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Abstract

Noise-induced decoherence is a central challenge in quantum technolo-
gies. This thesis explores machine learning (ML)-based methods for char-
acterizing classical noise in quantum systems, with the goal of improving
reliability of quantum technologies.

In the first part, we study a three-level quantum networks driven by
adiabatic control protocols (CTAP/STIRAP) and show that simple neu-
ral networks can classify different spatial correlations in non-Markovian
noises and between non-Markovian and Markovian noise classes using
only population transfer efficiency.

In the second part, we extend this method to a two ultra-strongly
coupled qubit system. Here, the same ML approach successfully distin-
guishes correlations in Markovian noise as well, due to asymmetries in
system response.

In the final part, we analyze the Gaussianity of environmental noise.
By modeling qubit dynamics under Gaussian and non-Gaussian noise,
we train ML models to estimate key noise parameters and quantify the
contributions of both the noise components, even in hybrid environments.

Together, these results demonstrate that ML can serve as a powerful,
scalable tool for noise diagnosis in quantum systems.
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Chapter 1
Introduction

1.1 Background and Motivation

We are living in the era of quantum technology, where scientists across
the globe are striving to achieve quantum supremacy — a breakthrough
poised to revolutionize communication, computation, and sensing. This
progress is driven by quantum information theory, which provides the
theoretical foundation for many quantum technologies, including quan-
tum communication, computation and cryptography [1, 2]. At its core,
the idea is to harness the principles of quantum mechanics to store, trans-
mit, and process information in ways that are either impossible [3] or
highly inefficient using classical systems [4].

Solid-state devices such as nitrogen-vacancy (NV) centers in diamond [5],
electron spin in semiconductor quantum dots [6] and superconducting
nanocircuits based on Josephson junctions [7] have emerged as highly
promising platforms for the physical realization of ‘qubits’, the funda-
mental units of quantum information. These platforms are appealing be-
cause they allow precise control of quantum states, can be scaled to larger
systems, and have the potential to work with existing microelectronic
technologies. In line with these advances, in 2019, Google experimentally
demonstrated quantum supremacy for the first time: their 53-qubit super-
conducting processor Sycamore completed a specific computational task
in approximately 200 seconds, a task estimated to take around 10, 000

13



14 CHAPTER 1. INTRODUCTION

years on the most powerful classical supercomputers [8]. IBM recently
claimed the development of Condor quantum processor with 1121-qubit,
marking a significant milestone toward scalable quantum computing [9].

However, these technological advances come with significant chal-
lenges. As the number of qubits increases, maintaining their coherence
and preserving delicate quantum correlations becomes progressively more
difficult. This difficulty stems from the fundamental fact that no quantum
system can be perfectly isolated from its external environment. Inevitably,
interactions with the surroundings introduce noise, which leads to deco-
herence and error, thereby degrading the quantum properties essential for
information processing. Understanding and mitigating the effects of en-
vironmental noise is thus a central focus in the quest for scalable, reliable
quantum systems — an essential step toward realizing the promises of
quantum supremacy. The study of open quantum systems is fundamen-
tally dedicated to this purpose: developing theoretical frameworks and
practical strategies to counteract decoherence and the inevitable loss of
quantum information arising from system-environment interactions.

Characterizing noise becomes even more demanding in multi-qubit
or multi-level quantum systems, where the noise can exhibit correlations,
cross-talk, and nontrivial spectral features. Accurate knowledge of the
noise environment is not only crucial for understanding decoherence but
also serves as a prerequisite for designing effective quantum control pro-
tocols. Techniques such as dynamical decoupling and error correction
rely on detailed information about the noise spectrum and its temporal
correlations to suppress decoherence and improve the fidelity of quan-
tum operations [10–12]. Thus, advances in noise characterization directly
enable the development of robust noise mitigation strategies, which are
essential for scaling up quantum technologies.

Traditional noise characterization techniques such as quantum pro-
cess tomography [13–15], randomized benchmarking [16–18], and noise
spectroscopy [19, 20] are foundational tools for diagnosing and mitigat-
ing errors in quantum systems. However, these methods face significant
challenges in terms of scalability, resource requirements, and sensitivity
to system size and complexity especially in multi-level or multi-qubit ar-
chitectures. Machine learning (ML), with its powerful ability to learn
complex patterns from data, has emerged as a promising alternative for
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noise characterization in quantum systems [21, 22]. While predicting
qubit dynamics is relatively straightforward when the environment is
fully known, the inverse problem—inferring properties of the environ-
ment from observed qubit behavior is significantly more challenging. In
many practical scenarios, the environment is only partially known or can-
not be easily described using analytical models. By simulating the evo-
lution of qubits under realistic noisy conditions, ML models, particularly
neural networks can be trained to map experimentally accessible mea-
surements of qubit dynamics to features of the underlying noise environ-
ment, without requiring complete prior knowledge of the total system.

1.2 Scope and Objectives

When studying the interaction between a quantum system and its envi-
ronment, the standard approach is to model the environment quantum
mechanically. However, as previously discussed, for complex or large en-
vironments, an exact quantum mechanical description can become highly
challenging or even impractical. In such cases, adopting a classical de-
scription of the environment offers a valid and effective alternative that
has been shown to yield accurate results. Typically, the environment is
modeled as a classical stochastic field, and numerous studies have es-
tablished the conditions under which environmental influences can be
reliably approximated as classical noise [23–26].

In this PhD thesis, we primarily model environmental noise as a clas-
sical stochastic process and utilize the quantum system as a probe to
sense and measure these fluctuations. Our objective is to combine quan-
tum mechanical principles with data-driven machine learning (ML) ap-
proaches to propose effective techniques for noise sensing, classification,
and characterization in quantum systems. The analysis focuses on two
broad categories of classical noise: Markovian and non-Markovian, which
are well-defined within the framework of Kolmogorov probability the-
ory. We explore different subclasses of Markovian and non-Markovian
noise based on their spatial correlations and investigate their impact on
decoherence. This is particularly significant, as studies have shown that
spatially correlated noise in multi-qubit systems can severely undermine
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the effectiveness of quantum error correction protocols [27]. To address
this, we apply ML-based methods to classify various noise types in rela-
tively simple quantum systems, such as three-level systems and two-qubit
systems.

Beyond simple classification, we aim to quantitatively characterize the
noise in terms of key parameters such as its strength, correlation time,
and rate. In this context, we model the environment using both Gaus-
sian and non-Gaussian stochastic processes. While qubit evolution under
Gaussian noise is relatively tractable, as it can be fully characterized by
second order statistics, the presence of non-Gaussian noise complicates
the analysis necessitating a more detailed characterization that incorpo-
rates non-trivial higher-order correlations. In fact, the noise that predom-
inantly affects solid-state quantum devices is often non-Gaussian in na-
ture, typically generated by bistable fluctuators (random telegraph noise)
or by an ensemble of fluctuators with a broad distribution of switching
rates (1/ f α noise) [23, 28]. Accurately characterizing such complex noise
structures requires sophisticated approaches, which we address through
the development and application of ML-assisted techniques. These meth-
ods are designed to enable noise diagnostics with minimal measurement
overhead, making them particularly relevant for scalable quantum archi-
tectures.

1.3 Structure of the Thesis

• In chapter 2, we briefly introduce the fundamental concepts of prob-
ability and statistics that form the basis for the main work presented
in this thesis. We also discuss the properties of classical stochastic
processes, focusing on Markovian, Gaussian (Ornstein-Uhlenbeck),
and non-Gaussian (Random Telegraph) processes. In addition, we
provide a brief overview of open quantum system dynamics, which
is essential for understanding noise-induced effects in quantum sys-
tems. Finally, we derive the expressions for qubit decoherence un-
der the influence of the latter two noise models.

• In chapter 3, we introduce fundamental concepts of machine learn-
ing, such as activation functions, cost functions, backpropagation,
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and gradient descent. Within the broad class of machine learning
techniques, we primarily focus on supervised learning, providing
a comparative study between classification and regression tasks.
Among the various supervised learning approaches, we elaborate
on how neural networks can be employed for supervised learning,
which is particularly relevant to the objectives of this thesis.

• In chapter 4, we demonstrate that machine learning can classify
noise in three single level quantum dots by detecting spatial and
multilevel noise correlations and Markovianity. Using the CTAP
(coherent tunneling by adiabatic passage)/STIRAP (stimulated Raman
adiabatic passage) protocol, we analyze how population transfer ef-
ficiency varies under different noise conditions. The efficiency of
population transfer under three driving pulse conditions serves as
inputs to train a neural network, which classified five noise types:
non-Markovian correlated, anti-correlated, uncorrelated, and Marko-
vian correlated, anti-correlated. The model achieves over 99% ac-
curacy in distinguishing between Markovian and non-Markovian
noise, as well as among non-Markovian subclasses. However, it
fails to differentiate between the Markovian subclasses, indicating
a feature limitation. Our approach, which uses population transfer
efficiency instead of complex time-series data, is computationally
efficient and robust against statistical errors, making it suitable for
experimental applications. These results advance noise characteri-
zation and quantum error correction strategies.

• In chapter 5, building on the previous work, we focus on detecting
noise correlations and Markovianity in a two ultra-strongly coupled
qubit system. Under the rotating wave approximation and in certain
parameter regimes, we can reduce the unperturbed four-level sys-
tem to a three-level one, allowing the use of the STIRAP protocol for
efficient population transfer. By applying the technic developed in
the previous chapter, we extend our approach to distinguish among
the previously studied noise classes in this two-qubit setting. Fur-
thermore, we demonstrate that in this case our approach is capa-
ble of distinguishing between Markovian noise subclasses as well.
Simple neural network is used to classify the noise based on the
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efficiency of population transfer under different conditions. This
method remains computationally efficient and can be applied ex-
perimentally, advancing our ability to analyze noise correlations in
multi-qubit systems.

• In chapter 6, we shift our research focus towards analyzing Gaus-
sianity—another important characteristic of noise and estimating
key noise parameters that influence quantum systems. In this work,
we specifically study the interaction of a single qubit with both
Gaussian and non-Gaussian noise sources. For the Gaussian case,
we model the environment using the Ornstein-Uhlenbeck (OU) pro-
cess, which captures colored noise with finite correlation time. To
represent non-Gaussian noise, we employ the Random Telegraph
Process (RTP), characterized by stochastic switching between dis-
crete values, leading to non-Gaussian statistical features. The analy-
sis includes, i) environments with numerous weakly coupled bistable
fluctuators collectively mimicking Gaussian behavior, and ii) hybrid
case with both strongly and weakly coupled fluctuators. We ana-
lyze qubit coherence decay under these conditions aiming to find
noise parameters like, strength, coherence time and rate of the two
types of noises and a quantifier for Gaussianity of noise. The ma-
chine learning model is trained on a dataset of simulated qubit evo-
lutions, enabling accurate predictions of noise characteristics, even
when parameters vary randomly.

• In chapter 7, we summarize the main findings of the thesis and
outline potential directions for future research.



Chapter 2
Preliminaries

In this chapter, we introduce key concepts and fundamental definitions
from probability theory and open quantum systems that form the foun-
dation for the later chapters of this thesis. While this chapter provides
essential background, it is not intended to be exhaustive; instead, it fo-
cuses on the aspects most relevant to the discussions and analyses that
follow.

For probability theory, we have mostly reviewed the literature from [29,
30]. Some other recommended references are [31, 32].

2.1 Random variables

A random or stochastic variable is a rule for assigning every possible out-
come ζ of an experiment a numerical value x̃(ζ). The domain of x̃ is a set
S , which consists of all possible outcomes of an experiment and the set
of numerical values that it can assume is often referred to as range [30].

Random variables can be categorized as discrete or continuous based on
whether the set of possible values it assumes {x̃(ζ), ∀ζ ∈ S} is countable
or not [29].

For a discrete random variable, we associate each possible value xi
with a probability p(xi), where i ∈ [1, 2, . . . ]. These probabilities satisfy

19
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the normalization condition

∑
i

p(xi) = 1. (2.1)

For a continuous random variable, we define a probability density
function p(x) such that p(x)dx represents the probability of the variable
taking a value within the interval [x, x + dx]. The corresponding normal-
ization condition is ∫︂ ∞

−∞
p(x)dx = 1. (2.2)

An important quantity associated with a random variable is its average
or mean, defined as follows:

• For a discrete random variable:

⟨x̃⟩ = ∑
i

xi p(xi). (2.3)

• For a continuous random variable:

⟨x̃⟩ =
∫︂

xp(x)dx. (2.4)

More generally, if f (x̃) is any function of the random variable, then its
expectation value is given by:

⟨ f (x̃)⟩ = ∑
i

f (xi)p(xi). (2.5)

Correspondingly for continuous case

⟨ f (x̃)⟩ =
∫︂

f (x)p(x)dx. (2.6)

These definitions form the foundation for understanding and analyzing
the behavior of random variables in probabilistic and statistical contexts.
From this point onward, we focus primarily on continuous random vari-
ables when defining the relevant quantities, as the corresponding expres-
sions for the discrete case can be obtained in a straightforward manner.



2.1. RANDOM VARIABLES 21

2.1.1 Moments, correlation, covariance

Equation 2.4 defines the first moment of x̃ relative to the origin at x = 0.
Generally, the m-th order moment is denoted by ⟨xm⟩ [29]. A related
metric is the central moment, where the m-th central moment is formulated
as

µ(m) = ⟨(x̃ − ⟨x̃⟩)m⟩ =
∫︂
(x − ⟨x⟩)m p(x)dx. (2.7)

According to this definition, the first central moment (m = 1) is µ(1) = 0.
For m = 2, it represents the variance, given by

Var{x̃} = µ(2) =
⟨︂
(x̃ − ⟨x̃⟩)2

⟩︂
. (2.8)

The square root of the variance σ =

√︃⟨︂
(x̃ − ⟨x̃⟩)2

⟩︂
represents the stan-

dard deviation, which indicates how the values of x̃ diverge from the mean
⟨x̃⟩. Moments can also be defined jointly for different random variables
x̃i, x̃j, x̃k, . . . . If p(xi, xj, xk, . . . ) is the joint probability density of x̃i, x̃j, x̃k,
. . . , then the central moment of the order (l, m, n, . . . ) is given by

µ
(lmn... )
ijk... =

⟨︂
(x̃i − ⟨x̃i⟩)l(x̃j −

⟨︁
x̃j
⟩︁
)m(x̃k − ⟨x̃k⟩)n . . .

⟩︂
. (2.9)

An important special case of central moments is the covariance. For two
random variables x̃i and x̃j, the covariance is defined as

Cov{x̃i, x̃j} = µ
(11)
ij =

⟨︁
(x̃i − ⟨x̃i⟩)(x̃j −

⟨︁
x̃j
⟩︁
)
⟩︁
=
⟨︁

x̃i x̃j
⟩︁
− ⟨x̃i⟩

⟨︁
x̃j
⟩︁

.
(2.10)

The covariances µ
(11)
ij form the entries of a N × N matrix called covariance

matrix, whose diagonal elements correspond to the variances of individ-
ual variables µ

(11)
11 , µ

(11)
22 , . . . , µ

(11)
NN . If x̃i and x̃j are statistically indepen-

dent, then their covariance is zero meaning that the covariance matrix is
diagonal. On the other hand, if x̃i = x̃j, then

Cov(x̃i, x̃j) = Var{x̃i}. (2.11)



22 CHAPTER 2. PRELIMINARIES

2.1.2 Characteristic function, cumulants

For a random variable x̃, the characteristic function is defined as the
Fourier transform of its probability density function [31].

φx̃(s) =
⟨︂

eisx
⟩︂
=
∫︂

p(x)eisxdx. (2.12)

where p(x) is the probability density function of x̃. The logarithm of the
characteristic function is called cumulant generating function [33].

log[φx̃(s)] =
∞

∑
j=1

κj
(is)j

j!
(2.13)

where κj = κj(x̃), j ∈ N are the cumulants of the random variable x̃.
These cumulants are obtained by taking derivatives of the cumulant gen-
erating function and evaluating at zero.

κj(x̃) = (−i)j dj

dsj log[φx̃(s)]|s=0 (2.14)

The first few cumulants have specific interpretations:

• κ1: Mean of the distribution.

• κ2: Variance, indicating the dispersion.

• κ3: Skewness, measuring asymmetry.

• κ4: Kurtosis, describing the "tailedness" of the distribution.

2.1.3 Some probability distribution functions

Normal or Gaussian Distribution

The Normal or Gaussian distribution is among the most widely utilized
probability distribution functions. Within this thesis, we will frequently
use this distribution. A continuous random variable x̃, defined within
an interval [−∞, ∞] is called Gaussian random variable if its probability
density function has the form

p(x) =
1√

2πσ2
e−

(x−⟨x⟩)2
2σ2 . (2.15)
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It has two main parameters the mean ⟨x̃⟩ and the variance σ2, and is
normalised to 1 such that ∫︂ ∞

−∞
p(x)dx = 1. (2.16)

Poison distribution

A discrete random variable x̃ is called a Poisson random variable with pa-
rameter λ if it takes non-negative integer values 0, 1, 2, . . . , ∞ with proba-
bilities given by

p(x̃ = k) =
e−λλk

k!
, ∀k = 0, 1, 2, . . . , ∞. (2.17)

where λ > 0 is the average rate at which events occur. This probability
distribution models the number of times an event occurs within a fixed
interval of time or space under the following condition [30]:

• The occurrence of one event does not affect the probability of an-
other event occurring.

• Events occur at a constant average rate λ throughout the interval.

• Two events cannot occur exactly at the same instant; each event
happens independently.

A notable property of the Poisson distribution is that both its mean and
variance are equal to λ.

2.2 Stochastic Process: Properties and Definitions

A stochastic or random process x̃(t, ζ) is a rule that assigns to each outcome
ζ of an experiment a time dependent function x̃(t), t ∈ T. Thus a random
process is an esemble of time functions {x̃(t, ζ1), x̃(t, ζ2), . . . } [30]. The
following properties hold

• For a fixed outcome ζ = ζk, x̃(t, ζk) is a time function only. Different
outcomes give different time function.
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• If we consider a fixed time point i.e. t = tk, then x̃(tk, ζ) is a ran-
dom variable. A stochastic process can equivalently be defined as a
collection of random variables {x̃(tk)}k for each time instant tk.

• If both time and outcome are fixed, then x̃(tk, ζk) is a number.

For our purpose we will use the notation x̃(t) to refer random process,
omitting ζ dependence for the rest of the thesis. A random process x̃(t)
can be discrete or continuous time depending on whether the time points
are countable i.e. t ∈ {t1, t2, . . . } or not i.e. t ∈ R. In both the cases the
state space can be discrete or continuous.

At each instant of time t, the random variable x̃(t) has a probability
density function p[x(t)] or p(x, t) that satisfies the the usual normaliza-
tion condition: ∫︂

p(x, t)dx = 1 ∀t. (2.18)

The average or mean value of the random process x̃(t) at time t can be
calculated using the probability density function p[x(t)] as:

⟨x̃(t)⟩ =
∫︂

xp(x, t)dx. (2.19)

Next, we will define some important quantities essential for random pro-
cesses.

2.2.1 Joint probability

Consider that x̃(t) takes values x1, x2, . . . at times t1, t2, . . . , respectively.
We can define the n-fold joint probability density as

p(xn, tn; xn−1, tn−1; . . . ; x1, t1), (2.20)

which gives the probability density that the process takes the value x1 at
t1, x2 at t2 and so on up to xn at tn and provides increasingly detailed
information about the random process x̃(t). The joint probability density
function must satisfy the consistency condition∫︂

p(xn, tn; xn−1, tn−1; . . . ; x1, t1)dxk+1dxk+2 . . . dxn = p(xk, tk; . . . ; x1, t1),

(2.21)
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for any integer k < n. Using n = 2, i.e., the 2-fold joint probability density,
we can calculate an important quantity

⟨x̃(t1)x̃(t2)⟩ =
∫︂

x1x2, p(x2, t2; x1, t1)dx2dx1. (2.22)

⟨x̃(t1)x̃(t2)⟩ is called the two-time auto-correlation function of the random
process x̃(t). This quantity measures how a single random process x̃(t) is
correlated with itself at different time lags τ = t2 − t1. Another measure
of interest is auto covariance function which can be defined in the following
manner, demonstrating its relationship with the auto correlation function.

C(t1, t2) = ⟨x̃(t1)x̃(t2)⟩ − ⟨x̃(t1)⟩ ⟨x̃(t2)⟩ . (2.23)

In the simplest case of a stochastic process, the values x1, x2, . . . taken by
x̃(t) at different times t1, t2, . . . are completely independent. In this case,
the joint probability density can be expressed as

p(xn, tn; xn−1, tn−1; . . . ; x1, t1) =
n

∏
i=1

p(xi, ti). (2.24)

2.2.2 Conditional Probability

Given the knowledge of the joint probability density, we can now define
the conditional probability. This represents the probability that x̃(t) takes
values xk+1 at time tk+1, xk+2 at time tk+2, . . . , given that at earlier times
it took values xk at time tk, xk−1 at time tk−1, . . . , and x1 at time t1. It is
formulated as

p(xn, tn; . . . ; xk+1, tk+1 | xk, tk; . . . ; x1, t1) =
p(xn, tn; . . . ; x1, t1)

p(xk, tk; . . . ; x1, t1)
. (2.25)

This definition allows for a detailed statistical description of how future
values of the stochastic process depend on past values. If the values taken
by the process x̃(t) at different times are completely independent of each
other then the conditional probability equals to the unconditional or joint
probability density, i.e.,

p(xn, tn; . . . ; xk+1, tk+1 | xk, tk; . . . ; x1, t1) = p(xn, tn; . . . ; xk+1, tk+1). (2.26)
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Substituting the above equation in equation 2.25 and putting k = 1, we
have

p(xn, tn; . . . ; x1, t1) = p(xn, tn; . . . ; x2, t2)p(x1, t1). (2.27)

Notice that repeated application of this relation eventually leads to 2.24.

2.2.3 Stationarity

A stationary process refers to a stochastic process where the uncondi-
tional joint probability distribution remains invariant under time shifts.
Mathematically, stationarity implies that

p(xn, tn; xn−1, tn−1; . . . ; x1, t1) = p(xn, tn + T; xn−1, tn−1 + T; . . . ; x1, t1 + T),
(2.28)

∀ time shift T. As a consequence, statistical properties such as the mean,
variance, and higher-order moments do not depend on the absolute time,
but only on time differences.

2.3 Markov Process

We define Markov process as the one, where the future of x̃(t) is influenced
by only its present and not by its past history. From the definition of con-
ditional probability used in 2.2.2 we can mathematically define Markov
process or more precisely first order Markov process in the following way,

p(xn, tn; . . . ; xk+1, tk+1|xk, tk; . . . ; x1, t1) = p(xn, tn; . . . ; xk+1, tk+1|xk, tk).
(2.29)

Following equation 2.25 we can break the joint probability density as

p(xn, tn; . . . ; x1, t1) = p(xn, tn|xn−1, tn−1; . . . ; x1, t1)p(xn−1, tn−1; . . . ; x1, t1).
(2.30)

On the other hand using the Markov property, we can write
p(xn, tn|xn−1, tn−1; . . . ; x1, t1) = p(xn, tn|xn−1, tn−1). Thus we obtain,

p(xn, tn; . . . ; x1, t1) = p(xn, tn|xn−1, tn−1)p(xn−1, tn−1; . . . ; x1, t1). (2.31)

Thus repeated application of Markov property in the above eq. results in

p(xn, tn; . . . ; x1, t1) = p(xn, tn|xn−1, tn−1)p(xn−1, tn−1|xn−2, tn−2) . . . p(x1, t1).
(2.32)
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For Markov process, the conditional probability density p(xn, tn|xn−1, tn−1)
is called transition probability density. It can be used to derive the follow-
ing integral relation for Markov process. For any t3 ≥ t2 ≥ t1, it can be
written

p(x3, t3; x1, t1) =
∫︂

p(x3, t3; x2, t2; x1, t1)dx2

⇒ p(x3, t3; x1, t1) =
∫︂

p(x3, t3|x2, t2)p(x2, t2|x1, t1)p(x1, t1)dx2

⇒ p(x3, t3|x1, t1) =
∫︂

p(x3, t3|x2, t2)p(x2, t2|x1, t1)dx2 (t3 ≥ t2 ≥ t1).
(2.33)

Where we have used 2.32 in the right hand side in the second line of
the above equation and in the third line we have divided both sides with
p(x1, t1). This relation is known as Chapman-Kolmogorov equation.

For discrete state space, the Chapman-Kolmogorov equation takes the
following form

p(x3, t3|x1, t1) = ∑
x2

p(x3, t3|x2, t2)p(x2, t2|x1, t1). (2.34)

2.4 Gaussian Process

Another category of stochastic processes is Gaussian or non-Gaussian pro-
cess. A stochastic process is called Gaussian if it can be characterised
fully with 2nd order statistics i.e. the mean and two time auto covariance
function [34] (the definition of auto covariance function is illustrated in
eq. (2.23)). In other words, all the information of the process is contained
in its power spectrum. More formally, a stochastic process {x̃(t) : t ∈ T}
is said to be Gaussian if for any finite set of time instances t1, t2, . . . , tn ∈
T, the corresponding random variables (x̃(t1), x̃(t2), . . . , x̃(tn)) follow a
joint normal distribution. The characteristic function of a single random

variable x̃ having Gaussian distribution p(x) = 1√
2πσ2 e−

(x−µ)2

2σ2 with mean
µ and standard deviation σ is (see the definition eq. (2.12))

φx̃(u) =
⟨︂

eiux̃
⟩︂
=
∫︂ ∞

−∞
p(x)eiuxdx = eiµu− 1

2 u2σ2
. (2.35)
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For a Gaussian process, the joint characteristic function of any finite col-
lection of n random variables {x̃(t1), x̃(t2), . . . , x̃(tn)} ⊂ {x̃(t) : t ∈ T} is
thus [35]

φx̃(t1),...,x̃(tn)(u1, . . . , un) =

⟨︄
exp

(︄
i

n

∑
j=1

uj x̃(tj)

)︄⟩︄

= exp

(︄
i

n

∑
j=1

ujµ(tj)−
1
2

n

∑
j=1

n

∑
k=1

ujukC(tj, tk)

)︄
.

(2.36)

where C(tj, tk) is the auto covariance function as defined in (2.23). In case
of continuous time Gaussian process, considering t varying continuously
within the range [t0, t] ∈ T the above equation takes the form⟨︃

exp
(︃

i
∫︂ t

t0

uj(s)x̃(s)ds
)︃⟩︃

= exp
(︃

i
∫︂ t

t0

u(s)µ(s)ds − 1
2

∫︂ t

t0

∫︂ t

t0

u(s)u(s′)C(s, s′)dsds′
)︃

.
(2.37)

As mentioned before, it is evident that the Gaussian process is fully char-
acterised by its mean and auto covariance or auto correlation function
(for 0 mean Gaussian process). Gaussian processes play a fundamental
role in quantum physics, particularly in modeling environmental noise
affecting qubits. In open quantum systems, Gaussian noise is commonly
assumed due to its analytical tractability and its prevalence in thermal
and electromagnetic fluctuations.

2.4.1 Example of Gaussian process

Ornstein Uhlenbeck (OU) process

OU process is a widely used example for Gaussian process with finite cor-
relation time. In quantum physics it is particularly relevant for describing
realistic noise sources. It is a stationary, Gaussian, and Markovian process
that obeys the following stochastic differential equation [31]

dx̃(t) = k(−x(t) + µ)dt +
√

DdW(t), (2.38)
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where k = 1
τc

is the inverse of correlation time τc, µ is stationary mean,
and D = 2kσ2 is known as the diffusion coefficient (σ is the standard
deviation of the probability distribution of the OU process x(t)), and W(t)
represents the Wiener process. By solving the above eq. (2.38) using an
integrating factor e

∫︁
kdt, we can derive the solution,

x̃(t) = x̃(0)e−kt + µ(1 − e−kt) +
√

D
∫︂ t

0
e−K(t−t′)dW(t′). (2.39)

Figure 2.1: Example of a single trajectory of OU process with parameters
k = 1, µ = 0, σ2 = 10.

Now it is easy to obtain the average, variance and correlation function
of the OU process.

1. Mean:
⟨x̃(t)⟩ = ⟨x̃(0)⟩ e−kt + µ(1 − e−kt). (2.40)

2. Variance :
Var[x̃(t)] =

⟨︂
(x̃(t)− ⟨x̃(t)⟩)2

⟩︂
(2.41)

We substitute the expression of x(t) and ⟨x(t)⟩ in the above equa-
tion. Using the approximation dW(t′) ≈ dt′ and considering ⟨dW(t′)⟩ =
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0, the obtained expression of variance is

Var[x̃(t)] =
(︃

Var[x̃(0)]− D
2k

)︃
e−2kt +

D
2k

(2.42)

At stationary state t → ∞, ⟨x̃(t)⟩ = µ and Var[x̃(t)] = D
2k .

3. Covariance : From the definition of the covariance for a random
process as given in equation 2.23, it can be shown for an Ornstein-
Uhlenbeck (OU) process that

C(t, t′) =
⟨︁
(x̃(t)− ⟨x̃(t)⟩)

(︁
x̃(t′)−

⟨︁
x̃(t′)

⟩︁)︁⟩︁
=

[︃
Var[x̃(0)]− D

2k

]︃
e−k(t+t′) +

D
2k

e−k|t−t′| (2.43)

When the mean is zero, the covariance is equivalent to the autocorrela-
tion function, given by C(t1, t2) = ⟨x̃(t)x̃(t′)⟩ = D

2k e−k|t−t′| (considering
stationary state i.e. t → ∞). The power spectrum of the OU process can
be calculated by the Fourier transform of the autocorrelation function

SOU(ω) =
D

(k2 + ω2)
, (2.44)

which is a Lorentzian function.

2.5 Non-Gaussian process

Unlike Gaussian processes, non-Gaussian processes cannot be fully char-
acterized by their mean and covariance alone. Instead, all the higher-
order moments are required for an exact description. In quantum physics,
specially in superconducting qubits and quantum dots it is common to
characterize the environment with non-Gaussian processes. A non-Gaussian
environment is sometimes approximated as Gaussian for analytical or
computational simplifications, such an approximation often breaks down
in scenarios where a quantum system is strongly coupled to discrete fre-
quency modes or an environment comprising bistable fluctuators that
shows 1

f type behaviour [23]. These cases introduce memory effects and
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non-trivial correlations that cannot be captured by Gaussian assump-
tions [28, 36]. Moreover, the power spectrum alone does not provide
a complete characterization of environmental noise. Different stochastic
processes can share the same power spectrum while inducing different
effects on system dynamics due to variations in their higher-order statis-
tical properties, such as non-Gaussian correlations and memory effects.
Consequently, a detailed description of the underlying stochastic process
is crucial for accurately modeling noise-induced decoherence and relax-
ation. A more comprehensive understanding of these processes enables
precise control and mitigation strategies, which are essential for improv-
ing the coherence and performance of quantum devices. A widely stud-
ied model for generating non-Gaussian noise involves bistable fluctuators
that switch randomly between two discrete levels. The behavior of an in-
dividual bistable fluctuator, also known as a two-level system (TLS), can
be effectively described by a random telegraph process (RTP). Under cer-
tain coupling regimes, the collective effect of multiple bistable fluctuators
gives rise to 1/ f noise, which is another well-known example of non-
Gaussian noise. In the following section, we will further elaborate on the
RTP.

2.5.1 Example of non Gaussian process

Random telegraph process (RTP)

A RTP is a Markov process in which the random variable x̃(t) at each
instant of time t, toggles between two constant values, a and b, with
transition rates Γ+ (a to b) and Γ− (b to a) [31]. From the Chapman-
Kolmogorov equation 2.34, we express this as follows

p(a, t + ∆t|x, t0) = ∑
m

p(a, t + ∆t|m, t)p(m, t|x, t0)

= p(a, t + ∆t|a, t)p(a, t|x, t0) + p(a, t + ∆t|b, t)p(b, t|x, t0)

= (1 − Γ+∆t)p(a, t|x, t0) + Γ−∆tp(b, t|x, t0).
(2.45)
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The following relations have been applied in the above expression

p(b, t + ∆t|a, t) = Γ+∆t, (2.46)
p(a, t + ∆t|b, t) = Γ−∆t. (2.47)

Thus, we can formulate

lim
∆t→0

p(a, t + ∆t|x, t0)− p(a, t|x, t0)

∆t
= −Γ+p(a, t|x, t0) + Γ−p(b, t|x, t0)

⇒ ṗ(a, t|x, t0) = −Γ+p(a, t|x, t0) + Γ−p(b, t|x, t0).
(2.48)

Similarly, it is possible to show that

ṗ(b, t|x, t0) = Γ+p(a, t|x, t0)− Γ−p(b, t|x, t0). (2.49)

Eq. 2.48 and 2.49 are the master equations for RTP. The two coupled dif-
ferential equations can be solved using the initial conditions p(a, t|x, t0)−
p(b, t|x, t0) = δp(t0) and p(a, t|x, t0) + p(b, t|x, t0) = 1 which give the fol-
lowing solutions

p(a, t|x, t0) =
Γ−

Γ+ + Γ− +

[︃
δp(t0)−

Γ− − Γ+

Γ+ + Γ−

]︃
e−(Γ++Γ−)(t−t0)

2
, (2.50)

p(b, t|x, t0) =
Γ+

Γ+ + Γ− −
[︃

δp(t0)−
Γ− − Γ+

Γ+ + Γ−

]︃
e−(Γ++Γ−)(t−t0)

2
. (2.51)

It is now straightforward to calculate the following properties of the
random variable x̃(t).

1. Mean:

⟨x̃(t)|x0, t0⟩ = ∑
x={a,b}

xp(x, t|x0, t0)

=
aΓ− + bΓ+

Γ+ + Γ− + (a − b)
[︃

δp(t0)−
Γ− − Γ+

Γ+ + Γ−

]︃
e−(Γ++Γ−)(t−t0)

2
.

(2.52)

At stationary sate i.e. for t0 → −∞,

⟨x̃(t)⟩ = aΓ− + bΓ+

Γ+ + Γ− . (2.53)
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Figure 2.2: Example of a single trajectory of RTP with parameters Γ+ =
Γ− = 10.

2. Variance:

Var[x̃(t)] =
⟨︂
(x̃(t)− ⟨x̃(t)⟩)2

⟩︂
= ∑

x={a,b}
x2p(x, t|x0, t0)−

⎛⎝ ∑
x={a,b}

xp(x, t|x0, t0)

⎞⎠2

≈ (a − b)2Γ+Γ−

(Γ+ + Γ−)2 (at stationary state).

(2.54)

3. Auto covariance:

C(t, t′) =
⟨︁
(x̃(t)− ⟨x̃(t)⟩)

(︁
x̃(t′)−

⟨︁
x̃(t′)

⟩︁)︁⟩︁
= ∑

x,x′
xx′p(x, t; x′, t′)− ∑

x={a,b}
xp(x, t|x0, t0) ∑

x′={a,b}
x′p(x′, t′|x0, t0)

= ∑
x,x′

xx′p(x, t|x′, t′)p(x′, t′)− ∑
x={a,b}

xp(x, t|x0, t0) ∑
x′={a,b}

x′p(x′, t′|x0, t0)

≈ (a − b)2Γ+Γ−

(Γ+ + Γ−)2 e−(Γ++Γ−)|t−t′| (at stationary state).

(2.55)
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2.6 Decoherence

In practice, no quantum system is truly closed or completely isolated
from its external environment; there is always some degree of unavoid-
able coupling. This interaction leads to correlations between the system
and its environment, causing the environment to retain information about
the system’s state [37]. When the environmental degrees of freedom are
traced out, certain states within the system’s Hilbert space remain stable,
while superpositions of these states gradually degrade over time. This
loss of quantum coherence due to environmental influence is known as
decoherence.

Decoherence poses a fundamental challenge to the principle of super-
position, a cornerstone of quantum mechanics. Consequently, it presents
significant obstacles to quantum information processing, quantum com-
munication, and quantum sensing, where the superposition principle
serves as a crucial foundation [25].

For an open quantum system, the system (S) and the environment (E)
are typically modeled as components of a bipartite system (S + E), where
the composite Hilbert space is given by the tensor product H = HS ⊗HE.
The system and environment are described by their respective density
matrices, ρS ∈ HS and ρE ∈ HE. In most cases, we are not interested in
the detailed dynamics of the environment but rather in its influence on
the system. This influence is captured by computing the reduced density
matrix of the system, obtained by tracing out the environmental degrees
of freedom. The corresponding equation of motion for the system is given
by

ρ̇S(t) = −i TrE
[︁
HSE(t), ρSE(t)

]︁
, (2.56)

where ρSE(t) is the density matrix of the total system and HSE(t) is the
total Hamiltonian. Although the total system S + E evolves unitarily ac-
cording to the Von Neumann equation (2.56) (also known as exact master
equation), it is of not much use. This is because it requires solving a very
large total system and the state ρES(t) is often unknown due to the lack
of knowledge of the environment. To overcome this problem, we seek
an effective description of the system dynamics in terms of a quantum
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dynamical map that governs the evolution of the system alone

ρS(t) = TrE[ρSE(t)] = TrE

[︂
U(t)ρSE(0)U†(t)

]︂
= V(t)ρS(0), (2.57)

where U(t) = T e−i
∫︁ t

0 H(s)ds is the unitary time evolution operator for the
full system, with T denoting time ordering and V(t) is an operator that
maps ρS(0) → ρS(t) and is called quantum dynamical map (or quantum map
or dynamical map). The map must follow certain conditions to represent
a valid dynamics, such as it must be convex-linear, completely positive (CP)
and trace preserving (TP) quantum operation [37, 38]:

• Convex-linear: V(t)
[︁

∑i piρS,i(0)
]︁
= ∑i piV(t)ρS,i(0) where ρS,i(0) ∈

HS and ∑i pi = 1.

• Completely positive: This implies that the map not only maps a pos-
itive semi-definite operator to another positive semi-definite oper-
ator (positivity), V(t)ρS(0) ≥ 0; but also maintains its positivity
when extended to a larger Hilbert space i.e. V(t)⊗ Iext > 0.

• Trace preserving: TrS[V(t)ρS(0)] = TrS[ρS(0)] = 1, ensure the state is
a legitimate, normalized density matrix.

A quantum map with all the above properties can be obtained starting
from equation (2.57). A way of constructing the map is by Kraus oper-
ator representation (also called Operator-sum representation). According to
Kraus theorem, any quantum map satisfying the above conditions can be
represented as

ρS(t) = VS(t)ρS(0)

= TrE

[︂
U(t)ρSE(0)U†(t)

]︂
= ∑

αβ

⟨ϕβ|U(t)|ϕα⟩
√︁

λαρS(0)
√︁

λα⟨ϕα|U†(t)|ϕβ⟩

= ∑
αβ

KαβρS(0)K†
αβ

(2.58)

where we have considered that initially the system and the environment is
in a factorised state ρS(0)⊗ ρE(0) and the spectral decomposition ρE(0) =
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λα|ϕα⟩⟨ϕα| holds. Here we defined the operator Kαβ =
√

λα⟨ϕβ|U(t)|ϕα⟩
which evidently satisfy the completeness relation K†

αβKαβ = I. The Kraus
representation is not unique [25].

In this approach we need to first compute the time evolution of the
total system ρSE(t) before we can trace over the environment which is
often a difficult task. To overcome this difficulty some approximations
or assumptions are often taken on the map, which allows us to compute
approximated evolution of the system even when the global evolution is
not possible to calculate. For example, to derive a more tractable form of
the master equation one often take the following approximations

1. Born Approximation: Assumes weak coupling between the system
and the environment, allowing the total density matrix to be ap-
proximated as a product state at all times:

ρSE(t) ≈ ρS(t)⊗ ρE. (2.59)

This approximation neglects correlations between the system and
environment during their interaction.

2. Markov Approximation: Assumes that environmental correlations
decay rapidly compared to the system’s dynamics, leading to mem-
oryless behavior. This allows us to approximate the system’s future
evolution as depending only on its current state, not its history.

With these assumptions the map can be expressed as

V(t) = exp(Lt), (2.60)

which immediately allows us to write a first-order differential equation
of the following form, referred to as quantum Markovian master equation or
Lindblad maser equation

ρ̇S(t) = LρS(t) = −i[H(t), ρS(t)] +D[ρS(t)], (2.61)

where L is called Liouville super operator. The first term of the above
equation describes the unitary evolution while the second term describes
the decoherence and dissipation. The most general form of the dissipator
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D for a Markovian master equation that preserves complete positivity
and trace is

D[ρS(t)] = ∑
k

γk

(︃
LkρS(t)L†

k −
1
2
{L†

k Lk, ρS(t)}
)︃

, (2.62)

where Lk are the Lindblad or jump operators, γk are the non-negative
quantities having the dimension of inverse of time and {., .} is the anti-
commutator. In our work we will treat the environment classically. In
some cases we can consider the Markovian nature of the environment
while in other cases when this is not true, we will use the general ap-
proach 2.57. But for classical environment the partial trace over the envi-
ronment is replaced by averaging over the stochastic process describing
the environment.

2.6.1 Interaction with classical noise

In many physically relevant scenarios, the environment influencing the
quantum system can be effectively modeled as a classical stochastic field [20,
22, 23, 26]. In such cases, rather than considering a full quantum treat-
ment of the environment, we describe its effect through a random process
that modulates the system’s Hamiltonian. This approach is particularly
useful when the environment is too complex to model microscopically,
or when it exhibits classical-like behavior due to decoherence or macro-
scopic degrees of freedom.

In this section, we focus on a paradigmatic example of a quantum
system (a qubit) interacting with a classical environment. The environ-
mental effect can be represented by a stochastic process x̃(t) 2.2. The total
Hamiltonian can be written as

H(t) = HS + HI [x̃(t)] = −ω

2
σz −

v
2

x̃(t)σ. (2.63)

where HS is the qubit Hamiltonian and the coupling of the environment
is encoded in the interaction Hamiltonian HI , which is the functional of
the stochastic process, ω is the energy difference between the two levels
of the qubit and v is the interaction strength of the noise with the qubit.
σz is the Pauli z matrix, the choice of the z axis is arbitrary. For a given
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realization of the stochastic process, the time evolution of the total system
within [0, t] can be described with the unitary operator as a solution to
the Schrödinger equation.

U (t) = T e−i
∫︁ t

0 H(s)ds, (2.64)

where T is the time ordering operator. To obtain the dynamical map for
classical environments, in eq. (2.57) the trace over the environment has
to be replaced by average over all possible realizations of the stochastic
process. The resulting map is thus

V(t)ρ(0) =
⟨︂
U (t)ρ(0)U †(t)

⟩︂
, (2.65)

which is a CPTP map. Generally, obtaining an analytical solution for the
map poses challenges since the Hamiltonian specified in eq. (2.63) does
not commute with itself at different time instances due to the algebra of
the Pauli matrices and time dependence of HI(t). The analytical solution
is possible to obtain only in some special cases. For simplicity we will
consider the case of pure dephasing which is most relevant to our work.

Pure dephasing

Pure dephasing refers to a type of decoherence where a quantum system
loses phase coherence without any energy exchange with its environ-
ment. This means that while the off-diagonal elements of the system’s
density matrix decay over time, the populations (diagonal elements) re-
main unchanged. Consider the following Hamiltonian

H(t) = HS + HI [x̃(t)] = −ω

2
σz −

v
2

x̃(t)σz, (2.66)

here the noise x̃(t) acts parallelly to the qubit altering its energy ω and
thus referred as longitudinal noise. In this case, [σz, HS] = 0 ensuring pure
dephasing dynamics. Here the Hamiltonian commutes with itself at each
instance of time, thus the unitary operator describing its dynamics can be
written as

U (t) = e−i
∫︁ t

0 H(s)ds = e
i
2 (ωt+vφ(t))σz , (2.67)
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where φ(t) =
∫︁ t

0 x̃(s)ds is the noise phase. Consequently we can write
the qubit evolution following eq. (2.65)

ρS(t) =

⎡⎣ ρ00(0) ρ01(0)eiωt
⟨︂

eivφ(t)
⟩︂

ρ10(0)e−iωt
⟨︂

e−ivφ(t)
⟩︂

ρ11(0)

⎤⎦ . (2.68)

If we move to the interaction picture with respect to the qubit Hamilto-
nian HS, i.e. performing ei

∫︁ t
0 HSdt′ρs(t)e−i

∫︁ t
0 HSdt′ we get rid of the expo-

nential containing the qubit energy, resulting in

ρI
S(t) =

⎡⎣ ρ00(0) ρ01(0)
⟨︂

eivφ(t)
⟩︂

ρ10(0)
⟨︂

e−ivφ(t)
⟩︂

ρ11(0)

⎤⎦ , (2.69)

where ρI
S(t) is the density matrix in the interaction picture.

For Gaussian noise, the averaging over the stochastic process appear-
ing in the coherence terms in eq. (2.69) can be calculated easily using
properties of Gaussian process 2.4. Since the noise phase φ(t) is itself a
Gaussian random variable with distribution

p(φ(t)) =
1√︁

2π ⟨φ2(t)⟩
e
− (φ(t)−µ)2

2⟨φ2(t)⟩ , (2.70)

we obtain from eq. (2.12), with mean µ = 0 and u = −v⟨︂
eivφ(t)

⟩︂
=
∫︂ ∞

−∞
eivφ(t)p(φ(t))dφ(t) = e−

1
2 v2⟨φ2(t)⟩, (2.71)

where
⟨︁

φ2(t)
⟩︁
=
∫︁ t

t0

∫︁ t
t0
⟨x(s)x(s′)⟩ dsds′.

For non Gaussian noise, the distribution of the noise phase φ(t) cannot
simply be described by Gaussian distribution. Since we primarily focus
on RTN, its probability distribution and characteristic function, as derived
in [39, 40], are given as follows

p(φ, t) =
1
2

e−Γ0t [δ(φ + vt) + δ(φ − vt)]

+
Γ0

2v
e−Γ0t [Θ(φ + vt)− Θ(φ − vt)]

×
⎡⎣I1

(︂
Γ0t
√︁

1 − (φ/vt)2
)︂

√︁
1 − (φ/vt)2

+ I0

(︃
Γ0t
√︂

1 − (φ/vt)2
)︃⎤⎦ , (2.72)
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where Γ0 is the switching rate of the RTP, δ(.) is delta function, I(.) is the
modified Bessel function and Θ(.) is the Heaviside step function

Θ(x) =

{︄
1, x > 0
0, x < 0

(2.73)

The characteristic function is therefore⟨︂
eivφ(t)

⟩︂
=
∫︂

p(φ, t)eivφ(t)dφ = e−Γ0t
[︃

cosh (ZΓ0t) +
1
Z

sinh (ZΓ0t)
]︃

,

(2.74)
where Z =

√︂
1 − v2

(Γ0)2 . When Γ0 > v, i.e. in weak coupling regime,
the function is monotonically decreasing in time whereas, in the opposite
case, i.e. in strong coupling regime Γ0 < v the characteristic function
has oscillating behaviour. The above solution is valid when the switching
rates are the same (Γ+ = Γ− = Γ0) and the initial population difference
(δp0) between the two levels of the TLS is zero. A more general expression
of the solution is given in [41]⟨︂

eivφ(t)
⟩︂
= Ae−Γ(1−α)t/2 + (1 − A)e−Γ(1+α)t/2. (2.75)

where the variables of the equation are α =
√︂

1 − g2 − 2igδ̄p, A = (1 +

α − iδp0g)/(2α), g = 2v/Γ, Γ = Γ+ + Γ−, δ̄p = (Γ− − Γ+)/Γ, and δp0 =
ρ00(0) − ρ11(0). Here δp0 represent the initial difference in populations
and δ̄p the stationary one.



Chapter 3
Machine learning

Machine learning (ML) is a discipline where computers extract patterns
or knowledge from data without being directly instructed [42, 43]. It is
a branch of artificial intelligence that only focuses on some fundamental
aspects of intelligence, such as memory, adaptability, and generalization.
It is a great tool specifically for problems that require a long list of con-
ditions or rules, huge data set, fluctuating environment and where the
traditional analytical input-output relationship is unknown. Depending
on the problem and available data, ML can be categorized broadly in the
following classes [44]

1. Supervised learning: Here, the goal is to train a model from labeled
training data that can make accurate predictions on unseen inputs.
"Supervised" indicates that each training example comes with a
known output (label). The labeled data is used to train a model,
which can then predict outcomes for new, unlabeled inputs. In this
thesis we primarily focus on supervised learning, as it forms the
core of the ML methods applied in our work. A more detailed de-
scription is provided later.

2. Unsupervised learning: Unlike supervised learning, the algorithm an-
alyzes unlabeled data to discover hidden patterns or intrinsic struc-
tures without relying on predefined output labels. This approach
allows the model to learn directly from the data distribution, which

41
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eliminates the need for costly and time-consuming human annota-
tion. Typical tasks in unsupervised learning include clustering data
points into meaningful groups, identifying lower-dimensional man-
ifolds where data lies, learning generative models to sample from
complex distributions, and denoising corrupted data. Some widely
used unsupervised learning algorithms are:

• K-Means Clustering

• DBSCAN

• Principal Component Analysis (PCA)

• t-Distributed Stochastic Neighbor Embedding (t-SNE)

• Apriori

• Eclat

Unsupervised learning is particularly useful for exploratory data
analysis and feature learning when labeled data is scarce or un-
available.

3. Reinforcement learning (RL): It is a type of ML where an agent learns
to make decisions by interacting with an environment. Instead of
learning from labeled data, the agent receives feedback in the form
of rewards or penalties based on its actions. The goal is to learn
a policy that maximizes the cumulative reward over time. RL is
widely used in robotics, game playing, and autonomous systems
where trial-and-error and sequential decision making are essential.

3.1 Supervised learning

Our discussion of this section is primarily based on the reference [45]. In
supervised learning, an algorithm is trained on a dataset {(xi, ŷi)}i=1,...,N,
known as the training set, where each instance xi (input) is associated with
a corresponding correct response ŷi (label). The goal of the algorithm is
to learn a mapping from inputs to outputs such that it can generalize
to unseen data of the same type. Each xi in the set of N instances is
a D-dimensional vector, referred to as a feature vector. The components
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of this vector, denoted as xij, where j = 1, . . . , D, represent distinct fea-
tures that characterize the given instance. For example, in the estimation
of an apartment’s price, xi1 may represent the number of rooms, xi2 the
location, and so on. These features serve as the input variables based
on which the model makes predictions. Supervised learning problems
can be broadly categorized into two types: classification and regression. A
typical example of classification is email filtering, where an email is clas-
sified as either ‘spam’ or ‘not spam’. In contrast, if the goal is to predict a
continuous numerical value, such as the price of an apartment based on
features like location, number of rooms, and area, the problem falls under
regression. Thus, in a classification task, the labels ŷi characterize a set of
categories or a finite number of classes {1, . . . , C}, whereas in regression,
they take real values. Several key supervised learning algorithms exist,
including

• k-Nearest Neighbors

• Linear Regression

• Logistic Regression

• Support Vector Machines (SVMs)

• Decision Trees and Random Forests

• Neural Networks (NNs).

In this discussion, our primary focus will be on NN-based algorithms.

3.2 Neural Networks (NNs)

Over the past decade, Neural Networks (NNs) have gained immense im-
portance in science and technology [46–48]. In physics, they are exten-
sively used for Hamiltonian construction and wave function prediction
in quantum systems, controlling quantum systems, predicting material
properties, classifying phases of matter, interpreting astronomical images,
and much more. Neural Networks (NNs) are best understood as flexible
function approximators [49], capable of learning complex mappings from
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inputs to outputs based on training data. In supervised learning, the goal
is to approximate an unknown function f that relates an input x to an
output y = f (x). Thus, we can approximate the unknown function f
with a neural network as

y = f (x) ≈ NN(x, θ), (3.1)

where θ are parameters. In many problems, we are given a dataset where
each data sample consists of an input-output pair (xi, yi). The goal is
that the NN approximates f as accurately as possible by optimizing the
parameters θ = (θ1, θ2, . . . ), thus "learning" the underlying input-output
relationship. In principle, the approximation of f (x) can be constructed
in an arbitrary manner and it does not need to be a NN, but the desired
representation should satisfy the following properties: (i) Scalability: The
structure should be easily extendable to accommodate more parameters
and handle higher-dimensional inputs and outputs. (ii) Efficiency: Not
only should the approximation be computationally feasible to evaluate,
but also its derivatives with respect to the model parameters should be
efficiently computable, as required for training. NNs satisfy both of these
conditions due to their characteristic structure. From now on we will call
NNs and Multi-layer Perceptrons MLP in a synonymous way.

An MLP consists of three primary parts: the input layer, the hidden
layer(s), and the output layer. Each layer is composed of neurons, which
are the fundamental units of a neural network. In a fully connected neural
network, each neuron in a layer receives an input from each neuron of the
preceding layer and calculates a real-valued output which is passed on to
the next layer.

To illustrate the concept, consider a MLP consisting of L + 1 layers (as
depicted in Fig. 3.1), with the input layer identified by the index l = 0
and the output layer by the index l = L. The value of the D(l) neurons in
layer l are calculated from the values of the D(l−1) neurons in layer l − 1,
with

y(l) = f (l)(z(l)), (3.2a)

where f (l) is a nonlinear function called the activation function, and

z(l) = w(l)y(l−1) + b(l). (3.2b)
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y(l)2

y(l)3

y(l)
D(l)

y1

y2

yD(L)
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Figure 3.1: Schematic representation of a Multi Layer Perceptron (MLP)
with L− 1 hidden layers. (x1, x2, . . . , xD(0)) are the inputs to the MLP, w(l)

are the weights connecting layer l − 1 with layer l and (y1, y2, . . . , yD(L))
are the outputs. Details on its working are given in the text.

Here w(l) ∈ RD(l)×D(l−1)
is the weight matrix, b(l) ∈ RD(l)

is called the bias
vector and y(l−1) ∈ RD(l−1)

are the values of the neurons in layer l − 1.
Some well known activation functions are

(i) ‘Sigmoid’, a smoothened step like function

f (x) =
1

1 + e−x . (3.3)

(ii) ‘ReLU’ (Rectified Linear Unit), a piecewise linear function, defined
as

f (x) =

{︄
0, for x = 0,
x, for x > 0.

(3.4)

(iii) ‘Leaky ReLU’ (Leaky Rectified Linear Unit) is a commonly used
activation function in neural networks that addresses the "dying
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ReLU" problem, where neurons can become inactive and always
output zero. Unlike the standard ReLU, LeakyReLU allows a small,
non-zero gradient when the input is negative, which helps keep the
network learning.

f (x) =

{︄
x, for x ≥ 0,
αx, for x < 0.

(3.5)

Here, α is a small positive constant (typically α ≈ 0.01).

(iv) ‘Softmax’, converts a vector M real numbers into probability dis-
tribution of M possible outcomes, ensuring that the output val-
ues are non-negative and sum to 1. Given an input vector x =
{x1, x2, . . . , xM} the softmax function defined as

f (xm) =
xm

∑M
n=1 xn

for n = 1, . . . , M. (3.6)

The values of the input layer l = 0 are set to be the input feature vector
y(0) = x, while the values of the output layer y(L) is the output that the
model associates to the given input: it is called predicted output and we
indicate it simply as y = y(L). The weight matrices, together with the
biases and the activation functions, govern the collective influence of the
neurons from one layer to the next.

The training process consists in finding weights W = {w(l)}l=1,2,...,L
and biases B = {b(l)}l=1,2,...,L such that the model predicts the correct
output given an input, and is able to generalize to unseen inputs. This
is done by minimizing a cost function C({yi, ŷi}i|W , B) which measures
the average distance (‘error’) between the NN predicted output yi and the
target output ŷi. For a simplest case, we can consider quadratic deviation
between network’s output and true output

C({yi, ŷi}i|W , B) =
1
N ∑

i
(yi − ŷi)

2 . (3.7)

The minimization of the cost function is typically carried out using gra-
dient descent or one of its variants such as stochastic gradient descent
(SGD), Adam, or RMSprop. These optimization algorithms update the
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network parameters W and B, iteratively in the direction that reduces
the cost function the most, i.e., along the negative gradient of the cost
function. For l-th layer the update rule can be illustrated as

w(l)
new = w(l) − λ

∂C
∂w(l)

, (3.8)

b(l)
new = b(l) − λ

∂C
∂b(l)

. (3.9)

where λ is the learning rate, a hyperparameter controlling the step size of
the update. Notice that, these algorithms require computing gradients of
the cost function with respect to all the weights and biases in the network.
An efficient way of doing it is using the backpropagation algorithm, which
computes these gradients using chain rule to propagate error derivatives
backward through the layers of the network. This process has two main
steps:

1. Forward pass:

• Initialization: Once the cost function is chosen, the model train-
ing begins with randomly initializing the weights and biases of
the network.

• Compute the output: The next step is for a given input vec-
tor xi, to calculate the activations of each layer sequentially as
per eq. (3.2b) and eq. (3.2a). Eventually we calculate the cost
function at the output layer L according to eq. (3.7).

2. Backward pass :

• Next, we compute the gradient of the cost function with respect
to all the weights and biases starting in the final layer L.

∂C ({yi, ŷi}i|W , B)

∂w(L)
kr

=
2
N ∑

i
∑

j

(︁
yij − ŷij

)︁ ∂yij

∂w(L)
kr

(3.10)

where, yij is the j-th element of the vector y(L)
i representing the

label of i -th sample. Now, to compute the partial derivative
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w.r.t the network parameters, we apply the chain rule.

∂yij

∂w(L)
kr

= f ′(L)
(︂

z(L)
ij

)︂ ∂z(L)
ij

∂w(L)
kr

= f ′(L)
(︂

z(L)
ij

)︂
y(L−1)

ir δjk,

(3.11)

where δ is the Kronecker delta. Similarly,

∂yij

∂b(L)
= f ′(L)

(︂
z(L)

ij

)︂ ∂z(L)
ij

∂b(L)

= f ′(L)
(︂

z(L)
ij

)︂
.

(3.12)

• Recursively compute gradients for each layer’s (l) weights w(l)
k

and biases b(l)k by applying the chain rule backwards through
the network and store them.

Finally, the network parameters are updated following eq. (3.8) and (3.9).
By iteratively performing these steps over many data samples (or batches),
the model learns to approximate the desired function f (x) and generalize
to unseen data.

There are also other kind of cost functions that are commonly used in
ML depending on the nature of the learning task. For classification prob-
lems especially when the output represents probabilities over multiple
classes—a widely used choice is the categorical cross-entropy cost function.
If the true output ŷi and the predicted output yi are probability distri-
butions over M classes (i.e., ∑M

m=1 ŷi,m = 1 and ∑M
m=1 yi,m = 1), the cost

function is given by

CCE ({yi, ŷi}i|W , B) = − 1
N ∑

i

M

∑
m=1

ŷi,m log yi,m, (3.13)

where yi,m denotes the predicted probability for class m and ŷi,m is 1 if
sample i belongs to class m, and 0 otherwise (one-hot encoded labels). For
binary classification problems, where the output is a single probability
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yi ∈ [0, 1] representing the likelihood of class 1, the appropriate loss is the
binary cross-entropy

CBCE({yi, ŷi}i|W , B) = − 1
N ∑

i
[ŷi log yi + (1 − ŷi) log(1 − yi)] . (3.14)
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Chapter 4
Noise classification in three-level
quantum networks by Machine
Learning

4.1 Introduction

Nowadays, quantum systems can be controlled with impressive accu-
racy [50] to perform new tasks by exploiting their coherence properties,
such as superposition and entanglement [51]. However, quantum behav-
ior fades away because of environmental noise that leads to a loss of
accuracy of quantum operations and decoherence [52]. The development
of strategies to counteract these effects is therefore of crucial importance
for progress in quantum technology. In this context, machine learning
(ML) is proving to be an innovative and powerful diagnostic tool [49, 53,
54]. ML-based approaches have been applied to various quantum control
protocols [55–58], to quantum state tomography [59–61], to characterize
quantum systems [22, 62, 63], to simulate open quantum systems [22, 59,
64, 65], to study non-Markovian dynamics [66, 67] and, in a similar spirit
similar to this work, to characterize system-environment interactions [21,
68] and perform noise spectroscopy [69–71].

The mitigation of decoherence effects is necessary to achieve quan-
tum advantage. Over the last two decades, several strategies have been

51
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developed for both for quantum computation and quantum control in
the broader sense. Strategies for error avoidance (or passive stabiliza-
tion) consist of storing and processing information in suitably designed
subspaces of the Hilbert space which are protected from the interaction
with the environment [23, 72]. Examples of active stabilization strategies
include Quantum Error Correction which relies on encoding nonlocal in-
formation [73, 74], and Dynamical decoupling [75–78], which consists in
the repeated application of pulsed or switched control, which has been
used in solid-state coherent nanoscience to counteract 1/ f noise [23, 79–
81]. Specific strategies rely on the availability of information about the
environment, the characterization of which is therefore a very important
step in the development of optimized systems and protocols. For sin-
gle qubits, this programme has been successfully carried out in various
platforms, such as trapped ions [82], photonic qubits [83, 84], nuclear
magnetic resonance [85], and nitrogen vacancy centres in diamond [86].
Superconducting systems are an outstanding example in this context [87]
whose decoherence times have improved from a few nanoseconds to mil-
liseconds in 15 years [88].

In contrast, the characterization of more complex systems such as mul-
tilevel nodes and multi-qubit architectures is still a challenge. In particu-
lar, the need to characterize correlations between noises affecting different
transitions [19] or different nodes of the quantum architecture [89] is an
emerging issue. A strong motivation of principle is that spatially cor-
related noise between physical qubits can disrupt one of the pillars of
digital quantum computation, namely error correction in logical qubits,
apart from the fact that correlated errors are indeed observed in noisy
intermediate-scale quantum structures [27]. The effects of spatially corre-
lated low-frequency noise between two quantum devices have been ob-
served for several decades [90] and their impact on decoherence has been
studied [89] since the first superconducting two-qubit gates were demon-
strated. Recently, low-frequency noise correlations between qubit pairs
have been characterized by direct measurement of the noise power spec-
tra [91–93]. However, the complete characterization of the noise acting
on a controllable quantum system is a difficult task that requires rapidly
increasing resources with the upscaling of the systems. In this work, we
attempt to take a different route, which is to capture coarse-grained infor-
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mation starting from the categorization into classes of the multivariable
noise acting on a quantum architecture. Our main focus is to find an
ML-based method that recognizes the presence of noise correlations. We
will see that this possibility is intimately related to the (non-)Markovian
character of the dynamics. Correlations be further characterized in a sec-
ond stage using, among others, dynamical decoupling techniques [78]
useful in the investigation of the effect that non-Markovianity has in the
emergence of many-body phenomena [94, 95].

For simplicity, we illustrate our ML method for identifying correla-
tions in the paradigmatic case of a three-level network affected by diag-
onal classical noise. Physically, the model describes a three-site quan-
tum network of single-level quantum dots with tunable tunneling ampli-
tudes [96]. The same model describes a qutrit driven by two alternating
classical electromagnetic fields. In the former case, we use a control pro-
tocol leading to coherent tunneling by adiabatic passage (CTAP) [97, 98],
commonly used for population transfer, as a tool to classify noise. We use
supervised learning to identify five classes of noise:

(1) Non-Markovian correlated noise;

(2) Non-Markovian anti-correlated noise;

(3) Non-Markovian uncorrelated noise;

(4a) Markovian correlated noise;

(4b) Markovian anti-correlated noise.

We show that by measuring the efficiency of CTAP under three different
combinations of pulse amplitudes, we can train a neural network to clas-
sify noise belonging to four of the five classes mentioned above. In partic-
ular, our model can accurately classify noise belonging to the first three
classes and Markovian noise (classes 4a and 4b together), while it cannot
distinguish between correlated and anti-correlated Markovian noise. Re-
ferring to real experiments, we analyze in detail how this information can
be extracted from a finite number of projective measurements.

The chapter is structured as follows: in Sec. 4.2 we define the models
of system and noise that we deal with in our study. In Sec. 4.3 we present
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the CTAP protocol and the figures of merit that we use in the training
phase. In Sec. 4.4 we give a brief overview of supervised learning and
neural networks (NN) [42, 45, 49, 99] and describe how we classify among
the noises introduced in Sec. 4.2. Section 4.5 presents the results of the
classification for a finite number of samples and imperfect measurements.
The possible physical implementations are discussed in Sec. 4.6 together
with a physical interpretation of the results. The conclusions are drawn
in Sec. 4.7.

4.2 Noisy three-level system

To fix the ideas we consider a system of three single-level quantum nodes
with eigenbasis {|i⟩, i = 0, 1, 2} and on-site energies ϵi. This model may
describe a system of three quantum dots with an electron tunneling be-
tween them [97]. The tunneling rates between the first and the second dot,
Ωp(t), and between the second and the third dot, Ωs(t), can be controlled
by time-dependent external gates. The same model describes a three-level
atom driven by two external fields in a multiple rotating frame [100].

The Hamiltonian of the system is Hsys(t) = H0 + Hc(t), where H0 and
Hc(t) are the free energy and the control term, respectively (throughout
the manuscript we use units such that h̄ = 1), reading

H0 = δp|1⟩⟨1|+ δ|2⟩⟨2|, (4.1a)

Hc(t) =
Ωp(t)

2
(|0⟩⟨1|+ |1⟩⟨0|) + Ωs(t)

2
(|1⟩⟨2|+ |2⟩⟨1|) , (4.1b)

where, in the language of the three-dot network, we defined the detunings
δp = ϵ1 − ϵ0 and δ = ϵ2 − ϵ0.

We consider diagonal noise, i.e. noise affecting the energy levels of
the three dots, which may arise from charge noise, for instance [92]. We
model it as the following classical stochastic process (see Sec. 2.1 and
Sec. 2.2) added to the diagonal entries of the Hamiltonian

Hnoise(t) = x̃1(t)|1⟩⟨1|+ x̃2(t)|2⟩⟨2|. (4.2)

Here, x̃i(t) (i = 1, 2) is a random variable [29] with normalized probability
density p(xi, t). The total Hamiltonian H(t) in the basis {|0⟩, |1⟩, |2⟩} thus
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reads

H(t) = Hsys(t) + Hnoise(t) =

⎛⎝ 0 Ωp(t)/2 0
Ωp(t)/2 δp + x̃1(t) Ωs(t)/2

0 Ωs(t)/2 δ + x̃2(t)

⎞⎠ . (4.3)

We now link the five classes of noise listed in Sec. 4.1 to the features of
the stochastic mechanism introduced here. We thus consider

• Non-Markovian types of noise: When addressing non-Markovian
noise, we will make the assumption of quasistatic processes where
the noise mechanism has a long correlation time and can thus be
considered constant over the evolution of the system. The random
variables x̃i(t) are assumed to be picked from Gaussian distribu-
tions with zero mean, thus describing the cumulative effects of in-
dependent microscopic sources. Needless to say, while x̃i(t) remains
constant throughout a single realization of the protocol, it varies be-
tween different realizations. We identify the following three classes

(1) Correlated: x2(t) = ηx1(t) with η > 0;

(2) Anti-correlated: x2(t) = ηx1(t) with η < 01;

(3) Uncorrelated: x2(t) and x1(t), are independent of each other.

• Markovian types of noise: The associated dynamics will be ruled
by zero-mean, delta-correlated stochastic processes x̃i making the
dynamics of the system dependent only on its current state rather
than its past history. We will thus set

⟨x̃i(t)⟩ = 0,
⟨︁

x̃i(t)x̃i(t′)
⟩︁
= γδ(t − t′) (4.4)

where the auto-correlation function is defined in eq. (2.22). We con-
sider the two classes

(4a) Correlated: x2(t) = ηx1(t), with η > 0;

(4b) Anti-correlated: x2(t) = ηx1(t), with η < 0.
1η < 0 leads to larger detuning than η > 0
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4.3 Dynamics

Our method is based on population transfer by CTAP and the closely re-
lated stimulated Raman adiabatic passage (STIRAP) scheme, which has
found ample use in atomic physics [100, 101]. We shortly review the
CTAP/STIRAP approaches and discuss how we solve the equations and
then calculate the classification performances in the presence of the dif-
ferent classes of noise considered.

4.3.1 CTAP/STIRAP

CTAP [97] (and its spin equivalent spin-CTAP [98]) is a protocol that ide-
ally achieves population transfer from |0⟩ to |2⟩ by adiabatically following
a “trapped state" (often referred to as a dark state) that contains no contri-
bution from the intermediate state |1⟩, which is thus never populated dur-
ing the protocol. Under ideal conditions, CTAP/STIRAP yields ∼ 100%-
efficiency population transfer with remarkable robustness against para-
metric fluctuations and state-selectivity.

For the transfer process to be successful it is essential to work at small
detuning, δ ≪ Ωp,s. In particular, at the so-called two-photon resonance
condition δ = 0, the trapped state is an instantaneous eigenstate of the
Hamiltonian Hsys(t) of the form

|ϕD(t)⟩ = cos θ(t)|0⟩ − sin θ(t)|2⟩ (4.5)

with θ(t) = tan−1 [︁Ωp(t)/Ωs(t)
]︁
. The protocol is operated in the time in-

terval [ti, tf] by applying pulses Ωp,s(t) in a counterintuitive manner [100]:
Ωs is applied before Ωp, while ensuring that the two pulses overlap in a
fraction of the duration of the sequence. In this case, the trapped state
|ϕD(t)⟩ at the initial time ti coincides with |0⟩ and at the final time tf with
the target state |2⟩. If the evolution is adiabatic and the system is prepared
in |0⟩ = |ϕD(ti)⟩, the system evolves following the trapped state |ϕD(t)⟩
throughout the evolution as prescribed by the adiabatic theorem [102,
103]. The requested adiabaticity of the process can be cast in the form of
the global adiabaticity condition [100]

Ωmax
p/s τ ≥ 10, (4.6)
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where τ is the characteristic time scale of the pulses overlap and Ωmax
p/s =

maxt Ωp/s(t).
Under two-photon resonance condition, a counterintuitive sequence

satisfying the global adiabaticity request is robust against the actual shape
of Ωp and Ωs. In fact, several pulse shapes [104] have been used in lit-
erature. In this work, we consider Gaussian pulses (see Fig. 4.1) of the
form

Ωp(t) = Ωmax
p e−( t−τ

T )2
, Ωs(t) = Ωmax

s e−( t+τ
T )2

, (4.7)

and we let the system evolve in the time interval t ∈ [−5T, 5T] with
τ = 0.7T. We point out that our aim is not achieving an efficient popula-

Figure 4.1: (a) Example of the pump Ωp(t) and Stokes Ωs(t) pulses,
Eqs. (4.7), as a function of time t. The parameters used are Ωmax

p =
Ωmax

s = 50/T, τ = 0.7T and t ∈ [−5T, 5T]. (b) Instantaneous eigen-
values for δ = 0: CTAP/STIRAP achieves 100% population transfer by
adiabatically following the trapped state |ΦD(t)⟩ (red line). (c) Instanta-
neous eigenvalues for δ ̸= 0: The trapped state is not an instantaneous
eigenstate and an adiabatic evolution produces only partial population
transfer.

tion transfer, but to exploit the sensitivity of the protocol to get informa-
tion about the noise affecting the system which deteriorates the efficiency.
More details about CTAP/STIRAP can be found in 4.B.
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4.3.2 Figures of merit

The efficiency ξ of the population transfer is defined as the population
of the target state |2⟩ at the final time tf, averaged over all the possible
realizations of the noise [105]

ξ = lim
N→∞

1
N

N

∑
r=1

|⟨2|ψ(r)(tf)⟩|2 = lim
N→∞

1
N

N

∑
r=1

ξ(r) (4.8)

with ξ(r) = |⟨2|ψ(r)(tf)⟩|2 the population of |2⟩ for a single trajectory
|ψ(r)(t)⟩ identified by an individual realization of noise, i.e. a choice of
{x(r)1 (t), x(r)2 (t)}. The index r = 1, . . . , N identifies the trajectory being
considered.

The quasistatic noise is constant during an individual trajectory thus
the index r can be unambiguously mapped to the two real values x(r)1

and x(r)2 of the random processes x̃1 and x̃2. Therefore ξ(r) = ξ(x(r)1 , x(r)2 ).
In this case, the efficiency in Eq. (4.8) is obtained by averaging over the
random processes

ξ =
∫︂

ξ(x1, x2)p(x1, x2)dx1dx2. (4.9)

If the noise is (anti-)correlated, then x(r)2 = ηx(r)1 and Eq. 4.9 simplifies to

ξ =
∫︂

ξ(x1, ηx1)p1(x1)dx1. (4.10)

For Markovian noise, the average is calculated via the density matrix ρ(t)
of the system which solves a master equation in the Lindblad form (cf. 4.A
for the derivation)

ρ̇(t) = −i[H0 + Hc(t), ρ(t)]− γ

2
(O2ρ(t) + ρ(t)O2 − 2Oρ(t)O), (4.11)

where O = |1⟩⟨1|+ η|2⟩⟨2|, and γ is the dephasing rate given by ⟨x̃1(t)x̃1(t′)⟩ =
γδ(t − t′). The efficiency is given by

ξ = ⟨2|ρ(tf)|2⟩. (4.12)
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4.4 Classification with neural networks

4.4.1 Neural Networks

Supervised learning requires a labeled dataset {(xi, ŷi)}i=1,...,N, where
each input feature vector xi is paired with a target output ŷi. To per-
form classification, we employ a feedforward neural network, specifically
a multilayer perceptron (MLP). See Sec. 3.1 and 3.2 for more details about
supervised learning and MLP.

We use a neural network consisting of two hidden layers with 128
and 100 neurons, respectively, as detailed in Table 4.1. For the hidden
layers, we employ the leaky rectified linear unit (LeakyReLU) [106] as the
activation function, defined as:

fLReLU(z) =

{︄
z if z ≥ 0,
αz if z < 0,

(4.13)

where α is set to 0.01. This activation function helps to mitigate the “dying
ReLU” problem [107], where neurons become inactive and only output
zero.

For the output layer, we use the softmax activation function to obtain
probabilities over the classes:

y = fsoftmax(z(L)) =
ez(L)

∑D(L)

k=1 ez(L)
k

, (4.14)

Layer # neurons Activation function

input 3

hidden 1 128 LeakyReLU

hidden 2 100 LeakyReLU

output 4 or 5 Softmax

Table 4.1: Structure of the neural network used for classification of the 4
or 5 classes of noise.
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where the exponentiation and division are performed element-wise. This
ensures that the output vector y sums to one, allowing interpretation
as class probabilities. We use one-hot encoding for the target outputs
ŷi, where each class is represented by a binary vector with a single one
corresponding to the correct class.

The network is trained by minimizing the categorical cross-entropy loss
function:

C({yi, ŷi}i) = − 1
N

N

∑
i=1

D(L)

∑
j=1

ŷij ln(yij), (4.15)

where yij is the predicted probability for class j of sample i, and ŷij is the
corresponding element of the one-hot encoded target vector.

4.4.2 Data generation

In order to efficiently classify between the different noise types it is imper-
ative to identify features which are sensitive to the distinct characteristics
of the classes introduced in Sec. 4.2. To this end, we choose as features
the efficiency of the CTAP/STIRAP protocol under three different driv-
ing conditions. Notice that in this approach, in contrast to other works
where the time series of expectation values of several operators are used
as input [69, 108, 109], we only need the expectation value of the operator
|2⟩⟨2| at the final time of the evolution. This makes our method more effi-
cient and appealing for experimental applications. Referring to Eqs. (4.7)
we consider: 1. Ωmax

p = Ωmax
s , 2. Ωmax

p > Ωmax
s , 3. Ωmax

p < Ωmax
s . For each

type of noise, we solve numerically the dynamics of the system under
the three driving conditions and compute the efficiency as described in
Sec. 4.3. We denote the efficiencies as ξp=s, ξp>s, and ξp<s, for the driving
conditions (i), (ii), and (iii) respectively, and we use x = (ξp=s, ξp>s, ξp<s)
as input feature vector to the NN, see Fig. 4.2. The parameters we use
are (i) Ωmax

p = Ωmax
s = 50/T, (ii) Ωmax

p = 20
√

10/T > Ωmax
s = 10

√
10/T,

and (iii) Ωmax
p = 10

√
10/T < Ωmax

s = 20
√

10/T with evolution time
t ∈ [−5T, 5T], τ = 0.7T and σ1 ≈ 17.6/T being the standard deviation of
the Gaussian distribution p1(x1, t).

For the correlated and anti-correlated noise, data are generated by
randomly sampling the correlation parameter η in the intervals [0.1, 5]
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Figure 4.2: Schematic representation of our model. The efficiencies ob-
tained with the three driving conditions Ωmax

p = Ωmax
s , Ωmax

p > Ωmax
s ,

and Ωmax
p < Ωmax

s are given as input to the neural network. The Neu-
ral Network is composed of 2 hidden layers with 128 and 100 neurons
respectively, and activation function LeakyReLU, Eq. (4.13). The output
layer composed of 4 or 5 neurons represent the probability of assigning
each data to the relative noise class. This is achieved with the softmax
activation function, Eq. (4.14), on the output layer.

and [−5,−0.1], respectively. For each randomly selected η we calculate
three efficiencies, one for each of the pulse conditions (i), (ii), and (iii),
thus generating the input feature vector x. The efficiencies are calculated
using Eq. (4.10) for non-Markovian quasistatic noise (with p1(x1, t) being
a Gaussian distribution) and Eq. (4.12) for Markovian noise.

For uncorrelated, non-Markovian quasistatic noise, the values of x̃1
and x̃2 are independently sampled from two Gaussian probability dis-
tributions p1(x1, t) and p2(x2, t) with mean µ1 = µ2 = 0. The standard
deviation σ1 of the first distribution is kept fixed, while the standard de-
viation σ2 of the distribution p2(x2, t) is randomly sampled in the interval
[−5σ1, 5σ1]. As mentioned in Sec. 4.4.1, the classes are one-hot encoded,
thus the output of the neural network is a layer with four or five neurons.
For each noise class, we generate 500 samples such that the total data
consists of 2000 or 2500 data points {x, ŷ}. We then split the data in a
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training, validation and test set with a ratio of 0.6 : 0.2 : 0.2, respectively.
In order to evaluate the efficacy of the model we use the accuracy A

defined as the number of correct predictions divided by the number of
total predictions N

A =
1
N

N

∑
i=1

δ(arg max yi, arg max ŷi), (4.16)

where the arg max function yields the index j of the maximal component
of y and δ(·) is the Kronecker delta.

4.5 Results

The ML model and the training are performed with TensorFlow [110]
and the results are shown in Fig. 4.3. The accuracy A for the training and
validation sets is shown in Fig. 4.3(a). After training on the test set the
accuracy of the model is A ≈ 0.81 and varies within the values of approx
0.79 and 0.81 depending on the random initialization of the NN weights
and the random shuffling of the data for the splitting in the three sets.
For the same test set, we report in Fig. 4.3(b) how the value of the cost
function C changes during training. In Fig. 4.4, we show the confusion
matrix for the trained model, a tabular representation used to evaluate
the performance of a classification model. It cross-tabulates the actual
class labels with the model’s predictions, providing insight into the cor-
rect and incorrect classifications made by the model. Thus it helps to
identify which classes are not easily distinguishable from each other pos-
ing a challenge to the classification. Each row of the matrix represents
the instances of the actual classes, while each column represents the in-
stances of the predicted classes. It is apparent from Fig. 4.4(a) that classes
4a and 4b are not distinguishable from each other with the input features
of our choice and almost all the samples collapse in class 4a. We then re-
peat the same analysis considering the Markovian noise as a single class,
i.e. by grouping together correlated and anti-correlated noise and taking
η ∈ [−5, 5]. As expected, the effectiveness of the model increases reaching
an accuracy A ≈ 1 that varies between ≃ 0.97 and 1 depending on the
random initialization. The accuracy A and the value of the cost function
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Figure 4.3: (a) Accuracy, Eq. (4.16), and (b) value of the cost function,
Eq. (4.15), for the training (solid blue for four noises and solid green for
five noises) and validation (dashed orange for four noises and dashed red
for five noises) sets versus the number of epochs of training. The accuracy
on the test set is A ≈ 1 for four noise classes and A ≈ 0.81 for five noise
classes.

C during the training are shown in Fig. 4.3. The confusion matrix for
this model is reported in Fig. 4.4(b) showing that now the four classes are
clearly distinguishable with the chosen input features.

4.5.1 Results for a finite number of measurement

The analysis performed in the previous section describes the ideal physi-
cal situation that the data are obtained from an infinite number of 100%-
efficiency of projective quantum measurements. While very large effi-
ciency can be achieved by quantum non-demolition measurements [111],
in this section we analyze how the training and the accuracy of the model
are affected by the number of measurements M being finite. To this end,
we employ the same method described in Sec. 4.4.2 but compute the effi-
ciency ξM as the one resulting from a set of individual “quantum" trajec-
tories. The result of unraveling each trajectory is simulated by extracting
each time the value 1 with probability equal to the population of the tar-
get state |2⟩. The output y is produced by averaging over the M quantum
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Figure 4.4: Confusion matrix for the MLP model for the classification of
the classes of noise considered in this work. Each row of the matrix rep-
resents the instances of the true classes, while each column represents the
instances of the predicted classes. It is apparent that classes 4a and 4b, i.e.
Markovian correlated and anti-correlated, are not easily distinguishable.
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Figure 4.5: Accuracy of the classification task for four classes of noise
versus the number M of projective measurements on quantum trajecto-
ries. The shaded orange region corresponds to the accuracy obtained
with ideal measurements.
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trajectories. We produce 500 distinct datasets, each corresponding to a
different measurement count M = 10, . . . , 5000 (in steps of 10). For each
M, we train the model and evaluate its accuracy using the same method-
ology as previously described.

The results are presented in Fig. 4.5, where we report the accuracy
versus the number of measurements. As expected, the accuracy improves
for increasing M, approaching the value obtained in the ideal case, which
lies in the range A ≈ [0.97, 1].

4.6 Physical implementation and interpretation
of the results

4.6.1 Physical implementations of the model

Spatially correlated noise in solid-state quantum information processing
is a topic of current experimental investigation in superconducting [91]
and semiconducting [93] quantum devices. Charge- and spin-CTAP have
been studied extensively [98, 112] and recently a similar protocol has
been implemented in semiconducting quantum dots [113] while CTAP of
electromagnetic excitations has been proposed as the building block of
quantum operations in the ultrastrong coupling regime [114, 115] circuit-
QED architectures. In superconducting devices, STIRAP has been demon-
strated in Vee configuration [116–118] whereas the Lambda configura-
tion we study in this work could be implemented either directly [119–
121] or by a detuning-modulated protocol [122] which generalizes hyper-
STIRAP [100] and bypasses parity selection rules at noise-protected oper-
ating points.

The model of noise studied in this work accounts for the main effect
of sources inducing a fluctuating electric or magnetic polarization of the
device. In particular, noise coupled by an operator which commutes with
the uncoupled (for CTAP) or undriven (for STIRAP) Hamiltonian is called
“longitudinal” and determines stochastic fluctuations of the bare energy
splittings of the devices. In principle, the noise also produces “trans-
verse” fluctuations of the off-diagonal entries of the Hamiltonian which
affect the splittings only at second-order. Moreover, CTAP and STIRAP
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have the remarkable property that the efficiency of population transfer is
almost insensitive to transverse parametric fluctuations [101] which there-
fore can be ignored. As for the correlations, in CTAP they originate from
microscopic noise sources acting on the network in a spatially correlated
manner. For STIRAP in a multilevel artificial atom, since noise couples to
the device through a single operator it induces fluctuations of the energy
level related to each other. In this latter case, the η is given by the ratio of
the first derivatives of the energy spectrum at the given bias.

4.6.2 Interpretation of the results

We now seek an explanation of the ability to classify among differently
correlated non-Markovian quasistatic noises. To this end, we analyze
the stability plots (efficiency versus the detunings δ and δp) for the three
driving conditions, shown in Fig. 4.6

Ideally, the system is operated at zero detunings, δ = δp = 0. The
effect of quasistatic noise is to move, at each individual repetition of the
protocol, the point associated with the operations of the system to some-
where else in the space of parameters [cf. Fig.4.6]. The efficiency for
correlated and anti-correlated noise types, is calculated as a weighed av-
erage over the line δ = ηδp, see Eq. (4.10). The corresponding efficiency
depends on the ratio between Ωmax

p and Ωmax
s , this dependence being

different for η > 0 or η < 0. Fig. 4.6 reports as an example the lines
δ = ηδp for η ≷ 0: it is clear that for η > 0 the efficiency of CTAP with
Ωmax

p < Ωmax
s is higher than the one with Ωmax

p > Ωmax
s , and vice versa

for η < 0. For a more extensive analysis of this behavior we refer to
Ref. [123]. For uncorrelated noise, instead, the average is over the whole
δ − δp plane – cf. Eq. (4.9) – and its dependence on the three different
driving conditions is not as explicit.

Such analysis cannot be replicated for Markovian noise, as individual
trajectories cannot be represented as single points in Fig. 4.6. Instead, the
noise assumes all values along the line δ = ηδp during each repetition of
the protocol.
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Figure 4.6: Efficiency of CTAP for the three driving conditions (i) Ωmax
p =

Ωmax
s = 50/T (red, solid line), (ii) Ωmax

p = 20
√

10/T > Ωmax
s = 10

√
10/T

(blue, dotted line), and (iii) Ωmax
p = 10

√
10/T < Ωmax

s = 20
√

10/T (green
dashed line). The shaded areas within the boundary lines highlight the
regions, in the parameter space, where the efficiency is > 0.7 (the effi-
ciency being exactly 0.7 along the boundary curves). The efficiencies are
calculated with Eqs. (4.9) and (4.10). The dashed gray lines represent cor-
relation (η > 0) or anti-correlation (η < 0) between the detunings δ and
δp. The other parameter is τ = 0.7T.

4.7 Conclusions

In this Chapter, a ML-based method for categorizing correlated classical
noise affecting a three-level quantum system has been presented. We
have considered different cases of non-Markovian and Markovian noise
acting on a multilevel system focusing on recognizing correlations in the
induced fluctuations of the energy splittings.

We have shown that the sensitivity of a CTAP/STIRAP protocol to
correlation and Markovianity allow to classify the noise main character-
istics in great detail. In particular, data on the efficiency of population
transfer under three different driving conditions is sufficient to distin-
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guish between the correlations of non-Markovian quasi-static noise and
to discriminate between Markovian and non-Markovian noise. In con-
trast, this approach does not recognize correlations of Markovian noises.
As input to the ML analysis, we have used the numerical solution of the
stochastic Schrödinger equation and of the Markovian Lindblad-Master
equation, which provide the averages over an infinite number of mea-
surements. Our study was complemented by simulating real projective
quantum measurements showing that our approach is robust against er-
rors due to the finite statistics. We stress that the implications of our
work go beyond the classification of noise. The methodology developed
here provides a new perspective on the use of quantum protocols such as
CTAP/STIRAP as a tool for environmental diagnostics.

Future directions of this research include exploring the potential of
incorporating alternative features of the input to extend the approach to
discriminate other classes of noise and to unsupervised learning. In ad-
dition, we will investigate the interplay with relaxation [120, 124] and
extend the diagnostics to more complex probes, such as interacting mul-
tiqubit systems [92], quantum dot chains [125], strongly [126] and ultra-
strongly coupled [114, 115] circuit-QED architectures. In these cases con-
trol could be implemented by unconventional CTAP/STIRAP protocols
operated by detunings [55, 127]. This work and the foreseen advances
could provide important elements for developing new integrated robust
quantum control and error correction strategies.

Data availability statement

The code and the data that support the findings of this study are openly
available at the following URL/DOI: https://github.com/Shreyasi31/
SmallQNetNoiseML.

https://github.com/Shreyasi31/SmallQNetNoiseML
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Appendix

4.A Derivation of the Lindblad master equation
for Markovian diagonal classical noise

The Lindblad master equation Eq. (4.11) describing of the dynamics of the
system subject to Markovian noise is derived as follows. We start from
the total Hamiltonian of the system H = Hsys + Hnoise, where Hnoise is
given by Eq. (4.2). Using the correlation x2(t) = ηx1(t), we write

Hnoise = x̃1(t) (|1⟩⟨1|+ η|2⟩⟨2|) = x̃1(t)O, (4.17)

where O = |1⟩⟨1|+ η|2⟩⟨2| is the noise operator. We assume that noise
has zero mean ⟨x̃1(t)⟩ = 0 and it is Markovian, i.e. ⟨x̃1(t)x̃1(t′)⟩ =
h̄2γδ(t − t′). Since the dynamics of the system is adiabatic and the noise
has vanishing correlation time, we can write a master equation for the
time-independent system dynamics for each t. This means that we can
derive the master equation in an “instantaneous interaction picture”.

˜︁ρ(t) = e
i
h̄ Hsystρ(t)e−

i
h̄ Hsyst, (4.18)

where ρ(t) is the density operator in the Schrödinger picture. Physically
this approximation amounts in neglecting the backaction of the environ-
ment due to the non-adiabatic transitions of the system. The time evolu-
tion of the system is thus given by

˜̇︁ρ(t) = − i
h̄
[H̃noise(t), ˜︁ρ(t)], (4.19)
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with H̃noise(t) = e
i
h̄ HsystHnoise(t)e−

i
h̄ Hsyst. Integrating over the time interval

[0, t], we get ˜︁ρ(t) = ˜︁ρ(0)− i
h̄

∫︂ t

0
[H̃noise(t′), ˜︁ρ(t′)]dt′. (4.20)

Substituting ρ̃(t) in Eq. (4.19) we obtain

˜̇︁ρ(t) =− i
h̄

e
i
h̄ Hsyst[˜︁x1(t)Oρ(0)− ρ(0)O˜︁x1(t)]e−

i
h̄ Hsyst

− 1
h̄2

∫︂ t

0
[H̃noise(t), [Hnoise(t′), ˜︁ρ(t′)]]dt′.

(4.21)

Averaging over the stochastic variable at time t, we obtain

⟨˜̇︁ρ(t)⟩ = − 1
h̄2

⟨︃∫︂ t

0
[˜︁x(t) ˜︁O(t), [˜︁x(t′) ˜︁O(t′), ˜︁ρ(t′)]]dt′

⟩︃
, (4.22)

where, ˜︁O(t) = e
i
h̄ HsystOe−

i
h̄ Hsyst. Taking into account that t′ < t and ρ̃(t′)

cannot depend on t except for t′ = t, we can write ⟨˜︁x(t)˜︁x(t′)˜︁ρ(t′)⟩ =
⟨˜︁x(t)˜︁x(t′)⟩ ˜︁ρ(t′). We thus obtain

⟨˜̇︁ρ(t)⟩ = −γ

2

(︂ ˜︁O2(t)ρ̃(t) + ˜︁ρ(t) ˜︁O2(t)− 2 ˜︁O(t)˜︁ρ(t) ˜︁O(t)
)︂

. (4.23)

As expected, this equation can be recast in the Lindblad form 2.61. In the
Schrödinger picture we obtain

⟨ρ̇(t)⟩ = − i
h̄
[Hsys, ρ(t)]− γ

2

(︂
O2ρ(t) + ρ(t)O2 − 2Oρ(t)O

)︂
. (4.24)

4.B Adiabatic passage in a three-node network

We consider the Hamiltonian of the three-node network Hsys(t) = H0 +
Hc(t), where H0 and Hc(t) are the uncoupled and the control parts, re-
spectively (h̄ = 1):

H0 = δp|1⟩⟨1|+ δ|2⟩⟨2|, (4.25a)

Hc(t) =
Ωp(t)

2
(|0⟩⟨1|+ |1⟩⟨0|) + Ωs(t)

2
(|1⟩⟨2|+ |2⟩⟨1|) , (4.25b)
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and where δp = ϵ1 − ϵ0 and δ = ϵ2 − ϵ0 define the detunings. CTAP [97]
is a protocol that achieves population transfer from |0⟩ to |2⟩ by adiabatic
following a trapped state and never populating the intermediate state |1⟩.
The atomic analogue is STIRAP [100, 101] where high-fidelity population
transfer occurs via a dark state. These protocols have remarkable robust-
ness against parametric fluctuations.

CTAP is based on the counter-intuitive ordering of the pulses Ωp(t)
and Ωs(t). The condition δ ≈ 0 is important for the successful population
transfer [101]. For δ = 0, the instantaneous eigenstates of Hsys(t) are

|ϕD(t)⟩ = cos θ(t)|0⟩ − sin θ(t)|2⟩, (4.26a)
|ϕ−(t)⟩ = sin θ(t) cos ϕ(t)|0⟩ − sin ϕ(t)|1⟩+ cos θ(t) cos ϕ(t)|2⟩, (4.26b)
|ϕ+(t)⟩ = sin θ(t) sin ϕ(t)|0⟩ − cos ϕ(t)|1⟩+ cos θ(t) sin ϕ(t)|2⟩, (4.26c)

with eigenvalues

λD(t) = 0, (4.27a)

λ−(t) = − h̄
2

√︂
Ωp(t)2 + Ωs(t)2 tan ϕ(t), (4.27b)

λ+(t) =
h̄
2

√︂
Ωp(t)2 + Ωs(t)2 cot ϕ(t), (4.27c)

where

θ(t) = tan−1
(︃

Ωp(t)
Ωs(t)

)︃
, (4.28)

ϕ(t) = tan−1

⎛⎝
√︂

Ωp(t)2 + Ωs(t)2

δp +
√︂

δ2
p + Ωp(t)2 + Ωs(t)2

⎞⎠ . (4.29)

The eigenstate |ϕD(t)⟩ corresponding to zero eigenvalue is called the
trapped state since it is trapped in the subspace {|0⟩, |2⟩}. For STIRAP
in multilevel atoms it is called dark state since it cannot absorb or emit
photons despite the external driving. The states |ϕ−(t)⟩ and |ϕ+(t)⟩ are
called Autler-Townes states and |λ+ − λ−| the Autler-Townes splitting.

If the pulses are counter-intuitively ordered, i.e. if Ωs is applied before
Ωp:

lim
t→ti

Ωp(t)
Ωs(t)

= lim
t→tf

Ωs(t)
Ωp(t)

= 0, (4.30)
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then the dark state ϕD(t) at the initial time ti will coincide with the ini-
tial state |0⟩ and at the final time tf will coincide with the target state
|2⟩. If the evolution is adiabatic and the system is initially prepared in
|0⟩ = |ϕD(ti)⟩, by the adiabatic theorem [102, 103], the system evolves
following the dark state |ϕD(t)⟩ throughout the time evolution. Thus, the
population is transferred from state |0⟩ to state |2⟩ never populating the
intermediate state |1⟩. The adiabaticity condition is given by [97, 100]

h̄|⟨ϕ±|ϕ̇D⟩| ≪ |λ0 − λ±|. (4.31)

Using the expressions for the dressed basis, Eqs. (4.26) and Eqs. (4.27),
equation (4.31) is recast in terms of the pulses [56, 100, 101]

|θ̇(t)| ≪ 1
2

⃓⃓⃓
δp ±

√︂
δ2

p + Ωp(t)2 + Ωs(t)2
⃓⃓⃓

, (4.32)

yielding the so-called “local adiabaticity condition” which has to hold for
all times t ∈ [ti, tf]. By time averaging Eq. (4.32) over τ and assuming
δp ≪ Ωmax

p , Ωmax
s one can obtain the weaker “global adiabaticity condi-

tion” which is often reported as [100]

Ωmax
p/s τ ≥ 10, (4.33)

where τ is the characteristic time scale of the pulses overlap and Ωmax
p/s =

maxt Ωp/s(t).
In this work, we perform the population transfer using Gaussian pulses

of the form

Ωp(t) = Ωmax
p e−( t−τ

T )2
, (4.34a)

Ωs(t) = Ωmax
s e−( t+τ

T )2
, (4.34b)

and we let the system evolve in the time interval t ∈ [−5T, 5T] with
τ = 0.7T, see Fig. 4.1 for an example of pulses.



Chapter 5
Detection of noise correlations in
two qubit system by Machine
Learning

5.1 Introduction

In the preceding chapter, we demonstrated that machine learning (ML),
combined with the sensitivity of coherent control protocols like CTAP, en-
ables effective classification of spatially correlated non-Markovian noise
classes and between non-Markovian and Markovian noise classes in a
three-level quantum network. Here, we extend this approach to the more
fundamental and practically relevant case of a two-qubit system, which
constitutes the building block of quantum processors.

While protection of single qubits beyond the error-correction threshold
has been demonstrated [128, 129] substantial work has still to be done for
multi-qubit systems. In particular, besides single-qubit dephasing and re-
laxation channels, spatially correlated noise may emerge from substrates,
shared control lines or collective electromagnetic modes [123]. Correla-
tions affect quantum-error-correction thresholds since otherwise safe as-
sumptions (e.g., independent error models) become invalid.

Machine learning (ML) has recently established itself as a versatile
tool offering innovative diagnostic and control methods for quantum de-
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vices [49, 53–61]. ML-based techniques have been proposed for the clas-
sification of time-correlated noise in quantum networks [130] and corre-
lation of energy fluctuations in a three-level system [131].

In this chapter, we propose a methodology to classify noise correla-
tions in a two-qubit system by the fundamental building block of any
programmable quantum processor.

We consider a system where two qubits are ultrastrongly coupled
and affected by local noise. We design a control protocol based on STI-
RAP/CTAP that is sensitive to noise correlations and Markovianity and
involves only global, symmetric drives. This is a well suited to most
superconducting-qubit, trapped-ion and quantum-dot architectures.

We propose a minimal data-acquisition scheme consisting of three STI-
RAP efficiency measurements with different peak-amplitude ratios. Us-
ing numerical simulations, we show that the resulting three-component
feature vector is sufficient to train a multi-layer perceptron that reaches
90% overall accuracy and almost perfect discrimination between Marko-
vian and non-Markovian noise. Crucially, also the Markovian noise cor-
relations are distinguished by this method.

This chapter is organised as follows. Sec. 5.2 introduces the two-qubit
Hamiltonian and the stochastic noise models. Sec. 5.3 details the con-
trol protocol and the performance metrics used for noise characterization.
The ML framework is described in Sec. 5.4, and simulation results are pre-
sented and discussed in Sec. 5.5. Finally, we summarize our findings and
outline future perspectives in Sec. 5.6.

5.2 System and Model

Our analysis focuses on two ultra-strongly coupled qubits with energy ε1
and ε2 and coupling strength g ∼ ϵ1/2, see Fig. 5.2.1. The Hamiltonian of
the system is (h̄ = 1)

Hsys = − ε1

2
σz

1 −
ε2

2
σz

2 +
g
2
(︁
σ−

1 σ+
2 + σ+

1 σ−
2
)︁

, (5.1)

where σz
i is the Pauli z operator, and σ−

i and σ+
i are the lowering and

raising operator, respectively, for qubit i. If the qubits have the same
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qubit 1

|e⟩

|g⟩
ε

qubit 2

|e⟩

|g⟩
εg

Ω(t) Ω(t)

Figure 5.2.1: Schematic representation of the system under consideration:
two qubits, each with energy ϵ, coupled with strength g. Both qubits are
simultaneously driven by an external field characterized by a common
time-dependent Rabi frequency Ω(t).

energy, i.e., ε1 = ε2 = ε, the eigenstates of Hamiltonian (5.1) are

|0⟩ ≡ |gg⟩, |1⟩ ≡ |ee⟩,

|2⟩ ≡ 1√
2
(|ge⟩+ |eg⟩) , |3⟩ ≡ 1√

2
(|ge⟩ − |eg⟩) ,

(5.2)

with energies E =
{︁
−ε, ε, g

2 ,− g
2

}︁
, respectively.

|0⟩ = |gg⟩

|2⟩ = |ge⟩+|eg⟩√
2

|3⟩ = |ge⟩−|eg⟩√
2

|1⟩ = |ee⟩

g
Ωp(t)

Ωs(t)

Figure 5.2.2: Energy levels of the two-qubit system, eigenenergies of
Hamiltonian eq. (5.1).
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5.2.1 Noise

We consider local noise, specifically noise affecting the energy levels act-
ing individually on each qubit, which may rise, for instance, from charge
noise [132]. We model it as stochastic processes whose effect is to modify
the energy splittings of the qubits, as expressed by

Hnoise(t) = −δ1(t)
2

σz
1 −

δ2(t)
2

σz
2 . (5.3)

Here δi(t), i = 1, 2, are random variables [29] with probability density
pi(δi, t).

The Hamiltonian of the system including the noise in the eigenbasis
of Hsys reads

H̃sys(t) = Hsys + Hnoise(t)

=

(︃
ε +

δ1(t) + δ2(t)
2

)︃
|1⟩⟨1|+ g

2
(|2⟩⟨2| − |3⟩⟨3|)

−
(︃

ε +
δ1(t) + δ2(t)

2

)︃
|0⟩⟨0|+

(︃
δ1(t)− δ2(t)

2
|3⟩⟨2|+ h.c.

)︃
.

(5.4)
The effect of the noise is to shift the energy of the states |0⟩ and |1⟩ and
to couple the states |2⟩ and |3⟩.

We consider three Non-Markovian and two Markovian noise classes:

• Non-Markovian noise: In this context we address specifically the
case of quasistatic noise, where the noise mechanism has a long cor-
relation time. Each of the random variables δ1(t) and δ2(t) thus,
assume a value which is constant throughout a single time evolu-
tion of the system; however, they vary across different evolutions.
The values of δi(t) are picked from a Gaussian distribution with
zero mean and standard deviation σ = 10−2ϵ, and describes the
cumulative effects of independent microscopic sources. We identify
three distinct classes:

(1) Correlated: δ2(t) = ηδ1(t) with η > 0;

(2) Anti-correlated: δ2(t) = ηδ1(t) with η < 0;

(3) Uncorrelated: δ2(t) and δ1(t), are independent of each other.
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• Markovian noise: We consider zero-mean ⟨δi(t)⟩ = 0, delta-correlated
⟨δi(t)δi(t′)⟩ = γδ(t − t′) stochastic processes, making the dynamics
of the two-qubits not dependent on its history. Here we consider
the classes

(4) Correlated: δ2(t) = ηδ1(t), with η > 0;

(5) Anti-correlated: δ2(t) = ηδ1(t), with η < 0.

5.3 Population transfer in four-level systems

Our main goal is to classify the different classes of noises with ML, using
the efficiency of population transfer, from |0⟩ to |1⟩, as a signature of
the noise itself. The population transfer is achieved with a STIRAP-like
protocol. In the next subsection we will show how to apply it in the two
ultrastrongly coupled qubits system.

Stimulated Raman Adiabatic Passage [100, 101] (STIRAP) is a proto-
col that enables robust and efficient population transfer in a three-level
system, by adiabatically following its dark state. In order to keep the
notation consistent with the four-level system under consideration in this
chapter, see eqs. (5.2) and Fig. 5.2.2. Let’s consider a three-level ladder
system composed by the states {|0⟩, |2⟩, |1⟩} and population transfer from
state |0⟩ to state |1⟩. Two time-dependent classical fields drive the system:
the pump pulse Ωp(t) drives the transition |0⟩ − |2⟩, while the Stokes pulse
drives the transition |2⟩− |1⟩. The Hamiltonian in an appropriate rotating
frame reads [56]

HS(t) = ∆|1⟩⟨1|+ ∆p|2⟩⟨2|+
1
2
(︁
Ωp(t)|0⟩⟨2|+ Ωs(t)|2⟩⟨1|+ h.c.

)︁
,
(5.5)

where ∆p = ε + g
2 − ωp and ∆ = 2ε − ωp − ωs are the single and two-

photon detunings, respectively, and ωp and ωs are the frequencies of
pump and Stokes fields, respectively. For more details on the population
transfer via STIRAP/CTAP protocol, see Subsec. 4.3.1 and Appendix 4.B.

It is well established in the literature [101] that STIRAP is robust
against variations in the pulse shapes. Among the many possible choices [104],
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in this work, we consider only Gaussian pulses, given by

Ωp(t) = Ωmax
p e−(

t−τ
T )

2

, Ωs(t) = Ωmax
s e−(

t+τ
T )

2

, (5.6)

and evolve the system over the time interval [−5T, 5T], with τ = 0.7T.
Adiabaticity is ensured by the global condition [100]

Ωmax
p/s τ ≥ 10. (5.7)

The efficiency of the protocol is defined as the population of the target
state |1⟩ at the end of the evolution. The formal definition is given directly
in Sec. 5.3.3 for the system of interest.

5.3.1 STIRAP in two ultrastrongly coupled qubits

The STIRAP protocol can be implemented in our system (Fig. 5.2.2) to
transfer population from the ground state |0⟩ = |gg⟩ to the double excited
state |1⟩ = |ee⟩ by symmetrically driving the two qubits. The control
Hamiltonian is given by

Hc(t) =
Ω(t)√

2
(σx

1 + σx
2 ) , (5.8)

where the
√

2 factor is introduced for convenience. It is important to note
that, since the qubits are resonant, i.e., ε1 = ε2 = ε, and are symmetrically
driven, the state |3⟩ remains uncoupled from the others in the absence
of noise. Consequently, the system effectively reduces to a three-level
configuration with no direct transition between |0⟩ and |1⟩, forming a
ladder-type structure. The full Hamiltonian (in absence of noise) is given
by

Hsys + Hc(t) = 2ε|1⟩⟨1|+
(︂

ε +
g
2

)︂
|2⟩⟨2|+(︂

ε − g
2

)︂
|3⟩⟨3|+ Ω(t) (|0⟩⟨2|+ |2⟩⟨1|+ h.c.) .

(5.9)

In order to implement STIRAP in this system, we set Ω(t) as a two-tone
field where one tone is resonant with the |0⟩ − |2⟩ transition and one with
the |2⟩ − |1⟩ transition

Ω(t) = Ωs(t) cos ωst + Ωp(t) cos ωpt, (5.10)
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where Ωp/s(t) are slowly varying pulse envelopes, ωp = ε + g
2 and ωs =

ε − g
2 .

In a convenient rotating frame, applying the Rotating Wave Approxi-
mation (RWA) and considering a full resonance scenario, the Hamiltonian
simplifies in

HRWA(t) =
Ωp(t)

2
|0⟩⟨2|+ Ωs(t)

2
|1⟩⟨2|+ h.c.. (5.11)

Oscillating terms with frequency equal to g were also neglected, due to
the RWA. This is possible only within the ultrastrong coupling regime
(g ∼ ε). More details about the derivation and the approximations can be
found in Appendix 5.A.
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Figure 5.3.1: Population dynamics of the 2-qubits system governed by
the full Hamiltonian eq. (5.9). The pulses are given by eq. (5.6) and the
parameters are Ωmax

p/s = Ωmax = 0.05ε, Tε = 2000, τ = 0.7T, g = 0.5ε.
With these parameters the RWA holds, see Appendix 5.A, so the evolution
closely resemble the STIRAP evolution described by eq. (5.11).

Eq. (5.11) is the Hamiltonian of a three-level ladder system with two
time dependent drivings Ωp(t) and Ωs(t). If they are counterintuitively
ordered and fulfill the adiabatic conditions, see eqs.(5.6) and (5.7), then
STIRAP can effectively be applied to transfer population from state |0⟩ to
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|1⟩. Fig. 5.3.1 reports the evolution of the 2-qubits system with the Hamil-
tonian given in eq. (5.9): It is apparent that the population is transfered
from state |0⟩ to the target state |1⟩ while populating only negligibly state
|2⟩, as expected by STIRAP.

5.3.2 Effect of noise

In the previous section we have seen that under the condition of symmet-
ric driving eq. (5.8) and qubit resonance (ε1 = ε2), state |3⟩ is decoupled
from the dynamics of the other states. This allows us to choose the Rabi
frequency Ω(t) as in eq. (5.10) such that STIRAP is performed on the re-
maining 3 states. The presence of noise as described in Sec. 5.2 disrupts
this configuration introducing a coupling between the states |2⟩ and |3⟩,
and shifting the levels |0⟩ and |1⟩.

The full Hamiltonian describing the dynamics of the system with
noise is the sum of the qubits Hamiltonian Hsys, the noise Hamiltonian
Hnoise(t) and the control Hamiltonian Hc(t)

Htot =
g
2
(︁
|2⟩⟨2| − |3⟩⟨3|

)︁
+

(︃
ε +

δ1(t) + δ2(t)
2

)︃ (︁
|1⟩⟨1| − |0⟩⟨0|

)︁
+

δ1(t)− δ2(t)
2

(︁
|3⟩⟨2|+ |2⟩⟨3|

)︁
+ Ω(t) (|0⟩⟨2|+ |2⟩⟨1|+ h.c.) ,

(5.12)
where the noise-induced coupling between states |2⟩ and |3⟩, along with
the energy shifts of |0⟩ and |1⟩, is clearly evident.

Notably, even with small noise δ1, δ2 ≪ ε, the state |3⟩ can still become
populated during the evolution (see Fig. 5.3.2). This occurs because the
eigensystem of the Hamiltonian is altered, eliminating the dark state that
was present under ideal conditions.

5.3.3 Efficiency

The efficiency of the transfer protocol is defined as the population on the
target state |1⟩, that is

ξ = lim
N→∞

1
N

N

∑
r=1

ξ(r) (5.13)
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Figure 5.3.2: Population dynamics of the system, with δ1 = 0.002ε, δ2 =
−0.002ε, ωp = ε + g/2, ωs = ε − g/2. The other parameters are the same
as Fig. 5.3.1

where ξ(r) = ⟨1|ρ(r)f |1⟩ and ρ
(r)
f if the density matrix of the system at the

final time tf for the r-th noise realization.
Since the quasistatic noise remains constant along any individual tra-

jectory, the index r can be uniquely associated with the two real values
δ
(r)
1 and δ

(r)
2 , which are the specific realizations of the random processes δ1

and δ2, respectively. In other words, we can write ξ(r) = ξ(δ
(r)
1 , δ

(r)
2 ). Con-

sequently, the efficiency defined in Eq. (5.13) is obtained by integrating
over the joint probability distribution p(δ1, δ2)

ξ =
∫︂

dδ1 dδ2 ξ(δ1, δ2) p(δ1, δ2). (5.14)

For correlated and anti-correlated noise quasistatic noise, where δ
(r)
2 =

ηδ
(r)
1 , the above equation can be simplified in

ξ =
∫︂

dδ1 ξ(δ1, ηδ1) p(δ1). (5.15)

For the case of Markovian noise, the efficiency is obtained by solving a
master equation in the Lindblad form (for more details see Appendix 5.B)

⟨ρ̇(t)⟩ = −i [H(t), ρ(t)]− γ

2

(︂
O2ρ(t)− 2Oρ(t)O + ρ(t)O2(t)

)︂
, (5.16)
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where O is defined as

O =

(︄
1 + η√︁

|η|

)︄
(|1⟩⟨1| − |0⟩⟨0|) +

(︄
1 − η√︁

|η|

)︄
(|2⟩⟨3| − |3⟩⟨2|) . (5.17)

Fig. 5.3.3 reports the stability plot of the efficiency of the protocol as a
function of constant energy shifts, i.e., with δ1 and δ2 constant during the
evolution.
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Figure 5.3.3: Stability plot for the efficiency of the STIRAP-like protocol
versus the noises δ1 and δ2. The parameters are the same of Fig. 5.3.2.

We emphasize that our goal is not to achieve efficient population trans-
fer but rather to leverage the protocol’s sensitivity to extract information
about the noise affecting the system, which reduces its efficiency.

5.4 Machine Learning model and Data genera-
tion

5.4.1 ML model

We employ a neural network (NN), namely a Multi Layer Perceptron
(MLP), to perform supervised learning and classify the type of noise af-
fecting the two-qubit system. A NN is a parameterized function capable
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of approximating a broad class of target functions, the specific architec-
ture we use is reported in Table 5.4.1. Further details about NNs are
provided in Sec. 3.2.

Layer # Neurons Activation Function

Input 3

Hidden 1 128 LeakyReLU

Hidden 2 128 LeakyReLU

Output 5 Softmax

Table 5.4.1: Layout of the neural network for classifying the types of noise.

Supervised Learning is performed by fitting a function approximator
(in this case the NN) to a labeled dataset (see Sec. 3.1 for more details
about supervised learning). This process is called training of the neural
network [49, 99]. The dataset contains pairs (xi, ŷi)i=1,2,...,N, where each
input xi has an associated output ŷi, also called label.

In this case the label ŷi for each sample i is an integer a = 0, 1, 2, 3, 4
representing one of the noise classes described in Sec. 5.2.1. The output yi
of the NN is a 5 dimensional Real vector whose components yi,j represent
the probabilities that the noise affecting the system of sample i is of class
j. The use of the Softmax activation in the output layer (see Tab. 5.4.1)
ensures that the model’s outputs form a normalized probability distribu-
tion. We minimize the sparse categorical crossentropy cost function

C = − 1
N

N

∑
i=1

log
(︁
yi,ŷi

)︁
, (5.18)

which is well-suited for multi-class classification tasks. This choice en-
courages the model to assign high probability to the correct label. The
training process is monitored through the classification accuracy, defined
as

A =
1
N

N

∑
i=1

δ
(︁

arg max
j

yij, arg max
j

ŷij
)︁
, (5.19)
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where δ is the Kronecker delta, and arg maxj returns the index j of the
largest component of the corresponding vector.

5.4.2 Data generation

Following the proposal in Ref. [131], we use as input the STIRAP efficien-
cies measured under three different driving conditions:

(i) Ωmax
p = Ωmax

s ,

(ii) Ωmax
p = 2Ωmax

s ,

(iii) Ωmax
p = Ωmax

s /2,

with the constraint (Ωmax
p )2 + (Ωmax

s )2 constant. This approach is ad-
vantageous as it provides high sensitivity to noise while requiring low
experimental effort and is straightforward to implement in most physical
systems. In fact the measurement has to be performed only at the end
of (and not during) the evolution. This eliminates the necessity for time
series data and may drastically reduce the duration of the experiment.

To generate the dataset, we numerically simulate the dynamics of the
two-qubits system and evaluate the efficiency as reported in Sec. 5.3.3.
Each input data point is then a three dimensional real vector
x = (ξΩp=Ωs , ξΩp>Ωs , ξΩp<Ωs).

For correlated (anti-correlated) non-Markovian noise we generate each
data sample by randomly selecting the correlation parameter η within the
range [0.1, 5] ([−5,−0.1]). For each choice of η, we numerically evaluate
the efficiency, eq. (5.15), under the three pulse conditions outlined earlier,
yielding a single sample.

For uncorrelated non-Markovian noise instead, as the two random
variables δ1 and δ2 are independent, we vary the standard deviation of
the Gaussian distributions p1(δ1) and p2(δ2) respectively within the range
σ1, σ2 ∈ [σ

5 , 5σ], with σ = 10−2ϵ before calculating every data sample. We
then numerically calculate the efficiencies under the three pulse condition
using eq. (5.14).

In the context of Markovian, correlated (anti-correlated) noise, the effi-
ciencies are calculated numerically solving the Lindblad master equation,



5.5. RESULTS 85

eq. (5.16). In this particular instance, not only does η fluctuate within the
specified ranges like correlated (anti-correlated) non-Markovian scenar-
ios from one sample to another, but also we randomly select the decay
parameter γ ∈ [10−4, 10−3]ϵ. For each noise class, we generate 500 sam-
ples. The total dataset is split into a 3 : 1 : 1 ratio for training, validation,
and test set respectively.

5.5 Results

We train the NN model described in Tab. 5.4.1. The output of the neural
network for a given input vector xi, denoted as yi, is compared against
the corresponding true label ŷi. The training progress of the model is
illustrated in Fig. 5.5.1, where panel (a) shows the classification accuracy
A, eq. (5.19). The accuracy is observed to increase as the number of

Figure 5.5.1: (a) Accuracy, and (b) value of the cost function, eq. (5.18),
for the training (solid blue line) and validation (solid orange line) sets
versus the number of epochs of training. The accuracy on the test set is
A ≈ 90%.

training epochs progresses. Panel (b) shows that the cost function C,
eq. (5.18), decreases accordingly. After 56 training epochs, the model
achieves a classification accuracy of approximately 90%. However, this
accuracy may vary slightly (around 1%) due to the random initialization
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of model parameters, as well as the random shuffling and splitting of the
dataset.

The classification performance of the model is further analyzed using
the confusion matrix in Fig. 5.5.2, which compares the true noise classes
with the predicted ones. In the matrix, each row corresponds to a true
noise class, while each column represents the predicted class. The five
diagonal elements indicate the percentage of correct predictions for each
noise class. The model achieves an accuracy of 99.4% in distinguishing be-

Figure 5.5.2: . Confusion matrix of the MLP model for classifying the
noise types described in Sec. 5.2.1. Each row represents the true noise
class, while each column corresponds to the predicted class. It is visible
that all the 5 classes of noise can be classified with an accuracy up to
≈ 90%.

tween non-Markovian and Markovian noise. Within the non-Markovian
noise class, it correctly classifies correlations with an accuracy of 95%,
whereas within the Markovian class, the classification accuracy is 82.5%.
This is in contrast from the three-level system case analyzed in Ref. [131],
where the model successfully distinguished non-Markovian noise classes
and also differentiated non-Markovian from Markovian noises, however
it was unable to discriminate between the two distinct Markovian noise
types (correlated vs anti-correlated). This limitation is overcome in the
two-qubits system explored here, albeit at the cost of a moderate reduc-
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tion in overall classification accuracy.
The enhanced classification capability observed in this four-level sce-

nario can be attributed to the noise-induced mixing effect of the inter-
mediate states |2⟩ and |3⟩ (see Sec. 5.3.2 and eq. (5.12)). Specifically, the
noise not only shifts the states |0⟩ and |1⟩, but also mixes the states |2⟩
and |3⟩ causing them to no longer be eigenstates of the system Hamilto-
nian eq. (5.1). As a result, the external pulses simultaneously drive both
states. The mixing depends to the relative sign of the noises, leading to
different responses to correlated and anti-correlated noise types.

The ability to classify the non-Markovian noises can be further clar-
ified by examining the plot of the efficiency versus the constant energy
shifts δ1 and δ2 for the three driving conditions, as reported in Fig. 5.5.3.
The effect of non-Markovian quasistatic noise is to shift the energies of
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Figure 5.5.3: Contour plot for the efficiency of the STIRAP-like protocol,
with different ratios between the pulses. The parameters are the same of
Fig. 5.3.3. Each line refers to a threshold of 0.85 for the efficiency of the
population transfer.

the qubits at each individual repetition of the protocol. Consequently, for
(anti-)correlated quasistatic non-Markovian noise, the overall efficiency
is obtained as the weighted integral over the line δ2 = ηδ1, see eq. (5.15).
Since the efficiency profile varies with the driving condition, the resulting
efficiency also depends on the driving condition, and this dependence is
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different for η > 0 or η < 0. Although in the three-level system scenario
this dependence is understood, in the present case the effect of the noise
correlation’s sign is not immediately evident; nonetheless, ML techniques
provides a robust solution.

The situation becomes even more complex for uncorrelated non-Markovian
quasistatic noise, where the weighted integral is over the whole δ1 − δ2
plane (see eq. (5.14)), or for the Markovian noise where the efficiency for
each trajectory cannot be represented as a single point in δ1 − δ2 plane,
since the noise assumes all possible values during each repetition of the
protocol.

5.6 Conclusions

In this work, we have proposed and numerically validated a machine-
learning protocol to categorize different classical noise types affecting two
ultrastrongly coupled qubits, based on their spatial correlation and tem-
poral character (Markovianity). We defined and successfully classified
five distinct noise classes: three non-Markovian quasistatic types (corre-
lated, anti-correlated, and uncorrelated) and two Markovian types (cor-
related and anti-correlated). Our approach leverages the sensitivity of a
STIRAP-like population transfer protocol, where variations in the popula-
tion transfer efficiency serve as distinctive fingerprints of the underlying
noise.

By measuring only the final population transfer efficiencies under
three distinct driving conditions, we achieved over 90% classification ac-
curacy among the five considered noise classes, as well as nearly perfect
discrimination between Markovian and non-Markovian noise. Remark-
ably, this approach requires only three inputs to a shallow neural net-
work, eliminating the need for time-series data or real-time monitoring.
Furthermore, the protocol we propose consists of symmetric driving of
both qubits, thus having a minimal experimental overhead.

Compared to our earlier study on three-level quantum networks [131],
where ML effectively detected non-Markovian noise correlations and dis-
tinguished between Markovian and non-Markovian classes, in the present
two-qubit setup we successfully classified different correlation signs even
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in the Markovian noise class. This enhanced sensitivity arises from the
richer structure of the four-level system, where noise-induced mixing be-
tween the two intermediate states |ge⟩ ± |eg⟩ imprints a distinct signature
on the transfer efficiency that depends on the sign of the noise correla-
tions.

Future work include identifying alternative input features in order to
broaden the scope of the approach to include the classification of addi-
tional noise types and the application of unsupervised learning. Incorpo-
rating realistic imperfections such as pulse distortions and measurement
noise will help assess the robustness of the method in practical settings.
Additionally, exploring alternative coherent-control schemes and ML ar-
chitectures may further enhance classification sensitivity and broaden ap-
plicability to diverse quantum platforms. We believe that the synergy be-
tween control protocols and ML approaches will play a key role in the
next generation of quantum-hardware diagnostics.
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Appendix

5.A Rotating frame, validity of RWA and effi-
ciency of STIRAP with detunings

The unitary transformation used to obtain eq. (5.11) is given by the oper-
ator

Ux(t) = e−i(ωs+ωp)t|1⟩⟨1|+ e−iωpt|2⟩⟨2|. (5.20)

Here, for the sake of completeness, we will allow for small detunings in
the drivings, whose frequencies are defined as

ωp = ε +
g
2
− δp, (5.21a)

ωs = ε − g
2
− δs. (5.21b)

The transformed Hamiltonian in the rotating frame is derived using the
expression

H̃(t) = Ux(t)†H(t)Ux(t)− iUx(t)†∂tUx(t), (5.22)

which, when applied to the Hamiltonian in eq. (5.9), yields

H̃1(t) =
(︁
δp + δs

)︁
|1⟩⟨1|+

(︁
δp
)︁
|2⟩⟨2|+

(︂
ε +

g
2

)︂
|3⟩⟨3|+[︃

Ωp

2

(︂
e−2iωpt + 1

)︂
+

Ωs

2

(︂
ei(ωs−ωp)t + e−i(ωs+ωp)t

)︂]︃
|0⟩⟨2|+[︃

Ωs

2

(︂
e−2iωst + 1

)︂
+

Ωp

2

(︂
e−i(ωs−ωp)t + e−i(ωs+ωp)t

)︂]︃
|2⟩⟨1|+ h.c.

(5.23)
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Since 2ωs, 2ωp, ωs + ωp ≫ ωs, ωp we can neglect the respective oscil-
lating terms[133], obtaining

H̃1(t) =
(︁
δp
)︁
|2⟩⟨2|+

(︁
δp + δs

)︁
|1⟩⟨1|+

(︂
ε +

g
2

)︂
|3⟩⟨3|+[︃

Ωp

2
+

Ωs

2
ei(δs−δp−g)t

]︃
|0⟩⟨2|+

[︃
Ωs

2
+

Ωp

2
e−i(δs−δp−g)t

]︃
|2⟩⟨1|+ h.c.,

(5.24)

Within the full resonance, the remaining terms oscillate at a frequency
equal to g. This means that in the ultrastrong coupling regime (g ∼
ε), even the last oscillating term can be neglected under the RWA. The
Hamiltonian simplifies in

HRWA =

{︃
Ωp

2
|0⟩⟨2|+ Ωs

2
|1⟩⟨2|+ h.c.

}︃
, (5.25)

as shown in the main text.
We want to briefly survey the validity of the RWA, comparing the ef-

ficiency and adiabaticity of the STIRAP protocol, with Gaussian pulses,
for the full system, without any RWA, for different values of pulses am-
plitude. From eq.(5.7) the adiabaticity condition has to be valid. Unfortu-
nately the value of Ωmax

p/s is also constrained from above, because the RWA
that led to eq. (5.25) requires Ωmax

p/s ≪ ωs, ωp. We can see this behaviour
in the Fig. 5.A.1, where the inefficiency of the protocol, defined as

I = 1 − ⟨1|ρ f |1⟩, (5.26)

whith ρ f the final state, is plotted against the value Ωmax
p/s τ.

We also want to account the fact that, during the dynamic, ⟨2|ρ(t)|2⟩ ̸=
0. As an ulterior measure of the adiabaticity of the protocol, we define

AN =
1

t f − ti

∫︂ t f

ti

⟨2|ρ(t)|2⟩dt (5.27)

In Fig. 5.A.1 is shown how AN is affected by Ωmax
p/s τ. This trade-off led to

set Ωmax
p/s = 0.05ε for all the future simulations. Within the considerations

presented above, the STIRAP protocol, is clearly very effective. In order
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Figure 5.A.1: (Upper image) Inefficiency versus Ωmax in units of ϵ for
different values of T. (Lower image) AN versus Ωmax with different values
of T. The other parameters are T/ε = 2000, τ = 0.7T, g = 0.5ε, δa =
−g/2, δb = g/2. The dashed line depicts the behavior of the system
with the full RWA eq. (5.11). We can clearly see that by increasing the
adiabaticity, the STIRAP protocol becomes more efficient.

to assess its validity outside the full resonance scenario, we resort to nu-
merical simulations. Nonetheless, in Fig. 5.A.3 we show a full stability
plot of the final population of the state |1⟩. The leftmost cluster is linked
to the full resonance scenario, as in eq. (5.25). The rightmost feature is
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Figure 5.A.2: Population dynamics of the effective 3-level system de-
scribed by eq. (5.9). The dynamic was simulated with the following pa-

rameters: Ωp,s = (0.05ε)e−(
t∓τ

T )
2

, T/ε = 2000, τ = 0.7T, g = 0.5ε, δp =
g, δs = −g.

linked again to a full resonance scenario, but with an “intuitive” sequence
of the pulses. Despite having a high efficiency population transfer, the in-
termediate state will be macroscopically populated during the protocol
(see Fig. 5.A.4).

5.B Derivation of Lindblad master equation

In this section we outline the derivation of the Master Equation for Marko-
vian (anti)correlated noise. The system Hamiltonian is defined by the
sum of eqs. (5.1) and (5.8), that is Hs(t) = Hsys + Hc(t) While the effect
of the noise is described by eq. (5.3), with δ1 = 1√

η χ and δ2 =
√

ηχ,
obtaining:

Hn(t) =
χ(t)

2
O, (5.28)
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Figure 5.A.3: Stability plot for the efficiency of the STIRAP-like protocol,
the parameters are the same of Fig. 5.3.1, δp and δs are in units of ε. The
left high-efficiency region is where standard STIRAP occurs.
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Figure 5.A.4: Population dynamics of the effective 3-level system de-
scribed by eq. (5.9). The dynamic was simulated with the following pa-

rameters: Ωp,s = (0.05ε)e−(
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, T/ε = 2000, τ = 0.7T, g = 0.5ε, δa =
g
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with

O =

(︄
1 + η√︁

|η|

)︄
(|1⟩⟨1| − |0⟩⟨0|) +

(︄
1 − η√︁

|η|

)︄
(|2⟩⟨3| − |3⟩⟨2|) . (5.29)

Being zero-mean Markovian noise, we clearly have ⟨χ(t)⟩ = 0, ⟨χ(t)χ(t′)⟩ =
γδ(t− t′). We derive the master eqation in the instantaneous interaction pic-
ture defined by:

ρ̃(t) = eiHstρ(t)e−iHst, (5.30)

from which we derive

̇̃ρ(t) ≈ −i
[︁
H̃n(t), ρ̃(t)

]︁
. (5.31)

Where we have neglected the time dependency of Hs, due to its adiabatic-
ity. By formally integrating eq. (5.31), substituting it into the commutator
and taking the stochastic average at time t, we get:

⟨ ̇̃ρ(t)⟩ = −
⟨︃∫︂ t

0

[︁
χ(t)Õ(t),

[︁
χ(t′)Õ(t′), ρ̃(t′)

]︁]︁
dt′
⟩︃

. (5.32)

We can make the substitution ⟨χ(t)χ(t′)ρ̃(t′)⟩ = ⟨χ(t)χ(t′)⟩ ρ̃(t′), since
t′ < t, and ρ̃(t′) cannot depend on t, except for t′ = t, obtaining

⟨ ̇̃ρ(t)⟩ = −γ

2

(︂
Õ2ρ̃(t)− 2Õρ̃(t)Õ + ρ̃(t)Õ2(t)

)︂
. (5.33)

The above equation can be recast into the Schroedinger’s picture giv-
ing

⟨ρ̇(t)⟩ = −i [Hs(t), ρ(t)]− γ

2

(︂
O2ρ(t)− 2Oρ(t)O + ρ(t)O2(t)

)︂
(5.34)



Chapter 6
Characterization of noise
Gaussianity in two level-quantum
systems

6.1 Introduction

As discussed in the former chapters , environmental noise remains a ma-
jor challenge for real-world quantum platforms such as superconducting
qubits [39, 134], trapped ions [135, 136], and semiconductor quantum
dots [137, 138]. In particular, the noise encountered in these systems is
often non-Markovian and non-Gaussian, meaning that it exhibits mem-
ory effects and statistical properties that deviate from simple Gaussian
behavior, thus it cannot fully be characterized with second-order statis-
tics and higher-order correlations have to be taken into account [34, 139,
140]. These features significantly complicate the theoretical modeling and
control of open quantum systems, as standard approximations and mas-
ter equation techniques often fail in such regimes [141, 142].

Accurate and efficient noise characterization is therefore essential to
enhance the fidelity of quantum gates, designing robust quantum control
protocols and error correction schemes. A precise understanding of noise
allows one to tailor mitigation strategies to the specific characteristics of
the environment, potentially extending coherence times and improving

97
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system performance. In this chapter, we focus on the notion of Gaussian-
ity, a fundamental property os stochastic processes. We analyze noise pro-
cesses that range from fully non-Gaussian (e.g., Random Telegraph Noise
(RTN)) to Gaussian (e.g., Ornstein-Uhlenbeck (OU) noise), as well as hy-
brid combinations of both. This investigation is not only of theoretical
interest but also of practical importance, as many realistic noise environ-
ments exhibit a mixture of Gaussian and non-Gaussian traits. Traditional
approaches to noise characterization include noise spectroscopy[143–145],
repeated measurements on the quantum probe[146], and methods based
on quantum estimation theory [28, 34]. While powerful, these methods
often require intricate experimental setups, are sensitive to measurement
errors, or rely on assumptions that may not hold in realistic non-Gaussian
regimes.

Here, we adopt a different approach: we recast the problem in a data-
driven framework using supervised machine learning (ML). By treating
the quantum system itself as a probe and collecting time-series data of its
dynamical observables we train neural networks to infer key features of
the noise. This method leverages the predictive power of neural networks
to learn complex, nonlinear mappings between observable dynamics and
underlying noise parameters. Our ML-based framework is adaptable to
different noise models and enables simultaneous multi-parameter esti-
mation, allowing for comprehensive characterization of hybrid noise en-
vironments.

In sec. 6.2, we define our physical model, describing a single qubit in-
teracting with a Gaussian and non-Gaussian environment, and introduce
the parameters governing the noise. In sec. 6.3, we describe the protocol
and detail the strategy for generating time-series data suitable for super-
vised learning. Finally in sec. 6.4 we present and analyze the performance
of the model, and conclude in 6.5 with a discussion of improvements and
future directions.

6.2 Physical model

We consider a qubit interacting with an environment composed by N
bistable fluctuators. Each fluctuator is modeled as a classical RTN pro-
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cess. RTN is an archetypical example of a non-Gaussian process [147–
149].

The Hamiltonian of the total system is H(t) = Hsys + Hnoise(t), where

Hsys = −ϵ

2
σz −

∆
2

σx, (6.1)

Hnoise(t) = −
N

∑
n=1

vn

2
x(n)(t)σz. (6.2)

Here σx and σz are the Pauli matrices, ϵ is the qubit energy splitting
and ∆ is the coupling between the two levels. The noise is described by
the random processes x(n), n referring to the n-th instance of RTN with
coupling strength vn. The random variable x(n)(t) toggles between two
values −1 and +1, with rates Γ±

n (see 2.5.1).
For simplicity, we consider only pure dephasing, i.e. ∆ = 0, resulting

in fluctuations of the qubit’s energy levels. This causes the coherence to
decay while the populations remain unchanged. In the interaction picture
with respect to the qubit Hamiltonian Hsys, the temporal evolution of the
qubit coherence influenced by the N Random Telegraph Noises is given
by [147, 148]

ρ01(t)RTN = ρ01(0)
N

∏
n=1

[︁
Ane−Γn(1−αn)t/2 + (1 − An)e−Γn(1+αn)t/2]︁, (6.3)

where

αn =
√︂

1 − g2
n − 2ignδ̄pn, (6.4a)

An = (1 + αn − iδp0gn)/(2αn), (6.4b)
gn = 2vn/Γn, (6.4c)
Γn = Γ+

n + Γ−
n , (6.4d)

δ̄pn = (Γ−
n − Γ+

n )/Γn, (6.4e)

δp0 = ρ00(0)− ρ11(0). (6.4f)

For a single RTN with Γ+ = Γ− = Γ/2 and δp0 = 0, the two-time corre-
lation function is

⟨x(t1)x(t2)⟩ = e−Γ|t1−t2|. (6.5)
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In the limit of many (N → ∞) identical (gn = g, Γn = Γ) illustrates weakly
coupled (g → 0) RTNs with Ng2 = C2 constant and in the stationary state
(δp0 = δ̄pn = 0), the collective noise effect becomes equivalent to that of a
single OU process (see 2.4.1), which is an archetypical Gaussian process.
In this case the coherence of the qubit decays as

ρ01(t)RTN = ρ01(0)e−
CΓ
4 (t− 1

Γ+
1
Γ e−Γt). (6.6)

In fact, eq. (6.6) has the same form of the evolution of the coherence of a
qubit subject to a single OU noise with zero mean ⟨x(t)⟩ = 0 and two-
time correlation function

⟨x(t1)x(t2)⟩ = e−k|t1−t2|, (6.7)

where k = 1/τc is the inverse of the noise correlation time. The decay of
the coherence of the qubit in this case is (see Appendix 6.A)

ρ01(t)OU = ρ01(0)e−v2τc(t−τc+τce−
t

τc ) = ρ01(0)e−
v2
k (t− 1

k+
1
k e−kt), (6.8)

where v is the strength of the OU noise.
Our analysis explores the estimation of the noise properties in two

different scenarios:

1. Finite number of RTNs: The qubit interacts with an environment
composed of N independent, identical RTN sources, each charac-
terized by a switching rate Γ and a coupling strength v. We aim to
estimate the number N, which serves as an indicator of the degree
of Gaussianity of the noise: as N → ∞, the noise tends toward a
Gaussian process. In addition, our objective is also to infer the com-
mon switching rate Γ, which governs the temporal correlations of
the RTNs.

2. Hybrid noise (Gaussian + non-Gaussian components): The envi-
ronment is composed of many (N → ∞) weakly coupled RTNs and
a single strongly coupled RTN. In the limit of many weakly cou-
pled identical RTNs (with g → 0, Ng2 = C2 constant), their collec-
tive effect becomes equivalent to an Ornstein-Uhlenbeck (OU) pro-
cess—representing a Gaussian noise contribution while the strongly
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coupled RTN introduces a non-Gaussian contribution. Our goal is
to characterize both the Gaussian and non-Gaussian components of
the total noise. Specifically, we aim to estimate the strengths of the
OU (vOU) and RTN (vRTN), which indicate their respective weights,
as well as estimate the RTN switching rate Γ and the OU inverse
correlation time k = 1

τc
.

6.3 Parameter estimation with quantum probe

We employ the qubit as a quantum probe to infer properties of its sur-
rounding environment using supervised machine learning. In particular,
we use a Multi Layer Perceptron (MLP) (see Sec. 3.2 for more details about
MLP) trained on time-series data of the qubit’s dynamics to estimate en-
vironmental noise parameters.

The qubit is initially prepared in an eigenstate of the Pauli σx operator

|ψ(0)⟩ = |+⟩ = |0⟩+ |1⟩√
2

, (6.9)

and allowed to evolve under the influence of the noisy environment. To
generate the training data required for supervised learning, we consider
the expectation value ⟨σx(ti)⟩ at each time step ti. These time-series tra-
jectories form the input to the neural network, while the corresponding
noise parameters serve as target outputs for training. The two scenarios
introduced in Sec. 6.2 are analyzed in detail below.

6.3.1 Quantifying Gaussianity with the number N of RTNs

In this subsection, we formulate the problem introduced in Sec. 6.2, fo-
cusing on the first scenario. We consider a single qubit subject to noise
arising from N independent, identical RTN sources. In this framework,
the parameter N serves as a quantifier of non-Gaussianity: When N = 1,
the noise is maximally non-Gaussian. As N increases, while keeping
C =

√
Ng constant, the cumulative effect of the fluctuators gradually

converges to that of a OU process which is Gaussian. This transition re-
flects the central limit theorem for classical noise sources, where many
weakly coupled RTNs give rise to an effective Gaussian environment.
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Figure 6.3.1: Time evolution of the expectation value ⟨σx(t)⟩ for a qubit
interacting with different numbers of RTN sources. The time axis spans
(t ∈ [0, 100]ϵ−1), and the total noise strength is kept constant at (C2 =
Ng2 = 30). Colored lines indicate dynamics generated by RTN noise
with increasing N, while the black dotted line corresponds to dynamics
under OU noise with parameters τc = 1/Γ = 1 and vOU =

√
CΓ
2 . For

N = 7, the RTN-induced dynamics closely approximate the one induced
by the Gaussian OU process.

To analyze the system dynamics under this type of noise, we use the
analytical expression given in eq. (6.3). Fig. 6.3.1 illustrates examples
of time evolutions of the qubit under the influence of N identical RTN
sources, with N ranging from 1 to 7 and fixed C2 = 30, along with the
asymptotic dynamics reached in the limit N → ∞. As already mentioned
and proved in Appendix 6.B, the latter is equivalent to the dynamics of a
qubit affected by a single OU process with parameters k = Γ and noise
strength vOU =

√
CΓ
2 . It is evident that with increasing N the trajectory

of ⟨σx(t)⟩ converges to the one when the qubit is affected only by the
OU process. Already for N = 7 that trajectory nearly overlaps with the
asymptotic one, clearly demonstrating convergence to the Gaussian limit.

To characterize the noise using the qubit as a probe in a manner suit-
able for supervised learning, we simulate the the qubit evolution for vary-
ing numbers of RTNs, N ∈ [1, 8], and for different noise switching rates,
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Γ ∈ [0.1, 2]ϵ. The time evolution is discretized into 1000 time steps over
the interval t ∈ [0, T] where T = 100/ϵ. At each time step ti, we extract
the expectation value of the Pauli σx operator, ⟨σx(ti)⟩, which serves as
the input time-series data for the supervised learning model.

Each simulated qubit trajectory is labeled by the corresponding noise
parameters (N, Γ) used in its generation. After training on this labeled
dataset, the machine learning model can infer the values of N and Γ from
previously unseen qubit dynamics affected by RTN noise, thereby en-
abling simultaneous estimation of the Gaussianity (via N) and temporal
characteristics (via Γ) of the environment.

6.3.2 Quantifying Noise Parameters in a Hybrid Environ-
ment

In this section, we analyze the second scenario outlined in Sec. 6.2, where
the environment consists of both Gaussian and non-Gaussian noise com-
ponents. This can happen, for example, when one RTN is strongly cou-
pled to the qubit accounting for non-Gaussian noise effect, while many
other RTN sources are weakly coupled. In the limit N → ∞ (with the
constraint Ng2 = C2 constant), the collective influence of the weakly cou-
pled RTNs converges to that of a Gaussian OU process, as described in
Sec. 6.2. This configuration effectively realizes a hybrid noise environ-
ment where the non-Gaussian RTN and Gaussian OU noise coexist. Fol-
lowing eq. (6.3) we have

ρ01(t) = lim
N→∞

ρ01(0)
N

∏
n=1

[︁
Ane−Γn(1−αn)t/2 + (1 − An)e−Γn(1+αn)t/2]︁ =

= ρ01(0)
(︂

A1e−Γ1(1−α1)t/2 + (1 − A1)e−Γ1(1+α1)t/2
)︂
×

× lim
N→∞

N

∏
n=2

[︁
Ane−Γn(1−αn)t/2 + (1 − An)e−Γn(1+αn)t/2]︁ =

=
ρ01(t)RTN · ρ01(t)OU

ρ01(0)
,

(6.10)
where ρ01(t)RTN is the contribution from the strongly coupled RTN source,
while ρ01(t)OU corresponds to the collective effect of the weakly coupled
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Figure 6.3.2: Schematic representation of the qubit (yellow) hybrid envi-
ronment. One RTN source is strongly coupled to the qubit (shown with
red line), while the remaining N − 1 RTN sources are weakly coupled
(shown with dashed line). In the limit N → ∞ and Ng2 = constant, the
weakly coupled RTNs collectively reproduce the effect of an Ornstein-
Uhlenbeck (OU) noise process.

RTN sources.
We apply supervised learning to estimate the characteristic param-

eters of both noise components: the coupling strength vRTN and total
switching rate Γ of the RTN, as well as the strength vOU and inverse cor-
relation time k = 1/τc of the OU noise. Notice that the ratio between
the strengths vRTN and vOU represents the relative strength of the non-
Gaussianity of the noise.

To generate the training data, we simulate the evolution of the qubit
by randomly sampling the noise parameters from the following interval:

• RTN strength: vRTN ∈ [0.1, 2] ϵ,

• RTN switching rate: Γ ∈ [0.1, 2] ϵ,

• OU strength: vOU ∈ [0.1, 2] ϵ,

• OU inverse correlation time: k = 1/τc ∈ [0.1, 2] ϵ.

The parameter ranges for the RTN are chosen such that the coupling
strength g spans the weak (g < 1), intermediate (g = 1), and strong
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(g > 1) coupling regimes. The same range is adopted for the OU noise
to enable a consistent and meaningful comparison between the two noise
types.

As in the previous scenario, the qubit evolution is computed over a
time interval t ∈ [0, T], T = 100/ϵ, discretized into 1000 time steps. At
each time step ti, the expectation value ⟨σx(ti)⟩ is recorded, forming the
time-series input to the neural network. The four corresponding noise
parameters are used as target outputs. Once trained, the neural network
should be capable of estimating all four parameters from previously un-
seen qubit trajectories, thereby enabling a comprehensive characterization
of the hybrid environment.

6.4 ML results

6.4.1 Scenario 1

We implemented the regression tasks using TensorFlow. For Scenario 1,
a dataset comprising 4000 evolutions of the qubit was generated. For
each integer value of N ∈ [1, 8], we randomly sampled the switching rate
Γ ∈ [0.1, 2] ϵ a total of 500 times. The complete dataset was divided into
training, validation, and test sets using a 3 : 1 : 1 ratio.

Layer # Neurons Activation Function

Input 1000 —

Hidden 1 512 ReLU

Hidden 2 256 ReLU

Hidden 3 256 ReLU

Output 2 Linear

Table 6.4.1: Architecture of the fully connected neural network used to
estimate two noise parameters.

The network is a Multilayer Perceptron (MPL) comprising an input
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layer, three hidden layers, and an output layer, as summarized in Ta-
ble 6.4.1. A schematic illustration of the model is shown in Fig. 6.4.1.

...

⟨σx(t0)⟩

⟨σx(t1)⟩

⟨σx(t999)⟩

...
...

N

Γ

Figure 6.4.1: Schematic representation of the neural network used in
Scenario 1. The input layer receives the time series of ⟨σx(t)⟩ and outputs
estimates for the noise parameters N and Γ.

The network is trained by minimizing the ‘mean squared error’ cost
function:

C({yj, ŷj}j) =
1
M ∑

j

(︁
yj − ŷj

)︁2 . (6.11)

where, yj, ŷj are the NN predicted and the target output vectors for j − th
sample respectively and M is the total number of samples. The perfor-
mance of the trained model on the test set is illustrated in Fig. 6.4.2.
Panels (a) and (b) show the predicted versus target values of N and Γ,
respectively. Black dots represent the target values, while orange dots
correspond to the predictions made by the neural network. Panels (c)
and (d) of Fig. 6.4.2 show the prediction errors for N and Γ, defined as
the relative differences between the true and predicted values:

∆N =
N(tar) − N(pred)

N(tar)
, ∆Γ =

Γ(tar) − Γ(pred)

Γ(tar)
. (6.12)

As previously discussed in Fig. 6.3.1, when N = 7, the coherence dynam-
ics of the qubit under RTN closely resembles that generated by Gaus-
sian OU noise. Hence, further increases in N do not substantially affect
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Figure 6.4.2: (a) True and predicted values of N for test samples. (b)
True and predicted values of Γ. (c) Prediction error ∆N = N(tar)−N(pred)

N(tar) .

(d) Prediction error ∆Γ = Γ(tar)−Γ(pred)

Γ(tar) .

the system dynamics. As a result, the NN faces difficulty distinguishing
between values of N > 7, leading to larger prediction errors in this re-
gion. Nevertheless, the network maintains robust predictive accuracy for
Γ throughout the parameter range.

6.4.2 Scenario 2

In this scenario, our objective is to estimate four noise parameters: the
strength (vRTN) and switching rate (Γ) of the RTN, and the strength (vOU)
and inverse correlation time (k = 1/τc) of the OU noise. To this end,
we generate 10000 qubit coherence evolutions under a hybrid noise envi-
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ronment, with the four parameters sampled randomly within the ranges
specified in subsec. 6.3.2. Also in this case, we employ a Multilayer Per-
ceptron, its structure is detailed in Table 6.4.2. A schematic representation

Layer # Neurons Activation Function

Input 1000 —

Hidden 1 512 LeakyReLU

Hidden 2 512 LeakyReLU

Hidden 3 256 LeakyReLU

Hidden 4 124 ReLU

Output 4

Table 6.4.2: Architecture of the fully connected neural network used to
estimate four noise parameters.

of the neural network used in this scenario is shown in Fig. 6.4.3, and the
cost function used is again ‘mean square error‘, eq. (6.11). The perfor-

...

⟨σx(t0)⟩

⟨σx(t1)⟩

⟨σx(t999)⟩

...
...

vRTN

Γ

vOU

1
τc

Figure 6.4.3: Schematic representation of the neural network used in
Scenario 2 to estimate both RTN and OU noise parameters.

mance of the trained network on the test set is illustrated in Fig. 6.4.4.
Panels (a), (b), (e), and (f) display the true (black) and predicted (orange)
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values for vRTN, Γ, vOU, and k = 1/τc, respectively, plotted against the test
sample index. Panels (c), (d), (g), and (h) show the corresponding predic-
tion errors for each parameter, defined as the relative difference between
the true and predicted values:

∆vRTN =
v(tar)

RTN − v(pred)
RTN

v(tar)
RTN

, ∆Γ =
Γ(tar) − Γ(pred)

Γ(tar)
, (6.13)

∆vOU =
v(tar)

OU − v(pred)
OU

v(tar)
OU

, ∆k =
k(tar) − k(pred)

k(tar)
. (6.14)

The network demonstrates high predictive accuracy for all parameters
except the switching rate Γ, which exhibits greater variance between pre-
dicted and target values. In order to minimize the number of measure-
ment needed to estimate the noise parameters, we examined the ML
efficiency while reducing the number of time points used for training.
Specifically, we reduced the number of input time points by a factor
h = 2, . . . , 100, still keeping the points equidistant, and analyzed the im-
pact on estimation accuracy. This is equivalent to increase the time in-
terval between each measurement of ⟨σx⟩ by the factor h. This approach
helps determine the minimum number of time points required to achieve
an estimation accuracy comparable to that obtained with the full dataset.
Fig. 6.4.5 illustrates the error in the estimation of each parameter defined
as the component of the cost function, eq. (6.11), relative to each param-
eters, as a function of increasing time intervals. It is apparent that with
increasing time interval between measurements, the coupling strengths
vRTN (vOU) and γ are still predictable, while the coherence time of the
OU becomes less predictable. The switching rate of the RTN is always
not predictable.

6.5 Conclusion

In this chapter, we have developed a data-driven framework for char-
acterizing Gaussian and non-Gaussian noise in quantum environments
using a single qubit as a probe. By leveraging supervised machine learn-
ing, we demonstrated the ability to infer key noise parameters from the
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Figure 6.4.4: (a) True vs predicted values of vRTN. (b) True vs predicted
values of Γ. (c) Prediction error for vRTN. (d) Prediction error for Γ. (e)
True vs predicted values of vOU. (f) True vs predicted values of k = 1/τc.
(g) Prediction error for vOU. (h) Prediction error for k.
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Figure 6.4.5: Error of the four parameters with respect to increasing time
interval between measurements.

qubit’s time-evolved observables, successfully addressing both fully non-
Gaussian and hybrid noise scenarios. The results highlight the potential
of machine learning as a powerful tool for noise spectroscopy.

However, this work remains a first step in a broader research direction.
Several improvements are currently being developed, including optimiz-
ing the number and placement of time points for machine learning input,
integrating physics-informed data reduction strategies, and exploring al-
ternative neural network architectures.

In addition, our objective is to extend this framework through a com-
parative study that includes more complex and realistic noise models
such as 1/ f noise, which is highly relevant for solid-state qubits. We
also plan to move beyond the pure dephasing regime by introducing
transverse coupling (∆ ̸= 0), which allows us to investigate richer dy-
namics. Another interesting approach is to introduce pulses that drive
the qubit either longitudinally or transversely, and analyze which pulses
can enhance noise sensitivity and improve parameter estimation. These
directions will help us to understand how various types of noise interact
with driven dynamics and how different driving protocols influence the
identifiability of noise characteristics.

Ultimately, these future developments aim to make our approach more
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robust, general, and applicable to real quantum platforms. By combin-
ing insights from quantum control, open quantum systems, and machine
learning, we hope to advance toward efficient, adaptive, and experimen-
tally viable classical and quantum noise characterization tools.



Appendix

6.A Qubit dynamics under Ornstein-Uhlenbeck
noise

We will explore the impact of Ornstein-Uhlenbeck noise on the qubit’s
evolution. The comprehensive Hamiltonian, in line with equations 6.1and
6.2, is given by

H(t) = Hsys + Hnoise(t), (6.15)

with the noise Hamiltonian now articulated via a single stochastic pro-
cess x, namely, Hnoise(t) = − v

2 x(t)σz. Here, x(t) represents a stochastic
process mimicking OU noise. As we focus on the pure dephasing model,
implying

[︁
Hsys, Hnoise

]︁
= 0, and OU is a Gaussian noise, the solution for

the coherent evolution of the system is (see eq. (2.71))

ρij(t) = ρij(0)e−iϵte−
v2
2 ⟨ϕ(t)2⟩, (6.16)

where ϕ(t) =
∫︁ t

0 x(s)ds is the noise phase. We consider an OU noise pro-
cess with a correlation function given by ⟨x(t1)x(t2)⟩ = e−k|t1−t2|, where
k = 1

τc
inverse of correlation time. Therefore, the quantity

⟨︁
ϕ(t)2⟩︁ can be

113
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calculated by

⟨ϕ(t)2⟩ =
∫︂ t

0

∫︂ t

0
⟨x(t1)x(t2)⟩dt1dt2,

=
∫︂ t

0

∫︂ t

0
e−

|t1−t2|
τc dt1dt2,

=
2
k
(t − 1

k
+

1
k

e−kt).

(6.17)

Referring back to equation 6.16, we have

⟨ρij(t)⟩ = ρij(0)e−iϵte−v2τc

(︁
t−τc+τce−

t
τc
)︁

. (6.18)

Moving to interaction picture with respect to the qubit Hamiltonian we
obtain

⟨ρI
ij(t)⟩ = ρij(0)e

−v2τc

(︁
t−τc+τce−

t
τc
)︁

. (6.19)

6.B Equivalence Between Many Weakly Coupled
RTNs and Ornstein-Uhlenbeck Noise

We show here that in the limit of infinitely many weakly coupled random
telegraph noise (RTN) sources, the cumulative effect on the qubit becomes
equivalent to that of an Ornstein-Uhlenbeck (OU) noise process.

Consider N identical RTNs, each with a coupling strength v, under
the constraint Ng2 = C2, with C constant and g = 2v/Γ. As N → ∞,
it follows that g → 0. We use the approximations: α =

√︁
1 − g2 ≈ 1 −

g2

2 , A = 1+α
2α ≈ 1 − g2

4 , 1 − A = α−1
2α ≈ g2

4 , where all approximations
are valid up to second order in g.

Starting from the coherence evolution expression for N identical RTNs,
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as given in eq. (6.3), we write:

ρ01(t)RTN = lim
g→0

ρ01(0)
[︂

Ae−
Γ
2 (1−α)t + (1 − A)e−

Γ
2 (1+α)t

]︂N

= lim
g→0

ρ01(0)

[︄(︃
1 − g2

4

)︃
e−Γ g2

4 t +
g2

4
e
−Γ
(︃

1− g2
4

)︃
t
]︄C2/g2

= lim
g→0

ρ01(0) e−ΓC2t/4

[︄
1 +

g2

4

(︄
1 − e

−Γt
(︃

1− g2
2

)︃)︄]︄C2/g2

.

(6.20)

Now consider the limit:

lim
g→0

(︂
1 + ag2

)︂C2/g2

= eaC2
.

Applying this identity with a = 1
4

(︄
1 − e

−Γt
(︃

1− g2
2

)︃)︄
, we obtain:

ρ01(t)RTN = ρ01(0) e−ΓC2t/4 · e
C2
4 (1−e−Γt). (6.21)

Combining the exponents, we finally get:

ρ01(t)RTN = ρ01(0) e−
ΓC2

4 (t− 1
Γ+

1
Γ e−Γt), (6.22)

which is identical in form to the coherence decay under Ornstein-Uhlenbeck
noise, as derived in eq. (6.8).
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Chapter 7
Conclusions

The advancement of Quantum Technologies relies heavily on our ability
to precisely control quantum systems and to mitigate the effects of envi-
ronmental noise, which remains one of the central challenges in building
reliable quantum devices. In this regard, machine learning (ML) has re-
cently emerged as a powerful tool across various areas of quantum tech-
nology, including quantum control, state tomography, and error correc-
tion. Its ability to learn directly from raw measurement data has opened
new avenues for analyzing complex quantum environments. Notably,
ML models can extract meaningful features and infer properties of envi-
ronmental noise such as correlations, memory effects, or statistical nature
without requiring explicit knowledge of the system-environment interac-
tion or a detailed microscopic model. This data driven approach not only
simplifies traditionally intractable tasks but, in many cases, surpasses the
limitations of conventional analytical techniques.

In this PhD thesis, the central focus is to harness ML techniques to
infer and characterize noise in quantum systems.

While noise mitigation in single-qubit systems is relatively well un-
derstood, extending these techniques to multi-qubit and multi-level plat-
forms remains a significant challenge. On one hand, noise correlations
between qubits can severely degrade system performance by reducing
coherence time and gate fidelities. On the other hand, as the system
size increases, the analytical treatment of all possible noise correlations
becomes increasingly intractable. Moreover, modern quantum error cor-

117
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rection techniques require prior knowledge of the underlying noise char-
acteristics, especially correlated noise. Therefore, extracting and under-
standing noise correlations is of paramount importance for the develop-
ment of scalable and reliable quantum technologies.

In this context, we studied the dynamics of open quantum systems
and the impact of environmental decoherence, specifically focusing on
classically described noise models. Our approach leverages the quantum
system itself as a probe to extract information about the underlying noise
characteristics, along with ML to analyze the system’s response to various
effect of the environmental noise.

In the first part of the thesis, we employed a hybrid strategy that com-
bines advanced quantum control protocols with machine learning tools.
In particular, we investigated the behavior of a three-level quantum net-
work driven via the Coherent Tunneling by Adiabatic Passage (CTAP)
or Stimulated Raman Adiabatic Passage (STIRAP) protocol while inter-
acting with classical environmental noise. We considered five different
spatially correlated noise models: three quasistatic non-Markovian types
(correlated, anti-correlated, and uncorrelated) and two Markovian types
(correlated and anti-correlated). By measuring the population transfer ef-
ficiency of the CTAP/STIRAP protocol under various driving conditions,
and using these data as inputs to a simple neural network, we demon-
strated that it is possible to distinguish between the non-Markovian noise
classes and between Markovian and non-Markovian noise, with a classifi-
cation accuracy of up to 99%. The overall classification accuracy including
the two Markovian classes is about 80%. Notably, distinguishing between
different Markovian noise correlations was not achievable in this setup.
We also showed that the protocol exhibits robustness against measure-
ment errors, emphasising its practical viability.

Building upon these results, we extended the methodology to a more
complex system composed of two ultra-strongly coupled qubits, each
subjected to local, spatially correlated noise as defined previously. Re-
markably, we showed that in specific parameter regimes, population trans-
fer can also be achieved in this effective four-level system using a STIRAP-
like control scheme. In this case, the machine learning model demon-
strated an improved capacity, not only distinguishing among the non-
Markovian noise classes but also successfully differentiating between the
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Markovian noise types. This is due to the non-symmetric effect of the
noise correlations on the eigenbasis of the system. Overall, the classifi-
cation accuracy reached approximately 90%, highlighting the method’s
scalability and effectiveness in more realistic multi-qubit scenarios.

In the final part of this thesis, we addressed another important charac-
teristic of classical environmental noise - its Gaussianity. While the Gaus-
sian approximation is widespread in modeling environmental noise, due
to their analytical tractability and well-understood statistical properties,
realistic quantum environments frequently exhibit non-Gaussian features
that cannot be captured by second order statistics alone. This presents a
significant challenge for the design of effective control protocols and error
correction schemes. To explore this aspect, we considered two representa-
tive noise models: Ornstein Uhlenbeck (OU) noise as a Gaussian process
and Random Telegraph Noise (RTN) as a prototypical non-Gaussian pro-
cess. We investigated two scenarios: (i) where a qubit is coupled to a
finite number of RTN sources, and (ii) where a hybrid noise environ-
ment includes both a large ensemble of weakly coupled RTNs (mimick-
ing Gaussian behavior) and a single strongly coupled RTN contributing a
non-Gaussian component. To characterize these environments, we again
adopted a data-driven strategy using supervised machine learning. By
treating the qubit as a quantum probe and using time-series data of its
coherence, we trained neural networks to infer multiple key parameters:
in the first scenario, the number of RTN sources (a proxy for Gaussian-
ity) and their switching rate; in the second, the strengths and correla-
tion times of both the Gaussian and non-Gaussian components. This
approach is simple and flexible, it does not rely on specific assumptions
about the noise distribution, enables multi-parameter estimation, and can
be adapted to experimental constraints, such as limited time resolution.
We demonstrated that ML can characterise the noise parameters promis-
ingly in both the above mentioned scenarios. Even in the hybrid setting,
the model effectively quantifies the relative weight of Gaussian and non-
Gaussian noise, offering a direct pathway to assessing the structure of
environmental fluctuations.

There are several promising directions that can be explored to extend
the scope of this thesis. In particular, the analysis and characterization
of 1/ f noise, which is ubiquitous in many solid-state quantum systems,
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is an important and promising route. Understanding and characterizing
such noise within a machine learning framework will further strengthen
the applicability of data-driven methods in realistic quantum environ-
ments. Additionally, we aim to explore unsupervised learning techniques
for noise classification and characterization, which could enable the au-
tomated discovery of underlying noise structures without the need for
labeled training data, paving the way toward scalable, self-learning quan-
tum diagnostics. From a control standpoint, we also intend to inves-
tigate alternative quantum driving protocols beyond STIRAP/CTAP, in
order to enhance the robustness and adaptability of quantum systems
under diverse noise conditions. We also look forward to the experimental
implementation of our protocols, particularly in platforms where con-
trollable noise environments can be engineered and our methods can be
tested and improved. These future directions are expected to contribute
to a more comprehensive, model-agnostic understanding of environmen-
tal noise and support the development of resilient, noise-aware quantum
technologies.

Overall, this work marks a step toward more effective noise analysis
in quantum systems, demonstrating how machine learning can be used
to develop adaptable tools for both theoretical studies and experimental
applications.
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