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Monitoring the multivariate coefficient of variation in presence of 
autocorrelation with variable parameters control charts
Hamed Sabahno a and Giovanni Celano b

aDepartment of Statistics, School of Business, Economics and Statistics, Umeå University, Umeå, Sweden; 
bDepartment of Civil Engineering and Architecture, Università Di Catania, Catania, Italy

ABSTRACT
The coefficient of variation is a very important process parameter in many 
processes. A few control charts have been considered so far for monitor
ing its multivariate counterpart, i.e., the multivariate coefficient of varia
tion (MCV). In addition, autocorrelation is very likely to occur in processes 
with high sampling frequency. Hence, designing suitable control charts 
and investigating the effect of autocorrelation on these charts is neces
sary. However, no control chart has been developed so far for the coeffi
cient of variation that is capable of accounting for autocorrelation in either 
univariate or multivariate cases. This paper fills the gap by developing 
multivariate Shewhart-type control charts to monitor MCV with different 
autocorrelation structures for the observations: vector autoregressive, 
vector moving average, and vector mixed autoregressive and moving 
average. In addition, we add variable parameters adaptive features to 
the Shewhart-type scheme, in order to improve its performance. We 
develop a Markov chain model to get the statistical performance mea
sures; then, we perform extensive numerical analyses to evaluate the 
effect of autocorrelation on adaptive and non-adaptive charts in the 
presence of downward and upward MCV shifts. Finally, we present an 
illustrative example from a healthcare process to show the implementa
tion of this scheme in real practice.
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1. Introduction

Process monitoring is performed to control the variability of the process in order to ensure that 
good quality products/services are delivered. Process control charts are the main tools for this 
purpose. They come in many forms and are constantly being improved by researchers. If the 
product/service consists of only one quality characteristic, univariate control charts are used; in the 
case of more than one quality characteristic, multivariate control charts can be employed. If all the 
chart’s parameters (sample size, sampling interval and control limits) are fixed, then the control 
chart is called a fixed parameters (FP) control chart. A FP Shewhart-type control chart is slow in 
detecting small to moderate process parameters (mean and variability) shifts. To be able to detect 
small or moderate shifts in the process parameters, the control chart’s sensitivity should be 
improved. One way of doing this is by allowing at least one of the control chart’s parameters to 
vary during on-line process monitoring by implementing an adaptive design scheme. There are 
different types of adaptive control charts: the best approach is by allowing all the charts’ parameters 
to vary (Sabahno et al., 2021), namely the variable parameters (VP) scheme. Chen (2007), Faraz 
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et al. (2014), Seif et al. (2016), and Sabahno et al. (2020a, 2020b) and (2021) are among the 
researchers who considered the VP adaptive feature on multivariate control charts. For other 
types of adaptive features used for multivariate control charts, one can refer to Aparisi et al. 
(2001), Aparisi and Haro (2003), Grigorya and He (2005), Lee and Khoo (2015), and Sabahno 
et al. (2018a, 2018b) and (2021).

In many cases, the mean and variability are not independent of one another, even though their 
independence is usually assumed. In these situations, as the mean increases/decreases, the standard 
deviation (SD) increases/decreases, as well. For example, in the engineering field, the quality 
characteristics related to the physical properties of products constituted by metal alloys or compo
site materials are known to have a standard deviation that is proportional to their mean. Division of 
the standard deviation by the mean removes this dependency as a factor in the variability. In 
addition, sometimes data sets have different units or widely different means. In these situations, as 
well, dividing the SD by the mean removes the difference in the scales and units. In all the above- 
mentionedcases, the variability is measured in the form of the coefficient of variation (CV), which is 
simply computed by dividing the standard deviation by the mean. CV is a dimensionless variability 
measure. It is mostly important in chemical and biological processes (Reed et al., 2002), and also in 
the fields of materials engineering, manufacturing as well as some other fields (Castagliola et al.,  
2011). Another reason for using CV could be that apart from modeling the mean and variance 
separately, one might also be interested to monitor their relative variability to understand if some 
external sources of variation, for example, when the precision measurement error is increasing due 
to problems in the measurement process, affect the variability. Also, in the investment sector, the 
CV allows one to determine how much risk is in the investment, by relating the volatility of the 
return and the mean of the return one can expect from the investment. In addition, in many 
biological laboratories, the variability of the enzyme-linked immunosorbent assay (ELISA), and 
other methods of chemical assay that produce continuous-type values are summarized not by the 
standard deviation (SD), but by the CV.

To get details about univariate control charts for monitoring the CV, please refer to Kang et al. 
(2007), Hong et al. (2008), Calzada and Scariano (2013), Castagliola et al. (2013a), and Zhang et al. 
(2014); and for adaptive based CV control charts to Castagliola et al. (2013b) and Khaw et al. (2017).

If there are more than one quality characteristics, the multivariate coefficient of variation (MCV) 
is used. The application of MCV in practice is the same as CV; we only have several quality 
characteristics whose variability should/better be measured by MCV. There are several definitions 
of MCV, but the most used has been defined by Voinov and Nikulin (1996). The first control chart 
for MCV was introduced by Yeong et al. (2016). Adaptive features were added later to their scheme 
by Nguyen et al. (2019) and Khaw et al. (2018).

In real applications, a commonly occurring phenomenon is autocorrelation among consecutive 
observations, which mainly occurs due to fast and consecutive measurements, especially when the 
sampling intervals are small. Especially, the advances of technology and moving from manual to 
automated and advanced measurement tools allow the lags between the consecutive samplings to be 
much shorter, and this could cause serial correlation. When we are dealing with autocorrelation, the 
independency condition of the observations is violated, and the traditional control charts cannot be 
used. Several studies have shown that the presence of autocorrelation among observations in 
process can negatively affect the performance of control charts. Interesting papers about the 
investigation of autocorrelation effect on multivariate control charts have been published by: 
Apley and Tsung (2002), Kalgonda and Kulkarni (2004), Jarrett and Pan (2007), Wang and 
Tsung (2008), Chen and Nembhard (2011), Vanhatalo and Kulahci (2015), Leoni et al. (2015), 
Dargopatil and Ghute (2019), and Sabahno et al. (2020b).

According to Jalilibal et al. (2021), who performed a literature review on control charts for 
monitoring the coefficient of variation, no univariate or multivariate control chart scheme has been 
investigated for any kind of autocorrelated data.
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In this research, Shewhart-type control charts for monitoring the multivariate coefficient of 
variation for autocorrelated data are developed. Different types of stationary autocorrelation models 
derived from the general autocorrelation model, vector mixed autoregressive and moving average 
(VARMA) are considered. The considered autocorrelation models are: vector autoregressive 
(VAR), vector moving average (VMA) and VARMA. Due to the distribution’s shape of the sample 
MCV statistic, we use two control charts: one for upward MCV shifts and the other for downward 
MCV shifts. After developing the fixed parameter (FP) scheme, we make necessary modifications to 
add adaptive VP features to both control charts. Next, we derive formulas for average and standard 
deviation of the control charts’ time to signal by using a dedicated Markov chain model. Then, we 
perform extensive numerical analyses to investigate the effects of different autocorrelation scenarios 
on the proposed control charts, for different MCV downward and upward shifts as well as different 
chart parameters. Finally, an illustrative example based on a real dataset from a health-care process 
with three biological quality characteristics is presented to show the implementation of the devel
oped scheme in practice.

The structure of this paper is as follows: in Section 2, the multivariate coefficient of variation and 
its distribution are introduced. In Section 3, the MCV and its distribution are adapted to auto
correlated data. In Section 4, the adaptive features of the proposed control charts and their design 
procedure are discussed. In Section 5, the statistical performance measures are developed by means 
of a dedicated Markov chain model. Extensive numerical analyses are performed in Section 6. The 
illustrative example is presented in Section 7. Finally, concluding remarks and suggestions for 
future researches are given in Section 8.

2. Multivariate coefficient of variation

Let us consider a vector X ¼ ðX1;X2; . . . ;XpÞ
T of p quality characteristics which follows 

a multivariate normal distribution MN ðμ;ΣÞ. When the process is in-control, we assume 
ðμ0;Σ0Þ; for an out-of-control process we consider ðμ1;Σ1Þ. For known in-control process para
meter values ðμ0;Σ0Þ, the multivariate coefficient of variation (MCV) is defined by Voinov and 
Nikulin (1996) as: 

γ0 ¼ μT
0 Σ� 1

0 μ0
� �� 1

2: (1) 

When on-line process monitoring is carried out, at each inspection i, for i = 1,2, . . ., a sample of 
n i.i.d observations Xijk is collected, where j = 1, . . .,n and k = 1, . . .,p. For the ith sample, we denote 
�Xi as the vector of sample means ð�X1; �X2; . . . ; �XpÞ and Si as the sample variance-covariance matrix. 
Then, the sample multivariate coefficient of variation is calculated as follows: 

~γi ¼ ð
�XT

i S� 1
i

�XiÞ
� 1

2: (2) 

Yeong et al. (2016) derived the cumulative distribution function (CDF) of γ,
i
: 

F~γ xð Þ ¼ 1 � FF
n

n � 1
:
n � p
px2

� �

; (3) 

where x is a random variable such that x 2 ½0;þ1Þ, FF :ð Þ is the CDF of the non-central Fisher 
distribution with p and n-p degrees of freedom, with the non-centrality parameter δ0 ¼ μT

0 Σ� 1
�X 0ð Þμ0 

where ΣXð0Þ ¼
1
n Σ0, when the process is in-control, and δ1 ¼ μT

1 Σ� 1
�X 1ð Þμ1 where ΣXð1Þ ¼

1
n Σ1, when 

the process is out-of-control. γ0 and γ1 denote the in-control and out-of-control values of the 
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population multivariate coefficient of variation, respectively. By using Equation (1), the in-control 
and out-of-control non-centrality parameters are, respectively, equal to: δ0 ¼

n
γ2

0 
and δ1 ¼

n
γ2

1
. 

Consequently, with some simple mathematical computations, the inverse CDF of ~γi is equal to: 

Feγ
� 1ðyÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

n � 1
:
n � p

p
1

F� 1
F 1 � yð Þ

� �s

: (4) 

where y is a uniform random variable such that y ~U(0,1).

3. Multivariate coefficient of variation model for autocorrelated data

When the measurement system technology is such that observations within a sample can be 
collected very close in time, autocorrelation and cross-correlation among consecutive measure
ments should be accounted for. To model autocorrelation, we assume that Xt is a vector of p quality 
characteristics, i.e. {Xt ¼ ðX1;t;X2;t; . . . ;Xp;tÞ

0: t = 0, ±1, ±2, ±3, . . . } which follows a multivariate 
normal distribution ðμ0;Σ0Þ, where μ0 is the in-control mean vector of the quality characteristics 
and Σ0 is the corresponding in-control variance-covariance matrix, both assumed as known.

One of the commonly used models for autocorrelation is the vector mixed autoregressive 
moving average process (VARMA), which is obtained by combining the vector autoregressive 
(VAR) model and the vector moving average (VMA) model. For the multivariate ARMA model of 
orders (1,1) (i.e., VARMA (1,1)), used in this paper, we have ~Xt ¼ Φ~Xt� 1 þ et � Θet� 1, where 
~Xt ¼ Xt � μ0, et,Nð0;ΣeÞ is a p-variate normal random noise vector, Φ is a p� p matrix of 
autoregressive coefficients and Θ is a p� p matrix of moving-average coefficients. Stationarity 
and invertibility are two important properties for a VARMA time series model. The eigenvalues of 
the cross-correlation autoregressive matrix, Φ, and moving average matrix, Θ, should be less than 
one in absolute value, to ensure stationarity and invertibility, respectively.

If Φ ¼ 0 or Θ ¼ 0, the VARMA (1,1) model reduces to VMA (1) or VAR (1) time series models, 
respectively.

Sabahno et al. (2020b) have shown that the variance-covariance matrix Σ0 for the investigated 
multivariate process can be obtained as: 

Vec Σ0 ¼ Ip2 � Φ�Φ
� �� 1Vec A;

where A ¼ ΘΣeðΘ0 � Φ0Þ � ΦΣeΘ0 þ Σe, � is the Kronecker product operator, Vec is the opera
tor that transforms a matrix into a vector by stacking its columns and Ip2 is a p2 � p2 identity matrix. 
Note that, if there is no autocorrelation, i.e., Φ ¼ 0 and Θ ¼ 0, then Σ0 ¼ Σe.

Also, again from Sabahno et al. (2020b), we have the variance-covariance matrix of the sample 
means, Σ�X, equal to:

ΣX ¼
1

n2

Pn

m¼1

Pn

j¼1
Γðm � jÞ ¼ 1

n2

Pn� 1

k¼� ðn� 1Þ
ðn � kj jÞΓðkÞ; where ΓðlÞ gives the cross-covariance (off-  

diagonal elements) and autocovariance (diagonal elements) functions γq;rðlÞ at lag l for l = 0 
to ±(n-1): 

ΓðlÞ ¼ E ðXt � μ0ÞðXtþl � μ0Þ
0

� �
¼

γ1;1ðlÞ γ1;2ðlÞ . . . γ1;pðlÞ
γ2;1ðlÞ γ2;2ðlÞ . . . γ2;pðlÞ

..

. ..
. ..

. ..
.

γp;1ðlÞ γp;2ðlÞ . . . γp;pðlÞ

2

6
6
6
6
4

3

7
7
7
7
5
;

where γq;rðlÞ ¼ CovðXq;t;Xr;tþlÞ ¼ E ðXq;t � μqÞðXr;tþl � μrÞ
h i

, and q, r = 1, 2, . . ., p.
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After some computations, they obtained: 

ΣX ¼
1
n

Γð0Þ þ Γð1Þ ½ ðΦ02 � Φ0nÞ ½ Φ0ðI � Φ0Þ �� 1
þ I� þ ½ ΦðI � ΦÞ� 1

þ I� Γð1Þ0 �
h

1
n

Γð1Þ ½ ðI � Φ0nÞðI � Φ0Þ� 2
� nΦ0ðn� 1ÞðI � Φ0Þ� 1

� 2I� �

1
n
½ ðI � ΦnÞðI � ΦÞ� 2

� 2I�Γð1Þ0
�
;

where Γð0Þ ¼ Σ0 and Γð1Þ ¼ Γð0ÞΦ0 � ΣeΘ0. We also have: Γð� lÞ ¼ ΓðlÞ0 and 
Γð0Þ ¼ E ðXt � μ0ÞðXt � μ0Þ

0
� �

. Note that, in case of no autocorrelation, Equation (5) reduces to: 
ΣX ¼

1
n Γð0Þ. The sample mean �X has a multivariate normal ðμ0;ΣXÞ distribution.

The sample ΓðlÞ at lag l is defined as 

Γ̂ðlÞ ¼
1
n

Xn� l

t¼1
ðXt � �XÞðXtþl � �XÞ0 ¼

γ̂1;1ðlÞ γ̂1;2ðlÞ . . . γ̂1;pðlÞ
γ̂2;1ðlÞ γ̂2;2ðlÞ . . . γ̂2;pðlÞ

..

. ..
. ..

. ..
.

γ̂p;1ðlÞ γ̂p;2ðlÞ . . . γ̂p;pðlÞ

2

6
6
6
6
4

3

7
7
7
7
5
;

where �X ¼ 1
n
Pn

t¼1
Xt and γ̂q;rðlÞ ¼

1
n
Pn� l

t¼1
ðXq;t � �XiÞðXr;tþl � �XjÞ. 

Thus, for sample i, the ΣX is estimated by SXi
¼ 1

n2

Pn

m¼1

Pn

j¼1
Γ̂ðm � jÞ.

Since for non-correlated observations ΣX ¼
1
n Σ should be used in order to compute the non- 

centrality parameter δ (Yeong et al., 2016), therefore in case of autocorrelation, we should have: 
δ ¼ μ0ΣX

� 1μ, where ΣX is obtained using Equation (5). Consequently, Equation (1) changes into: 

γ0 ¼ ðμ0
0ðnΣXð0ÞÞ

� 1μ0Þ
� 1

2: (6) 

Also, Equation (2) for the sample MCV is rewritten as follows: 

~γi ¼ ð
�Xi
0
ðnS�XiÞ

� 1 �XiÞ
� 1

2: (7) 

Note that, although it is assumed that the observations are autocorrelated and we definitely have 
dependent observations within samples, we assume that the sampling intervals are long enough that 
the correlation between samples will be eliminated. Therefore, the F distribution can still be used to 
derive the MCV distribution and only its non-centrality parameter will change to take into account 
the within samples autocorrelation.

4. The MCV-VP control chart for autocorrelated data

For adaptive control charts, at least one of the control chart parameters (sample size, sampling 
interval and width of control limits) is allowed to vary at each sampling inspection, depending on 
the position of the last point plotted on the control chart. If all the parameters are varied, then the 
adaptive chart is called a VP (variable parameters) control chart.

Since the non-central F distribution is skewed and is heavy/long tailed, it is preferable using one 
chart to control upward shifts and another for downward shifts. Practitioners should usually know 
what kind of shifts they are expecting from the process: therefore, they know which chart to use. 
However, we investigate both charts in this research.

We assume that there are:

● two types of sample sizes (ns : s 2 1; 2f g with n1 < n2Þ,
● two types of sampling intervals (ts : s 2 1; 2f g with t2 < t1Þ,
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● two types of Type-I error probabilities ðαs : s 2 1; 2f g where α1 < α2Þ:

For the upward VP control chart, we have:

● two upper control limits UCL1 (related to α1) and UCL2 (related to α2) As α1 < α2 we have 
UCL2 <UCL1.

● two upper warning limits UWL1 and UWL2 where UWL1 <UCL1 and UWL2 <UCL2, 
respectively.

Note that, in case of the downward control chart, in the above statements, replace UCL1, UCL2, 
UWL1 and UWL2 with LCL1, LCL2, LWL1 and LWL2 (lower control and warning limits), respec
tively; with: LCL1 < LCL2, LWL1 > LCL1 and LWL2 > LCL2.

The VP strategy for choosing the next sampling scheme in the upward/downward control charts 
works as follows:

● If ~γi ¼ 0;UWL½ � in the upward chart or ~γi ¼ LWL;1½ Þ in the downward chart (safe zone), 
then the process is declared to be in-control and the parameters for the next sample are set to 
Ω1 ¼ ðn1; t1;UCL1=LCL1;UWL1=LWL1Þ.

● If ~γi ¼ UWL;UCLð � in the upward chart or ~γi ¼ LCL; LWL½ Þ in the downward chart (warning 
zone), then the process is still declared to be in-control, but the parameters for the next sample 
are tightened to Ω2 ¼ ðn2; t2;UCL2=LCL2;UWL2=LWL2Þ.

● If ~γi ¼ ðUCL;1Þ in the upward chart or ~γi ¼ 0; LCLð Þ in the downward chart, then the 
process is declared as out-of-control, and corrective actions should be immediately started.

To design the parameters of a VP control chart, the following equations should be satisfied: 

ASS ¼ n1P0 þ n2ð1 � P0Þ; (8) 

ASI ¼ t1P0 þ t2ð1 � P0Þ; (9) 

ATE ¼ α1P0 þ α2ð1 � P0Þ; (10) 

where ASS is the in-control average sample size, ASI is the in-control average sampling interval 
and ATE is the in-control average Type-I error. P0 is the conditional probability of a point plotted 
within the safe region of the control chart while the process is in-control. P0 for the upward (P0u) 
and the downward (P0d) control charts is computed as: 

P0u ¼ P ~γi 2 ½0;UWL�
�
�~γi 2 ½0;UCL�

� �

¼
Pð0 � ~γi � UWLÞ
Pð0 � ~γi � UCLÞ

¼
F~γðUWLÞ
F~γðUCLÞ

¼
1 � FF

n
n� 1 :

n� p
p:UWL2

� �

1 � FF
n

n� 1 :
n� p

p:UCL2

� � ;

P0d ¼ P ~γi 2 ½LWL;1Þ
�
�~γi 2 ½LCL;1Þ

� �

¼
PðLWL � ~γi <1Þ
PðLCL � ~γi <1Þ

¼
1 � F~γðLWLÞ
1 � F~γðLCLÞ

¼
FF

n
n� 1 :

n� p
p:LWL2

� �

FF
n

n� 1 :
n� p

p:LCL2

� � :

In order to solve Equations (8) to (10), some design parameters should be fixed. We consider the 
following design procedure for each control chart.

Step 1. Fix α1 and, using Equation (6), UCL1 and LCL1 are obtained as: 
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UCL1 ¼ F� 1
~γð1 � α1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n1

n1 � 1
:
n1 � p

p
1

F� 1
F

α1ð Þ

" #v
u
u
t ; (12) 

LCL1 ¼ F� 1
~γðα1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n1

n1 � 1
:
n1 � p

p
1

F� 1
F

1 � α1ð Þ

" #v
u
u
t :

Step 2. Fix ASS, n1,n2 and, using Equation (8), calculate P0: 

P0 ¼
ASS � n2

n1 � n2
: (13) 

Step 3. Fix ATE and, using Equations (10) and (13), calculate α2: 

α2 ¼
ATEðn1 � n2Þ � α1ðASS � n2Þ

n1 � ASS
; (14) 

UCL2 and LCL2 are derived from Equation (4): 

UCL2 ¼ F� 1
~γð1 � α2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2

n2 � 1
:
n2 � p

p
1

F� 1
F

α1ð Þ

" #v
u
u
t ;

LCL2 ¼ F� 1
~γðα2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2

n2 � 1
:
n2 � p

p
1

F� 1
F

1 � α2ð Þ

" #v
u
u
t : (15) 

Step 4. Fix ASI, t2 and, using Equations (9) and (13), get t1: 

t1 ¼
ASIðn1 � n2Þ � t2ðn1 � ASSÞ

ASS � n2
: (16) 

Step 5. By using Equations (11) and (13), UWL and LWL are equal to: 

UWLs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nsðns � pÞ

ðns � 1Þp:FF
� 1 1 � P0 1 � FF

ns
ns � 1 :

ns � p
p:UCLs

2

� �� �� �� �

v
u
u
t ;

LWLs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ns ns � pð Þ

ns � 1ð Þp:F� 1
F P0:FF

ns
ns � 1 :

ns� p
p:LCL2

s

� �� �

v
u
u
t : (17) 

Note that, s represents the state of the process. In the safe zone s = 1 and in the warning zone s = 2.

5. Performance measures

Although many performance measures can be used to evaluate the performance of an adaptive 
control chart, in this paper we have chosen to refer to the average time to signal (ATS) and the 
standard deviation of time to signal (SDTS), which are usually considered when an adaptive scheme 
with varying sampling interval is taken into account (Nenes et al., 2014).

In general, a small (large) ATS value is desired for an out-of-control (in-control) process. 
However, for both in- or out-of-control processes, a small SDTS value is always expected.
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To compute these performance measures, we use a Markov chain model. First, we define the 
following three states, for the upward control chart:

State 1: ~γi 2 0;UWLðiÞ
� �

;

State 2: ~γi 2 UWLðiÞ;UCLðiÞ
� �

;

State 3: ~γi 2 UCLðiÞ;1
� �

:

Similarly, for the downward control chart we have:
State 1: ~γi 2 LWLðiÞ;1

� �
;

State 2: ~γi 2 LCLðiÞ; LWLðiÞ
� �

;

State 3: ~γi 2 0; LCLðiÞ
� �

:

The first two states are transient, while the third one is absorbing. The Markov transition 
probability matrix P corresponding to the VP chart is equal to: 

P ¼
p11 p12 p13
p21 p22 p23
p31 p32 p33

2

4

3

5;

where pij is the probability of transition from state i to state j.
Therefore, the transient state probabilities p11, p12, p21 and p22 for the multivariate upward VP 

chart are equal to: 

p11 ¼ Pð0 � ~γi � UWL1
�
�Ω1Þ ¼ F~γðUWL1 Ω1j Þ ¼ 1 � FF

n1

n1 � 1
:

n1 � p
p:UWL1

2

� �

; (18) 

p21 ¼ Pð0 � ~γi � UWL2
�
�Ω2Þ ¼ F~γðUWL2 Ω2j Þ ¼ 1 � FF

n2

n2 � 1
:

n2 � p
p:UWL2

2

� �

; (19) 

p12 ¼ PðUWL1 < ~γi � UCL1
�
�Ω1Þ ¼ F~γðUCL1 Ω1j Þ � F~γðUWL1 Ω1j Þ

¼ FF
n1

n1 � 1
:

n1 � p
p:UWL1

2

� �

� FF
n1

n1 � 1
:

n1 � p
p:UCL1

2

� �

;

p22 ¼ PðUWL2 < ~γi � UCL2
�
�Ω2Þ ¼ F~γðUCL2 Ω2j Þ � F~γðUWL2 Ω2j Þ

¼ FF
n2

n2 � 1
:

n2 � p
p:UWL2

2

� �

� FF
n2

n2 � 1
:

n2 � p
p:UCL2

2

� �

:
(21) 

For the downward chart we have: 

p11 ¼ PðLWL1 � ~γi <1
�
�Ω1Þ ¼ 1 � F~γðLWL1 Ω1j Þ ¼ FF

n1

n1 � 1
:

n1 � p
p:LWL1

2

� �

; (22) 

p21 ¼ PðLWL1 � ~γi <1
�
�Ω2Þ ¼ 1 � F~γðLWL2 Ω2j Þ ¼ FF

n2

n2 � 1
:

n2 � p
p:LWL2

2

� �

; (23) 

p12 ¼ PðLCL1 � ~γi < LWL1
�
�Ω1Þ ¼ F~γðLWL1 Ω1j Þ � F~γðLCL1 Ω1j Þ

¼ FF
n1

n1 � 1
:

n1 � p
p:LCL1

2

� �

� FF
n1

n1 � 1
:

n1 � p
p:LWL1

2

� �

;

p22 ¼ PðLCL2 � ~γi < LWL2
�
�Ω2Þ ¼ F~γðLWL2 Ω2j Þ � F~γðLCL2 Ω2j Þ

¼ FF
n2

n2 � 1
:

n2 � p
p:LCL2

2

� �

� FF
n2

n2 � 1
:

n2 � p
p:LWL2

2

� �

:
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Concerning the other transition probabilities, we simply have p13 ¼ 1 � p11 � p12, 
p23 ¼ 1 � p21 � p22, p31 ¼ p32 ¼ 0 and p33 ¼ 1: Then, we have: 

ATS ¼ bTðI � QÞ� 1t; (26) 

SDTS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bTðI � QÞ� 1
ð2Dt I � QÞ� 1t � t 2ð Þ

� �
� ðATSÞ2

q

; (27) 

where bT ¼ b1; b2ð Þ is the vector of starting probabilities such that b1 þ b2 ¼ 1, I is the identity 
matrix of order 2, Q is a 2� 2 transition probability matrix for the transient states, t ¼ t1; t2ð Þ

T is 
the vector of sampling intervals, Dt is the 2� 2 diagonal matrix with the diagonal elements of t, tð2Þ
contains the squares of the elements of vector t.

In order to compute the performance measures using Markov chains, we need to compute the 
starting probabilities. We consider the in-control steady-state probabilities b1 and b2: 

b1 ¼
p11

p11 þ p12
;

b2 ¼
p22

p21 þ p22
;

where b1 þ b2 ¼ 1:

6. Numerical analyses

In this Section, the proposed FP and VP control charts are investigated and compared for different 
levels of autocorrelation and under different upward and downward shift sizes. We perform our 
first step of the numerical studies for p = 2 and 3 quality characteristics. Processes with different 
degrees of autocorrelation are going to be considered: uncorrelated observations with Φ ¼ Θ ¼ 0, 
VAR (1) with Φ�0 and Θ ¼ 0, VMA (1) with Θ�0 and Φ ¼ 0, and VARMA (1,1) with Θ�0 and 
Φ�0. Stationarity and invertibility conditions are met for any values of Φ and Θ, respectively. 
Tables 1-4 show the ATS values for p = 2 and three different correlation matrices Φ and Θ, in an 

increasing level of autocorrelation. For Φ we consider 0, 0:2 0:1
0:1 0:3

� �

and 0:7 0:1
0:2 0:9

� �

. For Θ we 

consider 0, 0:3 0:1
0:2 0:2

� �

and 0:9 0
0:5 0:8

� �

. For the random noise e, we consider Σe ¼
0:1 0:01

0:01 0:1

� �

in Tables 1, 3 and Σe ¼
1 0:5

0:5 1

� �

in Tables 2,4.

For Table 1, we assume that ATE ¼ 0:0027;ASI ¼ 1 t.u. (time unit), ASS ¼ 5, ðn1; n2Þ ¼ ð4; 7Þ, 
t2 ¼ 0:1 t.u. and α1 ¼ 0:0017: The nominal in-control ATS is 370.3704 t.u. The considered in- 
control non-correlated MCVs (γ0) are: {0.1, 0.3, 0.5}. Note that, as it can be easily seen in all tables, 
by using Equation (6) the γ0’s value changes depending on the values of Φ and Θ matrices.

The shift sizes τ for the downward chart are assumed to be {0.3, 0.5, 0.8} and for the upward 
chart: {1.2, 1.5, 2}, where γ1= τγ0. Note that for the FP chart, ATE, ASI and ASS are the chart design 
parameters. For Table 2, all the previous assumptions are still valid, except for the value of Σe, which 
is discussed above.

Since the sample size plays a very important role in this problem, because it affects the sample 
statistic as well as its distribution’s no-centrality parameter, in Table 3 and 4 we consider another 

couple of sample sizes, ASS = 10, ðn1; n2Þ ¼ ð6; 15Þ, for Σe ¼
0:1 0:01

0:01 0:1

� �

and Σe ¼
1 0:5

0:5 1

� �

, 

respectively.
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The results presented in Tables 1–4 show that:

● The out-of-control ATS is always smaller than the nominal in-control value, whichever is the 
considered autocorrelation model. That is, any biased out-of-control ATS is avoided with the 
proposed control charts. This could have been a problem, given the strong asymmetry of the 
statistic’s distribution.

● The larger the in-control MCV value, the stronger is the negative effect of autocorrelation on 
control chart’s performance. For instance, in the last column of Table 1 (when Φ and Θ are 
both large), for τ = 2, when γ0 is 0.17, the FP and VP ATS performance measures are (3.43, 
1.73), but when γ0 is 0.51 and 0.84, they, respectively, become: (6.62, 2.66) and (30.91, 7.83). 
This happens for all autocorrelation cases and all shift sizes.

● When the VAR model is considered (Θ=0) and/or when the autoregressive matrix Φ is large 
in the VARMA model, then the in-control MCV is always larger than the uncorrelated case. In 
general, if the VAR effect (Φ) is higher than the VMA effect (Θ), or if they are both high, the 
in-control MCV is larger than the scenario with uncorrelated observations. Otherwise, it is 
going to be smaller.

● For any fixed VAR matrix Φ (zero, small or large), as the VMA component Θ effect increases 
(goes from zero to large), the charts signal faster. On the other hand, for any fixed VMA matrix 
Θ (zero, small or large), as the VAR component Φ effect increases (goes from zero to large), 
the charts signal slower. Overall, the larger is the Φ=Θ value, the slower/faster are the charts in 
detecting shifts. Having said that, when the in-control MCV is small (0.1), from zero Φ (VMA 
model) to low VAR effect (small Φ), and in any level of VMA effect (Θ matrix), the chart 
performances do not significantly change (only very little and negligible changes).

● In most cases, the upward chart signals faster (performs better). This becomes clear if one 
compares the ATS values for τ = 2 to τ = 0.5 shift sizes, in any similar autocorrelation levels, 
different γ0 values and in all tables. For instance, in the last column of Table 1 and for 
γ0=0.1754, the ATS values for τ=2 and τ=0.5 shift sizes are (3.43, 1.73) and (49.26, 2.72), 
respectively: the upward chart’s FP performance is much faster, but the upward and down
ward charts’ VP performances are rather similar. However, if the in control MCV is not small, 
if the matrix Φ is large and the matrix Θ is zero or small (i.e. if we use VAR model with large Φ 
or VARMA model with large Φ and small Θ), then the downward chart mostly performs 
better. For instance, in the second last column (where Φ is large and Θ small), when 
γ0=1.6368, the ATS values for τ=2 and τ=0.5 shift sizes are (184.69, 116.98) and (109.65, 
26.1), respectively.

● Larger random noise variance-covariance matrix makes the charts signal faster and the larger 
is the Φ component in VARMA or VAR models, the stronger is the difference. For instance, 
for Table 1 (with smaller variance-covariance matrix) and Table 2 (with larger variance- 
covariance matrix), when the uncorrelated γ0 is 0.5, Θ is at its largest value and τ=2, for small 
Φ the ATS for (FP, VP) charts in Table 1 is (4.91, 2.11) and in Table 2 is (4.58, 2.03). However, 
for large Φ, the time to signal measures in Table 1 are (30.91, 7.82) and in Table 2 (11.78, 3.9). 
As it can be easily seen, when Φ is larger, the larger noise variance-covariance matrix makes 
the charts signal significantly faster than when it is smaller.

● A chart with a VP feature performs much better than without it (FP), in all cases.
● A larger sample size improves the control chart’s performance for any shift size. The 

improvement is stronger for larger shift sizes. For instance, in the last column of Table 1, 
when the uncorrelated γ0 is 0.5, and τ=2, the performance measures are (30.91, 7.83). 
However, for Table 3, in which the sample size is twice as larger, the performance measures 
are: (6.43, 1.79).
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In Tables 5–8 we performed a similar analysis, by considering p = 3 quality characteristics. For the 
random noise variance-covariance matrix, we chose the same off/on-diagonal elements as above 

(0.01/0.1 in Tables 5, 7 and 0.5/1 in Tables 6, 8). For Φ we have considered 0, 
0:3 0 0:1
0:2 0:2 0:1
0:1 0 0:2

2

4

3

5 and 

0:7 0:1 0:2
0:2 0:8 0
0:1 0:1 0:6

2

4

3

5. Also, for Θ we have considered 0, 
0:2 0:1 0:1
0 0:3 0:1

0:1 0:1 0:2

2

4

3

5 and 
0:9 0 0:2
0:5 0:8 0
0:1 0 0:7

2

4

3

5 . 

All other parameter values are the same as the p = 2 scenario. As it can be easily concluded from 
these additional four tables, the same conclusions as the p = 2 scenario can be drawn when 
considering p = 3 quality characteristics. Moreover, the control charts delay signal triggering as 
p gets larger values. However, the deterioration of the statistical sensitivity is counterbalanced by 
increasing the sample sizes.

In another supplementary study, we test the chart performance when p = 4. This time we only 
use the VP chart. For this analysis, we assume that we have no cross-correlation among different 
variables, meaning the off-diagonal elements of both Φ and Θ are zero. In each figure, we vary the 
main diagonal elements of Φ (Figure 1) and Θ (Figure 2) within the interval [−0.99,0.99]. We will 

conduct this analysis for Σe ¼

10 1 1 1
1 10 1 1
1 1 10 1
1 1 1 10

2

6
6
4

3

7
7
5, in-control MCV (without autocorrelation) 

γ0=0.3 and ATE = 0.005, α1=0.0005, ASI ¼ 1 t.u., t2 ¼ 0:01 t.u., ASS = 7, n1=5, n2 =10 and ASS =15, 
n1=10, n2 =20 cases and by using both ATS and SDTS as performance measures. The nominal in- 
control values for ATS and SDTS are 200 and 200.8, respectively. We consider four shift sizes in 
each figure: small (τ= 0.8) and large ðτ ¼ 0:5Þ downward shift sizes as well as small (τ= 1.2) and 
large (τ= 2) upward shift sizes.

In Figure 1, we fix the diagonal elements of Θ to 0.5 and change the diagonal elements of Φ, and 
in Figure 2, we fix the diagonal elements of Φ to 0.5 and change Θ.

The results in Figures 1, 2 show that:

● ATS and SDTS values are very close in all cases (note that, in Figure 1, due to the shape and 
scale of the plots, they are not distinguishable).

● As the (downward or upward) shift size becomes larger, charts signal faster.
● In Figure 1, if Φ is smaller than the fixed Θ, then the chart performance is almost steady. 

However, with large shifts, the charts performance stay steady more, but eventually get worse 
later.

● In the second Figure, as Θ gets close to the fixed Φ, the chart performance gradually gets 
better. However, when Θ gets larger than Φ, the chart performance goes steady. It goes steady 
faster for larger shifts.

● Negative Φ has no significant effect on the chart performance.
● A larger sample size improves the chart performance. However, in Figure 1, with very large 

positive Φ, it has not a significant effect.

7. Illustrative example

We use a real data set originally discussed by Hawkins and Maboudou-Tchao (2008), about 
a healthcare process, for monitoring blood pressure and heart rate, which are the main indicators 
of heart attack and stroke. For blood pressure and heart rate, both variance and CV have been used 
before as a measure of their variation.
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The variables of interest are x1 ¼ systolic blood pressure (maximum pressure during one 
heartbeat), x2 ¼ diastolic blood pressure (minimum pressure between two heartbeats) and x3 ¼

heart rate. Hawkins and Maboudou-Tchao (2008) concluded that the readings for these three 
characteristics follow a multivariate normal distribution with the following in-control parameter 
values.

μ0 ¼ ð126:61; 77:48; 80:95ÞT ,Σ0 ¼

15:04 8:66 10:51
8:66 5:83 5:56

10:51 5:56 15:17

2

4

3

5 and consequently: 

γ0 ¼ μT
0 Σ� 1

0 μ0
� �� 1

2 ¼ 0:0302:

Hawkins and Maboudou-Tchao (2008) used two separate control charts for monitoring the mean 
vector and variance-covariance matrix and they used a single observation in each measurement. 
However, we use a single chart to monitor the mean vector and variance-covariance matrix through 
multivariate coefficient of variation (MCV). Considering the blood pressure and heart rate tend to 
vary constantly and due to instrumental and environmental difficulties always available in any 
process, it is always better to measure them more than once each time we want to read the sensor 
wearer’s heart rate and blood pressure numbers. We use the proposed VP adaptive scheme for 
monitoring. By using simulation, we generate new observations from the obtained multivariate 
normal distribution to have sample sizes n >1: in fact, to calculate the MCV, the practitioners need 
a sample size n >1. Usually, the collection of the vital parameters is performed by means of 
automatic sensors that provide readings within a very short time range. Therefore, in our example, 
we consider a certain degree of autocorrelation over longitudinal observations collected within 
a sample. We assume the following Φ and Θ for this process:  

Φ ¼
0:25 0:1 0:03
0:1 0:3 � 0:4
� 0:6 0:2 � 0:42

2

4

3

5 and Θ ¼
0:34 0:15 � 0:11
� 0:29 0:28 0:21
0:34 0:04 0:42

2

4

3

5.  

We also assume the following parameters for the proposed VP adaptive control chart:
n1 ¼ 10, ASS = 12, n2 ¼ 15, ASI = 1 hr, t2 ¼ 15 mins, ATE = 0.005 and α1 ¼ 0.0005. By using 

Equations (12) – (17), we obtain UCL1 ¼ 0.0307, LCL1 ¼ 0.0042, α2 ¼ 0.0118, UCL2 ¼ 0.0217, 
LCL2 ¼ 0.0082, UWL1 ¼ 0.0163, LWL1 ¼ 0.0141, UWL2 ¼ 0.0151, LWL2 ¼ 0.0137 and t1 ¼

1.5hrs.
By using Equation (6), we obtain γ0 n1ð Þ

¼ ðμT
0 ðnΣ�Xn1 0ð ÞÞ� 1μ0Þ

� 1
2 ¼ 0:0181 and 

γ0 n2ð Þ
¼ ðμT

0 ðnΣ�Xn2 0ð ÞÞ
� 1μ0Þ

� 1
2 ¼ 0:016. Note that we have: τ ¼

γ1ðn1Þ
γ0ðn1Þ
¼

γ1ðn2Þ
γ0ðn2Þ

.
To proceed with the process monitoring, by assuming that the autocorrelation matrices Θ and Φ 

remain unchanged during the shifts, we first simulate a shift of size τ= 1.22 to the in control MCV 
and generate 15 random and consecutive samples (~γi) based on that; then, apply our monitoring 
scheme to see if and how it detects the shift. The sample MCV (~γi) is computed using Equation (7).

The sample statistics and the design parameters are shown in Table 9. Then, we simulate a shift 
of size τ=0.6 to the in-control MCV and do the same in Table 10.

As you can see, in Table 9, the upward chart is able to signal at the third sample, after 35 vital 
parameter readings (column 3 of the table) and 195 minutes (column 5 of the table) spent. In 
Table 10, which shows samples for downward shift case, the downward chart signals at the fourth 
sample, after 135 minutes (column 5 of the table) and 55 vital parameter readings (column 3 of the 
table). Control charts associated with Tables 9, 10, are shown in Figures 3, 4, respectively.

In both cases (Table 9/Figure 3 and Table 10/Figure 4), the scheme signals three times by the 15th 

inspection.
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Figure 1. ATS (Continuous lines)/SDTS (dash lines) vs Φ, for small (left side) and large (right side) sample sizes for large downward, 
small downward, small upward and large upward shifts.

204 H. SABAHNO AND G. CELANO



Figure 2. ATS (Continuous lines)/SDTS (dash lines) vs Θ, for small (left side) and large (right side) sample sizes for large downward, 
small downward, small upward and large upward shifts.
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8. Concluding remarks

In this research, a control scheme for monitoring the multivariate coefficient of variation has been 
proposed for autocorrelated data. Due to the skewness of the sample statistic’s distribution, we have 
developed and used two separate control charts, one for the upward shifts and another for the 
downward shifts. The control charts have been developed by considering both fixed and variable 
chart parameters. Time to signal performance measures have been considered by using a new 
Markov chain model. By using the performance measures, we compared the effects of different 
multivariate autocorrelation levels on each FP/VP and upward/downward control chart. We 
performed numerical analyses for different values of the number of p quality characteristics, 
different sample sizes and different levels of autocorrelation. The main results are: 1) the out-of- 
control ATS is always smaller than the nominal in-control value, whichever is the considered 
autocorrelation model, 2) the larger is the in-control MCV value, the stronger is the negative effect 
of autocorrelation on the control chart’s performance, 3) if the VAR effect (Φ) is higher than the 
VMA effect (Θ), or if they are both high, then, the in-control MCV is larger than the scenario with 
uncorrelated observations, 4) the larger is the Φ=Θ matrix, the slower/faster are the control charts 
in detecting shifts; however, in some cases, the autocorrelation has little effect on the charts’ 
performance, 5) in most cases, the upward chart signals faster, 6) larger random noise variance- 
covariance matrix makes the charts signal faster, 7) a chart with a VP feature performs much better 
than without it (FP), 8) larger sample size makes the charts perform much faster in detecting all shift 
types and sizes, 9) as the number of quality charastristics p gets larger, all the charts perform worse; 

Table 9. An illustrative example for an upward shift and ongoing design parameters.

i ni
P

ni ti
P

ti ~γi LCLi LWLi UWLi UCLi Status
1 10 10 90 90 0.0163 0.0042 0.0141 0.0163 0.0307 In-control
2 10 20 90 180 0.0261 0.0042 0.0141 0.0163 0.0307 In-control
3 15 35 15 195 0.0219 0.0082 0.0137 0.0151 0.0217 Out-of-control
4 15 50 15 210 0.0240 0.0082 0.0137 0.0151 0.0217 Out-of-control
5 15 65 15 225 0.0159 0.0082 0.0137 0.0151 0.0217 In-control
6 15 80 15 240 0.0158 0.0082 0.0137 0.0151 0.0217 In-control
7 15 95 15 255 0.0180 0.0082 0.0137 0.0151 0.0217 In-control
8 15 110 15 270 0.0145 0.0082 0.0137 0.0151 0.0217 In-control
9 10 120 90 360 0.0152 0.0042 0.0141 0.0163 0.0307 In-control
10 10 130 90 450 0.0264 0.0042 0.0141 0.0163 0.0307 In-control
11 15 145 15 465 0.0260 0.0082 0.0137 0.0151 0.0217 Out-of-control
12 15 160 15 480 0.0164 0.0082 0.0137 0.0151 0.0217 In-control
13 15 175 15 495 0.0208 0.0082 0.0137 0.0151 0.0217 In-control
14 15 190 15 510 0.0179 0.0082 0.0137 0.0151 0.0217 In-control
15 15 205 15 525 0.0130 0.0082 0.0137 0.0151 0.0217 In-control

Table 10. An illustrative example for a downward shift and ongoing design parameters.

i ni
P

ni ti
P

ti ~γi LCLi LWLi UWLi UCLi Status
1 10 10 90 90 0.0118 0.0042 0.0141 0.0163 0.0307 In-control
2 15 25 15 105 0.0094 0.0082 0.0137 0.0151 0.0217 In-control
3 15 40 15 120 0.0087 0.0082 0.0137 0.0151 0.0217 In-control
4 15 55 15 135 0.0072 0.0082 0.0137 0.0151 0.0217 Out-of-control
5 15 70 15 150 0.0081 0.0082 0.0137 0.0151 0.0217 Out-of-control
6 15 85 15 165 0.0108 0.0082 0.0137 0.0151 0.0217 In-control
7 15 100 15 180 0.0082 0.0082 0.0137 0.0151 0.0217 In-control
8 15 115 15 195 0.0089 0.0082 0.0137 0.0151 0.0217 In-control
9 15 130 15 210 0.0121 0.0082 0.0137 0.0151 0.0217 In-control
10 15 145 15 225 0.0111 0.0082 0.0137 0.0151 0.0217 In-control
11 15 160 15 240 0.0093 0.0082 0.0137 0.0151 0.0217 In-control
12 15 175 15 255 0.0102 0.0082 0.0137 0.0151 0.0217 In-control
13 15 190 15 270 0.0111 0.0082 0.0137 0.0151 0.0217 In-control
14 15 205 15 285 0.0106 0.0082 0.0137 0.0151 0.0217 In-control
15 15 220 15 300 0.0081 0.0082 0.0137 0.0151 0.0217 Out-of-control
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however, as the sample size increases, the deterioration of the statistical sensitivity is counter
balanced. Finally, we presented an illustrative example from a healthcare process to illustrate how 
the proposed scheme can be implemeted in practice.

For future developments, since we have performed our study with the assumption of known 
process parameters’ values, the investigation of the Phase I implementation of the proposed control 
chart, would be a practical development. Researchers can also extend this scheme to higher order 
autocorrelation models. One might also be interested in performing a similar study in the presence 
of measurement errors in the process alongside with autocorrelated data. In addition, using more 

Figure 3. The upward control chart for the illustrative example.

Figure 4. The downward control chart for the illustrative example.
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advanced time series models such as non-stationary ARIMA, non-linear ARCH and GARCH or 
continuous time Wiener autocorrelation models, might be worth considering by some researchers.
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