm and 305x16 
mm, corresponding to b/t ratios of 27 and 19, respectively. Nine loading 
tests were performed using different loading protocols. Both constant and 
variable axial load conditions were considered to simulate the behaviour 
of columns in moment-resisting frames. The columns were tested in a 
cantilever configuration. The base was anchored to a 76 mm thick steel 
plate connected to the laboratory floor through twelve ASTM A490 high-
strength bolts, ensuring rigid boundary conditions (Fig. 22). The top end 
was connected to a loading plate. 

Damage evolution and structural response were monitored through 
extensive instrumentation. Local strains and the development of local 
buckling were captured using 27 strain gauges distributed over three lev-
els along the column. Displacement transducers (LVDTs) were used to 
measure axial shortening and lateral drift, while inclinometers and LED 
tracking were employed to monitor local instabilities and out-of-plane 
displacements (Fig. 23). The acquired data enabled a direct correlation 
between the progression of instability and the global response, and al-
lowed quantification of stiffness and strength degradation as a function 
of the loading history. 

 
Fig. 22 – Anchorage plate and test setup [33]. 
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Fig. 23 – Test specimen details and strain-gauge layout [33]. 

The specimens were subjected to one monotonic protocol and three 
cyclic protocols: (i) a standard symmetric cyclic protocol (SAC 2000), char-
acterised by progressively increasing displacement amplitudes; (ii) a 
near-fault-consistent protocol, representative of earthquakes dominated 
by pulse-type demands; and (iii) a long-duration-consistent protocol, as-
sociated with higher cumulative energy dissipation prior to collapse. The 
axial load was applied with either a constant value N/Npl = −0.30, repre-
sentative of the axial load ratio in interior columns, or with a variable 
axial load ratio N/Npl ranging between 0.20 and −0.50, representative of 
exterior columns. 

The experimental investigation of the HSS specimens provided sev-
eral key insights into their seismic-response characteristics up to col-
lapse. For the HSS 254x9.5 mm section (b/t = 27), the dominant instabil-
ity mode was first-mode local buckling, which led to a rapid loss of 
strength. Collapse was associated with a sudden failure mechanism, in-
cluding fracture at stress concentration regions located at the section 
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corners. For the HSS 305x16 mm section (b/t = 19), local buckling devel-
oped more gradually, with the formation of so-called elephant-foot buck-
ling. This response provided a greater energy dissipation capacity prior 
to strength loss, with a more progressive damage evolution and without 
immediate fracture. 

Axial load significantly influenced the response. Under constant ax-
ial compression, columns exhibited larger axial shortening, with more 
pronounced effects in the slenderer sections. Under variable axial load, 
the presence of tensile axial force components during load reversals tem-
porarily stabilised the local buckling response, delaying the loss of capac-
ity and increasing the rotation capacity. 

Fig. 24 reports the bending moment–rotation relationships for the 
HSS columns, comparing symmetric cyclic loading, near-fault-consistent 
collapse protocols, and long-duration protocols. HSS columns subjected to 
the near-fault protocol (left figure) developed a markedly higher rotation 
capacity, with collapse rotations up to 2.5 times those measured under 
the symmetric cyclic protocol, while the peak strength remained broadly 
comparable. Strength deterioration was more gradual under near-fault 
loading, whereas the symmetric cyclic protocol produced a faster loss of 
load-carrying capacity and a greater reduction in the peak bending mo-
ment. The near-fault tests also showed a delayed onset of local buckling, 
indicating that the loading history affects not only the rotation capacity 
but also damage progression. 

  
Fig. 24 – Moment–rotation curves for different loading protocols [33]. 
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Columns tested under long-duration protocols (dashed grey line in 
the right figure) exhibited a rotation capacity slightly higher than that 
obtained with the symmetric cyclic protocol. However, the corresponding 
strength deterioration was significantly more gradual, suggesting that 
collapse under long-duration earthquakes is driven primarily by the pro-
gressive accumulation of plastic damage rather than by a sudden loss of 
resistance. In addition, the long-duration protocol promoted a more dis-
tributed damage development along the column height, whereas under 
symmetric cyclic loading damage tended to localise early and rapidly 
around the local-buckling region. 

The comparison suggests that standard symmetric cyclic protocols 
may underestimate column deformation capacity under realistic seismic 
demands. In addition, near-fault-type loading histories allowed HSS col-
umns to reach substantially larger rotations prior to collapse, indicating 
that current acceptance criteria may be conservative for such events. 
These observations are relevant for improving seismic design practice 
and for refining code-based acceptance criteria for HSS columns by ac-
counting for the earthquake characteristics. 

4.3. Biaxial bending test 

In seismic-resistant moment frames, column demands are rarely confined 
to a single bending plane. Floor diaphragms and the simultaneous action 
of horizontal components can induce axial forces combined with biaxial 
bending, so the critical response may develop along an inclined bending 
direction rather than a principal axis. For cold-formed HSS members, 
this loading condition can alter the spread of inelasticity and the progres-
sion of local buckling compared with uniaxial bending. The following ex-
perimental studies thus focus on beam–column behaviour under biaxial 
bending, providing evidence that supports a more representative assess-
ment of strength degradation and deformation capacity under earth-
quake-type actions. 
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4.3.1. Ishida T. et al. (2012) 

Ishida et al. [34] investigated the biaxial bending response of square hol-
low section (SHS) steel columns. The experimental programme aimed to 
quantify the influence of cyclic biaxial loading on the structural response, 
with particular emphasis on the role of the horizontal loading direction 
in strength deterioration. 

The specimens were SHS columns 200 × 9 mm made of BCR295 steel, 
with a width-to-thickness ratio of 22.2 and a total length of 1734 mm. 
Steel end plates were welded at both ends to ensure an adequate connec-
tion to the loading system. The test setup comprised one horizontal actu-
ator and two vertical actuators, allowing the simultaneous application of 
a constant axial load and biaxial bending. To generate biaxial bending 
moments, the loading frame was laterally restrained so as to reproduce 
realistic loading conditions representative of seismic actions (Fig. 25). 

The horizontal cyclic loading history was imposed under displace-
ment control, targeting representative demand for columns subjected to 
biaxial bending under constant axial force. The loading sequence was de-
fined in terms of the parameter pc0 and consisted of progressively in-
creasing amplitudes equal to 2pc0, where pc0 denotes the elastic rotation 
associated with the plastic bending moment Mpc0 under pure bending. 

The key variable was the angle of application of the horizontal load. 
Four directions were considered: 0, 15, 30, and 45 degrees with respect to 
the principal axis of the column cross-section. In addition, for each load-
ing direction, two axial load ratios were examined, namely 0.2 and 0.4. 
The tested configurations are summarised in Fig. 26. 

The experimental results indicate that the response of RHS columns 
under biaxial bending is strongly affected by both the horizontal loading 
direction and the axial load ratio. Fig. 27 presents the bending moment–
rotation curves for each specimen, normalised by the plastic bending mo-
ment Mpc0 and the corresponding plastic rotation pc0. 
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Fig. 25 – Experimental test configuration [34]. 

 
Fig. 26 – Specimens tested [34]. 

Loading 
Direction

Loading 
Direction

Axial Force Ratio 0.2 0.4 0.2 0.4

Material No. (1) (1) (2) (2)

Specimen Name C00_0.2 C00_0.4 C15_0.2 C15_0.4

C15_0.2 C15_0.4

Material No.

Axial Force Ratio

Specimen Name C00_0.2

0.2

(1)

C00_0.4

0.4

(1)

0.2 0.4

(2) (2)
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Fig. 27 – Section responses in terms of moment–rotation [34]. 
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For all specimens, the peak strength was governed by local buckling. 
Columns loaded along a principal axis (0 degrees) exhibited a faster 
strength deterioration than those loaded along inclined directions. Spec-
imens subjected to inclined loading showed a higher post-buckling 
strength, suggesting that the corner parts help restrain the propagation 
of local buckling. Overall, the loading direction was found to influence 
both the development of local buckling and the energy dissipation capac-
ity. 

Fig. 28 reports the responses in terms of vertical displacement and 
normalised cumulative chord rotation. Vertical displacements increased 
as a consequence of progressively localised plastic deformations develop-
ing in the flat parts of the cross-section after local buckling. Columns 
loaded along a principal axis experienced substantially larger vertical 
displacements than those loaded along inclined directions. This behav-
iour was attributed to the more rapid development of local plastic defor-
mations under principal-axis loading, whereas, under diagonal loading, 
the corner parts contributed to limiting local buckling propagation, 
thereby reducing the associated vertical deformation. 

 
Fig. 28 – Vertical displacement–cumulative strain relationship [34]. 

4.3.2. Mukaide et al. (2016) 

Hollow structural section columns are widely used in steel construction 
in Japan. For this reason, Mukaide et al. [35] performed an experimental 
campaign to investigate the strength deterioration of box-section columns 



State of art of cold formed HSS 53 

subjected to severe deformation demands, explicitly accounting for differ-
ences associated with manufacturing methods. 

Nine rectangular hollow-section configurations were tested under 
pure bending, combined axial load and bending, and biaxial bending, for 
a total of 25 specimens. Three different steels were employed depending 
on the fabrication method: BCR295 for roll-formed (cold-rolled) sections, 
SN490B for welded built-up sections, and a steel equivalent to BCP325 
for press-formed (cold-pressed) sections obtained by cold-pressing 
SN490B plates with an inside corner radius equal to 3.5t. All columns 
had a square hollow cross-section with an outer width b = 300 mm and a 
length L = 1640 mm (L/b = 5.5). Local slenderness was varied by adopt-
ing three width-to-thickness ratios, i.e. b/t = 19, 25, and 33. 

To characterise the mechanical properties of the materials used in 
the columns, tensile coupon tests were carried out on specimens extracted 
from both the flat parts and the corner parts of the cross-section. These 
tests highlighted variations in yield strength depending on the manufac-
turing method. As an example, the ratio between fu/fy varied between 
1.05 and 1.2 for the specimens realized with the continuous forming 
method, and between 1.35 and 1.6 for the specimens realized with the 
direct forming method. 

Differences among the materials were also associated with residual 
stresses induced by fabrication processes. Initial geometric imperfections 
were measured as well, given their potential influence on the onset and 
development of local buckling. 

The experimental set-up consisted of a vertical cantilever configura-
tion. Axial force and bending moments were applied simultaneously 
through hydraulic jacks. A constant axial load normalised with respect to 
the plastic axial resistance Npl was applied, with n = N/Npl = 0 or 0.25. 
For some specimens, the load was applied with a 45° inclination, i.e., 
along the diagonal of the cross-section. Both symmetric and asymmetric 
cyclic loading protocols were employed to represent progressive-collapse-
type scenarios (Fig. 29). In addition, monotonic tests with increasing de-
mand were conducted up to failure. 
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Fig. 29 – Test configuration and loading protocols [35]: (a) symmetric loading 

protocol; (b) asymmetric loading protocol. 

The experimental responses are presented in the figures in terms of 
bending moment versus rotation. In the plots, the letter P identifies 
press-formed sections, R roll-formed sections, and B welded built-up sec-
tions. The specimen designation also includes the selected b/t ratio, the 
axial load level, and the loading direction. For example, specimen P1925-
45 corresponds to a press-formed section with b/t = 19, subjected to n = 
0.25, with loading applied at 45°. 

Under monotonic loading (Fig. 30), all specimens, except P1925-45, 
exhibited a strength reduction associated with local buckling. Columns 
with b/t = 19 developed an increase in resistance, accompanied by signif-
icant plastic deformation, before local buckling developed. In contrast, for 
b/t = 25 and 33, local buckling occurred before the section could develop 
noticeable overstrength, resulting in a more pronounced and premature 
loss of resistance. The presence of axial load reduced the bending re-
sistance and accelerated degradation. Overall, the comparison highlights 
a clear influence of the fabrication method on the observed behaviour. 

Applying the load at 45° resulted in a slightly higher maximum bend-
ing moment than tests loaded at 0°. Local buckling developed at larger 
deformation levels, which was attributed to a more uniform distribution 
of demand among the section walls. 

 

(b) 

(a) 
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Fig. 30 – Experimental bending moment–rotation responses under monotonic 

loading [35]. 

For symmetric cyclic loading, local buckling was identified as the 
dominant mechanism governing strength deterioration, with the rate of 
degradation strongly influenced by local slenderness. Two distinct trends 
were observed: at n = 0, resistance decreased progressively with 
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increasing cycles; in contrast, with axial load (n = 0.25) the response ex-
hibited a much more rapid drop between successive cycles, particularly 
as local slenderness increased (Fig. 31). The reported collapse modes in-
cluded fracture at welded joints and plastic collapse in the roll-formed 
and press-formed sections (Fig. 32). 

 

  
Fig. 31 – Experimental bending moment–rotation responses under cyclic load-

ing [35]: symmetric protocol (right) and asymmetric protocol (left). 
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Responses under asymmetric cyclic loading showed that specimens 
with b/t = 33 experienced a rapid cycle-by-cycle loss of resistance up to 
failure. Specimens with b/t = 25 showed a more stable response prior to 
the final strength drop. Press-formed columns with b/t = 19 exhibited a 
highly variable cyclic response, including a possible partial recovery of 
strength before final collapse. 

The initial resistance was higher in press-formed specimens than in 
roll-formed columns. Press-formed specimens also developed larger plas-
tic deformations before local buckling and exhibited a more stable cyclic 
response. Nevertheless, for higher b/t ratios, strength deterioration re-
mained significant regardless of the fabrication method. 

 
Fig. 32 – Failure modes for the different cross-sections [35]. 

5. Numerical model proposed in literature 

Over the last decades, several numerical strategies have been developed 
to incorporate damage-related effects in steel members, each character-
ised by specific advantages and limitations. Finite element (FE) ap-
proaches can reproduce instability modes with high fidelity, typically 
through shell-element modelling [43]-[45]. However, these models be-
come computationally demanding when applied to large-scale structural 
analyses. 

More computationally efficient modelling frameworks rely on one-di-
mensional members with fibre-discretised sections, in which the degra-
dation in strength and stiffness is captured either by reducing the effec-
tive cross-sectional area or by adopting constitutive material models that 
distinguish between tensile and compressive response. In addition, 
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concentrated plasticity formulations based on spring models are availa-
ble to represent post-buckling behaviour. Although these models can cap-
ture stiffness and strength deterioration, they do not explicitly represent 
the evolution of deformation along the member.  

Three distinct modelling methods are identified in the literature. 
The first modelling approach [46] suggests diminishing the effective 

area of the cross-section by utilizing beam elements with finite length 
ending hinges. In this method, I-shaped cross-sections are discretized 
into fibres, and a fatigue material is applied to the base steel material. 
To replicate the progressive reduction in cross-sectional stiffness and 
strength resulting from flange buckling, failure of the single fibre is iden-
tified through the Coffin and Manson [47], [48] model. The strain value 
at which a single cycle leads to failure varies linearly across the width of 
the flange. Specifically, a minimum value 0,min is assigned to the fibres 
located at the flange tips, while a maximum value (0,min + 0) is assigned 
to the fibres situated at the web-to-flange intersection. Predictive equa-
tions for 0,min and (0,min + 0) have been introduced through calibration 
against results of laboratory experiments conducted on I-shaped ele-
ments [49]-[54]. 

The second strategy [55], [56] examines material models with differ-
ent behaviour in tension and compression. The constitutive law [56] that 
models the monotonic response under compression assumes the presence 
of elastic, post-yield, and post-buckling regions. The ratios of capping to 
yield stress, capping to yield strain, post-capping stiffness to elastic mod-
ulus, and post-capping to capping stress are determined through regres-
sion analysis. The values of the aforementioned parameters are updated 
throughout the cyclic response in accordance with the inelastic damage 
mechanism. 

The third strategy (referred to as the modified Ibarra-Krawinkler 
model) involves the incorporation of zero-length rotational springs with 
cyclic flexural stiffness and strength degradation at the beam element 
ends, as initially suggested by Ibarra et al. [57] and later modified by 
Lignos and Krawinkler [58]. This model is commonly employed in most 
research studies focusing on the response of steel moment resisting 
frames [59], [60]. The model was initially calibrated using the results of 
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beam with W-cross-section [61] and later extended to simulate the cyclic 
behaviour of columns [62]. This approach has also been utilized to predict 
the cyclic behaviour of square hollow steel columns [63]. However, the 
available equations were formulated specifically to estimate only the de-
formation-related parameters of the adapted Ibarra–Krawinkler model.  

6. Motivation and objectives of the research. 

The growing interest in cold-formed HSS among engineers, steel produc-
ers, and researchers motivates the investigation of their suitability in 
seismic applications. Although columns in moment-resisting frames are 
generally intended to remain essentially non-dissipative under capacity-
design principles, the evaluation of their deformation capacity and cyclic 
response is still relevant. This is particularly true for column bases, 
which may act as dissipative regions, and for members subjected to axial 
load levels within the range for which Eurocode-based seismic design still 
admits ductile flexural behaviour [42]. An accurate estimate of the defor-
mation capacity and numerical representation of their cyclic response is 
therefore essential, particularly to capture cumulative damage mecha-
nisms associated with plastic local buckling. 

Despite the widespread use of cold-formed HSS, current code provi-
sions remain limited and are not fully tailored to their specific cyclic re-
sponse. In the current Eurocodes, for instance, rotation-capacity limits 
are largely aligned with those adopted for I- and H-shaped members, and 
they are typically provided only for axial load ratios up to 0.3, with rota-
tion demands assumed to be essentially independent of the axial load ra-
tio within this range. The forthcoming version of Eurocode 8 introduces 
specific provisions for HSS columns, but the proposed limits depend pri-
marily on the axial load ratio (up to 0.5) and on the depth-to-thickness 
ratio (b/t).  

However, Eurocodes’ provisions concern columns subjected solely to 
uniaxial bending, ignoring the influence of biaxial bending on the chord 
rotation capacity. Moreover, previous studies indicate that the cyclic re-
sponse of HSS members may be strongly influenced by additional 
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geometric and mechanical parameters, suggesting that a broader and 
more detailed framework is needed for both assessment and design. 

The manufacturing method is an additional aspect that affects the 
response of cold-formed HSS and should be explicitly considered in re-
search and modelling. 

Within this context, the present research focuses on HSS members 
used as beams and columns in moment-resisting frames. In this project, 
the HSS members are produced through a direct forming process, in 
which a steel strip is roll-formed into an open rectangular shape and then 
closed by welding. Compared with hot-rolled products, this process typi-
cally leads to higher strength and hardness, while also introducing resid-
ual stresses in both corner parts and flat parts of the section. 

Regarding these members, engineers must be able to estimate over-
strength and rotation capacity, particularly under combined axial load, 
and reliably simulate cyclic response under biaxial bending. To address 
these needs, the work develops a set of practical tools aimed at combining 
accuracy with usability in engineering practice. Specifically, it provides: 
(i) a finite element model of a cantilever configuration, developed to re-
produce the cyclic response of columns under axial load and biaxial bend-
ing and validated against results of laboratory tests; (ii) a database of 
cyclic responses determined by parametric analyses on columns and 
beams subjected to uniaxial and biaxial bending, generated using the fi-
nite element model; (iii) chord rotation domains to estimate the rotation 
capacity of HSS members under biaxial bending and axial load ratio not 
exceeding 0.5, proposed as an alternative to the provisions in the forth-
coming Eurocode 8 at both the Near Collapse (NC) and Significant Dam-
age (SD) limit states; and (iv) two simplified numerical models imple-
mented in OpenSees and validated against the numerical database and 
available laboratory tests. 

The two simplified models are designed to cover complementary 
needs. The first targets HSS members under uniaxial bending and relies 
on zero-length rotational springs to provide a computationally efficient 
representation of cyclic behaviour. The second is intended to simulate the 
combined effects of axial load and biaxial bending through a distributed-
plasticity formulation with a fibre-based section. Taken together, these 
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outputs aim to support a more accurate and practical evaluation of the 
seismic performance of steel buildings employing cold-formed HSS mem-
bers, bridging the gap between detailed finite element simulations and 
tools suitable for routine engineering use.





 

 

 Chapter 2 

FINITE ELEMENT MODEL IN ABAQUS 
 
Chapter 2 presents the finite element model adopted in this thesis, 
clearly distinguishing between the reference modelling framework taken 
from the literature and the additional validation work carried out in the 
present study. Section 1 summarises the Abaqus model originally devel-
oped by Bosco et al. [44], including its general modelling strategy, the 
material properties assigned to the flat and corner regions of the cross-
section, and the mesh sensitivity analysis performed to define an appro-
priate discretisation. The following sections report original validation 
studies performed as part of this thesis. In particular, Section 2 validates 
the model against the stub-column tests by Toffolon [28]. Section 3 pre-
sents an additional validation under uniaxial bending with reference to 
the experimental tests by Fadden and McCormick ([31], [45]). Finally, 
Section 4 investigates the influence of geometric imperfections and vali-
dates the model under biaxial bending against the tests by Ishida et al. 
[34]. 

1. General features of the FE model 

With the aim of carrying out a campaign of parametric analyses on 
columns and beams subjected to axial load and biaxial bending, a finite 
element model was developed in Abaqus. The model is based on the work 
of Bosco et al. [44] and uses a cantilever configuration, which is adopted 
for all analysed members. 
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To reduce the computational effort, the numerical model is divided 
into two parts (see Fig. 33). The first part, hereafter referred to as the 
plastic region, is modelled with 3D solid elements and extends from the 
fully restrained end of the member to a distance equal to twice the section 
depth. Based on a sensitivity analysis, second-order (quadratic) reduced-
integration hexahedral elements (C3D20R) were selected. The second 
part, referred to as the elastic region, is modelled using elastic quadratic 
beam elements (B32). The cross-sectional properties (e.g., area and sec-
ond moments of area) are consistent with those adopted for the plastic 
region. Likewise, the Young’s modulus and Poisson’s ratio are taken 
equal to those used in the plastic region. The maximum finite element 
size in this region is 50 mm. 

 

 
Fig. 33 – Numerical model used. 

The elastic region is connected to the plastic region through a beam-
type multi-point constraint (MPC). Its free end is used to apply the load-
ing protocol and the axial force. When the cantilever is not subjected to 
biaxial bending, the displacement along the x-direction of the tip of the 
cantilever is restrained to prevent out-of-plane displacements. 
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1.1. Cross-section and material properties 

The cross-section of the plastic region consists of flat and corner parts. To 
reproduce the effects of the cold-forming process, different material prop-
erties are assigned to the flat and corner parts. For both parts, the mate-
rial behaviour is modelled using a combined isotropic–kinematic harden-
ing law and neglecting strain-rate effects. 

Isotropic hardening can be considered by increasing the size of the 
yield surface 0 according to the following equation. 

଴ = σ|଴ + 𝑄ஶ ቀ1 − 𝑒ି௕கത೛೗
ቁ (7) 

In this equation, σ|଴ represents the yield stress at zero plastic strain, 𝑄ஶ 
is the maximum change in the size of the yield surface, 𝑏 represents the 
rate at which the size of the yield surface changes, and 𝜀̅௣௟ is the equiva-
lent plastic strain.  

The kinematic hardening translates the yield surface by adding N 
kinematic hardening components α௞ (back-stress) based on Eq. (8). 

α = ෍ α௞

ே

௞ୀଵ

 (8) 

where α = σ − σ଴. 
The evolution law of each kinematic hardening component is defined 

as shown in the following equation. 

α̇௞ = 𝐶௞
ଵ

஢బ
(σ − α)εത̇௣௟ − γ௞α௞εത̇௣௟ (9) 

where εത̇௣௟ is the equivalent plastic strain rate, while 𝐶௞ and γ௞ are param-
eters that need to be determined. 

The isotropic hardening has a minor impact in cold-formed members 
[64], [65] and so it is disregarded in the numerical model by setting 𝑄ஶ 
equal to 0.  

The kinematic hardening is modelled considering two back-stresses. 
If the experimental stress-strain curves for flat and corner parts of the 
specimens to be modelled are available, the following procedure is used 
to calibrate the coefficients 𝐶௞ and γ௞. First, the experimental engineering 
stress-engineering strain curve is transformed into a true stress-true 
strain curve. Second, the translation of the yield surface in the stress 
space is determined by Eq. (10). 
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α = σ − σ଴ (10) 

The values of α are obtained by integration of the back-stress evolution 
laws over a half cycle as follows: 

α௞ = ෍
𝐶௞

γ௞
ቀ1 − 𝑒ିஓೖகష೛೗

ቁ

ே

௞ୀଵ

 (11) 

Finally, values of the coefficients 𝐶௞ and γ௞ are determined by minimizing 
the differences between the values of  that are experimentally obtained 
and those predicted by the material model. 

If specific data on the experimental stress-strain curves are not avail-
able, values of the coefficients 𝐶௞ and γ௞ calibrated by in literature can be 
used instead [56]. 

Residual stresses are included in the finite element model following 
the methodology proposed by Somodi and Kövesdi [2]. According to these 
researchers, bending residual stresses provide the dominant contribution 
to the overall response; therefore, only this type of residual stresses is 
considered. These stresses are assigned to the cross-section of cold-
formed HSS with a linear distribution across the plate thickness. The in-
tensity of these stresses is given by the following equations: 

σ௥௕,௙௟௔௧ = ±(0.8σ|଴ − 67MPa) (12) 

σ௥௕,௖௢௥௡௘௥ = ±0.55σ௥௕,௙௟௔௧ (13) 

Geometric imperfections have been taken into account in the plastic re-
gion to simulate the occurrence of local buckling phenomena (Fig. 34). 
The geometric imperfections are defined as a linear combination of the 
first two buckling modes obtained under a unit transverse load applied 
at the cantilever free end. 

The material properties adopted for cold-formed HSS reflect the 
strong non-uniformity induced by manufacturing, with corner parts typ-
ically exhibiting higher strength but reduced ductility compared to the 
flat walls. In the study by Bosco et al. [44], results of tensile tests per-
formed by [7] on a cold-formed square hollow section 200 × 200 × 8 made 
of S355 JR are used. Coupon geometry followed BS EN ISO 6892-1, and 
water-jet cutting was used to limit thermal alterations (see Fig. 35a).  
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Fig. 34 – First two buckling modes of the buckling analysis.  

Fig. 35 – Characterization of materials [7]: (a) location of coupon tests; (b) true 

stress – true strain curves. 

The resulting stress–strain curves are shown in Fig. 35b and high-
light (i) a marked differentiation between corner and flat parts and (ii) 
an appreciable influence of the weld when comparing the flat-wall re-
sponses.  

For modelling purposes, Bosco et al. defined the yield strength as the 
strength at the end of the linear response of the experimental stress-
strain curve (rather than the conventional 0.2% offset), leading to σ|଴ val-
ues of 467.4 MPa for flat parts and 402.9 MPa for corner parts. The 
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adopted value of the yield strength in the corner part is the smaller of the 
above two values even though its conventionally determined yield 
strength is the greater. This datum is not contradictory, but reflects the 
way the material response curve has been modelled. Two back-stresses 
are used to reproduce the non-linear part of the stress-strain curve. The 
values of 𝐶௞ and γ௞ are given in Table 8. The values of the residual 
stresses are reported in the same table and, as aforementioned, are as-
signed to the cross-section of the plastic region linearly across the thick-
ness of the plates, as illustrated in Fig. 36. 

 

Table 8 – Properties of the material model for flat and corner parts 

Material 
σ|଴ 

[MPa] 
C1 

[MPa] 
1 

[-] 
C2 

[MPa] 
 2 

[-] 
σr 

[MPa] 

Flat 467.4 129912 17667.9 1359.3 15.9 ±366.92 

Corner 402.9 180605 930.9 6.4 499.3 ±168.81 

 
 

Fig. 36 – Residual stresses assigned to the cross-section. 
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1.2. Sensitivity analysis from Bosco et al. (2021) 

To define a mesh that is both accurate and computationally efficient, 
Bosco et al. [44] carried out a sensitivity analysis on the specimen HSS 
254 × 203 × 6.4 experimentally tested in [31] ( b = 203 mm, h = 254 mm, 
t = 6.4). They first discretized the plastic region using first-order (linear) 
hexahedral elements with element sizes of approximately 40, 30, 20, 10, 
and 5 mm, and then repeated the analysis using second-order (quadratic) 
hexahedral elements (C3D20R) with the same target sizes; in all cases, 
three elements were used through the plate thickness. Under a unit 
transverse load applied at the cantilever free end, an eigenvalue buckling 
analysis showed that the predicted first buckling load is strongly mesh-
dependent when linear elements are employed, whereas it is only mar-
ginally affected by the element size when quadratic elements are adopted 
(Fig. 37). 

The researchers further extended the sensitivity study to the nonlin-
ear cyclic response by imposing the experimental displacement protocol 
reported in [31] and tracking the cumulative dissipated energy over the 
loading history. They observed that, with linear elements, the dissipated 
energy increases markedly as the mesh is coarsened because local buck-
ling does not develop within the plastic hinge for element sizes not 
smaller than 20 mm, and therefore no stiffness/strength degradation is 
captured (Fig. 38). 

Conversely, with quadratic elements the dissipated energy is only 
slightly influenced by mesh refinement: reducing the element size from 
20 mm to 5 mm resulted in a 2.35% reduction in dissipated energy, at the 
expense of a significant increase in computational time (Fig. 39). 
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Fig. 37 – Influence of the element-size on the buckling load [44]. 

 

  
Fig. 38 – Local buckling within the plastic hinge at the end of the loading pro-

tocol for different element types (element size = 20 mm): (a) first-order integra-

tion elements; (b) second-order integration elements. 
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Based on this trade-off between accuracy and computational burden, 
the researchers recommended the use of C3D20R elements with an ele-
ment size of about 20 mm, which is the discretization adopted in this the-
sis for the plastic region. 

 
Fig. 39 – Influence of the element-size on cumulated dissipated energy. 

2. Validation of the finite element model with stub column test 

This section presents the validation of the finite element (FE) model 
against the experimental force–shortening responses from the stub col-
umn tests reported by Toffolon [28]. The objective is to verify that the 
modelling assumptions adopted in the previous chapter can reproduce 
the experimental response with satisfactory accuracy. 

It is worth noting that, for the purpose of stub column simulations, 
the FE model used in the validation includes only the solid part of the 
member, corresponding to the plastic region defined in the previous sec-
tion. The additional beam segment (elastic region) adopted in bending 
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simulations is not included here, because in stub column tests the inelas-
tic response is expected to develop in the mid-height portion of the speci-
men and cannot be represented by an elastic extension. 

All simulations described in this section are performed using the ma-
terial model described in the previous section and already implemented 
in the FE framework for the definition of the steel response in both flat 
and corner parts. Accordingly, the present validation is not aimed at com-
paring alternative material formulations, but rather at assessing the ex-
tent to which geometric imperfections and other modelling details affect 
the ability of the model to reproduce the experimental curves. 

Fig. 40 compares the experimental response (red curve) of specimen 
SHS 140x140x4 and specimen SHS 200x200x8 with numerical predic-
tions obtained by assuming five different values of the maximum geomet-
ric imperfection amplitude: (i) 0.64% of bf, according to the requirement 
reported in Annex C of Eurocode 3, Part 1–5 [67], i.e., 80% of the manu-
facturing geometric tolerance, which is equal to 0.8% of the cross-section 
width [69]; (ii) 0.40% of bf; (iii) 0.20% of bf; (iv) 0.1% of bf; (v) 0.05% of bf, 
based on the measurements reported by Toffolon [28].  

The results indicate that the imperfection amplitude suggested by 
Eurocode 3, albeit conservative, leads to an excessively pronounced 
strength degradation and thus penalises the numerical response. Con-
versely, an imperfection amplitude equal to 0.05% appears overly opti-
mistic and results in an overestimation of the mechanical response. Over-
all, an imperfection amplitude equal to 0.10% and 0.20% of bf provides 
the closest agreement with the experimental curve and was thus adopted 
in the validation study. 

In all numerical simulations, the initial stiffness was found to be 
higher than that measured experimentally. This discrepancy suggests 
that, during the laboratory tests, some slip may have occurred within the 
test setup. To account for this effect, an axial spring was introduced in 
the FE model along the vertical direction to reproduce the axial deform-
ability of the experimental apparatus. The spring stiffness was deter-
mined through the following relationship: 
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exp

1

1 1

 

  
 FEM spring

k

k k

 (14) 

where kexp is the stiffness associated with the elastic branch of the exper-
imental curve and kFEM is the axial stiffness obtained from the numerical 
model without the spring. The spring stiffness kspring was computed by 
enforcing the above identity through the Excel solver, so as to minimise 
the mismatch between the left- and right-hand sides of Eq. (14). 

 

 

  
Fig. 40 – Comparison of the influence of geometric imperfections: (a) specimen 

SHS 140x140x4; (b) specimen SHS 200x200x8. 

In Abaqus the fully restrained end of the plastic region was modified 
to permit the displacement along the z-axis, while a spring along the 
same axis was implemented with a stiffness equal to kspring. Fig. 41a com-
pares the numerical response obtained with the spring and without the 
spring for specimen SHS 140x4. The remaining plots in the same figure 
(Fig. 41b–d) show that both imperfection amplitudes (0.1% and 0.2%) 
allow a satisfactory match, with minor differences depending on the local 
slenderness of the investigated sections. 

 



74 Chapter 2 

  

  
Fig. 41 – Numerical and experimental comparisons for SHS 140x140×4: (a) nu-

merical response with spring (M) versus without spring (SM); (b–d) numerical-

to-experimental comparison for different geometric imperfection amplitudes. 

To quantify these differences, the dissipated energy was computed as 
the area enclosed by the force–shortening curve, for both experimental 
and numerical responses, using the trapezoidal rule. The area associated 
with each interval between consecutive points is evaluated as: 

   1 1

2
i i i i

i

x x y y
A   



 (15) 

where xi is the shortening and yi is the corresponding force. The total en-
ergy is obtained by summing Ai over the full response history. 

In addition, the relative percentage error with respect to the ultimate 
load and the dissipated energy was evaluated as: 

exp
% 100


 FEM

exp

x x
Error

x
 (16) 

where x denotes, in turn, either the ultimate load or the dissipated en-
ergy. The results are summarised in Table 9 (ultimate load) and Table 
10 (dissipated energy). Overall, the errors are generally limited. A 
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slightly improved performance of the 0.1% imperfection is observed for 
stockier sections, whereas 0.2% tends to provide a better match for more 
slender sections. Since these differences are modest, and adopting a con-
servative standpoint consistent with international literature [65], an im-
perfection amplitude of 0.2% was selected for the numerical study that 
will be discussed in a further chapter. 

Table 9 – Comparison between experimental and numerical ultimate load for 

different imperfection amplitudes. 

Specimen Imp. [%] Nu,exp [kN] Nu,FEM [kN] error [%] 

SHS 140x140x4 
0.1 5097.2 

861.3 

4787.9 -6.07% 

0.1 893.1 3.69% 

SHS 200x200x8 
0.2 23237.3 

2916.7 

848.1 -1.53% 

0.1 2981.3 2.21% 

RHS 300x150x8 
0.2 20890.9 

2806.9 

2945.3 0.98% 

0.1 2988.1 6.46% 

Table 10 – Comparison between experimental and numerical dissipated en-

ergy for different imperfection amplitudes. 

Specimen Imp. [%] Eexp [mJ] EFEM [mJ] error [%] 

SHS 140x140x4 
0.1 

5097.2 
4787.9 -6.07% 

0.2 4770.63 -6.41% 

SHS 200x200x8 
0.1 

23237.3 
23042.8 -0.84% 

0.2 21958.3 -5.50% 

RHS 300x150x8 
0.1 

20890.9 
22662.1 8.48% 

0.2 21457.3 2.71% 
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3. Validation of the finite element model under uniaxial bend-
ing 

The validation against the experimental results of Fadden and McCor-
mick [31] was carried out on both rectangular and square hollow cross-
sections, characterized by different depth-to-thickness ratios of the flat 
parts, and subjected to uniaxial bending. Specifically, specimens 
254×203×6.4, 254×102×6.4, 203×203×6.4, and 203×152×9.5 were consid-
ered. All specimens were cantilever members with a length equal to 1537 
mm and were fabricated from A500 grade B steel. The stress-strain 
curves of the steel were derived by Fadden and McCormick from coupon 
tests performed on both flat and corner regions of the sections [45]. The 
calibrated parameters of the constitutive model are reported in Table 11, 
while the target and predicted engineering stress-strain curves are 
shown in Fig. 42a.  

Table 11 – Parameters of the material model for flat and corner parts to repli-

cate stress-strain curves provided by Fadden and McCormick [45]. 

Material E 
[MPa] 

0 
[MPa] 

C1 
[MPa] 

1 
[-] 

C2 
[MPa] 

2 
[-] 

C3 
[MPa]

3 
[-]

rb 
[MPa] 

Flat 181000 412.0 2426.3 17.50 15453.1 809.5 0.0 -  262.60 

Corner 193000 519.0 23251.9 814.10 9769.40 202.70 7.70 1.40  144.43 

 
The loading protocol consisted of progressively increasing cyclic end 

displacements, defined as the product of the cantilever length and the 
chord rotation provided in AISC 341-16 [75] (see Fig. 42b). 
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(a) (b) 

Fig. 42 – (a) Comparison between true stress-strain curves provided by the ma-

terial model (dashed red curve) and the coupon tests (black continuous line) 

and (b) loading protocol provided in [45] 

The accuracy of the numerical model has been assessed by comparing 
target and predicted responses in terms of bending moment versus chord 
rotation (Fig. 43). The numerical results corresponding to the two se-
lected amplitudes of geometric imperfections are represented by dashed 
lines (green and red), whereas the experimental response is shown by a 
solid black line.  

In all the cases, the assumed imperfection amplitude has a limited 
influence on the global cyclic response, with only minor differences be-
tween the numerical predictions obtained from the two imperfection am-
plitudes. Overall, excellent agreement was observed between experi-
mental and numerical responses for all the investigated specimens. In 
particular, specimen 203×152×9.5 characterised by the lowest depth-to-
thickness ratio, did not exhibit any strength degradation up to the maxi-
mum imposed lateral displacement, which was limited by the test setup. 
This agreement confirms the ability of the FE model to accurately capture 
the strength and stiffness degradation associated with local buckling, 
which precedes corner fracture. 
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Fig. 43 – Comparison between the bending moment-chord rotation response  

obtained from numerical models and laboratory tests carried out in [31]  

4. Validation of the finite element model under biaxial bending 
and influence of geometric imperfections 

In the present thesis, the experimental campaign by Ishida et al. [34] was 
adopted as a benchmark (see Chapter 1 for the full description of the test 
setup and loading programme) for the validation of the finite element 
model under biaxial bending. The model was calibrated and assessed 
against eight quasi-static cyclic tests performed on two cold-formed hol-
low columns made of BCR295 steel, with net length L’ equal to 1734 mm 
and cross-section 200x9 mm, including an external corner radius of 
22.5 mm. The mechanical properties of the steel were determined by 
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Ishida et al. [34] by means of coupon tests extracted from the flat parts of 
the section. The yield strength, the ultimate strength and the elongation 
at fracture were equal to 443 MPa, 483 MPa and 16% for specimen #1, 
and equal to 375 MPa, 427 MPa and 27% for specimen #2, respectively. 
No information, however, was reported regarding the mechanical proper-
ties of the corner parts of the sections, which are expected to exhibit 
higher strength and lower ductility due to the cold-forming process. 

Both ends of the column were clamped to the reaction jig and the 
horizontal loading jig. An axial force corresponding to an axial load ratio 
equal to 0.2 or 0.4 was applied by vertical jacks at the top of the specimen. 
Lateral displacements were applied to the bottom end of the member by 
means of a horizontal jack. In particular, the two specimens were sub-
jected to symmetric cyclic displacement loading histories. In specimen #1, 
the displacements were applied along horizontal directions inclined at 
angles ϕ equal to 0° and 45° with respect to the principal axis of inertia 
of the column cross-section; in specimen #2, instead, the loading direc-
tions were inclined at angles ϕ equal to 15° and 30° with respect to the 
principal axes of inertia of the column cross-section.  

The loading protocol (Fig. 44a) was defined in terms of multiples of 
the elastic column chord rotation θp0 corresponding to the full plastic 
bending moment Mp0, which was calculated by taking into account the 
interaction with the axial force in the column. Both the chord rotation θp0 

and the full plastic bending moment Mp0 are reported in Fig. 44b. 
As the rotations of both ends of the selected laboratory specimen are 

virtually fully restrained, the numerical model represents half of the 
length of the specimen. To simulate the deformability of the test setup, 
two flexural springs, associated with the rotations about the x- and y-
axes, have been introduced at the only one fixed end of the numerical 
model. 
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(a) 

 
(b) 

Fig. 44 – Loading protocol and key reference parameters from study [34]: (a) 

loading protocol; (b) values of the axial load N, elastic column chord rotation, 

θp0, and the column full plastic moment under axial force, Mp0.  

 
Fig. 45 – Comparison between engineering stress-strain curves provided by the 

material model (dashed red curve) and the coupon tests (black continuous line) 

Based on the results of the coupon tests conducted by Ishida et al. 
[34], the yield stress at zero plastic strain σ|0  of the steel material model 
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specimen #2. In any case, the elastic modulus of steel Es is set equal to 
200000 MPa. The back-stresses considered for the flat parts of the section 
are two. Coefficients Ck and γk have been calibrated so as to match the 
stress-strain curve provided in [34] and are reported in Table 12. The 
comparison between the target and predicted engineering stress-strain 
curves is shown in Fig. 45. Good agreement is observed up to the ultimate 
stress. Beyond this point, the experimental curves show a marked soften-
ing, while the predicted curves remain constant. This discrepancy is ex-
pected, since the adopted back-stress formulation does not account for the 
post-peak degradation of the material.  

Table 12 – Material properties 

Specimen Es [MPa] σ|0 [MPa] C1 [MPa] 1 [-] C2 [MPa] 1 [-] 
#1 200000 443 1952.2 17.32 15.41 88074 
#2 200000 375 3547.9 104.3 647.9 1.0 

 
Since no coupon tests were performed on the corner parts of the sec-

tion their mechanical properties have been determined based on experi-
mental studies on BCR295 HSS members characterised by thickness and 
corner radius equal to those of the specimen under investigation [35]. For 
these specimens, comparable strain-hardening effects in the corner parts, 
including increased strength and reduced ductility, are expected. Accord-
ingly, the yield strength of the corner parts has been set equal to 1.31 
times the yield strength of the flat parts. In addition, a single back stress 
has been used for the corner parts. Namely, coefficients C1 and γ1 have 
been set equal to 1087 MPa and 14.0, as suggested in [65] for BCR295 
steel grade. 

To assess the influence of geometric imperfections on the cyclic re-
sponse of the member, two values of the maximum imperfection have 
been selected. The first value corresponds to 0.1% of the cross-sectional 
size and represents the lower bound of the geometric imperfections meas-
ured in [28] using a 3D laser scanning technique. A similar level of local 
imperfection was also recommended by Suzuki [65] for cross-sections 
made of BCR295 steel grade with a height-to-thickness ratio greater than 
20. The second value of the maximum geometric imperfection 
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corresponds to the requirement reported in Annex C of Eurocode 3, Part 
1–5 [67], i.e., 80% of the manufacturing geometric tolerance, which is 
equal to 0.8% of the cross-section width [69]. 

Since the numerical model replicates only half of the specimen, the 
loading displacement history applied at the free end of the specimen is 
equal to L/2 times the chord rotation θ, and is inclined at an angle  with 
respect to the y-axis as shown in Fig. 33. In the absence of direct 
knowledge of the value of L, this has been derived by equating the chord 
rotation corresponding to the full plastic bending resistance Mp0 to the 
value of θp0 provided by Ishida and reported in Fig. 44. The so obtained 
value of L is 1900 mm.  

The accuracy of the numerical model has been assessed by compari-
son of targeted and predicted responses. The first response parameter in-
vestigated is the bending moment acting at the bottom end of the speci-
men tested by Ishida et al. [34], while the second is the axial shortening. 
Due to the cantilever configuration of the numerical model, the bending 
moment described above is compared with that at the base of the model, 
while the axial shortening is compared with twice the axial shortening 
observed in the numerical model. 

With reference to the first response parameter investigated, i.e., the 
bending moment, it is plotted as a function of the chord rotation.  In ad-
dition, it is normalized by MP0, whereas the chord rotation is normalized 
by θP0. In keeping with the approach followed in the laboratory tests, re-
actions Fx and Fy have been recorded at the reference point of the plastic 
region, whereas displacements ux and uy have been recorded at the tip of 
the elastic region. The displacement u along the assigned loading direc-
tion and the force F along the same direction are calculated as 

x ysin cos  u u u  (17) 

x ysin cos  F F F  (18) 

Hence, the bending moment M (acting in the vertical plane that is paral-
lel to the displacement loading direction) is calculated as 

2
 

L
M F N u  (19) 

where N is the external axial force. 
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Fig. 46 – Comparison between the normalized bending moment-chord rotation 

response obtained from numerical models and laboratory tests. 
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Fig. 47 – Comparison between the axial shortening-cumulated normalized 

chord rotation response obtained from numerical models and laboratory tests. 
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With reference to the second response considered, it is plotted as a func-
tion of the cumulated chord rotation of the member, again normalized by 
θP0. The targeted and predicted responses described above are shown in 
Fig. 46-47. 

In particular, the numerical responses corresponding to the two se-
lected values of the geometric imperfections are shown by dashed lines 
(green or red), whereas a solid (black) line. In contrast to the results pre-
sented in the previous subsection, the presence of axial force induces a 
marked dependence of the predicted cyclic response on the amplitude of 
the assumed geometric imperfection. Indeed, Fig. 46, which refers to the 
bending moments, shows that despite the uncertainties in the material 
properties of the corner parts, the numerical model with a geometric im-
perfection equal to 0.1% of the cross-sectional side accurately reproduces 
the experimental response. The model with a maximum imperfection ac-
cording to Annex C of Eurocode 3 part 1–5 [67], instead, exhibits a higher 
rate of degradation, especially in the cases with an axial load ratio of 0.4. 
The analysis of the axial shortening of the specimens (Fig. 47) confirms 
the aforementioned observations and shows that the experimental re-
sponse is generally bounded by the numerical predictions obtained using 
a geometric imperfection equal to 0.1% of the cross-sectional side and that 
defined according to EC3 Part 1-5. 

Although the model with the smallest imperfection yields the most 
accurate results, the models with larger imperfections may better repre-
sent real members due to the manufacturing geometric tolerances speci-
fied in UNI-EN-10219-2 [69]. Hence, to provide a conservative estimate 
of the rotation capacity, the numerical analyses discussed in the following 
sections have been carried out considering the value of the maximum im-
perfection reported in UNI-EN-10219-2 [69]. 





 

 

 Chapter 3 

FORMULATION OF CHORD ROTATION CAPAC-
ITY DOMAIN 

1. Parametric analyses on HSS members of European S355 
Steel grade 

Parametric analyses have been carried out on cantilever specimens with 
square or rectangular HSS. All members are made of European S355 
steel grade. The yield stress at zero plastic strain σ0 and the values of the 
parameters Ck and γk used to compute the back-stresses of the flat and 
corner parts are those calibrated in [44] to match the stress-strain curves 
obtained by coupon tests provided in [7] and are reported in Table 8. The 
specimens considered for the parametric analyses differ in the size of the 
cross-sections, the local slenderness of the flat parts, the shear length, 
and the axial load ratio. In total, 252 specimens are numerically investi-
gated. Specifically, 6 square cross-sections (300x300x10, 350x350x14.2, 
350x350x16, 400x400x14.2, 400x400x16 and 400x400x20) and 6 rectan-
gular cross-sections (150x300x14.2, 150x350x8, 150x350x14.2, 
150x350x16, 200x500x16, and 250x450x10) are selected. Three values of 
the cantilever length used in the numerical model, hereafter referred to 
as the shear span length are considered (1.50 m, 2.25 m, and 3.00 m), and 
7 values of axial load (ranging from ‒0.1 to 0.5 Npl in steps of 0.1 Npl) are 
applied to the tip of the member.  

Regarding the shear span length, the above values are chosen to rep-
resent the segment of a first order column between the contraflexure 
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point and the column base, accounting of different interstorey heights or 
different base connection stiffnesses. 

Regarding the axial load ratio, it should be noted that the buckling 
resistance of each specimen was preliminarily computed and compared 
with the axial load required to achieve the prescribed axial load ratio. 
Cases in which the buckling resistance was lower than the required axial 
load were excluded from the parametric investigation. For a shear span 
length equal to 2.25m, this condition occurred for specimens 
S150×300×14.2, S150×350×8, S150×350×14.2, and S150×350×16.0 with 
ν = 0.5. For a shear span length equal to 3000 mm, the same condition 
occurred for specimens S150×300×14.2, S150×350×8, S150×350×14.2, 
and S150×350×16.0 with ν ranging from 0.3 to 0.5, for specimen 
S200×500×16.0 with ν = 0.4 and 0.5, and for specimen S250×450×10.0 
with ν = 0.5. 

In addition to the commonly considered members subjected to com-
pressive axial forces, members subjected to low levels of tensile forces (‒
0.1 Npl) have been investigated. These cases have been added because 
during seismic events, low tensile axial forces can arise in corner columns 
due to the shear forces acting at the ends of the beams.  

The numerical model described in the previous section has been used 
to simulate the cyclic response of the specimens under the loading proto-
col given in AISC 341 [75] for the qualification of beam-to-column connec-
tions. The lateral displacements are applied at the tip of the specimen 
along directions that are inclined at angles φ with respect to the y-axis 
equal to 0°, 15°, 30°, 45°, 60°, 75°, or 90°. In the case of rectangular cross-
sections, the y-axis is the major principal axis of inertia of the cross-sec-
tion.  

To prevent lateral buckling phenomena, a maximum axial load ratio 
was assigned to each specimen. Table 13 presents a summary of all the 
specimens considered in the parametric study, together with the main 
geometric parameters of the cross-sections, for a total of 1,272 analysed 
cases. The local slenderness values, evaluated with reference to the net 
flat-part dimensions, cover a wide range of cross-section configurations. 
In particular, hf/t varies between 14.0 and 40.0, while bf/t ranges from 
3.4 to 25.0. Considering the maximum slenderness between the two flat 
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parts, the analysed sections range from relatively stocky configurations, 
with a governing slenderness equal to 14.0, to highly slender configura-
tions, with a governing slenderness equal to 40.0. 

Table 14 and Table 15 present the classification of the cross-sec-
tions considered in the parametric analyses for each axial load ratio, ac-
cording to the current and the forthcoming version of Eurocode, respec-
tively. 

Table 13 – Main parameters of the specimens considered for the parametric 

analyses. 

Cross-section 

Lv [m] 
re 

[mm] 
A 

[cm2] 
bf 

[mm] 
hf 

[mm] 
hf / t 
[-] 

bf / t 
[-] 1.50 2.25 3.00 

 max  max  max

HSS350x150x8.0 0.5 0.4 0.3 20.0 75.2 310.0 110.0 38.7 13.7 

HSS450x250x10.0 0.5 0.5 0.5 25.0 132.6 400.0 200.0 40.0 20.0 

HSS300x300x10.0 0.5 0.5 0.5 25.0 112.6 250.0 250.0 25.0 25.0 

HSS400x400x20.0 0.5 0.5 0.5 60.0 286.8 280.0 280.0 14.0 14.0 

HSS350x350x14.2 0.5 0.5 0.5 42.6 182.1 264.8 264.8 18.6 18.6 

HSS400x400x14.2 0.5 0.5 0.5 42.6 210.5 314.8 314.8 22.2 22.2 

HSS350x350x16.0 0.5 0.5 0.5 48.0 202.8 254.0 254.0 15.9 15.9 

HSS400x400x16.0 0.5 0.5 0.5 48.0 234.8 304.0 304.0 19.0 19.0 

HSS350x150x14.2 0.5 0.4 0.2 43.7 125.0 262.5 62.5 18.5 4.4 

HSS300x150x14.2 0.5 0.4 0.2 42.9 111.0 214.1 64.1 15.1 4.5 

HSS350x150x16.0 0.5 0.4 0.2 48.1 138.8 253.8 53.8 15.9 3.4 

HSS500x200x16.0 0.5 0.5 0.4 48.0 202.8 404.0 104.0 25.2 6.5 
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Table 14 – Classification of the considered cross-section for each axial load ra-

tio according to the current version of Eurocode. 

 Classification of cross-section – current Eurocode 

Cross-section - 0.1 0.0 0.1 0.2 0.3 0.4 0.5 

HSS350x150x8.0 3 3 3 3 3 3 3 

HSS450x250x10.0 3 3 3 3 3 3 3 

HSS300x300x10.0 2 2 2 2 2 2 3 

HSS400x400x20.0 1 1 1 1 1 1 1 

HSS350x350x14.2 1 1 1 1 1 1 1 

HSS400x400x14.2 1 1 1 1 1 1 1 

HSS350x350x16.0 1 1 1 1 1 1 1 

HSS400x400x16.0 1 1 1 1 1 1 1 

HSS350x150x14.2 1 1 1 1 1 1 1 

HSS300x150x14.2 1 1 1 1 1 1 1 

HSS350x150x16.0 1 1 1 1 1 1 1 

HSS500x200x16.0 2 2 2 3 3 3 3 

Table 15 – Classification of the considered cross-section for each axial load ra-

tio according to the upcoming version of Eurocode. 

 Classification of cross-section – new Eurocode 

Cross-section - 0.1 0.0 0.1 0.2 0.3 0.4 0.5 

HSS350x150x8.0 3 3 3 3 3 3 3 

HSS450x250x10.0 3 3 3 3 3 3 3 

HSS300x300x10.0 3 3 3 3 3 3 3 

HSS400x400x20.0 1 1 1 1 1 1 1 

HSS350x350x14.2 1 1 1 1 1 1 1 

HSS400x400x14.2 2 2 2 2 2 2 3 

HSS350x350x16.0 1 1 1 1 1 1 1 

HSS400x400x16.0 1 1 1 1 1 1 1 

HSS350x150x14.2 1 1 1 1 1 1 1 

HSS300x150x14.2 1 1 1 1 1 1 1 

HSS350x150x16.0 1 1 1 1 1 1 1 

HSS500x200x16.0 3 3 3 3 3 3 3 
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Table 16 and Table 17 show the cross-section requirements for HSS 
according respectively to the current and the forthcoming version of Eu-
rocode. 

Table 16 – Cross-section requirements for internal compression parts:  

current Eurocode 3 [67].  

 
EC3 2005 

Class Part subject 
to bending 

Part subject  
to compression 

Part subject  
to bending and compression 

Stress distri-

bution in 

parts** 

   

1 c/t ≤ 72  c/t ≤ 33  


  

 
396

0.5 :
13 1

when c t  


  


36

0.5 :when c t  

2 c/t ≤ 83  c/t ≤ 38  


  

 
456

0.5 :
13 1

when c t  


  


41 .5

0 .5 :c
c

w hen c t  

Stress distri-

bution in 

parts** 

   

3 c/t ≤ 124  c/t ≤ 42  


   

 
42

1 :
0.67 0.33

when c t  

          *1 : 62 1when c t  

  235 yf  

*) 1applies where either the compression stress   yf or the tensile strain  y yf E  

**) The compression is positive 
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Table 17 – Cross-section requirements for internal compression parts:  

New Eurocode 3 [68].  

 
EC3 2025 

Class Part subject to  
bending 

Part subject to 
compression Part subject to bending and compression 

Stress dis-

tribution in 

parts** 

  

1 c/t ≤ 72  c/t ≤ 28  


  

 
126

0.5 :
5.5 1c

c

when c t  


  


36

0.5 :c
c

when c t  

2 c/t ≤ 83  c/t ≤ 34  


  

 
188

0.5 :
6.53 1c

c

when c t  


  


41.5

0.5 :c
c

when c t  

Stress dis-

tribution in 

parts** 

  

3 c/t ≤ 121  c/t ≤ 38  


   

    2

38
1 :

0.608 0.343 0.049
when c t

       *1 : 60.5 1when c t  

 
    

 
0.5 1 Ed

c
w y

N
c t f

 Where EdN is the design axial force taken as positive for compression and 

negative for tension 
*) 1 and a compression stress of  ,com Ed yf applies where the tensile strain  t yf E  

**) The compression is positive 
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2. Methodology 

Following an approach that is commonly adopted in experimental tests 
[70], the direction of the transverse displacements applied at the tip of 
the specimen remains constant during the single numerical test. Conse-
quently, the two components ux and uy of the displacement u of the tip of 
the cantilever are proportional to each other during the entire imposed 
loading history. However, the two components of the bending moment 
(i.e., Mx and My) do not vary proportionally. Hence, two approaches can 
be used to analyse and plot the cyclic response of the specimens. The first 
approach, followed by Ishida et al. [34], consists of plotting both the dis-
placement and the bending moment in the vertical plane inclined at the 
angle  (see equations 17-19). According to second approach, the result-
ant bending moment is directly evaluated and plotted. In the present 
study, the latter approach has been preferred, since both the displace-
ment loading direction and the angle β of the resultant bending moment 
vector may change during seismic events. To ensure a unique and con-
sistent evaluation of the orientation of the resultant bending moment vec-
tor, the direct use of the inverse tangent function, β=arctan (My/Mx) is 
inadequate, as it cannot distinguish between vectors belonging to differ-
ent quadrants and yields identical values for directions separated by π. 
Moreover, the expression becomes undefined for Mx=0, leading to numer-
ical singularities. To overcome these limitations, a piecewise formulation 
is introduced, in which the angle β is calculated at each instant of time 
by explicitly accounting for the signs of Mx and My, as illustrated in Fig. 
48. This approach allows the angle to be uniquely determined over the 
full interval (-π, π], thereby ensuring correct quadrant identification and 
proper treatment of degenerate cases.  
The magnitude of the resultant bending moment vector is  

cos sin     x yM M M  (20) 
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Fig. 48 – Definition of the angle of inclination of the resulting bending moment 

Once the cyclic response predicted by the numerical model has been 
determined, the bending moment is normalized to the maximum bending 
moment Mmax, and the normalized curve is used to evaluate the envelope 
curve corresponding to the first cycle and the chord rotations θ80% and 
θ50% at the achievement of a residual normalized bending moment equal 
to 0.80 and 0.50. The values of the response parameters corresponding to 
a residual normalized bending moment equal to 0.80 and 0.50 are as-
sumed to represent the chord rotation capacity at Significant Damage 
(SD) and Near Collapse (NC) limit states, respectively. As an example, 
Fig. 49 shows the normalized cyclic response (grey lines) of a specimen 
with a 400x400x16 mm cross-section, a shear span length of 1.50 m, and 
an axial force equal to 0.2 Npl. The figure refers to loading directions at 
angles of 15° and 30° and also shows the first-cycle envelope curves (red 
lines) as well as the chord rotations θ80% and θ50%. 
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(a) (b) 
Fig. 49 – Chord rotations corresponding to a residual normalized bending mo-

ment equal to 0.80 and 0.50 based on the first-cycle envelope curve (specimen 

400x400x16, Lv = 1.5 m, ν=0.2): (a) φ = 15°, (b) φ = 30° 

The chord rotation capacities corresponding to the achievement of 
the SD and NC limit states are decomposed in their projections along the 
x- and y-axes by means of the following relations 

θx = θ% cos φ (21a) 

θy = θ% sin φ (21b) 

Then, θx and θy are plotted to identify trends associated with variations 
in the main geometric and mechanical properties of the cross-section, as 
well as with the increase of the external axial load. Figs. 50a and b show 
the components of the rotation capacities of the above exemplary speci-
men at the SD and NC limit states. In particular, symbols of different 
colours and shapes identify chord rotations corresponding to different 
values of the axial load ratio ν. The figures clearly illustrate the detri-
mental effect of increasing axial load ratios on chord rotation capacity, 
with a more significant reduction observed for θ50%. It should be noted 
that the values of the chord rotation capacity θ50% achieved in columns 
subjected to tensile axial loads or to null values of the axial loads are very 
high. Such values are not compatible with the stability of buildings. In 
addition, in laboratory tests involving very compact cross-sections, such 
rotations are not reached, as the applied loading protocol is generally in-
terrupted due to limitations of the test setup. 
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(a) (b) 

Fig. 50 – Chord rotation domain (specimen 400×400×16, Lv = 1.5 m): (a) SD 

and (b) NC limit state 

 

  
(a) (b) 

Fig. 51 – Normalized chord rotation domain (specimen 400×400×16, Lv = 1.5 

m): (a) SD and (b) NC limit state 

Finally, to assess the influence of the direction of the resultant dis-
placement vector on the chord rotation capacity, the components of the 
chord rotation capacities are normalized to the values obtained under 
uniaxial bending, i.e., φ = 0° (see Fig. 51 as an example), named as 80%
and 50% . Referring to this figure, dashed lines are used to represent the 
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curve corresponding to a chord rotation capacity magnitude that remains 
constant regardless of the direction of the applied displacement (i.e. 

2 2
x y 1    ) and the curve corresponding to an assigned reduction in the 

chord rotation capacity due to biaxial bending, described by a linear in-
teraction domain (i.e. x y 1    ). The figure shows that, especially with 
reference to θ50% and columns with an axial load ratio in the range from 
0.1 to 0.4, the chord rotation capacity under biaxial bending is larger than 
that under uniaxial bending (i.e., the dots identifying the chord rotation 
capacity are outside the region of the plot bounded by the curve given by 
the equation 2 2

x y 1    ). This behaviour is attributed to the restraining 
effect exerted by the corner parts of the section, which inhibit the devel-
opment of local buckling in the flat areas, and is consistent with the re-
sults of laboratory tests carried out by Ishida et al. [34]. The beneficial 
effect of the biaxial bending on the chord rotation capacity is not observed 
in the specimens subjected to low tensile (F = 0.1 Npl) or zero external 
axial forces and lateral displacements applied at an angle φ = 45°. The 
reasons underlying this behaviour are discussed in the Section 4, where 
the evolution of the plastic hinge and the associated local buckling modes 
are illustrated. 

3. Trends on the finite element model responses 

3.1. Trends in the chord rotation capacity under biaxial bend-
ing 

The trends previously observed for the exemplary section are confirmed 
by the analysis of the cyclic response of all square-shaped HSS. Based on 
these trends, a normalized chord rotation capacity domain has been for-
mulated as 

1   m m
x y  (22) 

where m is a parameter that accounts for the reduction (values of m 
smaller than 2.0) or the increase (values of m greater than 2.0) in rotation 
capacity under biaxial-bending conditions. The interaction curves 
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corresponding to different values of the exponent m (ranging from 1.0 to 
10) are shown as red dashed lines in Figs. 52-53, with reference to square 
columns with varying axial load ratios.  

  

  

  

 
 

Fig. 52 – Trends of the normalized chord rotation capacity under biaxial bend-

ing at the SD limit state: square HSS. 
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Fig. 53 – Trends of the normalized chord rotation capacity under biaxial bend-

ing at the NC limit state: square HSS. 
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Fig. 52 shows that, when referring to the chord rotation capacity at 
the SD limit state of columns under biaxial bending, exponent m should 
be expressed as a function of the axial load ratio. In particular, higher 
values of m should be used for intermediate axial load ratios (i.e., ν be-
tween 0.2 and 0.4). 

Further, the comparison of Figs. 52-53 suggests that the same do-
main could be used with regard to SD and NC limit states. However, for 
this latter limit state, values of the exponent m higher than those re-
quired at the SD limit state should be used. 

Regarding the specimens with rectangular-shaped HSS, the projec-
tions along the x- and y-axes of the normalized rotation capacities ob-
tained at the SD and NC limit state are plotted in Figs. 54-55. it is im-
portant to note that the chord rotation capacities obtained from FE anal-
yses at φ = 0° and φ = 90° are not identical. Specifically, for low values of 
the axial load ratio (ν = 0.0, 0.1, or 0.2), the chord rotation capacities ob-
tained at the SD limit state for φ = 90° are either smaller or larger than 
those obtained for φ = 0°, depending on the size of the cross-section. This 
is evident in Fig. 54, where, for members with ν = 0.0, 0.1 or 0.2, values 
of 80%,y  either larger or smaller than 1.0 are obtained when 80%,x  is equal 
to 0.0. In the case of specimens subjected to higher axial loads, instead, 
the chord rotation capacities corresponding to the achievement of the NC 
limit state for φ = 90° are generally close to or larger than those obtained 
for φ = 0°. 

Under biaxial bending, if the angle φ is in the range from 0° to 30°, 
the chord rotation capacity is similar to that obtained under uniaxial 
bending about the major principal axis of inertia of the cross-section. In-
stead, a large increase in the chord rotation capacity is evident when the 
direction of the lateral displacements is inclined at an angle φ in the 
range from 60° to 75°. The development of the plastic hinge and the local 
buckling modes for an illustrative rectangular cross-section are discussed 
in the section 4. Unlike the case of square-shaped HSS, the beneficial 
effect of biaxial bending on the chord rotation capacity is also observed in 
specimens subjected to a null value of the axial load ratio and to lateral 
displacements inclined at an angle φ = 45°.  
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Fig. 54 – Trends of the normalized chord rotation capacity under biaxial bend-

ing at the SD limit state: rectangular HSS  
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Fig. 55 – Trends of the normalized chord rotation capacity under biaxial bend-

ing at the NC limit state: rectangular HSS  
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Based on these results, the proposed equation of the chord rotation 
capacity domain can be generalized as follows: 

1    m m m
x y  (23) 

where 90 0      
In Eq. (23), the parameter η is introduced to account for the different 

chord rotation capacities of specimens with rectangular cross-sections un-
der uniaxial bending about the minor or major principal axis of inertia of 
the cross-section (φ = 90° or 0°, respectively). The proposed domain is 
plotted in Figs. 54-55 by red dashed lines for values of m ranging from 
1.0 to 10. It should be noted that the parameter η depends on the geomet-
ric and mechanical properties of the cross-section. Hence, a different do-
main should be plotted for each considered cross-section. However, for the 
sake of simplicity, a single curve, referring to the cross-section character-
ized by the smallest value of η, has been plotted. 

The comparison between the normalized chord rotation values ob-
tained from the numerical analyses and those predicted by Eq. (22) sug-
gests that the exponent m should generally be larger than that used for 
square cross-sections. Hence, to derive a generalized expression of the 
interaction domain, this exponent should be formulated as a function of 
both the axial load ratio and the depth-to-width ratio of the cross section. 

3.2. Trends in the chord rotation capacity under uniaxial bend-
ing 

Since the chord rotation capacity domains examined in the previous sec-
tion are expressed in normalized terms with respect to the capacity under 
uniaxial bending, it is necessary to develop predictive equations for this 
reference condition. In the recent past, predictive equations of the chord 
rotation capacity under uniaxial bending have been proposed [44]. How-
ever, these equations cannot be applied to the present framework for 
three main reasons: (1) in accordance with the approach adopted in the 
second generation of Eurocode 8, the rotation capacities at the SD and 
NC limit states are defined here with reference to a residual bending ca-
pacity equal to 80% and 50% of the maximum bending moment, respec-
tively—whereas in the equations proposed in literature, the reference 
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value was the plastic flexural resistance; (2) the specimens in this study 
are subjected to axial load ratios ranging from –0.1 to 0.5, compared to a 
narrower range (0.0 to 0.3) considered in the previous work; and (3) in 
the case of rectangular cross sections, both the chord rotation capacities 
under uniaxial bending about the major and minor principal axes of in-
ertia must to be considered. 

To identify predictive parameters for the chord rotation capacity at 
the SD and NC limit states, the logarithms of the chord rotations, θ80% 
and θ50%, obtained from FE analyses with displacement directions at 0° 
or 90°, are first plotted as a function of geometric and mechanical param-
eters that are expected to affect the cyclic response of HSS members. To 
enhance the validity of the proposed equations, chord rotation capacities 
reported in the literature from laboratory tests (i.e. Kurata et al. [29], 
Fadden and McCormick [31], D’Aniello et al. [30], Mukaide et al. [35], and 
Suzuki and Lignos [33]) on HSS with different steel grades are also in-
cluded in the investigation. 

The geometric and mechanical parameters considered in the present 

investigation are in particular, the flange slenderness f and the web 

slenderness w are considered as predictors as they are strongly related 

to local buckling phenomena, which govern strength and stiffness degra-

dation. These parameters are also commonly used in design codes to dis-

tinguish between compact and slender cross-sections. They are calculated 

as f f yλ b t f E  and w w yλ h t f E , where t is the wall thickness, 

while hw and bf are obtained from the cross-sectional depth h and width 

b, respectively, by subtracting twice the exterior corner re. The depth-to-

width ratio hw/bf is introduced to account for the different behaviour ob-

served in square and rectangular cross-sections. To describe the portion 

of the member involved in plastic dissipation, attention is also focused on 

the half-wavelength of the buckled flange Lm, which is calculated as 

 0.25

m f f1.2L b h b  [30], and on the slope of the bending moment diagram. 

Since the plastic bending moment is fixed, the slope of the bending mo-

ment diagram is captured by the shear span length Lv. To make use of 

normalized parameters, the shear span length is normalized to either the 
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depth (Lv/hw), the width (Lv/bf ), or to the half-wavelength of the buckled 

flange (Lm/Lv). Finally, the axial load ratio  is considered because it is 

used is in the current Eurocode 8 to distinguish between ductile (speci-

mens with  ≤ 0.30) and fragile (specimens with  > 0.30) members. 

It should be noted that, in the definition of all the aforementioned 

parameters, the depth of the cross-section is taken as parallel to the dis-

placement loading direction.  
The linear relationship between each parameter and the logarithms 

of chord rotation capacity at the SD and NC limit states is evaluated us-
ing the coefficient of determination (R²), derived from the Pearson prod-
uct-moment correlation. As an example, Fig. 56a shows the logarithms 
of the chord rotations θ80% as a function of the axial load ratio in the range 
from -0.1 to 0.5. In particular, coloured symbols pinpoint results of nu-
merical analyses, whereas black symbols pinpoint results from laboratory 
tests. The figure demonstrates good agreement between FE and labora-
tory results and confirms the strong influence of the axial load ratio on 
the chord rotation capacity. On the other hand, Figs. 56b-f present the 
logarithms of the chord rotation capacity θ80% as a function of some of the 
other above-mentioned parameters, considering only two values of the 
axial load ratios (i.e., ν = 0 or 0.3). For each value of the axial load ratio, 
trend lines and coefficients of determination are also reported. Among the 
considered axial load ratios, the slenderness of the web w is the param-
eter that mostly affects the chord rotation capacity, with coefficients of 
determination equal to 0.47 or 0.59 for ν = 0 and 0.3, respectively. The 
slenderness of the flange f primarily influences the chord rotation capac-
ity in specimens with a zero axial load ratio, whereas an opposite trend 
is recorded for the parameter Lv/hw. The ratio Lm/Lv has a moderate in-
fluence on the chord rotation capacity, regardless of the axial load ratio. 
Finally, the coefficients of determination calculated with reference to the 
parameter hw/bf are close to 0.0. 

These trends are confirmed by the analysis of the coefficients of de-
termination calculated for all the examined parameters concerning HSS 
members at the SD and NC limit states (see Fig. 57). With specific regard 
to the NC limit state, the values of R2 obtained for members subjected to 
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tensile axial loads are not reported here. Indeed, as already mentioned, 
the chord rotation capacities achieved for such columns are not consid-
ered compatible with the stability of columns belonging to buildings. In 
addition, there are no laboratory tests available in the literature that can 
validate the results of numerical results in the case of members subjected 
to the combined effect of tensile force and bending moments. Therefore, 
these values are not considered for the calibration of the predictive equa-
tions. 

 

   
(a) (b) (c) 

   
(d) (e) (f) 

Fig. 56 – Natural logarithm of the chord rotation at the SD limit state as a 
function of (a) ν, (b) f , (c) w, (d) Lv /hw, (e) Lm /Lv, (f) hw/bf. (θ80 expressed in 

rad). 

The trends shown in Fig. 57 clearly show that the ratio hw/bf is not 
linearly related to the logarithms of the chord rotation capacity. However, 
it is believed that the above ratio should have an influence on the chord 
rotation capacity of members. Indeed, the ratio hw/bf affects the relative 
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stiffness between the web and the flange. In particular, the flexural stiff-
ness provided by the web–corners assembly at the ends of the flange 
plates increases as the ratio hw/bf decreases, thus modifying the flange 
slenderness. Similarly, the flexural stiffness provided by the flange–cor-
ners assembly at the ends of the web plates decreases as the ratio hw/bf 
decreases, thus modifying the web slenderness. To confirm this idea, the 
coefficient of determination between the slenderness of the flange f and 
the chord rotation capacity of HSS members at the SD and NC limit 
states is calculated again, considering only square cross-sections. Values 
referring to the web slenderness are not reported because, for square 
cross-sections, the two values of slenderness are equal. The comparison 
of the R2 values reported in Figs. 57 and 58 shows that the correlation 
between the slenderness of the flange f (and hence that of the web) with 
the logarithms of the chord rotation capacity is different for specimens 
characterized by different values of the ratio hw/bf. 

Based on the observed trends, two formulations are preliminarily se-
lected to predict the chord rotation capacity at the SD and NC limit states 
under uniaxial bending, i.e. 

         f w f w w f
h b h b

pred 0 f w0 , 90 1LCC CC
m VC L L                  (24) 

           f w f w w f
h b , h b ,

pred 0 f w0 , 90 LCC C
m VC L L                 (25) 
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Fig. 57 – Coefficient of determination related to different parameters and the 

logarithms of the chord rotation capacity at the (a) SD and (b) NC limit states. 

  
Fig. 58 – Coefficient of determination related to the flange slenderness and the 

logarithms of the chord rotation capacity at the (a) SD and (b) NC limit states: 

square cross-sections 
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In the previous equations, the flange and web slenderness f and w, 
and the ratio Lm/Lv are considered predictors. The terms C0, Cf, Cw, CL, and 

C are regression coefficients, while ε represents the residuals. The re-
gression coefficients related to the web and flange slenderness, i.e., Cf and 
Cw, are assumed to be functions of the hw/bf ratio. The two equations in-
corporate the effect of the axial load ratio in different ways. Specifically, 
in Eq. (24) the term (1-ν) is used as a predictor, whereas in Eq. (25) the 
regression coefficients are expressed as a function of the axial load ratio 
ν. In both equations, the shear span-to-depth ratio Lv/hw has been ex-
cluded as a predictor due to collinearity issues. 

4. Evolution of the plastic hinge 

To explain the differences in rotation capacity observed under uniaxial 
and biaxial bending, the cross-section 400×400×20 and the 350×150×14.2 
are considered as an illustrative case of square and rectangular cross-
sections, respectively. 

For the square cross-section, two displacement angles (i.e., φ = 0° and 
φ = 45°) are examined. Figs. 59a and 59b show the chord rotation capac-
ities θ80% and θ50%, respectively, for increasing values of the axial load ra-
tio. In each figure, two curves are plotted, each corresponding to one of 
the considered displacement angles. The figures show that, for φ = 0°, the 
rotation capacity θ80% significantly decreases with the increase of the ax-
ial load ratio, whereas this reduction is less pronounced for φ = 45°. Ow-
ing to these different trends, in the absence of axial load the rotation ca-
pacity corresponding to φ = 45° is lower than that corresponding to φ = 
0°. Conversely, for an axial load ratio equal to ν = 0.3, the rotation capac-
ity associated with φ = 45° becomes slightly greater than that correspond-
ing to φ = 0°. 

To explain these different trends, the development of the plastic 
hinge and, in particular, the local buckling modes are illustrated for in-
creasing values of the chord rotation in members with axial load ratios 
equal to 0 and 0.3. 
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(a) (b) 

Fig. 59 – Values of the chord rotation capacities (a) θ80% and (b) θ50% for in-

creasing axial load ratios (cross-section 400x400x20 with Lv = 2.25 m) 

(a) 

   

 θ = 0.05 rad θ = 0.07 rad ≈ θ80% θ = 0.09 rad < θ50% 

(b) 

 
  

 θ = 0.05 rad ≈ θ80% θ = 0.07 rad θ = 0.09 rad ≈ θ50% 

Fig. 60 – Plastic hinge development for specimen 400×400×20 with  = 0  

subjected to loading protocols with different displacement angles:  

(a) =0°; (b) =45°. 
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In the following explanation, the cross-section sides that are partially 
in compression and intersected by the neutral axis are named webs. This 
clarification is necessary as, in biaxial bending, the inclination of the neu-
tral axis is variable and, thus, flanges and webs are not univocally iden-
tified. In general, the strength degradation appears to be primarily re-
lated to web buckling. 

For ν = 0 and φ = 0° (Fig. 60a), no appreciable local buckling occurs 
up to a chord rotation of 0.05 rad. At larger rotations, local buckling of 
the flanges develops, while the webs retain their strength and stiffness. 
Indeed, at flange buckling, the neutral axis is parallel to the flanges, and 
only half of each web is subjected to compressive axial stresses. Web buck-
ling becomes appreciable at a chord rotation of 0.07 rad, i.e., at a rotation 
close to that identified as θ80%. At a chord rotation of 0.10 rad, i.e., corre-
sponding approximately to θ50%, the strength degradation becomes signif-
icant. This loss of strength is induced by combined buckling of flanges 
and webs, which also causes rotation of the four corner regions. 

Conversely, when the same cross-section is subjected to loading pro-
tocols with a displacement angle φ = 45° Fig. 60b), the neutral axis ori-
entation causes flange and web buckling to occur simultaneously at a 
chord rotation of approximately 0.04 rad. This leads to rapid strength 
degradation, thereby explaining the lower rotation capacity observed at 
the SD limit state for specimens subjected to zero axial load ratio. 

For ν = 0.3, the portion of the webs subjected to compressive axial 
stresses becomes significant also in the case of φ = 0° (Fig. 61a). Conse-
quently, buckling of both webs and flanges occurs at chord rotations sim-
ilar to those observed for φ = 45°. However, in the latter case, buckling of 
flanges and webs is less pronounced and no longer symmetric with re-
spect to the horizontal and vertical axes of the cross-section, since two of 
the four corners retain their restraining effect (Fig. 61b). 
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(a) 

 

θ = 0.03 rad≈ θ80% 

 

θ = 0.04 rad > θ50% 

(b) 

 

θ = 0.03 rad ≈ θ80% 

 

θ = 0.04 rad ≈ θ50% 

Fig. 61 – Plastic hinge development for specimen 400×400×20 with  = 0.3  

subjected to loading protocols with different displacement angles:  

(a) =0°; (b) =45°. 

With regard to the rectangular cross-sections, instead, the largest in-
crease in rotation capacity occurs, irrespective of the axial load ratio, for 
displacement angles in the range from 60° to 75°. Accordingly, the cases 
with φ = 0° (Fig. 62a) and φ = 75° (Fig. 62b), with =0.3, are taken herein 
as representative cases. 

In the case of φ = 0°, no local buckling occurs up to a chord rotation 
equal to 0.02 rad. At a chord rotation of 0.03 rad (approximately corre-
sponding to θ80%) web buckling occurs before local buckling of the flanges 
becomes appreciable. This behaviour is due to the low slenderness ratio 
of the flanges, while half of the web is in compression. Web buckling in-
duces rotation of the corner parts and subsequently triggers flange buck-
ling (θ = 0.04 rad ≈ θ50%). In the case of φ = 75°, by contrast, the flanges 
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exhibit a larger slenderness ratio than the web, which therefore retains 
its stiffness. 

(a) 

  
 θ = 0.02 rad θ = 0.03 rad ≈ θ80% θ = 0.04 rad ≈ θ50% 

(b) 

 θ = 0.02 rad ≈ θ80% θ = 0.03 rad ≈ θ80% θ = 0.04 rad ≈ θ80% 

Fig. 62 – Plastic hinge development for specimen 350×150×14.2 with  = 0.3 

subjected to loading protocols with different displacement angles:  

(a) =0°; (b) =75°. 
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5. Formulation of the chord rotation capacity under biaxial 
bending 

To predict the chord rotation capacity under biaxial bending, the normal-
ized chord rotation capacities (θx and θy) are first expressed as: 

 pred

cos

0

 
 

   x  (26a) 

 
 
 

pred

pred pred

0sin

0 90

     
 

        
y  (26b) 

where  is the angle of the displacement loading direction. Still in the 
same equations, θpred ( = 0°) and θpred ( = 90°) are the chord rotation 
capacities corresponding to angles of the displacement loading direction 
equal to 0° or 90°, respectively. These latter chord rotation capacities are 
formulated by either Eq. 24 or Eq. 25. 

Then, Eqs. 26a and 26b are substituted into Eq. (23), and the chord 
rotation capacity under biaxial bending is obtained as: 

   
   

pred
pred

0

cos sin

    
  

   m mm

 (27) 

To determine the values of the regression coefficients needed for the pre-
diction of the chord rotation capacity under biaxial bending, a regression 
analysis is conducted on the log-transformed data, and the least-squares 
method is used. In particular, the regression analysis has been performed 
with reference to both the SD and NC limit states, following either of the 
two proposed alternative formulations of the uniaxial chord rotation ca-
pacity (i.e., Eq. 24 or Eq. 25).  
It should be noted that an additional constraint has been considered 
within the optimization problem to obtain normally-distributed loga-
rithms of the residuals. To enforce this latter constraint, the Jarque-Bera 
[71] test has been performed on the logarithms of the residuals, and a p-
value not less than 0.30 has been required. 

The optimal regression coefficients (C0, Cf. Cw, CL, Cv, and m) are re-
ported in Tables 18-21.  
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Table 18 – Proposed regression coefficients at the SD limit state, if the chord 

rotation capacity under uniaxial bending is calculated by Eq. (24) 

Regression 
coefficient Proposed expression 

C0 0.022  

Cf  0.047 0.16w fh b   

Cw 0.16 0.383w fh b   

CL 0.354  

Cν 1.734  

m 
  

 

29.12 6.0 2.84 0.753 0.247 0

2.84 0.753 0.247 0.1 0

w f

w f

h b if

h b if

  



   

   
 

Table 19 – Proposed regression coefficients at the SD limit state, if the chord 

rotation capacity under uniaxial bending is calculated by Eq. (25) 

Regression 
coefficient Proposed expression 

C0  exp 4.24 3.53   

Cf  max 0.708 0.015,0.036 0.608 0.221w fh b      

Cw  0.10 0.176 0.833 0.250w fh b     

CL 0.903 0.246   

m 
  

 

222.8 13.9 1.496 1.485 0.485 0

1.496 1.485 0.485 0.1 0

w f

w f

h b if

h b if

  



    

   
 

Table 20 – Proposed regression coefficients to be used at the NC limit state, if 

the chord rotation capacity under uniaxial bending is calculated by Eq. (24) 

Regression 
coefficient Proposed expression 

C0 0.042  

Cf 0.045 0.17w fh b   

Cw 0.164 0.446w fh b   

CL 0.255  

Cν 2.260  

m   242 19.8 4.07 6 5w fh b     
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Table 21 – Proposed regression coefficients at the NC limit state, if the chord 

rotation capacity under uniaxial bending is calculated by Eq. (25) 

Regression 
coefficient Proposed expression 

C0  exp 5.29 2.77   

Cf  20.417 0.425 0.036 0.344w fh b       

Cw  min 0.293 0.027, 0.166 0.69 0.296w fh b       

CL 1.02 0.10   

m   228 12.5 3.93 5 4w fh b     

  

To provide a comprehensive assessment of the accuracy of the pro-
posed formulation, the chord rotation capacities predicted for all the con-
sidered specimens by means of the proposed expressions have been com-
pared in Figs. 63 and 64 to those resulting from the FE models. Specifi-
cally, while Fig. 63 refers to the chord rotation capacities corresponding 
to the SD limit state, Fig. 64 refers to the chord rotation capacities at the 
NC limit state. In each figure, the results refer to all the considered cross-
sections and angles of the displacement loading direction. Symbols with 
different colours and shapes have been used to indicate the axial load 
ratio of the specimen. The figures show that the prediction of the chord 
rotation capacities is more accurate when the regression coefficients are 
expressed as a function of the axial load ratio (Figs. 63b and 64b), par-
ticularly in the case of high rotation capacities. However, even when the 
regression coefficients are defined regardless of the axial load ratio (Figs. 
63a and 64a), the maximum error in the predicted chord rotation capac-
ity at the SD limit state only occasionally exceeds 20%. Larger errors are 
observed in the predicted chord rotation capacities at the NC limit state. 
Despite these discrepancies, the obtained coefficients of determination 
remain high, ranging from 0.94 (achieved when θ50% is predicted by Eq. 
(24)) to 0.97 (achieved when θ80% is predicted by Eq. (25)).  

To statistically characterize the logarithms of the residuals, they 
have been calculated for both the SD and NC limit states, and their fre-
quency distribution is illustrated using bar charts in Figs. 65 and 66.  
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(a) (b) 

Fig. 63 – Accuracy of the proposed equation in predicting the chord rotation ca-

pacity at the SD limit state: prediction by (a) Eq. (24) and (b) Eq. (25). 

 

  
(a) (b) 

Fig. 64 – Accuracy of the proposed equation in predicting the chord rotation ca-

pacity at the NC limit state: prediction by (a) Eq. (24) and (b) Eq. (25) 
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(a) (b) 

Fig. 65 – Estimate of the logarithms of residuals in predicting the chord rota-

tion capacity at the SD limit state: prediction by (a) Eq. (24) and (b) Eq. (25) 

  
(a) (b) 

Fig. 66 – Estimate of the logarithms of residuals in predicting the chord rota-

tion capacity at the NC limit state: prediction by (a) Eq. (24) and (b) Eq. (25) 

Inspection of the frequency distribution charts confirms that the log-
arithms of the residuals can be described by a normal distribution and 
that the mean value of the logarithms of the residuals is always close to 
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also reported, together with the mean and standard deviation of this nor-
mal distribution. 

To more deeply investigate the influence of the angle of the displace-
ment loading direction on the accuracy of the proposed equations, the fre-
quency distribution of the logarithms of the residuals is shown in Figs. 
67 and 68 as a function of the assigned angle of the displacement loading 
direction. Specifically, Figs. 67a and 68a refer to residuals obtained 
when the chord rotation capacity under uniaxial bending is predicted by 
Eq. (24); Figs. 67b and 68b, instead, correspond to predictions obtained 
by Eq. (25). For each angle of the displacement loading direction, red dots 
also indicate the value of the logarithms of the residuals corresponding 
to the 50th percentile.  

  
(a) (b) 

Fig. 67 – Frequency distribution of the logarithms of the residuals at the SD 

limit state in the case of chord rotation capacity predicted by: (a) Eq. (24) and 

(b) Eq. (25). 

  
(a) (b) 

Fig. 68 – Frequency distribution of the logarithms of the residuals at the NC 

limit state in the case of chord rotation capacity predicted by: (a) Eq. (24) and 

(b) Eq. (25). 
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Inspection of the frequency distribution charts suggests that: (1) the 
assumption that the logarithms of the residuals follow a normal distribu-
tion remains reasonable, regardless of the considered angle of the dis-
placement loading direction; (2) the 50th percentile value is close to zero, 
particularly when the chord rotation capacity under uniaxial bending is 
predicted by Eq. (25). 

6. Validation of the predictive equations with datasets differ-
ent from those used for the calibration 

To validate the accuracy of the proposed predictive equations against 
specimens different from those used in the calibration, two additional da-
tasets are considered.  

The first set comprises five cross-sections selected so as to cover a 
wide range of bf/t values. Very small cross-sections have been disre-
garded, as these sections do not find application in columns of moment 
resisting frames. Five cases were investigated for each cross-section. 
These cases were obtained assigning random values of the shear span 
length, axial load ratio and angle of displacement values (as reported in 
Table 22).  

Furthermore, to validate the predictive equations also in the case of 
specimens with amplitude of imperfections smaller than that used in the 
parametric analyses, each of the considered specimens was investigated 
three times, considering an amplitude of the imperfection equal to either 
0.1%, 0.35% and 0.64% of the cross-section width. This latter value cor-
responds to 80% of the fabrication tolerance used for European profiles.  

Figs. 69 and 70 present a comparison between the rotation capacity 
predicted by the proposed equations and that obtained from numerical 
models. Specifically, imperfection amplitudes equal to 0.1%, 0.35%, and 
0.64% of the cross-section width are represented by white, grey, and black 
dots, respectively. The analysis of the figures, together with the coeffi-
cients of determination obtained for the different imperfection levels (Ta-
ble 23), confirms that the prediction of rotation capacity maintains good 
accuracy within the considered range of imperfections. A slight reduction 
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in the coefficient of determination is observed for specimens with very 
low imperfection amplitudes.  

Table 22 – Features of the additional numerical cases considered for the vali-

dation of the proposed predictive equations. 

Section  Case 1 Case 2 Case 3 Case 4 Case 5 

S250×250×10.0 

Lv [mm] 1500 2250 2250 2250 3000 

ν 0.5 0.2 0.3 0.4 0.10 

φ 0° 45° 30° 15° 0° 

S300×300×14.2 

Lv [mm] 1500 2250 2250 2250 3000 

ν 0.4 0.1 0.2 0.3 0.00 

φ 15° 0° 45° 30° 15° 

S300×200×10.0 

Lv [mm] 1500 2250 2250 2250 3000 

ν 0.3 0.0 0.1 0.2 0.20 

φ 90° 75° 30° 0° 45° 

S400×400×12.5 

Lv [mm] 1500 2250 2250 2250 3000 

ν 0.4 0.1 0.2 0.3 0.0 

φ 45° 30° 15° 0° 45° 

S200×200×9.0 

Lv [mm] 1500 2250 2250 2250 3000 

ν 0.2 0.0 0.1 0.5 0.3 

φ 30° 0° 45° 15° 30° 
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 (a)  (b) 

Fig. 69 – Accuracy of the proposed equation in predicting the chord rotation ca-

pacity at SD limit state obtained by a second dataset of specimens: prediction 

by (a) Eq. (24) and (b) Eq. (25). 

 

  
 (a)  (b) 

Fig. 70 – Accuracy of the proposed equation in predicting the chord rotation ca-

pacity at NC limit state obtained by a second dataset of specimens: prediction 

by (a) Eq. (24) and (b) Eq. (25). 
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Table 23 – Coefficients of determination for specimens with different  

amplitude imperfections 

Imperfection  
amplitude 

θ80% by  
Eq (24) 

θ80% by  
Eq (25) 

θ50% by  
Eq (24) 

θ50% by  
Eq (25) 

0.10% b 0.77 0.88 0.85 0.84 
0.35% b 0.86 0.92 0.89 0.90 
0.68% b 0.89 0.93 0.89 0.90 

 
The second additional set consists of specimens for which the cyclic 

response has been determined by laboratory tests available in the litera-
ture. In particular, tests conducted by Kurata et al. [29], Fadden and 
McCormick [31], Suzuki and Lignos [33], D’Aniello et al. [30], Ishida et 
al. [34], and Mukaide et al. [35] are considered. The selected specimens, 
listed in Table 24, differ in terms of cross-section dimensions, shear span 
length (ranging from 867 mm to 1875 mm), steel grade (STKR400, 
A500B, S355, BCR295), axial load ratio (from 0.0 to 0.40), and loading 
displacement angles. With regard to the latter aspect, most specimens 
were tested under uniaxial bending, whereas only a limited number – 
exclusively with square cross-sections – were investigated under dis-
placement angles of 15°, 30°, or 45°. Unfortunately, no experimental tests 
are available in the literature to assess the response of rectangular sec-
tions under biaxial bending.  

Following the methodology described in the paper, the rotation ca-
pacity corresponding to the first-cycle envelope of the cyclic response of 
the laboratory tests has been first determined and then compared with 
that predicted by the equations, as shown in Figs. 71 and 72. The Figures 
show that the proposed predictive equation is particularly adequate in 
predicting rotation capacity of specimens made of S355 and A500B and 
generally slightly underestimates the rotation capacity of specimens 
made of BCR295 steel grade. This result is expected to be related to the 
lower imperfections accepted for such specimens. 
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Table 24 – Laboratory specimens considered for the validation of the proposed 

predictive equations. 

Reference Specimen Steel  
grade 

fy (flat) 
[MPa] 

Lv  
[mm]   

Kurata et al. [29] 200×200×6 STKR400 380 1265 0.10 0° 
Kurata et al. [29] 200×200×6 STKR400 380 1265 0.30 0° 
Kurata et al. [29] 200×200×9 STKR400 404 1265 0.10 0° 
Kurata et al. [29] 200×200×9 STKR400 404 1265 0.30 0° 
Kurata et al. [29] 200×200×12 STKR400 425 1265 0.30 0° 
Fadden and McCormick [31] 203×203×6.4 A500B 444 1537 0.00 0° 
Fadden and McCormick [31] 254×203×6.4 A500B 444 1537 0.00 0° 
Fadden and McCormick [31] 254×102×6.4 A500B 444 1537 0.00 0° 
Suzuki and Lignos [33] 254×254×9.5 A500B 418 1525 0.30 0° 
Suzuki and Lignos [33] 305×306×16 A500B 418 1825 0.30 0° 
D’Aniello et al. [30] 80×60×4 S355 321 1875 0.00 0° 
D’Aniello et al. [30] 160×160×6.3 S355 430 1875 0.00 0° 
D’Aniello et al. [30] 250×250×8 S355 480 1875 0.00 0° 
D’Aniello et al. [30] 100×250×10 S355 430 1875 0.00 0° 
D’Aniello et al. [30] 200×200×10 S355 450 1875 0.00 0° 
Ishida et al. [34] 200×200×9 BCR295 375 867 0.20 15° 
Ishida et al. [34] 200×200×9 BCR295 375 867 0.40 15° 
Ishida et al. [34] 200×200×9 BCR295 375 867 0.20 30° 
Ishida et al. [34] 200×200×9 BCR295 375 867 0.40 30° 
Ishida et al. [34] 200×200×9 BCR295 443 867 0.20 45° 
Ishida et al. [34] 200×200×9 BCR295 443 867 0.40 45° 
Mukaide et al. [35] 300×300×9 BCR295 362 1640 0.25 0° 
Mukaide et al. [35] 300×300×12 BCR295 377 1640 0.00 0° 
Mukaide et al. [35] 300×300×12 BCR295 377 1640 0.25 0° 
Mukaide et al. [35] 300×300×16 BCR295 394 1640 0.25 0° 
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 (a)  (b) 

Fig. 71 – Accuracy of the proposed equation in predicting the chord rotation ca-

pacity obtained by laboratory tests at the SD limit state: (a) Eq. (24) and (b) Eq. 

(25). 

 

  
 (a)  (b) 

Fig. 72 – Accuracy of the proposed equation in predicting the chord rotation ca-

pacity obtained by laboratory tests at the NC limit state: (a) Eq. (24) and (b) 

Eq. (25). 
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 Chapter 4 

SIMPLIFIED MODELLING OF THE CYCLIC RE-
SPONSE OF HSS MEMBERS BY MEANS OF END-
ING ZERO-LENGTH ROTATIONAL SPRINGS 
 
In the present chapter, the results of the cyclic parametric analyses of 
columns under uniaxial bending with an axial load ratio up to 0.3Npl pre-
sented in the previous chapter are used as a benchmark to calibrate a 
simplified numerical model. First, to simulate cantilever elements, the 
numerical model consists of a rigid element with a rotational spring at 
the base. The nonlinear response of the spring is simulated by the modi-
fied Ibarra-Krawinkler deterioration model (MIK) in terms of bending 
moment versus chord rotation. The considered cantilever elements differ 
because of the cross-section geometry, shear span ratio and axial load ra-
tio. The response of such members has been obtained with reference to 
both monotonic and cyclic loading protocols and the values of the param-
eters of the MIK model have been separately calibrated to simulate the 
cyclic response and the first-cycle envelope curve. Analytical equations 
are provided for the parameters of the model as a function of the axial 
load ratio and geometric properties of the members; in addition, the re-
siduals of the parameters of the Modified Ibarra-Krawinkler numerical 
model are modelled and estimated so that Monte Carlo analyses with un-
certain cyclic response parameters may be performed. 

Second, results of laboratory test results available in the literature 
and already discussed in Chapter 1 are used to validate the proposed 
equations with reference to structural elements and steel grades different 
from those considered in the phase of calibration. 
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Finally, the proposed equations for predicting the parameters of the MIK 
model are generalized so that they can be used to simulate the response 
of members modelled as elastic elements with rotational springs at both 
the ends or as elements with finite-length hinges. 

1. The Modified Ibarra-Krawinkler deterioration model 

The monotonic response offered by the Modified Ibarra-Krawinkler (Fig. 
73) model is achieved by fixing values for three strength parameters and 
four deformation parameters. The strength parameters encompass the 
yield bending moment (My), the capping bending moment (Mc), and the 
residual bending moment (Mr). On the other hand, the deformation pa-
rameters include yielding rotation (y), the pre-capping plastic rotation 
(p), the post-capping plastic rotation (pc) and the ultimate rotation (u).  

 
Fig. 73 – Monotonic curve of the modified Ibarra-Krawinkler Model. 

The pre-capping plastic rotation refers to the difference between the 
rotation associated with the capping bending moment and the rotation at 
yield, whereas the post-capping plastic rotation is defined as the differ-
ence between the rotation corresponding to a zero bending moment and 
the rotation corresponding to the capping bending moment. It should be 
noted that all the above-mentioned parameters must be determined 
based on the monotonic response of the specimens. Therefore, in addition 
to the cyclic analyses carried out in ABAQUS and discussed in Chapter 
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3, monotonic analyses were also performed on the same set of specimens, 
as they are required for the calibration procedure. 

Once the monotonic curve is established, it is necessary to determine 
the rates  of cyclic deterioration in yield strength, post-capping strength, 
reloading stiffness, and unloading stiffness in order to model the cyclic 
response. 

2. Identification of the target parameters derived by the mono-
tonic response 

As shown in Fig. 74, the considered members are characterized by differ-
ent monotonic responses in terms of bending moment M and chord rota-
tion θ. In particular, elements with a null value of the axial force and 
with cross-sections characterized by low values of the ratios bf/t and hw/t 
show that, once the maximum bending moment has been reached, its 
value remains virtually constant for a wide range of plastic rotations. 
Conversely, in the case of elements with high values of the axial force and 
high values of the ratios bf/t and hw/t, the strength degradation begins at 
chord rotations slightly larger than those corresponding to the achieve-
ment of the maximum bending moment.  

To simulate these different responses properly, the bending moment 
at yield (My) is conventionally determined as the plastic resistance of the 
HSS cross-section reduced because of the axial load (Mpl,N), as shown in 
the following relation 

2

y pl,N pl y y2
4

  
y

M M W f t f
 (28) 

where Wpl is the modulus of the plastic resistance of the cross-section, fy 
is the yield strength of steel of the flat parts and y is the depth of the 
portion of the web that resists the applied axial force. It should be noted 
that, if applied to sections that can develop the full plastic resistance, Eq. 
(28) provides values of the bending moment at yield that are lower than 
the actual bending moments at yield because of the higher strength of 
steel of the corner parts at low strains. The same equation, instead, over-
estimates the bending moment at yield in sections that are not able to 
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develop the full plastic resistance because of the premature local buckling 
of the flat parts. 

The chord rotation at yield is calculated by means of the following 
relation  

pl,N V
y 3

M L

E I
 

 (29) 

where Lv is the shear span, E is the elastic modulus of steel and I is the 
moment of inertia of the cross-section. 

 

  

  

  
Fig. 74 – Monotonic and cyclic responses of some specimens  
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The capping bending moment is calculated here as corresponding to 
the point of the descending branch of the monotonic curve that is charac-
terized by a value of the bending moment equal to 98% of the maximum 
bending moment. The pre-capping plastic rotation is the difference be-
tween the rotation θm corresponding to the previously determined cap-
ping bending moment and the chord rotation at yield. 

To calculate the rotation corresponding to a null bending moment, 
the following procedure is applied. First, the point of the target monotonic 
curve characterized by a chord rotation equal to 3θm is identified and the 
corresponding bending moment is named M3θ. Second, the point of the 
target monotonic curve characterized by a bending moment equal to 
M2 = (Mc+ M3θ)/2 is identified and the corresponding chord rotation is 
named θ2. Third, a straight line is drawn passing through points (θm, Mc) 
and (θ2, M2) and the chord rotation corresponding to a null bending mo-
ment (θM0) is obtained by linear extrapolation. Fourth, the post-capping 
plastic rotation is calculated as θM0 – θm. As an example, Fig. 75 shows 
the degradation branch of the MIK model (dashed red line) and the cor-
responding monotonic curve for two of the considered cases. The figure 
highlights that the proposed procedure is suitable for capturing with suf-
ficient accuracy the shape of the degradation branch of the monotonic 
curve in the case of either severe or low degradation rate. In particular, 
in the case of severe degradation rate the procedure is specifically in-
tended to simulate the first part of the post peak curve. Indeed, in the 
case of severe degradation rate, an accurate estimate of the bending mo-
ment – chord rotation curve is not crucial at large values of the chord 
rotation as the level of damage corresponding to such chord rotations is 
such that the building is generally assumed to be collapsed. Such high 
degradation rates are usually achieved in columns subjected to high axial 
forces. 
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Fig. 75 – Identification of the degradation branch of the monotonic curve:  
(a) cross-section S450x250x10.0 (Lv=3.0m, ν=0.2), (b) cross-section 

S300x150x14.2 (Lv=3.0m, ν=0.0) 

3. Prediction of the parameters of the monotonic response 

Once the target values of Mc, θp, θpc have been determined, analytical 
equations are proposed to calculate the parameters of the MIK model as 
a function of the geometric and mechanical properties of the specimens 
discussed in the previous Chapther and their axial load ratio. 

3.1. Methodology 

The single parameter of the MIK model (Ypred) is predicted by means of 
the most effective of the following two formulations  

 pred 0 i i   Y C C X
 (30) 

(a) 

(b) 
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i

pred 0 i  CY C X
 (31) 

In the above equations, Xi are the predictors (geometric and load param-
eters) and Ci are the regression coefficients. When Eq. (30) is used, the 
residuals ε, i.e. the errors between the target and predicted responses are 
assumed to be normally-distributed with a mean value equal to 0.  In-
stead, when Eq. (31) is used, the regression is carried out on the log-trans-
formed data, i.e.  

pred 0 i iln ln ln ln   Y C C X
 (32) 

In both cases, the least-squares method is used to determine the regres-
sion coefficients. 

Of all the geometric and load parameters, those that are statistically 
significant to predict the strength and deformation parameters of the 
MIK model are first identified as potential predictors. In the case of pa-
rameters with similar significance, the ones that guarantee the fulfil-
ment of the hypothesis of normally-distributed residuals are selected. In-
deed, normally-distributed residuals allow the use of numerical models 
able to consider uncertainties in the cyclic response of members. The 
Lilliefors test [72] with a significance level of 5% is conducted on the re-
siduals ε [or on ln ε if Eq. (31) is used] to confirm the hypothesis of nor-
mally-distributed residuals and the quantile-quantile plots are plotted. 
Further, the risk of collinearity between the values of the selected predic-
tor variables is checked by means of the variance inflation factor, as sug-
gested in [73].  

To reach a compromise between accuracy and simplicity of the pre-
dictive equations, the above-mentioned procedure has been repeated sev-
eral times, every time considering a different number of predictors. Based 
on this analysis, the most significant predictors for the parameters of the 
MIK model have revealed to be the slenderness of flanges and webs and 
the axial load ratio. It should be noted that also the ratios hW /bf, Lv /bf 
and Lm / Lv are statistically significant. The introduction of just one of 
these predictors increases the coefficient of determination R2 of the re-
gression analysis, but no further improvement is recorded if all the three 
predictors are simultaneously considered because collinearity problems 
arise. Based on this, only the ratio Lm / Lv has been added to the 
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previously selected predictors.  The variance inflation factors correspond-
ing to the selected predictor variables are equal to 3.45, 1.79, 2.91 and 
1.06. As reported in the book by Chatterjee and Hadi [73], values of the 
variance inflation factor greater than 10 are often taken as a signal that 
the data have collinearity problems. Therefore, in this case, collinearity 
problems are not deemed to be present.  

The predictive equations are derived in the following subsections 
where the quantile-quantile plots of residuals are also reported. 

3.2. Capping bending moment 

The capping bending moment is expressed as the bending moment at 
yield My times the overstrength factor s.  

c yM sM  (33) 

Target values of the overstrength factor s for elements with a given value 
of the axial load ratio have been first obtained inverting Eq. (33). Then, 
the predicted overstrength factor spred has been expressed as a combina-
tion of the above-mentioned geometric parameters, i.e.  

       m
pred 1,s f 2,s w 7,s 8,s

V

L
s C C C C

L
             (34) 

The linear combination coefficients have been determined to minimize 
the sum of the squares of the differences between the values provided by 
the predictive equations and the target values provided by specimens 
with the same value of the axial load ratio. Finally, the obtained regres-
sion coefficients have been plotted as a function of the axial load ratio and 
have been expressed by means of simple relations.  

The values of the combination coefficients that minimize the differ-
ences between target and predicted overstrength factors are shown by 
dots in Fig. 76 as a function of the axial load ratio; in the same figure, a 
continuous line is used to represent the proposed values of the coeffi-
cients.  

The coefficient of determination R2 referring to the overstrength fac-
tor s is equal to 0.966; the relative residuals ε are normally distributed 
with mean equal to 0 and standard deviation equal to 0.018. 
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Fig. 76 – Proposed coefficients for the evaluation of the overstrength factor 

3.3. Pre-capping and post-capping plastic rotations 

Based on the procedure previously illustrated, the following empirical 
equations are proposed 

 
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2.314m0.687 1.30
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 (35) 
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 (36) 

As a result of the regression analysis carried out on the log-transformed 
data, the coefficients of determination of the logarithms ofp,pred and 
pc,pred are equal to 0.971 and 0.966, respectively; the logarithms of the 
residuals are normally distributed with mean value equal to 0 and stand-
ard deviation equal to 0.150 and 0.184, respectively. 
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3.4. Accuracy of the proposed equations 

A comparison between target and predicted values of the overstrength 
factor s is shown in Fig. 77a, whereas target and predicted values of pre-
capping and post-capping plastic rotations are compared in Fig. 77b-c, 
respectively. In all these figures, different symbols are used to distinguish 
between specimens characterized by a different value of the axial load 
ratio. 

The difference between predicted and target values of pre-capping 
and post-capping plastic rotations (Fig. 77b-c) is generally larger than 
that obtained for the overstrength factor (this observation is particularly 
true for the post-capping plastic rotations). In particular, in the worst 
case, the difference between predicted and target values is slightly higher 
than 20%. In any case, visual inspection of the quantile-to-quantile plots 
(Fig. 78) confirms that the residuals are normally distributed. 

  

 
 

Fig. 77 – Comparison between target and predicted values: (a) overstrength 

factor, (b) pre-capping plastic rotation, (c) post-capping plastic rotation 

(c) 

(a) (b) 
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Fig. 78 – Quantile-to-quantile plot: (a) overstrength factor s, (b) pre-capping 

plastic rotation p , (c) post-capping plastic rotation pc  

4. Prediction of residual bending moment 

The definition and determination of the target value of the residual bend-
ing moment is not trivial. In the past [61], due to the lack of a significant 
number of cyclic tests at large deformation amplitudes, a conventional 
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value of the normalized residual bending moment r, i.e. the ratio of the 
bending moment Mr to the bending moment at yield My, was fixed equal 
to 0.4 for H-shaped beam cross-sections. The above value has been later 
reduced by a factor that, in the case of columns, is a function of the axial 
load ratio [62]. Although these conventional values do not correspond to 
a real residual strength, their practical use was justified as there is no 
need to simulate the cyclic response of members up to deformations lead-
ing to higher strength degradations.   

In the present research study, instead, to determine the residual 
bending moment, the first-cycle envelope curve has been first determined 
by connecting points (θ, M) corresponding to the peak chord rotation of 
each first-cycle of the loading protocol. Then, the flexural stiffness has 
been calculated as 

i i-1
i

 i  i-1

M M
K



 

 (37) 

Hence, the residual bending moment Mr has been fixed as that leading to 
a flexural stiffness equal to -2.5% of the initial flexural stiffness. In all 
the considered cases with axial load ratio equal to 0.3 and in some cases 
with axial load ratio equal to 0.2, see for example the column with cross-
section 450x250x10 in Fig. 74, the degradation is abrupt and the residual 
bending moment becomes almost null. In such cases, a conventional value 
of the normalized residual bending moment equal to 0.05 has been con-
sidered. 

Finally, the normalized residual bending moment r has been deter-
mined and analytically predicted by means of the equation  

     
 7,r

1,r8,r 2 ,r m
pred f w

V

e 0.05

C
CC C L

r
L


   

      
 

 (38) 

where e is the Napier’s constant. Coefficients C1,r, C2,r, C7,r and C8,r are 
first determined for assigned values of the axial load ratio ranging from 
0 to 0.3; then, analytical equations are calibrated as shown in Fig. 79. A 
comparison between the values of the normalized residual bending mo-
ments r that are predicted by means of the proposed equation and the 
target values is reported in Fig. 80.  
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Fig. 79 – Proposed coefficients for the evaluation of the normalized residual 

bending moment. 

 

 
Fig. 80 – Normalized residual bending moment: accuracy of the proposed equa-

tions. 
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It should be noted that, due to the introduction of a lower bound value of 
the residual bending moment, the logarithms of the residuals cannot ful-
fil the normal distribution and the heteroscedasticity assumptions. For 
this reason, only the mean value is reported here with reference to the 
normalized residual bending moments. 

5. Prediction of the rate of degradation 

Once the parameters defining the monotonic curve of the MIK model have 
been determined, the numerical model of all the considered specimens is 
built in OpenSees [74].  To this end, three nodes are defined. Nodes #1 
and #2 are located at the base of the element whereas Node #3 is located 
at the tip of the element, i.e. at a distance Lv from the base. The first node 
is fully restrained. The second node cannot move along the longitudinal 
axis of the member and is connected to node #1 by means of a horizontal 
spring that simulates the shear deformability of the element and by 
means of a rotational spring that simulates the flexural response of the 
element. This latter rotational spring is characterized by the MIK mate-
rial model. Nodes #2 and #3 are connected by a rigid element. The tip of 
the beam (i.e. node #3) is subjected to the displacement protocol given in 
AISC 341 [75] for the qualification of beam-to-column connections. 

To model the considered elements properly, two additional issues are 
considered: 

- if the overstrength factor s determined by Eq. (34) is smaller than 
1.0, i.e. the cross-section is not able to develop the plastic flexural 
resistance, the bending moment at yield My,real of the rotational 
spring should be smaller than the one given by Eq. (28). In such 
cases, the bending moment My,real is set equal to the capping bend-
ing moment (see Fig. 81a). 

y,real yM sM  if s < 1 (39) 

- if the overstrength factor s determined by Eq. (34) is larger than 
1.0, i.e. the cross-section is able to develop the plastic flexural re-
sistance, the bending moment at yield determined by Eq. (28) un-
derestimates the actual bending moment at yield because of the 
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higher strength of the corner parts at low strains (see Fig. 81b). 
In such cases, the bending moment My,real is determined consider-
ing the yield strength of steel in the flat parts and the ultimate 
strength in the corner parts. 

 
2

flat corner corner flat flat
y,real pl pl 2

4
   y u y y

y
M W f W f f t f  (40) 

Because of the abovementioned adjustments on the bending moment at 
yield, the chord rotation at yield and the pre-capping chord rotation are 
determined by means of the following equations  

y,real V
y,real 3

 
M L

E I
 (41) 

p,real p,pred y y,real        (42) 

where θp,pred and θy are given by Eqs. (35) and (29), respectively. The equa-
tion above leads to θp,real> θp,pred in the case of s <1 (Fig. 81a), and to  
θp,real< θp,pred in the case of s >1 (Fig. 81b). 
 

  

Fig. 81 – Corrections to the bending moment at yield in the case of over-

strength factors (a) lower than 1.0 (θp,real > θp,pred) ;  

(b) higher than 1.0 (θp,real < θp,pred). 

Tentative values of the rates of cyclic degradation Λ are first assigned 
to the MIK model of the rotational spring. Specifically, the same rate of 
cyclic degradation Λ is assumed in regard to yield strength, post-capping 
strength, reloading and unloading stiffnesses. For each considered value 
of Λ, the cyclic response is determined and the cumulated dissipated 

(a) (b) 
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energy is computed at the end of the loading protocol by integration of 
the area subtended by the bending moment-chord rotation curve. Then, 
the energy evaluated from the response of the numerical model built in 
OpenSees is compared with the energy subtended by the cyclic response 
of the refined FE numerical test. The optimal value of Λ is that leading 
to the minimum scatter between predicted and target dissipated ener-
gies. 

Once the optimal value of Λ has been determined for all the consid-
ered specimens, the following predictive equation is calibrated 

 
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pred f w
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 (43) 

Once again, the proposed equation reveals to be fairly accurate (see the 
comparison between predicted and target values in Fig. 82a). In partic-
ular, the logarithms of the residuals are normally distributed (Fig. 82b) 
with mean value equal to 0 and standard deviation σln equal to 0.225. 

 
 

  
Fig. 82 – Cyclic degradation parameters: (a) accuracy of the proposed equa-

tions, (b) quantile-to-quantile plot. 

6. Effectiveness of the proposed predictive equations 

To verify the accuracy of the proposed predictive equations, these equa-
tions have been used to determine the values of all the parameters of the 
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MIK model in all the considered specimens. Then, the predicted cyclic 
response has been compared with the target response, i.e. the response of 
the same specimen determined by FE models in Chapter 3. A visual com-
parison between predicted and target responses is shown in Fig. 83, 
whereas a comparison between predicted and cumulated dissipated ener-
gies at the achievement of a residual bending moment equal to 50% of the 
plastic flexural resistance is shown in Fig. 84.  

 

 

 
Fig. 83 – Comparison between target (black line) and predicted (red line) cyclic 

responses. 
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Fig. 84 – Comparison between target and predicted cumulated energies (ex-

pressed in kNm). 

The figures show that the equations proposed to determine the response 
parameters of the MIK model ensure high accuracy in the simulation of 
the cyclic response of structural members characterized by very different 
rates of degradation. 

7. Predictive equations of the MIK model in the case of nonlin-
ear static analysis 

Even though nonlinear dynamic analysis is often used by researchers, 
practical engineers commonly use nonlinear static analysis to explore the 
inelastic response of structures. Unless a cyclic pushover analysis is car-
ried out [76], the nonlinear static analysis is not able to account for the 
stiffness and strength degradations recorded during the cyclic response 
of members. To simulate this effect, the bending moment-chord rotation 
response of the ending parts of the members should be able to implicitly 
take into account the abovementioned degradation. For this reason, the 
parameters that have been specified in the MIK model to represent the 
monotonic response have been re-determined with reference to the first-
cycle envelope curve. In particular, the ratio s of the capping bending mo-
ment to the bending moment at yield My, the pre-capping and the post-
capping plastic rotations have been re-determined and identified by 
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symbols s*, *
p  and *

pc . Following a procedure similar to that described in 

sections 2 and 3, the predictive equations have been calibrated and the 
effectiveness of the proposed equations in predicting s*, *

p and  *
pc  has 

been investigated, as shown in Fig. 85. 

       * * * * *
pred 1,s 2,s 7,s 8,s           m
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Fig. 85 – Comparison between target and predicted parameters  
s*, *

p  and *
pc  
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Fig. 86 – Quantile-to-quantile plot: (a) overstrength factor s*,  

(b) pre-capping plastic rotation *
p , (c) post-capping plastic rotation *

pc  

Table 25 – Coefficients of the regression analysis to predict the overstrength 

factor s*. 

*
1,sC   0.263   0.189 *

2,sC  – 1.156ν2– 0.032 

*
7,sC  0.581ν +0.314 *

8,sC   0.371 ν +1.224 

(b) 

(a) 

(c) 
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Fig. 87 – Comparison between target cyclic response (black line) and predicted 

first envelope curve (red line) 
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Fig. 88 – Comparison between areas subtended by the target and predicted 

first envelope curves (kNm) 

Coefficients to be used in Eq. (44) are provided in Table 25. The residuals 
in Eq. (44) are normally-distributed (Fig. 86a) with a standard deviation 
equal to 0.014. As a result of the regression analysis carried out on the 
log-transformed data, the coefficients of determination corresponding to 
the pre-capping and the post-capping plastic rotations are equal to 0.933 
and 0.849, respectively; the logarithms of the residuals are normally dis-
tributed (Fig. 86b-c) with mean value equal to 0 and standard deviation 
σln equal to 0.189 and 0.250, respectively. 

Referring to the same specimens investigated in Fig. 83, in Fig. 87 
the predicted first-cycle envelope curve (red line) is superimposed to the 
target cyclic response (black line). To generalize the accuracy of the pre-
diction, the areas subtended by the target and predicted first-cycle enve-
lope curves are also compared in Fig. 88. Fig. 87 shows that the predic-
tion is slightly conservative for systems with a lower rate of degradation. 

8. Validation against results of laboratory tests 

The equations proposed to predict the parameters of the MIK model have 
been calibrated based on the results of a wide set of numerical FE models. 
To prove the accuracy of the proposal also in the case of laboratory tests, 
which were not considered in the process of calibration, the predictive 
equations are used to replicate both the cyclic response and the first-cycle 
envelope curves of laboratory tests on square and rectangular hollow 
cold-formed sections (Table 26). All the considered specimens are 
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cantilever elements with an axial load ratio ranging from 0 to 0.3. Speci-
mens tested in [30] are made of steel grade S355, i.e. the same steel grade 
assumed in the FE model, other specimens are made of different steel 
grades. Table 26 also reports the yield strength of steel of the flat parts 
and, when available, the tensile strength determined on coupon tests ex-
tracted from the corner parts of the members. In cases in which no infor-
mation is given about the material properties of the corner parts, based 
on results of tensile coupon tests on specimens extracted from flat and 
corner parts of other HSS profiles [7], the ultimate strength of steel of the 
corner parts has been conservatively assumed to be 1.2 times the yield 
strength of steel of the flat parts. The shear span Lv (see Table 26) is 
such that the ratio Lm/Lv is in the range from 0.05 to 0.19. The ratio bf/t 
is in the range from 10.67 to 30.33, whereas the ratio hw/t is in the range 
from 10.67 to 38.9. In particular, four specimens (i.e. 200x200x6, 
254x203x6.4, 250x250x8 and 300x300x9) have ratio bf/t slightly larger 
than the maximum ratio considered in the phase of calibration whereas 
one specimen (200x200x12) has a ratio hw/t slightly smaller than the min-
imum value considered in the phase of calibration. With the sole excep-
tion of three specimens, for which collapse consistent loading protocols 
are considered, symmetric cyclic loading protocols are applied. 

For each specimen, the parameters of the MIK model have been as-
signed using the provided predictive equations; then, the values of the 
same parameters corresponding to 16% and 84% percentiles have been 
calculated based on the defined standard deviations of the residuals. The 
comparison between the target cyclic response (reported by a black line) 
and the predicted cyclic response (red line) determined with parameters 
of the MIK model corresponding to the 50% percentile is shown in Figs. 
89-93 for the specimens subjected to symmetric loading protocols and in 
Fig. 94 for the specimens subjected to collapse consistent loading proto-
cols. 
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Table 26 – Laboratory tests considered for the validation. 

Reference Specimen Steel  
grade 

fy 
[MPa] 

flat 

fu 
[MPa] 
corner 

L 
[mm] 

Axial 
load 
ratio 

Loading  
protocol 

Kurata et al. [29] 200x200x6 STKR400 380 Na 1265 0.10 Symmetric 

Kurata et al. [29] 200x200x6 STKR400 380 Na 1265 0.30 Symmetric 

Kurata et al. [29] 200x200x9 STKR400 404 Na 1265 0.10 Symmetric 

Kurata et al. [29] 200x200x9 STKR400 404 Na 1265 0.30 Symmetric 

Kurata et al. [29] 200x200x12 STKR400 425 Na 1265 0.10 Symmetric 

Kurata et al. [29] 200x200x12 STKR400 425 Na 1265 0.30 Symmetric 

D’Aniello et al [30] 160x80x4 S355 321 Na 1875 0.00 Symmetric 

D’Aniello et al [30] 160x160x6.3 S355 430 Na 1875 0.00 Symmetric 

D’Aniello et al [30] 250x250x8 S355 480 Na 1875 0.00 Symmetric 

Fadden and McCormick [31] 203x203x6.4 A500B 444 618 1537 0.00 Symmetric 

Fadden and McCormick [31] 203x152x9.5 A500B 444 618 1537 0.00 Symmetric 

Fadden and McCormick [31] 254x203x6.4 A500B 444 618 1537 0.00 Symmetric 

Mukaide et al [35] 300x300x9 BCR295 362 525 1640 0.25 Symmetric 

Mukaide et al [35] 300x300x12 BCR295 377 531 1640 0.00 Symmetric 

Mukaide et al [35] 300x300x12 BCR295 377 531 1640 0.25 Symmetric 

Mukaide et al [35] 300x300x16 BCR295 394 519 1640 0.25 Symmetric 

Suzuki and Lignos [33] 254x254x9.5 A500B 418 593 1525 0.30 Symmetric 

Suzuki and Lignos [33] 254x254x9.5 A500B 418 593 1525 0.30 Near fault 

Suzuki and Lignos [33] 254x254x9.5 A500B 418 593 1525 0.30 Long dur. 

Suzuki and Lignos [33] 305x306x16 A500B 418 593 1825 0.30 Symmetric 

Suzuki and Lignos [33] 305x306x16 A500B 418 593 1825 0.30 Near fault 
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Fig. 89 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) when model parameters correspond to 50% percentile: 

Kurata et al. [29]. 
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Fig. 90 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) when model parameters correspond to 50% percentile: 

D’Aniello et al. [30]. 

  

 
Fig. 91 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) when model parameters correspond to 50% percentile: 

Fadden and McCormick [31]. 
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Fig. 92 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) when model parameters correspond to 50% percentile: 

Mukaide et al. [35]. 

  
Fig. 93 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) when model parameters correspond to 50% percentile: 

Suzuki and Lignos [33]. 
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Fig. 94 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) for specimens subjected to collapse consistent loading 

protocols (model parameters corresponding to 50% percentile). 

Despite the uncertainty in the material properties of the corner parts 
of some specimens and the differences in the steel grades, the proposed 
equations lead to a satisfactory prediction of the shape of the cyclic re-
sponse. 

Fig. 95 shows, for three of the considered specimens, the comparison 
between the target cyclic response (reported by a black line) and the pre-
dicted cyclic response (red line) determined with parameters of the MIK 
model corresponding to the 16% and 84% percentiles. Of these three spec-
imens, one is selected to be representative of members with rectangular 
cross-section (160x80x4) and is subjected to a null axial load. The other 
two specimens are chosen to be representative of members with square 
cross-section (200x200x6 and 200x200x12) and exhibit the maximum and 
minimum rates of degradation of the parameters of the MIK model; the 
specimen with cross-section 200x200x6 is characterized by an axial load 
ratio equal to 0.3 whereas the specimen with cross-section 200x200x12 is 
characterized by an axial load ratio equal to 0.1. 
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Fig. 95 – Comparison between target cyclic response (black line) and predicted 

cyclic curve (red line) when model parameters correspond to 16% and 84% per-

centiles. 

Finally, Figs. 96-100 show the comparison between the target cyclic 
response (black line) and the predicted first cycle envelope curve. Specif-
ically, the red solid line depicts the numerical response when the param-
eters of the model are equal to the median values, whereas the dashed 
lines represent the response when the parameters correspond to the 16% 
and 84% percentiles. 
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Fig. 96 – Comparison between target cyclic response (black line) and predicted 

first cycle envelope curve (red line) when model parameters correspond to 84%, 

50% and 16% percentiles: Kurata et al. [29]. 
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Fig. 97 – Comparison between target cyclic response (black line) and predicted 

first cycle envelope curve (red line) when model parameters correspond to 84%, 

50% and 16% percentiles: D’Aniello et al. [30]. 

  

 
Fig. 98 – Comparison between target cyclic response (black line) and predicted 

first cycle envelope curve (red line) when model parameters correspond to 84%, 

50% and 16% percentiles: Fadden and McCormick [31]. 
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Fig. 99 – Comparison between target cyclic response (black line) and predicted 

first cycle envelope curve (red line) when model parameters correspond to 84%, 

50% and 16% percentiles: Mukaide et al. [35]. 

  
Fig. 100 – Comparison between target cyclic response (black line) and pre-

dicted first cycle envelope curve (red line) when model parameters correspond 

to 84%, 50% and 16% percentiles: Suzuki and Lignos [33]. 

9. Application of the MIK model to other element models  

The values of the parameters of the MIK model, obtained by means of the 
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rigid) elements with rotational springs at the ends or elements with finite 
length hinges.  

9.1. Elements with finite length hinges 

As stated in [77], if elements with finite length hinges are used, the bend-
ing moment-flexural curvature relation of the plastic hinge region and an 
equivalent moment of inertia β I of the cross-section of the interior (elas-
tic) integration points have to be defined to replicate the bending mo-
ment-chord rotation response of the element. 

The parameters of the bending moment-flexural curvature relation 
and the value of β are defined here with specific regard to the end point 
integration rule, but a similar approach can be used in the case of other 
integration rules. In regard to the bending moment - flexural curvature 
relation, the parameters to be determined are the flexural stiffness (KMχ), 
the strain hardening ratio α’, the pre-capping and the post capping flex-
ural curvatures (χp and χpc) and the ultimate flexural curvature (χu).  

For the element under investigation, the distances z of the four inte-
gration points from the first end and the weights w of the same points are 

int int
pl pl

1 1
0; 1 ; 1 ;

2 23 3

L L
z L L L

    
        

      (47) 

int int
pl pl; ; ;

2 2

L L
w L L

   
   (48) 

where Lpl is the length of the plastic hinge and Lint = L - 2 Lpl (Fig. 101). 

If a cantilever element subjected to a force F at the free end is mod-
elled, the flexural curvatures χ at the four integration points are 

   2 3; ; ; 0
M

F L z F L zF L

K EI EI

        
   

 (49) 
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Fig. 101 – Finite length hinge element in the case of end point integration rule. 

Assuming that  

pl pl

3
M M

E I
K n L n K L

L 


  
, (50) 

where n is an arbitrary number larger than 1.0, the lateral displacement 
u of the tip of the element is 

   
4 2 3

1

1
3i i i

i M

F L FL
u w L z

n K EI 


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 
 (51) 

where 
3 2
pl pl pl

3 2
2 3 3
L L L

L L L
    

. (52) 

To properly simulate the elastic response, the displacement u has to be 
equal to the one provided by the proposed model discussed in section 5, 
i.e. 

2 3

3M

F L F L
u

K EI

 
 

 (53) 

The resulting value of β is 
1n

n


   

 (54) 
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Once yielding of the end section has occurred, the tip displacement Δu 
provided by a force ΔF = (Mc ‒ My) / L is  

 
3 3

1
' 3 3

F L F L
u

n EI EI

  
    

    (55) 

Equating the tip displacement Δu to θp L leads to 

 
'

1 1n n n


 

       (56) 

where α is the strain hardening ratio of the MIK numerical model in 
terms of bending moment vs chord rotation.  
The pre-capping flexural curvature is calculated as 

c y
p p

pl pl' 'M

M M

n K L n L

 
   

     (57) 

The post capping flexural curvature is determined equating the tip dis-
placement produced by ΔF = ‒Mc / L to θpc L, i.e. 

 c
pc pc

pl

1 1

3

M L

E I L

   
       (58) 

Finally, the cyclic degradation parameter is evaluated as 

plL


 

 (59) 

If an element with fixed end rotations is considered, following the proce-
dure previously detailed and assuming that equal and opposite rotations 
arise at the two ends, the stiffness modification factor β, the strain hard-
ening ratio α’ and the pre-capping flexural curvature are calculated by 
Eqs. (54), (56) and (57) assuming 

3 2
pl pl pl

3 2
3 3

V V V

L L L

L L L
    

. (60) 

The post-capping curvature is calculated by Eq. (58), where the shear 
span Lv is considered instead of L.  
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9.2. Elastic elements with zero-length moment-rotation springs 

As already mentioned in the previous sub-section and stated in [77], in 
the case of an elastic element with rotational springs at the ends, the 
flexibility of the zero-length moment-rotation springs and that of the in-
terior element are additive. Hence, following an approach similar to that 
described for elements with finite length hinges, the rotational stiffness 
of the spring KMθ = 3EI/Lv should be amplified by a factor nβ whereas the 
moment of inertia of the elastic element should be amplified by a factor β 
calculated by means of the following relation 

1n

n


 

 (61) 

Regarding the inelastic response, instead, the values of the strain hard-
ening ratio should be modified as  

'
1n n


 

   (62) 

Note that β and α’ can be derived by Eqs. (54) and (56) assuming η = 0. 
The pre-capping and post-capping plastic rotations predicted by the pro-
posed equations should be modified as follows 

p
p,mod ' n

 
 

   (63) 

c
pc,mod pc 3

VM L

E I
   

  (64) 



 

 

Chapter 5 

A FIBRE BASED MODEL FOR BIAXIAL BENDING 
 
Local buckling in the plastic range can be accurately reproduced through 
refined numerical models based on 3D solid elements. However, the high 
computational cost of such approaches makes them impractical for the 
seismic assessment of entire buildings. For this reason, and as already 
discussed in Chapter 4, simplified modelling strategies are typically 
adopted when the response of structural systems must be investigated 
with limited computational effort. 

In this framework, the concentrated-plasticity model developed in 
the previous chapter represents an efficient tool for simulating the cyclic 
response of HSS members under uniaxial bending. Nevertheless, a key 
limitation of that approach is that it cannot realistically capture the in-
teraction between axial force and biaxial bending, since the flexural re-
sistance of the spring is defined as a single value and cannot inherently 
capture the interaction among different internal forces. Consequently, it 
is not suitable for simulating the response of members subjected to devi-
ated bending.  

This motivates the adoption of alternative strategies, such as fibre-
based formulations, in which the cross-section is discretised into fibres 
and a material model is assigned to each fibre, allowing different consti-
tutive rules to represent the steel response in tension and in compression. 

Within this context, the study of steel bars undergoing lateral insta-
bility provides a useful reference for describing the local response of 
highly stressed fibres in cold-formed box sections. Consequently, investi-
gating the monotonic and cyclic behaviour of bars represents a key 
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preliminary step towards the development of material models capable of 
reproducing realistically the response of hollow structural sections. 

On this basis, as a preliminary step, the chapter presents a paramet-
ric study in which a set of representative square HSS cross-sections, com-
monly used in the European context, was analysed through monotonic 
and cyclic stub column simulations. The results of this parametric inves-
tigation provide an essential reference for calibrating a simplified fibre-
based approach aimed at reproducing the initiation and evolution of local 
buckling phenomena.  

As a second step, the chapter focuses on the SteelRebar uniaxial ma-
terial model, originally formulated to simulate the cyclic response of re-
inforcing bars affected by lateral instability, and examines its applicabil-
ity to fibres representing cold-formed box sections. After highlighting the 
limitations that arise when the original SteelRebar formulation is di-
rectly employed to reproduce the cyclic response of hollow sections, an 
improved stress–strain definition is introduced and the monotonic re-
sponse of the SteelRebar material is accordingly redefined, with the ulti-
mate goal of extending its application to fibre-based modelling of cold-
formed HSS members subjected to uniaxial and biaxial bending. 

1. Stub-Column tests 

1.1. Selected HSS for the parametric analysis 

The investigation included 9 square cold-formed HSS cross-sections. The 
selected cross-sections cover a wide range of bf/t ratios, as reported in Ta-
ble 27. This geometric variability allows the influence of local slender-
ness on the mechanical response under cyclic loading protocols to be sys-
tematically assessed. In particular, Table 27 shows that the local slen-
derness, evaluated with reference to the net flat-part width, ranges from 
a stocky configuration with a slenderness equal to 10 to a highly slender 
configuration with a slenderness equal to 35. 
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Table 27 – Geometric properties of the investigated specimens 

Specimen 
re A bf = hw bf /t imp. 

mm cm2 mm - mm 

SHS_200x12.5 37.52 87.04 124.97 10.00 0.25 

SHS_350x16.0 48.01 202.77 253.98 15.87 0.51 

SHS_220x10.0 24.98 80.57 170.04 17.00 0.34 

SHS_350x14.2 42.60 182.08 264.80 18.65 0.53 

SHS_400x16.0 48.01 234.77 303.98 19.00 0.61 

SHS_400x14.2 42.60 210.48 314.80 22.17 0.63 

SHS_300x10.0 24.98 112.57 250.04 25.00 0.50 

SHS_350x10.0 24.98 132.57 300.04 30.00 0.60 

SHS_400x10.0 24.98 152.57 350.04 35.00 0.70 

1.2. Loading protocols and global response of the sections 

To investigate the influence of the loading history on the response of 
members, each FE model was subjected to five uniaxial compression pro-
tocols under strain-controlled loading: one monotonic and four cyclic his-
tories. The cyclic protocols include: (i) an incremental-amplitude strain 
history up to a maximum strain of ±5% (C1); (ii) a constant-amplitude 
strain history with strain equal to ±5% (C2); (iii) a decreasing-amplitude 
strain history starting from a maximum strain of ±5% (C3); (iv) an asym-
metric cyclic strain history with a maximum strain of ±9% (C4). 

The choice of combining incremental- and constant-amplitude histo-
ries stems from the observation that constant-amplitude cyclic straining 
does not represent a realistic response during seismic events, as sug-
gested by Lignos [61]. The protocols were applied in terms of displace-
ments imposed along the longitudinal axis of the member. These displace-
ments were computed as the product of the imposed strain and the ex-
pected plastic hinge length. The latter was assumed equal to 0.8 times 
the maximum cross-sectional dimension (0.8 D), thus adapting the proto-
col to the geometric characteristics of each section. Fig. 102 shows the 
adopted loading histories in terms of strain, highlighting the differences 
among the considered protocols. 
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Fig. 102 – Loading protocols investigated. 

Fig. 103 shows a comparison of the monotonic response between the 
stockiest specimen (SHS_200x12.5, hw/t = 10) and the slenderest speci-
men (SHS_400x10, hw/t = 35). The stockiest specimen exhibits a rela-
tively flat post-yield response with slight strain hardening, whereas the 
slenderest specimen reaches a peak load followed by a rapid strength deg-
radation, i.e., a pronounced post-peak softening. 

As an example of the axial cyclic response, Figs. 104, 105 and 106 
report three representative square HSS sections: the stockiest one 
(SHS_200x12.5, hw/t = 10), an intermediate-slenderness section 
(SHS_300x10, hw/t = 25), and the slenderest section (SHS_400x10, hw/t 
= 35). The hysteretic axial force–shortening curves clearly indicate that 
the structural response is strongly governed by the geometric properties 
of the cross-section. 
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Fig. 103 – Monotonic response of HSS 400x400x10 and HSS 200x200x12.5. 

  

  
Fig. 104 – Cyclic response SHS_200x12.5 for different loading protocols. 
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Fig. 105 – Cyclic response of SHS_300x10 for different loading protocols. 

  

  
Fig. 106 – Cyclic response of SHS_400x10 for different loading protocols. 
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The analysis of the cyclic response highlights a clear correlation between 
section slenderness and hysteretic behaviour. Specifically: (i) for protocol 
C1 (Incremental amplitude), stockier sections exhibit more stable hyster-
etic cycles and a reduced stiffness deterioration compared to more slender 
sections; (ii) for protocol C2 (constant amplitude), the progressive 
strength degradation becomes more pronounced as slenderness in-
creases, due to the relaxation phenomenon implemented in the Abaqus 
constitutive material model; (iii) peak strength values are significantly 
affected by local slenderness, showing a decreasing trend with increasing 
h/t ratio; (iv) more slender sections exhibit a more pronounced asym-
metry in the response, which becomes especially evident under protocol 
C4, indicating a higher sensitivity to local instability phenomena. 

1.3. Stress-strain response at different locations of flat and cor-
ner parts 

The global response analysis carried out in the previous sub-section 
showed that the plate slenderness has a marked influence on the struc-
tural behaviour. To investigate the local behaviour of flat and corner 
parts, strips of the mesh at different positions in the flat parts and in the 
corner parts are isolated in the region where the plastic hinge develops. 
The region of interest, with length equal to 0.8 D, was isolated around 
the mid-height of the zone affected by instability. This choice is consistent 
with the fibre model that is to be calibrated, in which each fibre is in-
tended to represent the average behaviour of the corresponding strip 
within the plastic zone. Once the region of interest was defined, stress–
strain curves were extracted for the different mesh strips at selected po-
sitions along the cross-section. 

In particular, strips were examined at mid-width, at one-quarter, at 
one-eighth, and at the edges of the flat parts, both in the vertical and in 
the horizontal direction, as well as all strips constituting the corner parts 
(Fig. 107). These latter parts are subdivided into four elements along 
their arc. Each strip has a length equal to the length of the plastic hinge, 
a height equal to the mesh size (20 mm), and a width equal to the wall 
thickness of the profile. The decision to study the local behaviour along 
fibres located in different positions reflects the way instability evolves: 
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fibres at the centre of the flat parts tend to buckle earlier than fibres lo-
cated near the corner parts, because they are less restrained. 

From the analysis of the buckling modes of the strips, it was observed 
that the strip at mid-width of the flat parts exhibits a purely flexural and 
perfectly symmetric deformed shape, whereas the strips in correspond-
ence with the corner parts show a deformation with torsional compo-
nents. These torsional effects arise from the compatibility of deformations 
between the orthogonal flat parts, which buckle with opposite curvatures. 

To evaluate the monotonic stress–strain response of each strip, nu-
merical data were extracted from Abaqus. In the XY data module, the 
normal stresses 𝜎33 at all integration points of each mesh element were 
extracted. For each strip, the mean value of 𝜎33 over all its elements was 
taken as the average axial stress. To evaluate the engineering strain, the 
nodes on the end surfaces of the mesh were isolated using the Unique 
nodal command, and the variable “Spatial displacement, U3” was se-
lected, representing the axial shortening along the global z-axis. The 
mean displacement at each end was obtained as the average of the nodal 
displacements. The engineering strain was then calculated as the ratio 
between the difference in average end displacements and the initial 
length of the element. A stress–strain curve was thus obtained for each 
strip. 

Fig. 107 – Strips locations in the cross-section 
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Fig. 108 shows the stress–strain relationships for the flat parts (Fig. 
108a) and for the corner parts (Fig. 108b), for strips of some of the pro-
files examined. In particular, the responses are shown for a slender sec-
tion (400×400×10, bf/t = 35), a section with intermediate slenderness 
(300×300×10, bf/t = 25) and a stocky section (200×200×12.5, 𝑏f/𝑡 = 10), 
highlighting how the local response is influenced by slenderness and how 
it differs between flat parts and corner parts.  

In each plot, different dashed lines represent the results for fibres 
located near the corner parts (labelled L0O and L0V in the plots), at one-
quarter of the flat-part width in the vertical and horizontal direction (L4O 
and L4V), at one-eighth (L8O and L8V), and at mid-width of the flat parts 
(L2O and L2V); the fibres in the corner parts are labelled R1, R2, R3, and 
R4. Since the four corner parts exhibit slightly different behaviours, an 
average curve is used to represent the response of the corner parts. 

From these responses, it can be observed that: (i) for the stocky sec-
tion, no instability phenomena are observed in the corner parts, while in 
the flat parts instability is limited to the mid-width strips, which buckle 
at relatively large strain levels; (ii) for the section with intermediate slen-
derness, instability mainly affects the central regions of the flat parts, 
whereas the regions close to the corner parts maintain a more stable be-
haviour; (iii) for the slender section, instability occurs at lower strain lev-
els and progressively propagates from the central regions of the flat parts 
towards the corner parts. 

These observations confirm that local slenderness has a significant 
influence on the structural behaviour and suggest the need to differenti-
ate the material behaviour of the fibres within the cross-section in the 
fibre-based numerical model to be implemented in the OpenSees frame-
work.  



172 Chapter 5 

 

 

  

(a) (b) 

Fig. 108 – Stress–strain curves along the strips for three sections with differ-

ent local slenderness: (a) vertical and horizontal plates, (b) corner parts. 
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1.4. Modelling of HSS sections in OpenSees 

The numerical modelling performed in OpenSees aims to reproduce the 
structural response observed in the nonlinear Abaqus simulations, and 
therefore to assess whether a simplified fibre model can capture the onset 
of local instability characterising stub column tests. To simulate the axial 
response of HSS members, the cross-section is discretised into fibres. 
Each fiber is idealised as an independent bar and is assigned a uniaxial 
material with properties selected to represent different instability condi-
tions. In this framework, the properties of the uniaxial material model 
are assumed constant in the corner parts, whereas they vary along the 
flat parts according to a law that must be calibrated. This strategy ena-
bles the model to reflect the different behaviour of the various regions of 
the cross-section. 

Fibres are located at the centroids of the mesh cells used to discretise 
the section, adopting a square target size of 5 mm. The section is thus 
subdivided into a discrete number of equal-size fibres, with the discreti-
sation across the wall thickness depending on the profile thickness. In 
OpenSees, the discretisation is implemented through the patch com-
mand, which allows circular, rectangular and quadrilateral patches. Rec-
tangular patches are used for the flat parts, requiring the coordinates of 
the patch vertices (with respect to a reference system) and the number of 
subdivisions in each direction. Circular patches are adopted for the corner 
parts, where the initial and final angles of the arc, the inner and outer 
radii, and the number of subdivisions along the radius and through the 
thickness must be specified.  

To build the section, a set of dedicated procedures was implemented. 
A first procedure computes (i) the number of elements composing the 
cross-section mesh and (ii) the effective mesh size, so that an integer 
number of cells is obtained along each side of the section. This is per-
formed considering the geometric properties of the cross-section (width, 
height, outer corner radius, wall thickness, area, moment of inertia and 
an initial trial mesh size) through which the effective dimensions of the 
flat parts, bf and hf, are determined.  
The same procedure also receives as input the mechanical parameters of 
the materials assigned to the flat parts and corner parts (elastic modulus, 
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yield stress, ultimate stress and ultimate strain), the characteristic slen-
derness values for flat and corner parts, and two exponential indices used 
to define the variation of slenderness along the flat parts. The member 
length is set equal to 3D, consistently with code indications and to ensure 
coherence with the Abaqus simulations. Cyclic loading protocols, analo-
gous to those used in the finite element models, are provided as input for 
the analyses. An example of a discretised section is shown in Fig. 109. 

 
Fig. 109 – Fibre discretization of the cross-section. 

2. The SteelRebar uniaxial material model 

To simulate the strength and stiffness degradation occurring in the cyclic 
response of HSS columns using a fibre-based model, a material model 
capable of reproducing local buckling phenomena is required. For this 
reason, the SteelRebar uniaxial material model, proposed by Panarelli et 
al. [78] and implemented in OpenSees, is adopted.  

In its original development, the material model was proposed to rep-
licate the response of steel bars characterised by a predefined l/d, where 
l is the effective buckling length of the bar between the restraint points 
associated with global flexural instability and d is the diameter of the 
cross-section.  
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The SteelRebar material model describes the normalised stress–
strain response of a steel fibre through six path-dependent rules (R1–R6). 
Each rule is expressed by continuous curve segments, ensuring that re-
versals and reconnections occur without artificial stiffness jumps (as 
schematically shown in Fig. 110). Two envelope curves bound the re-
sponse: specifically, rule R1 defines the compression envelope, while rule 
R2 defines the tension envelope. The tensile envelope R2 coincides with 
a Menegotto–Pinto/Steel02-type law [9]. The compressive envelope R1, 
instead, is constructed based on four characteristic points in the stress-
strain plane that define the post-instability response of an axially com-
pressed bar. For l/d ≥ 5, the coordinates of these points follow the empir-
ical formulation proposed by Akkaya et al. [79], depending primarily on 
slenderness (l/d) and on the strength ratio (fu/fy), and implicitly on im-
perfection sensitivity. For stockier bars (l/d < 5), the coordinates of the 
points are interpolated so that the envelope progressively recovers the 
reference steel material behaviour, and for l/d = 1 the compressive re-
sponse coincides with the underlying Steel02 model. Under cyclic loading, 
R1 is also shifted along the strain axis when tensile plastic strains de-
velop, to capture the asymmetric response after load reversals. 

The remaining rules govern load reversals and reconnections: rules 
R3 and R4 model the transition from compression to tension and from 
tension to compression, with a curvature that depends on slenderness 
and cycle amplitude, while rules R5 and R6 are short “return” branches 
that reconnect an ongoing transition to the correct envelope (Fig. 110).  

 
Fig. 110 – Rules of the SteelRebar material model [78]. 
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This rule-based architecture is attractive for fibre sections, where dif-
ferent effective l/d values can be assigned to fibres located in different 
positions within flat portions and corners. 

The SteelRebar material can be used either by assuming a constant 
l/d throughout the loading protocol or by allowing l/d to vary during the 
analysis. The first option, hereinafter referred to as “static material 
model”, is suitable for simulating experimental tests on bare steel bars. 
The second one, hereinafter referred to as “dynamic material model”, was 
conceived to represent bars embedded in concrete: as long as the concrete 
cover remains intact, bar instability is restrained and the effective slen-
derness is taken as l/d = 1; after the concrete spalling, the effective slen-
derness of the bar increases. To reduce the computational effort, Pana-
relli et al. [78] update the effective slenderness l/d when unloading from 
tension as a function of the normalized minimum strain recorded within 
the loading protocol. In this way, l/d increases from an initial to a final 
value according to a dedicated update law. 

3. Issues in the application of the SteelRebar material model 

A key limitation of the SteelRebar material model arises from the Ak-
kaya-based characteristic points used in R1. In Akkaya’s formulation, the 
stress fi associated with the 𝑖-th characteristic point is evaluated as 

0.2   i y it i yf f f f f  (65) 

where fit is the stress evaluated on the tensile stress-strain curve at the 
strain i and the scaling factor 𝛼 is defined through a piecewise relation-
ship depending on whether the strain at the point, i, exceeds the strain-
hardening thresholdsh: 

1 2      i sh  (66) 

1 20.75      i sh  (67) 

where 1 and 2 are as follow: 

  1 0.8 1.8 / /u yf f d l    (68) 

 2 1.1 0.016 br    (69) 
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Fig. 111 – Discontinuity of the SteelRebar material model with  

flat-plate properties. 

The discontinuity in  at i =sh propagates directly to f1 through Eq. (65), 
and therefore to the coordinates of the Akkaya characteristic points de-
fining the compressive envelope.  

Therefore, the resulting R1 backbone is not strictly continuous with 
respect to l/d: small variations of l/d in Eq. (68) can shift i acrosssh, 
producing discrete changes in the point stress (and thus in the envelope 
shape), with abrupt variations in the monotonic stress–strain response. 
This becomes particularly critical when SteelRebar is employed with var-
iable slenderness during the analysis or when different l/d values are 
assigned fibre-by-fibre, since the sectional response may inherit these 
non-smooth transitions and adversely affect numerical robustness. In 
preliminary applications to HSS fibres, discontinuities were observed 
around l/d ≈ 8 – 8.5 (corner-like properties) and l/d ≈ 9.5 – 10 (flat-plate 
properties), with the irregular trend exemplified in Fig. 111. These issues 
motivate the need to revise the compression envelope rule (R1) before 
SteelRebar can be reliably used for the detailed modelling of cold-formed 
HSS members.  

In addition, another critical aspect concerns the implementation of 
the model when assuming a variable l/d value within the cyclic response. 
Indeed, as already mentioned, the effective l/d is updated only after un-
loading from tension as a function of the normalized minimum strain. 
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This implies that, in monotonic analyses or during the first cycle of cyclic 
analysis with a large first deformation excursion, the l/d ratio is never 
updated, and any degradation associated with increasing slenderness is 
not captured.  

4. Modification of the compression envelope rule (R1) in the 
SteelRebar material model 

To solve the discontinuities in the SteelRebar material model, the mono-
tonic compressive behaviour of SteelRebar was reformulated to obtain a 
continuous stress–strain law that varies smoothly with slenderness, 
hardening, and initial imperfection. 

The new formulation was developed based on the results of an exten-
sive parametric study on axially compressed circular bars discretised 
with fibre elements in OpenSees (reference model). The bars have a fixed 
total length, while the diameter is varied to cover a range of l/d ratios 
consistent with the original calibration of the SteelRebar model. 

4.1. Bar model with initial eccentricity 

The simulations were performed in OpenSees (Open System for Earth-
quake Engineering Simulation) using a fibre-based discretisation of the 
cross-section. The model represents steel bars with a fixed length of 240 
mm, while the diameter was varied to achieve the desired l/d. Specifi-
cally, the l/d ratio was investigated over the range 1–30. 

The bar is clamped at the base, whereas the top end is allowed to 
translate vertically, so that axial shortening can develop under the im-
posed loading. The member is discretised into 20 forceBeamColumn ele-
ments, with a circular fibre section subdivided into ten concentric rings 
and thirty-six radial sectors. The intermediate nodes are positioned to 
introduce an initial geometric imperfection equal to 1/1000 of the bar 
length. Element equilibrium is evaluated in the deformed configuration 
by means of a corotational formulation, which allows lateral instability 
to be activated under compressive loading. The steel material assigned to 
the fibres is the uniaxial Menegotto–Pinto model implemented in Open-
Sees as Steel02 [9]. Fig. 112 illustrates the adopted bar model. 
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Fig. 112 – Reference bar model. 

In the present study, the Steel02 material is defined by assigning the 
yield strength fy, the initial elastic modulus Es = 210000 MPa, the post-
yield hardening ratio b, and the curvature parameters controlling the 
elastic-to-plastic transition (R0, cR1, cR2). Specifically, b is computed to 
match a linear post-yield slope consistent with the ultimate point of the 
stress–strain curve, using: 

 
 
u y s

u y

f f E
b




  
 (70) 

Where fu is the ultimate stress, u is the ultimate strain (taken equal to 
0.08), y is the yield strain defined as y = fy/Es. The transition parameters 
were set to R0 = 20.0, cR1 = 0.925, and cR2 = 0.150, as commonly recom-
mended, while the optional isotropic hardening parameters (a1–a4) and 
the initial stress (sigInit) were not used. 

4.2. Influence of imperfection and strain hardening 

Before conducting the full parametric study, a set of preliminary trial 
analyses was carried out to verify whether the response of the bar de-
pends solely on the l/d, or whether it is also influenced by the absolute 
bar length and the amplitude of the initial geometric imperfection. In this 
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context, the following parameters were varied: (i) three different values 
of l/d, respectively equal to 5, 10, and 15; (ii) two different yield strengths 
with values of 300 MPa and 500 MPa; (iii) four different hardening ratios, 
considering a ratio of the hardening modulus Eh to the Young Modulus Es 
equal to 0.5%, 1.0%, 1.5%, and 4%. 

Each specimen was tested with: (i) two different bar lengths, 12 cm 
and 24 cm, and for both lengths the diameter of the bar is that necessary 
to achieve the prefixed l/d ratio; (ii) three different levels of imperfec-
tions, respectively 1/100, 1/1000, and 1/10000 of the bar length. 

An increasing axial shortening δl was imposed at the tip of the bar, 
and the corresponding axial force F required to achieve the applied short-
ening was monitored. To compare all cases on a common basis, the results 
were expressed in terms of normalized stress and strain. For each bar, 
the axial stress was calculated as 

F

A
   71) 

where A is the cross-section area, while the axial strain was obtained as 
l

l


   (72) 

where 𝑙 is the bar length. Stress and strain were then normalized by the 
corresponding yield values y and y 

As a representative example, Fig. 113 shows the comparison be-
tween the responses obtained for bar lengths of 12 cm (grey line) and 24 
cm (black dashed line), with fy = 300 MPa and Eh/Es = 0.5%. The figure 
clearly demonstrates that, once the l/d is fixed, the normalised response 
is independent of the absolute bar length and is governed solely by the 
l/d ratio. 

Using the same parameter set, Fig. 114 compares the responses ob-
tained with initial imperfections equal to 1/100 L (grey line), 1/1000 L 
(black dashed line), and 1/10000 L (black continuous line). The results 
show that the curves corresponding to imperfections of 1/100 L and 
1/1000 L are practically coincident, whereas a smaller imperfection of 
1/10000 L may fail to correctly trigger the instability of the bar. The con-
tinuous black curve in Fig. 114 refers to the case with l/d = 10; the curves 
for the other l/d are perfectly superposed to those obtained with an 
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imperfection of 1/1000 L. Based on these observations, an initial imper-
fection equal to 1/1000 L was adopted in the subsequent analyses. 

 
 

Fig. 113 – Bar length influence: case study with fy = 300 MPa,  

Eh/Es = 0.5% and imperfection equal to 1/1000 L 

 

 

Fig. 114 – Geometrical imperfections influence: case study with fy = 300 MPa 

and Eh/Es = 0.5%  
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Finally, Fig. 115 shows normalised stress-strain curves obtained for 
two different hardening ratios, namely Eh/Es = 1.5% (dashed line) and 
Eh/Es = 4.0% (solid line). The figure highlights that the influence of strain 
hardening on the stress-strain response increases as the bar slenderness 
decreases. In particular, for bars with l/d = 5, a significant dependence 
on the hardening ratio is observed, whereas this influence becomes less 
pronounced for l/d = 10 and l/d = 15. 

 
 

Fig. 115 – Normalized stress-strain curves: case study with fy = 300 MPa,  

Eh/Es = 1.5% and Eh/Es = 4.0%. 

4.3. Parametric analysis 

To investigate the influence of the l/d on the mechanical response of steel 
bars in compression, a parametric study was carried out in OpenSees. On 
the basis of the observations made in the previous section on the role of 
initial geometric imperfections and strain hardening, the following 
ranges of mechanical parameters were considered: (i) yield strength fy 
varying between 300 and 600 MPa; (ii) hardening ratio b = Eh/Es ex-
pressed as a percentage, taking values between 0.1% and 4.5%; and (iii) 
the ratio l/d in the range from 1 to 30. 
For each combination of fy and Eh/Es, monotonic compression tests were 
simulated on bars with constant total length and variable diameter, cho-
sen so as to obtain the desired values of the l/d.  
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(a) Eh/Es = 0.1% (b) Eh/Es = 1.5% 

 
(c) Eh/Es = 4 % 

Fig. 116 – Normalized stress-strain curves for different values of the l/d: Case 

study Eh/Es equal to (a) 0.1%, (b) 1.5%, (c) 4.0%. 

Fig. 116 shows, as an example, the normalized stress-strain curves 
obtained for different values of the l/d, for three representative harden-
ing ratios: (i) low, with Eh/Es = 0.1%; medium, with Eh/Es = 1.5%; high, 
with Eh/Es = 4%. 

To characterize these normalized curves, three target normalized 
strain levels were selected: (i) ε/εy = 7; (ii) ε/εy = 15; (iii) ε/εy = 30. For each 
target strain, the corresponding normalized stress values were extracted 
from the parametric analyses for all considered values of l/d. In this way, 
for each target strain level, a set of points σ/σy as a function of l/d was 
obtained. 

Fig. 117 shows the evolution of normalized stress with slenderness 
for the three target normalized strain values. The results show that, for 
a fixed l/d, the normalized stress exhibits a scatter that depends on the 
yield strength and on the hardening ratio; this scatter is more pro-
nounced within specific slenderness ranges, which in turn depend on the 
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chosen target strain. In particular, it can be seen that: (i) for the target 
strain ε/εy = 7 and ε/εy = 15, the largest variation is observed for 5 ≤ l/d ≤ 
15; (ii) for the target strain ε/εy = 30, the widest variability occurs for 1 ≤ 
l/d ≤ 10. 

In general, an increase in the hardening ratio leads to an increase in 
normalized stress, with a steeper trend at higher target strain levels. 

Following the approach adopted in some existing models in the liter-
ature [79], where instability parameters for bars are expressed as func-
tions of yield strength and hardening, a modified l/d was introduced in 
this study to remove the explicit dependence on the yield strength. The 
modified l/d is defined as: 

mod 100
yfl l

d d
   
 

 73) 

where fy is expressed in MPa. 
Moreover, as observed in Fig. 117, the scatter of the curves is influenced 
by the strain hardening. Therefore, in order to make the curves more 
comparable, each plot was filtered by selecting, among the available data, 
only those corresponding to a fixed hardening ratio.  
 

  

 
Fig. 117 – Evolution of normalized stress with slenderness for the three target 

strain values equal to (a) 7, (b) 15, (c) 30. 
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Fig. 118 – Normalized stresses versus l/dmod for different hardening values: 

case ε/εy = 7. 

  

   

Fig. 119 – Normalized stresses versus l/dmod for different hardening values: 

case ε/εy = 15. 
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Fig. 120 – Normalized stresses versus l/dmod for different hardening values: 

case ε/εy = 30. 

This approach yields a more uniform representation of the trend of nor-
malized stress as a function of the modified l/d, as shown in Figs.118, 
119 and 120. 

This modified l/d is used in the formulation of the new monotonic 
compressive law for the SteelRebar material. 

4.4. Calibration of the proposed equations 

The curves depicted in Figs. 118, 119 and 120, that show the normalized 
stress as a function of the modified l/d, have a shape that closely resem-
bles the classical buckling curves of columns with imperfections. For this 
reason, it was considered appropriate to describe these trends using for-
mulations analogous to those adopted in the Italian code (Norme tecniche 
per le costruzioni 2018 [80]) and the European code (Eurocode 3 [67]) to 
predict the buckling resistance of members. 

The general expression proposed for the normalized stress  n is: 

2 2

1
min ;n

 
   
      

 (74) 
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where  and the normalized slenderness λത are defined as: 

  21             (75) 

 mod

30

l d
   (76) 

The parameters , , , and  are coefficients introduced to reproduce 
curves with a trend similar to those obtained from the parametric study 
(Figs. 118-120). The above parameters are determined by means of a 
least-squares procedure, minimizing the sum of the squared differences 
between the normalized stresses predicted by the equation and those ob-
tained from the numerical analyses. Specifically, the optimal values of , 
, , and  are identified for each considered hardening ratio and normal-
ised target strain ε/εy. 
By plotting the normalized stress n computed from Eq. (74) as a function 
of the normalized slenderness, it was verified that the proposed expres-
sion approximates with good accuracy the curves derived from the para-
metric study, as illustrated in Figs. 121, 122 and 123 for the three target 
strain levels ε/εy = 7, 15 and 30. In these figures, the normalized stress n 

is computed from Eq. (74) using the values of , ,  and  obtained from 
the regression analysis. 
The calibrated coefficients , , , and  were then plotted as functions of 
the hardening ratio Eh/Es in Figs. 124, 125 and 126 for the three target 
normalized strains /y = 7, 15 and 30, respectively. The figures show that 
coefficients ,  can be expressed as a function of the hardening ratio by 
linear relationships, while α and  can be represented by piecewise func-
tions consisting of a constant branch and a linear branch. These relation-
ships were obtained through regression analyses and are reported, for 
each target strain, in Eqs. (77)-(88).  
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Fig. 121 – Comparison between normalized stresses determined by the para-

metric analysis and those predicted by the proposed equations for different 

Eh/Es ratios: case ε/εy = 7. 

  

  
Fig. 122 – Comparison between normalized stresses determined by the para-

metric analysis and those predicted by the proposed equations for different 

Eh/Es ratios: case ε/εy = 15. 

Data from parametric analysis Proposed curves
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Fig. 123 – Comparison between normalized stresses determined by the para-

metric analysis and those predicted by the proposed equations for different 

Eh/Es ratios: case ε/εy = 30. 

For /y = 7: 

β = 0.063 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.9839 (77) 

γ = −0.0291 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.4075 (78) 

α = 0.2038 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 1.0436 ≥ 1.45 (79) 

δ = −0.02081 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.2368 ≤ 0.2 (80) 

For ε/εy = 15: 

β = 0.1434 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.9813 (81) 

γ = −0.0376 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.6487 (82) 

α = −0.1989 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 1.280 ≥ 1.00 (83) 

δ = 0.1369 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.4894 ≤ 0.7 (84) 

Data from parametric analysis Proposed curves
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For ε/εy = 30: 

β = 0.2938 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.9785 (85) 

γ = −0.0645 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.9443 (86) 

α = −0.3117 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 1.38 ≥ 0.75 (87) 

δ = 0.2933 ቀ
𝐸௛

𝐸௦
ൗ ቁ + 0.5739 ≤ 1.15 (88) 

The values of the coefficients computed by the above equations are super-
imposed on those obtained by regression analysis in Figs. 124, 125 and 
126 for the target normalized strain cases 7, 15 and 30. 

To assess the effectiveness of the proposed formulation, the variation 
laws for the coefficients , , , and  were used to compute the normalized 
stress n at the selected target strain levels, for the full range of l/d and 
hardening values considered in the parametric study. For each target 
strain and hardening ratio, the stress-strain curves obtained from the 
analytical equations were compared with those derived directly from par-
ametric analyses. 

  

  
Fig. 124 – Influence of the hardening ratio on coefficients , , , and : target 

strain case 7.  
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Fig. 125 – Influence of the hardening ratio on coefficients , , , and : target 

strain case 15. 

  

  

Fig. 126 – Influence of the hardening ratio on coefficients , , , and : target 

strain case 30. 
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Figs. 127-128 report this comparison, showing the stress-strain re-
lationships. In each plot, results corresponding to different l/d are re-
ported: the continuous lines represent the curves obtained from the par-
ametric analysis, while the points indicate the values predicted by the 
proposed equations, for different hardening ratios. It can be seen that the 
points closely follow the numerical curves over the entire investigated 
domain, demonstrating that the formulation is able to accurately repro-
duce the monotonic compressive behaviour captured by the parametric 
study.  

  
(a) 

  
(b) 

 
Fig. 127 – Accuracy of the proposed equations for the cases with:  

(a) Eh/Es = 0.1%, (b) Eh/Es = 0.5%. 
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(d) 

  
(c) 

 

Fig. 128 – Accuracy of the proposed equations for the cases with:  

(a) Eh/Es = 0.1%, (b) Eh/Es = 0.5%, (c) Eh/Es = 1.5%, (d) Eh/Es = 4.0%. 

The proposed equations, based on a buckling-type formulation and 
calibrated against the numerical database, reproduce with good accuracy 
the normalized compressive response over the investigated range of mod-
ified l/d and hardening ratios. In addition, they overcome the disconti-
nuity issue associated with the Akkaya’s characteristic points. Therefore, 
the monotonic compression envelope of the SteelRebar material has been 
modified by replacing the Akkaya’s points with those characterised by 
normalized strain levels equal to 7, 15, 30 and normalized stress provided 
by the proposed equations. 
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4.5. Additional modifications to the SteelRebar material  

As mentioned in Section 2 of this Chapter, the SteelRebar material can 
be used either by assuming a constant l/d throughout the loading proto-
col or by allowing l/d to vary during the analysis.  

In the original SteelRebar formulation, the l/d of the rebar is up-
dated when unloading from tension as a function of the normalized min-
imum strain. Furthermore, the variation of l/d is assumed to be a linear 
function of the normalized minimum strain reached in compression, be-
tween an initial threshold lim,ini and a final threshold lim,fin. These fea-
tures present two shortcomings. First, in the case of a monotonic com-
pressive loading, no updating of l/d occurs because there is not unloading 
from tension. Second, the assumption of a linear variation of the l/d has 
not been experimentally verified.  

To make the model more flexible, the evolution law for the variable 
l/d was therefore modified by introducing an exponent  in the original 
equation, controlling the rate at which l/d increases with compressive 
strain. The modified expression is given in the following equation: 

min lim,ini

lim,fin lim,iniini fin ini ini

l l l l l

d d d d d


                                      

 (89) 

Low values of  lead to a rapid increase in the l/d even at relatively small 
compressive strains, whereas higher values of  produce a slower evolu-
tion of l/d, delaying the onset of high l/d. 
Furthermore, Eq. (89) is evaluated at every step of the loading protocol 
rather than only at strain reversal from tension. 

5. Advantages of the modified Steel rebar material over the 
original formulation 

Both the rule R1 proposed in section 4 and the new evolution equation for 
the l/d were implemented in OpenSees within the SteelRebar material. 

Additional numerical analyses were carried out to assess whether the 
modified formulation is able to eliminate the discontinuities previously 
observed in the compressive response of bars modelled with the original 
SteelRebar law when varying the l/d. 
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Fig. 129 – Proposed model 

The numerical model used for this verification consists of a single 
element, without geometric imperfections, with cross-sectional area 
equal to that of the bar and without fibre discretization (Fig. 129). The 
SteelRebar material is assigned directly to the element area. Monotonic 
compression tests were performed using mechanical properties repre-
sentative of the flat parts and the corner parts of the HSS cross-section. 
The adopted parameters are reported in Table 28. 

The result of these analyses, expressed in terms of normalized strain 
and normalized stress, confirm the effectiveness of the implemented laws 
and the modified l/d evolution rule. The discontinuities previously ob-
served in the bar response are removed, as shown in Fig. 130, which re-
ports the monotonic stress-strain curves for different l/d for corners and 
plates under the assumption of constant l/d. 

Table 28 – Material properties of bars representing flat parts and corner parts. 

Material E 
[MPa] 

fy 

[MPa] 
fu 

[MPa] 
y 
[-] 

Eh/Es 
[-] 

Flat parts 200000 475.0 560.0 0.0024 0.36% 

Corner parts 200000 600.0 610.0 0.003 0.075% 
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Fig. 130 – Stress–strain relationship for different bar l/d values provided by 

the modified Steel Rebar Material: (a) corner parts, (b) flat parts. 

6. Validation against cyclic tests on reinforcing bars 

A validation of the implemented laws was carried out by comparing the 
numerical response of the bar model using the modified SteelRebar ma-
terial with experimental results from the literature. Two experimental 
campaigns were considered: the tests by Monti and Nuti (1996) [81] and 
those by Prota et al. (2009) [82]. In total, 24 specimens were analysed: 12 
tested by Monti and Nuti, with l/d between 5 and 11, and 12 tested by 
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Prota et al., with l/d between 5 and 20. In all cases, the bars tested by 
the researchers were reproduced numerically so as to match the reported 
geometry, mechanical properties and boundary conditions. The displace-
ment applied at the bar tip followed the same displacement histories 
adopted in the laboratory tests and was imposed in the direction parallel 
to the bar longitudinal axis. A brief description of the experimental pro-
grammes is given below, followed by the comparison between numerical 
and experimental responses. 

6.1. Cyclic tests by Monti and Nuti 

Monti and Nuti [81] investigated the effects of local instability on the 
monotonic and cyclic behaviour of reinforcing bars in reinforced concrete 
members. The steel used for the bars was an Italian grade FeB44k, with 
a nominal yield strength of 440 MPa. The bars were tested in a fixed–
fixed configuration, in order to reproduce the restraint provided by trans-
verse reinforcement on longitudinal bars in RC elements. The bar length 
was chosen to obtain the desired l/d.  

Table 29 – Material properties of specimens tested by Monti and Nuti [81]. 

Specimen fy 
[MPa] 

fu 
[MPa] 

Es 

[MPa] 
Eh/Es 

[-] 
l/d 
[-] 

A1 470.0 620.0 200000 0.020 5 

A2 470.0 608.0 200000 0.018 5 

A3 430.0 692.0 180000 0.039 5 

A4 450.0 815.0 160000 0.062 5 

C1 470.0 605.0 200000 0.018 11 

C2 470.0 632.0 200000 0.022 11 

C3 430.0 515.0 180000 0.013 11 

C4 470.0 615.0 160000 0.025 11 

C5 450.0 534.0 160000 0.014 11 

A3_0 470.0 766.0 200000 0.039 5 

B3_0 470.0 804.0 200000 0.045 8 

C3_0 470.0 819.0 200000 0.047 11 
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Three values of l/d were considered, l/d = 5, 8, 11, using bars with 
diameters 𝑑 = 16, 20 and 24 mm. The tests were carried out under dis-
placement control and identified by the labels An, Bn and Cn, where A, 
B and C denote, respectively, (i) tests with l/d = 5, (ii) tests with l/d = 8, 
and (iii) tests with l/d = 11. The index 𝑛 specifies the loading protocol, 
namely (i) 𝑛 = 1, 2 for random protocols, (ii) 𝑛 = 3 for a protocol symmetric 
with respect to  = 0, and (iii) 𝑛 = 4, 5 for non-symmetric protocols. The 
mechanical properties here used to replicate Monti and Nuti’s experi-
mental tests are reported in Table 29 with the considered ratio Eh/Es. 

6.2. Cyclic tests by Prota and Cosenza 

Prota and Cosenza [82] carried out an extensive experimental pro-
gramme on the cyclic behaviour of smooth steel bars used as reinforce-
ment in existing RC structures. The study also addressed the comparison 
between the cyclic response of smooth bars and that of ribbed bars with 
improved bond. Although modern RC structures typically use only ribbed 
bars, many existing structures are still reinforced with smooth bars. 
Since these structures were often designed before the introduction of seis-
mic provisions, they may experience instability, cover spalling and con-
centrated damage in dissipative regions during earthquakes, especially 
where transverse reinforcement is inadequately spaced. 

The test programme included bars with diameters d = 8, 12, 14 and 
16 mm and different lengths, covering a l/d range 5  l/d  100. The tests 
were conducted under displacement control with a top-end strain rate 
corresponding to a displacement rate of 0.05 mm/s. The specimens were 
labelled Sn, R1n e R2n, where the leading letter identifies the bar type 
and the index n is the progressive test number. In particular, (i) S denotes 
smooth bars, (ii) R1 denotes ribbed bars that satisfy the requirements of 
Italian and European codes [D.M. 14/01/2008; Eurocode 2/2004 – Part 1-
1], which limit the overstrength to the range 1.15-1.35 and require the 
ratio between nominal and actual yield strength to be less than 1.25, and 
(iii) R2 denotes ribbed bars with mechanical properties outside the limits 
adopted for R1 bars. The average mechanical properties here used for 
each bar category with the considered ratio Eh/Es are given in Table 30. 
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Table 30 – Material properties of specimens tested by Prota and Cosenza [82]. 

Specimen fy 
[MPa] 

fu 
[MPa] 

Es 

[MPa] 
Eh/Es 

[-] 
l/d 
[-] 

S01 340 440 200000 0.0130 5 

S02 340 440 200000 0.0120 10 

S03 340 440 200000 0.0020 15 

S04 340 440 200000 0.0020 20 

R11 540 640 200000 0.0004 5 

R12 540 640 200000 0.0040 10 

R13 540 640 200000 0.0400 15 

R14 540 640 200000 0.0390 20 

R21 534 850 200000 0.0290 5 

R22 534 850 200000 0.0420 10 

R23 534 850 200000 0.0001 15 

R24 534 850 200000 0.0001 20 

6.3. Comparison between numerical and laboratory cyclic re-
sponse 

The cyclic response of the bars tested by Monti and Nuti and by Prota 
and Cosenza was determined in OpenSees using the modified Steel Rebar 
Material and the mechanical properties reported in Tables 29 and 30. 
The accuracy of the material model was assessed by comparing the ex-
perimentally obtained displacement-controlled cyclic responses with 
those reproduced numerically. The comparison of the hysteresis loops, 
shown for some of the considered bars in Figs. 131 and 132, confirms the 
good agreement between the predicted and experimental data, both for 
the primary cycles and for the secondary cycles. 

To further demonstrate the accuracy of the modified SteelRebar Ma-
terial model, including the cases not shown in Figs. 131 and 132, errors 
in predicting the cyclic response, as well as the coefficient of determina-
tion R2 were computed (Table 31 and 32). In the same tables, the R2 
values obtained using the original SteelRebar material, as formulated by 
Panarelli et al. [78], are also reported. 
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Fig. 131 – Accuracy of the modified Steel Rebar model in predicting the results 

of the laboratory tests carried out by Monti and Nuti [81]. 

  
 

Fig. 132 – Accuracy of the modified Steel Rebar model in predicting the results 

of the laboratory tests carried out by Prota et al [82]. 

To further demonstrate the accuracy of the modified SteelRebar Ma-
terial model, including the cases not shown in Figs. 131 and 132, errors 
in predicting the cyclic response, as well as the coefficient of determina-
tion R2 were computed (Table 31 and 32). In the same tables, the R2 
values obtained using the original SteelRebar material, as formulated by 
Panarelli et al. [78], are also reported. 

The comparison between the R2 values obtained using the original 
and the modified SteelRebar numerical models shows that the new for-
mulation preserves the high accuracy of the original SteelRebar model in 
reproducing experimental responses for cases with fixed l/d, while, as 
discussed previously, it also eliminates the discontinuities observed when 
modelling bars with variable l/d. 
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Table 31 – Coefficient of determination for Monti and Nuti [81] tests: compari-

son between original and modified SteelRebar models. 

Monti and Nuti specimens R2 original SteelRebar R2 modified SteelRebar 

A1 0.96 0.97 

A2 0.98 0.98 

A3 0.97 0.97 

A4 0.94 0.94 

C1 0.96 0.97 

C2 0.97 0.97 

C3 0.96 0.95 

C4 0.98 0.98 

C5 0.98 0.98 

A3_0 0.98 0.98 

B3 0.96 0.96 

C3_0 0.89 0.90 

Table 32 – Coefficient of determination for Prota et al. [82] test: comparison 

between original and modified SteelRebar models. 

Prota et al. specimens R2 original SteelRebar R2 modified SteelRebar 

S01 0.96 0.96 

S02 0.83 0.84 

S03 0.96 0.96 

S04 0.97 0.97 

R11 0.94 0.93 

R12 0.98 0.98 

R13 0.99 0.99 

R14 0.97 0.99 

R21 0.97 0.98 

R22 0.97 0.97 

R23 0.99 0.99 

R24 0.98 0.98 
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7. Use of the SteelRebar material model in HSS cross-sections 

The formulation of the SteeRebar material model, in its original develop-
ment, was calibrated against a refined numerical “reference rebar model” 
and subsequently validated on independent datasets; in the present 
work, the same constitutive structure is exploited, with specific attention 
to the definition of the compressive backbone and its implications when 
SteelRebar is used in fibre-based models to reproduce the different re-
sponse of strips in HSS box sections. In particular, each fibre of the cross-
section is assumed to behave independently of the adjacent fibres, with 
l/d varied according to the fibre position within the cross-section. The 
purpose is to represent the initiation and development of local instabili-
ties at different locations along the section, as this is particularly relevant 
for these members. 

To this end, a four-steps procedure, detailed in the following subsec-
tions, is adopted.  

First, for the fibres located at the mid-width of the flat part, at one 
quarter, at one eighth, or near the corners, an appropriate l/d ratio is 
defined based on the comparison between the monotonic stress-strain re-
sponse predicted by the modified SteelRebar material and the target re-
sponse obtained from the stress-strain curves of the strips isolated in the 
ABAQUS models subjected to stub column tests. 

Second, quadratic trend lines are defined to assign a l/d ratio also to 
those fibres for which the target stress-strain curves of the strips were 
not extracted from the ABAQUS models. 

Third, stub column tests under the cyclic loading protocols described 
in Section 1 are carried using the proposed fibre-based modelling in 
OpenSees. In this stage of the procedure, a variable l/d radio is employed 
within the loading protocol. The comparison with the results of cyclic stab 
column tests performed in ABAQUS is used to select the value of the pa-
rameter controlling the rate of variation of the l/d radio with the mini-
mum compression strain, in order to achieve to the best estimate of the 
cyclic response.  

Fourth, analytical equations are formulated to assign the l/d ratio as 
a function of the cross-section’s geometric properties and the position of 
the fibre within the section. 
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7.1. Selection of appropriate l/d ratio for fibres located in a spe-
cific position 

The definition of the appropriate l/d ratio for fibres located in a specific 
position, required in the first step of the procedure, is carried out through 
linear interpolation. The procedure is applied to all the fibres in the flat 
parts and corner parts for which the target stress-strain responses of the 
strips isolated in the ABAQUS are available. 

Specifically, the stress–strain curves computed by the modified 
SteelRebar model for different l/d, ranging from l/d = 1 to 30, are plotted 
together with the target stress-strain response. The procedure involves 
selecting target strain levels between 1% and 5% and, for each level, iden-
tifying within the set of curves corresponding to different l/d ratios the 
two curves whose stresses lie immediately above and below the stress of 
the strip under consideration. Interpolation between these two curves 
yields the l/d that best represents the fibre in question. 

Fig. 133 illustrates the assignment procedure by comparing the fi-
bres modelled in OpenSees with the corresponding flat parts modelled in 
Abaqus. As an example, the l/d obtained for the mid-width strip of the 
horizontal and vertical flat parts (L2O and L2V) of the 300×300×10 sec-
tion, at a strain level of 3%, is equal to 17.83 for the horizontal flat part 
and 16.96 for the vertical flat part. 

 
Fig. 133 – Example of l/d evaluation for the mid-width strips of the 

300×300×10 section. 
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7.2. Variability of the l/d ratio within the cross-section 

The approach described in the previous subsection is applied to all fibres 
in the flat parts and corner parts, resulting in a position-dependent vari-
ation of l/d along the cross-section. The outcomes show that l/d varies 
along the cross-section rather than remaining constant. In general, fibres 
located in the central region of the flat parts exhibit larger l/d values, 
being farther from restraint and therefore more prone to local instability. 
Conversely, fibres in the corner parts are associated with smaller l/d val-
ues, consistent with the limited contribution of these regions to instabil-
ity. For this reason, a constant l/d is adopted for the corner parts, com-
puted as a weighted average of the responses of the strips composing the 
corners. 

The information obtained from this procedure is then incorporated 
into the fibre model to improve the section discretisation by explicitly in-
cluding the variation of the l/d ratio. For the flat parts, the position-de-
pendent l/d is described through a quadratic law calibrated to replicate 
the values obtained for the fibres located at the mid-width of the flat part, 
at one quarter, at one eighth, and near the corners, whereas a single con-
stant value is used for the corner parts. Fig. 134 reports the trend lines 
obtained for the analysed sections. In these plots, (i) the ordinate is the 
l/d ratio value of the horizontal and vertical flat parts obtained by linear 
interpolation at different fibre locations, and (ii) the abscissa is the fibre 
position normalised with respect to the net length of the flat part (0 iden-
tifies fibres close to the corner parts, and 0.5 identifies fibres at mid-
width). These curves indicate that the trend evolves from nearly linear to 
markedly nonlinear as the slenderness (bf/t) of the flat parts increases. 

In all cases, the l/d ratio variation law to be assigned to the fibres is 
expressed as a second-degree polynomial function. The coefficients of this 
function capture the evolution of l/d along the flat parts, while the con-
stant term represents the l/d value assigned to the corner parts. The l/d 
values resulting from the calibrated functions are then assigned to the 
fibres of the cross-section modelled in OpenSees. 



A fibre based model for biaxial bending 205 

bf/t = 15.87 bf/t = 17.00 

  
bf/t = 18.65 bf/t = 19.00 

  
bf/t = 22.17 bf/t = 25.00 

  
bf/t = 30.00 bf/t = 35.00 

  
Fig. 134 – Trend lines as a function of cross-section slenderness. 
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7.3. Dynamic variation of the l/d ratio 

To investigate the behaviour of HSS members affected by local instabil-
ity, the quadratic laws previously derived were implemented in the Open-
Sees fibre model and the results were compared with the response of the 
FEM model. This comparison was first carried out by adopting both the 
static and the dynamic versions of the SteelRebar material. In this pre-
liminary phase, the dynamic formulation was used with  = 1, as pre-
scribed in the original SteelRebar definition, with the objective of identi-
fying which approach provides a closer approximation of the cyclic re-
sponse obtained from the finite element simulations. 

In addition, to evaluate the influence of the loading history on stub 
column behaviour, each profile was analysed under four cyclic loading 
protocols, consistent with those used in the Abaqus models. The outcome 
of this preliminary comparison, discussed in the following section, shows 
that the accuracy of the static and dynamic approaches in predicting the 
cyclic response depends on both the section slenderness and the applied 
loading protocol. 

To propose a single modelling strategy for cyclic response prediction, 
the cyclic behaviour of the sections was then evaluated by adopting a var-
iable l/d and by assigning to the exponent  in Eq. (89) values ranging 
from 0.10 to 1. A visual comparison between the cyclic responses obtained 
in Abaqus and those computed in OpenSees for different  values indi-
cated that the agreement improves as  decreases. 

Beyond qualitative observations, a mean error index was introduced 
to quantify the differences, to verify whether the accuracy depends on the 
section slenderness, and to identify, as a function of slenderness, the  
value that minimises the discrepancy. For each cycle, the point charac-
terised by the maximum shortening strain was identified for both the 
Abaqus response and the OpenSees fibre response. The error at those 
points, expressed as a percentage, was computed as 

𝐸𝑟𝑟% =
ிೀ೛ିிಲ್

ிಲ್
                                                      (90) 

where FOp and FAb are the forces obtained from the fibre model and from 
the FEM model, respectively. 

The mean error was then evaluated as 
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𝐸𝑟𝑟௠௘ௗ௜௢ =
ா௥௥%

௡°೐ೝೝ
                      (91) 

where 𝑛ୣ୰୰
∘ is the number of load reversals considered in the analysis. 

Based on the mean error estimation, the exponent providing the 
smallest error was found to be  = 0.10, which therefore represents the 
most effective value for reproducing the cyclic response of the FEM 
model. For this reason, the subsequent comparisons between the cyclic 
responses of the fibre model and those of the finite element model refer 
to  = 0.10. 

7.4. Accuracy of the OpenSees model in simulating stub column 
tests 

The comparison between the results obtained with the fibre model and 
those derived from finite element modelling plays a key role in validating 
the simplified approach, as it allows the accuracy and predictive capabil-
ity under cyclic loading to be assessed. The following figures present the 
investigate the behaviour of HSS members affected by local instability, 
the quadratic laws previously derived were implemented in the OpenSees 
fibre model and the results were compared with the response of the FEM 
model. This comparison was first carried out by adopting both the static 
and the dynamic versions of the SteelRebar material, with the objective 
of identifying which approach provides a closer approximation of the cy-
clic response obtained from the finite element simulations. In this pre-
liminary phase, the dynamic formulation was used with  = 1, I = 3.6‰, 
f = 25‰ and l/di = 1. 

In addition, to evaluate the influence of the loading history on stub 
column behaviour, each profile was analysed under four cyclic loading 
protocols, consistent with those used in the Abaqus models. The outcome 
of this preliminary comparison, discussed in the following section, shows 
that the accuracy of the static and dynamic approaches in predicting the 
cyclic response depends on both the section slenderness and the applied 
loading protocol. 

The following figures present the comparison for three representa-
tive sections: a stocky section (350×350×16), a slender section 
(400×400×10), and an intermediate-slenderness section (350×350×14.2). 
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Each section is analysed under cyclic conditions using the four loading 
protocols.  

For each case, the following comparisons are provided: (i) FEM re-
sults versus fibre-model results obtained with the original SteelRebar for-
mulation, considering both static and dynamic configurations, prior to 
the modifications introduced to overcome the discontinuities observed in 
bars modelled with SteelRebar (Figs. 135, 136 and 137); (ii) FEM results 
versus the numerical bar model obtained by introducing the equations 
proposed in the section 4, again considering both static and dynamic con-
figurations with  = 1 (Figs. 138, 139 and 140). 

 

  

  
Fig. 135 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 350×350×16 section: original SteelRebar model. 
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Fig. 136 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 350×350×14.2 section: original SteelRebar model. 

  

  
Fig. 137 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 400×400×10.0 section: original SteelRebar model. 
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The plots refer to l/d values calibrated to reproduce the stress ob-
tained in Abaqus at a strain level equal to 3%. The response is presented 
in terms of force–displacement curves. FEM results are reported with 
dashed lines, whereas fibre-model results are shown with continuous 
lines for the static model and with dashed-dotted lines for the dynamic 
model. 

The fibre model is able to reproduce the cyclic response with good 
accuracy, showing satisfactory agreement with the FEM simulations. 

For the slender section, the static model reproduces the evolution of 
the FEM response with good accuracy. Conversely, the dynamic model 
with  = 1, particularly in the initial cycles, deviates from the finite ele-
ment response. This discrepancy is reduced in the modified numerical 
model after introducing the proposed equations, confirming the effective-
ness of the proposed formulation. 

 

  

  
Fig. 138 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 350×350×16 section: modified SteelRebar model. 
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Fig. 139 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 350×350×14.2 section: modified SteelRebar model. 

  

  
Fig. 140 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 400×400×10.0 section: modified SteelRebar model. 
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For the intermediate-slenderness section, the accuracy differs from 
cycle to cycle. In the initial cycles the dynamic model provides a better 
approximation, whereas at larger cycles the static model appears more 
consistent with the Abaqus response. The accuracy generally improves 
when the modified SteelRebar model is used. 

For the stocky section, the dynamic model provides a more accurate 
estimate than the static model. However, the difference between the two 
approaches becomes negligible as the section becomes less slender, since 
instability effects no longer significantly influence the response. 

In the dynamic model with  = 1, a curved trend can be observed in 
the initial cycles. This behaviour is attributed to the rate of transition 
from one l/d value to the next, which is gradual as  approaches unity. 

To propose a single modelling strategy for cyclic response prediction, 
the cyclic behaviour of the sections was then evaluated by adopting a var-
iable slenderness ratio l/d and by assigning to the exponent  in Eq. (89) 
values ranging from 0.10 to 1. A visual comparison between the cyclic 
responses obtained in Abaqus and those computed in OpenSees for dif-
ferent  values indicated that the agreement improves as  decreases. 

Beyond qualitative observations, a mean error index was introduced 
to quantify the differences, to assess whether the accuracy depends on 
the section slenderness, and to identify, the  value that minimises the 
discrepancy between the cyclic response obtained from numerical models 
built in ABAQUS and OpenSees. For each cycle, the point characterised 
by the maximum shortening strain was identified for both the Abaqus 
response and the OpenSees fibre response. The error at those points, ex-
pressed as a percentage, was computed as 

%
Op Ab

Ab

F F
Err

F


                        (92) 

where FOp and FAb are the forces obtained from the fibre model and from 
the FEM model, respectively. 

The average error was then evaluated as 

%
av

err

Err
Err

n
                                      (93) 

where 𝑛ୣ୰୰
∘ is the number of load reversals considered in the analysis. 
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Based on the average error estimation, the exponent providing the 
smallest error was found to be  = 0.10, which therefore represents the 
most effective value for reproducing the cyclic response of the FEM 
model. For this reason, the subsequent comparisons between the cyclic 
responses of the fibre model and those of the finite element model refer 
to  = 0.10. 

Figs. 141, 142 and 143 show the comparison between the cyclic re-
sponses obtained with the proposed fibre model using  = 0.10 and those 
derived from finite element modelling, for the same cross-sections inves-
tigated in the previous figures. The figures show that adopting an expo-
nent  = 0.10 in the dynamic model further reduces the differences be-
tween the cyclic response obtained by FE and fibre models. Furthermore, 
the lower value of  results in a more abrupt transition between different 
l/d values, thus eliminating the curved trend observed in the initial cy-
cles predicted by the dynamic model with  = 1.  

 

  

  
Fig. 141 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 350×350×16 section: modified SteelRebar, = 0.10. 
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Independently of the slenderness of the flat parts forming the cross-
section, additional trends can be observed with respect to the loading pro-
tocol: (i) for protocols with increasing deformation amplitude (protocol 
C1), the fibre model accurately follows the response evolution and cap-
tures the instability phenomenon; (ii) for protocols characterised by cycles 
at constant deformation amplitude (protocol C2), the fibre model is not 
suitable for reproducing the relaxation effects observed in the finite ele-
ment simulations; (iii) for protocols with a first cycle at high deformation 
followed by cycles at lower deformation (protocol C3), the transition curve 
from compression to tension exhibits a tensile response lower than that 
obtained in Abaqus; and (iv) for asymmetric loading protocols (protocol 
C4), the fibre model effectively reproduces the cycle asymmetry, alt-
hough, as the number of cycles increases, a reduction of the peak stress 
amplitude is observed and attributed to local instability. 

 

  

  
Fig. 142 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 350×350×14.2 section: modified SteelRebar,  = 0.10. 
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Fig. 143 – Comparison between the cyclic responses of the FEM model and the 

fibre-based model for the 400×400×10.0 section: modified SteelRebar, = 0.10. 

7.5. Proposal of an equation to evaluate the variability of l/d 
along the cross-section 

To make the proposed fibre-based approach generally applicable to any 
HSS cross-section, it was necessary to introduce a practical rule to assign 
the slenderness ratio l/d to the fibres in the flat portions.  

In the calibration phase, the l/d distribution at a given location along 
the plate was obtained by building a dedicated Abaqus FE model and ex-
tracting the stress–strain response of a set of longitudinal strips, which 
is clearly not feasible for routine applications or for sections outside the 
investigated set. For this reason, a predictive equation was developed to 
provide the value of l/d to be assigned to each flat-plate fibre directly as 
a function of Dn/t, where Dn is the clear flat width (side length excluding 
corner parts) and t is the thickness. 

The proposed equation is as follows 
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2

,

for 0 0.5i i i

fin i n n n

x x xl
a b c

d D D D

         
   

  (94) 

where (l/d)fin,i is the l/d ratio of the fibre located at a distance xi from the 
end of the corner part achieved at the final threshold of the normalized 
minimum strain reached in compression, lim,fin. In the proposed equation,  
௫೔

஽೙
= 0 at the flat-corner junction and ௫೔

஽೙
= 0.5 at the plate mid-width.  

Due to cross-section symmetry, the l/d distribution is assumed to be 
symmetric as well. The coefficients a, b and c are defined as functions of 
Dn/t and are as follow 

𝑎 = 0.0674 ቀ
஽೙

௧
ቁ

ଶ
− 1.25

஽೙

௧
+ 1.09 (95) 

𝑏 = 0.0055 ቀ
஽೙

௧
ቁ

ଶ
+ 0.467

஽೙

௧
− 6.71 (96) 

𝑐 = −0.0057 ቀ
஽೙

௧
ቁ

ଶ
+ 0.402

஽೙

௧
+ 0.437 (97) 

Fig. 144 compares the l/d values predicted by equations (95)-(97), 
i.e. (l/d)p with those derived from the Abaqus strips (l/d)t for the nine stub-
column sections and for four different positions of the fibres: xi/Dn=0, 1/8, 

0.25 and 0. The figure shows an excellent agreement between target and 
predicted l/d. 

 
Fig. 144 – Comparison between target and predicted values of l/d along the 

flat plate of the cross-section 
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Fig. 145 shows the response of 400x400x14.2 that reports the major 
variation in l/d among all the specimen because of the equation. The fig-
ure shows how the curves are nearly superimposed, demonstrating the 
accuracy of the equation. 

  

  

 
Fig. 145 – Comparison of cyclic responses for the 400×400×14.2 section using 

l/d values derived from FEM extracted strips and from the calibrated equation. 

8. Accuracy of the OpenSees model in simulating uniaxial 
bending tests 

To assess the ability of the proposed simplified fibre-based modelling 
strategy to reproduce the cyclic response of cold-formed HSS members 
under bending tests, two configurations of simulations were performed: 
(i) cantilever members under uniaxial bending tests and (ii) biaxial bend-
ing. 

For the comparison, selected cases from the parametric finite ele-
ment analyses presented in Chapter 3 were used for the comparison and 
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are reported in Table 33. All the specimens considered have been tested 
with an axial load ratio from 0.0Npl to 0.5 Npl.  

 Table 33 – Geometric properties of the investigated sections. 

Specimen 
bf 

[mm] 
t 

[mm] 
re 

[mm] 
bf/t 
[-] 

Lv 
[mm] 

350x350x16.0 253.98 16.0 48.01 15.87 1500 2250 3000 

350x350x14.2 264.80 14.2 42.60 18.65 1500 2250 3000 

400x400x16.0 303.98 16.0 48.01 19.00 1500 2250 3000 

400x400x14.2 314.80 14.2 42.60 22.17 1500 2250 3000 

300x300x10.0 250.04 10.0 24.98 25.00 1500 2250 3000 

8.1. Simulation of tests under axial load and uniaxial bending 

The proposed fibre-based model used for the stub-column tests was 
adapted to simulate the flexural response. 

Cantilever members were represented by a single force-based beam-
column element with finite-length plastic hinges equal to 0.8 times the 
section depth. The midpoint numerical integration scheme was employed 
as discussed in Scott and Fenves [83]. The fiber-discretised section, de-
fined consistently with the stub column simulations, was assigned to the 
first integration point, whereas elastic sections were assigned to the re-
maining integration points. The l/d assigned to the fibres are assigned 
based on equation (94). 

In the figures that follow, the Abaqus responses are reported with 
continuous black lines, whereas the OpenSees responses are shown with 
continuous red lines. The results are reported in terms of bending mo-
ment versus chord rotation. For consistency, the cyclic curves are cut at 
the step where the Abaqus finite element model reaches 50%, i.e., the 
chord rotation corresponding to a residual moment equal to 50% of the 
maximum bending moment. 

Figs. 146-148 show the cyclic responses for the stockiest section 
(350×350×16) for all the shear length and with four different values of 
the axial load ratio. Figs. 149-151  and Figs. 152-154 show the same 
comparison respectively for an intermediate-slenderness section 
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(400×400×16.0), and the slenderest section (300×300×10). Since the aim 
of the comparison is to assess the accuracy of the OpenSees model in re-
producing the FEM response, rather than to compare the cyclic responses 
of different cross-sections, the figures are presented using different x-axis 
scales, in order to improve the readability of the cases characterised by 
higher axial load levels.  

The SHS 300×300×10 specimen with a shear length of 3.00 m showed 
in Fig. 154 was analysed only up to an axial load ratio of 0.4, since its 
pronounced slenderness and brittle response led to numerical instabili-
ties at higher axial load levels. 

 

 

Fig. 146 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 350×350×16.0 section (Lv = 1.50 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5.  
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Fig. 147 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 350×350×16.0 section (Lv = 2.25 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 148 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 350×350×16.0 section (Lv = 3.00 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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Fig. 149 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 400×400×16.0 section (Lv = 1.50 m) and axial load ratio  

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 150 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 400×400×16.0 section (Lv = 2.25 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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Fig. 151 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 400×400×16.0 section (Lv = 3.00 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 152 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 300×300×10.0 section (Lv = 1.50 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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Fig. 153 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 300×300×10.0 section (Lv = 2.25 m) and axial load ratio 

equal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 154 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 300×300×10.0 section (Lv = 3.00 m) and axial load ra-

tioequal to: (a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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The comparisons presented in the figures highlight the overall high 
accuracy of the proposed model, with a better performance for members 
subjected to axial load. This trend is reasonably expected, since the mod-
ified SteelRebar formulation and its l/d assignment strategy were cali-
brated starting from stub-column simulations, where the response is in-
herently governed by compressive behaviour under relevant normal 
force. Conversely, the cases without axial load tend to slightly overesti-
mate the bending moments at large deformation demands. 

To evaluate the accuracy of the Opensees model for all the considered 
specimens, the bending moment predicted using the Opensees model at 
a given rotation demand is normalized to the maximum bending moment 
Mmax,OS. The normalized curve is used to evaluate the envelope curve cor-
responding to the first cycle and the chord rotations θ80%,OS and θ50%OS at 
the achievement of a residual normalized bending moment equal to 0.80 
and 0.50. The sub-script “OS” is added to underline that both the residual 
bending moment and the maximum bending moment are determined us-
ing the Opensees model. The values of the chord rotations θ80%,OS and 
θ50%OS are compared in Figs. 155 and 156 to the corresponding values 
derived starting from the cyclic response predicted by the Abaqus model 
(θ80%,Abaqus and θ50%Abaqus). 

Fig. 155, shows that, when considering 80%, which is representative 
of the Significant Damage (SD) limit state, the agreement between the 
predictions provided by the two numerical models is excellent. However, 
at larger rotations, the discrepancy becomes more pronounced. Fig. 156, 
compares the 50% values (with the Near Collapse, NC, limit state), and 
shows that the deviation increases for sections without axial load and for 
the stockiest sections with  = 0.1. In these cases, the OpenSees model 
tends to predict less severe degradation. 
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Fig. 155 – Comparison of the chord rotation 80% (Significant Damage limit 

state) predicted by the Abaqus and OpenSees models for all investigated speci-

mens. 

 
Fig. 156 – Comparison of the chord rotation 50% (Near Collapse limit state) 

predicted by the Abaqus and OpenSees models for all investigated specimens. 
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9. Accuracy of the model for the biaxial bending tests 

The OpenSees model developed in this work adopts a fibre-based formu-
lation in which each fibre is assigned the modified SteelRebar material. 
Since the section response is obtained by integrating the uniaxial stress–
strain laws over the fibre discretization, the model naturally captures the 
axial force–biaxial bending interaction without additional phenomeno-
logical coupling assumptions. As a result, the proposed model is suitable 
not only for purely axial or uniaxial bending conditions, but also for sim-
ulating combined axial load and biaxial bending, as typically experienced 
by steel columns under seismic actions where flexure about both principal 
axes develops simultaneously. 

9.1. Modifications to the model to apply the biaxial bending mo-
ment 

To enable the simulation of biaxial bending, the original 2D OpenSees 
model was extended to a 3D formulation. The forceBeamColumn ele-
ments were assigned a linear geometric transformation using the ge-
omTransf Linear command. The components of the vector required in a 
three-dimensional model to define the mapping between the element lo-
cal system and the global reference frame are assigned so that the loading 
protocol is still applied at the same control node and along the same 
global axes, while the local element axes (and thus the section orienta-
tion) are rotated by an angle φ. In other words, the same global displace-
ments imposed in specimens subjected to uniaxial bending generate the 
desired combination of bending about the two principal local axes. 

9.2. Simulation of tests under axial load and biaxial bending 

In the figures that follow a comparison of the responses of columns 
under biaxial bending between the two models is reported. The Abaqus 
responses are reported with continuous black lines, whereas the Open-
Sees responses are shown with continuous red lines.  

As in section 8.1, the results are reported in terms of resulting bend-
ing moment (determined as discussed in Section 2 of Chapter 3) versus 



A fibre based model for biaxial bending 227 

chord rotation, and the cyclic curves are cut at the step where the Abaqus 
finite element model reaches 50%. 

Figs. 157-159 show the cyclic responses for the stockiest section 
350×350×16 with a shear length of 2.25m and for the angle of displace-
ments 15°, 30° and 45°. For each angle, the cyclic response corresponding 
to four different values of the axial load ratio are presented. Figs. 160-
162  and Figs. 163-165 show the same comparison respectively for an 
intermediate-slenderness section (400×400×16.0), and the slenderest sec-
tion (300×300×10). Also in this case, the aim of the comparison is to as-
sess the accuracy of the OpenSees model in reproducing the FEM re-
sponse. Therefore, the figures are reported using different x-axis scales, 
in order to improve the readability of the cases characterised by higher 
axial load levels.  

 

 

Fig. 157 – Comparison between the cyclic responses of the FEM and the Open-

Sees model for the 350×350×16.0 section with Lv = 2.25 m, φ=15° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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Fig. 158 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 350×350×16.0 section with Lv = 2.25 m, φ=30° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 159 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 350×350×16.0 section with Lv = 2.25 m, φ=45° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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Fig. 160 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 400×400×16.0 section with Lv = 2.25 m, φ=15° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 161 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 400×400×16.0 section with Lv = 2.25 m, φ=30° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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Fig. 162 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 400×400×16.0 section with with Lv = 2.25 m, φ=45° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 163 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 300×300×10.0 section  with Lv = 2.25 m, φ=15° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Abaqus OpenSees

-2000

-1000

0

1000

2000

-0.1 -0.05 0 0.05 0.1

M
[kNm]


[rad]

(a)

-2000

-1000

0

1000

2000

-0.08 -0.04 0 0.04 0.08

M
[kNm]


[rad]

(b)

-2000

-1000

0

1000

2000

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

M
[kNm]


[rad]

(c)

-2000

-1000

0

1000

2000

-0.02 -0.01 0 0.01 0.02

M
[kNm]


[rad]

(d)

-800

-400

0

400

800

-0.08 -0.04 0 0.04 0.08

M
[kNm]


[rad]

(a)

-800

-400

0

400

800

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

M
[kNm]


[rad]

(b)

-800

-400

0

400

800

-0.04 -0.02 0 0.02 0.04

M
[kNm]


[rad]

(c)

-800

-400

0

400

800

-0.02 -0.01 0 0.01 0.02

M
[kNm]


[rad]

(d)



A fibre based model for biaxial bending 231 

 

Fig. 164 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 300×300×10.0 section with Lv = 2.25 m, φ=30° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 

Fig. 165 – Comparison of the cyclic responses of the FEM and the OpenSees 

model for the 300×300×10.0 section with Lv = 2.25 m, φ=45° and  equal to  

(a) 0.0; (b) 0.1; (c) 0.3; (d) 0.5. 
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The comparisons presented in the figures highlight that even in the 
case of biaxial bending the model has a high accuracy. Similarly to what 
was achieved for the specimens subjected to uniaxial bending, the model 
shows a better performance for members subjected to axial load than 
those without an axial load. In these latter cases, the model tends to 
slightly overestimate the bending moments at large deformation de-
mands. 

This is confirmed by Fig. 166, which shows excellent correspondence 
between the values of 80% predicted by the OpenSees model (80%OS) and 
those predicted using Abaqus simulations (80%,Abaqus) for . However, 
as already observed for members under uniaxial bending, the discrepancy 
between the values predicted by the two models becomes more pro-
nounced at larger rotations. Fig. 167, reporting the comparison of values 
of 50% predicted using the two numerical models, shows that the devia-
tion increases for sections without axial load and for the stockiest sections 
at  = 0.1, where the OpenSees model tends to predict less severe degra-
dation. 

 
Fig. 166 – Comparison of the chord rotation 80% (SD limit state) predicted by 

the Abaqus and OpenSees models for all investigated specimens. 
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Fig. 167 – Comparison of the chord rotation 50% (NC limit state) predicted by 

the Abaqus and OpenSees models for all investigated specimens. 

The cyclic responses shown in the previous figures, for both the 
Abaqus and OpenSees models, indicate that for stocky sections under 
zero axial load, the residual bending moment tends to stabilize at large 
chord rotations. Consequently, substantial differences in the predicted 
θ₅₀% may not be meaningful if the residual bending moment at which the 
OpenSees response tends to flatten is only slightly higher than that to-
ward which the Abaqus response converges. To better investigates on this 
issue, the residual bending moment predicted by the OpenSees model 
was extracted at the chord rotation corresponding to 50% of the Abaqus 
FE model (50%,Abaqus). This residual bending moment provided by the 
Opensees model was then normalised by the peak bending moment, and 
plotted in Fig. 168 for all cases with  = 0.0 and  = 0.1. A normalised 
residual bending moment value equal to 0.5 would indicate that the 
Opensees model accurately predicts the residual strength at 50%, 
whereas deviations from 0.5 reflect differences in the simulation of post-
peak degradation. Fig. 168a confirms a marked overestimation of the 
normalised residual bending moment by the OpenSees model for  = 0.0. 
The largest discrepancy is observed for the 350×350×16.0 section with Lv 
= 2.25 m and = 45°, for which the normalised residual bending moment 
reaches 0.717. 18 specimens exhibit normalised residual bending mo-
ments greater than 0.65. 
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Fig. 168 – OpenSees normalised bending moment when 50% is achieved on 

Abaqus model: (a) specimens with  = 0.0; (b) specimens with  = 0.1. 
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Fig. 168b shows a milder overestimation for  = 0.1, mainly for the 
stockiest sections; in this case, the maximum deviation occurs for the 
350×350×16.0 section with Lv = 2.25 m and = 0°, for which the normal-
ised residual bending moment reaches 0.612. 

Fig. 169 extends the same comparison to all specimens as a function 
of the axial load ratio. The median value of the normalised residual bend-
ing moment decreases as  increases: it is 0.60 for  = 0.0, 0.55 for  = 0.1, 
approximately 0.50 for  = 0.2 and  = 0.3, and 0.45 for  = 0.4. For  = 
0.5, the results show a wider scatter and a shift towards lower values, 
with most normalised residual bending moments falling in the 0.3–0.4 
range. 

Although the cases with  = 0.5 also exhibit normalised residual 
bending moments noticeably different from 0.5, this is mainly attributa-
ble to the rapid loss of resistance that may occur in these profiles at rela-
tively small chord rotations. So, this type of comparison becomes less in-
formative for assessing accuracy at high axial loads. Fig. 170 shows the 
comparison of the responses of specimen 400x400x14.2 as an example of 
the worst case with  = 0.5 that reports a normalized residual bending 
moment M/Mmax = 0.219. 

 
Fig. 169 – OpenSees normalised bending moment when 50% is achieved on 

Abaqus model for all specimens. 
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Fig. 170 – Comparison between the cyclic responses of the FEM model and the 

OpenSees model for the 400×400×14.2 section with Lv = 1.50 m,  = 0.5 and an 

angle of displacement of 30°. 

 
Fig. 171 – Comparison of the energy dissipation prediction by the Abaqus and 

OpenSees models for all investigated specimens. 

A final check on the OpenSees predictive capability is performed in 
terms of energy dissipation, computed as the area enclosed by the hyster-
etic loops, as reported in Fig. 171. Despite the aforementioned tendency 
to overestimate the bending moments at large deformation demands for 
 = 0.0 (and for  = 0.1 in the stockiest sections), the overall dissipated 
energies are captured with excellent accuracy. 
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Conclusions 

This thesis investigated the cyclic response and chord-rotation capacity 
of cold-formed Hollow Structural Section (HSS) members used as beam–
column components under combined axial load and bending moments. 
Specific attention was given to biaxial bending demands representative 
of three-dimensional moment-resisting frames. The work combined re-
fined finite element (FE) modelling, large-scale parametric simulations, 
and the development and calibration of simplified numerical tools suita-
ble for design-oriented applications and structural-system analyses. 

A refined FE modelling strategy was first used and validated against 
experimental evidence available in the literature for members under the 
combined effects of axial loads and biaxial bending. The validation 
demonstrated that the adopted FE framework can reproduce the re-
sponse of cold-formed HSS columns with good accuracy in terms of (i) 
bending moment versus chord rotation and (ii) axial shortening. In addi-
tion, the analyses confirmed that including geometric imperfections con-
sistently with the Eurocode 3 philosophy leads to a conservative estimate 
of chord-rotation capacity, highlighting the role of imperfection sensitiv-
ity in governing local buckling initiation and post-peak degradation. 

The validated modelling assumptions were then used to carry out an 
extensive parametric study, consisting of 1272 analyses on cantilever 
members selected to cover variations in cross-section geometry and size, 
axial load ratio, shear length, and loading direction angle. The FE data-
base enabled the development of predictive equations for the chord-rota-
tion capacity under symmetric cyclic biaxial bending at both the Signifi-
cant Damage (SD) and Near Collapse (NC) limit states. The proposed 
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expressions account for the key geometric and mechanical parameters 
controlling instability and degradation (i.e., the web and flange slender-
ness of the cross-sections, the axial load ratio, the ratio of the half-wave-
length of the buckled flange to the shear length, the depth-to-width ratio, 
and the angle of the displacement loading direction), and were calibrated 
through regression analyses on log-transformed data.  

The derived equations were shown to provide accurate estimates of 
the chord rotation capacity across the full investigated range of loading 
directions. Moreover, the logarithmic of residuals resulting from the re-
gression analysis were found to be approximately normally distributed 
with mean close to zero; this is an important property for probabilistic 
applications (e.g., Monte Carlo simulations for seismic performance as-
sessment). 

To support efficient nonlinear analyses at the structural level, a sim-
plified concentrated-plasticity strategy was proposed by calibrating the 
parameters of the modified Ibarra–Krawinkler (MIK) deterioration 
model for cantilever members made of cold-formed HSS sections. Predic-
tive equations were provided for strength, deformation, and degradation-
rate parameters as a function of the geometric and mechanical quantities 
governing local buckling. The proposed formulation (i) estimates median 
parameter values, (ii) yields residuals compatible with normal and 
lognormal assumptions, (iii) explicitly incorporates cold-forming effects 
(different strength of flat and corner parts), and (iv) reproduces cyclic re-
sponse accurately over cases with low-to-high degradation rates, with dis-
sipated energy generally predicted within about 20% error. Based on the 
calibration domain, the equations are recommended primarily for axial 
load ratios not exceeding 0.3 and within the reported geometric limits of 
the database. 

To overcome the intrinsic limitations of single-spring models in cap-
turing axial force–biaxial bending interaction, a fiber-based OpenSees 
strategy was developed using a material model with different behaviour 
in tension and compression. Specifically, the SteelRebar uniaxial mate-
rial model is used. In its original development, this material model was 
proposed to replicate the response of steel rebars characterised by a pre-
defined l/d, where l is the buckling length of the bar and d is the diameter 
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of the cross-section. The original SteelRebar compression rule, based on 
Akkaya characteristic points, was found to introduce non-smooth trends 
and discontinuities; therefore, the monotonic compressive backbone of 
the SteelRebar material model was reformulated through a buckling-
type, continuously varying law calibrated on a dedicated numerical data-
base.  

To account for local buckling phenomena, in the proposed fiber 
model, the material behaviour of the fibres within the cross-section is dif-
ferentiated based on the position of the fiber. In particular, fibres located 
in the central region of the flat parts are assimilated to steel rebars char-
acterized by l/d ratios larger than those of rebars associated to fibres lo-
cated near the corner parts. A closed-form relationship was proposed to 
assign l/d to flat-plate fibres as a function of the local slenderness of the 
flat parts of the cross-section and of the fiber position. 

The comparison of the cyclic responses predicted by the FE and the 
fiber based models of members under uniaxial and biaxial bending 
showed an overall good agreement, particularly for cases with non-zero 
axial load. The proposed fiber-based model is able to adequately simulate 
the strength degradation, although some overestimation of the resisting 
bending moments at large rotations was observed for members subjected 
to low axial load ratios. Nonetheless, the dissipated energy was captured 
with satisfactory accuracy. 

From an engineering perspective, the simplified models developed in 
Chapters 4 and 5 should be regarded as complementary tools. The con-
centrated-plasticity model based on the MIK spring is primarily suited to 
members under uniaxial bending, as it represents the inelastic response 
through a moment–rotation law concentrated at the base section. The fi-
bre-based model, instead, is intended for cases in which axial load–biaxial 
bending interaction must be explicitly captured through a cross-section 
discretised into fibres with position-dependent constitutive properties. 
Both models are suitable for engineering applications, but they differ in 
scope and modelling detail. Accordingly, the model in Chapter 4 may be 
regarded as the preferred tool for efficient design-oriented analyses under 
uniaxial bending, whereas the model in Chapter 5 provides a more 
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versatile framework when biaxial response and N–My–Mz interaction 
need to be captured explicitly. 

Overall, the thesis provides: (i) FE-based predictive equations for 
chord-rotation capacity domains under axial load and biaxial bending; (ii) 
a computationally efficient spring-based numerical model for uniaxial 
bending applications; and (iii) a fiber-based model developed in the Open-
Sees framework capable of representing N–My–Mz interaction and local-
instability-driven degradation through a refined uniaxial material for-
mulation. These developments support performance-based assessment 
and can inform future improvements of code-oriented acceptance criteria 
for cold-formed HSS columns under realistic seismic demands. 

Future work related to the proposed fiber-based model should pri-
marily address (a) reducing the residual overestimation at very low axial 
load ratios at large rotations, (b) improving the representation of behav-
iours observed in FE under specific cyclic protocols (e.g., relaxation effects 
under constant-amplitude histories), and (c) extending/validating the 
simplified models against additional experimental datasets and loading 
histories to further strengthen their generality for design and assessment 
applications.
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