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use ofe/ n. The gist of the algorithm is the follow-
ing: given a strictly feasible solutiok , one can
define a simple bijective scaling functiérihat maps
Sonto itself so that<* is mapped ontoe / n, away
from the envelope, and so thdthas the following
property: if, for any variable, f(x) is strictly feasible
in the “new’ space, then so too ig in the initial
space. In thé'new’ space, the gradient of the trans-
formed objective function is projected on the null
space of the transformed matri& augmented of a
row of 1s, to account fo& If p denotes that projec-
tion, one then moves in the direction 6f p, i.e., in
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algorithms and software. Indeed, it is how possible
to solve many real-life MIPs to proven optimality
(or at least near-optimality) on a laptop. In this sub-
section, we review the main developments in this
area. For more details, we refer the reader to the
textbooks by Chen et al201) and Conforti et al.
(2014.

In 1958, Gomory 1958 developed the first
finitely-convergent exact algorithm for pure IPs
(i.e., MIPs in which all variables are restricted to
whole-number values). His method was based on
cutting planes i.e., additional linear constraints

the direction of the steepest descent, while feasibilityyhich cut off fractional LP solutions. Shortly after,

is maintained. The algorithm stops at a poigit®*

Land and Doig 196Q invented the branch-and-

before reaching the envelope of the feasible regionyoung method, in which a sequence of LP relaxa-

That point is transformed toc® by f 1, and this is

tions is embedded within a tree structure. A few

repeated with a new scaling bijection (see Strangyears later, Balasl965 devised a simpler branch-

1987 Goldfarb & Todd, 1989 Fang & Puthenpura,
1993 Winston & Venkataramanan2003. Important
links between Karmarka algorithm and the ellipsoid
method have been pointed out (Todd,988 Ye,
1987.

Integer Linear Programming (ILP), i.e., linear
programs in which the variables are restricted to

being integer-valued, is arguably the most challeng-

ing and beautiful expression of LP. Unfortunately,
whereas LP is inP, ILP is not, unlessP ¥ NP

(Karp, 19723 However, there are classes of LPs fo
which, if there exists a solution at all, an integer
solution is guaranteed without having to make it a

requirement. This is the case, e.g., of most networkg
h

flow models. And there are classes of ILPs for whic
any extreme point of the polyhedron of integer solu-
tions can be obtained byshaving off non-integer
extreme points of the outer polyhedron of real-val-
ued solutions with hyperplanes the number of which
is bounded by a polynomial in the dimension of the
instance (Edmonds1965a 1965h Grétschel et al.,
1981 1988 Cook et al.199§. Furthermore, tackling

N P -complete problems has benefited greatly from
this approach (see, e.g., Dantzig et al954
Applegate et al.2007.

2.15. Mixed-integer programming?®

Mixed-integer programmingMIP) is an NP -hard

r

and-bound algorithm, for pure 0-1 LPs, which did
not rely on LPs at all.

In the 1960s and 1970s, researchers invested con-
siderable effort into deriving'deep cutting planes.
This led to the discovery of Gomory mixed-integer
cuts (Gomory, 1960, corner polyhedra (Gomory,
1969, intersection cuts (Balas197), Chwatal-
Gomory cuts (Chatal, 1973, disjunctive cuts (Balas,
1979 Owen, 1973, and cuts derived from a study of
the so-called knapsack polytope (Balé875 Wolsey,
1979. These topics are still being studied to this day
(see, e.g., Conforti et ak014 Cornuejols,200§.

In 1980, Balas and Martin108Q developed a
eneral-purpose heuristic for 0-1 LPs, callggivot-
and-complemerit This initiated a line of work on
so-called“primal heuristics, which also continues
to this day. We will mention this again below.

A major step forward occurred in 1983, with the
publication of an award-winning paper by Crowder
et al. (1983. Basically, they did the following before
running branch-and-bound: if “pre-process the
formulation in order to make the LP relaxation
stronger, {i) automatically generate knapsack cuts
to further improve the relaxation,ii{) run a simple
primal heuristic in order to obtain a feasible integer
solution early on, and i¢) permanently fix some
variables to 0 or 1 based on reduced-cost arguments.
In this way, they were able to solve ten real-life 0-1

generalisation of linear programming (LP; §2.14), inLPs that had previously been regarded as unsolvable.
which some or all of the variables are required toThe largest of these instances had 2756 variables

take whole-number values. Way back in the lateand 756 constraints, a phenomenal achievement at
1950s, it was already realised that a wide variety ofhe time. The approach of Crowder et all983 is
important practical problems could be modelled asnow called*cut-and-branch.

MIPs (Dantzig,196Q Markowitz & Manne, 1957%. Around the same time, there were several major
Of course, at the time, there were no good algo-theoretical advances, such as the proof of the
rithms, or indeed computers, to enable one to solve’polynomial equivalence of separation and opti-
MIPs from real-life applications. Since then, how- misatior’ (Grétschel et al.198) and the develop-
ever, dramatic progress has been made in theoryment of a polynomial-time algorithm for pure IPs
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