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Abstract
Detecting rare and structurally meaningful patterns in time series

is challenging, particularly when such patterns do not repeat ex-

actly but exhibit variability due to noise or intrinsic dynamics. We

introduce a novel framework for rare pattern discovery based on

a combinatorial notion of approximate similarity over discretized

signals. Our approach represents substrings through their local

variations and defines pattern rarity in terms of the number of sub-

strings that exhibit a similar evolution, using a tolerant Hamming

distance over discrete differences. This delta-based representation

captures structural behaviors such as bursts, trends, and oscillations,

while providing robustness to noise and invariance to absolute sig-

nal levels, making it particularly suitable for real-world data such as

astrophysical time series. We show that the resulting optimization

problem is inherently quadratic in the classical setting, as it requires

global pairwise comparisons between substrings and does not admit

efficient incremental evaluation. To address this limitation, we pro-

pose a quantum approach that combines approximate counting and

minimum finding, reducing the complexity from 𝑂 (𝑛2𝑘) to 𝑂 (𝑛𝑘)
and achieving a quadratic speedup in the sequence length. Our

results identify a natural regime in which combinatorial pattern

discovery aligns with the strengths of quantum algorithms, opening

new directions for the analysis of complex temporal signals.
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1 Introduction
Astrophysical time series, such as those arising from Gamma Ray

Burst (GRB) observations, exhibit complex temporal structures, in-

cluding bursts, oscillations, and multi-peak behaviors [17]. GRBs

are among the most energetic transient phenomena in the Uni-

verse, typically associated with the collapse of massive stars or

compact object mergers, and are observed as short-lived flashes

of gamma radiation followed by multi-wavelength afterglows [31].

Their temporal profiles are highly diverse, often characterized by

irregular, multi-peaked structures with rapid variability, spanning

timescales frommilliseconds to several minutes, and exhibiting com-

plex, non-stationary behavior. Identifying and characterizing such

structures is essential for understanding the underlying physical

mechanisms and for enabling data-driven discovery in high-energy

astrophysics [31]. In many cases, the most informative events cor-

respond to localized and irregular phenomena, which may occur

rarely within otherwise regular or noisy signals [29].

Example 1.1. Consider a time series containing short bursts of

activity with slightly different amplitudes and noise levels. For

instance, the patterns (2, 4, 5, 3), (3, 5, 6, 4), and (1, 3, 4, 2) exhibit a
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similar rise-and-fall behavior, even though their absolute values

differ.
1
Traditional exact or distance-based methods may fail to

group these patterns together, or may treat them as distinct due

to their amplitude differences. In contrast, by focusing on local

variations, these patterns can be recognized as structurally similar.

At the same time, a rare pattern corresponds to a behavior that

appears only a few times under this notion of similarity, rather than

to a simple outlier in terms of absolute values.

Traditional approaches to pattern detection in these signals in-

clude template matching, statistical thresholding, and, more re-

cently, machine learning techniques such as neural networks. In the

context of GRB analysis, machine learning approaches have been

successfully applied to tasks such as burst detection, classification,

and temporal pattern recognition, leveraging both light curves and

sky maps to identify transient events and characterize their prop-

erties [28, 32]. In particular, deep learning architectures, including

convolutional and recurrent neural networks, have demonstrated

strong performance in capturing complex temporal structures in

GRB signals, although they typically require labeled datasets and

may suffer from limited interpretability [23, 24].

Template based methods rely on predefined shapes and are there-

fore limited in their ability to capture unexpected or novel behaviors.

Statistical approaches, on the other hand, typically focus on global

properties of the signal and may fail to detect subtle local structures.

Learning-based methods, while powerful, require large amounts

of labeled data, are sensitive to the choice of training distribution,

and often lack interpretability, which is a critical requirement in

scientific applications.

In parallel, the data mining community has developed a sub-

stantial body of work on rare pattern mining [2, 3], with the goal

of identifying infrequent but potentially informative patterns in

large datasets. Most existing approaches are based on frequency

thresholds and combinatorial enumeration techniques, such as Apri-

ori and FP-Growth. While effective in transactional settings, these

methods are inherently designed for unordered data and do not

directly extend to sequential or time-series domains. In particular,

they do not account for temporal dependencies or for the local

evolution of the signal, both of which are crucial in astrophysical

contexts.

Time series data introduce additional challenges. First, relevant

patterns are often not repeated exactly, but appear with variations

due to noise, measurement uncertainty, or intrinsic physical vari-

ability. Second, the notion of similarity between patterns must take

into account their temporal structure rather than their absolute

values. Third, the search space of candidate patterns grows rapidly

with the length of the signal, making exhaustive approaches com-

putationally demanding.

In this work, we propose a novel framework for rare pattern

discovery specifically tailored to time series data. Our approach

departs from both classical frequency-based methods and learning-

based models, and is based on three main components:

• a symbolic representation of time series,

1
More precisely, similarity is evaluated through the differences between consecutive

values rather than through the absolute values themselves. For instance, the sequences

(2, 5, 6, 4) and (2, 4, 5, 3) are not considered similar, since their local variations differ:

5 − 2 ≠ 4 − 2.

• a delta-based characterization of local signal evolution,

• and a combinatorial formulation of approximate pattern

frequency.

The key idea is to represent each substring through its sequence

of local variations, rather than its absolute values, and to define

similarity in terms of approximate matching between such represen-

tations. This leads to a notion of frequency based on the number of

substrings that exhibit a similar local evolution up to a prescribed

tolerance. As a result, the method is invariant to offsets, robust

to noise, and capable of capturing meaningful structures such as

bursts, trends, and oscillations.

From an algorithmic perspective, this formulation naturally leads

to a quadratic search problem, as it requires comparing each sub-

string with all others in the sequence. Moreover, due to the non-

additive nature of the similarity measure, classical optimization

techniques such as incremental updates or prefix-based pruning

cannot be directly applied.

To address this intrinsic computational bottleneck, we explore

the use of quantum algorithms. In particular, we combine approx-

imate counting techniques with quantum minimum finding, en-

abling the identification of rare patterns with a quadratic speedup

over classical exhaustive methods. This results in an overall com-

plexity of 𝑂 (𝑛𝑘) compared to the classical 𝑂 (𝑛2𝑘), where 𝑛 is the

length of the sequence and 𝑘 is the pattern length.

Overall, our work provides a new perspective on rare pattern

discovery in time series, bridging combinatorial pattern mining and

quantum algorithms, and opening new possibilities for the analysis

of complex astrophysical signals.

2 Related Work
Rare pattern mining has traditionally focused on identifying infre-

quent itemsets in transactional databases using algorithms such

as Apriori, FP-Growth, and their extensions [1, 3, 11–13]. These

approaches rely on support thresholds and combinatorial enumer-

ation, often exploiting anti-monotonicity properties to prune the

search space. While effective in structured, tabular settings, they

are inherently designed for unordered data and exact matching,

and do not naturally extend to sequential or time-series domains.

A well-known limitation of these methods is the so-called rare
item dilemma [20], where lowering the support threshold leads to

a rapid growth in the number of candidate patterns, making the

mining process computationally expensive and often impractical. In

addition, these approaches struggle with sparse datasets and do not

account for situations in which patterns are not repeated exactly,

but rather appear with variations. This limitation is particularly

relevant in time-series data, where temporal dependencies and local

signal dynamics play a fundamental role.

Time Series Pattern Discovery. In the context of time series anal-

ysis, pattern discovery is typically addressed through techniques

such as motif discovery, shape-based matching, and symbolic rep-

resentations [19, 30]. These methods generally rely on distance

measures over raw or normalized signals [16] and are primarily de-

signed to identify frequent or representative patterns. Approaches

such as the Matrix Profile provide efficient mechanisms for motif

and discord discovery, while symbolic representations like SAX

enable scalable indexing and comparison over discretized signals.
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Approach Domain Similarity Variability Rare Training Complexity

Apriori / FP-Growth Transactional Exact No Yes No Exponential

Motif / Matrix Profile Time series Distance-based Yes No No 𝑂 (𝑛2)
SAX-based methods Time series Symbolic + distance Yes No No 𝑂 (𝑛 log𝑛)
String matching Sequences Edit / Hamming Yes No No 𝑂 (𝑛𝑚)
LSH / ANN High-dim Approx. metric Yes No No Subquadratic

Deep learning Time series Learned Yes No Yes High

Quantum ML Time series Learned Yes No Yes High

This work Time series Delta-based Yes Yes No 𝑂 (𝑛𝑘) (quantum)

Table 1: Comparison of existing approaches for pattern discovery and anomaly detection.

Similarly, shape-based matching methods based on dynamic time

warping allow flexible alignment between subsequences [25].

Closely related are discord discovery methods, which aim at

identifying anomalous subsequences that are maximally distant

from all others [15]. While effective for anomaly detection, these

methods rely on global distance criteria and do not explicitly capture

structural similarity under local variations. As a result, existing

time-series techniques are generally better suited to identifying

frequent or highly distinctive patterns, rather than rare patterns

exhibiting approximate structural similarity.

Combinatorial and String Processing Approaches. From a combi-

natorial and string processing perspective, a large body of work has

addressed approximate pattern matching and similarity search in

sequences. Classical techniques include dynamic programming ap-

proaches for edit distance and its variants, bit-parallel algorithms,

and filtering-based methods for approximate matching [21, 22].

These methods are highly effective when the similarity measure is

metric or decomposable, allowing incremental computation, prun-

ing, or indexing. More advanced approaches exploit indexing struc-

tures, such as suffix trees, suffix arrays, or 𝑞-gram based filter-

ing [10, 18], as well as locality-sensitive hashing (LSH) for approxi-

mate nearest neighbor search in high-dimensional spaces [14]. In

time-series analysis, symbolic representations such as SAX enable

the use of string matching techniques over discretized signals, often

combined with indexing distances to accelerate search [19].

However, these techniques rely critically on structural proper-

ties that are not present in our setting. In particular, they typically

assume that the similarity measure is either additive, metric, or

admits a decomposition that allows partial evaluation and prun-

ing [22]. In contrast, the delta-based similarity function 𝑑𝜏 used

in this work is defined through position-wise thresholded com-

parisons and induces a non-metric, non-additive structure. As a

consequence, standard filtering, indexing, and incremental update

techniques cannot be directly applied.

Furthermore, the objective function 𝑓 (𝑥𝑖 ) counts the number of

substrings satisfying a global similarity constraint, which inher-

ently requires comparing each candidate against all others. This

prevents the use of classical acceleration strategies based on slid-

ing windows, prefix reuse, or candidate pruning, and leads to a

quadratic number of pairwise comparisons in the worst case. This

intrinsic lack of structure is precisely what makes the problem par-

ticularly well suited to quantum algorithms for unstructured search

and counting [4, 9].

Learning-Based Approaches. More recently, anomaly detection in

time series has been approached usingmachine learning techniques,

including neural networks and autoencoders [6, 27]. While these

methods are capable of capturing complex temporal dependencies,

they typically require training data, are sensitive to the choice of

training distribution, and often lack interpretability. This can be a

significant limitation in scientific applications, where understand-

ing the structure of detected patterns is as important as detecting

them.

Quantum Machine Learning Approaches. Recent works have also
begun to explore the application of quantum machine learning

techniques to astrophysical time series, including GRB analysis. In

particular, hybrid quantum-classical models such as quantum con-

volutional neural networks and variational quantum circuits have

been investigated for GRB classification tasks, demonstrating the

potential of low-parameter quantummodels to capture relevant fea-

tures in both light curves and skymaps [8, 33]. In another work, [26]

presented a comparative study between classical and quantum au-

toencoders for short-duration GRB signal detection. However, these

approaches remain largely supervised and data-driven, requiring

labeled datasets and training procedures, and therefore differ fun-

damentally from the combinatorial and training-free framework

proposed in this work.

Positioning of This Work. In contrast to existing approaches, our

method identifies the rarest patterns under an approximate notion

of similarity based on local signal evolution. Rather than focusing

on globally dissimilar subsequences, we target patterns that occur

infrequently among structurally similar behaviors, as captured by

the delta-based representation.

Our approach departs from both classical rare pattern mining

and learning-based methods by adopting an approximate matching

framework over local variations. This defines a notion of frequency

based on structural similarity, making it suitable for noisy time

series, while remaining training-free and interpretable.

From an algorithmic perspective, the problem is inherently qua-

dratic, as each patternmust be compared with all others.We address

this using a quantum-enhanced solution based on approximate

counting and minimum finding [5], achieving a quadratic speedup.
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To the best of our knowledge, this combination has not been previ-

ously explored.

Table 1 summarizes themain characteristics of existing approaches.

Classical data mining relies on exact matching and does not extend

to sequential data, while time-series methods capture variability

but focus on frequent patterns. Combinatorial techniques require

metric structure, and learning-based approaches require training

and lack interpretability.

In contrast, our framework enables training-free rare pattern

discovery under a non-metric similarity model, with a natural quan-

tum speedup to 𝑂 (𝑛𝑘).

3 Delta-Based Approximate Similarity
A central challenge in time-series analysis is the identification of

patterns that are not exactly repeated, but instead exhibit similar

structural behavior under noise, variability, or measurement uncer-

tainty. In many real-world signals, and in particular in astrophysical

data such as GRB observations, relevant events are characterized

more by their local evolution (e.g., sudden increases, oscillations,

or decay phases) than by their absolute values.

This motivates the need for a representation that captures local

dynamics while being robust to offsets and small perturbations. To

this end, we adopt a delta-based representation of the signal, com-

bined with an approximate notion of similarity between substrings.

Let 𝑆 = 𝑠1𝑠2 . . . 𝑠𝑛 be a sequence over a finite alphabet Σ, obtained
by discretizing a time series.

We consider all substrings of fixed length 𝑘 :

𝑥𝑖 = 𝑆 [𝑖 ..𝑖 + 𝑘 − 1], 1 ≤ 𝑖 ≤ 𝑛 − 𝑘 + 1.

Rather than comparing substrings directly based on their values,

we associate to each substring 𝑥𝑖 a sequence of discrete differences:

Δ𝑥𝑖 = (𝛿𝑖,1, 𝛿𝑖,2, . . . , 𝛿𝑖,𝑘−1), where 𝛿𝑖,𝑡 = 𝑠𝑖+𝑡 − 𝑠𝑖+𝑡−1 .

This transformation removes absolute offsets and emphasizes

local variations in the signal. As a result, substrings that differ by a

constant shift, or that exhibit similar trends with small perturba-

tions, are mapped to similar delta representations.

To quantify similarity between substrings, we define a tolerant

Hamming-like distance between their delta sequences. Given a

tolerance parameter 𝜏 ≥ 0, we define:

𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) =
𝑘−1∑︁
𝑡=1

1
(��𝛿𝑖,𝑡 − 𝛿 𝑗,𝑡

�� > 𝜏
)
.

This distance counts the number of positions where the local

variations of the two substrings differ beyond the tolerance 𝜏 . In

other words, small fluctuations are ignored, while significant devia-

tions are penalized.

Two substrings are considered locally similar if:

𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝑑,

where 𝑑 is a fixed mismatch threshold controlling the allowed

number of discrepancies.

Based on this notion of similarity, we define the approximate
frequency of a pattern 𝑥𝑖 as:

𝑓 (𝑥𝑖 ) =
��{ 𝑗 �� 𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝑑

}�� .

This quantity measures how many substrings exhibit a similar

local evolution to 𝑥𝑖 , rather than counting exact repetitions. This

distinction is crucial in time-series settings, where patterns are

rarely repeated identically and often appear with variations due to

noise or intrinsic dynamics.

The rare pattern discovery problem is then formulated as:

𝑥∗ = arg min

1≤𝑖≤𝑛−𝑘+1
𝑓 (𝑥𝑖 ),

that is, the substring with the smallest number of approximate

occurrences. In case multiple substrings attain the same minimum

frequency, any one of them may be returned. Equivalently, one may

define a rarity score:

score(𝑥𝑖 ) =
1

𝑓 (𝑥𝑖 )
.

The proposed model presents several desirable properties for the

analysis of real-world signals. First, it is invariant to absolute signal

levels, since the delta representation depends only on differences.

Second, it is robust to noise, as the tolerance parameter 𝜏 allows

small fluctuations to be disregarded. Third, it is sensitive to struc-

tural patterns such as bursts, oscillations, and trends, which are

naturally encoded in the sequence of local variations. Finally, the

use of approximate matching enables the detection of meaningful

patterns that may exhibit variability rather than exact repetition.

These properties make the model particularly suitable for as-

trophysical time series. In GRB signals, for instance, relevant phe-

nomena are typically characterized by rapid changes, peaks, and

oscillatory behaviors, which are more effectively captured by dif-

ferences than by absolute intensity values.

Example 3.1. Consider the sequence 𝑆 = (3, 5, 6, 4, 2, 3, 5), and let

𝑘 = 4. We extract two substrings: 𝑥1 = (3, 5, 6, 4), 𝑥2 = (2, 3, 5, 4).
Their delta representations are: Δ𝑥1 = (2, 1,−2), Δ𝑥2 = (1, 2,−1).
Let the tolerance be 𝜏 = 1. We compare the delta sequences position-

wise:

|2 − 1| = 1 ≤ 𝜏, |1 − 2| = 1 ≤ 𝜏, | − 2 − (−1) | = 1 ≤ 𝜏 .

Thus, 𝑑𝜏 (𝑥1, 𝑥2) = 0, and the two substrings are considered

similar despite having different absolute values.

In contrast, a substring exhibiting a different structural behavior,

such as a monotonic increase, would yield a larger distance and

would not be counted in the approximate frequency. This illustrates

how the delta-based representation captures local trends while

remaining robust to offsets and small perturbations.

3.1 Classical Computational Complexity
The computation of 𝑓 (𝑥𝑖 ) requires comparing the substring 𝑥𝑖 with

all other substrings:

𝑓 (𝑥𝑖 ) =
𝑛−𝑘+1∑︁
𝑗=1

1
(
𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝑑

)
.

Each comparison involves evaluating the distance 𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ),
which requires𝑂 (𝑘) time. Since there are𝑂 (𝑛) substrings, comput-

ing all values 𝑓 (𝑥𝑖 ) requires: 𝑂 (𝑛2 · 𝑘) time in the classical setting.

In several related problems on sequences, more efficient solutions

can be obtained by exploiting additional structure. For instance,

exact pattern matching admits near-linear time algorithms based
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on prefix functions or automata, while distance-based similarity

search can benefit from indexing structures, hashing techniques,

or locality-sensitive hashing when the distance function is metric

and decomposable. Similarly, sliding window techniques allow in-

cremental updates when the objective function can be expressed in

an additive or factorizable form.

However, these approaches do not readily apply in our setting.

First, the delta-based representation removes absolute information

and encodes patterns through local variations, making it difficult to

define effective indexing keys or hashing schemes that preserve the

approximate similarity relation. Second, the tolerant distance 𝑑𝜏
depends on position-wise constraints over the entire substring and

involves a thresholded comparison, which breaks metric properties

and prevents the direct use of standard similarity search techniques.

Third, the objective function 𝑓 (𝑥𝑖 ) is inherently non-additive, as

it counts the number of substrings satisfying a global constraint,

and therefore does not support incremental updates under sliding

window schemes.

While approximate or data-dependent heuristics may reduce

the practical cost in specific scenarios, their effectiveness relies

on assumptions about the distribution or regularity of the data. In

the general case, no compact representation or local update rule

is known that avoids evaluating a quadratic number of pairwise

comparisons.

As a result, in the absence of strong assumptions on the input, the

problem remains inherently quadratic in the worst case, requiring

𝑂 (𝑛2 · 𝑘) time in the classical setting.

4 Quantum Solution
The delta-based formulation introduced in Section 3 leads to a

computational problem that is inherently global: the frequency of

each candidate substring depends on its similarity with all other

substrings in the sequence. This lack of locality prevents the use

of classical optimization techniques based on incremental updates

or factorization, and results in a quadratic number of pairwise

comparisons.

This type of structure is particularly well suited to quantum

algorithms. Indeed, quantum search and counting techniques are

known to provide quadratic speedups for problems that require

evaluating a function over a large, unstructured set of candidates. In

this section, we show how to leverage these techniques to accelerate

rare pattern discovery under the proposed model.

For clarity, we summarize the overall quantum procedure in

Algorithm 1. The algorithm combines two standard quantum prim-

itives: amplitude estimation for approximating the frequency of a

candidate pattern, and Dürr–Høyer minimum finding for selecting

the rarest one.

4.1 Problem Formulation
Let 𝑆 be a sequence of length 𝑛 and let 𝑘 be a fixed pattern length.

For each index 𝑖 ∈ {1, . . . , 𝑛 − 𝑘 + 1}, we consider the substring
𝑥𝑖 = 𝑆 [𝑖 ..𝑖 + 𝑘 − 1].

We define a Boolean similarity predicate

𝑔(𝑖, 𝑗) =
{
1 if 𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝑑,

0 otherwise,

Algorithm:Quantum Rare Pattern Discovery

1 Input: sequence 𝑆 of length 𝑛, pattern length 𝑘 ,
tolerance 𝜏 , threshold 𝑑

2 Output: index 𝑖∗ minimizing the approximate frequency

3 Construct oracle O(𝑖, 𝑗) returning 1 iff 𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝑑

4 Function EstimateFrequency(𝑖):
5 Prepare uniform superposition over 𝑗 ∈ {1, . . . , 𝑛 − 𝑘 + 1}
6 Apply amplitude estimation using O(𝑖, 𝑗)
7 Return estimate 𝑓 (𝑥𝑖 )
8 Apply quantum minimum finding over 𝑖 ∈ {1, . . . , 𝑛 − 𝑘 + 1}
9 using EstimateFrequency(𝑖) as evaluation procedure

10 Return 𝑖∗ = argmin𝑖 𝑓 (𝑥𝑖 )

Figure 1: Quantum rare pattern discovery via amplitude esti-
mation and minimum finding. For each candidate substring,
the algorithm estimates its approximate frequency using a
quantum oracle encoding the similarity relation, and applies
Dürr–Høyer minimum finding to return the index of the
rarest pattern.

and the corresponding approximate frequency

𝑓 (𝑥𝑖 ) =
𝑛−𝑘+1∑︁
𝑗=1

𝑔(𝑖, 𝑗),

which counts how many substrings exhibit a similar local evolution.

Equivalently, one may consider the normalized frequency

𝑝𝑖 =
𝑓 (𝑥𝑖 )

𝑛 − 𝑘 + 1

,

which represents the probability that a randomly chosen substring

is similar to 𝑥𝑖 .

The rare pattern discovery problem is to identify

𝑥∗ = argmin

𝑖
𝑓 (𝑥𝑖 ) .

We note that 𝑓 (𝑥𝑖 ) is inherently global, as it depends on com-

parisons with all other substrings, and does not admit an additive

or decomposable structure.

4.2 Quantum Oracle
We define a quantum oracle that encodes the similarity relation

between substrings. Given indices (𝑖, 𝑗), the oracle O acts as

O |𝑖, 𝑗⟩ |0⟩ = |𝑖, 𝑗⟩ |𝑔(𝑖, 𝑗)⟩ ,

where

𝑔(𝑖, 𝑗) =
{
1 if 𝑑𝜏 (𝑥𝑖 , 𝑥 𝑗 ) ≤ 𝑑,

0 otherwise.

The implementation of O follows a fully reversible computation

pipeline. For a given pair (𝑖, 𝑗), the oracle proceeds through the

following stages:

(1) Substring access. The substrings 𝑥𝑖 = 𝑆 [𝑖 ..𝑖 + 𝑘 − 1] and
𝑥 𝑗 = 𝑆 [ 𝑗 .. 𝑗 + 𝑘 − 1] are coherently loaded into quantum

registers. This can be achieved either through a QRAMmodel
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Figure 2: Quantum circuit implementing the oracle O(𝑖, 𝑗) for evaluating the similarity predicate 𝑔(𝑖, 𝑗). The circuit takes as
input the indices 𝑖 and 𝑗 , coherently loads the corresponding substrings 𝑥𝑖 and 𝑥 𝑗 , and computes their delta representations.
It then evaluates the position-wise differences between the two sequences, counts the number of mismatches exceeding the
tolerance 𝜏 , and compares the result against the threshold 𝑑 . The output qubit encodes the value of 𝑔(𝑖, 𝑗), indicating whether
the two substrings are considered similar. All components are realized using reversible arithmetic and comparison circuits.

or by assuming that the input sequence is stored in quantum

memory, enabling parallel access in superposition.
2

(2) Delta computation. The delta representations Δ𝑥𝑖 and Δ𝑥 𝑗
are computed using reversible arithmetic circuits. Each differ-

ence 𝛿𝑡 = 𝑠𝑖+𝑡 − 𝑠𝑖+𝑡−1 is obtained via reversible subtraction,

requiring 𝑂 (1) arithmetic operations per position. This step

requires 𝑂 (𝑘) elementary operations and 𝑂 (𝑘) workspace
qubits, which can be uncomputed after use.

(3) Tolerance comparison. For each position 𝑡 = 1, . . . , 𝑘 − 1,

the circuit evaluates whether |𝛿𝑖,𝑡 −𝛿 𝑗,𝑡 | > 𝜏 using reversible

comparators. The result is stored in a single qubit indicating a

mismatch at position 𝑡 . This stage requires𝑂 (𝑘) comparisons

and 𝑂 (𝑘) auxiliary qubits.

(4) Mismatch counting and thresholding. The mismatch in-

dicators are aggregated using a reversible adder to compute

the total number of violations. The result is then compared

against the threshold𝑑 using a reversible comparator, produc-

ing the output bit 𝑔(𝑖, 𝑗). This step requires𝑂 (𝑘) elementary

gates and 𝑂 (log𝑘) ancilla qubits.
All intermediate computations can be uncomputed to restore

ancillary registers to |0⟩, ensuring that the oracle is implemented

as a clean unitary transformation.

A schematic representation of the oracle O(𝑖, 𝑗) is shown in

Figure 2. The circuit takes as input the indices 𝑖 and 𝑗 and coherently

loads the corresponding substrings 𝑥𝑖 and 𝑥 𝑗 . It then computes

their delta representations, which encode the local variations of the

signal, and evaluates the position-wise differences between the two

sequences. The number of mismatches exceeding the tolerance 𝜏 is

accumulated using a reversible counter, and the result is compared

against the threshold 𝑑 . The outcome of this comparison is stored

in an output qubit, which encodes the value of 𝑔(𝑖, 𝑗) and indicates

whether the two substrings are considered similar.

The modular structure of the circuit reflects the decomposition

of the oracle into loading, transformation, and comparison stages.

2
As customary in quantum query complexity analyses, we abstract away the imple-

mentation cost of QRAM/data loading and assume coherent oracle access to the input

sequence. The overall complexity therefore measures the number of oracle invocations

and arithmetic operations, while the practical implementation cost may depend on

the underlying memory architecture

All components can be implemented using standard reversible arith-

metic circuits, ensuring that the oracle can be evaluated coherently

within superposition, as required by amplitude estimation.

Overall, the oracle can be realized with 𝑂 (𝑘) arithmetic opera-

tions,𝑂 (𝑘) depth up to logarithmic factors depending on the adder

implementation, and𝑂 (𝑘) auxiliary qubits. The dependence on the

alphabet size is logarithmic in the bit-width of the encoded values.

We assume either a QRAMmodel or an equivalent input model in

which the sequence is available in quantum registers. As is standard

in the analysis of quantum search and counting algorithms, we focus

on the cost of oracle invocations and internal arithmetic, abstracting

from data-loading costs.We note that the oracle complexity remains

linear in the pattern length 𝑘 , and therefore does not affect the

overall quadratic speedup in the sequence length 𝑛.

4.3 Frequency Estimation
For a fixed index 𝑖 , computing 𝑓 (𝑥𝑖 ) amounts to evaluating the

number of indices 𝑗 such that𝑔(𝑖, 𝑗) = 1, where𝑔(𝑖, 𝑗) is the Boolean
predicate implemented by the oracle O. Equivalently, 𝑓 (𝑥𝑖 ) can be

expressed as

𝑓 (𝑥𝑖 ) =
𝑛∑︁
𝑗=1

𝑔(𝑖, 𝑗) = 𝑛 · E𝑗 [𝑔(𝑖, 𝑗)],

where the expectation is taken over the uniform distribution on

{1, . . . , 𝑛}.
We estimate this quantity using quantum amplitude estima-

tion [5]. Specifically, we prepare the uniform superposition

1

√
𝑛

𝑛∑︁
𝑗=1

| 𝑗⟩ ,

and use the oracleO tomark the “good” indices satisfying𝑔(𝑖, 𝑗) = 1.

Amplitude estimation then provides an estimate 𝑝𝑖 of

𝑝𝑖 =
𝑓 (𝑥𝑖 )
𝑛

with additive error 𝜀 and constant success probability, using𝑂

(√
𝑛
𝜀

)
oracle invocations.

3

3
The parameter 𝜀 controls the precision of the amplitude estimation procedure. Smaller

values of 𝜀 yield more accurate estimates of the approximate frequencies, at the cost of
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Multiplying by 𝑛, we obtain an estimate
˜𝑓 (𝑥𝑖 ) of 𝑓 (𝑥𝑖 ) within

additive error 𝜀𝑛. Taking into account the 𝑂 (𝑘) cost of each oracle

evaluation, the overall complexity of frequency estimation is

𝑂

(√
𝑛

𝜀
· 𝑘

)
.

The following lemma formalizes the complexity of the estima-

tion procedure. Its proof follows directly from standard results

on quantum amplitude estimation [5] and is therefore omitted for

brevity. In particular, the estimation of 𝑓 (𝑥𝑖 ) can be reduced to

the problem of estimating the amplitude of the “good” states in a

superposition over all candidate indices 𝑗 , where a state is marked

as good if it satisfies the similarity predicate encoded by the oracle.

The additive error arises from the intrinsic precision of amplitude

estimation, while the success probability can be amplified using

standard repetition techniques.

Lemma 4.1. For any fixed index 𝑖 , the approximate frequency 𝑓 (𝑥𝑖 )
can be estimated within additive error 𝜀𝑛 with constant success prob-

ability using 𝑂
(√

𝑛
𝜀

)
oracle queries.

The above bound assumes a uniform superposition over all can-

didate indices and a single invocation of the estimation procedure.

Higher success probabilities can be obtained by repeating the pro-

cedure a logarithmic number of times and taking the median of the

estimates, without affecting the asymptotic query complexity up to

constant factors.

4.4 Minimum Finding and Overall Complexity
To identify the minimum value of 𝑓 (𝑥𝑖 ) over all candidate sub-

strings, we employ the Dürr–Høyer quantum minimum finding al-

gorithm [7]. Given access to an evaluation procedure for 𝑓 (𝑥𝑖 ), this
algorithm returns an index 𝑖∗ minimizing 𝑓 (𝑥𝑖 ) with constant suc-

cess probability using𝑂 (
√
𝑛) evaluations. Intuitively, the algorithm

performs a quantum search over the set of candidate indices, pro-

gressively refining an upper bound on the minimum value through

a sequence of comparisons, and exploiting amplitude amplification

to achieve a quadratic speedup over classical exhaustive search.

In our setting, each evaluation of 𝑓 (𝑥𝑖 ) is performed via am-

plitude estimation, as described in the previous section, with cost

𝑂

(√
𝑛
𝜀 · 𝑘

)
. This reflects the need to estimate the number of indices

𝑗 satisfying the similarity predicate, with precision 𝜀𝑛, while ac-

counting for the cost of evaluating the oracle. Combining the two

procedures, we obtain an overall complexity

𝑂 (
√
𝑛) ·𝑂

(√
𝑛

𝜀
· 𝑘

)
= 𝑂

(𝑛
𝜀
· 𝑘

)
.

For constant precision 𝜀, this yields a total complexity of 𝑂 (𝑛𝑘),
matching the expected quadratic improvement over the classical

baseline.

Lemma 4.2. The rare pattern discovery problem can be solved with
constant success probability using 𝑂

(
𝑛
𝜀

)
oracle calls and total time

𝑂
(
𝑛
𝜀 · 𝑘

)
.

a proportional increase in the number of oracle invocations. Throughout the analysis,

we treat 𝜀 as a fixed constant, which is sufficient to distinguish the frequency gaps

considered in our setting. However, instances involving extremely small or very

close frequencies may require higher precision, potentially increasing the overall

computational cost.

The above lemma establishes the main result of this work: rare

pattern discovery under the proposed delta-based similarity model

admits a quantum algorithmwith overall time complexity𝑂 (𝑛𝑘) for
constant precision, achieving a quadratic speedup over the classical

𝑂 (𝑛2 · 𝑘) approach.
The proof follows directly from the composition of amplitude

estimation and quantum minimum finding [5, 7]. The overall suc-

cess probability is obtained by combining the guarantees of the

two procedures, and can be amplified through standard repetition

techniques without affecting the asymptotic complexity.

In contrast, a classical exhaustive approach requires computing

all pairwise similarities between substrings, resulting in a total

complexity of 𝑂 (𝑛2 · 𝑘). The proposed quantum algorithm there-

fore achieves a quadratic speedup in the sequence length 𝑛, which

is optimal for unstructured search problems and consistent with

known lower bounds.

4.5 Discussion
This speedup is not merely a consequence of applying a generic

quantum search technique, but is tightly connected to the structure

of the problem. The delta-based similarity measure induces a non-

additive and non-factorizable objective function, which inherently

requires global comparisons between substrings. While this limits

the effectiveness of classical optimization strategies, it aligns natu-

rally with the strengths of quantum algorithms for unstructured

search and counting.

The quadratic speedup achieved by the proposed approach is con-

sistent with known lower bounds for unstructured search problems.

Since the objective function depends on global pairwise compar-

isons and lacks exploitable structure, no super-quadratic quantum

speedup is expected in this setting. This further supports the natu-

ral alignment between the problem structure and quantum search

techniques.

As a natural extension of this work, we plan to validate the

proposed framework on both simulated and observational astro-

physical datasets, with particular focus on GRB time series. These

data provide a realistic testbed characterized by high variability,

noise, and complex temporal structures, which are well aligned

with the assumptions underlying the delta-based representation. In

this context, we aim to assess the capability of the method to iden-

tify rare and physically meaningful patterns in real-world scenarios.

In addition, a systematic comparison with existing approaches for

anomaly and pattern detection will be conducted. This includes

both classical techniques, such as statistical methods and machine

learning-based models, and emerging quantum machine learning

frameworks for anomaly detection.

5 Conclusion
We introduced a novel framework for rare pattern discovery in time

series based on a delta-based representation and an approximate

notion of similarity. By focusing on local signal variations rather

than absolute values, the proposed model provides a natural way

to capture structurally meaningful patterns in noisy and variable

signals.
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From a methodological perspective, the approach departs from

both classical rare pattern mining and learning-based methods. Un-

like frequency-based techniques, it allows for approximate match-

ing and is therefore better suited to real-world time series where

patterns are not repeated exactly. At the same time, it avoids the

need for training data and yields explicitly interpretable results,

which is particularly important in scientific applications.

From an algorithmic standpoint, we showed that the resulting

formulation leads to a combinatorial optimization problem with in-

trinsic quadratic complexity. We then presented a quantum solution

based on approximate counting and minimum finding, achieving a

quadratic speedup with respect to the sequence length. This advan-

tage is tightly connected to the non-additive and non-factorizable

nature of the similarity measure, which limits the effectiveness

of classical optimization techniques while aligning naturally with

quantum search paradigms.

Overall, our work highlights a setting in which quantum algo-

rithms can provide a concrete and meaningful advantage for data

analysis tasks. The proposed framework opens several directions

for future research, including the exploration of alternative sim-

ilarity measures, the integration with more expressive symbolic

representations, and the application to real astrophysical datasets.

More broadly, this work suggests that combining approximate

pattern discoverywith quantum algorithmsmay represent a promis-

ing direction for the analysis of complex temporal data.
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