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Introduction

This thesis is devoted to the study of different types of elliptic differential inclusions and
their applications to a wide range of implicit equations.

The theory of differential inclusions, started in 1934-1936, as it can be read with more
details in [22], was motivated by those dynamical systems whose velocity is not uniquely
determined by their state, but it depends on it. Then, it was developed within the
framework of set-valued analysis and, in the last years, attracted many authors because
of both theoretical aspects and applications to solve problems arising from other fields,
like Physics, Mechanics, Engineering, Social and Biological sciences.

In particular, as observed in [4] and [23], deterministic models are not suitable for
explaining the evolution of some systems, when they are quite related to phenomena with
a high degree of uncertainty, the absence of controls and the variety of available dynam-
ics. These models appear, for example, in control theory, differential game theory and
friction dynamics. Differential inclusions have been intensively studied since eighties and,
in a first moment, existence results have been established in the ordinary case. Naturally,
mathematicians extended previous results to partial differential inclusions, making use of
several methods, such as fixed point theory, Leray-Schauder theory, monotone operators
and approximation schemes.

We wish to present what an abstract differential inclusion is, following the ideas con-
tained in [6]. Let VW, Z be linear normed spaces. Consider an operator A from domA C
W to V, a mapping j : domj C W — Z, and a multifunction F' : domF C Z — V with
closed valued. We pose the following question:

Find v € W such that Au € F(ju).

This represents a very general problem, that requires appropriate hypotheses on 5, A and
F to be solved, and it has been largely investigated through different techniques. Now,
we want to give more details about the point of view adopted in this thesis.

Let Q be a bounded domain in R, with a smooth boundary 99 and let 1 < p < 400,
except when it is otherwise specified. Along our subject, we deal with different types of
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elliptic inclusions, that we briefly summarize as follows. Next we point out what tools
and features have been studied and used in each context.

1) Find u € WP(Q,R") N WyP(Q, R") such that Lu € F(z,u, Du) a.e. in Q C RV,
where 3 < N < p < 400, F: Q x R" x RN — 98" and L is a suitable linear
second-order elliptic operator in non-divergence form.

2) Find u € W, P(Q) satisfying —A,u € F(z,u, Vu) a.e. in Q, where F: Qx RxRYN —
2% is lower semicontinuous and A, denotes the p-Laplace operator.

3) Find u € W,?(Q) such that —A,u € F(z,u) a.e. in Q, with hypotheses of upper
semicontinuity on F':  x R — 2% that is a result employed, for example, to study
an implicit differential equation in a discontinuous framework.

4) Find u € H} () satisfying —Au € 0J(u) a.e. in Q CRY N > 1, where 9J: R — 2%
is the gradient of a convenient locally Lipschitz continuous potential.

5) Find u € W, ?(Q) such that —A,u € 8J(z,u) a.e. in QC RN, 1 < N < p < 400,
being 0.J as in 4).

The abstract framework where inclusions are placed is that of set-valued analysis. In
particular, the notions of lower semicontinuous multifunction with decomposable values
and selection are crucial.

In 1) and 2) we make use of the Kuratowski and Ryll-Nardzewski Theorem that pro-
duces a measurable one, and the Bressan-Colombo-Fryszkowski Theorem, that furnishes
a continuous selection, under suitable hypotheses on the multifunction F'. Moreover,
fixed-point arguments are exploited, like the classical Schauder Theorem and the Leray-
Schauder alternative.

In 3), a solution to the problem is obtained via a general result for inclusions of the
type ¥(u) € F(x,®(u)), adapted there thanks to accurate choices of ® and ¥ related to
the p-Laplacian and its properties.

4) and 5) have in common the non-smooth setting, where locally Lipschitz continu-
ous functions are used as well as the generalized gradient. In 4) we present a different
approach to differential inclusions, based on variational methods. Instead, 5) shows how
previous techniques from set-valued analysis can be used in this context.

One of the most interesting feature of differential inclusions is the possibility of being
used to solve implicit differential equations, so we give just some technical details to
specify how it can be possible.

Now, let Y be a suitable subset of R", let us consider a real-valued function f defined
on ) x R" x RN x Y and let £ be a second-order elliptic operator that will be specified
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later according to the setting. Moreover, we put
Lu = (Luy, Lug, -+, Luy,).
In Chapter 3 we study implicit equations of the type
f(z,u, Du, Lu) = 0, (1)

with homogenuous Dirichlet boundary condition.
Through Theorem 1.10, we reduce (1) to the elliptic differential inclusion

Lu € F(x,u, Du), (2)
where F'is a lower semicontinuous multiselection of the multifuncion
(z,2,w) = {y €Y : f(z,z,w,y) = 0}.

Eventually, we use different results to solve (2) according to the hypotheses on f and on
the type of the elliptic operator £, that, according to the framework, may be a linear
second-order one, the p-Laplacian, or the classical Laplacian.

The original part of the thesis, based on [35], consists in the study of the following
implicit elliptic problem

weWyP(Q),  flz,u, Vu,Ayu) =0 in Q. (3)

We focus on the particular case when the function f can be expressed in the form
flz,z,w,y) = o(x,z,w) —Y(y), where Y is a nonempty interval of R, ¢ is a real-valued
function defined on Q x R x RY, and 1 is a real-valued function defined on Y, which
depends only on the p-Laplacian A,u. We further distinguish among the case where ¢ is
a Carathéodory function and depends on x,u, and Vu, and the case where ¢ is allowed
to be highly discontinuous in each variable, for which the dependance on the gradient is
not allowed.

As before, we reduce (3) to the elliptic differential inclusion problem:

—Ayu € F(x,u,Vu)  in €,
u=20 on 0f).

Both the case when Y coincides with the whole space R and when Y is a closed interval
of R will be treated. One of the main results is the following, where );, indicates the
first eigenvalue of the p-Laplacian in the space W, ().
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Theorem 0.1

Let ¢: Q x R x RY — R be a Carathéodory function and let ¢: R — R be continuous.
Suppose that:

(i) for all (z,z,w) € 2 x R x RY, the set {y € R: p(x,z,w) — 1(y) = 0} has empty
interior;

(ii) for all (z,2,w) € Q x R x RY | the function y — o(x, z,w) — ¥(y) changes sign;

(iii) there exist a € L¥ (Q,R{),b,c > 0, with pr + A}c/,f’ < 1, such that

sup{ly| : y € ¥ (p(@, 2,w))} < a(@) + blzf + clw
for all (z,2,w) € QA x R x R,

Then, there exists u € W, () such that

Y(—Apu) = o(x,u, Vu) in Q. (4)

When ¢ is discontinuous, we construct an appropriate upper semicontinuous multi-
function F related with 1! and ¢, and then we solve the elliptic differential inclusion
—Ayu € F(x,u) .

The result below is obtained, where we denote by my and 7 the projections of 2 x R
on €2 and R, respectively.

Theorem 0.2

Let F = {ACQxR: A is measurable and m(m;(A)) = 0 for some i € {0,1}}, (o, 5) C
R be an interval which does not contain 0, ¢ a continuous real-valued function defined on
(cr, B), ¢ a real-valued function defined on 2 x R, and p > N. Suppose that

Then, there exists u € W, *(Q) such that

P(—=Apu) = oz, u) in Q.



We finally present some particular cases and applications of previous results. For
example, equations of the type

=Apu = (@) + pl|ul + [Vul])” = de™ 20

or

— Ayucos(—Ayu) = (@),
are solved in W, (Q).
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Chapter 1
Preliminaries

In this chapter we gather basic definitions and general results that will be used later. The
abstract framework of set-valued analysis is then presented, with a special attention to
the crucial notion of selection for a multifunction. Furthermore, we introduce a linear,
second-order, elliptic differential operator and then the p-Laplace operator as well as some

basic properties.

From now on, €2 is a bounded domain in R, N > 2, with a smooth boundary 0. The
symbol L£(€2) will denote the Lebesgue o-algebra of 2 and m(2) the Lebesgue measure of
Q.

Given a nonnegative integer k, W*P(Q) stands for the Sobolev space of all real-valued

functions defined on 2 whose weak partial derivatives up to the order k lie in LP(2). If
a=(ag,a,...,a,) € (NU{0})" and u € WFP(Q),

we set
olely

al=a;+as+ -+, and D% =
laf = a1+ a 1 9TS? - - - Dl

(in the weak sense). A norm on WH?(Q) is introduced by defining

lullip =Y 1Dy, uw € WHP(Q).
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Given a positive integer h, we denote by W*P(Q, R") the space of all functions u : Q —
R u = (uy,us, ..., us), such that u; € W*P(Q) for every i = 1,2..., h. The norm in this
space is defined by

h
||u||W’“vP(Q,Rh) = Z willkp s = (ur,ug, ... un) € Wk’p(Q,Rh)‘
i=1

In this work, we often deal with the case kK = h = 1, namely the space W?(Q) that is
reflexive and separable for 1 < p < +o00. Of fundamental importance the Sobolev space
Wy P(€) will be, which stands for the closure of C$°(Q2) in W'?(Q). Roughly speaking,
Wy (Q) is the space of all u € WP(Q) such that u(z) = 0 for every = € 9.

On W, ?(Q) we introduce the norm

fulli= ([ 19utopa) T ewr@

Tt is useful to observe that for all u € Wy () we have |ju|| = ||Vu| rq)-
Let p* be the critical exponent for the Sobolev embedding W, () € L"(Q). Recall

that

Np .
" N—p lfp<N,

p g
400 otherwise.

If p # N, then to each r € [1, p*] there corresponds a constant ¢,, > 0 satisfying
lullzr@) < empllull,  Yu € WP (9),
whereas, when p = N, for every r € [1, +00) we have
[ullr) < eonllull,  Yue WyN(Q).

Finally, the embedding W,"(Q) — L"(Q) is compact, provided 1 < r < p*. When
p> N, we get W,P(Q) C L>(Q) and

lulloe < aflull, ue WgP(S), (1.1)



for suitable a > 0; see [12, Ch. IX].

Given p €]1,+o0], the symbol p’ will denote the conjugate exponent of p while
W= (Q) stands for the dual space of W'?(Q). Through [12, Theorem 6.4], we see
that LP'(Q) compactly embeds in =12 (Q). So, there exists b > 0 satisfying

lollw-10 (@) < ll0llr (), Vo € L (). (1.2)

1.1 The elliptic setting

We want to continue our subject by presenting the elliptic setting where the first class of
problems is placed.

Let £ be the linear, second-order elliptic differential operator defined by

N
Lu = — Z a;;(z 8x s Z bi(x &cl c(x)u, (1.3)

ij=1

where a;; € C°(Q), a;; = aj; for every i,j =1,2,..., N and
Yo ay(@)EE = AE+E .+ &)

ij=1

for some A\ > 0, every x € Q and every (£1,&,...,&y) € RY; b, € L>(Q) for all i =
1,2,...,N; ce L>*(Q) and c(z) > 0 almost everywhere in €.
The operator £ has the following properties; see [21, Theorem 9.15, Lemma 9.17].

1. £ is a one-to-one operator from W2?(Q) N W, (Q) onto LP(Q);
2. the inverse operator £7': LP(Q) — W2P(Q) N W, P(Q) is continuous.

We define, for every u € (uy,uy,...,u) € W2P(Q,R"),
Lu = (Luy, Lug, -+, Luy).

The linear operator L is one-to-one from W2P(Q, R") N W, ?(Q,R") onto L?(Q, R") and

its inverse L™! is continuous. We denote by ||L7!|| the norm of L.
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Moreover, for every (uy,ug, -+ ,up) € WP(Q,R"), we set
Du = (Duy, Dug, - -+ , Duy,),
where Du; is the gradient of the function wu;,.

N
0%u

A classical example of £ is the Laplace operator Au = T
L

=0
1.2 The p — Laplacian operator

One of the most important partial differential equation of the second order is

the so-called Laplace equation, which represents the prototype for linear elliptic equations.
There exists also a non-linear counterpart, the p-Laplace equation or p-harmonic equation,
depending on a parameter p. The p-Laplace equation has been much studied during the
last fifty years and its theory is by now rather developed, even though some open problems
remain. The p-Laplace equation is a degenerate or singular elliptic equation in divergence
form:

div(|Vu[P~2Vu) = 0.

Consequently, the p — Laplacian operator is defined by
Apu = div(|VulP?Vu) Yu € WP(Q),

where 1 < p < 400 and 2 C RV,
It is clear that when p = 2 it becomes the classical Laplace operator.
The p-Laplacian is an important example of degenerated/singular quasilinear elliptic op-

erator; for more completeness on the subject see [27].



Now, we want to focus on
A, WoP(Q) — W' (Q),
namely the nonlinear operator stemming from the negative p-Laplacian, i.e.,
(Ap(u),v) = /Q \Vu(z)[P~2Vu(z) - Vo(z)dz,  u,v € WP (Q)
and some useful properties concerning the inverse operator

AZL Q) — WP (Q),

P
that we need to recall; see, e.g., [36, Appendix Al.
Lemma 1.1
Let © C RN be a bounded domain. The following facts hold true:
(p1) A, is bijective and uniformly continuous on bounded sets;
(p2) Ajlis (W19 (Q), Wy P (Q))-continuous;

(ps) 14 (w) =1 = Ilullp™ in WP ().

(1.4)

Before stating the next result, we want to focus on A; ,, the first eigenvalue of A, in

WyP(9); see [25] for more details. The starting point is the following eigenvalue problem:

—Apu = ANulPu  in Q,

u=0 on 0f).

(1.5)

The Liusternik-Schnirelman theory provides a non decreasing sequence {\,,,} of nonneg-

ative eigenvalues for (1.5). The first or principal eigenvalue )\, is isolated and simple.

Moreover,
VulPdx
>\1:p = mf —fﬂ | | s
wewlr @0y o lulPde



from which we infer

1
(0a) [l ) < 5=l for all w e W3#(2),
7p

Many authors studied problems involving the p-Laplacian and the starting point is the

following Dirichlet problem:

—Ayu= f(x) in(,
u=>0 on 0f),

(1.6)

where Q C RN, f € W=7(Q), p’ = p/(p—1). We have the following simple result, whose
proof relies on the Classical Calculus of Variations and consists on finding a solution that

is a critical point of a suitable functional.

Theorem 1.2
Suppose 2 C RY is a bounded domain and f € W~''(Q). Then, problem (1.6) has a

solution u € Wy () in the weak sense, that means

/Q(<]Vu]p2Vu,Vv) — fu)dz =0, Yve W,P(Q).

1.3 General definitions and properties of set-valued anal-
ysis
Let X be a topological space and let V' C X. We denote by int(V) the interior of V' and

by V the closure of V. The symbol B(X) is used to denote the Borel o-algebra of X.

If (X,d) is a metric space, we define

B(z,r)={2z€ X :d(z,z) <r}, d(z,V)=infd(z,z) and d(V,z)=supd(z,z),

zeV zeV

for every x € X,r > 0 and every nonempty set V. C X.



Definition 1.3
Let X and Z be two nonempty sets. A multifunction ® from X into Z is a function from
X into the family of all subsets of Z, namely ®: X — 272,

For every W C Z we define the set
O~ (W) ={z e X :0x)NW # 0}

and the set
dT(W)={zr e X :®(x) CW}.

Definition 1.4
Let (X,.A) be a measurable space and let Z be a topological space. We say that the
multifunction ®: X — 27 is measurable when for every open set W C Z we have &~ (W) €

A.

Definition 1.5
If X and Z are two topological spaces and, for every open (resp. closed) set W C Z,
the set ®*(W) is closed (resp. open) in X, we say that ® is lower semicontinuous (resp.

upper semicontinuous), briefly l.s.c. (resp. u.s.c.).

Definition 1.6
If X and Z are two topological spaces and, for every open (resp. closed) set W C Z,
the set &~ (W) is open (resp. closed) in X, we say that & is lower semicontinuous (resp.

upper semicontinuous).

A useful characterization of the lower semicontinuity is the following; cf. |40, Theorem
1.1].



Proposition 1.7
When (Z,9) is a metric space, the multifunction ® is lower semicontinuous if and only if,

for every z € Z, the real-valued function =z — §(z, ®(z)), z € X, is upper semicontinuous.

Another condition that ensures this property deals with the weakly convergent subse-

quences; see [26, Theorem 7.1.7].

Proposition 1.8
If X is a first countable topological space, then the multifunction ® is lower semicontinuous
if and only if, for every x € X, every sequence {x;} in X converging to x and every

z € ®(x), there exists a sequence {z;} in Z converging to z and such that z;, € ®(zy), for
all K € N.

1.4 A fundamental result of lower semicontinuity

Let us first recall a technical lemma, that is [39, Lemma 2.1].

Lemma 1.9

Let S be a connected topological space and let g be a real-valued function defined on
S. Let sp € S be a relative maximum point but not absolute for g and suppose that
int(g~(g(s0))) = 0. Then, there exists zo € S such that g(xg) = g(so) and sq is not a

relative extremum point for g.

A particular and fruitful multifunction, associated with an equation of the type f(z,y) =
0, is presented in the following theorem, that provides some conditions to guarantee its

lower semicontinuity; see [38, Theorem 1.1] and [39, Theorem 2.2].



Theorem 1.10
Let C, D be two topological spaces, with D connected and locally connected, and f be a
real-valued function defined on C' x D. For all x € C we set

V(z):={ye D: f(xz,y) =0},
M (z) :={y € D :y is a local extremum point for f(x,-)},

Q(x) := V(x) \ M(x).
Suppose that:
(a) for all z € C, f(x,-) is continuous, and 0 € int(f(x, D));
(b) for all z € C and for all A open subset of D, there exists § € A such that f(z,7) # 0;

(c) the set {(v,v") € Dx D :{zx e C: f(z,y) <0 < f(x,y”)} is open} is dense in
D x D.

Then, the multifunction @ is lower semicontinuous, with nonempty closed values.

Proof. Fix x € C. Thanks to hypotheses (a), (b) and Lemma 1.9, Q(x) # 0. Now, we
show that Q(z) is closed. Let yo be a limit point of Q(x) and note that yy € V(z) because
of the continuity of f(xz,-). If  is an open neighbourhood of y, there exists y; € Q ()N
and we can find ., y3 € 2 such that

f(x7y2> < f(l’,y1) =0< f(xvyii)'

So, yo € Q(x) and it follows that Q(z) is closed. Eventually, we prove that @ is lower
semicontinuous. Let K be a closed subset of D and x* a limit point of QT(K). By
contradiction, suppose that 2* ¢ Q" (K) so that there exists y* € Q(z*)\ K. We observe
that Y\ K is open and Y is locally connected in y* in particular, so there is a connected
and open set W* such that y* € W* C D\ K. Moreover, from y* € Q(z*), it follows that
there exist ¢/, y” € W* such that:

f(z,y) <0 and f(x,y")>0.



Thanks to (c), there exists a neighbourhood U* of z* such that
f(z,y) <0 and f(x,y")>0 VreU"
Anyway, we can find x; € QT (K) N U*. Then, in particular, one has:
flz1,y') <0 and f(x1,y") > 0. (1.7)

Now, we apply Lemma 1.9 by choosing S = W* and g = f(x1,)w-. Taking into ac-
count (1.7), that W* is open and assumptions (a),(b), we can find y** € W* such
that f(z;,y™) = 0 and y** is not a relative extremum for f(z;,-)w-. It means that
y*™ € Q(x1). This is a contradiction because Q(x1) € K and K N W* = (). The proof is
complete. O

The previous theorem can be applied in different ways, see for examples [38] and [39],
where it has been used to establish the existence of implicit functions which are continuous

or of first Baire class.

1.5 Selection theorems

We introduce the notion of selection which connects, in a certain sense, the "multi-valued

analysis" and the "single-valued analysis". First of all, we recall its definition.

Definition 1.11
A function ¢: X — Z is said to be a selection of the multifunction ® : X — 2% if
o(x) € P(z) for all x € X.

There are several results which guarantee the existence of selections for l.s.c. or u.s.c.
multi-functions with convex values. For example, the famous Michael’s selection theorem
provides a continuous selection for a l.s.c. multifunction, while Browder’s selection theo-
rem produces a continuous selection for an u.s.c. multifunction.

The following is the so-called Kuratowki and Ryll-Nardzewski theorem and it deals with

10



the existence of a Borel-measurable selection.

Theorem 1.12
Let X be a topological space, Y a complete metric separable space and ® : X — 2V a

measurable multifunction with closed values. Then, ® has a Borel-measurable selection.

Moreover, we will further need a selection in the decomposable case, that is, somehow,

a notion similar to convexity, but weaker.

Definition 1.13
A nonempty set K C LP(€Q) is said to be decomposable if, for every w;, wy € K and every

measurable set A C €), we have
Xa w4 (1 —xa) wse € K,

where x4 is the characteristic function of A.

In several cases the decomposability condition is a good substitute for convexity. So,
there exists some results in the field of multi-valued analysis where convexity is replaced
by decomposability.

A decomposable set has been considered for the first time in the field of multi-valued
analysis by Antosiewicz and Cellina [3| in connection with the problem of the existence

of a continuous selection for a continuous multifunction with not necessarily convex values.

A basic connection between decomposable-valued lower semicontinuous multifunctions
and continuous selections is established by the following Bressan-Colombo-Fryszkowski’s

Continuous Selection Theorem; see |5, Proposition 2| and |29, Theorem 2.1].

Theorem 1.14
Let (X, d) be a separable metric space and let ® be a lower semicontinuous multifunction

from X into LP(QY), with decomposable closed values. Then, ® admits a continuous

11



selection.

Proof. Let f1,:R — R be the function defined by

[ /P=1t if t # 0,
Ft) = |t] #
0 if t =0.

Consider the mapping given by

(T1p9)(y) = fip(9(y)) g€ L'(Q), yeQ.

Then, Ty, : L'(2) — LP(Q) is the famous Mazur homeomorphism (cf. |10, p. 139]). For
every x € X, we set

Oy (x) = {Tl_’pl(w) cw € d(x)}.

The multifunction ®; : X — L'(Q) is lower semicontinuous and with decomposable values
thanks to Proposition 1 of [6]. Now, Theorem 3 of [11] furnishes a continuous selection

fi1 of ®;. Since for all z € X

T1p(f1(x)) € Tip(®1(2)) = @(x),

f =11, o0 fi1 is the required continuous selection of ®.
O

In the next example, we want to point out a specific multifunction with decomposable
closed values, whose importance will be clearer in the proof of Theorem 2.6.
Example 1.15
Let G: Q x R x RY — 2% be a closed-valued multifunction such that:
(g1) Gis L(2) @ B(R x RY)-measurable;
(g2) for almost every x € Q, the multifunction (z,w) — G(z, z,w) turns out to be lower

semicontinuous;

12



g3) there exist a € L” (Q,RY), b, ¢ > 0, complying with
0

sup  |y| < a(z) + bz +cjwfPt in Q x R x RY.
yeG(z,z,w)

Let us consider the multifunction G : W, ”(Q) — 2L (@ defined by

G(u) == {v e LF(Q) : v(z) € G(z,u(x), Vu(z)) a.e. in Q}. (1.8)
Then, G has nonempty, closed decomposable values.
Proof. We first prove G(u) # 0 for every u € Wy?(Q). Pick any u € Wy*(Q). In view

of (g1) and [15, Theorem II1.23] the multifunction = — G(z,u(x), Vu(z)) is measurable,

because for any open set B C R one has
{z € Q:G(z,u(x),Vu(x))NB £0} =

= projo (G (B) N {(z,z,w) € A x R x RY : 2 = u(z),w = Vu(z)},)

being proj,, the projection map from Q x R x RY onto Q. Hence, Theorem 1.12 gives
a measurable function v : Q — R such that v(z) € G(z,u(x), Vu(z)) for almost every
x € Q. Thanks to (g3) we obtain

HUHLI/(Q) < HO’HLP'(Q) + b””“iglg) + CHVu”i;(lQ,RN) < 400

namely v € G(u) and in particular G(u) # (). A standard argument then shows that G(u)

turns out to be a decomposable closed subset of L (). O
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Chapter 2
Differential inclusions

Some years ago, in [22|, L. Goérniewicz writes: "The theory of differential inclusions was
initiated in 1934-1936 with 4 papers. Two of them by the French mathematician A. Mar-
chaud and the remaining two by S. K. Zaremba, a mathematician from Cracow./...|

It is noteworthy that A. Marchaud called the equations in question contingent equations.
The rapid development of the theory took place at the beginning of the sixties of the pre-
vious century, when Cracow Mathematical School headed by Tadeusz Wazewski started
working on these issues. The following mathematicians belonging to the group are worth
mentioning: Andrzej Lasota, Zdzislaw Opial, Czeslaw Olech, Jozef Myjak, Andrzej Pel-
czar and Andrzej Plis. It is worth adding that Wazewski himself used another term, that
18 ortentor equation. The fundamental role for the theory was played by Wazewski’s work
titled: 1. On an optimal control problem, Prague, 1964, 692-704.

In that paper, Wazewski demonstrated that each problem of controlling ordinary differ-
ential equations of the first order can be articulated with orientor equation terms. That
observation served as an essential stimulus to study orientor differential equations and
consequently, it contributed to the introduction of the new term, still valid, and that is
"differential inclusions”. [...]

The theory of differential inclusions is located within the mainstream of non-linear analysis
- or to put it more precisely - multi-valued analysis. This theory is intensively developed
especially in the countries such as France, Germany, Russia, Italy, Canada and USA. In

Poland, there is a large group of mathematicians working on these issues.”
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2.1 Elliptic differential inclusions

In [5], the abstract differential inclusion introduced at the beginning of the Introduction
is presented and analyzed, see |5, Theorem 1|. Then |5, Theorem 2| shows an application

to elliptic ones, finding a solution to the problem:

Find u € H*(Q,R") such that Au € F(x,u, Du) a.e. in Q and v = 0 on 99.
Here, we recall Theorem 2 of [5].
Theorem 2.1

Let Q be a nonempty, open subset of RY, with a smooth boundary 9. Let F': Q x R x

RNM —s 9B" he a closed-valued multifunction. Suppose that:
(bl) Fis £L(Q) ® B(R" x RN")-measurable;

(b2) for almost every z € €, the multifunction (z,w) — F(x, z, w) turns out to be lower

semicontinuous;

(b3) there exist 0 <y < 1, M > 0 such that |L7!||||m]|, < r and
d(F (2, z,w),0) < m(z) + M1+ [2] + [Jw]])?

for every (z,w) € R" x RV,

Then, there exists a function u € H*(Q, R")NH{ (2, R") such that Au(z) € F(z,u(x), Du(z)).

Its proof is rather similar to that of the following Theorem, which represents an ex-
tension to the case p # 2 and a suitable operator £ instead of A, even if we require that

p must be strictly greater than N and more regularity for 2.

Let 2 be a nonempty, bounded, open, connected subset of RY, N > 3, with a boundary
00 of class CY! and N < p < +oo.
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We denote by C1(Q) the space of all continuously differentiable functions u : Q — R,
equipped with the norm

Ou(x)
0@-

, ueCYQ).

zeN

n
lulle @) = max|u(x)] + ) max
e i—1

Now, we need to recall that thanks to the Sobolev Imbedding Theorem [1, Theorem
5.4], there exists a constant v > 0 such that

Hu”C’l(QRh) < ullwzr@rm (2.1)
for every u € W?P(Q, R"). Moreover, ¢ will denote the smallest constant v such that (2.1)
holds for all u € W2P(Q, R") N W, 7 (Q,R") (%)
Theorem 2.2
Let F: Q x R" x RV — 28" he a closed-valued multifunction. Suppose that:
(al) Fis £(2) @ B(R" x R¥")-measurable;

(a2) for almost every = € €2, the multifunction (z,w) — F(x, z,w) turns out to be lower

semicontinuous;

(a3) there exist r > 0 and m € LP(Q2), with N < p < +o0, such that ||L7|||m], < r
and
sup{d(F(z, %,),0) : |2] < er, [w] < er} < m(z)

almost everywhere in ), where ¢ satisfies (x).

Then, there exists a function v € W2P(Q,R") N WyP(Q,R") such that Lu(z) €
F(z,u(z), Du(x)) and |Lu(z)| < m(zx) for almost every z € ).
Proof. We set
Br = {u € W2’p<Q,Rh> N W()l’p(Q,Rh) : HUHWZP(Q,]R}L) S 7“}.
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Let us consider the embedding operator
g WP(Q,RM) — WhP(Q, R,

that is a compact map, see for istance [18, Theorem 11.2|. Therefore, the set S, = m
is compact and convex in W1P(Q R"). Let v € S, and let {u} be a sequence in B, such
that kl_l}riloo Jue — v|lwrr@rny=0. By (2.1), for every k € N and every z € ), one has
lug(x)| < cr and ||Dug(z)|| < er. Consequently

|v(x)| < cr and ||Dv(x)|| < er almost everywhere in €. (2.2)
If v € S,, we define
G(v) = {w e LP(Q,R") : w(x) € F(x,v(z), Dv(x)) for almost every z € Q}.  (2.3)
We first prove that the set G(v) is nonempty. For any open set A C R one has
{x € Q: F(z,v(z),Dv(x)) NA# 0D} =

pro(F1(A) N{(z,z,w) € A x R" x R"" : 2 = v(z),w = Dv(x)}),

where prq denotes the projection mapping from € x R"* x RV onto Q. Owing to assump-
tion (a1) and |15, Theorem II1.23],

{x € Q: F(z,v(z),Dv(z)) N A # D} € L(Q),

so that the multifunction x — F(z,v(x), Dv(x)) is measurable. Therefore, Theorem
1.12 (Kuratowski and Ryll-Nardzewski Selection Theorem) guarantees the existence of
a measurable function w : Q — R" fulfilling w(z) € F(x,v(z), Dv(z)) for almost every
x € Q. As v satisfies (2.2), hypothesis (a3) gives |w(z)| < m(x) a.e. in 2, with m € LP(2),
so w € LP(Q,R"), that is G(v) # 0.

We want to apply Theorem 1.14 by choosing X := S, and ® := (. Let us prove that
the multifunction G : S, — 2F"(@R"Y) defined by (2.3) is lower semicontinuous. Pick

vy € S, wy € G(vg) and choose a sequence {vg} in S, converging to vy. Since for all £k € N
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the function vy satisfies (2.2), assumption (a3) implies that, for almost every = € €, the
set F'(z,vi(x), Dug(x)) is compact. So, for every k € N, |15, Theorem II1.41] and Theorem
1.12 yield a measurable function wy, : Q — R” such that

wg(z) € F(z,v,(x), Dug(x))

and
jwi(2) — wo(z)| = d(wo(z), F(z, vi(z), Dvg(x)))

almost everywhere in 2. Moreover,
wg € G(vg) for all k € N,

because of hypothesis (a3). By taking a subsequence if necessary, we may suppose
lim v, = vy and lim Duvy = Duwg almost everywhere in ). Assumption (a2) en-
k——+o0 k——+o0

sures that, for almost every x € €, the function (z,w) — d(vo(x), F(x, z,w) is upper

semicontinuous; therefore, for almost every fixed x € €2, one has

lim sup |wg(z) — wo(x)| = limsup d(wo(z), F(z,vi(x), Dug(x)))

< d(wo(z), F(z,v9(z), Dvg(x))) = 0,

so that klim wy = wp almost everywhere in 2. Bearing in mind that |wg(z)| < m(z) for
—+00

all £ € N and almost z € (2, the Lebesgue Dominated Convergence Theorem gives

lim wy, = wy in LP(Q, R").
k—-+o0

A simple argument shows that G(v) is a decomposable closed subset of LP(£2,R"). We
have now proved that the multifunction G satisfies all tha assumptions of Theorem 1.14.
Hence, there is a continuos function g : S, — LP(2,R") such that g(v) € G(v) for every
v € S,. Obviously, the function jo L™t og: S, — WH(Q,R") is continuous. Moreover,

joL  og(S,) C S,
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since, due to (2.2) and (a3), for every v € S,, one has

I (gD lweo@ery < L9 moeny < N7 Im]p <

Thus, by the Schauder Fixed Point Theorem, there exists vy € S, such that joL tog(vy) =

vo. It is immediate to verify that the function u = L™'(g(vy)) satisfies the conclusion. [J

Remark 2.3
A simple computation proves that the assumption (a3) of the Theorem 2.2 is verified in

the following special case:

(a3)" There exist o, 3 € LP(Q), with N < p < 400, and v > 0 such that
d(F(z,z,w),0) < a(z) + (@) ([z] + [[w]])”

for almost every z € Q and every (z,w) € RPxRN and, if || 3], > 0, 2¢|| L7 18], <
1or [|all, < (v — D)2y |L7Y| 1|81l 7]/, according to whether v =1 or v > 1.

Because of this Remark, it is evident that, for p €]n, +oo[ and bounded €2, the assumptions

of Theorem 2.2 are less restictive than those of Theorem 2.1.

2.2 Lower semicontinuous differential inclusions with p-

Laplacian

One of the main tool to obtain existence of solutions to an implicit equation of the type
f(x,u,Vu, Ayu) = 0, that we will analyze further, is Theorem 2.6, namely [34, Theo-
rem 3.1|, which deals with the existence of solutions for elliptic differential inclusions with
lower semicontinuous right-hand side and is based on the selection result for decomposable-

valued multifunctions Theorem 1.14.

Let F be a multifunction from Q x R x RY into R with nonempty closed values. We
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want to study the Dirichlet problem:

—Ayu € F(z,u, Vu) in €2,
u=20 on Of).

for which we need a notion of solution.

Definition 2.4
A function u € Wy?(Q) is called a (weak) solution to (2.4) provided there exists v €
LP(Q), p’ being the conjugate exponent of p, such that v(z) € F(z,u(z), Vu(z)) for

almost every x € ) and

/ |VulP~*Vu - Vwdr = / vwdr  Yw € WyP(Q).
Q Q

It is noteworty to observe that the right-hand side of (2.4) is neither convex nor upper
semi-continuous and, moreover, it depends on the gradient of the solution. This is the
reason why you can not use variational methods for possibly non-smooth functionals, that
are fundamentals in other contexts.

Other existence results for lower semi-continuous elliptic differential inclusions are con-
tained, for example, in [2, Section 3| and [3, Theorem 2|, but they deal with elliptic
operators in non-divergence form.

An important tool in the next proof is given by Leray-Schauder Principle, see [41,
Theorem 6.A], that we recall.

Theorem 2.5
Let X be a normed linear space. Suppose that:
(1) the operator T': X — X is compact;

(77) there exists r > 0 such that if the equation ¢7'(u) = w has solutions for some
o € 1[0,1], then |lul|x <.
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Then, the equation T'(u) = u must have a solution.

The previous result is often called the Leray-Schauder alternative because it states
that either the equation o7'(u) = u for some o € [0, 1] has solutions with ||u|| arbitrarily

large, or else T has a fixed point.

Theorem 2.6
Let F': Q x R x RY — 2% be a closed-valued multifunction. Suppose that:

(hy) Fis L(2) @ B(R x RY)-measurable;

(he) for almost every z € 2, the multifunction (z,w) — F(x, z, w) turns out to be lower

semicontinuous;

/ b
(h3) there exist a € LP (Q, Ry ), b, ¢ > 0, with o + ﬁ < 1, complying with
. 1,p

inf : ly| < alx) +bz|Pt +clwP™t in QxR xRN

yeF (z,z,w

Then, (2.4) possesses a solution u € W, ?(Q).

Proof. Define, provided (z,z,w) € 2 x R x RY,
o(x, z,w) == a(z) + bz~ + clwP™ (2.5)

and

G(z, z,w) = F(x,z,w) N B(0, p(z, z,w)). (2.6)

By (hs) the set G(z,z,w) is nonempty and compact. Thanks to [37, Theorem 0.45 and
Theorem 0.48], the multifunction (x, z, w) — G(z, z,w) turns out to be lower semicontin-
uous for almost every = € ().

Let us consider the multifunction G : W, ?(Q) — 2L () defined by

G(u) == {v € LF(Q) : v(z) € G(x,u(x), Vu(z)) a.e. in Q}. (2.7)
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Since one evidently has

sup |yl < ala) + bl + el (2.8)
yeG(z,z,w)

as seen in Example 1.15, G takes decomposable closed values and, thanks to [34, Lemma
2.2, it is lower semicontinuous. Thus, Theorem 1.14 yields a continuous selection ¢ :
Wy (Q) — L (Q) of G, which, by (2.8), is bounded on bounded sets. Through (p;) — (ps)
we know that A>! is a continuous bounded bijecton from W=#(Q) into Wy*(). Since
the natural embedding j, : L” () — W~ (Q) is compact, A;l o jy enjoys the same
property. Consequently, the nonlinear operator 7" : VVO1 P(Q) — I/VO1 P(Q2) defined by

T(u) = Ay 0 jy o glu) Yue Wi?(Q)

turns out to be compact as well and any fixed point u € Wol’p(Q) of T'is a weak solution
to the equation
Ay(u) =g(u) in W (Q). (2.9)

On the other hand, if u € W,"(Q) complies with (2.9) then it solves Problem (2.4),
because
g(u) € G(u) C L7 (Q).

To get a fixed point of T" we shall employ the Leray-Shauder alternative, namely Theorem
2.5. Let us choose X := W, ?(Q) and suppose u = oT'(u) for some o € [0,1]. The choice

of T forces
(Ap(u),v) = P! /Qg(u)(x)v(x)dx, Yo € WP (Q). (2.10)

From g(u)(x) € G(z,u(x), Vu(z)), o € [0,1] and (2.5), it evidently follows

|7 g(u)(2)| < p(z,u(@), Vu()).

Letting v := w in (1.4) and exploting (2.5), (2.10) and (p4), we thus obtain

lull; = /Q Vu(z)Pde = (Ap(u), u) < Upl/ﬂlg(u)(fc)U(ﬂf)!dfc <
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S/Qw(%U(w),VU(x))IU(x)\ =/Q(G(HS)IU(:U)I+bIU($)!p+CIVU(:v)\p1|U(év)\)d56§

< Nlall o oy lull o) + Bllullf gy + ell Vulliig g lull o) <

1 b
< — - P
— )\i/;Ha”Lp/(Q)HuHP—i_ <)‘1,P 1/p> ” H

Therefore, under hypothesis on b and ¢, any fixed point u of o7 is bounded by a constant

which does not depend on u and o, namely

p'/p —p'/p
1 b
[Jull, < (TM,H@HL,/(Q)) (1 N 1C/p> :
>\1’p 1,}') )\LP

Now, the Leray-Shauder Fixed Point Theorem 2.5 leads to the conclusion that 7" has a
fixed point. O

The following result represents a priori estimates on || V|| vy, see [34, Proposition
3.3].

Proposition 2.7
Suppose ¢ > N. Then, there exists C > 0, depending on p, ¢ and 2, such that

IVl o @mn) < CllAull e, (2.11)

Theorem 2.8
Let ¢ > N and let (hy) — (h2) be satisfied. If, moreover,

(h%) for appropriate a € LY(Q,Ry) and ¢ : Ry x Ry — R nondecreasing with respect

to each variable separately one has

inf |y < a(z) + (2], |w]) in QxRxRY, (2.12)

yeF (z,z,w)
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(hy) there exists R > 0 such that
lall Loy + m(Q) Y9 (5oCRY @D CRY®=1) < R, (2.13)

where 0g = diam(2) and C is given by Proposition 2.7, then Problem 2.4 possesses

at least one solution.

Proof. Since ¢ > N > p*, the embedding j, : L9(Q2) — W~1P'(Q) is compact. To shorten
notation, write
Br:={v e LY(Q) : [[v]|Le@) < R}, (2.14)

Apg = A 0y, Xp:=t0(Ap(Br)). (2.15)
Obviously, X turns out to be a convex compact subset of Wol’p(Q); see |17, Theorem

V.2.6]. Inequalities (2.7) and (5) at [12, p. 269] yield, after a standard point-wise conver-

gence argument,
||Vu||L°°(Q,]RN) S C’Rl/(p_l), ||U||Loo(Q) S 5QéR1/(p—1) Yu € XR.

Now, if ¢(z, 2z, w) denotes the right-hand side of (2.12) while G(z, z,w) is as in (2.6)
then, by simply adapting the reasoning made to prove [34, Lemma 2.2|, we see that the
multifunction G : X — 2% defined via (2.7) takes decomposable closed values and is
lower semi-continuous. Thus, Theorem 1.14 gives a continuous selection g : Xz — L%(Q2)

of G, which turns out to be bounded, because

lg(w)llzay < llallzay +m(Q)Y b (||ull (@), | Vall 1e(@,rv)

< llallzaay + m(Q) Y9 (5oCRYP~Y C RY #=Y)

for any v € Xg. Hence, the nonlinear operator T := A,, o g is compact and, due to (hy),
complies with T'(Xg) C Xg. By the Schauder Fixed Point Theorem [13, Theorem 4.4]
there exists u € Xz C W,7(Q) such that u = T'(u), whence A,(u) = g(u) in W17 (Q).

This immediately leads to the conclusion. O]
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2.3 Upper semicontinuous differential inclusions with
p-Laplacian

Let us consider a modified version of (2.4):

—Ayu € F(x,u) in
u=1>0 on 02,

(2.16)

where F' does not depend on Vu anymore.
When F'is an upper semicontinuous multifunction with convex closed values, we further

make use of the following result, |33, Theorem 2.2|, to solve the inclusion.

Theorem 2.9
Let U be a nonempty set, ®: U — W,?(Q), ¥: U — L” (Q) two operators and F: QxR —

2% a convex closed-valued multifunctions. Suppose that the following conditions hold true:

(i) W is bijective and for any v, — v in L” (Q) there is a subsequence of {®(¥~'(vy))}
which converges to ®(¥ ! (v)) almost everywhere in Q. Furthermore, a non-decreasing
function ¢g: R — Ry U {+o00} can be defined in such a way that

[®(u)llee < g(I¥(u)llp) — YueU;

(i) F(-,z) is measurable for all z € R;
(i3) F(z,-) has a closed graph for almost every x € ;

(¢4) there exists r > 0 such that the function

p(z):= sup d(0,F(z,2)), x€Q,

lz[<g(r)
belongs to LP'(Q) and ||p||,» < r.

Then, the problem V(u) € F(x, ®(u)) possesses at least one solution u € U satisfying
|W(u)(x)| < p(z) for almost every = € ).
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Before dealing with implicit equations in the next chapter, we introduce a significant

case when (i;) of the previous theorem is satisfied, useful in the proof of Theorem 3.13.

Example 2.10

Choose U := A, '(L¥'(Q)), where A, is the nonlinear operator stemming from the negative
p-Laplacian, ®(u) := v and ¥(u) := Ay(u), for every v € U. Then, (i) of Theorem 2.9 is
satisfied.

Proof. Observe that the operator A,: U — L (Q) is bijective. Let v, — v in L”(Q).
Since {v;,} is bounded in L” (Q2), and L¥ (Q) compactly embeds in W~ (Q), there exists
a subsequence, still denoted by {vy,}, such that v, — v in W=7 (Q). Since, from property
(p2), A, is strongly continuous, it follows that {A '(v,)} converges to A '(v) almost
everywhere in €.

Let now g: Ry — R{ U {400} be the function such that

g(t) == a(bt)/®=V vt ec R,

where the constants a and b derive from the inequalities (1.1) and (1.2). Clearly, ¢ is
monotone increasing in Ry. Moreover, taking into account property (p3), if u € U then
1/(p—1 _
lulloe < allull = all A ()l 57, < a®l A1) = g(l A |)-

W—1p'(

This completes the proof. n
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Chapter 3
Implicit elliptic differential equations

Let  be a bounded domain in RY, N > 2, with smooth boundary 99, let 1 < p < 400
and let Y be a nonempty, closed, connected and locally connected subset of R”. Let f be
a real-valued function defined on Q x R" x RN x Y and let £ be a second order elliptic
operator that will be specified later according to the setting. The aim of this chapter is
to study implicit elliptic equations of the type

f(z,u, Du, Lu) = 0, (3.1)

under homogeneous Dirichlet boundary condition.
A basic case occurs when h = 1 and for every fixed (z,2,w) € 2 x R x RY the equation

f(z,z,w,y) = 0 can be solved respect to y and so (3.1) reduced to a quasilinear equation
Lu = p(z,u, Du),

for which numerous existence results are available. In the paper [8| the function f is

supposed to be of the form

f($727w7y) = y—g(x,Z,w,y).

Our aim is to prove the existence of a function u € W2P(Q,R") N W, *(Q,R"), for an
appropriate p, such that Lu(zx) € Y and f(x,u(z), Du(z), Lu(x)) = 0 for almost every
x € €). We make use of Theorem 1.10 to reduce our problem to the elliptic differential
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inclusion
Lu € F(z,u, Du), (3.2)

where F'is a lower semicontinuous multiselection of the multifuncion

Eventually, we can apply various results to solve (3.2) according to the hypotheses on f
and on the type of the elliptic operator.

In Section 3.1 operator L is as in (1.3), while in Section 3.2 we deal with the p-Laplacian.

3.1 Implicit elliptic differential equations involving a

linear second-order elliptic operator

Here, we want to apply Theorem 2.2, that- as we have seen- is a modified version of an
existence result for elliptic differential inclusions with lower semicontinuous right-hand
side, Theorem 2.1, based on a selection theorem for decomposable-valued multifunctions.
Hypotheses on Y and f are quite general bacause we do not need that Y is compact or f

satisfies a Lipschitz condition for the last variable.

In the following result, that is Theorem 3.2 of [29], we suppose N > 3.

Theorem 3.1
Let Y be a nonempty, closed, connected and locally connected subset of R” and let f be

a real-valued function defined on  x R" x RN" x Y. Suppose that:

1. for every (z,z,w) € Q x R* x RN the function y — f(z,z,w,y) is continuous,
0 € int(f(z,z,w,Y)) and the set {y € Y : f(z,z,w,y) = 0} has empty interior in
Y.

Y

2. there exists aset A CY x Y, A dense in Y x Y, such that, for every z € € and
(v, y") € A, the set {(z,w) € R" x RN : f(x,z,w,y') <0< f(x,z,w,y")} is open;
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3. there is a countable set A* C Y x Y, A" dense in Y x Y, such that, for every
(v, y") € A*, the set {(z,z,w) € Q x R" x RN : f(x,2,w,y') <0 < f(x,z,w,y")}
belongs to £(Q) ® B(R" x RV");

4. there exist r > 0 and m € L?(Q), N < p < +o0, such that ||[L7}||||m]|, < r and {y €
Y : f(x,z,w,y) =0, y is not a local extremum point for f(z,z,w,-)} C B(0,m(x)),
for almost every z € Q and every (z,w) € R" x RN with |z| < er, ||w|| < er, where

c satisfies (*).

Then, there is a function u € W2?P(Q,R") N W, ?(Q, R") such that Lu(z) € Y and
f(z,u(x), Du(x), Lu(z)) = 0 for almost every = € €.

Proof. Fix x € Q. For every (z,w) € R" x RM we define
F(z,z,w)={y €Y : f(x,z,w,y) =0,y is not a local extremum point for f(z, z,w,-)}.

Owing to the assumptions, Theorem 1.10 holds. Hence, for every (z,w) € R" x RV" | the
set F'(x, z,w) is nonempty and closed, and the multifunction (z,w) — F(x, z,w) is lower
semicontinuous.

Let A be a nonempty, connected, open subset of Y. We prove that

F~(A) = U {(z,2,w) € Ax RV x RN : f(z,2,w,y") <0< flx, z,w,y")},

'y )EA*N(AXA)

so that, by hypothesis 3., it yields F~(A) € L(Q2) @ B(R" x RN").

If (z,z,w) € F~(A) then there is y € A such that f(z,z,w,y) = 0 and y is not a local
extremum point for { — f(z,z,w,£). By hypotesis 1., this implies that there are two
open sets A", A” C A so that f(x,z,w,y’) <0 for every v € A" and f(z,z,w,y”) > 0 for
every y” € A”. Bearing in mind that A* N (A" x A”) # (), we get (¢, y") € A*N (A x A)
satisfying f(z, z,w,y") <0 < f(z,z,w,y").

Conversely, let (z,z,w) € Q x R" x RN and let (v/,y") € A* N (A" x A”) be such
that f(x,z,w,y") < 0 < f(z,z,w,y"). Since A is connected, there is y € A fulfilling
f(z,z,w,y) = 0. If y is not a local extremum point for £ — f(z, z,w,§), then (z,z,w) €
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F~(A). Otherwise, assumption 1. and Lemma 1.9 give y* € A such that f(z, z,w,y*) =0
and y* is not a local extremum point for & — f(z, z, w,§).

Since F~(A) € L(Q)@B(R" x RN") and the space Y has a countable base of connected
open sets, we see that the multifunction F is £(Q) ® B(R" x RV")-measurable.

Now, observe that assumption 4. implies
sup{d(F(z,z,w),0) : [2] < cr, [|w]| < er} < m(z)

for almost every x € €, so that Theorem 2.2 can be applied. Therefore, there is a function
u € W2P(Q,RM) N W, P(Q,R") satisfying Lu(z) € F(z,u(z), Du(x)) almost everywhere
in €. This completes the proof. O

In [19], Frigon and Kaczynski have employed a similar method to study the solvability
of some boundary value problems for implicit ordinary differential equations. There, in
place of the Ricceri’s result, a topological selection theorem by Bielawski and Goérniewicz,

namely |8, Theorem 2.5|, which requires different conditions on f, was applied.

The following result derives directly from Theorem 3.1 and it deals with a particular

case of the equation (3.1).

Theorem 3.2
Let Y be as in Theorem 3.1, let ¥ be a continuous real-valued function defined on Y and

let  be a continuous real-valued function defined on  x R* x RV, Assume that:
1. for every o € int(4)(Y)) the set 1»~*(o) has empty interior in Y,

2. there exist r > 0 and m € LP(Q), N < p < +oo, such that [|[L7!|||m|, < r and
o(z,2,w)) € Y(Y N B(0,m(z))) for every (z,z,w) € Q x R x RV with |z| < er

and ||w|| < er, where ¢ satisfies ().

Then, there exists a function u € W2P(Q, R") N W, (2, R") such that Lu(z) € Y and
Y(Lu(z)) = p(x,u(x), Du(z)) for almost every z € €.
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Proof. The function ¢ satisfies all the assumptions of [39, Theorem 2.4]. Hence, there is
a set Y* C Y such that ¢~!(c) N Y* is nonempty and closed in R" for each o € (V)
and the multifunction o0 — ¥~ (o) NY™*, o € ¥(Y), is lower semicontinuous. For every

(1, 2,w) € 2 x R" x R™ we set

v p(x, 2, w)) N Y™, if |z| < er and ||w|| < er

otherwise.

It is a simple matter to see that the multifunction F : Q x R* x RV* — 28" 50 defined
is lower semicontinuous. Consequently, the hypotheses (hy) and (hy) of Theorem 2.2 are

verified. Now, observe that assumption 2. implies
sup{d(F(z, z,w),0) : |z]| < cr,||w]] < er} < m(zx) for all x € Q.

Therefore, Theorem 3.1 can be applied to conclude that there is a function u € WP (Q, R")N
WyP(Q, R") satisfying Lu(z) € F(z,u(z), Du(x)) and |Lu(z)| < m(z) almost everywhere
in Q. Since for every x € Q one has |u(z)| < ¢r and ||Du(z)|| < er, the proof is com-
plete. O

3.2 Implicit elliptic differential equations with p-Laplacian

Both this section and the next one are mainly based on [35]. Our aim is to combine
techniques and results seen in the previous Chapters to give some new results.
To this aim, we choose h = 1 and L = A, in (3.1), obtaining the following implicit
elliptic problem
ue WyP(Q), f(z,u,Vu,Apu) =0 in Q. (3.3)

In particular, we focus on the case when the function f can be expressed in the form

f(x»szuy) = QD(I‘,Z,U)) - ¢(y),

where Y is a nonempty interval of R, ¢ is a real-valued function defined on  x R x RV,

and v is a real-valued function defined on Y, which depends only on the p-Laplacian A, u.
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We further distinguish among the case where ¢ is a Carathéodory function depending on
x,u, and Vu, and the case where ¢ is allowed to be highly discontinuous in each variable,
for which the dependance on the gradient is not permitted.

In both cases we first reduce problem (3.3) to an elliptic differential inclusion, but
methods used are different, depending on the regularity of the function ¢ and on the
structure of the problem.

More precisely, when ¢ is a Carathédory function, we make use of a result in [38] to

obtain the inclusion

—Ayu € F(x,u, Vu), (3.4)

where F' is a lower semicontinuous selection of the multifunction
(z,z,w) = {y €Y : p(x, z,w) — Y(y) = 0}.

3.2.1 The case of ¢ as a Carathéodory function
Now, we deal with the existence of solutions to the equation
¢(_Apu) = 99('%7 U, VU) (35)

We first consider the case Y = R. Throughout the section, p €]1,+oo[ and the

following assumptions will be posited:

(i) for every (z,2,w) € @ x R x RN the set {y € R: ¢(z,2,w) —¢(y) = 0} has empty

interior;
(ii) for all (z,z,w) € Q@ x R x RY the function y — o(x, z,w) — ¥ (y) changes sign.
Theorem 3.3

Let : Q x R x RY — R be a Carathéodory function and let 1): R — R be continuous.

Suppose that (i)-(ii) hold true and, moreover,
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, . b
(iii) there exist a € LP (Q,R{),b,c > 0, with — + £ < 1, such that
Al p 1/p

sup{ly| 1y € ¥ (@@, 2,w))} < a(x) + bz + clw],

for all (z,z,w) € O x R x RY.

Then, there exists a solution u € Wy(Q) to equation (3.5).

Proof. Fix any z € Q. In order to apply Theorem 1.10, we have to verify conditions (a),
(b) and (¢). Choose C =R xRN, D =R, f(z,w,y) = ¢(x,2z,w) — ¥(y), and for every
(z,w) € R x RY set

F(SC,Z,U)) = {y eR: @(xv’sz) - w<y) =0,

y is not a local extremum point of 1(-)}.

Hypothesis (ii) directly yields (a). Moreover, in our context, (b) is equivalent to say
that, for all (z,w) € R x RN, the set U := {y € R: ¢(z, 2,w) —9(y) # 0} is dense in R.
Since, by (i), the set R\ U has empty interior, it follows that U is dense in R, as desired.

Let us next analyze the set

{(,y") eERxR:{(z,w) ERxRY : p(z,2,w) —¢(y') <0

(3.6)
< (z,z,w) — ¥(y")} is open}.

If one can find ¢/, y” € R such that
p(z,z,w) —P(y) <0< @, z,w) —P(y"),
then p(z,z,w) €Y(y"),¥(y')]. So, the set
{(z,w) e RXRY : p(z, 2,w) = 9(y) <0 < oz, z,w) —d(y")},

turns out to be open, because ¢(x,-,-) is continuous. Otherwise it is empty. So, the set
(3.6) is R x R, and (c) follows.
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Therefore, thanks to Theorem 1.10, the multifunction F'(x, -, -) is lower semicontinuous,
with nonempty closed values.

Moreover, for all ¢/, y” € R we have

{(z,2,w) € QA x RxRY : p(z, z,w) — (y) <0< p(z,z,w) —(y")} =

{(z,z,w) € Ax R xRN : p(z, z,w) €], v(y)[}
€ L(Q) ® B(R x RY),

cf. [15, Lemma III.14]. Therefore, condition 3. of Theorem 3.1, with A* = R x R, is
satisfied. Arguing as there we see that if A C R is open then

FrA)= |J {@zw)ecQxRxR":
(y'y")EAXA

oz, z,w) —P(y') <0 < p(r,2,w) —P(y")}.

This actually means that F~(A) € £(Q) ® B(R x RY), i.e. F is measurable.
Finally, fix any y € F(z,z,w). Since y € ¥~ (p(x, z,w)), thanks to hypothesis (iii),
we have
inf : ly| < a(z) +blz[P  + clwfP™t in QxR xRY.

yEF (z,2z,w

So all the hypotheses of Theorem 2.6 are fulfilled, and we get a solution u € Wol’p(Q) to
equation (2.4). Taking into account the definition of F', we have ¥(—A,u) = o(x, u, Vu),
that is the thesis. O

Remark 3.4
A very simple situation when hypothesis (iii) occurs is the following.

Suppose that (2 x R x RY) C [a, 8] and % is such that 1~*(B) is bounded, for
every B bounded subset of R. If (z,z,w) € Q2 x R x RN, we get o(z,z,w) € |[a, 3],
and so ¥ (p(z, z,w)) € ¥~ ([o, B]). Then, if we choose a € LP(Q,R{) such that
a(z) > sup{ly| : y € v (o, B]) } for all x € Q, we obtain

[ o(x, z,w))| < a(z) < a(z) + bzt +cjwP™t in QxR x R,
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that is hypothesis (iii).

As an application of the previous result, we consider the following example.

Example 3.5
Let g € L*(Q) and v €]0,1[. Then, for every A # 0, € R, there exists a solution
u € Wy*(Q) to the equation

—Au = g(x) + p(|u| + [Vul)” + Asin(—Au). (3.7)

Proof. Fix A, € R. For every (z,z,w) € Q x R x RN and every y € R, set

p(a,z,w) = g(x) + p(lz[ + [w])7,  ¢(y) ==y — Asiny.

Since lim (y— Asiny) = oo, the function y — ¢(x, z, w) —1(y) surely changes sign.

y—+oo
Moreover, since it vanishes only at points of R and not in intervals, the set

{Z/ eER: gO(:L“,Z,ZU) —¢(y) = O}

has empty interior in R. Hence, hypotheses (i) and (ii) are fulfilled.
Fix now (z,z,w) € 2 x R x RY. In order to verify hypothesis (iii), we want to find
b,c >0, with 5> + > < 1, and a € L*(Q, Ry) such that

max{|y| : y € ¥ (p(z, z,w))} < a(x) + blz| + clw|. (3:8)

Notice that we can consider the maximum in (3.8) instead of the supremum, since the set
Y p(z, 2z,w)) is compact. Of course, (3.8) is equivalent, to prove that |y| < a(z)+b|z| +

clw|, for every y solution of the equation

U(y) = o(z, z,w). (3.9)
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Thanks to Young’s inequality with exponents 1/ and 1/(1 — ), we have

oz, 2, w)] = [g(x) + pllz] + [w])T] < [g(@)] + [pll2]" + [ullw]?
< lg(@)] +elz +elw| + Cy e (3.10)
< g(x) + elz| + efuwl,

where g(z) :=|g(z)| + C, ., for every x € Q. Then, if § is a solution to (3.9), from (3.10)
it follows that

(@) = le(e, z,w)] < g(x) +elz] + elw].

On the other hand, by the definition of ), we have

V(@) = |7 — Asing| > [g] — [Al,
which implies that

91 < [P@) + Al < g(2) + |A] + efz] +lw] <
< g(x) + elz| + elwl,

where g(z) := g(x) + 2|)\|, for every z € Q. Observe that g € L*(Q, Ry).

Then, if we choose ¢ in such a way that

|
oo 12 ’
Atz )\1,/2
we have hypothesis (iii) with @ := g and b := ¢ := ¢. Thanks to Theorem 3.3, there exists
a solution u € W, () to equation (3.7).
[

In the following example the function 1 exhibits a behavior very different from the

previous one.

Example 3.6
Let p € [2,4+00[, f € L” () and v €]0,p — 1[. Then, for every € R and A € R*, there
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exists a solution u € W, ?(Q) to the equation

—Apu = f(2) + pljul + [Vul) = AeBr, (3.11)

Proof. Fix u € R and A\ € RT. As before, for every (z,z,w) € @ x R x RY and y € R,

we set
oz, z,w) = f(x) + plz| + [w])”,  d(y) =y + Ae”.

Since lim, 1 (y + Ae?) = £o00, one immediately gets that (i) and (ii) are fulfilled. In

p—1
p—1l—y

order to verify hypothesis (iii), we argue as in Example 3.5. First of all, applying Young’s
1

inequality with exponents p% > 1, we have

F@) + pllzl + [w)| < 1f(@)] + 277 (2] + [ullw])
F@) +elel"™! +elwf™ + C,ep

() + elzP~! + ewP,

|§0(I’ va)| =

I IA
S

where f(z) == |f(x)| + C,.,. for every z € Q. Let now § be a solution to the equation
o(x,z,w) —(y) = 0. Then, from the previous inequality, we have

(@) = lp(w, z,w)] < fz) +elz[P7" + elw]™.
On the other hand, for every y € R, and in particular for ¢, we have
()| = 15+ Xe¥| > |g] — |€], (3.12)

¢ being the only solution to the equation y + Ae¥ = 0. Indeed, fix y € R. If y > &, we

have

[y +Xe?| = |y + Ae? — € = Xef| = |y — £+ A(e¥ — ¢)]
>y =&l >yl —[¢],
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which is (3.12). Suppose now that y < &, then

ly+ A =y = E+ Ae! — )| = [€ —y + A(e® —¢)|
> €=yl = [y = [€],

which again gives (3.12). This implies that

91 < @) + 1€ < fz) + el 4 elwP + (¢

< flz) + ez~ + elwP,

f(x) == f(x) + 2/¢|, for every z € Q (note that one cannot have ¢ = 0). Observe that
f € LP(Q,RY). Then, if we choose ¢ in such a way that
€ €
— + 7 <1,
ALp )‘1,/;

we have hypothesis (iii) with a := f and b := ¢ := e. Thanks to Theorem 3.3, there exists
a solution u € Wy*(Q) to equation (3.11). O

To state the next result, we set dg := diam(2) and denote by C the constant given by
Proposition 2.7.

Theorem 3.7
Let ¢ and ¢ as in Theorem 3.3. Suppose that hypotheses (i)-(ii) hold true and, moreover,

(iii)’ there exist a € LY(Q,Ry), ¢ > N, g: Rf x Ry — R{ nondecreasing with respect to

each variable separately, such that

sup{|y| : y € v~ (p(z, z,w))} < a(z) + g(|2|, [w]),
for all (x,2z,w) € Q x R x RY,

(iv) there exists R > 0 such that

lal|za) + m(Q)Yg(5oCRY®=D CRYPD) < R,
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Then, there exists a solution u € Wy*(Q) to equation (3.5).

Proof. As before, fix x € Q, and for all (z,w) € R x RV, define

F(mvsz) = {Z/ eR: (p(.%’,Z,’LU) _2/}(3/) =0,

y is not a local extremum point of ¥(-)}.

Reasoning like in the previous theorem, the multifunction F' actually takes nonempty
closed values, is lower semicontinuous w.r.t. (z,w) and £(Q2) ® B(R x R")-measurable.

Fix now y € F(z,z,w), that is y € ¥ '(¢o(z,z,w)). Then, by hypothesis (iii)’, we
have

inf |yl <a(z)+g(z|,|w|]) in QxRxRY.
yEF (z,2,w)

Taking into account (iv), we see that all the hypotheses of Theorem 2.8 are fulfilled.
Therefore, there exists u € W, ?(Q) such that —A,u € F(z, uVu). Exploiting the defini-

tion of F', this means that u is a solution to equation (3.5).
[

As an application of the previous result, we consider the following example, which has
been inspired by [24, Corollary 1]. Observe that, unlike [24|, here we consider a function
¢ which is not necessarily continuous w.r.t. the variable z, but only in a suitable L(€).

Moreover, we deal with partial differential equations.

Example 3.8
Let h € L%(Q), with ¢ > N. Then, for every k € R, there exists a solution u € W&’Q(Q)
to the equation

—Au = h(x) + v’ + |Vul® + ksin(—Au). (3.13)

Proof. Fix k € R and for all (z,2,w) € Q@ x R x R and all y € R define

p(z,z,w) = h(z) +2° +|w?,  Y(y) =y —ksiny.
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Reasoning like in Example 3.5, we have that hypotheses (i)-(ii) are fulfilled. In order
to verify hypothesis (iii)’, let g(|z], |w|) := |2]> + |w|?, for all (z,w) € R x RY. Of course
g: R x Rf — R{ is nondecreasing w.r.t. each variable separately. Let § be a solution

to equation ¢(x, z,w) = ¥ (y). It follows that

(V@) = 1y = ksing| = [p(z, z,w)| <
< k(@) + 12" + [w]* = [h(2)] + g(I2], [w]).

On the other hand, we always have

V(@) =17 — ksing| = |7] — |k,
which implies that

91 < 1@ + |k < [h(2)] + g(|2], [w]) + [k] <
< h(z) + g(|z], [wl),

where h(z) = |h(x)| + 1, for every x € Q. Of course, h € LI(Q,R}). Hence we get
hypothesis (iii).
Moreover, in order to verify hypothesis (iv), we have to check if there exists R > 0
such that
1Al L) +m(2)9g(6oCR,CR) < R,

that is
17| agay + m(Q)VISECER® + m(Q)V1C*R* < R. (3.14)

If 0 < R << 1, choosing h in such a way that ||hze) < £, we have that (3.14) is
immediately satisfied, since the terms containing R? and R? are negligible with respect to
R. So all the hypotheses of Theorem 3.7 are fulfilled, and we obtain a solution u € W&’Q(Q)
to equation (3.13).

]

Next result provides solutions to equation (3.5) when the function v is of the form
y — y — h(y), with h continuous and bounded. Note that here we have to require a

specific growth condition on ¢.
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Theorem 3.9
Let ¢: O x R x RY — R be a Carathéodory function, and let h € L>°(R) be continuous.

Suppose that (i)-(ii) hold true and, moreover,

(iii)” there exist f € LP (Q,RY), with f(x) > ||h|ls for all 2 € Q, u > 0, v €]0,p — 1]
such that

sup fp(z,z,w)| < fz) + plz] + |w]).
(z,2,w) EQXRXRN

Then, there exists a solution u € W, (Q) to equation

—Apu — h(—=Ayu) = p(z,u, Vu). (3.15)

Proof. Fix x € Q and define, for all (z,w) € R x RV,

F(z,z,w) :=={y e R: p(z,z,w) — (y — h(y)) =0,

y is not a local extremum point of y — y — h(y)}.

Reasoning as in the above proofs ensures that F is lower semicontinuous w.r.t. (z,w),
with nonempty closed values, and £(2) ® B(R x R")-measurable.
Fix (z,2,w) € Q x Rx RN, If y € F(x,z,w), then it solves the equation p(x,z, w) =

y — h(y). Two cases occur. First, v € [1,p — 1[. Applying Young’s inequality with

p—1 p—1

T 1, we have

exponents

lyl = ly = h(y) + h(y)| < ly = h(y)| + [R(y)| < lo(z, z,w)| + [kl
< f(@) + p(lz] + |w])" + [|A]l
< 2f(x) + 27 ([ + |w]7)
< 2f(x) + 27 plelz|P FelwPt + KL)
<2f(x) + Co+ 27 e (|zP~t 4 Jw[PY),

that is |y| < 2f(z) + C. + 27 tpe(|z[P~1 + |w[P~1), where C. := 27" 'uK.. Hence

inf  |y| < 2f(z) + O+ 27 pe(|zP~ + JwfPh).
yEF (z,z,w)

41



If we choose ¢ in such a way that

27 e N 27 e

<1,
ALp )‘i/;f)

hypothesis (h3) of Theorem 2.6 is fulfilled, with a := 2f + C. € LP(Q,Ry) and b := ¢ :=
27 e,
Suppose now 7 €0, 1[. Since, for every a,b > 0 we have (a +b)? < a” + b7, reasoning
as before yields
[yl < 2f(x) + Cc + pe(l2P~" + [w’™),

where C. := wK.. Tf we now choose ¢ in such a way that

UE JUE
— + 7 < 1,
ALp )\17/5

hypothesis (h3) of Theorem 2.6 is again fulfilled, with a := 2f + C. € L’ (Q,R}) and
b:=c:= pe.
Tn both cases, there exists u € WyP(Q) such that —A,u € F(z,u, Vu). Through a
familiar argument, this entails that u is a solution to equation (3.15).
O]

We conclude this section considering the case when Y is a closed interval of R. Observe

that here no growth conditions on ¢ are required.

Theorem 3.10
Let o: Q2 x R x RY — R be a Carathéodory function, and 9: [, 5] — R be continuous.
Suppose that:

1. for every (z,z,w) € 2 x R x R the set {y € [o, 8] : p(x,z,w) — ¥(y) = 0} has

empty interior;

2. for every (x,z,w) € Q x R x RY, the function y — ¢(z, z,w) — ¥ (y) changes sign
in [a, 5].

Then, there exists a solution u € W,(Q) to equation (3.5).
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Proof. As before, fix x € Q, and for all (z,w) € R x RY define

F(‘/Easz) = {y € [0‘75] : w(m’sz) - ¢(y) = 0>

y is not a local extremum point of 1(-)}.

Reasoning as in the previous results, we have that F' takes nonempty closed values, is
lower semicontinuous w.r.t. (z,w) and £(Q) ® B(R x RY)-measurable.

Fix now y € F(z,z,w). In particular we have that |y| < max{|al,|5|}. Then, hy-
pothesis (h3) of Theorem 2.6 is immediately satisfied with a(x) = 2max{|a/, |5|} for all
z € Qand b= c = 0. Therefore, there exists u € Wy”(Q) such that —A,u € F(z,u, Vu),
so u is a solution to equation (3.5).

[

As application of the previous theorem, we consider two examples, which differ from
the nonlinear behavior of the function 1. In both cases, the condition which allows us to

get a solution is the boundedness of the function .

Example 3.11
Let f € L>*(Q), k € N, k even and such that kr > || f||, and let ¢: [—km, k7] — R be
defined by ¥(y) = ycosy. Then, there exists a solution u € W,?(Q) to the equation

PY(—Apu) = f in €. (3.16)

Proof. Observe that assumption (1) of Theorem 3.10 is clearly satisfied. Moreover, for

every x € (), we have

m) = f(x) — km cos(kn) = f(x) — kr (=1)* = f(z) — kr <0
and  f(z) —¢Y(—knm) = f(x) + kncos(—km) = f(x) + k7 > 0.

=
=
|
<
o

Therefore, hypothesis (2) is also satisfied. Thanks to Theorem 3.10, there exists at least
a solution u € W, () to equation (3.16).
m
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Note that the interval [a, §] could not be necessarily bounded, as in the case of the

following example.

Example 3.12
Let p €]1, 400, f € LP(Q), v > 0 and ¢: Q x R x RN — R. Suppose that there exists
A € RT such that

sup lo(x, z,w)| < A (3.17)

(z,2,w) EQXRXRN

Then, there exists a solution u € W,”(2) to equation

o(z,u, Vu) — Xe" — Aju = 0.

Proof. Define ¢(y) := Ae™¥ — y for every y € [0,400[. Observe that hypothesis (1) is
immediately satisfied. Moreover, thanks to (3.17), for every (z,z,w) € Q x R x RN we

have

o(x, z,w) —(0) = p(z, z,w) = A <0
and  lim (o(z, z,w) — Y(y)) = +oc.

Yy—r+00

Therefore, hypothesis (2) holds true too, and the conclusion follows from Theorem
3.10.
O

3.2.2 The discontinuous framework

The interest for a Dirichlet problem for an elliptic equation involving the p-Laplacian and
containing discontinuous nonlinearities, was inspired by the paper [32].

Here, the discontinuity is represented by ¢ that appears in (3.5). Following essentially
the reasoning made in Theorem 3.1 of [32], we construct an appropriate upper semicon-
tinuous multifunction F related with ¢! and ¢, and then we solve the elliptic differential
inclusion —A,u € F(z,u) using Theorem 2.9. So, we obtain Theorem 3.13, that extends
[32, Theorem 3.1] to the case p # 2.
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For every (z,2) € S := Q x R, we set my(z, 2) = x and m(z, z) = z. Moreover, we fix
p > N and define

F ={AC S : Ais measurable and there exists i € {0, 1} such that m(m;(A)) = 0},

namely 7y and m; denote the projections of 2 X R on €2 and R, respectively.

Theorem 3.13
Let (a, ) € R be an interval which does not contain 0, ¢ a continuous real-valued
function defined on («, #) and ¢ a real-valued function defined on © x R. Suppose that

the following conditions hold true:
(1) ¢ is L(§2 x R)-measurable and essentially bounded;
(¢7) the set D, = {(x, 2) € S : ¢ is discontinuous at (x, z)} belongs to F;
(iii) @~ (r) \ int(¢7'(r)) € F for every r € ¥((c, 8));
(iv) ¢(S\Dy) C ¥((cv, B)).
Then, there exists u € W, *(Q) such that

P(=Bpu) = p(z,u).

Proof. The first part of the proof essentially follows [32, Theorem 3.1|. Thanks to as-

sumption (i), there exists a constant ¢ > 0 such that
S\ D, C{(z,2) € 5 : Ip(x, 5)| < c}.

Set
a=minp(S\D,) and b=maxe(S\D,).

Hypothesis (iv) allows us to choose v/, y” € (a, ) in such a way that ¢(y') = a and
¥(y") = b. Pick a continuous function A: [0,1] — («, ) complying with A\(0) = ¢/,
A1) = 3", and define 1) (t) = (A(t)), for every t € [0, 1].
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If 4 is constant, then a = b and, consequently, ©(S\D,) = {a}. Let u € W,”(Q) be
such that —A,u = y'. Since Y(—A,u) = ¥(y') = a, then the conclusion will be achieved
by showing that the set Q, = {z € Q: (z,u(x)) € D,} has measure zero.

First of all observe that an elementary computation gives us
Q, € 70(D,) Nu ™ (m(D,)) (3.18)

and, due to (ii), m(m;(D,)) = 0, for some ¢ € {0, 1}.
Suppose that ¢ = 0. From (3.18) we obtain

m(Qw> < m(ﬂ'O<Dw> M u_l(m(D@))) < m(ﬂ'O<Dw> =0,

and so m(€,) = 0. Suppose now that ¢ = 1. From [14, Lemma 1.1], it follows that
Vu(z) = 0 a.e. in u=(m(D,)). Moreover, thanks to [28, Theorem 1.1], we have that
Yy =0on {z € Q: Vu(x) = 0}, and, in particular, on {u (7 (D,)) = 0} (notice that
our calculation showed that u (7 (D,)) C {z € Q: Vu(z) = 0}). Since ¢y € (o, 3), the
latter is possible if and only if m(u=*(m(D,))) = 0.

Again from (3.18) we get

m(Qp) < m(mo(Dy) Nu(m1(Dy))) < m(u (m(Dy))),

which implies m(Q,) = 0.

Suppose now that 2/? is non constant and choose t1,ty € [0, 1] fulfilling

D(t) = min (),  P(ta) rg[%@ﬁ(t)-

te[0,1] t

Obviously, t; # to and there is no loss of generality in assuming t; < t,. Let
h: 9([0,1]) = [0,1] be defined by h(r) = min (¢~1(r) N [ty, t5]), for every r € ([0, 1]).

We claim that h is strictly increasing. Indeed, pick 7,75 € 9([0,1]), with 7, < r,.
Then, h(ry) # h(re) and t; < h(rg). From @(h(m)) =1y > 11, QZ(tl) < rq, taking into
account the continuity of , we immediately infer h(ry) < h(r).

Therefore, the family Dy of all discontinuity points of the function k: R — («, )

given by
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Ah(p(t)  if r €] —o0,1(t)]
k(r) =S A(h(r)) if r € 1([0,1))

Ah(P(t2)))  if r €]y(ta), +00]

is at most countable. Owing to hypotheses (ii) and (iii), this implies that the set

D =D, U{|]J e~ (r)\ int(™"(r)]} (3.19)

reDy,
has measure zero.
Define now f(z,z) := k(p(z,2)), (x,z) € S. Of course, the function f: S — R is
bounded, since f(S) C A([0,1]). Moreover, arguing like in [32, Theorem 3.1|, we have
that f is continuous.

Put, for every (z,z) € S,

F(z,2) =T (ﬂ N f(B(;(x,z)\E> :

6>0 Ee&

where

£—{ECS:m(E)=0}
and  Bs(x,2)={(2,2) e S: |z —2|+ |z — 2| <4}

A standard argument (see, e.g., [32, Theorem 3.1]), ensures that F' is upper semicon-
tinuous, with nonempty, convex and closed values. Moreover, F(-,z) is measurable for

every z € R, F(z,-) has a closed graph for almost every z € {2 and
F(z,z) ={f(z,2)}, forevery (z,2)€ S\D.
Consider now the problem
—Ayu € F(z,u), u e WyP(Q).

A solution will be obtained via Theorem 2.9, let us verify its hypotheses. Example
2.10 directly yelds (i1) by choosing U := A;I(LPI(Q)), ®(u) := v and U(u) = A,(u),
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for every u € U. Moreover, it is immediate to observe that hypotheses (iz) and (i3) are
already satisfied, so we have only to check hypothesis (i4).

Define, for every = € €2, the function p(x) := supy, <y d(0, F'(z, 2)). We have to verify
that p € LP () and ||p||,» < 7. Reasoning as in [31, Theorem 3.1], we see that ||p||, < r
once we prove the same property for the function x — j(x) := supj, <, [f (7, 2)|.

If z € R is such that |z| < g(r), we have

[\l s < [ 1 syde = 11 mi)

and so

J@Pa= [ | s fie2)dr< sup / f (@, )P d <
Q

Q |z]<g(r) lz[<g(r

< Sup || f oo (5ymUR2) = £ e 5y mU2).

|21<g(r)

Therefore, if we choose 7 > || (-, 2)||cem ()7, we get j € LP (Q) and ||j|l, < 7.
Taking into account the previous observation, we have hypothesis (i4), and so, thanks
to Theorem 2.9, there exists v € U C W, () such that

—Ayu € F(x,u) (3.20)

and |A,u(z)| < p(z), for almost every = € Q.
Define Qf = {z € Q: (z,u(z)) € D}. From (3.19), it follows that

Qp S{mo(Dy) Nu™ (i (Dy))}

o U ol o™ ) (70 Vel ()]}

reDy,
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which, in particular, implies

m(Qy) < m(mo(Dy) N (m1(Dy)))
m( {J [mo(e™ (r) \imt(p™" () Nu™" (ma (07 (r) \imt(p ™" (r)))])

reDy,

<m((D)ﬂu ((DQD
+ (J m(lmole™ (r) \int(e™ (r) nu™H (m (e () \ int(e ™" (1))

reDy,

+

Assumption (ii) entails m(m;(D,)) = 0 for some i € {0,1}. Likewise, due to (iii), for
each r € Dy, there exists 4, € {0, 1} such that m(m;, (o~ (r)\int(¢~1(r)))) = 0. Therefore,
reasoning as in the case when @D is constant, and taking into account that the set Dy is
at most countable, we obtain m(€2s) = 0. This implies F'(z,u(z)) = {f(z,u(x))} and so,
on account (3.20),

—Apu = f(z,u).

Eventually,
U(=Apu) = ¥(f(z,u)) = Y(k(e(z, u)) = o(z, u),

which completes the proof.

Next example provides a simple application of Theorem 3.13.

Example 3.14
Let (a, B) = [1,400[,¢: [1,+00[— R be such that (y) = (2 —y)/y for every y € [1, +00|
and ¢: R — R be defined by

2| /(1 + 2%) if 2z#0
1/2 if 2 =0,

p(z2) =

Then, there exists a solution u € Wy™”(Q) to equation ¥(—A,u) = p(u).

Proof. Observe that hypotheses (i)-(iii) are immediately satisfied, since ¢ is bounded,
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D, ={0} € F,and o ' (r)\int(p1(r)) = o '(r) € F, for every r € ¢([1, +o0]) =]—1,1].
Moreover, since ¢(R \ {0}) =]0,1/2], we immediately infer that

R\ {0}) =1[0,1/2] €] — 1,1] = ¥([1, +o0l),

that is hypothesis (iv).
Therefore, thanks to Theorem 3.13, we get our thesis.
m

Hypothesis (iv) and the assumption 0 ¢ («, ) are essential to obtain the existence of a
solution for equations as in the previous theorem. Below we list two examples, apparently

very similar, and such that one admits a solution while the other one doesn’t.

Example 3.15

Let ¢: R — R be defined by
0 if 2#0
1 if z=0.

p(z) =
and let ¢: [1,+0o[— R be such that ¥ (y) = y. Consider the following equation
—Ayu = ¢(u). (3.21)

Note that equation (3.21) doesn’t have any solution u € W,"(Q). Suppose on the
contrary that u is such a solution. Since ¢(u) > 0, then from equation (3.21) we have
—Apu > 0, and so the Strong Maximum Principle implies that « = 0 or v > 0. Suppose
that u = 0, then this would imply that —A,u = 0, which is in contrast with (3.21).
Suppose now that v > 0. Then, taking into account the definition of ¢ and equation
(3.21), we have —Aju = 0. This fact, jointly with the boundary condition u|sq = 0,
implies v = 0 which is again impossible.

It is also evident from the definition of ¢ that hypothesis (iv) and 0 ¢ («, ) cannot

be verified simultaneously.
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Fix now A €0, 1] and consider the function ¢: R — R be defined by

1 if 240
A if 2=0.

p(2) =

In this case 0 ¢ [1,+oo[ and hypothesis (iv) is now verified, since

{1} = @R\ {0}) S (1, +00]) = [1, +o0],

and so we get a solution to the equation —A,u = @(u).
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Chapter 4
Another point of view

In this chapter, we want to point out another method, different from those used in the
previous one, to solve differential inclusions. This important tool is represented by crit-
ical point theory and variational methods, which have been used to state existence and

multiplicity results, without requiring monotonicity assumption.

4.1 The locally Lipschtiz continuous setting

In 23], the following basic differential inclusion of elliptic type, with homogeneous Dirich-

let boundary conditions, has been studied:

—Au € F(u) in Q,
u=>0 on 02,

(4.1)

where O C RY, N > 1, is a bounded domain with a C?—boundary and F : R — 2% is
an upper semicontinuous multifunction with compact, convex values satisfying an appro-
priate growth condition. Tt is interesting to focus on the method used there, because it
hopefully could be applied to other versions of problem (4.1), e.g., with the p-Laplacian

operator on the left-hand side, or Neumann boundary conditions.

First of all, recall that u € H} () is a weak solution of (4.1), if there exists w € L*(Q)
such that:
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1. / Vu - Vodx = / wodx for all v € H}(Q),
Q Q

2. w(x) € F(u(zx)) for a.e. z € Q.

Before continuing our subject, we need some basic notions of non-smooth critical point

theory.

Definition 4.1
Let X be a Banach space and denote by X* its dual. A function J : X — R is said locally
Lipschitz continuous if for every x € X there exist a neighborhood V,, of x and a constant
L, > 0 such that

|J(2) — J(w)| < Lp||z —w|| Vz,w € V,.

Definition 4.2
Given a locally Lipschitz continuous function J : X — R, we say generalized directional

deriwative at the point x € X along the direction z € X the value

Pz 2) = limsup J(w+tz) — J(w) _ing sup J(w+tz) — J(w)'

w—zx, t—0T i £,0>0 le—wl|<e, 0<t<d t

The set
{x* € X*: (2%,2) < J%2;2) Vz€ X}

is called generalized gradient or sub-differential of J in x and it is usually denoted by
0J(x). The functionals z* € 0.J(z) are said sub-gradients.

The generalized gradient has the following properties, that follows from its definition.

Proposition 4.3
The following facts hold true:

i) O(AJ)(x) = AdJ(z) for every A € R and = € X.
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i1) If J and J; are two locally Lipschitz continuous functionals, then for every x € X

one has
I(J + J1)(x) CoJ(x) + dJy(z).

Problem (4.1) can be reduced to a variational one, studied in [16], by "shrinking"
pointwise the set F(u) to a smaller interval, which happens to be the gradient of a

convenient locally Lipschitz continuous potential, namely J : R — R such that
0J(z) CF(z) VzeR. (4.2)
Then, we consider the auxiliary problem

—Au € 0J(u) in €,
u=>0 on 0f).

(4.3)

If we find a solution to this reduced inclusion problem, we automatically solve (4.1)
thanks to (4.2).
Let us suppose that the multifunction F' satisfies the following growth hypotheses:

Ja > 0,p € (1,2*) such that |y| < a(l+|zP™) VzeR, y € F(2). (4.4)

Theorem 1.12 produces a Borel measurable selection f : R — R of the multifunction F.
By (4.4), we immediately infer that f € L° (R) so we can define

loc

3
e = [ fs)ds, R
0
This function J; : R — R is locally Lipschitz continuous and its gradient is given by

0Jp(z) = [f(2), [T (2],
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where f* and f~ are defined by
fT(z) :== lim ess sup{f(7) : |7 — | <4},
§—0t
f7(z) := lim ess inf{f(7) : |7 — x| < J}.
0—07t
Let us consider the energy functional related to problem (4.1)
1
Bu) = 5 IVul - [ Jytue)de v H@)
Q
that is proven to be locally Lipschitz continuous in H}(€2).

Before stating Proposition 4.6, we need the notion of critical point and a characteri-

zation in this framework.

Let J : X — R{ be a locally Lipschitz continuous function. We associate to J the
function my : X — R{ defined by

my(z) = Eerg}r(lx) l€llx Vo e X.

Definition 4.4
We say that zo € X is a (generalized) critical point of J if m;(zq) = 0.

Proposition 4.5

The following statements are equivalent:
1. xq is a critical point of J;
2. J%xz0;2) >0 for all 2z € X

Now, we can give a positive answer to problem (4.1), that is [23, Proposition 3.2].
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Proposition 4.6

If u is a critical point for the functional ®, then w is a solution to Problem (4.1).

Proof. Let us consider the functional

blu) = / Jpu(x))dr Y € LX),

that is locally Lipschitz continuous, see |23, Proposition 3.2|.
Let u € LP(Q) and w* € 9v(u). By [12, Theorem 4.11], there exists w € L” () such that

w*(v) = / wzdr v e LP(Q).
0
Moreover, J;(§) satisfies all the hypotheses of |20, Theorem 1.3.17|, so
w(z) € 0Js(u(x)) a.e. in €,

namely
() C /Q 0.7 (u(x))de. (4.5)

Since the embedding H}(Q2) < LP(Q) is continuous and dense with p < 2*, the inclusion
(4.5) remains true in HJ ().

If we consider the functional ®, Proposition 4.3 assures that

ul?

00(u) € 0(15-) - du(u).

Since

Au)(v) = /QVu - Vudx
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[[u]l

is the derivative of u — 5, we obtain

0®(u) C A(u) — /Qajf(U(l'>>dl'. (4.6)
Now, let u be a critical point for the functional ®, then 0 € 0®(u). By (4.6), we have
Au) € /Q(?Jf(u(x))dx.
This means that there exists w € L (Q) such that

A(u)(v) = / wudx
Q
for all v € Hj(Q), and w(z) € 0J¢(u(x)) for a.e. in Q. It follows that
[ (u(@)) < w(z) < fF(u(x).
Since the multifunction F' takes convex values and for every s € R
min F(s) < f7(s) < f(s) < max F(s),

we have w(z) € F(u(x)) for a.e. x € {2 and so we obtain the thesis. O

The previous result is useful to solve Problem (4.1) by looking for critical points of
the functional ®. Indeed, at this aim it is shown that ® satisfies a (PS)-type condition
in [23).

4.2 A Dirichlet problem with p-Laplacian and set-valued

nonlinearity

In this section we want to present a homogeneous Dirichlet problem for a p-Laplacian
differential inclusion by using a fixed-point theorem concerning operator inclusions in Ba-

nach spaces and exploiting once again Theorem 2.16.
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Let Q C RY and let J : QxR — R be a function satisfying the following assumptions:
(J1) J(-, 2),z € R is measurable;
(J2) to every M > 0 there corresponds k(M) > 0 such that
|J(x,21) — J(x, 20)| < k|z1 — 23]
a.e. in Q and for every 21,29 € [—M, M];

(J3) there exist e,7 > 0 such that

m(Q) " Pk(a(br)/ D 4 g) <1

By (.J;) it makes sense to consider the generalized Clarke gradient 0.J(z, z) of J(x,-) at
the point z € R. Let us consider the following problem

—Ayu € 0J(x,u)  in Q,
u=20 on 0.

Theorem 4.7
If p> N and (J;) — (J3) hold true, then Problem (4.7) has a solution.

Proof. We want to apply Theorem 2.9, so we have to verify all its hypotheses. Hypothesis
(i1) is guaranteed by Example 2.10 by choosing U := A (L¥(2)), ®(u) := u and ¥(u) :=
A,(u), for every u € U.

Now define F(z,z) := 0J(x,z2), (x,z) € Q2 x R. A simple computation shows that

F(z,2) = [-J%x, z;—1), J°(z, z; +1)], (4.8)

where, as usual,

+ —
Jo(x,z;il) = limsup J(:U,w t) J(%w).

w—z,t—0* t

o8



Thanks to (J;) the functions z — J%(z, z; £1) are measurable in Q for every z € R. So,
taking account of |30, Proposition 1.1|, condition (is) of Theorem 2.9 holds.
Let us next verify (i3). Pick {z,}, {yn} C R fulfilling

Zn =2, Yn—Y, yn € F(x,z,) YheN.
The upper semicontinuity of & — J°(x,&; 4+1) combined with (4.8), yield, as h — +o0,
—JO(LE’Z;—l) §y§J0($727+1)7 namelnyF(af,z),

which represents the desired conclusion.

Finally, we prove (i4). First we observe that
|J%(z, 2, +1)| < k(M) VM >0, z€ (=M, M).
This implies

m(z) := sup inf{ly|:y € F(x,2)} < sup inf{ly|:y € F(x,2)} <k(p(r)+e)
|z|<e(r) |z|<p(r)+e

almost everywhere in 2. Consequently, by (a3),
Il < m(Q)'Pk(p(r) +¢) <7
Now Theorem 2.9 can be applied, and we obtain u € U C Wol’p(Q) such that
—Apu(x) = V(u)(z) € F(z,u(x)) = 0J(z,u(x))

for almost all x € Q.

Remark 4.8
We want to point out a special case of J. Let j: 2 xR — R be a function that fulfils the
following hypotheses:
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(Jy) j turns out to be measurable in each variable separately;

(J5) to every M > 0 there corresponds k(M) > 0 such that |j(z,2)| < k(M) almost
everywhere in €2 and for all z € [-M, M].

If J is of the form ¢
Iw§) = [ et (@6 QxR (4.9
0

then it satisfies (J;), (J2), and we get
0J(z, 2) = [j(z, 2), j(z, 2)],
with j, j being for every (z,z) € @ x R

j(x, z) ;== lim ess inf{j(z,w) : jw — z| < d}
d—0+

j(x,z) ;== lim ess sup{j(z,w) : |lw — z| <}
6—0t
Hence, Theorem 4.7 directly leads to the following corollary.
Corollary 4.9
If (J5) — (J5) hold true, then there exists u € W, (Q) such that
j(@,u(@) < —Apu(r) < j(z,u(z)) (4.10)

for almost every = € (.

In particular, we observe that (4.10) reduces to the equation —A,u = j(x,u) at each

point where j(x,-) is continuous.
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Chapter 5
Possible extensions

Methods used in [35] might be exploited to treat other boundary-value problems. For

istance, we would like to study the Neumann problem:

Y(—Apu) = (z,u, Vu)  in §,

5.1
% =0 on 0, 5-1)
ony,
where a—u = |VulP~>Vu - n, with n(x) being the outward unit normal vector to 9) at
n

P
the point x € 9.
In order to solve (5.1) via the technique adopted in Theorem 3.3, we need a suitable

solution of the inclusion:

—Ayu € F(z,u,Vu) inQ

, 5.2
@ =0 on 0f) (5:2)
ony,

where F'is a multifunction arising from ¢ and .

Another topic of investigation might be the study of the case when the whole space
RY takes the place of Q. In |9], Theorem 3.7 provides a solution u € W?P(RY), with
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p > N > 3, to the implicit problem

(Lu) = p(z, u),

where Lu := —Awu + u. This result is based on [9, Theorem 3.2|, which deals with a

semilinear elliptic equation Lu = f(z,u), being f a directionally continuous function. We
wonder if a similar result holds for A, instead of L.
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