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Abstract We focus on the use of the functional Wilsonian
renormalization group framework characterized by a proper
time regulator and test its use in the search of the scaling solu-
tions and the critical properties of an O(N )-invariant scalar
field multiplet coupled to gravity in d = 4 and d = 3 dimen-
sions. We employ the same background-fluctuation splitting
and gauge fixing procedure, already adopted in a previous
study based, instead, on the effective average action frame-
work and a similar truncation of the effective action. Our
main goal is to compare the results for the scaling solutions
and some of the associated critical exponents. In this analysis,
performed in a different framework, most of the picture pre-
viously uncovered is confirmed both at qualitative and quan-
titative level. There are, nevertheless, few differences both at
finite N and in its large value limit, depending also on the
schemes which in both frameworks are called “improved”.

1 Introduction

An important development in modeling fundamental quan-
tum physical phenomena but also quantum and statistical
effective critical physics was originated by the developments
in the analysis of Quantum (and statistical) Field Theory. An
important breakthrough in this direction is related to the com-
prehensive view obtained within the renormalization group
paradigm. The idea born in perturbative studies and culminat-
ing in [1] (Gellmann-low) was completely reformulated by K.
Wilson [2–6], following Kadanoff [7], when several tools and
techniques were developed to tackle non-perturbative analy-
sis. Later on analytical techniques were developed to study
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the renormalization group flow of various types of effective
actions.

In general, all the so-called Wilsonian approaches are
based on a two-step procedure: a coarse-graining of the
degrees of freedom followed by a spacetime rescaling, con-
trolled by a change of scale. When the latter is infinitesi-
mal, one may formally construct exact integral-differential
functional equations that in principle provide, if solved, an
alternative way to construct the generating functionals which
give access to the physical observables. This is the essence
of the Wilsonian functional renormalization group (FRG)
approach.

In this framework, two classes of effective actions received
attention. One is the so-called Wilsonian action, whose RG
flow is controlled by a UV scale which sets the energy scale
above which all fluctuations in the functional integral are inte-
grated, This action can be inserted into a suitable path integral
over the remaining fluctuations to obtain the full generating
function of the theory of interest. Two specific functional
integro differential RG flow equations were constructed by
Wegner-Houghton [8] and Polchinski [9]. Generalizations
have been discussed in several works; see for example [10].
Recently, a special class of RG flows for the Wilsonian action
based on a Schwinger proper-time (PT) regulator [11,12] for
the coarse-graining procedure was discussed [13–15] and in
particular in [14] it is argued how RG flow equations in some
PT scheme might be interpreted as exact in the UV-regulated
Wilsonian RG sense.

The PT RG flow equations were previously used in the lit-
erature [16–25] but not obtained within a functional deriva-
tion. The other popular class of Wilsonian RG flow analysis is
based on the study of the 1PI effective average action (EAA),
related by a kind of Legendre transform to the Polchinski
Wilsonian action. Its RG flow is given by the Wetterich-
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Morris equation [26–28] (look also at [29,30] for a pedagog-
ical introduction and [31–37] for reviews and applications to
quantum gravity), which has better convergence properties
compared to the ones following from the Polchinski equation.
Because of that, they are heavily used in the study of critical
phenomena. It is by now well understood that proper-time
(PT) flow equations are, in general, not exact when formu-
lated for an IR-regulated 1PI effective action [38]. Never-
theless, PT flows have recently been advocated as a useful
approximate scheme in this context [39].

Fixed points of the RG flow, where scale invariance is real-
ized, are associated to the critical theories, which describe the
universal behavior of physical systems. In particular infrared
attractive critical theories describe the large distance uni-
versal behavior, shared by physically possible very different
microscopic models falling in the same universality class.
The universal properties are extracted by linear deformations
around the critical theory studying the eigenfunctions and the
universal eigenvalues of the associated linearized flow oper-
ator. Looking at the ultraviolet (UV) fixed points a general-
ization of the concept of renormalizability called asymptotic
safety was pushed forward for nontrivial critical interacting
theories, with a finite number of attractive deformations, case
which goes beyond the asymptotic freedom property deter-
mined by a trivial gaussian UV fixed point. Asymptotic safety
was introduced by S. Weinberg in the discussion of the possi-
bility that gravitational interactions might be renormalizable
in this sense, since the existence of such a fixed point was
originally discovered in [40,41] for gravity, as a quantum
field theory of the metric field which is a gauge theory with
diffeomorphism invariance, in d = 2 + ε dimensions.

The determination of a non-Gaussian fixed point for the
theory of gravitation, first studied intensively in its basic
Einstein-Hilbert formulation (truncation), was considered a
crucial step in understanding both the non-perturbative renor-
malizability of the underlying field theory and, more gener-
ally, a possible path to clarify the quantum nature of gravity.
Results on its existence have been determined for pure grav-
ity [42–68] and for gravity coupled with matter [32,69–88]
were given for the d = 4 case mainly studying the Wetterich–
Morris equation, even if, because of many approximations
taken, a complete understanding of the ultraviolet (UV) crit-
ical manifold’s structure in four dimensions remains an active
area of investigation. Even with more general gravitational
truncations, namely with higher order curvature terms in the
effective action and with the presence of different kind of
matter fields, the presence of a fixed point has been always
found (see [37] for a recent discussion.)

In this work we analyze the properties of a set of scalar
fields with O(N ) internal symmetry in the vector represen-
tation coupled to gravity studying the RG flow of the above
mentioned Wilsonian action with a family of PT regulators.
The main goal is to compare the results previously obtained

by one of us [75,89] in the context of the RG flow of the 1PI
effective average action. In that analysis a specific param-
eterization of the metric was used (exponential) combined
with the so-called “physical” gauge fixing in order to obtain
RG flow equations as simpler as possible for a truncation of
the action depending on two functions to be determined at
the fixed points.

One of the motivations to perform this analysis is due to the
fact that it has been observed that PT RG flows sometimes
provide a remarkably accuracy in determining observables
(even at low orders in the derivative expansion), while pre-
serving important symmetries of the action. This symmetry-
preserving property, well-established for gauge theories [19]
through the gauge-invariant proper time regulator introduced
in [90], makes it particularly interesting for quantum gravity
applications.

As recently discussed in [91], the PT flow can also be
viewed as a variant of dimensional regularization that han-
dles poles appearing in all even dimensions d. This approach,
combined with field redefinitions to eliminate off-shell con-
tributions to RG equations in the spirit of the essential renor-
malization group [92,93], focuses specifically on the flow
of couplings relevant to physical observables. Notably, this
framework has demonstrated parameterization independence
for the Newton’s constant beta function to all orders in the
scalar curvature.

Let us recall here the general form of RG flow equation
for the Wilsonian action S� with a PT regulator which we
shall use:

�∂�S�[φ] = 1

2

∫ ∞

0

ds

s
r
(
s,�2Z�

)
Tr

[
e−sS(2)

�

]
, (I.1)

where S(2)
� is the Hessian of the theory, r(s,�2Z�) is a cut-

off function, and Z� is the wavefunction renormalization
associated with the fields of the theory.

Before proceeding, we clarify the logical status of the
proper-time RG flow equation (I.1) used in this work. As
it has been discussed in [14] we consider the possibility that
such RG scheme can be derived exactly in a UV-regulated
Wilsonian sense .1 To the best of our knowledge this is a pos-
sibility which is not ruled out and still to be fully analyzed
since it might have a non trivial realization. In the Appendix A
we provide for the reader’s convenience a short review on a
general, slightly formal, approach used to construct the RG
flow of a UV-regulated Wilsonian action and then write the
functional equations which one may solve to construct a PT
scheme at two different levels.

1 We stress that a particular case of Eq. (I.1) was derived by de Alwis
[13] by introducing a specific family of regulatization schemes under
the assumption that a functional determinant could be written using a
Schwinger proper time representation in terms of the Wilsonian reg-
ularized action. This is specifically what was formally avoided in the
approach presented in [14].
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In this work we assume that at least one physically admis-
sible solution for the quantities (see Appendix A) ψ�

x or b�

exists, with reasonable properties and without overly severe
non-localities. No attempt is done to make a construction
since this is completely out of the scope of this work and
certainly deserves a separate study.

Following [14], we use the spectrally adjusted cutoff func-
tion:

r(s,�2Z�)=
(

2+ε
�∂�Z�

Z�

)
(s m �2Z�)m

�(m)
e−s m �2Z�,

(I.2)

where m is an arbitrary positive real number that controls the
behavior of the cutoff family r(s,�2Z�) in the interpolating
region. The dependence in the product sZ� in the power and
exponential is dictated by the requirement of performing a
suitable rescaling after the coarse-graining in the RG step
defining the Wilosonian flow. ε distinguishes between two
types of cutoff functions: type B (ε = 1) and type C (ε = 0).
In the m → ∞ limit the RG flow equation simplifies to

�∂�S�[φ] = Tr

⎡
⎣
(

1 + ε

2

�∂�Z�

Z�

)
e
− S(2)

�

�2Z�

⎤
⎦ . (I.3)

In particular our work aims to explore the critical prop-
erties the PT flow for O(N ) scalar theories in gravitational
backgrounds in d = 3 and d = 4 dimensions for various
choice of the regulator and of the coarse graining scheme. In
d = 3 and for N = 1 this approach allows to investigate the
properties of a gravitationally dressed Wilson–Fisher fixed
point, a deformations of the Ising universality class, with
other values of N being also of interest.

In Sect. 2 the specific model to be studied is presented
and the system of flow equations is given. In Sects. 3 and 4
we describe the analytical set of fixed-point solutions, fol-
lowed by their critical properties. In Sect. 5 we present the
numerical gravitational-dressed Wilson–Fisher fixed-point
solutions, and in Sect. 6 their critical properties. In Sect. 7 we
present the conclusions. Finally there are five appendices, the
first A is a short general review of UV-regulated wilsonian
flow equations, the other two, B and C, cover the steps for the
derivation of the RG equations for the selected truncation of
the effective action, while the latter two, D and E, are devoted
to discuss some detail of the numerical analysis.

2 The flow equations

We study the most general theory coupling Einstein gravity
non-minimally to N scalar fields:

S [g, φ1, . . . , φN ]

=
∫

dd x
√
g

(
1

16πG
(−R + 2λ)

+1

2

N∑
i=1

φi (−�)φi + B (ρ) R + V (ρ)

)
, (II.1)

where −� is the Laplacian operator acting on the i-th scalar
field φi . We assume that the N scalar fields form a multiplet
φ = (φ1, . . . , φN ) transforming as a fundamental represen-
tation of the O(N ) group. The variable ρ is defined as

ρ = 1

2

N∑
a=1

φaφa . (II.2)

By introducing

F (ρ) = 1

16πG
− B (ρ) , U (ρ) = V (ρ) + λ

8πG
, (II.3)

we obtain a more concise form of the action:

S [g, φ1, . . . , φN ]

=
∫

dd x
√
g

(
−F (ρ) R + 1

2

N∑
i=1

φi (−�)φi +U (ρ)

)
.

(II.4)

In this form, the action can be viewed as a generalization of
the Local Potential Approximation (LPA) that includes two
derivatives of the metric.

While Eq. (II.4) represents a classical action, quantum
effects induce running couplings for F and U . Our goal is to
study the Wilsonian flow of these running couplings, mean-
ing that Eq. (II.4) becomes a Wilsonian action. In general the
Wilsonian action is a complicated non local functional but,
as usually done, we shall consider an approximated form, a
truncation, which will depend on two flowing functions F�

and U�:

S� [g, φ1, . . . , φN ]

=
∫

dd x
√
g

(
−F� (ρ) R+ 1

2

N∑
i=1

φi (−�)φi +U� (ρ)

)
.

(II.5)

where � is the Wilsonian UV cutoff.
In previous works [70,75,89,94], the Wetterich equa-

tion for the one-particle irreducible (1PI) infrared-regulated
effective action was used to study the running of F and
U . Here, we instead employ the proper time flow equation,
which describes the flow of the Wilsonian action, as antici-
pated in the introduction.
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For our effective action in Eq. (II.5), the left-hand side of
the flow equation becomes

�∂�S� =
∫

dd x
√
g (−�∂�F�(ρ)R + �∂�U�(ρ)).

(II.6)

Consequently, to extract the running couplings of F and U ,
the right-hand side of Eq. (I.1) must be projected onto terms
proportional to R0 and R1. This projection can be performed
using the background field method followed by a heat kernel
expansion [95–99]. For the scalar fields, we employ the stan-
dard linear split φa = φ̄a+�a(x), while for the gravitational
field we use the exponential split gμν = ḡμρ(eh)ρν , in order
to compare with a previous analysis [70,75,89] done using
the effective average action formalism. Here, φ̄a and ḡμρ are
fixed but arbitrary background fields, and �a(x) and hμν are
the fluctuation fields. The technical details for deriving the
flow equations are provided in Appendices B and C.

Using the results from Eqs. (C.9) and (C.10) in the appen-
dices, and defining the dimensionless rescaled variables
x = α1/2�2−dρ, u�(x) = α�−dU�(ρ), and f�(x) =
α�2−d F�(ρ), whereα = md/2�

(
m− d

2

)
4(4π)d/2�(m)

, we obtain the dimen-
sionless flow equations for u� and f�:

u̇ = −du + (d − 2)xu′ + 2(d − 3)d

+ 4(N − 1)

(
1 + u′

m

) d
2 −m

+ ε(d − 1)d

(
(d − 2)

(
1 − x

f ′

f

)
+ ḟ

f

)

+4

⎛
⎝1+

ε
(

1
2 (d−2)

(
x f ′
f − 2x f ′′

f ′ −1
)
+ ḟ ′

f ′ − ḟ
2 f

)

1+ (d−2) f
4(d−1)x( f ′)2

⎞
⎠

⎛
⎝1 + 2xu′′ + u′

m
(

1 + 4(d−1)x( f ′)2

(d−2) f

)
⎞
⎠

d
2 −m

, (II.7)

ḟ = (2 − d)
(
f − x f ′) + 1

3

(
d

2m
− 1

)(
d2 − 3d + 36

)

+ 4

(
d

2m
− 1

)
(N − 1)

(
1

6
+ f ′

)(
1 + u′

m

) d
2 −m−1

+ ε
1

6

(
d

2m
− 1

)(
d2 − d − 24

d
− 24

)

(
(d − 2)

(
1 − x

f ′

f

)
+ ḟ

f

)
+

+ 2

3

(
d

2m
− 1

)
⎛
⎜⎜⎝1 +

6

(
4x( f ′)2

(d−2) f + 2x f ′′ + f ′
)

1 + 4(d−1)x( f ′)2

(d−2) f

⎞
⎟⎟⎠

⎛
⎝1 +

ε
(

1
2 (d − 2)

(
x f ′
f − 2x f ′′

f ′ − 1
)

+ ḟ ′
f ′ − ḟ

2 f

)

1 + (d−2) f
4(d−1)x( f ′)2

⎞
⎠

⎛
⎝1 + 2xu′′ + u′

m
(

1 + 4(d−1)x( f ′)2

(d−2) f

)
⎞
⎠

d
2 −m−1

. (II.8)

A “′” indicates the derivative with respect to x , whereas a
dot the derivate with respect to the RG time t = ln (�/�0),
where �0 is an arbitrary normalization scale. Due to the prop-
erties of the regulator that enter in the domain of α, these
equations are defined for m − d/2 > 0.

On setting u̇ = 0, ḟ = 0 and ḟ ′ = 0 one obtains the
fixed-point equations. At the fixed point the equations turn
into an ordinary non-linear second-order system of differ-
ential equations. The solutions u∗(x) and f∗(x) are labeled
with four independent parameters that have to be fixed by
boundary conditions. The structure of scaling solutions con-
strain the boundary conditions and so the free parameters;
consequently, there are at most a discrete set of acceptable
fixed-point solutions. In the next sections, we describe for
various values of the number of fields and regulator type the
set of fixed-point solutions.

3 Analytical scaling solutions and their properties

In this section, we present analytical scaling solutions for
both the ε = 0 (C-type cutoff) and ε = 1 (B-type cutoff)
cases. For ε = 0, the PT flow equation can be derived as
a renormalization group (RG) improvement of a standard
one-loop calculation [100]. This limit corresponds to the
“unimproved” Wetterich flow equation discussed in [89]. In
contrast, the ε = 1 case, while interpretable as a particular
coarse-grained flow [14], lacks an immediate physical inter-
pretation. It corresponds to the “improved” cutoff introduced
in [89].

The following fixed-point solutions exist for any value of
the cutoff and dimension (we will consider d > 2 in the
following):

u∗ = 2d + 4N

d
− 6 +

(
d2 − 3d + 2

)
ε

f∗ = (d − 2m)(d2 − 3d − 36 + 2N )

6(d − 2)m

+ (d3 − d2 − 24d − 24)(d − 2m)ε

12dm
(III.1)

The value of u∗ does not depend on the cutoff parameter m.
The sign of f∗ depends on the number of fields and d. In
particular for
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N > Nc = 1

2

(
−d2 + 3d + 36

)

+1

4

(
−d3 + 3d2 + 22d − 48

d
− 24

)
ε (III.2)

f∗ takes always a negative value. In the ε = 0 case we also
find the additional solution

u∗(x) = 4N

d
+ 2d − 6,

f∗(x) = (d−2m)
(
d3−4d2+d(2N−33)+10N+36

)
6(d−2)(d−1)m

+ x

d − 1
(III.3)

where value of u∗ is the same of the above fixed point but
now f∗ has a linear dependence on the field x (see also [75]).
As before the sign of f∗(0) depends on the number of matter
fields and in this case

Nc = −d3 − 4d2 − 33d + 36

2(d + 5)
(III.4)

above this value f∗(0) < 0.
If we set f0 = 0 we find a solution with a constant u∗ and

a linear f∗. In this case one notes that x f ′/ f = 1 so that the
dependence on ε drops in both the fixed point equations for u
and f . As a consequence there is no difference between the
two schemes based on the B- and the C-type cutoffs. The flow
equations are quadratic in f∗ and admit two real solutions.
We show the results only for d = 3 and d = 4 because the
expressions for a general d are quite long and not particularly
illuminating. In d = 3 we get

u∗ = 4N

3
,

f∗(x) = 60 − 7N ± √
N 2 + 72N + 2736

48(N − 1)
x

(III.5)

and in d = 4

u∗ = 2 + N , f∗(x) = 7 − N ± √
3
√
N + 11

6(N − 1)
x (III.6)

again the value of u∗ is the gaussian value, here for d = 3 and
d = 4. These solutions do not have any dependence on m.
Of the two solutions, only the one with the minus sign has a
regular limit N → 1. This solution always yields a negative
f∗. On the contrary in the solution with the plus sign there
is a critical value above which f∗ becomes negative. The
critical values are N = 18 and N = 16 for d = 3 and d = 4
respectively. The same behavior but with different critical
values of N was observed in [75] for the analysis based on
the solutions of the effective average action (1PI) RG flow.

3.1 Stability analysis for the analytical scaling solutions

In order to discuss the critical properties let us consider the
linear perturbations

u�(x) = u∗(x) + δu(x)

(
�0

�

)θ

,

f�(x) = f∗(x) + δ f (x)

(
�0

�

)θ

(III.7)

where θ is a critical exponent so that for θ > 0 the corre-
sponding eigenoperator is relevant. The linearized equations
around the gaussian fixed-point Eq. (III.1) read

(
8 − 4d

m

)
δu′′ +

(
N

(
4 − 2d

m

)
1

x
+ 2 − d

)
δu′

+ (d − θ)
δu

x
+

+ 12 (d−2) (d−1) d2λmε

(d−2m)
(
d4ε+d3 (2−3ε)−2d2 (11ε+3)+4d (n+6 (ε−3))+48ε

)
(

(d−2) δ f ′−λ
δ f

x

)
=0

(
8 − 4d

m

)
δ f ′′ +

(
N

(
4 − 2d

m

)
1

x

−
2 (d − 2) d

(
d2 − 3d + 2N − 36

)

d4ε + d3 (2 − 3ε) − 2d2 (11ε + 3) + 4d (N + 6 (ε − 3)) + 48ε

⎞
⎠

δ f ′ + + (d − θ − 2

+
(d − 2)

(
d3 − d2 − 24d − 24

)
θε

d4ε + d3 (2 − 3ε) − 2d2 (11ε + 3) + 4d (N + 6 (ε − 3)) + 48ε

⎞
⎠

δ f

x
− (d − 2m) (d − 2 (m + 1)) δu′′

3m2

−
N

(
d2 − 2d (2m + 1) + 4m (m + 1)

)

6m2
δu′
x

= 0 (III.8)

These equations can be studied analytically, in particular we
can obtain the values of critical exponents analytically. We
shall restrict ourselves to the analysis of deformations with
respect the O(N ) symmetry. Replacing the Frobenius ansatz
δu (x) = ∑∞

i=0 ui x
i , δ f (x) = ∑∞

i=0 fi xi and requiring that
no exponential term is contained in the solutions leads to a
truncation of the two series to some imax value and then to a
quantization condition for the eigenvalues:

θ = −2 + d − (d − 2) j

+ (d − 2)2 (d3 − d2 − 24d − 24
)
ε

2d
(
d2 − 3d − 36 + 2N

)
θ = d − (d − 2) j (III.9)

with imax = j = 0, 1, . . .. The second set is the standard
result of scalar field theory, as expected at the gaussian fixed
point the scalar potential eigenoperators enjoy a classical
scaling. In the C-type cutoff, where ε = 0, the two sets of
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critical exponents coincide 1. On the contrary, in the B-type
cutoff, where ε = 1, there are two discrete and independent
sets of critical exponents. The first set of critical exponents
exists only if N �= 18 − 1

2 (d − 3)d.
The values of θ do not depend on m but the solutions do.

The general expressions are quite long, we show and discuss
only the solutions in d = 4. For j = 0, 1, 2 with m = d

2 + 1,
apart from a global multiplicative constant, we get

θ = 2 + 18ε

16 − N
:

δu = 108ε

N + 9ε − 16
, δ f = 1

θ = 18ε

16 − N
:

δu = 108ε
(
N 2 − N (9ε + 32) + 27ε2 + 144ε + 256

)
(N − 9ε − 16)(N − 3ε − 16)(2N + 9ε − 32)

− 162(N − 16)ε

N (N − 9ε − 16)(N − 3ε − 16)
x,

δ f = 1 − 3(N − 16)(N + 9ε − 16)

2N (N − 9ε − 16)(N − 3ε − 16)
x

θ = −2 + 18ε

16 − N
:

δu = − 324ε2
(−N 3 + 3N 2(9ε + 16) − 3N

(
15ε2 + 288ε + 256

) + 81ε3 + 720ε2 + 6912ε + 4096
)

(N − 9ε − 16)(N + 3ε − 16)
(−2N 3 + 3N 2(9ε + 32) − 6N

(
9ε2 + 144ε + 256

) + 81ε3 + 864ε2 + 6912ε + 8192
)+

+ 324(N − 16)xε
(
N 2 − N (9ε + 32) + 27ε2 + 144ε + 256

)
N (N − 9ε − 16)

(−2N 3 + 3N 2(9ε + 32) − 6N
(
9ε2 + 144ε + 256

) + 81ε3 + 864ε2 + 6912ε + 8192
)+

− 243(N − 16)2x2ε(2N + 9ε − 32)

N (N + 2)(N − 9ε − 16)
(−2N 3 + 3N 2(9ε + 32) − 6N

(
9ε2 + 144ε + 256

) + 81ε3 + 864ε2 + 6912ε + 8192
) ,

δ f = 1 + 3(N − 16)x
(
2N 2 + N (3ε − 64) − 27ε2 − 48ε + 512

)
N

(−2N 3 + 3N 2(9ε + 32) − 6N
(
9ε2 + 144ε + 256

) + 81ε3 + 864ε2 + 6912ε + 8192
)

− 9(N − 16)2x2
(
2N 2 + N (27ε − 64) + 81ε2 − 432ε + 512

)
4N (N + 2)(N − 9ε − 16)

(−2N 3 + 3N 2(9ε + 32) − 6N
(
9ε2 + 144ε + 256

) + 81ε3 + 864ε2 + 6912ε + 8192
)

(III.10)

for the first set of θ and

θ = 4, δu = 1, δ f = 0

θ = 2, δu = 1 − 9x

14N
, δ f = N − 9ε − 16

189ε

θ = 0, δu = 1 − 3x

N
+ 27x2

28N (N + 2)
,

δ f = 2(N − 30ε − 16)

189ε
+ −N + 9ε + 16

63Nε
x (III.11)

for the second set. The second set of critical exponents
gives in both cutoffs two relevant directions. In the B-type

1 The first set yields δu = 0 and δ f �= 0. This solution is contained in
the second set as a particular case.

cutoff in the first set, the number of relevant directions is
determined by the sign of 18

16−N . If N > 16 the only relevant

direction can be contained in θ = 2 + 18
16−N . This critical

exponent is positive only if N > 25. If N < 16 there is a crit-
ical value jc where θ = 0. This critical value is jc = 9

16−N .
The number of relevant directions is given by the integral part
of jc + 1. For N = 1 with the first set we obtain two relevant

directions. In total, there are four relevant directions. Four
relevant directions and two sets of critical exponents have
been also found in [89] with the improved Wetterich-Morris
equation giving the flow of the 1PI effective avarage action.
We find the same values for the second set of θ but different
values for the first set. The eigenvectors share the same struc-
ture and only the coefficients are different. The linearized
equations for Eq. (III.3) for generic d with m = d/2 + 1 are
given by
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(d − θ)δu+

+−4N
(
d3(x−4)+d2(11x+16)+4d(5x+33)+4(x−36)

)−(d+2)x
(
2d4−3d3(x+4)−2d2(3x+25)+12d(x+17)+24(x−10)

)+32(d+5)N 2

(d+2)
(
2d3−d2(3x+8)+2d(2N−6x−33)+4(5N−3x+18)

) δu′+

+ 16x
(
2d3 − d2(3x + 8) + d(4N − 66) + 20N + 12(x + 6)

)
(d + 2)

(
2d3 − d2(3x + 8) + 2d(2N − 6x − 33) + 4(5N − 3x + 18)

) δu′′ = 0 (III.12)

and

(d − θ − 2)δ f

+
(−4N

(
d3(x−4)+d2(11x+16)+4d(5x+33)+4(x−36)

)−(d+2)x
(
2d4−3d3(x+4)−2d2(3x+25)+12d(x+17)+24(x−10)

)+32(d+5)N 2
)

(d + 2)
(
2d3 − d2(3x + 8) + 2d(2N − 6x − 33) + 4(5N − 3x + 18)

) δ f ′

+ 16x
(
2d3 − d2(3x + 8) + d(4N − 66) + 20N + 12(x + 6)

)
(d + 2)

(
2d3 − d2(3x + 8) + 2d(2N − 6x − 33) + 4(5N − 3x + 18)

) δ f ′′

− 16(d + 5)
(
N

(
2d3 − d2(3x + 8) − 6d(2x + 11) − 12(x − 6)

) + 4(d + 5)N 2 + 12(d + 2)x
)

3(d − 1)(d + 2)2
(
2d3 − d2(3x + 8) + 2d(2N − 6x − 33) + 4(5N − 3x + 18)

) δu′

− 32(d + 5)x
(
2d3 − d2(3x + 8) + d(4N − 66) + 20N + 12(x + 6)

)
3(d − 1)(d + 2)2

(
2d3 − d2(3x + 8) + 2d(2N − 6x − 33) + 4(5N − 3x + 18)

) δu′′ = 0 (III.13)

the equation of δu is independent of δ f , accordingly the
critical exponents are determined only by the potential. Using
the Frobenius method with ansats δu(x) = ∑∞

i=0 ui (x−x0)
i

shows that all coefficients ui contain a denominator given by
d(d(2d − 3x0 − 8) + 4N − 66) + 4(5N + 3(x0 + 6)). If this
denominator goes to zero the solution has a discontinuity.
With N < Nc of Eq. (III.4) the discontinuity is located at
a negative number x0 < 0 but for N ≥ Nc the zero of the
denominator moves to positive numbers. This implies that
there are smooth solutions only for N < Nc. Smooth solu-
tions with N < Nc can be found by the shooting technique
described in Appendix E. Tables 1 and 2 show the critical

Table 1 Critical exponents related to the scaling solution Eq. (III.3) in
d = 3

N θ1 θ2 θ3 θ4 θ−1

1 3.000 1.790 1.000 0.497 −0.798

2 3.000 1.880 1.000 0.701 −0.494

3 3.000 1.950 1.000 0.870 −0.224

4 3.000 1.990 1.000 0.975 −0.040

Table 2 Critical exponents related to the scaling solution Eq. (III.3) in
d = 4

N θ1 θ2 θ3 θ−1

1 4.000 2.000 1.770 −0.643

2 4.000 2.000 1.830 −0.470

3 4.000 2.000 1.880 −0.302

4 4.000 2.000 1.940 −0.149

5 4.000 2.000 1.990 −0.028

exponents in d = 3 and d = 4. In the case N = 1 the results
for the relevant directions are the same of [89].

The perturbations cannot be computed analytically, except
in the asymptotic regimes. The asymptotics at x → x0 are
the standard Frobenius expansions. In the asymptotic regime
x → ∞ the solutions are given by

δu(x → ∞) = x
d−θ
d−2

(
c1 +

∞∑
n=1

v−nx
−n

)

δ f (x → ∞) = x1− θ
d−2

(
c2 + f4−d x

4−d

+
∞∑
n=1

f−nx
−n + log(x)

∞∑
n=0

g−nx
−n

)
(III.14)

where c1 and c2 are two free coefficients. These coefficients
are determined numerically by the shooting. The coefficients
vi , fi and gi are determined by the Frobenius method. In
d = 4 the first coefficients are given by

v−1 = 1

9
c1(θ − 4)(3N − θ)

v−2 = 1

162
c1(θ − 4)

(
θ3 − 36θ + 9(θ − 2)N 2

−6(θ − 1)2N + 96
)

(III.15)

and

f−1 = − 2

243
c1(θ − 4)

(
2(θ − 8)θ + 9N 2 − 3(2θ + 3)N + 48

)

− 1

9
c2(θ − 2)(θ − 3N + 2)
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f−2 = 1

162
c2(θ − 2)

(
θ(θ(θ + 6) − 24) + 9θN 2

−6(θ + 1)2N + 32
)

+
+ c1

2187
(θ − 4) (4θ(θ((θ − 5)θ − 18) + 24)

−54(θ − 1)N 3 + 9
(

6θ2 + 3θ − 4
)
N 2

−3(θ(4θ(2θ − 5) + 3) + 160)N + 768)

g0 = 1

27
c1(θ − 4)(3N − θ),

g−1 = 1

243
c1(θ − 4)(θ − 2)(−θ + 3N − 2)(3N − θ)

g−2 = c1

4374
(θ − 4)(θ − 2)(3N − θ)

(
θ(θ(θ + 6) − 24) + 9θN 2 − 6(θ + 1)2N + 32

)
(III.16)

4 The large N limit

The large N limit of a quantum field theory is of particu-
lar interest because the phase structure of the theory can be
studied analytically (look at [101] for a review and other
applications). In this section we study the limit N → ∞ of
Eqs. (II.7) and (II.8).

4.1 The scaling solutions of N = ∞

In the limit N → ∞ the model can be solved exactly, since
it reduces to the so-called spherical model [8,102]. It is con-
venient to rescale x , u∗ and f∗ by 4N and obtain in the large
N limit the simplified flow equations

u̇ = −du∗ + (d − 2)xu′∗ +
(

1 + u′∗
m

) d
2 −m

ḟ = (2 − d) f∗ + (d − 2)x f ′∗

+
(

d

2m
− 1

)(
1

6
+ f ′∗

)(
1 + u′∗

m

) d
2 −m−1

. (IV.1)

In this limit gravity does not affect the fixed-point potential,
which coincides with the flat spacetime result [17]. Further-
more, there is no difference between the C- and B- type cutoff,
since the ε dependence disappears.

The corresponding fixed point equations admit a solution
with constant u∗ and f∗, which coincide with the limit N →
∞ of Eq. (III.1) rescaled by 4N .

The fixed point equations also admit a non-trivial solution,
which can be obtained easily moving to study the fixed point
equations for u′∗ and f∗:

x = c1(u
′∗)

d
2 −1 − 1

d − 2

(
d

2m
− 1

)
2

F1

(
1 − d

2
,−d

2
+ m + 1; 2 − d

2
;−u′∗

m

)

f∗
(
u′∗

) = − x

6
+

(c1

6
+ c2

)
(u′∗)

d
2 −1 (IV.2)

The solution of u∗ is given in an implicit form in terms of
its derivative and the solution of f∗ is expressed in terms
of this derivative. c1 and c2 are two free parameters. These
solutions are defined for d �= 4 and for d = 4 only the
gaussian fixed-point remains. However, from a more careful
inspection a non-trivial solution globally defined and with a
potential bounded from below can exist only for d < 4 (see
for example [103]).

To extract the scaling solutions from Eq. (IV.2) we require
the smoothness for all values of x . The smoothness at x = 0
requires u′∗(0) and f∗(0) to be set to some value v0 and f0,
this fixes c1 and c2. The smoothness at some generic x = x0

can be studied by Taylor expansion. This shows that c1 and
c2 have to be set to zero to get a smooth solution. At the end
there is only one scaling solution, where f0 is zero and v0 is
given by the solution of

2F1

(
1 − d

2
,−d

2
+ m + 1; 2 − d

2
;−v0

m

)
= 0 (IV.3)

for example, with d = 3 and m = d/2 + 1 we get v0 ∼
−0.97. The scaling solutions are given by

x = − 1

d − 2

(
d

2m
− 1

)
2

F1

(
1 − d

2
,−d

2
+ m + 1; 2 − d

2
;−u′∗

m

)

f∗ = − x

6
(IV.4)

the solution for u′∗(x) is the Heisenberg fixed-point [8,102].
In this limit f∗ is always negative, this is also what was found
in the analysis based on the 1PI effective average action in
[75], with the difference that the function f∗ was a non triv-
ial function, having a linear behavior only at asymptotically
large values of x . Moreover, in that analysis f∗(0) was found
to have a negative value, whereas here in the Wilsonian proper
time framework we find f∗(0) = 0.

4.2 The critical exponents of N = ∞

The linearized equations around the scaling solutions are
given by
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(d − θ)δu

+ δu′
((

1 − d

2m

)(
1 + u′∗

m

) d
2 −m−1

− (d − 2)x

)
= 0

(d − θ − 2)δ f

+ δ f ′
((

1 − d

2m

)(
1 + u′∗

m

) d
2 −m−1

− (d − 2)x

)
= 0

(IV.5)

this first order system can be solved analytically, in particular
the two equations are the same if in the second θ + 2 → θ .

The critical exponents and their respective eigenfunctions
for the gaussian-fixed point are given by the N → ∞ limit of
Eq. (III.9) and Eqs. (III.10), (III.11), after having multiplied
by 4N .

To get the critical exponents for the non-trivial scaling
solution, we require that the two equations have no singular-
ity for all values of x . This means that the terms involving
the first derivative should be different from zero for all values
of x . Using δu = ∑∞

j=n a j (x − x0)
j to study the behavior

around a generic x0, the previous condition is met only if

θ = d − 2 j, j = 0, 1, . . . (IV.6)

which is the well-know spectrum for the spherical model.
The perturbations can be found analytically in terms of u′∗

δu
(
u′∗

) = b1(u
′∗)

d−θ
2 , δ f

(
u′∗

) = b2(u
′∗)

d−θ−2
2 (IV.7)

where b1 and b2 are two free parameters.

5 The gravitationally dressed Wilson–Fisher fixed-point

In this section we discuss the non-trivial scaling solutions in
d = 3. A search of a gravitationally-dressed Wilson–Fisher
fixed point has also been done in [89], [104] with N = 1 and
in [75] with N = 2 based on the RG flow of the 1PI effective
average action.

5.1 Numerical techniques: shooting vs pseudospectral
method

The most widely used numerical technique for finding non-
trivial scaling solutions is the shooting method [16,17,24,
70,89,105]. Also, recently in [104] a technique based on
the pseudospectral method has been used. With the proper-
time flow equation we use both techniques to have a double
check of the results. For better convergence and to have a
less numerical error, we exploit an “improved version” of
the shooting and pseudospectral method. We describe the
numerical techniques in the appendix E.

The shooting technique and the pseudospectral method
have different sources of numerical error. However, both
methods share a common source: the truncation of a power
series –around x → ∞ in the shooting method, and in the
Chebyshev expansion in the pseudospectral method. This
truncation affects the numerical values of the solutions. Addi-
tionally, in the pseudospectral method, it can also lead to
the presence of spurious solutions, which must be carefully
distinguished from the physical ones. For these reasons, we
consider the shooting method as our primary technique for
numerical computations, using the pseudospectral method
mainly as a cross-check for the shooting results.

To distinguish physical from spurious solutions in the
pseudospectral method, we study the results for different
values of the truncation p of Chebyshev expansion. In
particular, we use the relative difference δuPS∗ (p, x) =
| u∗(p+1,x)−u∗(p,x)

u∗(p,x) | as an error estimate test at different values

of x . For a true solution δuPS∗ (p → ∞, x) → 0.
As explained in appendix E, due to our implementation

of the shooting technique, the truncation does not affect the
solution in a critical way and the only potentially problem-
atic source of error may arise from systematic errors during
the numerical integration. These errors could lead to spu-
rious numerical convergence in the solutions of Eq. (D.3).
To test whether the solutions found by the shooting method
correspond to genuine nontrivial fixed-point solutions, we fit
them to the pseudospectral ansatz, Eq. (D.6), and attempt to
recover them using the pseudospectral method for different
values of the truncation order p. We use the relative differ-

ence δuSPS∗ (p, x) = | ushoot∗ (x)−uPS∗ (p,x)
ushoot∗ (x)

| to test the results.

For illustration, we focus on u∗, but similar conclusions hold
for f∗.

Figure 1a shows the log plot of the relative difference
δuPS∗ (p, x) for the scaling solution of C-type cutoff (ε =
0) with N = 1 and m = d/2 + 1 for different values of
x . The relative difference is around 10−1 for p < 10 and
decreases as p increases. In particular, the larger x is, the
bigger the relative difference tends to be. For p > 20 the
relative difference remains always below 10−5 for all tested
values of x .

Figure 1b shows the log plot of relative difference
δuSPS∗ (p, x) for different values of p. For all values of x
the relative difference δuSPS∗ (p, x) decreases as p increases.
With p > 20 the value is always below 10−6 and there is no
substantial difference between the solution of pseudospectral
and shooting method. By further increasing the truncation
both δuPS∗ (p, x) and δuSPS∗ (p, x) decrease more and more,
which confirms that the solution of the shooting method is a
genuine fixed-point solution. The same situation occurs for
other values of m and N .

In the B-type cutoff (ε = 1) the differential equations are
much more complicated to solve. The numerical technique
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Fig. 1 Log plot of the relative difference δuPS∗ (p) in the C-type cutoff for different values of x in a and δuSPS∗ (x) for different values of p in (b)

Fig. 2 Log plot of the relative difference δuPS∗ (p) in the B-type cutoff for different values of x in (a) and δuSPS∗ (x) for different values of p in (b)

follows the same line as the C-type cutoff. Figure 2a and b
show the relative differences. Here the error is slightly larger,
but again we find that the pseudospectral method and the
shooting results agree when p > 20.

5.2 Scaling solutions for scheme C

Figure 3a and b show the scaling solutions of the C-type
cutoff for N = 1 and different values of m. The scaling
solutions for f∗ in Fig. 3b follow approximately straight lines
of negative slope, accordingly at some x̄ they cross the x-axis
and become negative. These solutions can be approximated
by f∗(x) ∼ 1

16πgPG∗
+ f∞x .

The dashed lines in Fig. 3a are the pure Wilson–Fisher
scaling solutions, obtained from Eq. (II.7) when f∗ = 0. The
gravitationally dressed WF u∗ are very similar to them.

In the WF case u′(x = 0) is related to the critical massm2
c .

This value is negative. In presence of gravity in the C-type
cutoff m2

c is still negative.
Figure 4a and b show the scaling solutions with m =

d/2 + 1 for N > 2. The results follow the same trend of
N = 1. The gravitational potential and the pure potential are
again very similar for all values of N . As N increases, f∗
shifts to smaller values. This has to be expected since in the
limit N → ∞ f∗(x) → −2Nx/3.

Using m = d/2 + 1, for N > 9 we do not find real
scaling solutions until N ∼ 8184 is reached. The numeri-
cal scaling solutions with N � 8184 tend to the scaling of
N → ∞ in Eq. (IV.4). To quantify the differences, we plot
δuN = u∗(x, N → ∞) − u∗(x, N ) and δ fN = f∗(x, N →
∞)− f∗(x, N ) as functions of 1/N for different values of x .
The dashed lines in Fig. 5a and b show the results at x = 3,
δuN and δ fN follow approximately straight lines, so the cor-
rections to Eq. (IV.4) go as 1/N .
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Fig. 3 Scaling solutions for u∗ and f∗ for N = 1 and different values of m in the C-type cutoff. The dashed lines in a are the Wilson–Fisher
scaling solutions of C-type cutoff obtained from Eq. (II.7) when f∗ = 0

Fig. 4 Scaling solutions for u∗ and f∗ for different values of N and m = d/2 + 1 in the C-type cutoff. The dashed lines in a are the Wilson–Fisher
scaling solutions of C-type cutoff obtained from Eq. (II.7) when f∗ = 0

Fig. 5 Plot of the difference δuN = u∗(x, N → ∞) − u∗(x, N ) in the left and δ fN = f∗(x, N → ∞) − f∗(x, N ) in the right as function of 1/N
at x = 3. The dashed lines are the results in the C-scheme, the full lines the results in the B-scheme
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Fig. 6 Scaling solutions for u∗ and f∗ for N = 1 and different values of m in the B-type cutoff. The dashed lines in a are the Wilson–Fisher
scaling solutions of B-type cutoff obtained from Eq. (II.7) when f∗ = 0

Fig. 7 Scaling solutions for u∗ and f∗ for N = 2 and different values of m in the B-type cutoff. The dashed lines in a are the Wilson–Fisher
scaling solutions of B-type cutoff obtained from Eq. (II.7) when f∗ = 0

5.3 Scaling solutions for the scheme B

Figures 6a, b and 7a, b show the scaling solutions of the B-
type cutoff with N = 1 and N = 2 for different values of
m.

In Figs. 6a and 7a the plots show u∗ and the dashed line are
again the pure Wilson–Fisher case in absence of gravitational
interactions. In contrast to the C-type cutoff, in the B-type
gravity the minimum of u∗ shifts to a larger value and the
similarity with the WF case is lost.

In Figs. 6b and 7b the plots show f∗. The solutions f∗ show
a positive slope. This same trend is observed in the scaling
solution for the 1PI effective average action which satisfy
the Wetterich-Morris equation, as was shown in [104]. In
particular, the solution with m = d/2 + 1 is the one that
most resembles it.

For both values of N the critical mass u′(0) = m2
c takes a

negative value.
Using m = d/2+1, for N > 2 we do not find real scaling

solutions until N ∼ 10000 is reached. The numerical scaling
solutions with N � 10000 tend to the scaling of N → ∞
in Eq. (IV.4). The full lines in Fig. 5a and b show the result
for the differences δuN and δ fN . As in the C-scheme the
corrections go as 1/N , in particular the difference between
the two schemes is very small and decreases more and more
as N increases.

6 Stability analysis for the gravitationally-dressed
Wilson–Fisher fixed-point

Linearizing the flow equations around the gravitational WF
fixed-point we get the critical properties. The linearized equa-
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Fig. 8 Log plot of the relative difference δθ PS in the C-type cutoff related to θ1 = 1/ν in a and ω in b, both for the imaginary and real part of ω

tions are given in the Appendix D. To solve these equations,
we exploit again the shooting and use the pseudospectral
method as a check. However, in addition, to compute the crit-
ical exponents, we exploit the polynomial truncation around
the minimum of the scaling u∗. This technique leads to very
accurate critical exponents and acts as an independent check
of the results. The technique is described in Appendix Appen-
dices E.3.

6.1 Critical exponents for the scheme C

In the C-type cutoff the similarity of the gravitational result
with the classical WF case reflects also in the flow around the
fixed-point. In particular, as in the classical WF case, there
is only one non-trivial relevant direction θ1 where one sets
ν = 1/θ1. The first irrelevant direction is labeled by ω.

The numerical approach we employ to get and check
the eigenfunctions follows the same logic as in Sect. 5.1.
In particular, now we also consider the relative difference

δθ PS = | θ PS(p+1)−θ PS(p)
θ PS(p)

| to test the precision of the crit-

ical exponents. Figure 8a and b show the log plot of δθ PS

for θ1 = 1/ν and ω. The relative difference decreases as p
increases, for p > 20 this is below 10−5 and 10−4 for the
positive and negative critical exponent, respectively. Similar
results are also obtained for N > 1 and other values of m.

The trivial relevant directions are θ = 3 and θ = 1. Tables
3, 4 and 5 show the critical exponents ν and ω for different
numbers of N and m and the comparison with the Wilson–
Fisher case. As m increases, the values tend to those of m →
∞. The gravitational νs are very close to the WF case. In
contrast, ω shows big deviations, for N = 1 and N = 2
there is an imaginary part. The imaginary part disappears for
N > 2.

In [89] with the unimproved Wetterich equation for N = 1
similar results were found, whereωgrav also has an imaginary

part. Our results differ from those of [89] for less than one
percent.

The perturbations cannot be computed analytically except
in the asymptotic regimes. Around a point x = x0 the solu-
tions are the standard Frobenius expansions. Around x → ∞
the solutions are the same form of Eq. (III.14) without the
logarithmic term. In Appendix Appendices E.2 we give the
explicit expressions for the series around x = 0 and x → ∞.

6.2 Critical exponents for the scheme B

In the B-type cutoff the large difference between the classical
WF potential and the gravitational WF case is also reflected
in the flow around the fixed point.

To test the precision of the results we use again the rela-
tive difference δθ PS . Figure 9a and b show δθ PS(p) for the
first positive and negative critical exponents as a log plot. In
contrast to the C-type cutoff here, the error is slightly larger,
for p > 20 the relative difference is ∼ 10−4 and 10−3 for
the positive and negative critical exponents, respectively.

Table 6 shows the numerical results for the critical expo-
nents for N = 1, 2 and different values of m. Apart from the
trivial relevant direction θ = 3, with N = 1 we find three
nontrivial relevant directions. The critical exponents in this
study of the Wilsonian action with proper time regulator are
found to be slightly larger than the ones obtained in [104] for
the 1PI effective average action.

In contrast to the C-type cutoff, here with m = ∞ in
the case N = 1, 2 we find (νN=1, νN=2) = (0.504, 0.455)

and (ωN=1, ωN=2) = (0.326, 0.005), these values are very
distant from the classical case.

For N = 2 the critical exponent θ2 disappears and “blend”
with θ3 for m ≤ 11/2 where they form a couple of complex
conjugate pairs. These complex conjugate pairs disappear for
m > 11/2 to form two real different critical exponents. This
behavior is obtained both from the shooting and pseudospe-
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Fig. 9 Log plot of the relative difference δθ PS in the B-type cutoff related to θ1 in a and ω in b

Table 3 Comparison between
the numerical results in the
C-type cutoff for ν for different
values of m and N

N = 1 N = 2 N = 3 N = 4

m νWF νgrav νWF νgrav νWF νgrav νWF νgrav

5/2 0.650 0.639 0.708 0.692 0.761 0.745 0.804 0.794

7/2 0.640 0.632 0.693 0.682 0.743 0.734 0.785 0.784

9/2 0.636 0.629 0.687 0.677 0.734 0.728 0.776 0.780

11/2 0.634 0.628 0.683 0.674 0.729 0.725 0.770 0.777

13/3 0.633 0.627 0.680 0.672 0.726 0.723 0.767 0.775

15/2 0.632 0.626 0.679 0.671 0.723 0.722 0.764 0.773

17/2 0.631 0.625 0.677 0.670 0.722 0.720 0.762 0.773

19/2 0.630 0.625 0.676 0.670 0.720 0.719 0.760 0.774

Table 4 Comparison between
the numerical results in the
C-type cutoff for ω for different
values of m and N

N = 1 N = 2 N = 3 N = 4

m ωWF ωgrav ωWF ωgrav ωWF ωgrav ωWF ωgrav

5/2 0.656 0.589± 0.139 i 0.671 0.627± 0.102 i 0.700 0.648 0.734 0.636

7/2 0.688 0.595± 0.136 i 0.689 0.623± 0.100 i 0.702 0.615 0.723 0.605

9/2 0.705 0.599± 0.134 i 0.701 0.622± 0.098 i 0.706 0.601 0.721 0.591

11/2 0.716 0.602± 0.132 i 0.708 0.623± 0.096 i 0.710 0.594 0.721 0.582

13/2 0.724 0.604± 0.130 i 0.714 0.623± 0.094 i 0.713 0.588 0.721 0.574

15/2 0.729 0.605± 0.129 i 0.718 0.623± 0.093 i 0.716 0.585 0.725 0.573

17/2 0.733 0.606± 0.128 i 0.721 0.623± 0.092 i 0.718 0.583 0.722 0.564

19/2 0.736 0.607± 0.127 i 0.724 0.624± 0.091 i 0.719 0.580 0.723 0.579

Table 5 Critical exponents with
m = d/2 + 1 for
N = 5, 6, 7, 8, 9 in the C-type
cutoff and comparison with WF
case

N = 5 N = 6 N = 7 N = 8 N = 9

νWF νgrav νWF νgrav νWF νgrav νWF νgrav νWF νgrav

0.838 0.847 0.863 0.887 0.882 0.827 0.897 0.822 0.909 0.912

ωWF ωgrav ωWF ωgrav ωWF ωgrav ωWF ωgrav ωWF ωgrav

0.767 0.793 0.796 0.626 0.820 0.645 0.841 0.771 0.859 0.939
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Table 6 Numerical results for
the critical exponents in the
B-type cutoff in the case N = 1
and N = 2 for different values
of m

νgrav θ2 θ3 ωgrav

m N = 1 N = 2 N = 1 N = 2 N = 1 N = 2 N = 1 N = 2

5/2 0.467 0.438 1.140 1.090 1.140± 0.164 i 0.290 0.156

7/2 0.485 0.449 1.220 1.000 1.110± 0.129 i 0.307 0.128

9/2 0.491 0.452 1.230 0.978 1.100± 0.105 i 0.312 0.099

11/2 0.495 0.453 1.240 0.843 1.100± 0.074 i 0.315 0.072

13/2 0.497 0.453 1.240 1.150 0.829 1.070 0.317 0.035

15/2 0.499 0.453 1.240 1.200 0.819 1.020 0.318 0.009

17/2 0.500 0.454 1.250 1.210 0.812 1.010 0.319 0.004

19/2 0.501 0.455 1.250 1.220 0.807 1.000 0.319 0.005

tral solutions but also independently from the results of the
polynomial truncation around the minimum of u∗, so we do
not believe this is an artifact of the numerical technique.

The asymptotics of perturbations are of the same form of
the perturbations in the C-type cutoff. The explicit expres-
sions are given in Appendix Appendices E.2.

7 Conclusions

In this paper we considered the most general theory coupling
the Einstein theory non-minimally with a O(N ) set of scalar
fields with the aim, on one hand, of testing the Wilsonian
proper time functional RG framework and, on the other hand,
of confirming the previous results in [75,89,104] and enlarge
them. To that end we discussed scaling solutions and their
critical properties. In d = 4 the space of fixed-point solu-
tions is composed only by the matter-coupled Reuter-like
fixed-point, Eq. (III.1), and a generalization of this where f∗
depends linearly on x (quadratically in the scalar fields), Eq.
(III.3). The gaussian fixed-point exists for both the schemes
with ε = 0 and ε = 1, whereas its generalization only for
ε = 0. Both fixed-points present a d-dependent critical value
for the number of fields N , where f∗ becomes zero and then
takes a negative value.

The linearization of the flow equations around the analytic
scaling solutions in d = 4 shows that the gaussian fixed-point
gives rise to two sets of spectra for the critical exponents,
Eq. (III.9), and eigenfunctions (critical directions). One set
is the standard result of scalar field theory, the second set
is exclusive of the coupling gravity plus matter. This latter
set exists only for ε �= 0. The well-known standard set of
critical exponents does not depend on the number of fields
and always gives two relevant and one marginal direction.
The new set depends on N and accordingly the number of
relevant directions depends on N too. If N < 16 the number
of relevant directions is determined by the closest integer
number to 9

16−N + 1. If 16 < N < 25 there are no relevant
directions. If N > 25 there is only one relevant direction
contained in j = 0. The total dimension of the UV-critical

manifold is given by 2 plus the number of relevant directions
of the new set.

In d = 3 at finite values of N the space of fixed-point
solutions includes all analytic scaling solutions discussed in 3
but also a non-trivial scaling solution that is the gravitational-
dressed version of the Wilson–Fisher fixed-point. This also
yields a non-trivial solution for f∗(x). The properties of these
fixed-points depend on ε. The solution exists for N � 9 and
N � 8184 in the C-scheme and for N � 2 and N � 10000 in
the B-scheme. In the case ε = 0, the fixed-point potential is
not significantly affected by gravity. On the contrary, ε = 1
has a large effect on the potential and some similarity to
the classical Wilson–Fisher solution is lost. The difference
reflects also on the solution for f∗(x). With ε = 0, f∗(x)
has a negative first derivative for all values of x so at some
point f∗(x) becomes negative. In contrast, with ε = 1 f∗(x)
has a positive first derivative for all values of x . For N = 1
and N = 2 this is the same behavior observed in [75,104],
respectively.

The critical properties of the gravitational-dressed Wilson–
Fisher solution for general N depend strongly on ε. With
ε = 0 and for all values of N we find only one non-trivial
relevant direction whose value is very close to the classical
case, while with ε = 1 we find three non-trivial relevant
directions, where the value of the first is very distant from
the classical case. For N = 1 this is the same conclusion
obtained in [104], although our critical exponents differ a
little bit from their results.

A different situation occurs for the critical exponent ω.
Whereas ν is always a real number, ω acquires an imaginary
part when ε = 0. We find that this situation is realized for
N = 1 and N = 2, for N > 2 the critical exponents become
real again. The real part of ω is very different from the clas-
sical value. The same feature was observed in [89] and in
particular with N = 1 we get the same results. With ε = 1,
ω is real but its value is very distant from the classical case.

The limit N → ∞ is the only case where ε do not play
any role in the dynamics. In this limit gravity does not have
any influence on the potential u∗(x), which is the same as the
flat spacetime case. The fixed-point solutions and the criti-
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cal exponents can be computed analytically for every value
of d. We find two lines of fixed-point solutions, which are
labeled by two free parameters c1 and c2, Eq. (IV.2). For
d < 4 we find only one admissible non-trivial fixed-point
solution, which coincides with the case (c1, c2) = (0, 0),
whose analytical form is given in Eq. (IV.4). These scal-
ing solutions have a gravitational interaction characterized
by a simple linear function f∗(x) contrary to the outcome
of the analysis for the effective average action. In d = 4
only the gaussian fixed-point remains. Focusing on the spec-
trum of the linearized operator around the scaling solution,
in contrast to the scaling solutions, the critical exponents
do not differentiate between d = 4 and d �= 4, the results
are given by Eq. (IV.6), which reproduces the well-known
results.

From the physical point of view the outcome of this
investigation confirms that in general the presence of mat-
ter significantly modifies the structure of the UV-critical
manifold, potentially allowing for different continuum lim-
its. Indeed besides the Gaussian fixed point (GFP, III.1),
two additional fixed points (III.5 and III.6) emerge, as
already discussed in [75] in the EAA (1PI) framework.
Also in d = 3, the critical properties of the so-called
“gravitational” Wilson–Fisher fixed point closely resemble
those obtained in the EAA FRG analysis. However, our
results extend previous findings by exploring a broader N -
dependence and regulator dependence (via the parameter
m). A natural next step would be to incorporate the flow
of a field-dependent wavefunction renormalization function,
that is to the full second order in the derivative expansion
of the scalar sector, which we plan to address in future
work.
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Appendices A Wilsonian flows: coarse graining as a
field redefinition

We collect here a few standard facts [10,106] about the UV-
regulated Wilsonian renormalization in a continuum formu-
lation. A Wilsonian renormalization-group step consists of
two operations: (i) a coarse-graining (or blocking) transfor-
mation and (ii) a rescaling. In this appendix we focus on the
first (and less trivial) step, which can be implemented in two
ways: on one hand by a direct traditional Kadanoff’s blocking
procedure; one the other, as suggested by Wegner, by some
suitable effective transformation of the field variable which
ensures the invariance of the partition function in terms of a
transformed action. Let us give a short description of both
cases.

Blocking transformation and Wilsonian action

In a path-integral description, coarse graining is controlled
by a UV scale �. A coarse-grained field φ at scale � may
be defined in terms of a bare field φ0 (at a microscopic scale
�0) through a blocking map

φ(x) = b�[φ0](x), (A.1)

which in general can be non-linear and mildly non-local,
as expected for a reasonable coarse-graining procedure. The
associated Wilsonian action S�[φ] is defined by

e−S�[φ] =
∫

[dφ0] δ
(
φ − b�[φ0]

)
e−S�0 [φ0]. (A.2)

By construction, the partition function

Z =
∫

[dφ] e−S�[φ] (A.3)

is invariant under changes of �, i.e. �∂�Z = 0.
Different blocking maps b� may lead to the same coarse-

grained physics, reflecting the fact that coarse graining is,
in practice, not invertible and may admit multiple equiva-
lent mathematical realizations. Nevertheless in the contin-
uum limit, if one employs suitable coarse-graining schemes,
one can construct RG flow equations that can be solved to
give an evolution towards the IR and also the UV (inverted)
direction.

General form of Wilsonian flow and definition of ψ�

Differentiating the definition of S� w.r.t � and using standard
manipulations, one finds

−�∂�e−S�[φ] = ∫
dx δ

δφ(x)[∫ [dφ0] δ
(
φ − b�[φ0]

)
�∂�b�[φ0](x) e−S�0 [φ0]] .

(A.4)
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This motivates the (implicit) definition of an infinite-dimensi
onal vector of functionals ψ�

x [φ] by

− �∂�e
−S�[φ] ≡

∫
dx

δ

δφ(x)

(
ψ�
x [φ] e−S�[φ]) . (A.5)

Knowledge of ψ�
x [φ] is sufficient to specify a Wilsonian RG

flow .2 Expanding (A.5) yields the standard functional form

�∂�S�[φ] =
∫

dx

[
δψ�

x [φ]
δφ(x)

− ψ�
x [φ]δS�[φ]

δφ(x)

]
. (A.6)

Interpretation as an infinitesimal change of variables

Equation (A.6) can also alternatively be understood as origi-
nating from an infinitesimal change of variables in the func-
tional integral [106]. Consider

φ(x) → φ′(x) = φ(x) + δt ψ�
x [φ], δt = δ�

�
. (A.7)

Rewriting the partition function in terms of φ and exponen-
tiating the Jacobian, one finds∫

[dφ′] e−S�[φ′] =
∫

[dφ]
exp{−S�[φ]
+δt

∫
dx

[
δψ�

x [φ]
δφ(x)

− ψ�
x [φ]δS�[φ]

δφ(x)

]}
+ O((δt)2),

(A.8)

which reproduces (A.6) and corresponds to the shift � →
� − δ� in the coarse-graining picture.

As a last remark we observe that the coarse-graining
scheme directly defined through b� is in general linked in a
highly non trivial way, non locally to some degree and cer-
taily non linearly, to the vector of functionals given by ψ�

x .
Therefore, as anticipated, there are two ways to define a UV-
regulated Wilsonian RG flow, either via an explicit form of
the suitable coarse-graining (b�) or directly by a suitable
field redefinition (ψ�

x ), as proposed by Wegner.

Possible interpretation of a proper-time flow as an exact
UV-regulated Wilsonian flow.

In order to interpret the PT flow equation (I.1) as the flow
of a Wilsonian action then one has to show that there exist a
coarse-graining scheme (or better possibly a family of them)
that leads to the PT flow equation. This can be accomplished
by doing reverse engineering at two different levels. The
functional equation can first be solved in terms of ψ�

x [φ]
comparing Eqs. (A.5) with (I.1),

�∂�e
−S�[φ] =

∫
dx

δ

δφ(x)

(
ψ�
x [φ]e−S�[φ])

2 We remind that an infinite family of ψ�
x [φ] exists which leads to the

same Wilsonian RG flow equation [14].

= −e−S�[φ] 1

2

∫ ∞

0

ds

s
tr
[
r�(s)e−sS(2)

� [φ]] , (A.9)

which has an infinite family of solutions, depending non triv-
ially on the Wilsonian action S�[φ] and all corresponding to
the same Wilsonian RG flow. In [14] some of us have com-
puted it for a free theory. The result was non trivial and there
has not been yet any attempt to analyze it for an interact-
ing theory; certainly one expect it to be rather complicated. 3

Once, possibly, the family of {ψ�
x [φ]} necessary for a PT flow

is found, the problem of defining the UV-regulated Wilsonian
RG flow in terms of a field change of variable, in the sense
of Wegner, would be solved.

Then, if one wants to find the precise traditional blocking
/coarse-graining procedure to be used in the path integral
a second reverse step would consist in deriving the precise
form of the associated map b�. This requires to solve a non
trivial implicit differential functional equation

ψ�
x [φ] e−S�[φ]

=
∫

[dφ0] δ
(
φ − b�[φ0]

)
�∂�b

�[φ0](x) e−S�0 [φ0],

(A.10)

as one may see by comparing Eqs. (A.4) and (A.5).
Summarizing, the existence and the properties of a coarse-

graining procedure underlying a RG PT flow along the line
illustrated above are not yet known and clarifying them, cer-
tainly deserves a separate careful non trivial study, since it
would make such a flow exact in the UV-regulated Wilso-
nian sense. Given that ψ�

x or b� are expected to depend on
the Wilsonian action itsself, it would be probably interesting
to devise well defined expansions, which may provide also
approximation schemes, that could guide in the construction
of the associated Wilsonian field redefinition/coarse-graining
procedure.

Appendices B Derivation of the Hessian

We shall closely follow here what was done in [75]. In order
to get the hessian of Eq. (II.4) we need to expand the action
around a general background to second order in the fluctu-
ation. We use the exponential splitting for the gravitational
field, whereas the linear parametrization for the scalar field:

gμν = ḡμρ

(
eh
)ρ

ν
= ḡμρ

(
δρ

ν + hρ
ν + 1

2
hρ

σ h
σ
ν + · · ·

)

= ḡμν + hμν + 1

2
hμλh

λ
ν + · · ·

φi = φ̄i + �i

(B.1)

3 Let us note that for a Wilsonian Polchinski flow, associated to standard
two-point function regulators, the form of ψ�

x [φ] is well known (e.g.
see [10]) with an affine dependence on S�.
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the barred quantities are the background fields, which are
coordinate independent. At the end we have to compute

δ2L=δ2

[
√
g

(
−F (ρ) R + 1

2

N∑
i=1

φi (−�)φi +U (ρ)

)]

(B.2)

and the result gives

S(2) = S(2)
hh + S(2)

�� + S(2)
h� (B.3)

where

S(2)
hh = 1

2

∫
dd x

√
ḡhμν

{−F (ρ̄)�μν
ρσ � + Āμν

ρσ

+F (ρ̄)
[
δν
ρ∇̄μ∇̄σ − gμν∇̄ρ∇̄σ

]}
hρσ

S(2)
�� = 1

2

N∑
a,b=1

∫
dd x

√
ḡ�a

{ [−� + 2ρ̄U ′′ (ρ̄) +U ′

(ρ̄) − [
2ρ̄F ′′ (ρ̄) + F ′ (ρ̄)

]
R̄
]
PR
ab + [−� +U ′

(ρ̄) − F ′ (ρ̄) R̄
]
PT
ab

}
�b

S(2)
h� =

N∑
a,b=1

∫
dd x

√
ḡ�a PR

abφ̄b
√

2ρ

{
1

2
ḡμν

[
U ′ (ρ̄)

−F ′ (ρ̄) R̄
] − F ′ (ρ̄)

(−R̄μν + ∇̄μ∇̄ν − ḡμν�̄
) }

hμν

(B.4)

and

Kμν
ρσ = 1

4

(
δμ
ρ δν

σ + δμ
σ δν

ρ

) − 1

2
ḡμν ḡρσ

Aμν
ρσ =1

4

(
δμ
σ δν

ρ − ḡμν ḡρσ

) (
F (ρ̄) R̄ −U (ρ̄)

)

+ F (ρ̄)

[
−1

4

(
R̄ν

σ δμ
ρ + R̄μ

σ δν
ρ + R̄ν

ρδμ
σ

) + ḡμν R̄ρσ

]

−1

2

(
R̄μν

ρσ + R̄μν
σρ

)]
(B.5)

and

PR
ab = φ̄a φ̄b

φ̄2
, PT

ab = δab − PR
ab = δab − φ̄aφ̄b

φ̄2
(B.6)

are respectively the radial and longitudinal projection tensors
for the multiplet of O(N ) in the fundamental vector repre-
sentation. In Eq. (B.4) the quantities in curly brackets are the
components of Hessian of Eq. (II.4).

It is useful to set a specific background metric to simplify
Eq. (B.5). We choose a maximally symmetric background
metric

R̄μνλρ = R̄

d(d − 1)
(gμλḡνρ − ḡνλḡμρ),

R̄μν = 1

d
R̄ḡμν. (B.7)

Furthermore, it is always possible to choose a basis where

PR
ab = φ̄a φ̄b

φ̄2
=

{
0 a �= N , b �= N

φ̄2
N

φ̄2 = 1 a = N , b = N
,

PT
ab = δab − PR

ab =
⎧⎨
⎩

0 a �= N , b �= N
0 a = N , b = N
1 a = b �= N

(B.8)

in this way we get

Aμν
ρσ = 1

4

(
2δμ

ρ δν
σ − ḡμν ḡρσ

)
[F (ρ̄) R −U (ρ̄)]

+F (ρ̄)
d − 2

d(d − 1)

(
ḡμν ḡρσ − δμ

ρ δν
σ

)
R̄ (B.9)

and

S(2)
�� + S(2)

h� = 1

2

N−1∑
a=1

∫
dd x

√
ḡ�a [−�̄ +U ′ (ρ̄)

−F ′ (ρ̄) R̄
]
�a

+ 1

2

∫
dd x

√
ḡ�N [−� + 2ρ̄U ′′ (ρ̄) +U ′ (ρ̄)

− [
2ρ̄F ′′ (ρ̄) + F ′ (ρ̄)

]
R̄
]
�N

+
∫

dd x
√
ḡ�N

√
2ρ̄

{
1

2
ḡμν

[
U ′ (ρ̄) − F ′ (ρ̄) R̄

]

−F ′ (ρ̄)
(−R̄μν + ∇̄μ∇̄ν − ḡμν�̄

)}
hμν . (B.10)

This expression shows that the part of the hessian coming
from the scalar fields split in a contribution due to the lon-
gitudinal fields, or Goldstone bosons, �a and one due to the
transverse field �N . The two contributions do not interact
each other and only the transverse field interacts with grav-
ity.

Equation (B.3) is too complicate to use for actual com-
putations in the flow equation, to overcome this difficulty
we use the York decomposition to partially diagonalize the
kinetic operator

hμν = hTμν + ∇̄μεν + ∇̄νεμ + ∇̄μ∇̄νσ − 1

d
ḡμν�̄σ

+ 1

d
ḡμνh, (B.11)

where hTμν is the spin 2 transverse and traceless tensor, εμ is
the spin 1 transverse vector component, σ and h are spin 0
scalars. After long and tedious algebra we get the following
result
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S(2) = 1

2

∫
dd x

√
ḡ

{
1

2
F (ρ̄) hTμν

[
−�̄+ 2

d (d−1)
R̄

]
hμνT

− (d − 1) (d − 2)

2d2 F (ρ̄) σ̂
(−�̄

)
σ̂ −

− (d − 1) (d − 2)

2d2 F (ρ̄) h
[−�̄

+ d − 2

2 (d − 1)
R̄

]
h + U (ρ̄)

4
h2 −

− (d − 1) (d − 2)

d
F (ρ̄) h

√
−�̄

√
−�̄ − R̄

d − 1
σ̂

}

+1

2

N−1∑
a=1

∫
dd x

√
ḡ�a [−�̄ +U ′ (ρ̄) − F ′ (ρ̄) R̄

]
�a

+1

2

∫
dd x

√
ḡ�N [−�̄ + 2ρ̄U ′′ (ρ̄) +U ′ (ρ̄)

− [
2ρ̄F ′′ (ρ̄) + F ′ (ρ̄)

]
R̄
]
�N +

+
∫

dd x
√
ḡ
√

2ρ

{

−F ′ (ρ̄)

(
1 − 1

d

)
�N

√
−�̄

√
−�̄ − 1

d − 1
R̄σ̂

+�N
{

− F ′ (ρ̄)
d − 1

d

[
�̄ + d − 2

2 (d − 1)
R̄

]
+ U ′ (ρ̄)

2

}
h

}
,

(B.12)

where the variables

ε̂ν=
√

−�̄ − R̄

d
εν, σ̂ =

√
−�̄

√
−�̄ − 1

d − 1
R̄σ

(B.13)

are introduced to remove the Jacobian determinants that arise
from York decomposition.

In the previous computation we did not add a gauge fixing
term for the gravitational part. We need to choose a gauge to
have a well-defined theory. To simplify as much as possible
the second variation of the action we choose to work with the
“physical gauge” where εμ = 0 and h = 0 [89]. Since the
Jacobian of the transformation is not unity, the price to pay
is that we have to add two ghost terms
∫

dd x
√
ḡ

[
cμ

(
−�̄ − R̄

d

)
cμ + c

(−�̄
)
c

]
(B.14)

so that we get

S(2) =
∫

dd x
√
ḡ

(
F (ρ̄)

{
1

4
hTμν

[
−�̄+ 2

d (d−1)
R̄

]
hμνT

− (d − 1) (d − 2)

4d2 σ̂
(−�̄

)
σ̂

}

+cμ

(
−�̄ − R̄

d

)
cμ + c

(−�̄
)
c

)

+1

2

N−1∑
a=1

∫
dd x

√
ḡ�a [−� +U ′ (ρ̄) − F ′ (ρ̄) R̄

]
�a

1

2

∫
dd x

√
ḡ�N [−� + 2ρ̄U ′′ (ρ̄) +U ′ (ρ̄)

− [
2ρ̄F ′′ (ρ̄) + F ′ (ρ̄)

]
R̄
]
�N

+
∫

dd x
√
ḡ

{

−√
2ρF ′ (ρ̄)

(
1 − 1

d

)
�N

√
−�̄

√
−�̄ − 1

d − 1
R̄σ̂

}
.

(B.15)

We can diagonalize the scalar sector redefining by a further
shift the scalar degree of freedom from the metric σ̂ as follows

σ ′ = σ̂ + 2d

d − 2

√
2ρF ′ (ρ̄)

F (ρ̄)

√
−�̄ − 1

d−1 R̄

−�̄
�N . (B.16)

The final result for the second variation of the action is

S(2) =
∫

dd x
√
ḡ

(
F (ρ̄)

{
1

4
hTμν

[
−�̄+ 2

d (d−1)
R̄

]
hμνT

− (d − 1) (d − 2)

4d2 σ ′ (−�̄
)
σ ′
}

+cμ

(
−�̄ − R̄

d

)
cμ + c

(−�̄
)
c

)

+1

2

N−1∑
a=1

∫
dd x

√
ḡ�a

[
−�+ 1

ρ̄

[
V ′ (ρ̄)−F ′ (ρ̄) R̄

]]
�a

+
∫

dd x
√
ḡ�N 1

2

(
1 + 4ρ̄

d − 1

d − 2

[
F ′ (ρ̄)

]2

F (ρ̄)

)

⎡
⎣−� − 2ρ̄F ′′ (ρ̄) + F ′ (ρ̄) + 4ρ̄

d−2
[F ′(ρ̄)]2

F(ρ̄)

1 + 4ρ̄ d−1
d−2

[F ′(ρ̄)]2

F(ρ̄)

R̄

+2ρ̄V ′′ (ρ̄) + V ′ (ρ̄)

1 + 4ρ̄ d−1
d−2

[F ′(ρ̄)]2

F(ρ̄)

⎤
⎦�N

=
∫

dd x
√
ḡ

(
hTμνS

(2)

hT hT
hμνT + σ ′S(2)

σσ σ ′ + cμS
(2)
cμcμcμ

+cS(2)
cc c +

N−1∑
a=1

�a S(2)

�T �T �a + �N S(2)

�L�L�
N
)

.

(B.17)

Appendices C Derivation of the flow equations

In this appendix we derive the flow equations for a generic
dimension d.

Each term of Eq. (B.17) gives a separate contribution to
Eq. (I.1) and in particular for this reason we have to pay
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attention to the wavefunction renormalization of each field.
For hTμν the function F�/4 acts as Z�, whereas for σ and �N

the corresponding Z� are Cσ = (d−1)(d−2)

4d2 and F�C� =
F�

1
2

(
1 + 4ρ̄ d−1

d−2
[F ′

�(ρ̄)]2

F�(ρ̄)

)
. For the ghost fields Z� = 1.

The resulting propertime flow is given by

�∂�S� = −1

2

∫ ∞

0

ds

s
r

(
s,�2 F� (ρ̄)

4

)
Tr

[
e
−sS(2)

hT hT

]

− 1

2

∫ ∞

0

ds

s
r
(
s,�2F� (ρ̄)Cσ

)
Tr

[
e−sS(2)

σσ

]

+
∫ ∞

0

ds

s
r
(
s,�2

)
Tr

[
e−sS(2)

cμcμ
]

+
∫ ∞

0

ds

s
r
(
s,�2

)
Tr

[
e−sS(2)

cc
]

− N − 1

2

∫ ∞

0

ds

s
r
(
s,�2

)
Tr

[
e
−sS(2)

�T �T

]

− 1

2

∫ ∞

0

ds

s
r
(
s,�2C�

)
Tr

[
e
−sS(2)

�L�L

]
. (C.1)

Now each piece is of the form

∫
ds

s
r
(
s, Z��2

)
Tr

[
e−s(Az+B)

]
, (C.2)

where z = −�̄. In this form, as was done in [89], the trace
can be evaluated using the heat kernel expansion

Tr(s)[W (z)] = 1

(4π)
d
2

∫
dd x

√
g

+∞∑
n=0

B(s)
2n (z) Q d

2 −n (W ).

(C.3)

the background is chosen to be a maximally symmetric space-
time. The numbers B(s)

2n (z) are the heat kernel coefficients,
which are well-known from the literature results [107,108]
and depend on the spin s of the specific field. The trace Tr(s)
is the trace of the space of fields on which � acts. The “Q
functionals” are given by

Q d
2 −n =

∫ ∞

0

1

�
( d

2 − n
)W (z) z

(
d
2 −n

)
−1

dz, (C.4)

that is the Mellin transform of W (z). In a curved spacetime
the heat kernel expansion is an expansion in the curvature
invariants R, RμνRμν , Rμνρσ Rμνρσ etc [95–99]. Up to linear
order in R one has

Tr(s) [W (z)] = 1

(4π)
d
2

∫
dd x

√
g
[
b(s)

0 Q d
2
(W )

+b(s)
2 R Q d

2 −1 (W )
]

+ O
(
R2

)
. (C.5)

For our fields in Eq. (C.1) the heat kernel coefficients are
given by [109]

b(0)
0 = 1, b(0)

2 = 1

6
,

b(1)
0 = d − 1, b(1)

2 = 1

6
(d − 1) − 1

d
,

b(2)
0 = (d + 1)(d − 2)

2
,

b(2)
2 = 1

6

(d − 5)(d + 1)(d + 2)

2(d − 1)
. (C.6)

Inserting Eq. (C.5) in Eq. (C.2) and performing the integral
over s using the cutoff in Eq. (I.2) we get

I (s, A, B) ≡
∫

dd x
√
g

[

− �dm
d
2

2d+1π
d
2

(
B

A�2m
+ 1

)m− d
2

�
(
m − d

2

)
� (m)

(
2A + �

∂A

∂�

)

×
(

2b(s)
0 (z)

(
A�2m + B

)
− b(s)

2 (z) A (d − 2m) R
) ]

.

(C.7)

Putting this result in Eq. (C.1) we find

�∂�S� = −1

2
I

(
2,

F�

4
,

RF�

2 (d − 1) d

)

− 1

2
I

(
0,− (d − 2) (d − 1) F�

4d2 , 0

)

+ 1

2
I

(
1,

1

2
,−1

2

R

d

)
+ 1

2
I

(
0,

1

2
, 0

)

− 1

2
I

(
0,

1

2

(
1 + 4 (d − 1) ρF ′2

�

(d − 2) F�

)
,

1

2

(
−
(

2ρF ′′
�+F ′

�+ 4ρF ′2
�

(d−2) F�

)
R+U ′

�+2ρU ′′
�

))

− N − 1

2
I

(
0,

1

2
,

1

2

(−RF ′
� +U ′

�

))
. (C.8)

Performing the algebra, selecting the terms in R0 and R1 and
comparing with Eq. (II.6) one finally gets the flow for F� and
V�:

�∂�U� = �dm
d
2 �

(
m − d

2

)
4 (4π)

d
2 �(m)

(
2 (d − 3) d

+ 4 (N − 1)

(
1 + U ′

�

�2m

) d
2 −m

+ (d − 1) dε
�∂�F�

F�
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+ 4

⎛
⎜⎜⎝1 +

ε
(

2
�∂�F ′

�

F ′
�

− �∂�F�

F�

)

2

(
1 + (d−2)F�

4(d−1)ρ̄F ′
�

2

)
⎞
⎟⎟⎠

⎛
⎝1 +

U ′
�

�2 + 2ρ̄U ′′
�

�2

m + 4(d−1)mρ̄F ′2
�

(d−2)F�

⎞
⎠

d
2 −m )

, (C.9)

�∂�F� = �d−2m
d
2 −1 ( d

2 − m
)
�
(
m − d

2

)
24 (4π)

d
2 �(m)(

2 (d − 3) d + 72 + 4 (N − 1)
(
1 + 6F ′

�

)
(

1 + U ′
�

�2m

) d
2 −m−1

+
(
d2 − d − 24

d
− 24

)
ε
�∂�F�

F�

+ 4

⎛
⎜⎜⎝1 +

ε
(

2
�∂�F ′

�

F ′
�

− �∂�F�

F�

)

2

(
1 + (d−2)F�

4(d−1)ρ̄F ′
�

2

)
⎞
⎟⎟⎠

⎛
⎜⎜⎝1 +

6

(
2ρ̄F ′′

� + 4ρ̄F ′
�

2

(d−2)F�(ρ̄)
+ F ′

�

)

1 + 4(d−1)ρ̄F ′
�

2

(d−2)F�

⎞
⎟⎟⎠

⎛
⎝1 +

U ′
�

�2 + 2ρU ′′
�

�2

m + 4(d−1)mρ̄F ′
�

2

(d−2)F�

⎞
⎠

d
2 −(m+1) )

(C.10)

A prime indicates the derivative with respect to ρ̄. The beta
functions depend on �∂�F� and �∂�F ′

�, this is due to the
wavefunction renormalization inside the cutoff Eq. (I.2). The
presence of �∂�F ′

� does not allow to solve the system alge-
braically for �∂�F�. Only when ε = 0 these pieces disap-
pear.

Appendices D The numerical techniques

In this appendix we describe the numerical techniques we
used to obtain the numerical solutions of the flow equations.

Appendices D.1 The shooting method

A scaling solutions of Eq. (II.7) and Eq. (II.8) must be defined
for all non-negative real values of x , therefore it interpolates
smoothly between the origin and infinity. For this reason, we
use the “shooting to a fitting point method” [110], here an
inward integration from infinity and an outward integration
from the origin are matched at some fitting point where one
requires continuity of the functions and of their derivatives.

In the standard shooting technique, the starting values of
the numerical integrations are fixed arbitrarily in a range com-
patible with the approximations one considers. In our case
we improve the method requiring that the starting value of the
inward integration is considered as a parameter to be found
from the numerical solution of the shooting system. This
parameter constrains the numerical system so that at the fit-
ting point we match the solutions up to the third derivative.

In the shooting to a fitting point method the boundary
conditions for the Cauchy problem of the numerical integra-
tions are determined by the analytic asymptotic behaviors at
x → 0 and x → ∞. We illustrate the asymptotic solutions
using d = 3 and m = d/2 + 1 but similar results hold for all
values of m. Near the origin we find

u∗(x → 0) = u0 − 5x(4N−3u0+6ε)
12ε−6u0

+ O(x2)

f∗(x → 0) = f0 + x
(−60 f0N+4

(
26Nε+72N−9ε2

)+36u0ε−9u2
0

)
54(u0−2ε)2

+O(x2), (D.1)

where u0, f0 are free parameters.
The asymptotic behavior at x → ∞ is given by

u∗(x → ∞) = x3u∞ + 36ε

5x f∞
+

2(8 f∞+5N−4)
15u∞ + 96ε(13ε−36)

125 f 2∞
x2

+
32

(
ε(13ε−72)(13ε−18)

f 3∞
− 25(ε+2)

u∞

)

375x3 +
− 625(16 f∞(4 f∞+1)+25N−24)

u2∞
− 28800(ε+1)(13ε−24)

f∞u∞ + 384ε(13ε−108)(13ε−36)(13ε−12)

f 4∞
39375x4

+ O

(
1

x5

)

f∗(x → ∞) = x f∞ + 24

5
+ 104ε

25x f∞
+ 416(13ε − 36)ε

1125x2 f 2∞

+ 208(13ε − 72)(13ε − 18)ε

5625x3 f 3∞

+
1664ε(13ε−108)(13ε−36)(13ε−12)

421875 f 4∞
− 2 f∞(152 f∞+75N−52)+25N−24

675u2∞
x4

+ O

(
1

x5

)
,

(D.2)

where u∞ and f∞ are two free parameters. The powers
x3 for u∗ and x for f∗ are expected from the classical scaling
behavior of the flow equations.

We find that for a better numerical stability the first deriva-
tives of Eqs. (II.7) and (II.8) are more suitable for the numeri-
cal computations than the standard flow equations. This leads
to the study of a system of equations of second order in
v∗ = u′∗ and third order in f∗.

Using for the numerical inward and outward integrations
the previous power series and their derivatives as boundary
conditions, evaluated respectively at the starting points xmin

and xmax , looking for a scaling solution means to find the
simultaneous values of u0, f0, u∞, f∞ such that the fixed
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point solution and its derivatives are continuous and differ-
entiable at the fitting point x f i t . This then ensures the conti-
nuity and the differentiability to all other values of x . Calling
respectivelyvI N , f I N ,vOUT and fOUT the numerical inward
and outward solutions we require

vI N (u0, f0) = vOUT (u∞, f∞, xmax ) ,

f I N (u0, f0) = fOUT (u∞, f∞, xmax ) ,

v′
I N (u0, f0) = v′

OUT (u∞, f∞, xmax ) ,

f ′
I N (u0, f0) = f ′

OUT (u∞, f∞, xmax ) ,

f ′′
I N (u0, f0) = f ′′

OUT (u∞, f∞, xmax ) .

(D.3)

The solution of this system determines the scaling solutions.
The numerical integrations and the solution of this system are
obtained by NDSolve and FindRoot algorithms of the Math-
ematica software. The numerical integrations are performed
using xMI N = 10−10 and x f i t = 3, then we set a tolerance
of FindRoot solution of 10−8. The numerical results do not
depend on x f i t and the same scaling solutions are obtained
with other numerical parameters.

The starting guesses can be obtained from u∗(x) = λ∗
8πg∗ +

uWF∗ (x) and f∗(x) = 1
16πg∗ − b∗ (x) in the limits x → 0

and x → ∞:

u∗ (x → 0) = λPG∗
8πgPG∗

+ uWF∗ (x → 0) ,

u∗ (x → ∞) = λPG∗
8πgPG∗

+ uWF∗ (x → +∞) ,

f∗ (x → 0) = 1

16πgPG∗
+ b∗ (x → 0) ,

f∗ (x → +∞) = 1

16πgPG∗
− b∗ (x → ∞) . (D.4)

The exact values of b∗ (x → ∞) and b∗ (x → 0) are not
important and they can be put to zero. The reason is that
FindRoot finds a numerical solution and then this solution
can be used as a new guess.

All numerical solutions are found with xmax ≥ 30 and
xmax ≥ 120, respectively, in the C- and B-type cutoff. In the
respective cutoff, with these values of the starting point for
the inward integration, the truncation in Eq. (D.2) does not
affect the numerical integration.

The analytical technique described to obtain the scaling
solutions of N → ∞ limit in Eq. (IV.4) is equivalent to solve
the system Eq. (D.3), when the general solution of the fixed-
point equations is known analytically. Here xmax and xmin

are infinity and zero, the role of the fitting point x f i t is played
by the point x0 around which we Taylor expand the general
solution. The analytical solutions of the system are given by:

u0 = 5
6v0+15 , u∞ =

(d−2)
d

d−2 m
d

d−2

(
�
(
m− d

2

)

�
(

2− d
2

)
�(m)

) 2
d−2

d ,

f0 = − 1
6 , f∞ = − 1

6 , (D.5)

where v0 is given by Eq. (IV.3).

Appendices D.2 The pseudospectral method

In the pseudospectral method, which was used in [104], a split
of the range [0,+∞] in [0,+x0] ∪ [x0,+∞] had to be con-
sidered, and a compactification in [x0,+∞] was introduced
with a parameter L . The values of x0 and L have been chosen
arbitrarily. In this way, the pseudospectral system matches in
x0 only the function and its first derivative. This constraint is
not strong enough to obtain a good numerical solution for a
higher derivative system because at x0 the second derivatives
will have a jump or some other sort of discontinuity. Further-
more, the arbitrarily x0 and L chosen affect the convergence
of the solutions. To remove possible discontinuities from the
second derivatives, to obtain better convergence and a better
numerical solution, we do not fix x0 and L arbitrarily, but we
consider them as further parameters of the pseudospectral
system, requiring as a further condition the matching of the
second derivatives at x0.

In contrast to the shooting method, here we use Eq. (II.8)
and the first derivative of Eq. (II.7) as numerical system. The
pseudospectral solution of this system is obtained with the
collocation method described in [104]. For the collocation
points, we use the Gauss-Lobatto grid [111].

To apply the collocation method, we decompose f∗ and
the first derivative v∗ of the potential as a sum of two series
of Chebyshev polynomials:

v∗(x) = vB(x)H(x0 − x) + vU (x)H(x − x0) ,

f∗(x) = fB(x)H(x0 − x) + fU (x)H(x − x0),
(D.6)

where H(x) is the Heaviside function and

vB(x) =
p∑

i=0

c(v)
i Ti

(
2x

x0
− 1

)
,

vU (x) = x
d

d−2 −1
p∑

i=0

r (v)
i Ti

(
x − x0 − L

x − x0 + L

)
,

fB(x) =
p∑

i=0

c( f )
i Ti

(
2x

x0
− 1

)
,

fU (x) = x
p∑

i=0

r ( f )
i Ti

(
x − x0 − L

x − x0 + L

)
. (D.7)

123

https://reference.wolfram.com/language/ref/NDSolve.html
https://reference.wolfram.com/language/ref/FindRoot.html


Eur. Phys. J. C           (2026) 86:450 Page 23 of 29   450 

c(v)
i , c( f )

i , r (v)
i and r ( f )

i are the coefficients that the pseu-
dospectral method determines, p is the order of truncation,
and Ti (x) is the Chebyshev polynomial of order i . The
numerical system to solve is given by

βv

(
x Bi , vB(x Bi ), fB(x Bi )

)
= 0,

β f

(
x Bi , vB(x Bi ), fB(x Bi )

)
= 0, i = 1, . . . , p + 1

βv

(
xUj , vU (xUi ), fU (xUj )

)
= 0,

β f

(
xUj , vU (xUj ), fU (xUj )

)
= 0, j = 1, . . . , p − 1

vB(x0) = vU (x0), v
′
B(x0) = v′

U (x0), v
′′
B(x0) = v′′

U (x0)

fB(x0) = fU (x0), f ′
B(x0) = f ′

U (x0), f ′′
B(x0) = f ′′

U (x0)

(D.8)

where x Bi and xUi are the collocation points determined by
the Gauss-Lobatto grid:

−cos

(
iπ

p

)
= 2x Bi

x0
−1,−cos

(
jπ

p

)
= xUj −x0−L

xUj −x0+L
(D.9)

The system Eq. (D.8) for the Chebyshev coefficients, x0 and
L is made up of algebraic equations.

Appendices E The linearized system

In this appendix, we give the main equations and describe
the numerical techniques for studying the spectrum of the
linearized system in d = 3 around a fixed point.

Appendices E.1 The linearized equations

The linearized equation for δu in d = 3 is given by

0 = (3 − θ)δu +

⎛
⎜⎜⎜⎜⎝

2(2m − 3)(N − 1)

(
m+u′
m

) 3
2 −m

m + u′ − x

+Z
3
2 −m

(
2 f (2m − 3)

8mx
(
f ′)2 + f

(
m + 2xu′′ + u′)

+ 8(3 − 2m)xε f ′ (2 f x f ′′ + f ′ ( f − x f ′))(
8x

(
f ′)2 + f

) (
8mx

(
f ′)2 + f

(
m + 2xu′′ + u′))

⎞
⎠
⎞
⎠ δu′ +

+Z
5
2 −m

⎛
⎜⎝

4 f m(2m − 3)x
(

8x
(
f ′)2 + f

)
(

8mx
(
f ′)2 + f

(
m + 2xu′′ + u′))2

+ 16(3 − 2m)mx2ε f ′ (2 f x f ′′ + f ′ ( f − x f ′))(
8mx

(
f ′)2 + f

(
m + 2xu′′ + u′))2

⎞
⎟⎠ δu′′ +

(
ε
(
6 f θ − 6x f ′)

f 2

+Z
1
2 −m

⎛
⎜⎝ 16(2m − 3)x

(
f ′)2 (

2xu′′ + u′)

m
(

8x
(
f ′)2 + f

)2

+ 64(3 − 2m)x2ε
(
f ′)3 (

2 f x f ′′ + f ′ ( f − x f ′)) (2xu′′ + u′)

f m
(

8x
(
f ′)2 + f

)3

⎞
⎟⎠−

−Z
3
2 −m 16xε f ′

(
2 f 2x f ′′ + f ′

(
f 2(θ + 1) − 2x f ′

(
−4 f θ f ′ + 4x

(
f ′)2 + f

)))

f 2
(

8x
(
f ′)2 + f

)2

⎞
⎟⎠ δ f +

+
⎛
⎜⎝ 6xε

f
+ Z

1
2 −m

⎛
⎜⎝ 32 f (3 − 2m)x f ′ (2xu′′ + u′)

m
(

8x
(
f ′)2 + f

)2

+ 128(2m − 3)x2ε
(
f ′)2 (

2 f x f ′′ + f ′ ( f − x f ′)) (2xu′′ + u′)

m
(

8x
(
f ′)2 + f

)3

⎞
⎟⎠+

+
16xεZ

3
2−m (

−8x2 (
f ′)4+ f x

(
f ′)2 (−16x f ′′+16θ f ′−3

)+2 f 2 (
x f ′′+(θ+1) f ′))

f
(

8x
(
f ′)2+ f

)2

⎞
⎟⎟⎠ δ f ′.

(E.1)

The linearized equation for δ f is given by
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0 =
(

1 − θ + 13(2m − 3)ε
(
f θ − x f ′)

6 f 2m
+ Z

1
2 −m

(
8(2m − 3)x

(
f ′)2 (4x f ′′ + 2 f ′ − 1

)
m
(
8x ( f ′)2 + f

)2

− 4(3 − 2m)xε f ′

3 f 2m
(
8x ( f ′)2 + f

)3

( − 256x3 ( f ′)6 + 32 f x2 ( f ′)4 (8θ f ′ − 3
)

−2 f 2x
(
f ′)2

(
96x2 ( f ′′)2 − 44x f ′′ − 24(θ − 1)

(
f ′)2 − 2 f ′ (24(θ − 2)x f ′′ + 10θ + 11

) + 1
)

+ f 3 (12x f ′′ + 6 f ′ + 1
) (

2x f ′′ + (θ + 1) f ′) ))

+ Z
3
2 −m

(
−

4(3 − 2m)(3 − 2(m + 1))x
(
f ′)2

(
32x

(
f ′)2 + f

(
12x f ′′ + 6 f ′ + 1

)) (
2xu′′ + u′)

3
(
8x ( f ′)2 + f

) (
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)2

+
16(3 − 2m)(3 − 2(m + 1))x2ε

(
f ′)3

(
f
(
2x f ′′ + f ′) − x

(
f ′)2

) (
32x

(
f ′)2 + f

(
12x f ′′ + 6 f ′ + 1

)) (
2xu′′ + u′)

3 f
(
8x ( f ′)2 + f

)2 (
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)2

))
δ f

+
(

13(2m − 3)xε

6 f m
+

2(2m − 3)(N − 1)
(
m+u′
m

) 1
2 −m

m
− x + Z

1
2 −m

(
− 2 f (3 − 2m)Z

1
2 −m

(
f − 8x f ′ (4x f ′′ + f ′ − 1

))
m
(
8x ( f ′)2 + f

)2

+ 4(3 − 2m)xε

3 f m
(
8x ( f ′)2 + f

)3

( − 256x3 ( f ′)6 − 8 f x2 ( f ′)4 (52x f ′′ − 64θ f ′ + 19
)

− f 2x
(
f ′)2

(
36x f ′′ (16x f ′′ − 3

) − 48(2θ − 1)
(
f ′)2 + 8 f ′ (−24(θ − 2)x f ′′ − 10θ − 11

) + 3
)

+2 f 3
(
x f ′′ (12x f ′′ + 1

) + (6θ + 9)
(
f ′)2 + f ′ (12(θ + 2)x f ′′ + θ + 1

)) ))

+ Z
3
2 −m

( 8 f (2m − 3)(2m − 1)x f ′
(

12 f x f ′′ + 32x
(
f ′)2 + 6 f f ′ + f

) (
2xu′′ + u′)

3
(
8x ( f ′)2 + f

) (
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)2

+
32(2m − 3)(2m − 1)x2ε

(
f ′)2

(
−2 f x f ′′ + x

(
f ′)2 − f f ′

) (
12 f x f ′′ + 32x

(
f ′)2 + 6 f f ′ + f

) (
2xu′′ + u′)

3
(
8x ( f ′)2 + f

)2 (
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)2

))
δ f ′

+ Z
1
2 −m

⎛
⎝ 4 f (2m − 3)x

m
(
8x ( f ′)2 + f

) −
8(2m − 3)x2ε f ′

(
24 f x f ′′ + 26x

(
f ′)2 + 12 f f ′ + f

)

3m
(
8x ( f ′)2 + f

)2

⎞
⎠ δ f ′′

(
−

(2m − 3)(2m − 1)(N − 1)
(
6 f ′ + 1

) (m+u′
m

) 3
2 −m

6 (m + u′)2 + Z
3
2 −m

(
−

f (2m − 3)(2m − 1)
(

12 f x f ′′ + 32x
(
f ′)2 + 6 f f ′ + f

)

6
(
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)2

−
2(2m − 3)(2m − 1)xε f ′

(
−2 f x f ′′ + x

(
f ′)2 − f f ′

) (
12 f x f ′′ + 32x

(
f ′)2 + 6 f f ′ + f

)

3
(
8x ( f ′)2 + f

) (
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)2

))
δu′

+ Z
5
2 −m

(
−

f m(2m − 3)(2m − 1)x
(

8x
(
f ′)2 + f

) (
12 f x f ′′ + 32x

(
f ′)2 + 6 f f ′ + f

)

3
(
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)3 −

−
4m(2m − 3)(2m − 1)x2ε f ′

(
−2 f x f ′′ + x

(
f ′)2 − f f ′

) (
12 f x f ′′ + 32x

(
f ′)2 + 6 f f ′ + f

)

3
(
8mx ( f ′)2 + f (m + 2xu′′ + u′)

)3

)
δu′′,

(E.2)

where Z = 8mx f ′(x)2+ f (x)(m+2xu′′(x)+u′(x))
m(8x f ′(x)2+ f (x))

.

Appendices E.2 Shooting and pseudospectral method for
the linearized system

To solve Eqs. (E.1) and (E.2) we use again the shooting and
the pseudospectral method as a check.

In the shooting, as numerical system, we use Eqs. (E.1)
and (E.2). The boundary conditions are given by the power
series around x → 0 and x → ∞ along with their first
derivatives evaluated at xmin and xmax . For illustration we
use m = d/2 + 1 but similar results hold for all values of m.
Near the origin we find

δu(x) = δu0 + Nx

(
20δu0(θ − 3)

9(u0 − 2ε)2 − 40δ f0θε

3 f0(u0 − 2ε)2

)
+ O(x2),

δ f = δ f0

+Nx

(
δ f0 (4θε (13u0 + 26ε + 144) − 30 f0 ((θ − 1)u0 + 2(θ + 1)ε))

27 f0 (2ε − u0) 3

− 4δu0(θ − 3) (15 f0 − 26ε − 72)

81 (u0 − 2ε) 3

)
+ O(x2), (E.3)

where δu0 and δ f0 are two free parameters. By linearity we set
δu0 = 1 so δu(x = 0) = 1. indent In the asymptotic regimes
x → ∞ the solution is a superposition of a power series
and an exponential. Fixing the coefficients of the exponential
term to zero restricts θ to a discrete set of complex numbers.
The power series are given by
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δu(x → ∞) = x3−θ

⎛
⎝δu∞ − 2εδ f∞

x3 f∞
+ 36εδ f∞

5x4 f 2∞
+

96ε(13ε−36)δ f∞
125 f 3∞

− 2(θ−3)δu∞(2θ−25N+20)

225u2∞
x5

+ O

(
1

x6

)⎞
⎠ ,

δ f (x → ∞) = x1−θ

(
δ f∞ − 26εδ f∞

15x f∞
+ 104εδ f∞

25x2 f 2∞
+ 416ε(13ε − 36)δ f∞

1125x3 f 3∞
+ 208ε

(
169ε2 − 1170ε + 1296

)
δ f∞

5625x4 f 4∞
+

+
1664ε

(
2197ε3−26364ε2+73008ε−46656

)
δ f∞

421875 f 5∞
− 2(θ−1)δ f∞(2θ−25n+24)

225u2∞
+ 2(θ−3)δu∞(2(θ+60)−125n)

10125u3∞
x5

+ O

(
1

x6

))
,

(E.4)

where also δu∞ and δ f∞ are two free parameters. Conversely
to the solutions near the origin, here the exponents depend on
3 − θ and 1 − θ , this is expected from the scaling argument.

The shooting to a fitting point requires the matching:

δuI N (δ f0, θ) = δuOUT (δu∞, δ f∞, θ) ,

δ f I N (δ f0, θ) = δ fOUT (δu∞, δ f∞, θ)

δu′
I N (δ f0, θ) = δu′

OUT (δu∞, δ f∞, θ) ,

δ f ′
I N (δ f0, θ) = δ f ′

OUT (δu∞, δ f∞, θ)

(E.5)

the solutions fix δ f0, δu∞, δ f∞ and θ uniquely. For the com-
putation we set an accuracy of the findroot solution of 10−8.

In the pseudospectral method, as numerical system, we
use Eq. (E.2) and the first derivative of Eq. (E.1). This is a
second order system with respect to δv = δu′ and δ f . The
Chebyshev expansions are given by

δv(x) = δvB(x)H(x0 − x)

+ δvU (x)H(x − x0)

δ f (x) = δ fB(x)H(x0 − x)

+ δ fU (x)H(x − x0)

(E.6)

where

δvB(x) =
p∑

i=0

δc(v)
i Ti

(
2x

x0
− 1

)
,

δvU (x) = x3−θ

p∑
i=0

δr (v)
i Ti

(
x − x0 − L

x − x0 + L

)

δ fB(x) =
p∑

i=0

δc( f )
i Ti

(
2x

x0
− 1

)
,

δ fU (x) = x1−θ

p∑
i=0

δr ( f )
i Ti

(
x − x0 − L

x − x0 + L

)

(E.7)

δc(v)
i , δc( f )

i , δr (v)
i and δr ( f )

i are coefficients determined by

δβv

(
x Bi , δvB(x Bi ), δ fB(x Bi )

)
= 0,

δβ f

(
x Bi , δvB(x Bi ), δ fB x

B
i )

)
= 0, i = 1, . . . , p + 1

δβv

(
xUi , δvU (xUi ), fU (xUi )

)
= 0,

δβ f

(
xUi , δvU (xUi ), δ fU (xUi )

)
= 0, i = 1, . . . , p − 1

δvB(0) = 1, δvB(x0) = δvU (x0),

δv′
B(x0) = δv′

U (x0), δv′
B(x0) = δv′

U (x0)

δ fB(x0) = δ fU (x0), δ f
′
B(x0) = δ f ′

U (x0),

δ f ′′
B(x0) = δ f ′′

U (x0) (E.8)

the condition δvB(0) = 1 sets the normalization for δv. As for
the scaling solutions, we set an accuracy of findroot solution
of 10−64.

Appendices E.3 The polynomial truncation around the
minimum of u∗

Solutions of the flow equations by polynomial truncations
are useful to obtain an approximate stability matrix from
which the critical exponents can be found. The most com-
mon polynomial truncations are computed around x = 0.
However, around the minimum κ of u∗ yield a better and
more accurate stability matrix [112,113]. This was indeed
the main strategy used to determine the critical exponents in
the works [75,89]. The ansats for the truncation is given by

u∗(x) = λ0 +
Nu∑
n=2

λn

n! (x − κ)n,

f∗(x) =
N f∑
n=0

fn
n! (x − κ)n, (E.9)

where Nu and N f is the order of truncation. Inserting this
ansats in the fixed-point flow equations and expanding around
x = κ , yields a set of coupled equations that can be solved
for λn , fn and κ .

The critical exponents are obtained linearizing the flow
equations around the polynomial ansats by Eq. (III.7) where
the perturbations are given by

δu = δλ0 +
Nu∑
n=2

(
δλn

n! (x − κ)n − λnδκ

(n − 1)! (x − κ)n−1
)

,

δ f =
N f∑
n=0

(
δ fn
n! (x − κ)n − fnδκ

(n − 1)! (x − κ)n−1
)

. (E.10)
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The linearized flow equations then turn into a linear set of
coupled equations for δλn , δ fn , δκ and θ . The matrix of this
linear system is the stability matrix. Solving the numerical
system yields the set of allowed critical exponents associated
to a given scaling solution.

Compared to the polynomial truncation around x = 0 the
great precision for the critical exponents is obtained due to
the possibility to set an accuracy of 10−64 in the FindRoot
solutions. With the polynomial around x = 0 the best accu-
racy is around 10−8.
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