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Abstract. We argue that field trajectories, which lead to cosmic acceleration and feature
rapid turns near the boundary of the moduli space, are in the Swampland. We obtain this
result by assuming the validity of the Swampland Distance Conjecture (SDC) in the presence
of a positive scalar potential and by focusing on hyperbolic spaces, as prototype geometries of
infinite distance limits of Calabi-Yau compactifications. We find that, in a quasi-de Sitter
space with Hubble rate H and acceleration parameter ϵ, the turning rate Ω is upper bounded
such as Ω/H < O(

√
ϵ). Therefore, field trajectories consistent with the SDC can only have

a negligible deviation from geodesics. This has direct implications for the realization and
consistency of multi-field scenarios in string theory. Moreover, it implies a tension between
asymptotic accelerating expansion, consistent with observations, and the de Sitter conjecture.
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1 Introduction

Cosmic acceleration plays a fundamental role in the current understanding of our Universe.
A variety of experiments operating at different scales, such as supernovae [1, 2] and cosmic
microwaves background (CMB) [3–5] experiments, have provided very compelling evidence of
a phase of accelerating expansion both in the early and in current universe. While we have
a good understanding of how this phase can be realized in terms of an effective scalar field
theory, we still struggle to agree on a full-fledged embedding of it in string theory.

The presence of several light scalar fields, active during the acceleration phase,1 is a
natural expectation for such an embedding (see [6] for a recent review on string cosmology).
String theory comes in fact with many moduli, often spanning non-trivial field geometries, and
giving them a mass is definitely a complex task. Unlike scenarios with one single scalar field,

1In this work, we consider only time-dependent acceleration phase, such as inflation or quintessence, with
certain displacements in field space.
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multi-field models typically feature non-geodesic trajectories in field space.2 Deviations from
geodesics can be sourced by a non-zero scalar potential and they are usually quantified by the
so-called turning rate Ω. Strong non-geodesic motion, characterized by rapid turns in field
space with Ω ≫ 1 (in Hubble units), can lead to intriguing and rich phenomenology. Examples
have been provided in the context of inflation (see, e.g., [7–20]) and also for quintessence models
(see, e.g., [21–28]). These can be modifications of the inflationary power spectrum [10, 12],
production of primordial black holes [29–31], possibility to inflate on a steep potential [15, 23,
25] (namely with large potential gradient) and also enhanced growth of large-scale structure [23].
Despite the great attention this topic gained in the research community, the results are mainly
model-dependent and so we lack a general principle of what a consistent quantum gravity
embedding allows for (see [18] for some work in this direction in the context of supergravity).

An alternative route to (string) model building is given by the Swampland program [32–
35], which suggests that one can employ a bottom-up approach to restrict the set of effective
field theories (EFTs) consistent with quantum gravity. This is based on a number of universal
consistency constraints, which act already at energies typically lower than the Planck mass
MP, thus making them meaningful for phenomenology. One property that consistent EFTs
appear to possess is a finite range of validity in field space. This is indeed one of the powerful
implications of the Swampland Distance Conjecture (SDC) [33], which states that infinite
scalar field variations are always accompanied by (at least) one infinite tower of states with
exponentially decreasing mass scale. In this limit, the quantum gravity cut-off, which we
identify with the species scale Λs [36–40], decays exponentially in field space, thus leading to
a breakdown of the effective theory.3 Field displacements of order MP are enough to observe
this behaviour [49, 50] and to extract consequences relevant for phenomenology (see also [51]).
Implications of the SDC for cosmic inflation were first studied in [52] (see also [53, 54]), where
a universal upper bound on the inflaton range was found (see also [55, 56] for some variations
of it with fixed decay rate).

The SDC finds a natural test around the boundary of moduli space. These asymptotic
regions are located at an infinite distance from any other point, hence referred to as ‘infinite-
distance singularities’. Around these regions, the geometry exhibits negative curvature and
non-compactness,4 while maintaining a finite volume [33]. The effective theory becomes simple
and can be expressed as a perturbative expansion on a certain parameter. Additionally, there
is evidence suggesting that the scalar potential approaches zero in this limit [63, 64]. These
factors have led to serious consideration of the boundary of moduli space as a promising
framework for embedding models of cosmic acceleration [27, 28, 65–70], often referred to as
‘asymptotic acceleration’.

In this work, we study the implications of the SDC for multi-field models of cosmic
acceleration at the boundary of moduli space. As main result, we find that the ratio between
the turning rate Ω and the Hubble parameter H is constrained by

Ω
H
< c

√
ϵ , (1.1)

2It should be noted that the most common strategy to construct an effective (supergravity) model is to
stabilize all fields except one, which drives the acceleration phase. However, despite its simplicity, this approach
may not be the most natural and often demands precise control over the effective theory.

3It has also been pointed out that the limits of small (AdS) cosmological constant [41], small gravitino
mass [42–44] and small/large entropy [45–48] lead to analogous conclusions.

4In the context of inflationary cosmology, it has been shown [57–62] that non-compact symmetries and
negative curvature of the field space are key features for an excellent fit to the observational data. The relation
between the SDC and such a cosmological scenario has in fact been investigated in [52].
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with ϵ ≡ −Ḣ/H2 being the acceleration parameter and c being a O(1) quantity, depending on
the curvature of the moduli space and on the decay rate of the tower mass scale. Since ϵ < 1 by
definition, this result implies that asymptotic acceleration is incompatible with rapid turns or
any strong non-geodesic motion. At the boundary of moduli space, quantum gravity imposes
predominantly geodesic motion.5 We argue that this result should be valid also in the more
conservative case of super-Planckian excursions, for which one can consistently apply the SDC.

One direct implication of eq. (1.1) is a clear tension between asymptotic acceleration and
the de Sitter conjecture [63, 72, 73]. In fact, a distinctive characteristic of multi-field models
is that the acceleration phase is not solely determined by the gradient of the scalar potential,
but rather by the interplay of this and the turning rate, as given by the following formula:6

ϵ = 1
2

|∇V |2

V 2

(
1 + Ω2

9H2

)−1

. (1.2)

It has been previously highlighted in the literature [15] that, when Ω ≫ H, this formula allows
for the fulfillment of the de Sitter conjecture (i.e., |∇V | > O(1)V ) while also enabling an
acceleration phase with ϵ ≪ 1. However, our result eq. (1.1) significantly limits this possibility
within the context of asymptotic acceleration, since it implies that the second term in the
bracket of eq. (1.2) is sub-leading. Given the current observational bounds, we conclude that
models of early/late-time acceleration, near the boundary of moduli space, typically exhibit
tension with the de Sitter conjecture.

The paper is organized as follows. In section 2, we introduce the SDC and show how
the tower mass decay rate can strictly depend on the deviations from geodesic trajectories in
field space. In section 3, we provide a pedagogical discussion of the multi-field framework
and introduce the turning rate. In section 4, we investigate the case of infinite-distance
trajectories with constant geodesic deviation and obtain our main result eq. (1.1). We focus
on hyperbolic field geometries, as prototype manifolds of the moduli space boundary for
Calabi-Yau compactifications. In section 5, we extend our result to the case of infinite-distance
trajectories with a time-dependent deviation angle from geodesics. In section 6, we provide
our conclusions. Throughout the text, we work in reduced Planck mass units (MP = 1).

2 SDC, mass decay rate and non-geodesics

The Swampland Distance Conjecture (SDC) [33] implies the existence of at least one infinite
tower of states with mass scale exponentially decreasing in field space, in the infinite distance
limit, namely

m = m0 exp(−λ∆) as ∆ → ∞ , (2.1)

where m0 is the typical mass scale of the tower before any displacement, ∆ is the traversed
distance in moduli space and λ is the decay rate, namely the parameter regulating how fast
the mass of the tower decreases in field space. It has been argued that λ is order one [50],

5The SDC was originally formulated in the case of geodesics trajectories in moduli space, namely without a
potential. It was however pointed out [71] that, in order for the SDC to be an energy-independent constraint,
it should apply also to non-geodesic trajectories, namely paths where the fields are subject to a non-vanishing
potential. We will take this approach and provide more details in section 2.

6Let us remark that eq. (1.2) relies on a slow-roll approximation, which assumes that the second derivative
of the fields is sub-dominant compared to the friction term in the equations of motion. The full formula, as
discussed in section 3.4, reveals that relaxing this condition can potentially aid in satisfying the de Sitter
conjecture in an accelerating background.
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in reduced Planck mass units, and lower bounds have also been pointed out in different
contexts [43, 55, 74–76]. The existence of a lower bound is very important as it defines the
validity of the EFT. Namely, it indicates how fast/slow one can approach the infinite distance
singularity in field space, and therefore how much field distance can be traversed, before the
EFT completely breaks down, due to genuine quantum gravity effects. It happens, in fact,
that the quantum gravity cut-off Λs, namely the species scale [36–40], decreases exponentially
in field space, together with the mass scale of the tower. While a finite small number of light
states can always be integrated in, such to define a new EFT, the presence of an infinite number
of light states necessarily drives the cut-off to zero with exponential rate γ, which is in general
different from the rate λ of the tower. In the case of states equally spaced, such as Kaluza-Klein
modes, one can show that Λs = m1/3 (assuming MP = 1), thus yielding γ = λ/3 [42, 52, 64, 77].
This is consistent with the fact that, in the infinite distance limit, the quantum gravity cut-off
lies still above the typical mass scale of the tower. While traversing a distance in field space,
some states of the tower can enter the EFT and produce observational effects, while the
quantum gravity cut-off remains still above the typical energy scale of the EFT.

The exponential rate of the tower λ can in general depend on the path followed in moduli
space to approach the infinite-distance point. A first example of this situation was given
in [52] for the hyperbolic half-plane, where it was shown that trajectories, with the axion and
saxion linear to each other,7 yield an effective reduction of the decay rate. This translates
also into the possibility of engineering a larger field excursion. A more general analysis is
given in [71]. In fact, one can reverse eq. (2.1) and express the mass decay rate of the tower as

λ(∆) = −d logm
d∆ = −T i∂i logm, (2.2)

that is the scalar product between the normalized tangent vector T i, along the trajectory
that we follow to reach the point at infinity, and the gradient of the (logarithm of the) mass
of the tower. In the most general case, the gradient of the mass can be aligned along any
direction in moduli space [71]. However, in most of the string theory examples, ∂i logm is
aligned along geodesics. This implies that λ becomes a measure to quantify the non-geodicity
of the trajectory. In this case, we can write

λ = −|∂ logm| cos θ = λg cos θ , (2.3)

where θ is the angle between the trajectory we are following in field space and the geodesic.
Both paths will reach the infinite-distance singularity but with different angles. The parameter
λg represents the highest value of λ and it corresponds in fact to the decay rate for a geodesic
trajectory. Moving along a non-geodesic trajectory can be the result of introducing a scalar
potential for the moduli (see section 3).

Eq. (2.3) seems to suggest that λ could even become zero, if one moves along a trajectory,
which is orthogonal to a geodesic (i.e. θ = π/2). This would mean that arbitrary distances
could be traversed without the mass scale of a tower dropping-off. The EFT would be valid
for arbitrary long distances, and one could easily avoid the drastic implication of the SDC.8
However, as mentioned above, we have clear indications that string theory sets a lowest

7Situations where the axion has a typical linear backreaction with the saxion, for large field displacements,
have been observed in string theory models such as in [49, 78–81].

8Models with highly curved trajectories and large field ranges have in fact been proposed in literature [12, 15–
17, 22, 23, 82]. Whether these effective scenarios could be realized in a consistent string theory embedding is
still unclear. Recent work [18] seems in fact to restrict such a possibility.
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θ

λ = λg cos θ
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⃗T

Decay rate of the SDC

Andriot, Cribiori, Erkinger 2020 
Glender, Valenzuela 2020 
Castellano et al 2021 
Etheredge et al 2022

Quantum gravity constraints on scalar poten7als

⃗∂m

θ0

Figure 1. Cartoon picture of a non-geodesic trajectory with tangent vector T⃗ deviating from the
geodesic by an angle θ. The set of infinite-distance geodesics is represented as parallel gray lines.
The gradient of the tower mass ∂⃗m aligns with the geodesic. Both the geodesic and the non-geodesic
trajectories approach the infinite distance region. The angle θ0 represents the maximum deviation,
which is constrained by the lower bound on the decay rate of the SDC tower mass.

possible value for such a decay rate [43, 55, 74–76]. If we generically indicate the existence of
such a lower bound with

λ ≥ λ0 , (2.4)
then we can translate this into a maximum deviation angle θ0 from the geodesic trajectory
allowed by the SDC, namely

cos θ ≥ cos θ0 = − λ0
|∂ logm|

= λ0
λg
. (2.5)

A bound on the angle θ means that not all the trajectories in moduli space are allowed by
the SDC and can deviate by a maximum angle from the geodesic (see figure 1). In the next
section, we recall how the introduction of a scalar potential can lead to a departure from a
moduli space geodesic equation.

At this juncture, it is important to emphasize that our focus will now be solely on
infinite-distance trajectories in the subsequent discussion. These trajectories are characterized
by distances that can extend infinitely, providing a robust framework to apply the SDC.
Specifically, we will first examine deviations from geodesics with a constant angle9 θ = const
(section 4) and then trajectories with a time-dependent deviation angle θ = θ(t) (section 5).
Let us emphasize that, given eq. (2.3), the latter case corresponds to a time-dependent, or
rather ∆-dependent, decay rate of the tower mass λ = λ(∆). This will effectively induce
field-dependent corrections such that the mass formula eq. (2.1) will deviate from its the
exponential form when moving away from the moduli space boundary (which is placed
at ∆ → ∞). Therefore, a time-dependent decay rate can serve as a convenient means to
parameterize a departure from the boundary.

9The situation of trajectories with constant deviation angle from a geodesic has been named ‘critical case’
in [71]. In a 2-dimensional hyperbolic space, it corresponds to a linear backreaction between the saxion and
the axion, as discussed in [52] and in section 4.1.
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3 Multi-scalar field setup and trajectories in moduli space

String theory comes naturally with many moduli, namely massless scalar fields. The internal
field geometry, defined by their kinetic terms, is generically non-flat, as the result of the
compactification process, and characterized by a set of geodesics. However, the introduction
of a scalar potential (e.g. by means of fluxes) can lead to a deviation from the original geodesic
trajectories and a consequent change of dynamics.10

In this section, we present a pedagogical introduction to a convenient framework for
studying multi-scalar field systems [15]. This is based on projecting the equations of motion
along the tangent and normal directions of the trajectory along which the system evolves.
By employing this approach, we demonstrate how the system can be described using an
equation resembling the equation of motion for a single scalar field, as well as another equation
involving the turning rate Ω. We emphasize the relationship between the equations of motion
and the trajectories (geodesic or non-geodesic) in field space. The presentation includes
increasing levels of complexity. We begin by considering the case of free massless scalar fields
in a flat Minkowski background in section 3.1. Next, we introduce a scalar potential and
demonstrate how it leads to deviations from geodesic motion in section 3.2. Subsequently, we
incorporate gravity and investigate the effects of a Friedmann-Lemaître-Robertson-Walker
(FLRW) background in section 3.3. Finally, in section 3.4, we describe the equations governing
a multi-field system that gives rise to cosmic acceleration.

3.1 Scalar fields in Minkowski spacetime

Let us consider the Lagrangian of n free massless homogeneous scalar fields Φa = Φa(t), thus
depending just on the time variable t:

L = −1
2η

µνGab ∂µΦa∂νΦb , (3.1)

where ηµν is the Minkowski spacetime metric, Gab = Gab(Φ) is the internal field space metric,
and Latin indices a, b run from 1 to n. The equations of motion then take the form

Φ̈a + ΓabcΦ̇bΦ̇c = 0 , (3.2)

where the dot ˙ is indicating a time derivative, and

Γabc = 1
2G

ad
(
∂Gbd
∂Φc

+ ∂Gcd
∂Φb

− ∂Gbc
∂Φd

)
(3.3)

are the Christoffel symbols of the moduli space. Note that eq. (3.2) has precisely the form
of a geodesic equation. It describes in fact the set of (geodesic) trajectories along which the
scalar fields Φa evolve in time. Notice that the time t is not a preferred parameter for the
geodesic and we can shift and rescale it as the result of the shift-symmetry of the Lagrangian
eq. (3.1) and scale-symmetry of the equations of motion eq. (3.2).

Let us introduce the covariant derivative Dt, which is defined as

DtA
a ≡ Ȧa + ΓabcAbΦ̇c , (3.4)

10There are instead situations where the dynamics remains quite insensitive to a great variety of scalar
potentials and is instead mainly determined by the geometric properties of the internal manifold. In the context
of inflationary cosmology, the α-attractor scenario [57, 58, 61, 83] is a primary example of such a circumstance.
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for a given vector Aa. Having DtA
a = 0 means that the vector Aa is parallel transported

along the trajectory Φa, i.e. Aa always ‘points at the same direction’ along Φa. Moreover, Dt

acting on a field scalar reduces to an ordinary time derivative. With this definition, the above
set of equations (3.2) reduces to

DtΦ̇a = 0 , (3.5)

which is consistent with the fact that the equations of motion are just geodesic equations and
a geodesic is a trajectory which is autoparallel transported along itself.

We now introduce the tangent and the normal vector to the trajectory Φa, respectively, as

T a = Φ̇a

Φ̇
(3.6)

Na = − 1
|DtT |

DtT
a , (3.7)

where Φ̇ is the speed along the trajectory, defined as

Φ̇ =
√
GabΦ̇aΦ̇b . (3.8)

Both vectors T a and Na are normalised and orthogonal to each other, namely GabT aT b =
GabN

aN b = 1 and GabT
aN b = 0. Now we can project the equations of motion along the

tangent and normal vectors. This just means contracting the equations of motion with T a

and Na. The tangential projection yields

Φ̈ = 0 , (3.9)

where we have used the product rule for Dt and the orthogonality property of T a and Na.
Instead, the normal projection gives

ΩΦ̇ = 0 , (3.10)

where we have introduced the turning rate as

Ω = |DtT | , (3.11)

and used again orthogonality of the two vectors together with the fact that

DtΦ̇a = Φ̇DtT
a + Φ̈T a . (3.12)

Excluding the trivial case Φ̇ = 0, eq. (3.10) implies that we need Ω = 0 in order to fulfill the
geodesic equation. That is the reason why Ω is also called non-geodesity factor. Furthermore,
let us note that if T a gets parallel transported along Φa, i.e. DtT

a = 0, we immediately
get Ω = 0 and the equation of motion just reduces to the equation Φ̈ = 0. Since we are
dealing with positive definite Riemannian field manifolds, the statement Ω = 0 is equivalent
to DtT

a = 0. Geometrically, Ω measures the failure of T a being parallel transported along Φa.

3.2 Scalar fields with potential in Minkowski spacetime

As next step, we now introduce a potential V (Φa) for the scalar fields. We still consider still
flat Minkowski background such that the Lagrangian L becomes

L = −1
2η

µνGab∂µΦa∂νΦb − V (Φa) . (3.13)

– 7 –
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The equations of motion hence read

DtΦ̇a +GabVb = 0 , (3.14)

where we define Vb ≡ ∂V/∂Φb. Projecting again the set of equations in the tangential and
normal direction we get

Φ̈ + VT = 0 , (3.15)
ΩΦ̇ = VN , (3.16)

where we have introduced VT ≡ T aVa and VN ≡ NaVa, i.e., the corresponding projections
of the gradient of the potential V . It is interesting to understand what happens in the case
DtT

a = 0, which is, as explained earlier, equivalent to Ω = 0. Rearranging the relation (3.12),
we get

DtT
a = 1

Φ̇

(
DtΦ̇a − T aΦ̈

)
. (3.17)

In the case of zero potential, as seen before, both terms in the bracket of the last equation
vanish, thus automatically leading to turning rate Ω = 0. Instead, in the presence of a
non-zero potential, the situation is slightly more involved. The two terms can in fact cancel
each other, so that the trajectory will follow a geodesic path in field space. However, the
acceleration along the trajectory will be still determined by the tangential projection of V , as
expressed in eq. (3.15). We can get more insight about this situation by using the equations
of motion (3.14) and (3.15) and rewriting eq. (3.17) as

DtT
a = − 1

Φ̇

(
GabVb − T aVT

)
. (3.18)

In order to have Ω = 0, we immediately see that the gradient of the potential Va and the
tangent vector Ta have to be aligned. This means that geodesic trajectories are always
characterized by a zero normal component of the scalar potential, namely VN = 0. Intuitively,
the trajectory corresponds to a valley of the scalar potential. If there is no normal force, the
tangent vector gets parallel transported along the trajectory. This is an approach used very
often in string/supergravity model building as it hugely simplifies the analysis of the system.
In a typical axion-saxion system, it corresponds to stabilize one of the two fields and leave the
other very light to drive the acceleration phase. On the other hand, the multi-field framework
allows, in principle, also for very sharp turns, Ω ≫ 1, which means a great misalignment
between the potential gradient flow and the tangent vector T a.

3.3 Scalar fields with potential in FLRW spacetime

We further generalise our setup by taking the 4d spacetime to be a FLRW metric gµν with
line element of the form

ds2 = −dt2 + a2(t)dx2 . (3.19)

Then, given the action

S =
∫

d4x
√

−g
(1

2R− 1
2g

µνGab∂µΦa∂νΦb − V (Φa)
)
, (3.20)

with g being the determinant of gµν and R the Ricci scalar, we get the following equations

DtΦ̇a + 3HΦ̇a +GabVb = 0 . (3.21)

– 8 –
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These contain an addition friction term, proportional to the Hubble expansion rate H ≡ ȧ/a.
The projections work completely analogous to the previous cases, namely we get

Φ̈ + 3HΦ̇ + VT = 0 , (3.22)
ΩΦ̇ = VN . (3.23)

We note that the set of equations (3.21) just reduce to two simple equations. The first,
eq. (3.22), has the form of the equation for a single scalar field in a FLRW spacetime. The
second, eq. (3.23), involves the turning rate Ω and it is not affected by the friction term. Since
only the first equation is altered, we can draw the same conclusions about the case DtT

a = 0,
as discussed in the previous sub-section. In appendix A, we show that the friction term can
be nevertheless eliminated by an appropriate affine reparametrisation.

3.4 Multi-field cosmic acceleration
As final step, we consider the coupled system and include the backreaction of the scalar
dynamics on the FLRW background. We will explicitly state the conditions required to
achieve cosmic acceleration. The action we consider is as before, eq. (3.3). Therefore, the
background dynamics of the full system is given by

3H2 − 1
2Φ̇2 − V = 0 , (3.24)

Φ̈ + 3HΦ̇ + VT = 0 , (3.25)

ΩΦ̇ = VN , (3.26)

where the first equation is the Friedmann equation associated to the FLRW metric while the
last two equations refer to the dynamics of the scalar fields and are already in projected form,
as introduced before.

Cosmic acceleration happens when ä > 0. One can show that this is equivalent to require

ϵ < 1 , (3.27)

with ϵ being the acceleration parameter defined and equal to

ϵ ≡ − Ḣ

H2 = Φ̇2

2H2 . (3.28)

To require that the acceleration phase lasts for a sufficient number of Hubble times,11 one
can require

η ≡ ϵ̇

Hϵ
= 2ϵ+ 2 Φ̈

HΦ̇
< 1 . (3.29)

Note that the latter expressions are exact and do not assume any slow-roll condition. They
can be obtained simply by differentiating eq. (3.24) with respect to the cosmic time t and
combining this with eq. (3.25), once we observe that VT Φ̇ = T aVaΦ̇ = Φ̇aVa = V̇ .

Using these definitions, one can rewrite the Friedmann equation (3.24) simply as

H2 = V

3 − ϵ
. (3.30)

11This condition is particularly relevant in the case of cosmic inflation to solve the horizon problem. In this
case, it is necessary for ϵ to remain small for a minimum of around 60 e-foldings. In the case of quintessence
dark energy, this condition can be relaxed.
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Finally, one can derive an expression, which relates the fractional gradient of V and the
acceleration parameter ϵ in a multi-field setup. Let us note that

|∇V |2

V 2 = V 2
T + V 2

N

V 2 , (3.31)

where we have used that V a = T aVT +NaVN . We can obtain an expression for the tangential
derivative of V as

V 2
T = 1

2ϵ (6 − (2ϵ− η))2H4 , (3.32)

by combining eq. (3.25), eq. (3.28) and the expression for η given in eq. (3.29). Similarly, we
can obtain an expression for the normal derivative of V , namely

V 2
N = 2Ω2H2ϵ . (3.33)

By combining the last four numbered equations, one finally obtains

|∇V |2

V 2 = 2ϵ
((

1 + η

2(3 − ϵ)

)2
+ Ω2

H2(3 − ϵ)2

)
. (3.34)

If we demand a phase of cosmic acceleration, namely ϵ ≪ 1, then one has

|∇V |2

V 2 ≃ 2ϵ
((

1 + η

6

)2
+ Ω2

9H2

)
. (3.35)

The latter expression shows that one may full-fill the de Sitter conjecture [72], in an accelerating
background, either by having a large turning rate Ω (namely, a misalignment between the
tangent vector and the gradient flow of V ) or a large η parameter (see [84] for a recent analysis
of this regime in the context of single field inflation). If one instead insists on η ≪ 1, then
one effectively requires a slow roll condition, namely Φ̈ ≪ HΦ̇. In this regime, one obtains

|∇V |2

V 2 ≃ 2ϵ
(

1 + Ω2

9H2

)
, (3.36)

which was already displayed in the introduction section of this work as eq. (1.2).

4 Asymptotic acceleration and bound on the turning rate

The boundary of moduli space provides an ideal testing ground to examine the predictions of
the SDC. It allows for trajectories that extend infinitely, enabling the identification of a tower
of states with exponentially decreasing mass along such paths.12 Around these asymptotic
regions, effective field theories exhibit significant simplifications and possess distinct features.
Recent investigations [27, 28, 67] have therefore focused on studying cosmic acceleration in
these limits.

In this section, we examine the implications of the SDC on a multi-field system that
leads to ‘asymptotic acceleration’, referring to cosmic acceleration occurring at the boundary
of moduli space. We focus on infinite-distance trajectories, namely paths in field space that
can approach such asymptotic regions. These trajectories can either follow geodesics or

12The Emergence String Conjecture [85] implies that the tower can be represented by either Kaluza-Klein
modes or tensionless strings. However, for the purposes of our discussion, the specific nature is not relevant.
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deviate from them by a certain angle θ, as already discussed in section 2. The SDC imposes a
strict constraint on this deviation angle, requiring it to approach a constant value in the full
infinite-distance limit [71]. In this section, we specifically consider trajectories with a constant
deviation angle from a geodesic throughout the duration of the acceleration.13 Moreover, we
focus on hyperbolic spaces, as prototype geometries of infinite distance limits of Calabi-Yau
compactifications.

As a key result, we find that the turning rate of such infinite-distance trajectories is
negligible, during the acceleration phase. It takes, in fact, the following general form:

Ω
H

= F (θ,R)
√
ϵ , (4.1)

with F being a function of the deviation angle θ and proportional to the (sectional) curvature
of the field manifold. We also show that this function F is upper bounded by an order one
quantity such as

F (θ,R) < F (θ0, R) = O(1) , (4.2)

where θ0 is the maximum allowed deviation angle, which is related to the lowest allowed value
λ0 of the tower mass decay rate (as shown in eq. (2.5)). The precise form of the function
F depends on the specific case and dimensionality of the hyperbolic space and the class of
trajectories being followed. It is worth noting that going beyond eq. (4.2) and allowing for
larger turning rates would require a very high curvature of the internal space (see also [18]).
However, we argue that this is not a typical situation in generic string effective theories.

We will proceed as follows. First, in section 4.1, we begin by considering the simplest
case of a single hyperbolic plane, which corresponds to a typical axion-saxion system. Next, in
section 4.2, we move on to a more complex scenario by considering a product of two hyperbolic
planes. We will explore the diverse trajectory possibilities that arise in this setup. Finally,
in section 4.3, we extend our analysis to the case of N hyperbolic planes and generalize our
derived formulas.

4.1 One hyperbolic plane

Let us begin with a system of two real scalar fields Φa = (s, ϕ), namely the saxion s and the
axion ϕ. Their kinetic term is such that it defines an internal field space with hyperbolic
geometry. The metric of a single hyperbolic upper half-plane is given by

d∆2 = Gab dΦadΦb = n2

s2

(
ds2 + dϕ2

)
, (4.3)

with n > 0 controlling the curvature of the field manifold, which reads R = −2/n2.
To test the SDC, we are interested just in the region of large s.14 Therefore, we consider

geodesics characterised by constant value of the axion ϕ and that extend to infinity in the
s-direction. Along these geodesics, we assume that the mass of an infinite tower of states
decreases as ms ∼ s−a for some positive constant a. Other geodesics are semicircles but, in
fact, they do not extend to s → ∞ and, therefore, will not be considered for our purposes.

13Moving away from the boundary allows to have more freedom, such as path-dependent deviations from
geodesic trajectories. We will consider this case in the following section.

14As it was already pointed out in [52, 71], the duality of the system under s → 1/s is just an artifact of
this simple model. In realistic string frameworks, this duality is in fact broken once we move away from the
boundary and include corrections.
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Figure 2. Geodesics of one hyperbolic plane. Just the set of geodesics with constant ϕ can approach
the infinite distant region. The red line represents a trajectory with a constant deviation angle θ from
the infinite-distance geodesic.

We now consider a family of trajectories deviating by a constant angle θ from the
infinite-distance geodesics (parallel to the s-axis) and then apply what we have learned in
section 3 to calculate the turning rate (see figure 2). These paths have a non-zero velocity
in both axionic and saxionic directions. For our convenience, we define the ratio of these
velocities as

β ≡ ϕ̇

ṡ
= dϕ

ds , (4.4)

and we will show that this is constant for this class of trajectories. Constant deviations from
geodesics are characterized by

Gab T
a
g T

b = cos θ = const , (4.5)

where T ag is the unit vector tangent to the geodesic trajectory and T a is the unit vector
tangent to the trajectory followed in field space. The components of T ag read

T sg = 1
Φ̇g

ṡ , T ϕg = 0 , with Φ̇g = n
ṡ

s
, (4.6)

while the components of T a read

T s = 1
Φ̇
ṡ , T ϕ = 1

Φ̇
ϕ̇ = 1

Φ̇
βṡ , (4.7)

with the speed along the trajectory given by

Φ̇ = n

s

√
ṡ2 + ϕ̇2 = n

ṡ

s

√
1 + β2 . (4.8)

Given the above equations, one obtains that

cos θ = 1√
1 + β2 , (4.9)
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which means that trajectories, with a constant deviation angle θ from a geodesic, have also a
constant ratio between the velocities ϕ̇ and ṡ such that

β = dϕ
ds = tan θ = const . (4.10)

We can now calculate the turning rate in this setup. This is given by

Ω = n

s

√
(DtT s)2 + (DtT ϕ)2 , (4.11)

with

DtT
s = Ṫ s + ΓsbcT bΦ̇c = Ṫ s − 1

s
T sṡ+ 1

s
T ϕϕ̇ , (4.12)

DtT
ϕ = Ṫ ϕ + ΓϕbcT

bΦ̇c = Ṫ ϕ − 1
s
T sϕ̇− 1

s
T ϕṡ , (4.13)

where we have used the fact that, for the single hyperbolic plane, the only non-vanishing
Christoffel symbols are Γsss = Γϕsϕ = −1/s and Γsϕϕ = 1/s. For trajectories with a constant
deviation angle, as defined by eq. (4.10), we get

DtT
s = 1

Φ̇

(
s̈− ṡ

Φ̇
Φ̈ − ṡ2

s
(1 − β2)

)
, (4.14)

DtT
ϕ = 1

Φ̇
β

(
s̈− ṡ

Φ̇
Φ̈ − 2 ṡ

2

s

)
. (4.15)

Using the relation ṡΦ̈/Φ̇ = s̈− ṡ2/s, the above equations become

DtT
s = β2

Φ̇
ṡ2

s
= β2

n
√

1 + β2 ṡ , (4.16)

DtT
ϕ = −β

Φ̇
ṡ2

s
= − β

n
√

1 + β2 ṡ . (4.17)

The turning rate then finally reads

Ω = β
ṡ

s
= β

n
√

1 + β2 Φ̇ , (4.18)

namely, the trajectory defined by (4.10) is not a geodesic of this field space. As already said,
geodesics in the hyperbolic plane are well-known to be just vertical lines and semicircles.
More about that can also be found in appendix B. The non-geodesic nature of the trajectory
implies that in order to move in a non-vertical straight line on a hyperbolic plane, a normal
force VN needs to be applied. This is indeed an unintuitive property of hyperbolic spaces and
one of their unusual characteristics. The presence of the normal force is required to counteract
the curvature of the space and allow for straight-line motion.

Finally, we express the speed along the trajectory and the turning rate in terms of the
deviation angle as

Φ̇ = n

cos θ
ṡ

s
, (4.19)

Ω = | sin θ|
n

Φ̇ . (4.20)
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Assuming cosmic acceleration along this non-geodesic trajectory, we can use eq. (3.28), which
relates the speed along the path to the acceleration parameter, and finally obtain

Ω
H

= | sin θ|
n

√
2ϵ . (4.21)

Recalling that the field space curvature is given by R = −2/n2, the above equation can be
written in the form as given in the introduction of this section, namely

Ω
H

= F (θ,R)
√
ϵ , with F (θ,R) = | sin θ|

√
−R . (4.22)

The function F is upper bounded as F < | sin θ0|
√

−R, with θ0 being the maximum possible
value allowed by the SDC, as described in section 2. This upper bound is typically an order
one quantity. Just unnaturally big curvatures would allow to obtain large turning rates in
this framework (a similar conclusion was reached by [18]). Using eq. (2.5), we can express the
bound in terms of the decay rate of the tower mass. We then obtain that the turning rate is
directly bounded by

Ω
H
<

√
λ2

0 − λ2
g

λg

√
R ϵ , (4.23)

where we recall that λg is the decay rate along the geodesic path, while we use λ0 to generically
mean a lower bound as imposed by string theory (see [43, 55, 74–76] for some works in this
direction).

The result derived in equation (4.21) indicates that the turning rate of the trajectory
is severely constrained, being proportional to the small parameter

√
ϵ. This implies that

asymptotic acceleration is predominantly geodesic, with deviations from the geodesic path
being highly suppressed. We have obtained this result within the framework of a single
hyperbolic plane. In the next section, we will further investigate more complex setups to
explore the behavior of trajectories in those cases.

4.2 Two hyperbolic planes

As soon as we include a second hyperbolic plane, the situation becomes more intricate. In a
product of two hyperbolic planes, we have four real scalar fields Φa = (s, ϕ, u, ψ), namely 2
saxions s, u and 2 axions ϕ, ψ. In this case, the metric takes the following form:

d∆2 = Gab dΦadΦb = n2

s2

(
ds2 + dϕ2

)
+ m2

u2

(
du2 + dψ2

)
. (4.24)

We associate a tower of states with each saxionic direction such that the respective masses
decrease as ms ∼ s−a and mu ∼ u−b, with a and b some positive constants. Beside the purely
saxionic directions, we now have a wider range of possibilities for infinite-distance trajectories.
A trivial choice is to keep u and ψ fixed (or s and ϕ fixed). In this case, we immediately
recover results analogous to the single hyperbolic plane. In the following, instead, we consider
other possible non-trivial cases.

4.2.1 Saxion-axion trajectories
As a first non-trivial case, we consider trajectories with u and ϕ fixed (u = u0 and ϕ = ϕ0).
Namely, we consider the saxion s, from the first hyperbolic plane, evolving together with
the axion ψ, from the second hyperbolic plane. In particular, analogously to section 4.1, we
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consider paths deviating by a constant angle from the infinite-distance geodesics (namely
trajectories for which just the saxion s evolves). This, again, corresponds to the case of
constant ratio of velocities along the two directions, namely

γ ≡ s
ψ̇

ṡ
= const . (4.25)

Notice that, unlike in the previous section, the formula above contains a factor of s. This
arises because the field u, which multiplies the kinetic term of ψ, has been set to a constant
value, while the saxion s retains its non-canonical kinetic term. In section 4.1, both the fields
s and ϕ had kinetic terms with a multiplying factor of 1/s, which canceled out in the ratio
given by eq. (4.10). One can now calculate the deviation angle from the geodesic trajectory
and obtain

cos θ = Gab T
a
g T

b =
(

1 + m2γ2

u2
0n

2

)− 1
2

, (4.26)

which gives the identification
tan θ = mγ

u0n
. (4.27)

From the equations above, we can deduce that the constant ratio of velocities γ corresponds
in fact to the constant deviation angle θ from a geodesic trajectory.

We can now calculate the turning rate in this setup. This is given by

Ω2 = n2

s2

(
(DtT

s)2 + (DtT
ϕ)2
)

+ m2

u2

(
(DtT

u)2 + (DtT
ψ)2
)
. (4.28)

After some algebra, the covariant derivatives turn out to be

DtT
u = 1

u0

1
Φ̇
ψ̇2 = 1

u0

1
Φ̇
γ2 ṡ

2

s2 , DtT
s = DtT

ϕ = DtT
ψ = 0 , (4.29)

with the speed along the trajectory given by

Φ̇2 = n2

s2 ṡ
2 + m2

u2
0
ψ̇2 = n2 ṡ

2

s2

(
1 + m2γ2

u2
0n

2

)
. (4.30)

Eq. (4.29) shows that, despite the fact that the saxion u is taken to be constant, the only
non-zero contribution to the turning rate is given by the projection of the covariant derivative
in the u-direction. Namely, for this class of trajectories, the tangent vector fails to be parallel
transported along the u-direction. We can then express the turning rate as

Ω2 = m2γ4

u4
0

1
Φ̇2

(
ṡ2

s2

)2

=
m2γ4

u4
0n

4(
1 + m2γ2

u2
0n

2

)2 Φ̇2 , (4.31)

where we immediately recognise the same quadratic dependence of the speed Φ̇ as in eq. (4.20).
The speed and the turning rate can be now given in terms of the deviation angle as

Φ̇ = n

cos θ
ṡ

s
, (4.32)

Ω = sin2 θ

m
Φ̇ . (4.33)
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The speed Φ̇ has formally the same expression as for the single hyperbolic plane. However,
the turning rate Ω has instead a different power of the sine, when compared to eq. (4.20).
Moreover, the curvature parameter appearing in Ω is the one of the second hyperbolic plane,
reflecting the fact that the tangent vector turns with respect to the saxion u.

Finally, assuming cosmic acceleration along this non-geodesic trajectory, and using
eq. (3.28) to relate the speed to the acceleration parameter, we obtain

Ω
H

= sin2 θ

m

√
2ϵ. (4.34)

One can draw conclusions analogous to those presented for the case of a single hyperbolic
plane. At the boundary of this moduli space, asymptotic acceleration is mainly geodesic.
The presence of a non-geodesic trajectory introduces deviations from geodesic behavior, but
the turning rate remains small compared to the Hubble parameter, indicating that geodesic
motion dominates the dynamics.

4.2.2 Saxion-saxion trajectories
Here we consider another two-field infinite-distance trajectory where we keep the two axions
ϕ and ψ fixed and allow the two saxions s and u to evolve together. Again, this class of
trajectories is characterized by a constant ratio of the velocities along the two directions, namely

δ ≡ u̇

ṡ

s

u
= const , (4.35)

where we have considered that both saxions have non-canonical kinetic terms. With this
definition, the speed along the trajectory becomes

Φ̇2 = n2

s2 ṡ
2 + m2

u2 u̇
2 = n2 ṡ

2

s2

(
1 + m2

n2 δ
2
)
, (4.36)

while the tangent vector components read

T s = 1
Φ̇
ṡ , T u = 1

Φ̇
u̇ = u

Φ̇
δ
ṡ

s
, Tϕ = Tψ = 0 . (4.37)

After some algebra, one can prove that

DtT
s = DtT

ϕ = DtT
u = DtT

ψ = 0 , (4.38)

which directly implies
Ω = 0 . (4.39)

Hence, a trajectory involving only two saxions is always geodesic for any δ. More about this
can be found in appendix B.

4.2.3 Saxion-axion-axion trajectories
Here we consider one final combination where only the second saxion u is constant, i.e. u = u0.
This is the first trajectory involving the evolution of three fields, which brings another new
feature with it. We consider trajectories where the velocities along the three directions satisfy(

ϕ̇

ṡ

)2

+ m2

n2u2
0

(
ψ̇
ṡ
s

)2

= const . (4.40)

– 16 –



J
C
A
P
1
1
(
2
0
2
3
)
0
8
0

However, we do not study this case in full generality, rather we assume that both terms are
separately constant, namely

β ≡ ϕ̇

ṡ
= const , γ ≡ s

ψ̇

ṡ
= const . (4.41)

With these definitions, the speed along the trajectory is then given by

Φ̇2 = n2

s2 (ṡ2 + ϕ̇2) + m2

u2
0
ψ̇2 = n2 ṡ

2

s2

(
1 + β2 + m2γ2

u2
0n

2

)
(4.42)

while the tangent vector components are

T s = 1
Φ̇
ṡ , T ϕ = 1

Φ̇
ϕ̇ = 1

Φ̇
βṡ , T u = 0 , Tψ = 1

Φ̇
ψ̇ = 1

Φ̇
γ
ṡ

s
. (4.43)

After some algebra, one obtains that the covariant derivative components are given by

DtT
s = β2

Φ̇
ṡ2

s
, DtT

ϕ = −β

Φ̇
ṡ2

s
, DtT

u = 1
u0

1
Φ̇
γ2 ṡ

2

s2 , DtT
ψ = 0 , (4.44)

which implies that the turning rate is

Ω2 = Φ̇2(
1 + β2 + m2γ2

u2
0n

2

)2

(
β2

n2 (1 + β2) + m2γ4

u4
0n

4

)
. (4.45)

Setting either β = 0 or γ = 0 yields the previous cases, which serves as a nice consistency
check. Importantly, we observe that the turning rate Ω still scales with Φ̇, despite the different
expressions for the speed Φ̇ in each case, considered so far. This emerges as a universal feature
and it proves to be a crucial property when relating the results to cosmic acceleration.

We can again calculate the angle between the tangent vector to the geodesic (any line
parallel to the s-axis) and the tangent vector to the trajectory. Thus, we have

cos θ = Gab T
a
g T

b =
(

1 + β2 + m2γ2

u2
0n

2

)− 1
2

, (4.46)

such that

tan θ =
√
β2 + m2γ2

u2
0n

2 . (4.47)

Furthermore, we can define the angle θϕ in the s-ϕ-plane by setting γ = 0 in T a and analogously
the angle θψ in the s-ψ-plane by setting β = 0. We then have

tan θϕ = β , tan θψ = mγ

nu0
. (4.48)

This enables us to express the speed Φ̇ and the turning rate Ω in terms of these angles as

Φ̇2 = n2

cos2 θ

ṡ2

s2 , (4.49)

Ω2 = cos4 θ

(
1
n2

tan2 θϕ
cos2 θϕ

+ 1
m2 tan4 θψ

)
Φ̇2 . (4.50)
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In this formulation, the connection to the previous results becomes even more apparent. If
we set γ = 0, we get θ = θϕ and θψ = 0 thereby recovering the result of the single hyperbolic
plane. Of course, the same logic works for setting β = 0. Finally, if we assume that cosmic
acceleration occurs along this trajectory, then we obtain

Ω2

H2 = 2ϵ cos4 θ

(
1
n2

tan2 θϕ
cos2 θϕ

+ 1
m2 tan4 θψ

)
, (4.51)

where the trigonometric function is bounded to be max{m−2, n−2}, namely, an order one
factor. This result indicates once more that trajectories leading to asymptotic acceleration
must have a negligible turning rate.

4.3 N hyperbolic planes

In this section, we extend our computations to an arbitrary number N of hyperbolic planes.
The generalization to N hyperbolic planes follows the same principles discussed for the cases of
one and two hyperbolic planes. Each additional hyperbolic plane introduces more components
and equations, but they can be categorized into the two base cases: saxion with an axion
from the same hyperbolic plane, and saxion with an axion from another hyperbolic plane.
We do not discuss the case of several saxions since we have already seen that it leads to zero
contribution to the turning rate Ω.

We consider the product of N hyperbolic planes with N saxions si and N axions ϕi,
making a total of 2N real scalar fields Φa = (s1, ϕ1, . . . , sN , ϕN ). The metric of this field
space is

d∆2 = Gab dΦadΦb =
N∑
i=1

n2
i

s2
i

(
ds2

i + dϕ2
i

)
, (4.52)

with ni being the curvature parameter of each i-th hyperbolic plane. Also in this case, we
assume that along each saxionic direction a tower of states will have decreasing mass as
msi ∼ s−ai , for some constants ai > 0.

From now on, we fix a saxionic direction, without loss of generality. We choose s1 and
drop the index 1 from all quantities of the first hyperbolic plane, i.e. s1 ≡ s, ϕ1 ≡ ϕ and
n1 ≡ n. Next, we fix the trajectory as the one which involves displacement of the saxion s
and of all axions ϕ and ϕi. The other saxions are taken to be constant, that is si = const for
i ̸= 1. To simplify the notation, we drop the label 0 here, so we write si instead of s0i. By
analogy with the previous subsection, these trajectories satisfy(

ϕ̇

ṡ

)2

+
N∑
i=2

n2
i

n2s2
i

(
ϕ̇i
ṡ
s

)2

= const . (4.53)

Again, we simplify the situation by assuming that all terms are individually constant, such as

β ≡ ϕ̇

ṡ
= const , βi ≡ s

ϕ̇i
ṡ

= const , for i ≥ 2 . (4.54)

With these definitions, we can write the expression of the speed along the trajectory as

Φ̇2 = n2

s2 (ṡ2 + ϕ̇2) +
N∑
i=2

n2
i

s2
i

ϕ̇i
2 = n2 ṡ

2

s2

(
1 + β2 +

N∑
i=2

n2
iβ

2
i

s2
in

2

)
. (4.55)

– 18 –



J
C
A
P
1
1
(
2
0
2
3
)
0
8
0

The turning rate thus becomes

Ω2 = Φ̇2(
1 + β2 +∑N

i=2
n2

i β
2
i

s2
in

2

)2

(
β2

n2 (1 + β2) +
N∑
i=2

n2
iβ

4
i

s4
in

4

)
, (4.56)

where, once more, we confirm the relation such as Ω ∼ Φ̇.
As in the previous cases, it is again possible to define the angle between the geodesic

tangent vector T ag , which corresponds to setting β = βi = 0, and the tangent vector to the
trajectory T a. This deviation angle is given by

cos θ = Gab T
a
g T

b =
(

1 + β2 +
N∑
i=2

n2
iβ

2
i

s2
in

2

)− 1
2

. (4.57)

Furthermore, we can define the angle θϕ in the s-ϕ-plane by setting βi = 0 for i ≥ 2 and the
angle θϕi

in the s-ϕi-plane by setting β = βj = 0 for j ̸= i. We then have

tan θϕ = β , tan θϕi
= niβi

nsi
. (4.58)

This allows us to express the speed Φ̇ and the turning rate Ω in terms of these angles, namely

Φ̇2 = n2

cos2 θ

ṡ2

s2 (4.59)

Ω2 = cos4 θ

(
1
n2

tan2 θϕ
cos2 θϕ

+
N∑
i=2

1
n2
i

tan4 θϕi

)
Φ̇2. (4.60)

This is perfectly consistent with the results of the previous subsections. Finally, if we assume
that cosmic acceleration occurs along this path, then one has

Ω2

H2 = 2ϵ cos4 θ

(
1
n2

tan2 θϕ
cos2 θϕ

+
N∑
i=2

1
n2
i

tan4 θϕi

)
, (4.61)

where the trigonometric function is upper-bounded by max{n−2, n−2
1 , . . . , n−2

N−1}. This nicely
generalizes all previous results.

5 Moving away from the boundary of moduli space

In the previous section, we have demonstrated that the boundary of moduli space highly
restricts the possibility of realizing large turning rates in a multi-field setup that leads to
cosmic acceleration. We have found this result by focusing on hyperbolic spaces and on
trajectories, which have a constant deviation angle from geodesics, namely θ = const. The
SDC, in fact, does not allow for any other non-geodesic behaviour in the full infinite distance
limit, as already pointed out in [71].

However, the constraints relax when moving away from the boundary, thus allowing
trajectories with time-dependent deviations from a geodesic. A time-dependent deviation
angle θ = θ(t) corresponds to a path-dependent decay rate λ = λ(∆) of the tower, following
eq. (2.3). Specifically, one expects a structure like λ = λ∞ + δλ(∆), with a leading constant
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term λ∞ and some corrections δλ that vanish at the boundary. This leads to corrections to
the SDC exponential formula of the tower mass, such as

m = m0 exp(−λ∆) + δm(∆) (5.1)

with δm → 0 in the limit ∆ → ∞, namely at the boundary.
In this section, we examine the case of a time-dependent deviation angle and explore

its implications for the turning rate. We find that achieving a large turning rate Ω requires
non-generic conditions for the trajectory. After providing the general formulas in section 5.1,
we present a specific example of θ as a Taylor expansion in negative powers of the saxion s in
section 5.2. For the sake of simplicity, we focus on the framework of a single hyperbolic plane.

5.1 Non-constant deviation angle
In the framework of a single hyperbolic plane, considering a non-constant deviation angle
corresponds to a time-dependent ratio of the velocities along the saxionic and axionic directions:

dϕ
ds = β(t) = tan θ(t) . (5.2)

The trajectory (see figure 3) is now defined by following tangent vector and speed

T s = 1
Φ̇
ṡ , T ϕ = 1

Φ̇
β(t)ṡ , Φ̇2 = n2 ṡ

2

s2

(
1 + β(t)2

)
. (5.3)

Then, we observe all the second derivative terms, which implicitly involve β(t), get extra
contributions, namely

ṡ

Φ̇
Φ̈ = s̈− ṡ2

s
+ ṡ

1 + β2ββ̇ , (5.4)

ϕ̈ = s̈β + ṡβ̇ , (5.5)
ϕ̇

Φ̇
Φ̈ = β

(
s̈− ṡ2

s

)
+ β2

1 + β2 ṡβ̇ . (5.6)

We can plug the above expressions into eq. (4.14) and eq. (4.15) and obtain

DtT
s = β2

n
√

1 + β2 ṡ− sβ

n (1 + β2)
3
2
β̇ , (5.7)

DtT
ϕ = − β

n
√

1 + β2 ṡ+ s

n (1 + β2)
3
2
β̇ , (5.8)

which is of course consistent with previous findings upon setting β̇ = 0. Switching to the
formulation in terms of the deviation angle θ, we obtain

DtT
s = 1

n
tan2 θ cos θ ṡ− s

n
sin θ θ̇ , (5.9)

DtT
ϕ = − 1

n
sin θ ṡ+ s

n
cos θ θ̇ , (5.10)

where we used β̇ = θ̇/ cos2 θ. Plugging this into the expression of the turning rate eq. (4.11),
we get

Ω2 =
(

tan θ ṡ
s

− θ̇

)2
. (5.11)
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Figure 3. Trajectory with a non-constant deviation angle in a hyperbolic plane. The trajectory, at
any point, remains inside the cone |θ(s)| ≤ θ0, related to the lower bound on the mass decay rate of
the tower of states. θ∞ represents the deviation angle at the boundary (s → ∞).

Furthermore, using eq. (4.19) for the speed Φ̇ in terms of the angle θ, we arrive at the final
result

Ω =
∣∣∣∣sin θn Φ̇ − θ̇

∣∣∣∣ . (5.12)

This is still fully consistent with eq. (4.20), which was obtained in the case of θ̇ = 0. In an
accelerating background, the first term of the above equation is small, being proportional
to

√
ϵ. This implies that a large turning rate Ω can be achieved just in the case of large θ̇.

We argue that this is not a generic situation for trajectories, which eventually approach the
boundary of moduli space. We give an example in the next subsection.

5.2 Asymptotic expansion of θ

Approaching the boundary of moduli space, in the framework of a single hyperbolic space,
translates into moving towards large values of s. A natural choice of non-constant deviation
angle, to parameterize the departure from the boundary, is a Taylor expansion in negative
powers of the saxion s. Therefore, we consider15

θ(s) = θ∞ +
∑
n>0

cn
sn
, (5.13)

where θ∞ is the value of theta at the boundary (s = ∞). Note that we still require that

θ(s) ≤ θ0 , (5.14)

at any point in field space, with θ0 being the maximum possible value of the angle (see
figure 3). This is to be consistent with the existence of a universal lower bound on the decay
rate of the SDC tower mass as, for example, claimed in [43, 55, 74–76]. Let us consider just
the constant and the first leading of the above expansion

θ(s) ≃ θ∞ + ck
sk
, (5.15)

15Another option would be to consider an expansion of β(s) = tan θ(s) in negative powers of the saxion s
(this possibility was already suggested in [52]).
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where k must not be necessarily equal to 1. Using eq. (5.14), we then find

ck
sk

≤ θ0 − θ∞ ≤ 2θ0 , (5.16)

because θ∞ could at most be equal to −θ0. We can now calculate the angular velocity, that is

θ̇(s) ≈ −k ck
sk
ṡ

s
. (5.17)

We note that, for this type of trajectories, also θ̇ vanishes in the limit s → ∞. More
importantly, using eq. (4.19) and (5.17), we can get an upper bound for the absolute value of
the angular velocity ∣∣∣θ̇(s)∣∣∣ ≤ 2k

n
θ0 cos θ(s) Φ̇ . (5.18)

If cosmic acceleration occurs along this non-geodesic trajectory, then one can use eq. (3.28)
and express the speed Φ̇ in terms of the Hubble parameter H and the acceleration parameter
ϵ. The bound on the angular velocity thus becomes∣∣∣∣∣ θ̇(s)H

∣∣∣∣∣ ≤ 2
√

2 k

n
θ0

√
ϵ , (5.19)

namely, also the angular velocity (in Hubble units) is constrained by the parameter ϵ, which is
less than unity during acceleration. This result, combined with the more general formula (5.12)
on the turning rate, again implies

Ω
H

≃
√
ϵ. (5.20)

The significance of this last equation is that, even when moving away from the boundary,
the SDC imposes strict constraints on the turning rate of non-geodesic trajectories in an
accelerating background.

6 Conclusions

In this work, we have studied the constraints imposed by SDC on multi-field acceleration
scenarios at the boundary of moduli space. This is a natural framework for string effective
models, which typically involve a rich spectrum of massless and/or light scalar fields. Further-
more, the EFTs offer simplified perturbative descriptions in these asymptotic regions of the
moduli space, making the boundary an ideal setting to extract robust predictions.

As a key result of this investigation, we have found that, in accelerating backgrounds,
field trajectories that extend infinitely and satisfy the SDC must exhibit a negligible turning
rate. Specifically, we have established that the turning rate Ω (measured in Hubble units)
must be proportional to

√
ϵ, where ϵ denotes the acceleration parameter. Since ϵ < 1 in a

quasi-de Sitter space, this proportionality implies that Ω is indeed small. Furthermore, we
have shown that the turning rate Ω is bounded above by a function of the minimum value
allowed for the mass decay rate of the SDC tower within string theory [43, 55, 74–76]. A
specific expression for this bound can be found in eq. (4.23). We have obtained this result
in the context of hyperbolic spaces of different dimensionality (namely, with an arbitrary
number of fields), as systematically described in section 4. Furthermore, we have tested this
result both for trajectories with a constant deviation from a geodesic (section 4) and with a
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time-dependent deviation from the geodesics (section 5). The latter case becomes a convenient
way to parameterize departures from the boundary.

This finding aligns perfectly with the well-established understanding that the physics
at the boundary of the moduli space is subject to stringent constraints. Several properties
characterize this limit. For instance, the species scale Λs tends to zero (see e.g. [48, 86]), while
corrections to the Kähler- and super-potential of the EFT vanish. The scalar potential and
the gravitino mass approach zero value [42, 43, 63, 64], while the entropy instead increases
(see e.g. [48]). Our work adds to this list of properties by showing that asymptotic acceleration
is primarily geodesic.

The implications of this result are manifold:

• Fulfilling the de Sitter conjecture [63, 72], in an accelerating background and at the
boundary of moduli space, becomes challenging, given our result. Despite the fact
that we are in a multi-field setup, the gradient of the scalar potential is predominantly
determined by the acceleration parameter ϵ (see eq. (3.36)), giving results analogous
to the single-field case. As pointed out in section 3, an alternative interesting way
to obtain large values of |∇V |/V , and satisfy the de Sitter conjecture, is to assume
cosmological phases with large parameter η (see [84] for a recent analysis of this situation
in single-field inflation). In this case, a slow-roll condition is violated, namely, the second
derivatives of the fields are not smaller than the friction Hubble term in the equations
of motion.

• Models engineering cosmic acceleration with rapid turns face significant constraints at
the boundary of the moduli space, making it more favorable to explore such scenarios
in the bulk of the moduli space. In the bulk, both perturbative and non-perturbative
corrections are expected to play a fundamental role in shaping the dynamics of the system.
These corrections can potentially provide additional degrees of freedom and interactions
that allow for more flexible and diverse trajectories, facilitating the realization of desired
acceleration patterns.

• The total field displacement ∆ is subject to a universal upper bound ∆ ≲ − logH, as
established in [52]. In the context of multi-field inflation, our findings suggest that
the total field displacement remains bounded by the tensor-to-scalar ratio measured at
CMB scales, denoted as ∆ ≲ − log r. Although the original derivation of this bound
in [52] was focused on single-field scenarios, it is applicable to the case of multi-field
inflation due to the fact that trajectories must be (quasi-)geodesic.

• Our result on the turning rate, in the context of inflation, implies also that the speed of
sound cs of primordial perturbations must be close to unity, as in the single-field case. The
expression of the speed of sound in multi-field models is indeed cs =

(
1 + 4Ω2/M2)−1/2,

with M being the mass of the fluctuations orthogonal to the trajectory and typically
assumed larger than the Hubble scale H. This seems to be consistent with the results
of [87], which found a stringent lower bound on cs in the context of N = 1 supergravity.

As a caveat, our bound on the turning rate can be relaxed in the case of very large
curvatures of the field space (see also [18]). However, we have argued this is not a generic
situation in string effective models and considered instead this contribution of order one. For
example, the parameter n of the metric of the hyperbolic spaces is typically very constrained
by Calabi-Yau compactifications and takes very specific O(1) values. Furthermore, our results
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should not be regarded as strictly valid only at the exact boundary of moduli space or slightly
away from it (as discussed in section 5). They can be applied more generally whenever the
geometry of the moduli space can be approximated as hyperbolic and to any scenario of
cosmic acceleration characterized by large field excursions, as long as the SDC is satisfied.

Finally, we acknowledge that our investigation has focused on a minimal setup and has
not taken into account other details that can arise in realistic cosmological descriptions of
inflation or dark energy. One important aspect that we have not considered is the presence
of other sources of energy density. One such example is provided by scalar-gauge field
interactions, which lead to additional friction terms in the equations of motion. In the context
of inflation, this has been studied in the seminal paper [88]. In the context of (quintessence)
dark energy, it has been recently investigated in [89]. Furthermore, we have studied just
the homogeneous case with the scalar fields depending just on the time variable. The case
of inhomogeneous fields, i.e. Φ = Φ (t,x), can be understood as introducing extra forces in
moduli space, thus again leading to deviation from geodesic trajectories. See [90] for one
specific study of spatial-dependent fields and its relation to the SDC. We leave these and
other exciting directions for future work.
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A Non-affine geodesic equation

Here we show that a non-affine geodesic equation can always be brought to the form of an
affine geodesic equation.

This reparametrization is unique (for a given non-affine geodesic equation) up to an
affine transformation (which is just a linear reparametrization, i.e. t → mt+ n).

Let us start with a non-affine geodesic equation. This equation has an additional term
which is proportional to the first derivative, namely

d2xa

dt2
+ Γabc

dxb

dt

dxc

dt
= α

dxa

dt
. (A.1)

Such a first order derivative term is usually referred to as a friction term (depending on the
sign). Now we can introduce a new parameter s(t) so that

d

dt
= ds

dt

d

ds
. (A.2)

Then we get

d

dt

dxa

dt
= d

dt

(
ds

dt

dxa

ds

)
(A.3)

=
(
ds

dt

)2 d2xa

ds2 + dxa

ds

d

dt

(
ds

dt

)
. (A.4)
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This allows us the rewrite the geodesic equation (A.1) as(
ds

dt

)2 d2xa

ds2 +
(
ds

dt

)2
Γabc

dxb

ds

dxc

ds
= dxa

ds

(
α
ds

dt
− d

dt

(
ds

dt

))
. (A.5)

Therefore, if we want the right-hand side to vanish, we need to solve the following equation
(setting λ ≡ ds/dt)

αλ = dλ

dt
, (A.6)

which can be integrated and one gets

λ = λ0e
∫
α dt . (A.7)

Hence, the geodesic equation (A.1) becomes affine in the s-parametrization, that is

d2xa

ds2 + Γabc
dxb

ds

dxc

ds
= 0 , (A.8)

which is the standard geodesic equation form and the equation defining the parallel transport
of a tangent vector along itself.

We can now apply this strategy to the setup defined by eq. (3.21), where we have

d2Φa

dt2
+ Γabc

dΦb

dt

dΦc

dt
+ 3HdΦa

dt
+GabVb = 0 . (A.9)

We now introduce the parameter s(t). The potential term stays unchanged since it does not
involve any derivative with respect to the parameter along the curve. The above equation
then becomes

d2Φa

ds2 + Γabc
dΦb

ds

dΦc

ds
+ gabVb = 0 , (A.10)

provided we have
ds

dt
= λ = λ0e

3Ht , (A.11)

with H approximately constant. So, we have seen that a simple reparametrization can
eliminate the friction term of the equation of motion. This will have an impact on the velocity
along the curve, which depends on the specific parameter.

B Geodesics of hyperbolic planes

This appendix provides a complementary perspective to the results obtained in section 4. We
show here that, if Ω = 0 for a trajectory, then this trajectory fulfills the standard geodesic
equation. We begin by examining the single hyperbolic plane which we recall here again

d∆2 = n2

s2

(
ds2 + dϕ2

)
. (B.1)

This parameterizes the upper half of the hyperbolic plane, i.e. s > 0. The non-vanishing
Christoffel symbols are

Γsss = −1
s

= Γϕsϕ, Γsϕϕ = 1
s
, (B.2)
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such that the geodesic equation (3.2) or (3.5) becomes

s̈− 1
s
ṡ2 + 1

s
ϕ̇2 = 0 , (B.3)

ϕ̈− 2
s
ṡϕ̇ = 0 . (B.4)

There are two types of geodesics which solve these equations: semi-circles with centers in
s = 0 and vertical lines with ϕ = ϕ0 = const. We are interested in the region of large s, so we
focus on the vertical lines. For this case, the second geodesic equation becomes trivial (0=0)
whereas the first reads

s̈− 1
s
ṡ2 = 0 . (B.5)

After some simple algebra, we get the solution

s(t) = C eat , (B.6)

with a and C some integration constants. We now explore what happens when we assume
a constant deviation angle from a geodesic, namely, a constant velocity ratio, such as
β = ϕ̇/ṡ = const. We can immediately understand that this cannot be a geodesic unless
β = 0, because we just learned that a (infinite-distance) geodesic must have ϕ̇ = 0. In this
case, the set of two geodesic equations becomes

s̈− 1
s
ṡ2(1 − β2) = 0 , (B.7)

β

(
s̈− 2

s
ṡ2
)

= 0 . (B.8)

It turns out this can only be consistently solved only for β = 0. That explains what happens
at the level of the geodesic equation and is in perfect agreement with the result for the turning
rate (4.18). This is also consistent with the findings in [71].

Next, we turn to the product of two hyperbolic planes. Here the metric reads

d∆2 = n2

s2

(
ds2 + dϕ2

)
+ m2

u2

(
du2 + dψ2

)
. (B.9)

The non-vanishing Christoffel symbols are

Γsss = −1
s

= Γϕsϕ , Γsϕϕ = 1
s
, Γuuu = − 1

u
= Γψsψ , Γuψψ = 1

u
. (B.10)

Therefore, we arrive at the following geodesic equation

s̈− 1
s
ṡ2 + 1

s
ϕ̇2 = 0 , (B.11)

ϕ̈− 2
s
ṡϕ̇ = 0 , (B.12)

ü− 1
u
u̇2 + 1

u
ψ̇2 = 0 , (B.13)

ψ̈ − 2
u
u̇ψ̇ = 0 . (B.14)

It is pretty evident from these equations that a geodesic for the product of two hyperbolic
planes consists of two geodesics of the single hyperbolic plane combined in one vector. Due
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to the same reasons as above we reject all the semi-circle solutions and just focus on the
case with constant axions, namely ϕ = ϕ0 = const and ψ = ψ0 = const. Hence, the axion
equations become again trivial and we get two copies the same saxion equation which is
precisely the same as above.

s̈− 1
s
ṡ2 = 0 , (B.15)

ü− 1
u
u̇2 = 0 . (B.16)

The solutions to these equations also works out to be

s(t) = Ceat , (B.17)
u(t) = Debt , (B.18)

where a, b, C, D are positive numbers. Now it is interesting to see what happens in the case
of constant deviation between the two geodesic trajectories. This correspond to a constant
ratio of velocities, namely, u̇/u = δṡ/s for some δ = const. We then get

s̈− 1
s
ṡ2 = 0 , (B.19)

δ

(
s̈− 1

s
ṡ2
)

= 0 . (B.20)

Unlike above, these two equations are of course compatible. The solution of this equation is
precisely as given above in eq. (B.18). Now we can integrate the condition on the velocities

ln u = δ ln s+ k (B.21)

where k is an integration constant. Plugging the solution for s into that, we arrive at

ln u = δ ln s+ k = (δa) t+ (δC + k) (B.22)

which is obviously also a solution to the geodesic equation for constant axions. Therefore,
in a product of two hyperbolic spaces, any linear combination of saxionic trajectories is a
geodesic, which is in agreement with the result Ω = 0 of section 4.2.2.

Let us now explore what happens in the case of trajectories involving displacements of
the saxion and the axion of two different hyperbolic planes, as discussed in section 4.2.1. So
we consider ϕ = ϕ0 = const and u = u0 = const. This makes the equation associated with ϕ
trivial again. However, the equation for the other constant coordinate u is not trivial and
this makes a crucial difference with the previous case. Omitting the equation for the field ϕ,
we get

s̈− 1
s
ṡ2 = 0 , (B.23)

1
u0
ψ̇2 = 0 , (B.24)

ψ̈ = 0 . (B.25)

We can already read off some implications from this set of equations, namely ψ has to be
constant. But let us employ condition for which the trajectory is characterized by a constant
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ratio of the velocities, namely ψ̇ = γṡ/s. So the above equations turn into

s̈− 1
s
ṡ2 = 0 (B.26)

1
u0
γ2
(
ṡ

s

)2
= 0 (B.27)

γ

(
s̈− 1

s
ṡ2
)

= 0. (B.28)

Without the second equation we would be in the same situation as in the previous case,
which had implied Ω = 0. However, precisely this second equation spoils the situation since it
forces upon us the uninteresting case s = const. Instead, we have required our trajectory to
approach s = ∞. So there is no solution to the geodesic equation in this case. In agreement
with the findings of section 4, we conclude that Ω ̸= 0 and that we have to include all the
coordinates in order to get a proper result.
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