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This paper introduces a novel framework for Flexible Production Value Networks (FPVNs) based on a variational
inequality formulation that captures the decentralized behavior of suppliers, manufacturers, distributors, and
demand markets under environmental and capacity constraints. The model establishes existence and uniqueness
conditions for the equilibrium and is solved through a projection-type algorithm. Numerical illustrations on test
networks demonstrate the effectiveness of the approach. In particular, the results show that the equilibrium
solutions are stable with respect to demand and cost perturbations, and they highlight the role of environmental

constraints in reshaping production and distribution strategies.

1. Introduction

In recent years, the increasing complexity of global supply chains has
underscored the need for advanced models that capture the interplay
between production flexibility, network structure, and value creation
across multiple decision-making levels (see Nagurney et al. (2002a),
Nagurney and Qiang (2012)). Within this context, the concept of a Flexi-
ble Production Value Network (FPVN) emerges as a unifying framework
that integrates the decentralized behavior of suppliers, manufacturers,
retailers, and consumers, while addressing both economic competitive-
ness and environmental sustainability (see Beamon (1999), Fahimnia
et al. (2015)).

FPVNs are crucial in the modern industrial landscape, where adapt-
ability and dynamic interactions enable firms to respond effectively to
volatile demand, resource constraints, and evolving environmental reg-
ulations (see Chopra and Meindl (2019), Simchi-Levi et al. (2019). Un-
like traditional linear supply chains, FPVNs emphasize resilience and
decentralized decision-making, promoting efficiency, innovation, and
sustainability (see Cachon and Terwiesch (2023), Shapiro (2006).

The literature provides a wide range of approaches to modeling flex-
ibility and equilibrium in production and supply chain networks. Early
works on flexible manufacturing systems and adaptive scheduling (see
Sethi and Sethi (1990), Stecke (1983)) primarily addressed operational
flexibility under uncertainty, but did not capture the competitive and
networked structure of global supply chains. This gap was progressively
addressed by network equilibrium models based on variational inequal-
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ity theory (Nagurney et al., 2002a; Nagurney & Qiang, 2012), which in-
troduced decentralized decision-making and equilibrium formulations
into supply chain analysis.

More recent contributions have expanded this line of research in dif-
ferent directions. Fargetta and Scrimali (Fargetta and Scrimali, 2023)
extended the framework to dynamic closed-loop systems, explicitly in-
corporating sustainability objectives. Besik et al. (2023) analyzed agri-
cultural supply chains, showing how competition and product quality
influence equilibrium outcomes. These studies demonstrate the richness
of VI-based approaches, but they tend to address either efficiency, or
sustainability, or competition in isolation. None of them, however, con-
siders multitiered supply chain networks where heterogeneous environ-
mental regulations apply simultaneously across different actors.

The FPVN framework proposed in this paper addresses this gap.
It extends Flexible Production Networks by explicitly accounting for
“value” not only as profit, but also as compliance with environmental
regulations and responsiveness to consumer needs (see Beamon (1999),
Fahimnia et al. (2015)). In this way, FPVNs provide a comprehensive,
value-driven foundation for analyzing sustainable and competitive sup-
ply chains.

From an industry standpoint, FPVNs offer a strategic tool for re-
ducing inefficiencies while ensuring regulatory compliance. By incor-
porating stochastic demand and environmental constraints, they enable
firms to avoid losses due to overproduction or underproduction and
minimize penalties linked to emission thresholds (see Beamon (1999),
Fahimnia et al. (2015)). In this sense, sustainability becomes a source of
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\begin {equation}\Delta _m^{2,-} = \max \left \{0, d_m^2-\sum _{o=1}^{O} \sum _{i=1}^I g_{moi} \right \}. \label {Xeqn20-20}\end {equation}


$\Delta _m^{1,+}>0$


$\Delta _m^{2,+}>0$


$\Delta _m^{1,-}>0$


$\Delta _m^{2,-}>0,$


$\Delta _m^{1,+}$


$\Delta _m^{2,+}$


$\Delta _m^{1,-}$


$\Delta _m^{2,-}$


\begin {align}&\mathbb {E}[\Delta _m^{1,+}] = \int _{ \displaystyle \sum _{l=1}^{L} \sum _{i=1}^I g_{mli}}^{\infty } \left (\sum _{l=1}^{L} \sum _{i=1}^{I} g_{mli} -t \right ) f^1_m(t) d(t),\quad \forall m=1,\dots ,M, \label {Xeqn21-21}\\ &\mathbb {E}[\Delta _m^{1,-}] = \int _{0}^{\displaystyle \sum _{l=1}^{L} \sum _{i=1}^I g_{mli} } \left ( t-\sum _{l=1}^{L} \sum _{i=1}^{I} g_{mli} \right ) f^1_m(t) d(t),\quad \forall m=1,\dots ,M, \label {Xeqn22-22}\\ &\mathbb {E}[\Delta _m^{2,+}] = \int _{\displaystyle \sum _{o=1}^{O} \sum _{i=1}^I g_{moi}}^{\infty } \left ( \sum _{o=1}^{O} \sum _{i=1}^{I} g_{moi}-t \right ) f^2_m(t) d(t),\quad \forall m=1,\dots ,M, \label {Xeqn23-23}\\ &\mathbb {E}[\Delta _m^{2,-}] = \int _{0}^{\displaystyle \sum _{o=1}^{O} \sum _{i=1}^I g_{moi} } \left ( t-\sum _{o=1}^{O} \sum _{i=1}^{I} g_{moi} \right ) f^2_m(t) d(t),\quad \forall m=1,\dots ,M, \label {Xeqn24-24}\end {align}


\begin {equation*}f^1_m(z)=\int _{-\infty }^{+\infty }\dots \int _{-\infty }^{+\infty }\prod _{l=1}^Lf_{ml}(t_l)\delta \left (z-\sum _{t=1}^Lt_l\right )d t_1 \dots d t_{L}\quad \forall m=1,\dots ,M,\end {equation*}


\begin {equation*}f^2_m(z)=\int _{-\infty }^{+\infty }\dots \int _{-\infty }^{+\infty }\prod _{o=1}^Of_{mo}(t_o)\delta \left (z-\sum _{o=1}^O t_o\right )d t_1\dots d t_O \quad \forall m=1,\dots ,M,\end {equation*}


\begin {align}&\Delta _m^+=\Delta _m^{1,+}+\Delta _m^{2,+},\quad \forall m=1,\dots ,M, \label {Xeqn25-25}\\ &\Delta _m^-=\Delta _m^{1,-}+\Delta _m^{2,-}, \quad \forall m=1,\dots ,M, \label {Xeqn26-26}\end {align}


$\delta _m^+$


$\delta _m^-$


$m=1,\dots ,M$


$m$


$m=1,\dots ,M$


\begin {equation}\mathbb {E}[\delta _m^+\Delta _m^++\delta _m^-\Delta _m^-]=\delta _m^+\mathbb {E}[\Delta _m^+]+\delta _m^-\mathbb {E}[\Delta _m^-]. \label {Xeqn27-27}\end {equation}


$m$


$m=1,\dots ,M$


$m$


$m=1,\dots ,M$


\begin {align}&\max E(U_m) = \sum _{o=1}^{O}\sum _{i=1}^I\bar {p}^{2*}_{moi}g_{moi} + \sum _{l=1}^{L}\sum _{i=1}^{I} \bar {\rho }^{2*}_{mli} g_{mli}- \bar {c}_m(g^1_m,g_m^2)\nonumber \\& - \sum _{l=1}^{L} \sum _{i=1}^I \bar {c}_{mli}^t(g_{mli}) - \sum _{o=1}^{O}\sum _{i=1}^I \bar {c}_{moi}^T(g_{moi})\nonumber \\ &-\sum _{n=1}^N\sum _{r=1}^R\sum _{i=1}^{I}p_{nrmi}^{1*}x_{nrmi}-\sum _{n=1}^N\sum _{r=1}^R\sum _{i=1}^I{\rho }_{nrmi}^{1*} y_{nrmi}-\bar {c}^{1s}_m(x_m,y_m)-\bar {c}^{2s}_m(g_m^1,g_m^2)\nonumber \\&-\sum _{n=1}^N\sum _{i=1}^I\bar {c}^t_{nmi}(x_{nmi},y_{nmi})\nonumber \\ &-\bar {\alpha }_m\left [\bar {e}_m(g_m^1,g_m^2) + \sum _{l=1}^{L} \sum _{i=1}^I \bar {e}^1_{mli}(g_{mli}) + \sum _{o=1}^{O} \bar {e}^2_{moi}(g_{moi})\right ]\nonumber \\&-\delta _m^- \mathbb {E}[\Delta _m^-] - \delta _m^+ \mathbb {E}[\Delta _m^+], \label {Obccm}\end {align}


\begin {align}\label {v22} &\sum _{l=1}^L\sum _{i=1}^Ig_{mli}+\sum _{o=1}^O\sum _{i=1}^Ig_{moi} \leq \bar {\mathcal {Q}}_m,\\ \label {stocccv} &\sum _{l=1}^L\sum _{i=1}^Ig_{mli}+\sum _{o=1}^O\sum _{i=1}^Ig_{moi}+\underline {g}_m\leq \bar {S}^1_m\\ \label {v72} &\sum _{n=1}^N\sum _{r=1}^R\sum _{i=1}^Ix_{nrmi}+\sum _{n=1}^N\sum _{r=1}^R\sum _{i=1}^Iy_{nrmi}+\underline {x}_{mr}\leq \overline {S}^2_m\\ \label {v62} & \sum _{i=1}^I x_{nrmi}+\sum _{i=1}^Iy_{nrmi}+\underline {x}_{mr}\geq \beta _{nrm} \cdot \left ( \sum _{l=1}^L\sum _{i=1}^Ig_{mli}+\sum _{o=1}^O\sum _{i=1}^Ig_{moi} \right ),\quad \forall n,r,m\\ \label {v42} & x_{nmi},y_{nmi},g_m,g_{mli},g_{moi}\geq 0,\quad \forall l,\ o,\ i\\ \label {v52} & \sum _{m=1}^{M} \left [ \bar {e}_m(g_m^1,g_m^2) + \sum _{l=1}^{L} \sum _{i=1}^I \bar {e}^1_{mli}(g_{mli}) + \sum _{o=1}^{O} \bar {e}^2_{moi}(g_{moi}) \right ] \leq \bar {\varepsilon }.\end {align}


$\bar {p}_{moi}^{2*}$


$\bar {\rho }_{mli}^{2*}$


$o$


$o=1, {\ldots }, O$


$i$


$i=1, {\ldots }, I$


$l$


$l=1,\dots ,L$


$i$


$i=1, {\ldots }, I$


$\bar {\alpha }_m>0$


$m$


$\bar {\mathcal {Q}}_m$


$m$


$\bar {S}^1_m$


$\underline {g}_m$


$r$


$\underline {x}_{mr}$


$\overline {S}_m^2$


$r$


$r$


$\underline {x}_{mr}\geq 0$


$r$


$\beta _{nmr}$


$\bar {\varepsilon }$


$m$


$m=1,\dots ,M$


\begin {equation*}\bar {K}^m=\{\bar {\psi }_m\equiv (g_m^1,g_m^2,x^1_m,y^1_m)\in \mathbb {R}_{+}^{LI+OI+2NRI}|\mathrm {(29) - (33)}\ \mbox {hold}\}\end {equation*}


$\bar {\mathcal {S}}$


\begin {equation*}\bar {\mathcal {S}}=\{\bar {\psi }\equiv (g^1,g^2,x^1,y^1)\in \mathbb {R}_+^{M(LI+OI+2NRI)}|\mathrm {(34)}\ \mbox {holds}\}.\end {equation*}


$\bar {K}=\displaystyle \prod _{m=1}^M\bar {K}^m$


$\bar {\mathbb {K}}=\bar {K}\cap \bar {\mathcal {S}}$


$E(U_m)$


$m=1,\dots ,M$


$\bar {\psi }^{*}\in \bar {\mathbb {K}}$


$m$


$m=1,\dots , M$


\begin {equation*}\begin {aligned} E(U_m(g^{1*}_m,g^{2*}_m,x_m^{1*},y_{m}^{1*},&{g}^{1*}_{-m},g^{2*}_{-m},x_{-m}^{1*},y_{-m}^{1*}))\\ \geq &E(U_m(g^1_m,g^2_m,x_{m}^{1},y_{m}^{1},{g}^{1*}_{-m},g^{2*}_{-m},x_{-m}^{1*},y_{-m}^{1*})) \end {aligned}\end {equation*}


\begin {equation}\forall \bar {\psi }_m\in \bar {K}^m,\quad \forall \bar {\psi }\in \bar {\mathcal {S}} , \label {Xeqn35-35}\end {equation}


\begin {equation*}\ {g}^{1*}_{-m}=({g}_1^{1*},\dots ,g_{m-1}^{1*},{g}_{m+1}^{1*},\dots , {g}^{1*}_M), \ {g}^{2*}_{-m}=({g}_1^{2*},\dots ,g_{m-1}^{2*},{g}_{m+1}^{2*},\dots , {g}^{2*}_M),\end {equation*}


\begin {equation*}{x}^{1*}_{-m}=({x}_1^{1*},\dots ,x_{m-1}^{1*},{x}_{m+1}^{1*},\dots , {x}^{1*}_M),\ {y}^{1*}_{-m}=({y}_1^{1*},\dots ,y_{m-1}^{1*},{y}_{m+1}^{1*},\dots , {y}^{1*}_M).\end {equation*}


$m$


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{mli}} = P_m\left ( \sum _{l=1}^L\sum _{i=1}^I g_{mli} \right ),\quad \forall l=1,\dots ,L,\ i=1,\dots ,I, \label {Xeqn36-36}\end {equation}


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{moi}} = P_m\left ( \sum _{o=1}^O\sum _{i=1}^I g_{moi} \right ),\quad \forall o=1,\dots ,O,\ i=1,\dots ,I, \label {Xeqn37-37}\end {equation}


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{mli}} = P_m\left ( \sum _{l=1}^L\sum _{i=1}^I g_{mli} \right )-1,\quad \forall l=1,\dots ,L,\ i=1,\dots ,I, \label {Xeqn38-38}\end {equation}


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{moi}} = P_m\left ( \sum _{o=1}^O\sum _{i=1}^I g_{moi} \right )-1,\quad \forall o=1,\dots ,O,\ i=1,\dots ,I, \label {Xeqn39-39}\end {equation}


\begin {align}&\frac {\partial }{\partial g_{mli}}\left (\delta _m^+\mathbb {E}[\Delta _m^+]+\delta _m^-\mathbb {E}[\Delta _m^-]\right )=(\delta _m^++\delta _m^-)f_m^1\left (\sum _{l=1}^L\sum _{i=1}^Ig_{mli}\right ),\notag \\& \forall l=1,\dots ,L,\ i=1,\dots ,I, \label {Xeqn40-40}\end {align}


\begin {align}&\frac {\partial }{\partial g_{moi}}\left (\delta _m^+\mathbb {E}[\Delta _m^+]+\delta _m^-\mathbb {E}[\Delta _m^-]\right )=(\delta _m^++\delta _m^-)f_m^2\left (\sum _{o=1}^O\sum _{i=1}^Ig_{moi}\right ),\notag \\& \forall o=1,\dots ,O,\ i=1,\dots ,I. \label {Xeqn41-41}\end {align}


$\delta _m^+\mathbb {E}[\Delta _m^+]+\delta _m^-\mathbb {E}[\Delta _m^-]$


$\bar {\psi }^{*}\in \bar {\mathbb {K}}$


$\bar {\psi }^{*}\in \bar {\mathbb {K}}$


\begin {equation}\label {vi2} \begin {aligned} &\sum _{l=1}^L\sum _{i=1}^I\left [\frac {\partial \bar {c}^{2s}_m(g_m^{1*},g_m^{2*})}{\partial g_{mli}}+\frac {\partial \bar {c}^t_{mli}(g_{mli}^*)}{\partial g_{mli}}+\bar {\alpha }_m\left (\frac {\partial \bar {e}_m(g_m^{1*},g_m^{2*})}{\partial g_{mli}}+\frac {\partial \bar {e}^1_{mli}(g_{mli}^*)}{\partial g_{mli}}\right )\right . \\ &\left .\qquad \qquad +\delta _m^-\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{mli}}+\delta _m^+\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{mli}}-\bar {\rho }^{2*}_{mli}\right ]\times (g_{mli}-g^*_{mli})\\ +&\sum _{o=1}^O\sum _{i=1}^I\left [\frac {\partial \bar {c}^{2s}_m(g_m^{1*},g_m^{2*})}{\partial g_{moi}}+\frac {\partial \bar {c}^T_{moi}(g_{moi}^*)}{\partial g_{moi}}+\bar {\alpha }_m\left (\frac {\partial \bar {e}_m(g_m^{1*},g_m^{2*})}{\partial g_{moi}}+\frac {\partial \bar {e}^2_{moi}(g_{moi}^*)}{\partial g_{moi}}\right )\right .\\ &\left . \qquad \qquad +\delta _m^-\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{moi}}+\delta _m^+\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{moi}}-\bar {p}^{2*}_{moi}\right ]\times (g_{moi}-g^*_{moi})\\ +&\sum _{n=1}^N\sum _{r=1}^R\sum _{i=1}^I\left [\frac {\partial \bar {c}^{1s}_m(x_{m}^*,y_m^*)}{\partial x_{nrmi}}+\frac {\partial \bar {c}_{nrmi}^t(x_{nrmi}^*,y_{nrmi}^*)}{\partial x_{nrmi}}+p_{nrmi}^{1*}\right ]\times (x_{nrmi}-x^*_{nrmi})\\ +&\sum _{n=1}^N\sum _{r=1}^R\sum _{i=1}^I\left [\frac {\partial \bar {c}^{1s}_m(x_{m}^*,y_{m}^*)}{\partial y_{nrmi}}+\frac {\partial \bar {c}_{nrmi}^t(x_{nrmi}^*,y_{nrmi}^*)}{\partial y_{nrmi}}+\rho _{nrmi}^{1*}\right ]\times (y_{nrmi}-y^*_{nrmi})\\ &\geq 0,\quad \forall \bar {\psi }\in \bar {\mathbb {K}}. \end {aligned}\end {equation}


$\bar {X}^*\in \bar {\mathcal {K}}$


\begin {equation}\label {stformv2} \langle \bar {F}(\bar {X}^*),\bar {X}-\bar {X}^*\rangle \geq 0,\quad \forall \bar {X}\in \bar {\mathcal {K}},\end {equation}


$\bar {\mathcal {K}}$


$\bar {X}\equiv \bar {\psi }$


$\bar {F}(\bar {X})=(\bar {F}^1(\bar {X}),\bar {F}^2(\bar {X}),\bar {F}^3(\bar {X}),\bar {F}^4(\bar {X}))$


$\bar {\mathcal {K}}\equiv \bar {\mathbb {K}}$


\begin {equation}\begin {aligned} &\bar {F}^1_{mli}(\bar {X})=\left [\frac {\partial \bar {c}^{2s}_m(g_m^{1},g_m^{2})}{\partial g_{mli}}+\frac {\partial \bar {c}^t_{mli}(g_{mli})}{\partial g_{mli}}+\bar {\alpha }_m\left (\frac {\partial \bar {e}_m(g_m^{1},g_m^{2})}{\partial g_{mli}}+\frac {\partial \bar {e}^1_{mli}(g_{mli})}{\partial g_{mli}}\right )\right . \\ &\left .\qquad \qquad \qquad +\delta _m^-\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{mli}}+\delta _m^+\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{mli}}-\bar {\rho }^{2*}_{mli}\right ],\quad \forall m,l,i;\\ &\bar {F}^2_{moi}(\bar {X})=\left [\frac {\partial \bar {c}^{2s}_m(g_m^{1},g_m^{2})}{\partial g_{moi}}+\frac {\partial \bar {c}^T_{moi}(g_{moi})}{\partial g_{moi}}+\bar {\alpha }_m\left (\frac {\partial \bar {e}_m(g_m^{1},g_m^{2})}{\partial g_{moi}}+\frac {\partial \bar {e}^2_{moi}(g_{moi})}{\partial g_{moi}}\right )\right .\\ &\left .\qquad \qquad \qquad +\delta _m^-\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{moi}}+\delta _m^+\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{moi}}-\bar {p}^{2*}_{moi}\right ],\quad \forall m,o,i;\\ &\bar {F}^3_{nrmi}(\bar {X})=\left [\frac {\partial \bar {c}^{1s}_m(x_m,y_m)}{\partial x_{nrmi}}+\frac {\partial \bar {c}_{nmi}^t(x_{nrmi},y_{nrmi})}{\partial x_{nrmi}}+p_{nrmi}^{1*}\right ],\quad \forall n,r,m,i;\\ &\bar {F}^4_{nrmi}(\bar {X})=\left [\frac {\partial \bar {c}^{1s}_m(x_m,y_m)}{\partial y_{nrmi}}+\frac {\partial \bar {c}_{nrmi}^t(x_{nrmi},y_{nrmi})}{\partial y_{nrmi}}+\rho _{nrmi}^{1*}\right ],\quad \forall n,r,m,i. \end {aligned} \label {Xeqn44-44}\end {equation}


$\bar {F}(\bar {X})$


$\bar {\mathcal {K}}$


$l$


$l=1,\dots ,L$


$m$


$m=1,\dots ,M$


$i=1,\dots ,I$


$g_{mli}\in \mathbb {R}_+$


$o$


$o=1,\dots ,O$


$i$


$q_{loi}\in \mathbb {R}_+$


$s_l$


$\underline {s}_l$


\begin {equation}\label {concclawccret} s_l=\underline {s}_l+\sum _{m=1}^M\sum _{i=1}^Ig_{mli}-\sum _{o=1}^O\sum _{i=1}^I q_{loi},\quad \forall l=1,\dots ,L.\end {equation}


$s_l$


$g^1_l=(g_{mli})_{m=1,\dots ,M,\ i=1,\dots , I}$


$q_l=(q_{loi})_{o=1,\dots ,O,\ i=1,\dots , I}.$


$l$


$\tilde {c}^T_{mli}$


$m=1,\dots M$


$l=1,\dots ,L$


$i=1,\dots ,I$


$m$


$i$


\begin {equation*}\tilde {c}^T_{mli}\equiv \tilde {c}^T_{mli}(g_{mli}),\quad \forall m=1,\dots M,\ l=1,\dots ,L,\ i=1,\dots ,I.\end {equation*}


$l$


$o$


$i$


$\tilde {c}_{loi}$


\begin {equation*}\tilde {c}_{loi}^t\equiv \tilde {c}^t_{loi}(q_{loi}),\quad \forall l=1,\dots ,L,\ o=1,\dots ,O\ i=1,\dots , I.\end {equation*}


$\tilde {c}_l$


\begin {equation*}\tilde {c}^s_{l}\equiv \tilde {c}^s_{l}(s_l)=\tilde {c}_{l}(g^1_l,q_l),\quad \forall l=1,\dots ,L.\end {equation*}


$\tilde {e}_{l}\equiv \tilde {e}_l(s_l)=\tilde {e}_l(g^1_l,q_l)$


$\tilde {e}_{loi}\equiv \tilde {e}_{loi}(q_{loi})$


$o$


$i$


$l=1,\dots ,L$


$o=1,\dots , O$


$i=1,\dots ,I$


$l$


$l=1,\dots ,L$


$o$


$o=1,\dots ,O$


$\displaystyle \sum _{i=1}^Iq_{loi}$


$d_{lo}$


$o$


$o=1,\dots ,O$


$l$


$l=1,\dots ,L$


$f_{lo}$


$P_{lo}$


$d_{lo}$


\begin {equation*}P_{lo}(D_{lo})=P(d_{lo}\leq D_{lo})=\int _0^{D_{lo}}f_{lo}(t)d(t).\end {equation*}


$l$


$\displaystyle d_{l}=\sum _{o=1}^Od_{lo}$


$l$


$l=1,\dots ,L,$


\begin {equation}\Delta _l^+=\max \left \{0,\sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l-d_l\right \},\quad \forall l=1,\dots ,L; \label {Xeqn46-46}\end {equation}


\begin {equation}\Delta _l^-=\max \left \{0,d_l-\left (\sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l\right )\right \}, \quad \forall l=1,\dots ,L. \label {Xeqn47-47}\end {equation}


$\Delta _l^+>0$


$\Delta _l^->0$


$\Delta _l^+$


$\Delta _l^-$


\begin {align}\label {sovraimm} &\displaystyle \mathbb {E}[\Delta _l^+]=\int _{\displaystyle \sum _{o=1}^O\sum _{i=1}^Iq_{loi}+s_l}^\infty \left (\sum _{o=1}^O\sum _{i=1}^Iq_{loi}+s_l-t\right )f_l(t)d(t),\ \forall l=1,\dots ,L,\\ \label {sottoimm} &\mathbb {E}[\Delta _l^{-}]=\int _{0}^{\displaystyle \sum _{o=1}^O\sum _{i=1}^Iq_{loi}+s_l}\left [t-\left (\sum _{o=1}^O\sum _{i=1}^Iq_{loi}+s_l\right )\right ]f_{l}(t)d(t), \forall l=1,\dots ,L,\end {align}


\begin {equation}f_l(z)=\int _{-\infty }^{+\infty }\cdots \int _{-\infty }^{+\infty }\prod _{o=1}^Of_{lo}(t_o)\delta \left (z-\sum _{o=1}^Ot_o\right )dt_1\dots d_{t_O} \label {Xeqn50-50}\end {equation}


$\delta _l^+$


$\delta _l^-$


$l=1,\dots ,L$


$l$


\begin {equation}\mathbb {E}[\delta _l^+\Delta _l^++\delta _l^-\Delta _l^-]=\delta _l^+ \mathbb {E}[\Delta _l^+]+\delta _l^-\mathbb {E}[\Delta _l^-],\quad \forall l=1,\dots ,L. \label {Xeqn51-51}\end {equation}


$l$


$l=1,\dots ,L$


$l$


$l=1,\dots ,L$


\begin {equation}\label {ottdistr} \begin {aligned} \max E(U_l) =& \sum _{o=1}^{O} \sum _{i=1}^I\tilde {p}^{3*}_{loi} q_{loi} - \sum _{o=1}^O\sum _{i=1}^I\tilde {c}_{loi}^t(q_{loi})-\sum _{m=1}^M\sum _{i=1}^I\tilde {c}^T_{mli}(g_{mli})\\&-\sum _{m=1}^M\sum _{i=1}^I\bar {\rho }_{mli}^{2*}g_{mli} \tilde {c}^s_l(g_l^1,q_l)-\tilde {\alpha }_l\left [\tilde {e}_l(g_l^1,q_l)+\sum _{o=1}^O\sum _{i=1}^I\tilde {e}_{loi}(q_{loi})\right ]\\ &-\tilde {\delta }_l^-\mathbb {E}[\Delta _l^-]-\tilde {\delta }_l^{+}\mathbb {E}[\Delta _l^+] \end {aligned}\end {equation}


\begin {equation}\label {v23} \sum _{m=1}^M\sum _{i=1}^Ig_{mli}+\underline {s}_l \leq \tilde {\mathcal {Q}}_l,\end {equation}


\begin {equation}\label {v431} g_{mli},q_{loi}\geq 0,\quad \forall m=1,\dots ,M,\ o=1,\dots ,O,\ i=1,\dots ,I,\end {equation}


\begin {equation}\label {v331} \sum _{l=1}^{L}\left ( \tilde {e}_{l}(g^1_l,q_l)+\sum _{o=1}^O\sum _{i=1}^I \tilde {e}_{loi}(q_{loi})\right ) \leq \tilde {\varepsilon }.\end {equation}


$\tilde {p}_{loi}^{3*}$


$o$


$o=1, {\ldots }, O$


$i$


$i=1, {\ldots }, I$


$\tilde {\alpha }_l>0$


$l$


$\tilde {\varepsilon }$


$l$


$l=1,\dots ,L$


\begin {equation*}\tilde {K}^l=\{\tilde {\psi }_l\equiv (g^1_l,q_l)\in \mathbb {R}_{+}^{MI+OI}|\mathrm {(53) and (54)}\ \mbox {hold}\}\end {equation*}


$\tilde {\mathcal {S}}$


\begin {equation*}\tilde {\mathcal {S}}=\{\tilde {\psi }\equiv (g^1,q,s)\in \mathbb {R}_+^{L(MI+OI)}|\mathrm {(55)}\ \mbox {holds}\}.\end {equation*}


$\tilde {K}=\displaystyle \prod _{l=1}^l\tilde {K}^l$


$\tilde {\mathbb {K}}=\tilde {K}\cap \tilde {\mathcal {S}}$


$E(U_l)$


$l=1,\dots ,L$


$\tilde {\psi }^{*}\in \tilde {\mathbb {K}}$


$l$


$l=1,\dots , L$


\begin {equation*}E(U_l(g^{1*}_l,q^{*}_l,g^{1*}_{-l},q^{*}_{-l}))\geq E(U_l(g_l^1,q_l,g^{1*}_{-l},q^{*}_{-l}))\end {equation*}


\begin {equation}\forall \tilde {\psi }_l\in \tilde {K}^l,\quad \forall \tilde {\psi }\in \tilde {\mathcal {S}} , \label {Xeqn56-56}\end {equation}


\begin {equation*}{g}^{1*}_{-l}=({g}_1^{1*},\dots ,g_{l-1}^{1*},{g}_{l+1}^{1*},\dots , {g}^{1*}_L), \ {q}^{*}_{-l}=({q}_1^{*},\dots ,q_{l-1}^{*},{q}_{l+1}^{*},\dots , {q}^{*}_L).\end {equation*}


$l$


\begin {equation}\frac {\partial E[\Delta ^+_l]}{\partial q_{loi}} = P_l\left ( \sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l \right ),\quad \forall o=1,\dots ,O,\ i=1,\dots ,I, \label {Xeqn57-57}\end {equation}


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^+_l]}{\partial g_{mli}} = P_l\left ( \sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l \right ),\quad \forall m=1,\dots ,M,\ i=1,\dots ,I, \label {Xeqn58-58}\end {equation}


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^-_l]}{\partial q_{loi}} = P_l\left ( \sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l \right )-1,\quad \forall o=1,\dots ,O,\ i=1,\dots ,I, \label {Xeqn59-59}\end {equation}


\begin {equation}\frac {\partial \mathbb {E}[\Delta ^-_l]}{\partial g_{mli}} = P_l\left ( \sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l \right )-1, \quad \forall m=1,\dots ,M,\ i=1,\dots ,I, \label {Xeqn60-60}\end {equation}


\begin {align}&\frac {\partial }{\partial q_{loi}}\left (\delta _l^+\mathbb {E}[\Delta _l^+]+\delta _l^-\mathbb {E}[\Delta _l^-]\right )=(\delta _l^++\delta _l^-)f_l\left (\sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l\right ),\notag \\& \forall o=1,\dots ,O,\ i=1,\dots ,I. \label {Xeqn61-61}\end {align}


\begin {align}&\frac {\partial }{\partial g_{mli}}\left (\delta _l^+\mathbb {E}[\Delta _l^+]+\delta _l^-\mathbb {E}[\Delta _l^-]\right )=(\delta _l^++\delta _l^-)f_l\left (\sum _{o=1}^O\sum _{i=1}^I q_{loi}+s_l\right ),\notag \\& \forall m=1,\dots ,M,\ i=1,\dots ,I, \label {Xeqn62-62}\end {align}


$\delta _l^+\mathbb {E}[\Delta _l^+]+\delta _l^-\mathbb {E}[\Delta _l^-]$


$\tilde {\psi }^{*}\in \tilde {\mathbb {K}}$


$\tilde {\psi }^{*}\in \tilde {\mathbb {K}}$


\begin {equation}\label {vi3} \begin {aligned} &\sum _{l=1}^L\sum _{i=1}^I\left [\frac {\partial \tilde {c}^T_{mli}(g_{mli}^{*})}{\partial g_{mli}}+\bar {\rho }_{mli}^{2*}+\frac {\partial \tilde {c}_l^{s}(g_l^{1*},q_l^*)}{\partial g_{mli}}+\tilde {\alpha }_l\frac {\partial \tilde {e}_{l}(g_{l}^{1*},q_l^*)}{\partial g_{mli}}+\tilde {\delta }_{l}^-\frac {\partial \mathbb {E}[\Delta _l^-]}{\partial g_{mli}}\right .\\ &\left .\qquad \qquad \quad +\tilde {\delta }_l^+\frac {\partial \mathbb {E}[\Delta _l^+]}{\partial g_{mli}}\right ]\times (g_{mli}-g^*_{mli})\\ +&\sum _{o=1}^O\sum _{i=1}^I\left [\frac {\partial \tilde {c}^t_{loi}(q^*_{loi})}{\partial q_{loi}}+\frac {\partial \tilde {c}_l^s(g_l^{1*},q_{l}^*)}{\partial q_{loi}}+\tilde {\alpha }_l\left (\frac {\partial \tilde {e}_{loi}(q_{loi}^*)}{\partial q_{loi}}+\frac {\partial \tilde {e}_{l}(g_{l}^{1*},q_l^*)}{\partial q_{loi}}\right )\right .\\ &\qquad \qquad \quad \left .+\tilde {\delta }_{l}^-\frac {\partial \mathbb {E}[\Delta _l^-]}{\partial q_{loi}}+\tilde {\delta }_l^+\frac {\partial \mathbb {E}[\Delta _l^+]}{\partial q_{loi}}-\tilde {p}_{loi}^{3*}\right ]\times (q_{loi}-q^*_{loi})\geq 0,\quad \forall \tilde {\psi }\in \tilde {\mathbb {K}}. \end {aligned}\end {equation}


$\tilde {X}^*\in \tilde {\mathbb {K}}$


\begin {equation}\label {stformv3} \langle \tilde {F}(\tilde {X}^*),\tilde {X}-\tilde {X}^*\rangle \geq 0,\quad \forall \tilde {X}\in \tilde {\mathcal {K}},\end {equation}


$\tilde {\mathcal {K}}$


$\tilde {X}\equiv \tilde {\psi }$


$\tilde {F}=(\tilde {F}^1(\tilde {X}),\tilde {F}^2(\tilde {X}))$


$\tilde {\mathcal {K}}\equiv \tilde {\mathbb {K}}$


\begin {equation}\begin {aligned} &\tilde {F}^1_{mli}(\tilde {X})=\left [\frac {\partial \tilde {c}^T_{mli}(g_{mli})}{\partial g_{mli}}+\bar {\rho }_{mli}^{2*}+\frac {\partial \tilde {c}_l^{s}(g_l^1,q_l)}{\partial g_{mli}}+\tilde {\alpha }_l\frac {\partial \tilde {e}_{l}(g_{l}^1,q_l)}{\partial g_{mli}}+\tilde {\delta }_{l}^-\frac {\partial \mathbb {E}[\Delta _l^-]}{\partial g_{mli}}\right .\\ &\left .\qquad \qquad \qquad +\tilde {\delta }_l^+\frac {\partial \mathbb {E}[\Delta _l^+]}{\partial g_{mli}}\right ],\quad \forall m,l,i;\\ &\tilde {F}^2_{loi}(\tilde {X})=\left [\frac {\partial \tilde {c}_{loi}^t(q_{loi})}{\partial q_{loi}}+\frac {\partial \tilde {c}_l^s(g_l^1,q_{l})}{\partial q_{loi}}+\tilde {\alpha }_l\left (\frac {\partial \tilde {e}_{loi}(q_{loi})}{\partial q_{loi}}+\frac {\partial \tilde {e}_{l}(g_{l}^1,q_l)}{\partial q_{loi}}\right )\right .\\ &\qquad \qquad \qquad \left .+\tilde {\delta }_{l}^-\frac {\partial \mathbb {E}[\Delta _l^-]}{\partial q_{loi}}+\tilde {\delta }_l^+\frac {\partial \mathbb {E}[\Delta _l^+]}{\partial q_{loi}}-\tilde {p}_{loi}^{3*}\right ],\quad \forall l,o,i. \end {aligned} \label {Xeqn65-65}\end {equation}


$\tilde {F}(\tilde {X})$


$\tilde {\mathcal {K}}$


$\hat {c}_{moi}$


$\hat {c}_{loi}$


$o$


$m$


$l$


$i$


$o=1,\dots ,O,\ m=1,\dots ,M,\ l=1,\dots ,L,\ i=1,\dots ,I$


\begin {equation*}\hat {c}_{moi}^t\equiv \hat {c}_{moi}^t(g^1,q),\quad \forall m=1,\dots ,M,\ o=1,\dots ,O,\ i=1,\dots ,I,\end {equation*}


\begin {equation*}\hat {c}_{loi}^T\equiv \hat {c}_{loi}^T(g^1,q)\quad \forall l=1,\dots ,L ,\ o=1,\dots ,O,\ i=1,\dots ,I.\end {equation*}


$\rho ^{4}_{om}$


$\rho ^{4}_{ol}$


$o$


$m$


$l$


$\bar {\rho }^4=(\rho ^{4}_{mo})_{m=1,\dots ,M,o=1,\dots ,O}\in \mathbb {R}_{+}^{MO}$


$\tilde {\rho }^4=(\rho ^{4}_{lo})_{l=1,\dots ,L,o=1,\dots ,O}\in \mathbb {R}_{+}^{LO}$


$d_o$


$o$


$(\bar {\rho }^4,\tilde {\rho }^4)\in \mathbb {R}_+^{O(M+L)}$


\begin {equation*}d_o=\sum _{m=1}^Md_{mo}(\bar {\rho }_{mo}^4)+\sum _{l=1}^Ld_{lo}(\tilde {\rho }_{lo}^4)=d_o(\bar {\rho }^4,\tilde {\rho }^4),\quad \forall o=1,\dots ,O.\end {equation*}


$(g_{o}^{1*},q_o^*,\bar {\rho }^{4*}_{o},\tilde {\rho }^{4*}_{o})\in \mathbb {R}_{+}^{MI+LI+M+L}$


$o$


\begin {equation}\label {cond1} \bar {p}_{moi}^{2*}+\hat {c}^t_{moi}(g^{1*},q^*)\begin {cases} =\bar {\rho }^{4*}_{mo}\ \mbox { if } \ g^*_{moi}>0\\ \geq \bar {\rho }^{4*}_{mo}\ \mbox { if } \ g^*_{moi}=0 \end {cases}, \forall m=1,\dots ,M,\ o=1,\dots ,O\, i=1,\dots ,I,\end {equation}


\begin {equation}\label {cond2} \tilde {p}_{loi}^{3*}+\hat {c}^T_{loi}(g^{1*},q^*)\begin {cases} =\tilde {\rho }^{4*}_{lo}\ \mbox { if } \ q^*_{loi}>0\\ \geq \tilde {\rho }^{4*}_{lo}\ \mbox { if } \ q^*_{loi}=0 \end {cases}\quad \forall l=1,\dots ,L,\ o=1,\dots ,O\, i=1,\dots ,I,\end {equation}


\begin {equation}\label {cond3} d_{mo}(\bar {\rho }_{mo}^{4*})\begin {cases} =\displaystyle \sum _{i=1}^Ig_{moi}^*\ \mbox { if } \ \bar {\rho }^{4*}_{mo}>0\\ {\leq } \displaystyle \sum _{i=1}^Ig_{moi}^*\ \mbox { if } \ \bar {\rho }^{4*}_{mo}=0 \end {cases},\quad \forall m=1,\dots ,M,\ o=1,\dots ,O,\end {equation}


\begin {equation}\label {cond4} d_{lo}(\tilde {\rho }_{lo}^{4*})\begin {cases} =\displaystyle \sum _{i=1}^Iq_{loi}^*\ \mbox { if } \ \tilde {\rho }^{4*}_{lo}>0\\ {\leq } \displaystyle \sum _{i=1}^Iq_{loi}^*\ \mbox { if } \ \tilde {\rho }^{4*}_{lo}=0 \end {cases}, \quad \forall l=1,\dots ,L,\ o=1,\dots ,O.\end {equation}


$o$


$m$


$o$


$o$


$o$


$m$


$o$


$m$


$l$


$\hat {\psi }^*\equiv (g_o^{1*},q_o^{1*},\bar {\rho }_o^{4*},\tilde {\rho }_o^{4*})\in \hat {\mathbb {K}}$


$\hat {\psi }^*\in \hat {\mathbb {K}}$


\begin {equation}\label {vi4} \begin {aligned} &\sum _{m=1}^M\sum _{o=1}^O\sum _{i=1}^I\left [ \bar {p}_{moi}^{2*}+\hat {c}^t_{moi}(g^{1*},q^*)-\bar {\rho }_{mo}^{4*}\right ]\times (g_{moi}-g_{moi}^*)\\ +&\sum _{l=1}^L\sum _{o=1}^O\sum _{i=1}^I\left [\tilde {p}_{loi}^{3*}+\hat {c}^T_{loi}(g^{1*},q^*)-\tilde {\rho }_{lo}^{4*}\right ]\times (q_{loi}-q_{loi}^*)\\ +&\sum _{o=1}^O\left [\sum _{m=1}^M\left [\sum _{i=1}^Ig_{moi}^*-d_{mo}(\bar {\rho }_{mo}^{4*})\right ]\right ]\times (\bar {\rho }_{mo}^{4}-\bar {\rho }_{mo}^{4*})\\ +&\sum _{o=1}^O\left [\sum _{l=1}^L\left [\sum _{i=1}^Iq_{loi}^*-d_{lo}(\tilde {\rho }_{lo}^{4*})\right ]\right ]\times (\tilde {\rho }_{lo}^{4}-\tilde {\rho }_{lo}^{4*})\geq 0,\quad \forall \hat {\psi }\in \hat {\mathbb {K}}, \end {aligned}\end {equation}


$\hat {\mathbb {K}}:=\mathbb {R}_+^{O(MI+LI+M+L)}$


$o=1,\dots ,O$


$g_{o}^{1*}$


$(q_{o}^{1*})$


$\bar {\rho }_{o}^{4*},\tilde {\rho }_{o}^{4*}$


$\hat {X}^*\in \hat {\mathbb {K}}$


\begin {equation}\label {stformvi4} \langle \hat {F}(\hat {X}^*),\hat {X}-\hat {X}^*\rangle \geq 0,\quad \forall \hat {X}\in \hat {\mathcal {K}},\end {equation}


$\hat {\mathcal {K}}$


$\hat {X}\equiv \hat {\psi }$


$\hat {F}=(\hat {F}^1(\hat {X}),\hat {F}^2(\hat {X}),\hat {F}^3(\hat {X}),\hat {F}^4(\hat {X}))$


$\hat {\mathcal {K}}\equiv \hat {\mathbb {K}}$


\begin {equation*}\hat {F}^1_{moi}(\hat {X})=\left [\bar {p}_{moi}^{2}+\hat {c}^t_{moi}(g^{1},q)-\bar {\rho }_{mo}^{4}\right ],\quad \forall m,o,i;\end {equation*}


\begin {equation*}\hat {F}^2_{loi}(\hat {X})=\left [\tilde {p}_{loi}^{3}+\hat {c}^T_{loi}(g^{1},q)-\tilde {\rho }_{lo}^{4}\right ],\quad \forall l,o,i;\end {equation*}


\begin {equation*}\hat {F}^3_{mo}(\hat {X})=\left [\sum _{i=1}^Ig_{moi}-d_{mo}(\bar {\rho }_{mo}^{4})\right ],\quad \forall m,o;\end {equation*}


\begin {equation*}\hat {F}_{lo}^4(\hat {X})=\left [\sum _{i=1}^Iq_{loi}-d_{lo}(\tilde {\rho }_{lo}^{4})\right ],\quad \forall l,o.\end {equation*}


$\hat {F}(\hat {X})$


$\hat {F}$


$n$


$i$


$m$


$m$


$n$


$(x_{nmi}^*,y_{nmi}^*)$


$m$


$i$


$l$


$l$


$m$


$g^{*}_{mli}$


${g}^{*}_{moi}$


$q_{loi}^*$


$(x^*,y^*,x^{1*},y^{1*},g^{1*},g^{2*},q^*,\bar {\rho }^{4*},\tilde {\rho }^{4*})\in \mathcal {K}$


$(x^*,y^*,x^{1*},y^{1*},g^{1*},g^{2*},q^*,\bar {\rho }^{4*},\tilde {\rho }^{4*})\in \mathcal {K}$


\begin {equation*}\begin {aligned} &\sum _{n=1}^N\sum _{r=1}^R\left [\frac {\partial c_{nr}^1(x_{nr}^*)}{\partial x_{nr}}+\frac {\partial c_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial x_{nr}}+\alpha _n\left (\frac {\partial e_{nr}^1(x_{nr}^*)}{\partial x_{nr}}\right .\right .\\ &\left .\left .\qquad +\frac {\partial e_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial x_{nr}}\right )\right ]\times (x_{nr}-x_{nr}^*)\\ +&\sum _{n=1}^N\sum _{r=1}^R\left [\frac {\partial c_{nr}^2(y_{nr}^*)}{\partial y_{nr}}+\frac {\partial c_{nr}(y_{nr}^*)}{\partial y_{nr}}+\frac {\partial c_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial y_{nr}}\right .\\ &\qquad \left .+\alpha _n\left (\frac {\partial e_{nr}^2(y_{nr}^*)}{\partial y_{nr}}+\frac {\partial e_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial y_n}\right ) \right ]\times (y_{nr}-y_{nr}^*)\\ +&\sum _{n=1}^N\sum _{r=1}^R\sum _{m=1}^M\sum _{i=1}^I\left [\frac {\partial c_{nrmi}^{1t}(x_{nrmi}^*)}{\partial x_{nrmi}}+\frac {\partial c_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial x_{nrmi}}+\alpha _n\left (\frac {\partial e_{nrmi}^{1}(x_{nrmi}^*)}{\partial x_{nrmi}}\right .\right .\\ &\left .\left .\qquad +\frac {\partial e_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial x_{nrmi}}\right ) +\frac {\partial \bar {c}^{1s}_m(x_m^*,y_m^*)}{\partial x_{nrmi}}+\frac {\partial \bar {c}_{nrmi}^t(x_{nrmi}^*,y_{nrmi}^*)}{\partial x_{nrmi}}\right ]\\ &\qquad \qquad \times (x_{nrmi}-x_{nrmi}^*)\\ +&\sum _{n=1}^N\sum _{r=1}^R\sum _{m=1}^M\sum _{i=1}^I\left [\frac {\partial c_{nrmi}^{2t}(y_{nrmi}^*)}{\partial y_{nrmi}}+\frac {\partial c_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial y_{nrmi}}+\alpha _n\left (\frac {\partial e_{nrmi}^{2}(y_{nrmi}^*)}{\partial y_{nrmi}}\right .\right .\\ &\left .\left .\qquad +\frac {\partial e_{nr}^d(x_{nr}^*,y_{nr}^*,x_{nr}^{1*},y_{nr}^{1*})}{\partial y_{nmi}}\right )+\frac {\partial \bar {c}^{1s}_m(x_m^*,y_m^*)}{\partial y_{nrmi}}+\frac {\partial \bar {c}_{nrmi}^t(x_{nrmi}^*,y_{nrmi}^*)}{\partial y_{nrmi}}\right ]\\ &\qquad \qquad \times (y_{nrmi}-y_{nrmi}^*)\\ +&\sum _{m=1}^M\sum _{l=1}^L\sum _{i=1}^I\left [\frac {\partial \bar {c}^{2s}_m(g_m^{1*},g_m^{2*})}{\partial g_{mli}}+\frac {\partial \bar {c}^t_{mli}(g_{mli}^*)}{\partial g_{mli}}+\bar {\alpha }_m\left (\frac {\partial \bar {e}_m(g_m^{1*},g_m^{2*})}{\partial g_{mli}}+\frac {\partial \bar {e}^1_{mli}(g_{mli}^*)}{\partial g_{mli}}\right )\right .\\ &\left .\qquad +\delta _m^-\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{mli}}+\delta _m^+\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{mli}}+\frac {\partial \tilde {c}^T_{mli}(g_{mli}^{*})}{\partial g_{mli}}+\frac {\partial \tilde {c}_l^{s}(g_l^{1*},q_l^*)}{\partial g_{mli}}+\tilde {\alpha }_l\frac {\partial \tilde {e}_{l}(g_{l}^{1*},q_l^*)}{\partial g_{mli}}\right . \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\left .\qquad \qquad +\tilde {\delta }_{l}^-\frac {\partial \mathbb {E}[\Delta _l^-]}{\partial g_{mli}}+\tilde {\delta }_l^+\frac {\partial \mathbb {E}[\Delta _l^+]}{\partial g_{mli}}\right ]\times (g_{mli}-g^*_{mli})\\ \end {aligned}\end {equation*}


\begin {equation}\label {vitot} \begin {aligned} +&\sum _{m=1}^M\sum _{o=1}^O\sum _{i=1}^I\left [\frac {\partial \bar {c}^{2s}_m(g_m^{1*},g_m^{2*})}{\partial g_{moi}}+\frac {\partial \bar {c}^T_{moi}(g_{moi}^*)}{\partial g_{moi}}+\bar {\alpha }_m\left (\frac {\partial \bar {e}_m(g_m^{1*},g_m^{2*})}{\partial g_{moi}}+\frac {\partial \bar {e}^2_{moi}(g_{moi}^*)}{\partial g_{moi}}\right )\right .\\ &\left . \quad \qquad \qquad +\delta _m^-\frac {\partial \mathbb {E}[\Delta ^-_m]}{\partial g_{moi}}+\delta _m^+\frac {\partial \mathbb {E}[\Delta ^+_m]}{\partial g_{moi}}+\hat {c}^t_{moi}(g^{1*},q^*)-\bar {\rho }_{mo}^{4*}\right ]\times (g_{moi}-g^*_{moi})\\ +&\sum _{l=1}^L\sum _{o=1}^O\sum _{i=1}^I\left [\frac {\partial \tilde {c}^t_{loi}(q^*_{loi})}{\partial q_{loi}}+\frac {\partial \tilde {c}_l^s(g_l^{1*},q_{l}^*)}{\partial q_{loi}}+\tilde {\alpha }_l\left (\frac {\partial \tilde {e}_{loi}(q_{loi}^*)}{\partial q_{loi}}+\frac {\partial \tilde {e}_{l}(g_{l}^{1*},q_l^*)}{\partial q_{loi}}\right )\right .\\ &\qquad \qquad \quad \left .+\tilde {\delta }_{l}^-\frac {\partial \mathbb {E}[\Delta _l^-]}{\partial q_{loi}}+\tilde {\delta }_l^+\frac {\partial \mathbb {E}[\Delta _l^+]}{\partial q_{loi}}+\hat {c}^T_{loi}(g^{1*},q^*)-\tilde {\rho }_{lo}^{4*}\right ]\times (q_{loi}-q^*_{loi})\\ +&\sum _{o=1}^O\left [\sum _{m=1}^M\left [\sum _{i=1}^Ig_{moi}^*-d_{mo}(\bar {\rho }_{mo}^{4*})\right ]\right ]\times (\bar {\rho }_{mo}^{4}-\bar {\rho }_{mo}^{4*})\\ +&\sum _{o=1}^O\left [\sum _{l=1}^L\left [\sum _{i=1}^Iq_{loi}^*-d_{lo}(\tilde {\rho }_{lo}^{4*})\right ]\right ]\times (\tilde {\rho }_{lo}^{4}-\tilde {\rho }_{lo}^{4*})\geq 0, \forall (x,y,g^{1},g^{2},q,\bar {\rho }^{4},\tilde {\rho }^{4})\in \mathcal {K}, \end {aligned}\end {equation}


\begin {equation}\mathcal {K}:=\mathbb {K}\cap \bar {\mathbb {K}}\cap \tilde {\mathbb {K}}\cap \hat {\mathbb {K}}\subseteq \mathbb {R}_{+}^{2NR+2NRI+MLI+MOI+LOI+MO+LO}. \label {Xeqn73-73}\end {equation}


$X^*\in \mathcal {K}$


\begin {equation}\label {stformfinal} \langle \mathcal {F}(\mathcal {X}),\mathcal {X}-\mathcal {X}^*\rangle \geq 0,\quad \forall \mathcal {X}\in \mathcal {K},\end {equation}


$\mathcal {F}(\mathcal {X})=(\mathcal {F}^a(\mathcal {X}))_{a=1,\dots ,9}$


\begin {equation*}\mathcal {F}_{nr}^1(\mathcal {X})=F_{nr}^1(\mathcal {X}),\ \mathcal {F}^2_{nr}(X)=F_{nr}^2(\mathcal {X}),\quad \forall n,r\end {equation*}


$(n,r)$


$\mathcal {F}^1$


$\mathcal {F}^2$


\begin {equation*}\mathcal {F}^3_{nrmi}(\mathcal {X})=F^3_{nrmi}(\mathcal {X})+\bar {F}^3_{nrmi}(\mathcal {X}),\ \quad \forall n,r,m,i,\end {equation*}


$(n,r,m,i)$


$\mathcal {F}^3$


\begin {equation*}\mathcal {F}^4_{nrmi}(\mathcal {X})=F^4_{nrmi}(\mathcal {X})+\bar {F}^4_{nrmi}(\mathcal {X}),\quad \forall n,r,m,i,\end {equation*}


$(n,r,m,i)$


$\mathcal {F}^4$


\begin {equation*}\mathcal {F}^5_{mli}(\mathcal {X})=\bar {F}_{mli}^1(\mathcal {X})+\tilde {F}_{mli}^1(\mathcal {X}),\quad \forall m,l,i,\end {equation*}


$(m,l,i)$


$\mathcal {F}^5$


\begin {equation*}\mathcal {F}^6_{moi}(\mathcal {X})=\bar {F}^2_{moi}(\mathcal {X})+\hat {F}_{moi}^1(\mathcal {X}),\quad \forall m,o,i,\end {equation*}


$(m,o,i)$


$\mathcal {F}^6$


\begin {equation*}\mathcal {F}_{loi}^7(\mathcal {X})=\tilde {F}_{loi}^2(\mathcal {X})+\hat {F}_{loi}^2(\mathcal {X}),\quad \forall l,o,i,\end {equation*}


$(l,o,i)$


$\mathcal {F}^7$


\begin {equation*}\mathcal {F}_{mo}^8(\mathcal {X})=\hat {F}_{mo}^3(\mathcal {X}),\quad \forall m,o,\end {equation*}


$(m,o)$


$\mathcal {F}^8$


\begin {equation*}\mathcal {F}_{lo}^9(\mathcal {X})=\hat {F}_{lo}^4(\mathcal {X}),\quad \forall l,o,\end {equation*}


$(l,o)$


$\mathcal {F}^9 ;$


$\mathcal {X}$


$2NR+2NRI+MLI+MOI+LOI+L+MO+LO$


$\mathcal {X}\equiv (x,y,x^1,x^2,g^{1},g^{2},q,\bar {\rho }^{4},\tilde {\rho }^{4})$


\begin {equation*}\langle \mathcal {F}(\mathcal {X}^1)-\mathcal {F}(\mathcal {X}^2),\mathcal {X}^1-\mathcal {X}^2\rangle >0,\quad \forall \mathcal {X}^1,\mathcal {X}^2\in \mathcal {K},\quad \mathcal {X}^1\neq \mathcal {X}^2,\end {equation*}


$\mathcal {X}^*\in \mathcal {K}$


$i=1$


$i=2$


$R=1$


$\mathcal {F}(x)$


$\mathcal {K}$


$c$


$x$


\begin {equation*}c(x)=a_1x^2+a_2x,\end {equation*}


$a_1>0$


$a_2\geq 0$


\begin {equation*}e(x)=\gamma x,\quad \gamma >0.\end {equation*}


$a_1$


$a_2$


$\gamma $


$x_n^*$


$y_n^*$


$x_1^*=63.14$


$y_1^*=18.68$


$x_2^*=31.10$


$y_1^*=11.30$


$m$


$d^1_m$


$d^2_m$


$d_m^k\sim \mathcal {N}(\mu _{km},\sigma _{km}^2)$


\begin {equation*}d_1^1\sim \mathcal {N}(31,10),\ d_1^2\sim \mathcal {N}(35,10),\ d_2^1\sim \mathcal {N}(27,10),\ \ d_1^2\sim \mathcal {N}(34,10).\end {equation*}


$\delta _1^-=0.5$


$\delta _1^+=0.7$


$0.7\times 57.17+0.5\times 20.17$


$\delta _2^-=0.4$


$\delta _2^+=0.5$


$0.5 \times 13 +0.4\times 22.62$


$d_l\sim \mathcal {N}(\mu _l,\sigma ^2_l)$


\begin {equation*}\mu _1=36, \sigma _1=\sqrt {10},\quad \mu _2=65, \sigma _2=\sqrt {10},\quad \mu _3=33, \sigma _3=\sqrt {10}\end {equation*}


$q_{loi}^*$


$s_l^*=0,\ \forall l$


$\beta _{nrm}$


$r$


$m$


$n$


$n=1,2,\ r=1,2,\ m=1,2$


\begin {equation*}\beta _{111}=0.25,\ \beta _{121}=0.45,\ \beta _{112}=0.75,\ \beta _{122}=0.65,\end {equation*}


\begin {equation*}\beta _{211}=0.38,\ \beta _{212}=0.60,\ \beta _{221}=0.22,\ \beta _{222}=0.55.\end {equation*}


$\beta _{112}=0.75$


$\beta _{212}=0.60$


$\beta _{111}=0.25$


$\beta _{nrm}$


$x_{nrmi}^*$


$y_{nmri}^*$


$r$


$n$


$m$


$i$


$\beta _{nrm}$


$\beta _{nrm}$


$\beta _{nmr}$


$\displaystyle \sum _{i=1}^2 (x^*_{nrmi} + y^*_{nrmi})$


$\beta _{nmr}$


$\beta _{nmr}$


$(n=2, m=2, r=1)$


$\beta _{nmr}$


$(n=1, m=1, r=2)$


$\beta _{112} = 0.75$


$x_{222i}$


$y_{222i}$


$x_{221i}$


$y_{221i}$


$i = 1,2$


$\beta _{nrm}$
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competitive advantage rather than a regulatory burden (see Chen et al.
(2025), Nagurney (2006), Qiang et al. (2009)).

Several global companies already adopt principles consistent with
FPVNSs. Unilever leverages predictive analytics to optimize production
and distribution under environmental regulations (Unilever Annual Re-
port, 2024d). Procter & Gamble operates a decentralized global network
embedding sustainability across its tiers (Procter & Gamble, 2025). Toy-
ota integrates suppliers and partners across multiple levels with a strong
focus on emission reduction (Toyota Sustainability Data Book, 2025).
Ikea manages a global supplier network that monitors emissions and re-
source use (IKEA Sustainability Report FY, 2025), while Apple enforces
ambitious sustainability requirements across its supply base (Apple En-
vironmental Progress Report, 2025a). These industrial practices align
with FPVN principles, confirming their practical relevance.

This paper presents a network-based multitiered game theory model
for sustainable competitive FPVNs. The model integrates economic, en-
vironmental, and operational constraints to provide a comprehensive
approach to decision-making in noncooperative competitive environ-
ments. By considering factors such as raw material procurement, pro-
duction processes, transportation logistics, and market demand fluctu-
ations, the framework aims to maximize profitability while minimizing
waste and emissions. In Beamon (1999) the author highlights the impor-
tance of incorporating sustainability into supply chains, advocating for
green logistics and production planning. Similarly, in Fahimnia et al.
(2015) the authors review best practices in green supply chain man-
agement, identifying key trends and regulatory influences. Through a
game-theoretic approach, the study examines the interplay between dif-
ferent actors in the FPVN, highlighting how individual strategic choices
impact overall system performance. In Nagarajan and Sosic (2008) Na-
garajan and Sosic explore cooperation and competition in supply chains,
demonstrating how game theory can optimize pricing and contract ne-
gotiations. Additionally, in Tang (2006) and Heckmann et al. (2015)
the authors emphasize risk management strategies in supply chains, dis-
cussing methods to build resilience against fluctuations and disruptions.
The inclusion of stochastic elements in demand and supply further en-
hances the model’s applicability to real-world scenarios. In Simchi-Levi
et al. (2019) the authors discuss the role of digital transformation in
supply chain design, showcasing how technological advancements can
improve logistics and risk mitigation. Furthermore, in Nagurney (2006)
Nagurney provides an economic perspective on supply chain networks,
detailing pricing strategies and demand-supply interactions. The authors
of (Qiang et al., 2009), in turn, construct a supply chain network equi-
librium model with multiple decision-makers associated with different
tiers and with multiple transportation modes for shipment of the good
between tiers using variational inequality theory. The model formula-
tion captures supply-side risk as well as demand-side risk, along with
uncertainty in transportation and other costs. The model includes the
individual attitudes towards disruption risks of both the manufacturers
and the retailers, with the demands for the product associated with the
retailers being random.

In this paper, we adopt a variational inequality (VI) approach to
model the equilibrium behavior of agents within the Flexible Production
Value Network (FPVN). This formalism allows us to represent decentral-
ized decision-making under shared constraints, where agents—such as
suppliers, manufacturers, and retailers—optimize individual objectives
while interacting through common resources and market feedback. The
VI framework is particularly well-suited for capturing such noncoopera-
tive equilibria in complex networked systems, as it generalizes classical
optimization to include equilibrium and complementarity conditions.
It also enables the incorporation of realistic features such as capacity
bounds, nonlinearity in costs, and stochastic demand responses, mak-
ing it an effective tool for both theoretical analysis and computational
implementation. The proposed methodology contributes to the ongoing
discourse on sustainable industrial practices, offering insights for pol-
icymakers, industry leaders, and researchers in the field of operations
management.
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In the context of the proposed framework, the concept of flexibil-
ity is made explicit along several dimensions. First, the model incor-
porates process flexibility, as firms at different tiers can adjust produc-
tion levels and resource allocations in response to stochastic demand
and environmental regulations. Second, the framework captures prod-
uct flexibility, since producers can adapt output quantities and prod-
uct flows in order to meet market requirements under heterogeneous
constraints. Moreover, the network structure embeds a form of location
flexibility, reflecting the decentralized configuration of suppliers, man-
ufacturers, and retailers and their ability to redistribute activities across
tiers. Other dimensions of transformability, such as modularity, univer-
sality, and mobility, are not explicitly modeled, although the variational
inequality formulation ensures a high degree of scalability, allowing the
FPVN framework to be applied to networks of different sizes and com-
plexities. This combination of flexibilities highlights the capacity of the
FPVN model to balance efficiency, adaptability, and sustainability in
competitive environments.

The novelty of our framework lis in the incorporation of distinct
emission regulations across multiple tiers (the suppliers, the manufac-
turers, and the retailers) of the FPVN. This results in multiple General-
ized Nash Equilibrium (GNE) problems, which, to date, have not been
investigated in multitiered supply chain network equilibrium problems
(cf. (Besik et al., 2023; Li & Nagurney, 2015; Nagurney et al., 2002a,
2015)). In fact, there are only very few GNE models using variational
inequality formulations in supply chain networks and these have been
quite recent and in the context of disaster relief (see Nagurney et al.
(2018, 2016)), healthcare (cf. (Nagurney, 2021; Nagurney & Dutta,
2019; Nagurney et al., 2021)), and general supply chains (Nagurney
et al., 2017). The modeling of such environmental regulations adds to
the literature on sustainability and provides for flexibility in terms of
the imposition of restrictions. Environmental regulations and policies
that have been modeled using variational inequalities have included
pollution permits in transportation networks (see Nagurney (1999) and
Nagurney et al. (1998)) and in oligopolistic markets (see Nagurney and
Dhanda (2000a,b)) as well as carbon taxes (cf. Nagurney et al. (2006)).
Sustainable supply chain network models have also been constructed
using variational inequality theory in Nagurney et al. (2007), Nagurney
and Nagurney (2010), Nagurney and Toyasaki (2003), and Allevi et al.
(2018), Nagurney and Yu (2012). Related work has included electronic
recycling (see Nagurney and Toyasaki (2005) and Wakolbinger et al.
(2014)) and also green investments Qiang et al. (2013) and Saberi et al.
(2018). None of these contributions, however, have been GNE problems,
and, moreover, multitiered GNE problems, the focus in this paper, and
for sustainable competitive FPVNs. See Colajanni and Daniele (2018),
Colajanni et al. (2022, 2025), Fargetta et al. (2022), Nagurney (2015),
Nagurney and Ke (2001) and Nagurney et al. (2024) for a broader per-
spective on the use of variational inequality models in related domains.

The main contributions of this paper can be summarized as follows:

¢ introduction of a novel multitiered framework for FPVNs that explic-
itly incorporates heterogeneous environmental regulations across
suppliers, manufacturers, and retailers, representing these interac-
tions within a GNE structure;

¢ formulation of the problem as a variational inequality, establishing
theoretical conditions for the existence and uniqueness of equilib-
rium solutions, thereby extending classical supply chain models to
decentralized and sustainability-oriented contexts;

e integration of stochastic demand and environmental penalties into
the model, enabling a realistic representation of uncertainty and
adaptive decision-making in competitive environments;

e numerical simulations which demonstrate the robustness and appli-
cability of the framework to multitiered networks;

o finally, the proposed model contributes to the literature on sustain-
able operations management by offering a unified and value-driven
approach that supports both economic competitiveness and environ-
mental compliance.
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Raw Material Suppliers

Demand Markets

Fig. 1. Multitiered structure of the FPVN.

The rest of the paper is organized as follows. In Section 2, we describe
the flexible production value network on which our model is based. In
Section 2.1, we describe, in a detailed way, the behavior of the raw
material suppliers and we derive the associated variational inequality
formulation. In Section 2.2 we detail the manufacturers’ behavior and
we derive the associated variational formulation while Section 2.3 de-
scribes the retailers’ role in the FVPN. Section 2.4 is devoted to the
description of equilibrium conditions at the demand markets and the
associated variational inequality. Section 3 presents the comprehensive
variational inequality formulation that integrates the equilibrium con-
ditions derived in the previous sections that captures the strategic inter-
actions among all agents and highlights the structural consequences of
their decentralized decisions. In Section 4, we present the numerical re-
sults of an illustrative simulation in order to emphasize the key aspects
of the multitiered game theory model and to validate its effectiveness.
Finally, Section 5 is devoted to our conclusions.

2. The model

In this section, we present a network-based multitiered game-
theoretic model for sustainable and competitive Flexible Production
Value Networks (FPVNs). The proposed formulation extends previ-
ous supply chain equilibrium models by incorporating stochastic de-
mand through expected deviation functions, as originally introduced
in Nagurney et al. (2011) for centralized network design problems. In
contrast, the present model considers a decentralized multi-agent envi-
ronment in which suppliers, manufacturers, and retailers interact strate-
gically within a variational inequality framework. Environmental penal-
ties and flexibility variables are also introduced to capture adaptive
and sustainable behavior across the network. Overall, the FPVN inte-
grates economic, environmental, and operational dimensions into a uni-
fied decision-making structure for noncooperative competitive environ-
ments.

The multitiered architecture of the network is illustrated in Fig. 1.
The FPVN is composed of four main categories of agents. We consider:

e N raw material suppliers, with the typical one denoted by n;
e M manufacturers, with the typical one denoted by m;

e [ retailers, with the typical one denoted by /;

¢ O demand markets, with the typical one denoted by o.

Raw material suppliers provide essential materials required for pro-
duction. They determine the quantity of raw materials to produce, the
portion to be sold to manufacturers, and any excess that must be stored
or discarded. Suppliers incur costs related to production, transportation,
and storage, while also considering environmental impact factors such
as emissions. Their primary goal is to maximize profit while minimizing
waste and emissions. Manufacturers acquire raw materials and process
them into finished products. They must balance procurement decisions,

69

European Journal of Operational Research 333 (2026) 67-87

production levels, and sales strategies while managing storage costs and
transportation logistics. They face additional complexity due to uncer-
tain demand from both retailers and direct customers, leading to po-
tential overproduction or underproduction. Consequently, penalties are
introduced to discourage inefficiencies and to promote optimized pro-
duction planning. Retailers, in turn, purchase finished goods from man-
ufacturers and distribute them to end customers. They decide on in-
ventory levels, purchase volumes, and selling prices while considering
stochastic customer demand. Their decision-making process is influ-
enced by transportation costs, storage constraints, and penalties associ-
ated with excess inventory or stockouts. Environmental considerations,
such as emissions from distribution operations, are also incorporated
into their optimization problems. Customers are the final consumers
in the FPVN, determining demand for products. Customer demand is
treated as a stochastic variable, impacting the strategies of manufac-
turers and of retailers. Pricing strategies and fulfillment policies are
shaped by these demand uncertainties, influencing overall network per-
formance.

Each agent in the FPVN operates within a noncooperative competi-
tive framework, where individual optimization problems are intercon-
nected through pricing mechanisms, demand interactions, and shared
environmental constraints. The model integrates key objectives, includ-
ing profit maximization, environmental sustainability, operational effi-
ciency, and network-wide equilibrium. Each agent seeks to maximize
expected profit by balancing revenue generation with production, pro-
curement, transportation, and storage costs. Emission reduction is a
fundamental concern across all levels of the FPVN, and agents face reg-
ulatory constraints on emissions, requiring them to incorporate sustain-
ability into decision-making. To prevent inefficiencies, penalties are ap-
plied for overproduction, underproduction, excess inventory, and un-
met demand. These constraints incentivize agents to align production
and distribution strategies with actual market conditions. The model
establishes a competitive equilibrium by ensuring that individual opti-
mization decisions lead to a stable, sustainable, and economically viable
FPVN.

The decision-making process within the FPVN is formalized using
Generalized Nash Equilibrium (GNE) and Variational Equilibrium (VE)
concepts. Each agent’s optimization problem considers network-wide
constraints, leading to an equilibrium where no agent can improve its
outcome unilaterally. The variational formulation ensures that the col-
lective decisions of all agents satisfy shared resource and environmental
limitations. By integrating economic, environmental, and operational
factors, this model provides a robust framework for evaluating FPVNs
under uncertainty. The insights derived from this approach contribute to
the ongoing discourse on sustainable supply chain management, offering
practical strategies for policymakers, industry leaders, and researchers.

In our formulation, we distinguish between regular production and
additional production at each tier of the FPVN. Regular production rep-
resents the baseline capacity of firms, obtained through standard pro-
cesses and technologies at relatively lower marginal costs and within
predefined environmental thresholds. In contrast, additional production
reflects the possibility of expanding output beyond the baseline by mo-
bilizing extra resources or adopting more intensive production strate-
gies. This flexibility, however, comes at the price of higher marginal
costs and increased environmental impacts, which are explicitly cap-
tured in the cost functions and regulatory constraints of the model. In
this way, the FPVN framework accounts for the trade-off between ef-
ficiency and adaptability: firms can decide whether to remain within
their baseline capacity or to exploit additional capacity in order to
meet demand surges, at the expense of higher costs and penalties.
Non-flexible production networks would not incorporate this distinc-
tion, as their capacity would be fixed and inelastic, thus preventing
the system from adapting to stochastic demand and heterogeneous
regulations.

In the following sections, we describe the behavior of all agents in the
network, including raw material suppliers, manufacturers, retailers, and



G. Colajanni et al.

customers, analyzing their decision-making processes and interactions
within the framework.

2.1. Raw material suppliers’ behavior

Raw material suppliers are responsible for the extraction, process-
ing, and distribution of raw materials to manufacturers. They must de-
cide the quantity of raw material to provide while managing constraints
related to production capacity, transportation logistics, and storage lim-
itations. The supply of raw materials is influenced by both deterministic
and stochastic factors, including fluctuations in demand from manufac-
turers, variations in production costs, and external disruptions such as
geopolitical events or environmental regulations.

In the FPVN framework, inventory variables represent short-term
buffers that allow agents to manage demand uncertainty. These quanti-
ties are not intended as long-term storage but as temporary adjustments
that maintain network balance when realized demand differs from ex-
pected values. This interpretation ensures consistency with the flexible
and adaptive nature of FPVNs.

Let x,. € R, be the quantity of raw material of type r, r =1,..., R,
produced by supplier n, n=1,..., N. We denote by x, = (x,,),=; ...,
[Rf the vector of all types of raw material produced by supplier n,
n=1,..., N. Associated with the production of x,, supplier » faces pro-
duction costs

1 =
nr =

ey n=1,...,N, r=1,...,R

In this competitive framework, each supplier seeks to maximize its
expected profit by strategically allocating resources to optimize produc-
tion and minimize waste. A key challenge faced by suppliers is balanc-
ing the trade-off between producing sufficient materials to meet de-
mand while avoiding excessive stock accumulation that could lead to
increased storage costs or potential financial losses. To mitigate these
risks, suppliers may choose to expand production capacity selectively,
incorporating flexibility into their operations to accommodate shifts in
market conditions.

Let y,. € R, be the additional raw material of type r, r =1,..., R,
that can be produced with expansion by raw supplier n, n=1,...,N.
We denote by y, = (y,,),=1.._r € R¥ the vector of all types of additional
raw material produced by supplier n, n = 1,..., N. Associated with the
increase of capacity production of all types of raw materials, supplier n
faces investment costs (purchase of new machinery, extension of existing
facilities,...) denoted by

¢y =Cyy), n=1...,N, r=1,...,R,

as well as production costs

nr

2 Ecﬁr(y,,,),n= 1,...,N, r=1,...,R.

We note that the production cost of additional raw material of type r,
Yur» 1S generally different from the cost of producing x,,.. Indeed, the cost
of the latter is generally lower because production is operating at an op-
timal rate (see Pindyck et al. (2009)). Additional production may have
increasing marginal costs due to bottlenecks in the production chain,
increased energy consumption, or the need to operate beyond normal
working hours. Furthermore, if the additional material is produced in
another facility or secondary plant, it may be subject to higher manage-
ment, logistics, and other costs.

Finally, let z,. € R, be the quantity of raw material of type r left
unsold, n=1,...,N and r = 1, ..., R, and we denote the cost for holding
unsold raw material of type r faced by supplier n by

d —

nr =

¢d(zy), n=1,...,N, r=1,...,R.

As before, for each supplier n, n=1,...,N, we denote by z, =
(Zp)r=1...r € RE the vector of all types of raw materials unsold. We note
that unsold quantities z,, implicitly account for short-term warehousing
or temporary storage at the suppliers’ facilities. This choice keeps the
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model analytically tractable while representing the possibility of hold-
ing limited inventories before further distribution.

Transportation plays a crucial role in the raw material supply pro-
cess, as suppliers must determine the most cost-effective and sustain-
able means of delivering materials to manufacturers. Different trans-
portation modes introduce varying costs and emission levels, affecting
both financial and environmental performance. Suppliers must evalu-
ate these trade-offs when selecting distribution strategies, ensuring that
transportation expenses and environmental impact remain within ac-
ceptable limits.

Let x,,,,; € R, be the quantity of raw material of type r transported
from supplier n to manufacturer m using transportation mode i and let
Yumi € Ry be the quantity of additional raw material of type r due to
expansion transported from supplier n to manufacturer m using trans-
portationmodei,n=1,....,.N, r=1,....,.Rm=1,....M,i=1...,1.We
denote the transportation costs for regular and additional raw material
of type r, respectively, by

1t 1t
nrmi cnrmi

c 1,..,.Rm=1,....M,i=1,...,1,

Xppmi)s YVn=1,...,N, r=

and

A= Gumi)- V=1, N, r=1,.. ,Rm=1..M, i=1,.1

nrmi

We note that the transportation costs for regular and additional raw ma-
terials may differ, even when the same transport vehicle is used, due to
several factors. Although the vehicle remains the same, the handling,
loading, and unloading processes for the additional materials may be
more complex, requiring more time and potentially specialized equip-
ment. Additionally, the storage requirements for the extra materials
might differ, resulting in higher labor costs. Furthermore, the added
weight or different routing considerations could lead to increased fuel
consumption, affecting overall fuel efficiency.

Environmental sustainability is a critical aspect of raw material sup-
ply chains. Suppliers must account for the emissions generated dur-
ing production, transportation, and storage. Regulatory policies impose
strict emission limits, requiring suppliers to adopt cleaner production
methods and to optimize transportation strategies to reduce their en-
vironmental footprint. Additionally, financial penalties for exceeding
emission thresholds provide further incentives for suppliers to integrate
sustainability into their decision-making processes. In this context, we
denote the environmental emissions associated with the production of
regular and additional raw materials of type r, the emissions associated
with transportation of regular and additional raw materials of type r to
a generic production facility m using transport mode i, and those asso-
ciated with the storage of unsold raw material of type r, respectively,
by:

e:" = e:,(xn,),Vn= 1,...,N, r=1,...,R,

eir = ei(y,,,),Vn: 1,...,N, r=1,...,R,

1 =1
€ = enrmi

ppmi)s,Vn=1,...,N, r=1,..., R, m=1,....M,i=1,..

i OV =1, N =1, Rom=1,. M, i=1,..

d —

nr =

el (z,),¥n=1,..,N, r=1,...,R.

Although the current formulation does not include a separate term
for warehousing-related emissions, such effects can be interpreted as
part of the functions e (z,,) , which already capture energy use and
environmental impact associated with temporary storage and handling.
This assumption maintains model simplicity while preserving its envi-
ronmental consistency.

We assume that the above cost and emission functions are convex
and continuously differentiable with respect to their own variables. De-
cision variables, cost and emissions functions for raw material supplier
n,n=1,...,N, are listed in Table A.1 and Table A.2 in Appendix A.
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Given the inherent uncertainties in demand and supply chain opera-
tions, suppliers must adopt robust risk management strategies. Stochas-
tic demand from the lower level of the network introduces variability in
procurement volumes, which suppliers must address by implementing
flexible production and inventory policies. Risk mitigation approaches,
such as diversifying sourcing strategies or leveraging predictive analyt-
ics for demand forecasting, help suppliers maintain stability and com-
petitiveness in volatile market conditions.

Raw material suppliers are modeled as rational and intelligent agents
engaging in a noncooperative competition within a Generalized Nash
Equilibrium (GNE) framework. Each supplier independently optimizes
its decision variables—production levels, transportation strategies, and
inventory management—to maximize its expected profit while minimiz-
ing costs associated with production, transportation, and storage. How-
ever, their strategic interactions are constrained by a shared environ-
mental regulation: total emissions across all suppliers must not exceed
a common regulatory threshold. This introduces a coupling constraint,
making the equilibrium problem more complex, since each supplier’s
optimal strategy depends not only on market conditions but also on the
emission levels resulting from the decisions of all other suppliers in the
network (see Daniele and Sciacca (2022), Nagurney (2021), Nagurney
et al. (2018), Nagurney and Salarpour (2023)).

Each raw material supplier n, n =1, ..., N, thus faces the following
constrained optimization problem, where it aims to maximize its ex-
pected utility, represented by a weighted objective function that bal-
ances total expected profit—derived from raw material sales to manu-
facturers minus production, investment, and transportation costs—and

total environmental emissions, as previously discussed:

max E(U,) =

1 R M 1 R R
Z pmm, nrmi Z Z Z pnrm,ynrmz Z C,],r(xnr) - Z cf,(y,,,)
: r=1 r=1

r=1 m=1 i=1
R
2t d
Z Cnmi(y”mi) - Z Cnr(zﬂr)
r=1

1 R
1t
DICHCED)
i=

m=1 i=1 r=1

- Z cnr(ynr

R M
—-a, [elr(xn,) + ez(ynr) + efr(z,,,) + Z Z €mi (X

r=1 m=1 i=1

M=

nrml

M N
+ Z Z enrml(y””m (1)
m=1 i=1
subject to constraints:
M I M I
Xnr + Ynr +£nr = Z anrml Z Z Ynrmi Zprs Vr = 1 (2)
m=1 i=1 m=1 i=1
R
Z Xy <O 3
r=1
R
D v <9 )
r=1
Xnrs Yrs nr’xnrm[’ynrmizo’ Vr:l""’R’ m:L'"’M’ l:L ’I’
(5)
R M
N 1 2
sum,_ | Z e, (xp) + e (V) + Z 2 €prmi Xnrmi)
r=1 m=1 i=1
M 1
d
Z i Gnmi) + €4 (Zp) ©)

1i=1

Objective function (1) represents the expected utility of Raw Ma-
terial Supplier n, n=1,..., N, given by the weighted sum of the total
expected profit and the total environmental emissions, where pnrml and
p:t:mi represent the price obtained from the sale of a unit of raw mate-
rial of type r, r = 1,..., R, to a manufacturer m, m = 1,..., M, with the

shipment method i, i = 1, ..., I, and the price obtained from the sale of a
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unit of additional raw material of type r, r = 1, ..., R, to manufacturer m,
respectively. In this formulation, «, > 0 denotes a parameter that allows
us to express environmental emissions in terms of costs. Moreover, the
parameter «, enables distinct raw material suppliers to have different
emissions in terms of costs.

Constraint (2) ensures that the total quantity of raw material pro-
duced, including the additional production capacity, is either sold to
manufacturers, stored as unsold inventory or discarded, i.e. z,. It main-
tains consistency in the material flow within the supply chain and rep-
resents a material balance constraint.

Constraints (3) and (4) impose upper bounds on the quantity of raw
material that a supplier can produce under normal operating conditions
(Q}, ) and the maximum additional capacity (Qﬁ) that can be generated
through expansion. These limits reflect the supplier’s physical and tech-
nological production capabilities.

Constraint (5) represents the domain of decision variables for a Raw
Material Supplier n.

Constraint (6) accounts for the total environmental impact of raw
material suppliers by aggregating emissions from production, trans-
portation, and storage. Since emissions contribute to a shared regula-
tory limit e, this constraint introduces interdependence among suppli-
ers, making it a coupling constraint in the Generalized Nash Equilibrium
framework.

We observe that, conservation law (2) allows us to express vector
variable z,,, n=1,...,N, r=1,...,R, in terms of the vector variable
(Xur> Yur- X1 ¥} ). Therefore, we can rewrite the constrained optimization
problem (1)-(6) of each raw material supplier » as follows:

max E(U,) =
R M I R M I R R
13 1% 1 2
max Zp,,m,xnml + z 2 Z PymiYnmi — z C,,,(xnr) - 2 <, (.Vnr)
r=1 m=1 i=1 r=1 m=1i=1 r=1 r=1
R

d 1 1
- Z CorXps Vs X s V)

r=1

R M I
- Z z 2 crII;mz(xnrw)

1 2 d 1 1
[e,,,(xn,) + e, Vn) + €5 (Xpps Vs X0 V)

M N M N
1 2
DI CmET en,m,(ym,-)] } )
m=1 i=1 m=1 i=1
subject to constraints
R
Y x, <O} ®
r=1
R
Ym0 ©)
r=1
Xrs Vars Xppmis Yurmi 205 VP=1 ., Rom=1,.... M, i=1,...,1 (10)
N R M 1
enr(xnr) + enr(ynr Z 2 nr nrml
n=1r=1 m=1 i=1
M T
2 d 1 1
Y Y e D) + € (s Vo X Vi) | S . (11

m=1 i=1

We define the feasible set for each raw material supplier n, n =
1,...,N as:

K" 2R(I+MI)|(8)

= (¥, = (X xh o) €R (10)hold},

and we denote by S the set of shared constraints, namely:

S = {y=(x,yxLyh) e RANRTMD (1 hhold).

N
Finally, we define the feasible set K = H K'and K=KnS.

n=1
We refer to objective function (7) as the expected utility E(U,),

n=1,...,N. Assuming that (as stated before) the cost and emission
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functions for each raw material supplier are convex and continuously
differentiable, we can state:

Definition 2.1. [Generalized Nash Equilibrium for Raw Materials Sup-
pliers] A strategy profile y* € K is a Generalized Nash Equilibrium if,
for any Raw Material Supplier n,n=1,...,N
EU, (5 v xy yhe xt Ly xl yy) >
1
EU,(xp, o xh,yhx® Ly ox )

Yy, € K", Yy € S, 12)
where

* * * * * 3 £ £ ok £

X = X X XN Y = O Y Ve s V)

1% 1= * 1 1% 1% 1% 1+ 1 1

x =0T X X s X ) Y = Y Y e YN -

Each raw material supplier wishes to maximize its expected utility.
The above definition states that no raw material supplier, given the cir-
cumstances and the strategies of the other suppliers, at equilibrium, is
willing unilaterally to change its vector of strategies, because it may end
up with a lower expected utility. We observe that the expected utility
of each supplier depends not only on its own decisions, but also on the
strategies of other suppliers. Also, their feasible sets are interconnected
because of the shared constraints on environmental emissions. The lat-
ter condition makes the problem a Generalized Nash Equilibrium model,
according to Debreu (1952).

In general, Generalized Nash Equilibrium problems can be formu-
lated through quasi-variational inequality problems (see Fischer et al.
(2014)). However, a class of Generalized Nash Equilibria, the Varia-
tional Equilibria, can be formulated as a variational inequality prob-
lem, as discussed, for instance, in Daniele and Sciacca (2022), Nagur-
ney (2021), Nagurney et al. (2018) and Nagurney and Salarpour (2023).
Following the approach presented in these contexts, we will deal with
the variational equilibrium of the model.

Definition 2.2.
a Variational Equilibrium of the above Generalized Nash Equilibrium

[Variational Equilibrium] A strategy vector y* € K is

problem if y* € K is a solution to the variational inequality:

i Z 60 (x ) 00 (xnr’ ynr’ nr’ y}J)
n=1 r=1 axnr
de! (x*) el (%, Vi X0k, yie) G — )
ox,, ax, o X
N *
+ Z Z acnr(ynr) 0cﬂf'(ynr) + aC (xnr’ynr’xnr’y:r:)
n=1 r=1 aynr 0ynr 0ynr
der, (V) 0 (X, Vi Xok, V%)
+a Tl et e ar T T x o
n( v, . Dr = V)
N R M I It s
9€, (X, ) O (s Vi X0, yir)
+ nrmi N nrmi > Yr X Yor
r; ; V; ; |: axm‘mi axnrm[
de,,.(x; ), el (Xes Vs Xoks Vi) .
+ an< n;n; nrmi nraxnr nr _p,l,:,,,,- X (Xt — x;rmi)
nrmi nrmi
N R M I o
Ocm i D) OCH (X5 Vi X0k, V1%
+ nrmi N nrmi + nr> nr " Ynr
BRET | S
de? (y* b) ded (x* ’y* x1* yl*) 1
s s I
+ an< ngr; nvrmz 4+ nraynr .nr nr _ ,,:,,,,» X(y,,,m,-—y’;rm,.)zo,
nrmi nrmi

Yy € K. (13)

The advantage of constructing a variational equilibrium consists in
using the well-known variational inequality theory, for which theorems
of existence and uniqueness of the solution are stated (see Nagurney
(1993) and Nagurney (2006)).
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For simplicity of notation, we now put variational inequality (13)
into standard form, that is: determine X* € K such that:

(F(X*),X - X*)>0, VX €K, (14)
where K is a closed and convex set.
To this purpose, we define X =y, F(X)=

(FY(X), F3(X), F3(X), F*(X)) and K = K, where:
ocl (x,)
+

aan

1
+a, < Q)
axﬂr

ac?

d 1 1
0Cp, (Xpps Vs X s V)

ox
d
aenr(xnh Yar»

1 1
xnr’ ynr) Y. r
0x”r B s s

d 1 1
0Cp, (Xpps Yrs X s V)
OYyr

FL00 = [

nr

ocﬂl‘ (y}’ll‘)
OYyr

d 1 1

o€y, (X Vrs Xpps V1)

, Vn,r
Yy

Yy

2
+a, 9 o) +
Yy

'aclr

nrmi(xm'mi)

ox

d 1 1
0Cp, (Xyps Vs Xpoo Vo)

(X)) = Ix

nrml

nrmi nrmi

d 1 1
aerzr(xnr’y"'r’xnr’ynr)) 1

ox - pnrmi

+a, ( denrm: (x"'“mi) +

0x nrmi

s Vn,r,m, i
nmi
B aCZI

nrmi(yﬂfmi)

aynrmi

2 d 1 1
aenrmi(y:rmi) aem'(xﬂr’ Ynr> xnr’ ynr) 1
+n d + 0 = Purmi
Ynrmi Ynrmi

d 1 1
0Cp, (Xpps Yrs X s Yy

Fori(X) =
ay nrmi

nrmi

], Vn,r,m,i. (15)

Under the imposed assumptions on the cost and emission functions,
we can deduce that the function F(X) defining variational inequality
(14) is continuous. Moreover, it is easy to show that the feasible set
K is compact (since constraints (8) and (9) and conservation law (2)
hold). Therefore, the existence of a solution to variational inequality
(14) is guaranteed by the classical theory of variational inequalities (see
Kinderlehrer and Stampacchia (1980)).

2.2. Manufacturers’ behavior

Manufacturers play a central role in Flexible Production Value Net-
works (FPVNs) by transforming raw materials into finished goods that
are then distributed to retailers or directly to end customers. Unlike
traditional linear supply chains, where production follows a rigid struc-
ture, manufacturers in FPVNs operate in a highly dynamic and com-
petitive environment. They must continuously adjust their procurement
strategies, production levels, and sales approaches to respond to fluctu-
ating market demand, supply chain disruptions, and sustainability con-
straints.

In this competitive framework, manufacturers independently decide
on raw material procurement, determining the quantity to purchase
from suppliers and selecting the most cost-effective and sustainable
transportation modes. Once raw materials are acquired, manufactur-
ers must optimize their production processes, ensuring that the output
aligns with market demand while minimizing costs and environmental
impact. They also face inventory management challenges, as excessive
stockpiling leads to increased storage costs, while insufficient produc-
tion results in lost sales and customer dissatisfaction.

An additional layer of complexity arises from demand uncertainty.
Manufacturers must anticipate demand from both retailers, who act as
intermediaries in the distribution process, and direct customers, who
may purchase finished products through online platforms or other chan-
nels. Given that demand can fluctuate due to external factors such as
economic conditions, seasonal trends, or market shocks, manufacturers
must develop robust production planning strategies that incorporate risk
mitigation techniques, such as flexible production capacity, predictive
analytics, and adaptive pricing models.
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Manufacturers behave as noncooperative competitors with respect
to other manufacturers within the same tier, while interacting with sup-
pliers and retailers through equilibrium price and flow relations. Each
manufacturer aims to maximize its own profitability, making decisions
that optimize production efficiency while considering the actions of
competing manufacturers in the network. This decentralized decision-
making structure can lead to market inefficiencies, such as overproduc-
tion (when supply exceeds actual demand) or underproduction (when
production falls short of market needs). Consequently, penalty mecha-
nisms are introduced to discourage inefficiencies and incentivize opti-
mal production planning, ensuring a better alignment between supply
and demand while maintaining economic and environmental sustain-

ability.

Each manufacturer m, m = 1,..., M, must determine the quantity of
raw material purchased from supplier n, n=1,..., N, using transport
mode i, i = 1,..., I, previously denoted as x,,, € R, and the additional

raw material purchased as y,,,; € R,. The finished product quantity pro-
duced by manufacturer m is represented as g,, € R,. This product can
either be sold to retailer /, I =1, ..., L via transport mode i =1,...,1,
denoted as g,,;; € R,, or sold directly to demand marketo,0=1,...,0,
via transport mode i, denoted as g,,,; € R, . In this context

L I [
gm:zzg’"lf+zzgmoi’ Vm:l,---,M.

I1=1 i=1 o=1 i=1

(16)

The above conservation law ensures that the total finished product quan-
tity for each manufacturer m, m =1, ..., M, is equal to the quantities of
finished product transacted with all retailers and all demand markets
of the network. Therefore, g, can be expressed in terms of the vectors
2= @udiz, 1, i=t,.r €RE and g2 = (goidom1, 0, iz, ..

To achieve the challenges discussed previously, manufacturers incur
a variety of costs that influence their overall profitability and sustain-
ability. Storage costs represent a significant consideration, as manufac-
turers must manage both raw materials and finished products. The cost
of storing raw materials c‘}'f, m=1,..., M, depends on the total quan-
tity procured from suppliers, including both the regular supply and any
additional stock purchased in response to anticipated fluctuations in de-
mand, that is:

1

N R
a}ﬂf(Z Z Z(xn,,,,,. + yn,m,-)> =cbil yy, vm=1,.., M,

n=1r=1 i=1

c—ls

where (xpln’ y’ln) = (xnrmi= ynrmi)n=l,4..N4, r=1,....R, i=1,....] € R-%.NRI'

Similarly, finished product storage costs arise when manufacturers
retain unsold goods, leading to additional expenditures for warehouse
management and inventory control. We denote by 5,2"5 ,m=1...,M,such
a cost and we observe that

c'zf = c"zns(gm) = c',zrf(grln,gﬁl), Vm=1,...,M.

Another critical aspect is production costs, which encompass expenses
related to transforming raw materials into market-ready products, de-
noted by ¢,,, m=1,..., M. These costs vary depending on factors such
as energy consumption, labor, and the complexity of the manufacturing
process. Efficient production planning can help reduce these costs by
optimizing resource utilization and minimizing waste. We observe that:

¢, =¢,(8,) =C,(g-82), Ym=1,...,M.

Manufacturers must also account for transportation costs, which are
incurred at multiple stages of the supply chain. First, raw materials must
be transported from suppliers to manufacturing facilities, with costs in-
fluenced by factors such as distance, transport mode, and fuel prices. We
denote these costs by C_;,rm/’ n=1,....,.N, r=1,...,R, m=1,....,.M, i=
1,..., I, and we assume that

=t el —
Cormi = cnr;ni(x"r'"i’ y"”"l')’ Vn=1,..

r=1,....,.R,m=1,.... M, i=1,...

N,
.

Once production is complete, manufacturers face additional transporta-
tion costs associated with delivering finished goods. If products are sold
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through retailers, manufacturers must arrange for shipments to distri-
bution centers or retail locations, incurring distribution transport costs,
denoted by ¢ . We assume that:

& =2, @) Ym=1...M, =1L i=1,.,1I

Alternatively, if they engage in direct-to-customer sales, manufacturers
bear the cost of delivering products directly to end consumers, often
using different logistics providers or fulfillment strategies. We denote
these costs by ¢ and we assume that:

&

moi

= (Gno)» Ym=1,..,M,0=1,..,0,i=1,..1I

For simplicity, explicit warehousing costs for raw materials and
finished products are not modeled separately. However, the overpro-
duction and underproduction penalty functions capture the economic
impact of temporary inventory adjustments. This abstraction allows fo-
cusing on strategic interactions among agents without compromising
the general equilibrium structure of the FPVN.

Beyond financial costs, manufacturers must also consider environ-
mental sustainability constraints, particularly regarding emissions gen-
erated throughout the production and distribution processes. Regula-
tory policies often impose strict emission limits, requiring manufacturers
to adopt cleaner technologies, optimize transportation routes, and im-
prove energy efficiency in their facilities. Let &,, = ¢,,(g,,) = 2,(g.. 2),
e"ln i = e‘rln 1 &mii)s e‘fnm. = éimi(gmo,») be the environmental emissions asso-
ciated with the production of the end product and transporting it to
a generic retailer / and to a generic demand market o using transport
mode i, respectively, forany m=1,...,M,I=1,...,L,0=1,...,0 and
i=1,...,1.

We assume that the above cost and emission functions are convex
and continuously differentiable with respect to their own variables.

A crucial challenge that manufacturers must address is demand un-
certainty, which arises in both intermediary distribution channels and
direct demand markets. The demand from retailers, who act as interme-
diaries between manufacturers and end customers, is subject to fluctua-
tions due to market trends, pricing strategies, seasonality, and compet-
itive dynamics. Each retailer forecasts its procurement needs based on
expected demand, but these estimates may deviate from actual market
demand, leading to situations of overstocking or shortages within the
supply chain.

Similarly, in direct customer markets, where manufacturers sell fin-
ished products without relying on intermediaries, demand uncertainty
is even more pronounced. Consumer behavior, market trends, compet-
itive forces, and macroeconomic conditions all contribute to high de-
mand variability. Unlike retailer-driven distribution, where manufactur-
ers benefit from aggregated orders, direct sales expose manufacturers to
a more fragmented and unpredictable demand structure, requiring more
refined forecasting and inventory management strategies (see Nagurney
et al. (2017)).

From a mathematical perspective, both retailer demand and direct
market demand are modeled as stochastic variables. We note that the

“projected” demand for manufacturer m, m=1,..., M, at retailer /, | =
I

I...,L, is z g Let d,,; denote the actual demand at retailer /, I =
i=1
1,..., L, for manufacturer m, m =1, ..., M, which is a random variable
with probability density function given by f,,,. Let P, be the probability
distribution function of d,,, that is:
Dy
P, (D) = P, <Dyy) = S @d (D).
The total stochastic demand that manufacturer m must satisfy from all
L
retailers is d!, = Z dpy-

=1
Similarly, the “projected” demand at demand market o, 0 = 1,..., 0,
I

is 2 Zmoi- Let d,,, denote the actual demand at demand market o, 0 =
i=1
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1,...,0, for manufacturer m, m =1, ..., M, which is a random variable
with probability density function given by f,,,,. Let P,,, be the probability
distribution function of d,,, that is:

Dma
Po(Dyo) = Py, < Dpyp) = / Fmo(Dd(@).
0
The total stochastic demand that manufacturer m must satisfy from all

0
demand markets is dfn = Z do-
o=1

Given this inherent uncertainty, manufacturers may experience
overproduction—when the quantity produced exceeds actual demand—
or underproduction, where production falls short of market needs. These
inefficiencies result in additional costs related to storage of unsold in-
ventory or lost sales opportunities, both of which negatively impact
profitability. We denote the overproduction and the underproduction
incurred by manufacturer m, m = 1, ..., M, related to the supply of the
product to all retailers, respectively, by

1
Alny+=max{0,z gm,,-—d,]n}, Vm=1,...

=1 i=1

L I
A’ln’_zmax{o,d,ln—Zngli}, Vm=1,...

I=1 i=1

Similarly, we denote the overproduction and the underproduction
incurred by manufacturer m, m = 1, ..., M, related to the supply of the
product to all clients, respectively, by

o 1
Ai& = max {O,Z ngm —di},

o=1 i=1

17

M. (18)

(19)

(20)

o I
A" =max{0,d,2n -y ng,,,}.

o=l i=1

We note that:

e when A" >0 and AZ' > 0, it indicates that the manufacturer has
produced more than the actual demand from retailers and demand
markets, respectively. From a managerial point of view, this means
that the total quantity of finished goods allocated to retailers and
demand markets exceeds the realized demand. This situation leads
to overproduction, where excess inventory accumulates, increasing
storage costs and capital immobilization. Excess stock may result in
additional expenses related to warehousing, insurance, and poten-
tial obsolescence if the products have a limited shelf life. In extreme
cases, manufacturers might be forced to offer discounts or dispose of
surplus products, further impacting profitability.

o when Al™ > 0and A%~ > 0, it indicates that the manufacturer has
produced less than the actual demand from retailers and demand
markets, respectively. From a managerial point of view, this means
that the total quantity of finished goods allocated to retailers is insuf-
ficient to meet the realized demand. This situation leads to under-
production, where the manufacturer is unable to fulfill all retailer
and demand market orders, resulting in lost sales opportunities and
customer dissatisfaction. Retailers may seek alternative suppliers to
compensate for the shortage, potentially weakening the manufac-
turer’s competitive position in the market. Moreover, unmet demand
can lead to penalties or contractual breaches, further impacting the
manufacturer’s profitability and reputation.

In this context demand is inherently uncertain. At the same time, man-
ufacturers must respond efficiently to market fluctuations to avoid dis-
ruptions and inefficiencies. Therefore, it is crucial for manufacturers to
implement robust demand estimation strategies to ensure timely and op-
timal production planning, minimizing the risks of overproduction and
underproduction while maintaining competitiveness.
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The expected values of AL*, A%+ AL~ and A%~ respectively, are:

I=1 i=1

oo L I
[E[Aff]=/L ! ( gm,-—t>fnl1(t)d(t), Vm=1,...,M, (21)
zzmizz’

I=1 i=1

L I
gmi 1
E[AL‘J=/;'§ I<r—22gmli>f,i,<r>d<r>, Vm=1,...
0

=1 i=1
(22)

-

0 o
[E[Afﬂ’*]:/ii (2 gmoi—t>fi(t)d(t), Vm=1,...,M, (23)
Emoi o=1i
o=l i=1

o

1
Emoi
[E[Aif]:/oz;f; <r—z
0

o=

1
gma,)fj(r)d(r), Vm=1,...M,
=1

i

24

where

+oo +oo L
f,:,(z)=/ / Hfm,(t,)é(z—z:t,)dtl...dtL Vm=1,....M,
—© o =]

=1

]

+oo +00 O
fi(z):/ / Hfmo(to)ﬁ(z—2t0>dt1...dto Vm=1,....M,
—o0 0 o=1

o=1

are the probability density functions of the total demand, that can be
expressed as the convolution of the probability density functions of the
individual demand components, considering that demand from differ-
ent sources is independent. These formulations allow us to derive the
expected values of overproduction and underproduction, which play a
crucial role in determining the penalties applied within the optimization
model. By incorporating convolution-based probability distributions,
the model effectively captures the stochastic nature of demand and pro-
vides a robust framework for decision-making under uncertainty.

To mitigate the risks associated to over- and underproduction,
penalty mechanisms are introduced, discouraging excessive production
while ensuring sufficient supply to meet demand. We denote by

1, 2, —
Af =AM LAY m=1,.,M,
- — AL 2,- —
A=A A2 Vm=1,.

(25)

M, (26)

the overall overproduction and underproduction and by &' and &,
m=1,..., M, the penalties associated with the overproduction and un-
derproduction, respectively. Hence, the expected total penalty for man-
ufacturerm,m=1,..., M, is:

E[5}AY +6 A ]1=6"E[A}]+ 6, E[A;]. 27)

Decision variables, cost and emissions functions for manufacturer m, m =
1,..., M, are listed in Table A.3 and Table A.4 in Appendix A.

Manufacturers, like the Raw Material Suppliers, are modeled as ra-
tional and intelligent agents engaging in a noncooperative competition
within a GNE framework. Each manufacturer independently optimizes
its decision variables—production levels, transportation strategies, and
inventory management—to maximize its expected profit while minimiz-
ing costs associated with production, transportation, and storage and
penalties associated with over- and underproduction. However, their
strategic interactions are constrained by a shared environmental restric-
tion: total emissions across all manufacturer must not exceed a common
regulatory threshold. As at the Raw Material Suppliers tier, this intro-
duces a coupling constraint, making the equilibrium problem more com-
plex, since each manufacturer’s strategies depend not only on market
conditions but also on the emission levels resulting from the decisions
of all other manufacturers in the network.

Each manufacturer m, m =1, ..., M, thus, faces the following con-
strained optimization problem, where it aims to maximize its expected
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utility:
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subject to constraints:

L I

z Z Emii t Z z Emoi S (29)

I=1 i=1 o=l i=

L 1 o I

Zzgmll+22gmor+g <Sm (30)

I=1 i=1 o=1i=1

N R I N R I .

Zzzxnrmi+z Zynrmi+£mrssm (31)

i
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Xnrmi + 2 Ynrmi

||M~

L I
+§m,~2ﬁnrm'<2 Zg'""+zzgm0') Vn,r,m

=1 i=1 o=1 i=

(32)
Xymis Ynmis &mo Emii> §moi = 05 VI, 0, i (33)
M 1
Y |enen g2+ ZZe;lxgm,,HZ m,(gmm] <é (34
m=1 I=1 i=1

Expression (28) represents a weighted objective function that balances
total expected profit—derived from end product sales to retailers and
demand markets minus production, storage and transportation costs,
overall penalties due to over- and underproduction as well as amount
paid for the purchase of raw materials from all raw material suppliers—
and total environmental emissions. In this formulation, p ‘2* ; and p
spectively, represent the unit price obtained by the sale of a unit of end
product to a demand market o, 0 = 1, ..., O with the shipment method i,
i=1,...,1, and the unit price obtained by the sale of a unit of end prod-
uct to a retailer /, / =1, ..., L with the shipment method i, i =1,...,1.
Moreover, @,, > 0 denotes a parameter that allows us to express environ-
mental emissions in terms of costs and enables distinct manufacturers
to have different emissions in terms of costs.

Constraint (29) represents a production capacity for manufacturer
m. It establishes that the quantity of finished product sold to all retail-
ers and all demand markets cannot exceed the operation condition 9,,,
which reflects the manufacturer’s physical and technological production
capabilities.

The total storage capacity for finished products of manufacturer m is
represented by the parameter S . Constraint (30) ensures that the sum
of the initial stock of finished product quantities (g ) and the product
that the manufacturer supplies to customers and retailers (hence, the
quantity produced) does not exceed the storage capacity.

Similarly, constraint (31) ensures that the sum of the initial stock
of raw material of type r (x,,) and the raw material amount that the
manufacturer purchases from all suppliers does not exceed the storage

capacity for raw material Ei.

Constraint (32) ensures that the quantity of raw material of type r
purchased from each supplier to produce the finished product is suffi-
cient to satisfy the production demand. Specifically, the constraint states
that the raw material of type r purchased from each manufacturer, plus
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any initial stock of such a type of raw material, i.e. x, > 0, must be at
least equal to the quantity of raw material of type r needed to produce
the quantity of product requested, expressed by the parameter §,,,,,.

Constraint (33) defines the domain of manufacturer decision vari-
ables.

Finally, constraint (34) accounts for the total environmental impact
of manufacturers by aggregating emissions from production, transporta-
tion, and storage. Since emissions contribute to a shared regulatory limit
&, this constraint introduces interdependence among suppliers, making
it a coupling constraint in the Generalized Nash Equilibrium framework,
as in the Raw Material Suppliers level.

We define the set for each manufacturer m, m=1,..., M as:

"= (@, = (g}, g2 x] L y)) € REITOTF2NRI|(39) _ (33) hold}

and we denote by S the set of shared constraints, namely:

S={y=(g g% x"y) e RYEHOTENRD) (34 holds).

M
Finally, we define the feasible set K = H K"and K=KnS.

m=1

We refer to objective function (28) as the expected utility E(U,,),
form =1, ..., M. Assuming that (as stated before) the cost and emission
functions for each raw material supplier are convex and continuously
differentiable, we can state:

Definition 2.3. [Generalized Nash Equilibrium for Manufacturers] A
strategy profile * € K is a Generalized Nash Equilibrium if, for any
Manufacturer m, m=1,..., M,

EU, (gl g% xhr yle gl g% x1* y1* )

>E(U,, (gL g2 xh. yh. gl g% xl y* )

vy, € K™, Yy eS, (35)
where

= (g) e B g ) 8 = (BT g B g,
X = s LX) Y = O Y Vi)

Each manufacturer wishes to maximize its expected utility. The
above definition states that no manufacturer, given the circumstances
and the strategies of the other manufacturers, at equilibrium, is will-
ing unilaterally to change its vector of strategies because it may end up
with a lower expected utility. We observe that the expected utility of
each manufacturer depends not only on its own decisions but also on
the strategies of other manufacturers. In addition, their feasible sets are
interconnected due to shared constraints on environmental emissions.
Therefore, as in the Raw Material Suppliers level, we have a General-
ized Nash Equilibrium model.

For simplicity, we now present some additional preliminaries. For
each manufacturer m, we get:

a[E[A*] L

5 P XY gi ) Vi=lLoi=1...1, (36)
Emli I=1 i=1

IE[A*] o €

S =P X Y g |- Yo=1...0. =11, 37)
Emoi o=1 i=1

JE[A] L

— =Pm<22gmli -1, vi=1,..,L i=1,...,1, (38)
Emli I=1 i=1

IE[A~] o

S & =P'"<Zzgmai 1, Yo=1,...,0,i=1,...1, (39)
Emoi o=1 i=1
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and
9 L T
Fram (6FE[AF]+6,E[A]) = (5} + 5,;)f,l,<z ng/,-)
mli =1 i=1
vi=1,...,L, i=1,. (40)
P o 1
(6TE[A]+ 6, E[AT]) = (67 +5,;)f,§<2 ngm),
Emoi o=1 i=1
Yo=1,...,0,i=1,...,1. (41)

Hence, it is obvious that §*E[AY] + 6, E[A} ] is convex.
At the Raw Material Suppliers level, we consider the class of Varia-
tional Equilibria.

Definition 2.4.
a Variational Equilibrium of the above Generalized Nash Equilibrium

[Variational Equilibrium] A strategy vector y* € K is
problem if * € K is a solution to the variational inequality:

I =1 *
2 + aemli(gmli)
agmli

088, . &)

M=

4 o) <aém(g):,g§f)

=Sl % 98 ii 98
JE[AT] OE[AT]
_ ) 4
+5m 0g ;,n " ag 1’_” - pm*;i:| X (gmli - g:;,/,')
mii mii
O I [ 5z2s ‘ = > * 3 > *
Yy 00, 8,8, | V) (028, 8) | 02,85,
o=l i=1 | ag"mi agmm' " 0gmoi agmm'
_OE[A]] " 6[E[A:'n] s .
08, LEFY T Ppoi | X (ngi - gmai)
moi moi
< l ()c , Y(Xm’ y ) ac_:lrmi (x:rmi’ ynrmi) 1% *«
+ Z 2 2 ox . F P | X K = o)
n=1 r=1 i=1 X nrmi nrmi
N R 1T 1s =t * *
ac, (xy, yr ) ac,, (X Ly ) .
+ Z Z |: 5 m nrmi a;rml. nrmiZ P,l,;m[ x (y"rmi _ y:rm[)
n=1 r=1 i=1 nrmi nrmi
20, Vype

(42)

For simplicity of notation, we now put variational inequality (42)
into standard form, that is: determine X* € K such that:

(F(X*),X - X*)>0, VXeK, (43)
where K is a closed and convex set.
To this purpose, we define X =y, F(X) =

(FY(X), F3(X), F3(X), F4(X)) and K = K, where:

3= 0c2 (gl g2) 02 (&) s 02,,(g}.82) . o), (&uii)
= @
mll agmli agmli agmli agmli
OE[A] OE[A}] ]
"3 "+ 5 5 |, Vm,lis
Emli Emli |
2 (X)= aélzrls(grln’grzn) + aErCm'(gmoi) i aém(gfln’gfn) N ‘)éimi(gmoi)
mol agmoi agmoi " agmoi agmoi
JE[A~] OE[A}]
- Mgt —" 2|, Vm,o,i;
agmoi " 0gmoi mol_
o 0L (X V) 0T Kmis Yirmi)
F3 (X)) = m \m>Ym + nmi N nrmi> Ynrmi + 1*. , Vn,r,m,i;
nrmt ( ) |: aanmi axnrmi pnrml
_ _ 081 (%o ¥ 0C K prmis Yrmi)
F:rm’( ) - m m m nrmi nrmi nrmi + p:,:m, , vn7 r, m, i'
aynrmi aynrmi

(44)

Under the assumptions imposed on the cost and emission functions,
we can deduce that the function F(X) that defines the variational in-
equality (43) is continuous. Moreover, it is easy to show that the feasi-
ble set K is compact (since constraints (29)-(31) and conservation law
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(16) hold). Therefore, the existence of a solution to variational inequal-
ity (43) is guaranteed by the classical theory of variational inequalities
(see Kinderlehrer and Stampacchia (1980)).

2.3. Retailers’ behavior

Retailers act as key intermediaries in the FPVN, bridging the gap be-
tween manufacturers and the final customers at the demand markets.
They are responsible for procuring finished goods from manufactur-
ers, managing inventory levels and fulfilling customer demand while
optimizing transportation and pricing strategies. Retailers operate in a
competitive and decentralized environment where each entity indepen-
dently maximizes its expected utility within a Generalized Nash Equi-
librium GNE framework.

Retailers face demand uncertainty, requiring them to balance inven-
tory levels to avoid both overstocking, which increases storage costs,
and under stocking, which results in lost sales. To mitigate these risks,
penalty mechanisms are introduced, discouraging inefficiencies and pro-
moting alignment between procurement decisions and actual demand.
In addition, transportation and distribution activities contribute to emis-
sions, subjecting retailers to shared regulatory restrictions on environ-
mental impact.

Their optimization problems integrate economic, operational, and
environmental considerations, ensuring that decisions regarding pro-
curement, storage, and pricing contribute to network-wide stability. The
equilibrium formulation guarantees that no retailer can unilaterally im-
prove its utility without affecting the broader FPVN, reinforcing the in-
terdependence of all supply chain actors. By optimizing their strategies,
retailers enhance both efficiency and sustainability in decentralized pro-
duction networks.

Each retailer /,/ = 1,..., L, must determine the quantity of end prod-
uct purchased from manufacturer m, m = 1, ..., M, using transport mode
i=1,...,I,previously denoted as g,,;; € R, . The end product that can be
sold to demand market o, 0 = 1, ..., O, via transport mode i is denoted by
455 € R,. Additionally, each retailer maintains an inventory stock s, to
buffer against sudden fluctuations in demand. The presence of inventory
allows retailers to respond promptly to customer needs, mitigating the
risk of stock-outs, which may lead to lost sales or customer dissatisfac-
tion. However, excessive inventory results in additional holding costs,
creating a trade-off that retailers must carefully manage. Denoted by
s, the quantity of finished product that the supplier has in stock, the
following conservation law holds:

M oI o1
S1=§1+zzgm/i—22%n

m=1 i=1 o=1i=1

L. (45)
The above conservation law ensures that every unit of product entering
the retailer’s node (received from manufacturers and held in stock) is
fully allocated, either through sales to customers or by holding it as
residual stock. Therefore, s, can be expressed in terms of the vectors
8 = @uidm=1....m, i=1....; A 41 = G1p)o=1.....0, i=1,....I-

Retailers incur a variety of costs that influence their overall proﬁt
and sustainability. Specifically, retailer / incurs transportation costs, cm 100
M,I1=1,...,L, i=1,...,1, associated with acquiring goods
from manufacturer m via transport mode i. We observe that:

m=1,...

& = (gu). Vm=1,.M I=1,.Li=1..1I
Moreover, retailer / faces additional transportation costs associated with
delivering end product to demand market o via shipment method i, de-

noted by ¢,,;, and we assume that

&, =8 @), Yi=1,...,Lo=1..0i=1,..1I

Storage costs, denoted by ¢, represent a significant consideration. These
costs depend on the quantity of inventory held, that is:

& =a(s)=¢(g.q) Vi=1,..,L
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As in the previous tiers of the network, retailers must also consider en-
vironmental sustainability constraints, particularly regarding emissions
generated throughout the storage of end product and distribution pro-
cesses. Regulatory policies often impose strict emission limits, requir-
ing retailers to optimize transportation routes. Let ¢, = ¢&,(s;) = ¢ (gll,q,)
and ¢,,; = ¢,,;(¢;,;) be the environmental emissions associated with the
storage of end product and transporting of it to a generic demand mar-
ket o and using transport mode i, for any / =1,...,L, 0=1,...,0 and
i=1,...,1.

We assume that the above cost and emission functions are convex
and continuously differentiable with respect to their own variables.

Similar to the tier of manufacturers, retailers must address demand
uncertainty. The demand from all demand markets is subject to fluctua-
tions due to markets trends, pricing strategies, seasonality, and compet-
itive dynamics. Each retailer forecasts its procurement needs based on
expected demand, but these estimates may deviate from actual market
demand, leading to situations of overstocking or under stocking.

We note that the “projected” demand for retailer /, / = 1,..., L, at
I

demand market 0, 0=1,...,0, is Z qi0i- Let d;, denote the actual de-

i=1
mand at demand market 0,0 =1, ..., 0O, for retailer /, I = 1, ..., L, which
is a random variable with probability density function given by f;,. Let
P,, be the probability distribution function of d,, that is:

Dy,
Py(Dyy) = P(d, < Dy,) = / Fod().
0

The total stochastic demand that retailer / must satisfy from all demand
0

markets is d; = z dp,.

Given the ’ ilnherent uncertainty, retailers may experience
overstocking—when the quantity of end product owned by re-
tailers exceeds actual demand—or under stocking, where the total
stock falls short of market needs. The inefficies result in additional costs
related to storage of unsold inventory or lost sales opportunities. We
denote the overstocking and the under stocking incurred by retailer /,
I =1,..., L, related to the supply of the product to all demand markets,

respectively, by:
}, vi=1,...,L;

o I
A = max {O,Z Zq,o, +5 -
o=1 i=1
1

A = max {O,d, - <Z quoi + sl>}, vi=1,...,L.

o=l i=1
Overstocking occurs when the quantity of product sold to customers and
the quantity of product in stock exceeds actual customer demand while
under stocking occurs when the quantity of product sold to customers

and the quantity of product in stock is less than the random demand of
customers. Specifically:

(46)

(47)

e when A/+ > 0, this means that what the retailer sends to customers
plus the stocks in the warehouse exceed the actual demand, gener-
ating a surplus of product in the warehouse;

e when A7 >0, this means that what the retailer sends to customers
plus the inventory in the warehouse is insufficient to cover the actual
demand, leading to customer dissatisfaction or loss of sales opportu-
nities.

It is crucial for retailers to implement robust demand estimation
strategies to ensure timely and optimal distribution planning, minimiz-
ing the risks of overstocking and under stocking while maintaining com-
petitiveness. The expected value of Af and A} are:

o I
/zquo,+s, (;;qlﬂi“'sl—

o=l i=

[E[Al+] = t>f1(t)d(t), vi=1,...,L

(48)
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o I
[’_ (Z Z‘hm‘ +51>] fidn VI =1,... L

o=1i=1
(49)

4o O 0

fi(2) = / / Hflooo)a(z -3 >dt1 (50)
o=1 o=1

is the probability density functions of the total demand, that can be

expressed as the convolution of the probability density functions of the

individual demand components, considering that demand from different

sources is independent.

To align procurement and sales with actual demand, retailers face
penalties for inventory mismanagement. We denote by 6;" and §;, / =
1,..., L, the penalties associated with the overstocking and under stock-
ing, respectively. Hence, the expected total penalty for retailer / is:

E[57Af + 67 A7 1= 6'E[Af]+ 67 E[A7], Vi=1,.. L. (s1)

Decision variables, cost and emissions function for retailer /, / =
1,..., L, are listed in Table A.5 and Table A.6 in Appendix A.

Each retailer /, / =1,..., L, operates as an independent decision-
maker in a decentralized and competitive environment, where it op-
timizes procurement, inventory management, and sales strategies while
accounting for uncertain customer demand, transportation costs, and en-
vironmental constraints. The retailer’s goal is to maximize expected util-
ity by balancing revenues from sales against procurement, storage, and
distribution costs, while minimizing penalties associated with inventory
misalignment. The optimization problem is structured as follows:

o 1

Z Z cltm(qlf”) z Z mll(gmh

o=l i=1 m=1 i=

M T
~ 1 ~
- 2 Z m[,gmllc[ (gl ’LI[) e[(g[ s q[) + z 2 910,'(910,')
m=1 i=1

o=1 i=1

o I
max EWU) = Y ) Biosdior =
o=1 i=1

3 - z +
- 5 E[A;] - 5T E[AF]
(52)
subject to constraints:
M I
XY i+ <0 (53)
m=1 i=1
gm[iﬂqloiZO’ Vm=1,...M,0=1,..,0,i=1, 1 (54)
L 0 I
2 <5[(g11, q)+ Z z 510,‘(‘1[01‘)) <& (55)
I=1 o=l i=1

Expression (52) represents a weighted objective function that bal-
ances total expected profit derived from end product sales to demand
markets minus storage and transportation costs, overall penalties due to
over- and under stocking as well as amount paid for the purchase of end
products from all manufacturers—and total environmental emissions. In
this formulation, 5 "3" - represents the unit revenue obtained by the sale of
a unit of end product to demand market o, 0 = 1, ..., O with the shipment
method i, i = 1,..., I. Moreover, @ > 0 denotes a parameter that allows
us to express environmental emissions in terms of costs and enables dis-
tinct retailers to have different emissions in terms of costs.

Constraint (53) represents a storage capacity constraint for pur-
chased end product from all manufacturers.

Constraint (54) represents the domain of the decision variables of
retailer /.

Constraint (55) accounts for the total environmental impact of re-
tailers by aggregating emissions from transportation and storage. Since
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emissions contribute to a shared regulatory limit £, this constraint intro-
duces interdependence among retailers, making it a coupling constraint
in the Generalized Nash Equilibrium framework, as in the previous tiers
of the network.

We define the set for each retailer [, [ =1, ..., L, as:

= (i, = (g, q) € RY™OT|(53)and(54) hold}

and we denote by S the set of shared constraints, namely

S=1{y

(g'.q,5) € REMIFOD|(55) holds).

i

we define the feasible set K = H K'andk=KnS.
I=1
We refer to objective function (52) as the expected utility E(U)),

for I =1,..., L. Assuming, as stated before, that the cost and emission
functions for each raw material supplier are convex and continuously
differentiable, we can state:

Finally,

Definition 2.5. [Generalized Nash Equilibrium for Retailers] A strategy
profile * € K is a Generalized Nash Equilibrium if, for any Retailer /,
I=1,...,L,

EWU/(g" q;.8"%. 4% ) = EU,(g} . q1.8"5.9"))

vy, e Kl, vges, (56)
where

1*_( 1% 1% 1% 1*) * _(* * * *)

=8 81988 ) A =y G555 4 )

Each retailer wishes to maximize its expected utility. The above def-
inition states that no retailer, given the circumstances and the strategies
of the other retailers, at equilibrium, is willing unilaterally to change
its vector of strategies, because it may end up with a lower expected
utility. We observe that the expected utility of each retailer depends not
only on its own decisions, but also on the strategies of other retailers.
Also, their feasible sets are interconnected because of the shared con-
straints on environmental emissions. Therefore, as in the upper levels of
the network, we have a Generalized Nash Equilibrium model.

For simplicity, we now present some additional preliminaries. For
each retailer /,

aE[A+] o 1

> P Y Git+s ) Yo=1...,0 i=1, .1, (57)
410 o=1 i=1
a|E[A+] o 1

P =P Y D gt ) Vm=1 M =11 (58)
Emli o=1 i=1
JE[AT] o
—— =P Y D a+s |-1, Yo=1,...,0,i=1,...1, (59
aqloi o=1 i=1
JE[AT] o

p L =P,<22q,m-+s, -1, Vm=1,..,M,i=1,...,1, (60)
Emli o=1 i=1
and

9 o 1

(67 EIAF 1+ 6, EIA]) = &7 + 60 fi 20D s + 51 )
9dy4; o=1 i=1
Vo=1,...,0,i=1,..,1I. (61)
9 o I

(67 EIA 1+ 6 EIAT]) = 5 + )01 2 D aioi + 51 )-

08mii o=1 i=1
Vm=1,..,M,i=1,..1, (62)

Hence, it is obvious that & E[A[] + 6, E[A[ ] is convex.
As done for the Raw Material Supplier and Manufacturer tiers, we
consider the class of Variational Equilibria.
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Definition 2.6.
a Variational Equilibrium of the above Generalized Nash Equilibrium

[Variational Equilibrium] A strategy vector y* € K is

problem if * € K is a solution to the variational inequality:

S |0 ey L, 0E(g)ta)) 08 (g/*.q)) . OE[A]]
Z',; | 98w m 08 i K 08 i ° 08
&t a[E[AH] X (i — &)
1 ‘)gmu mli mli
+ii ’S'q(q.’m) (ag, 7q,> i <aégi(qjoi> . ae,((;gl ,_ql )
o=1 i=1 | loi 9i0i qi0i 9i0i
. OE[AT]  _ OE[Af] i} o
04;4; L ogy, - piw] X = i) 20 V9 € 16

(63)

We now put variational inequality (63) into standard form, that is:
determine X* € K such that:
(F(X*), X — vX e K,

X*) >0, (64)

where K is a closed and convex set.

To this purpose, we define X =y, F = (F'(X), F3(X)) and K = K,

where:
D) = oct Gm) . 0F(g).a) _ 0(g.q) . OE[A]]
ml: agmli mli agmli agmli 0gmli
. OE[AF]
St——"|. vm.Li
agmli
~ ~ 1 - ~ 1
FIQOi()'(‘) — aClroi(qlai) aCls(gl ’ ql) +a aeloi(qlm') + ael(gl ’ ql)
aqloi aqlai aqlai aqlai
_ OE[AT] _ OE[Af]
5 ! - 5|, VLo
aqlai aqloi

(65)

Under the imposed assumptions on the cost and emission functions,
we can deduce that the function F(X) defining variational inequality
(64) is continuous. Moreover, it is easy to show that the feasible set K is
compact (since constraints (53) and conservation law (45) hold). There-
fore, the existence of a solution to variational inequality (64) is guaran-
teed by the classical theory of variational inequalities (see Kinderlehrer
and Stampacchia (1980)).

2.4. Behavior at the demand markets

At the lowest tier of the network, the consumers at the demand mar-
kets, as previously mentioned, can decide to buy the finished product
both directly from the manufacturers and/or from the retailers. Their
consumption decisions depend on the price charged for the products by
the manufacturers or the retailers and on their transaction costs associ-
ated with obtaining the product. Moreover, we recall that the demands
at the demand markets are aleatory for the higher levels of the network.

We assume that demand at the final market level (i.e., from end cus-
tomers) is known with certainty, in contrast to the intermediate levels
(e.g., retailers and manufacturers), where demand is modeled as stochas-
tic. This modeling choice is grounded in both empirical evidence and
structural considerations. First, in many mature industrial contexts, such
as manufacturing, pharmaceuticals, and the automotive sector, histori-
cal demand data from end customers are abundant, granular, and highly
reliable, owing to the widespread use of advanced monitoring systems
and predictive analytics. Second, in several B2B settings, demand is de-
termined through binding supply contracts that stipulate fixed volumes
or minimum delivery thresholds. Such agreements significantly reduce
uncertainty and justify the adoption of a deterministic representation
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of demand at the final tier. This approach improves computational effi-
ciency while preserving the model’s structural validity.

Let é,,; and ¢, be the unit transaction costs associated with con-
sumers at demand market o that buy finished product from manufacturer
m and retailer /, respectively, with the shipment modei,o =1,...,0, m =
,...,.M,I=1,...,L, i=1,...,1. To express the fact that these costs de-
pend both on the amount of product obtained from all manufacturers
and all retailers of the network, we assume that:

At

o o=é (glhg, VYm=1,...M,0=1,...,0,i=1,..1

b =elghe Vi=1,..,Lo=1,..,0,i=1,..,1I

Let p‘;m and p‘;’ be the price of the product that consumers at
the demand market o are willing to pay to buy finished product
from manufacturer m and retailer /, respectively, and we group these
quantities into the vectors j* = 0 €RMO and p* =
Bl i=t.....Lom1....0 € REC
To better describe the competition among demand markets, denoting
by d, the request for the product at the demand market o, we assume
that such a demand depends on the whole vector (5*, 5*) € RE(M“). As
a result, the demand in each market depends not only on its own price,
but also on the prices set in the other demand markets. Hence,

(P,na)m 1,....M,0=1,...,

M L
dy= Y dpo(Fny) + D dio(1) = d,(5* ), Yo=1,...,0.
m=1 =1
Therefore, when purchasing the product from a manufacturer, con-
sumers at the demand markets incur both the manufacturer’s selling
price and the associated transportation costs.
Hence, we have the following Definition for the equilibrium condi-

tions.

A

Definition 2.7. A vector (gl*, ¢*, p¥, pt*) € RMIALIAM+L

is an equilib-
rium for consumers at the demand market o if the following conditions
hold:

_
e =p¥ if g¢ >0

B+ Ep (80 m=1,.. .M, 0=1,..,0i=1..1I,
meo if gmm =0
(66)
=5 if ¢* >0
Bralgign] T Vi=liLoo=1....0i=1 .1,
P *
2 py, if g, =0
(67)
and
I
:ngw if p ‘4* >0
dpo(Bp)y 7! . Vm=1,..,M,0=1,...,0, (68)
S gmm lf _4* =0
i=1
I
~dx
qum if plo >0
a7 . V=1, Lo=1,..,0. (69)
~4x
Z plo =0

Condition (66) states that consumers at the demand market o buy
from a manufacturer m if the sum of the manufacturer’s selling price and
the transaction costs (incurred by the consumers) is equal to the price
that the demand markets are willing to pay. Otherwise, the consumers at
the demand market o decide not to buy from the specific manufacturer.

Condition (67) is analogous to the previous condition for each re-
tailer (and each shipping method) and the demand market o.
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Condition (68) expresses that, if the price imposed by the consumers
at demand market o for purchase from manufacturer m is positive (and,
hence, a purchase has been made), the quantity purchased by the con-
sumers at the demand market o from manufacturer m is equal to the
demand.

Finally, condition (69) is analogue to condition (68) but for the pur-
chase from retailer /.

The equilibrium conditions (66)-(69) for customers at all the de-
mand markets simultaneously are generalizations of classical spatial
price equilibrium conditions due to Samuelson (1952) and Takayama
and Judge (1971) amd are characterized by the following Theorem (see
Dafermos and Nagurney (1984), Nagurney (1993) and Wardrop (1952)).

Theorem 2.1. A vector y* = (g!*,q!*, 5%, 5*) € K satisfies the equilib-
rium conditions (66)—-(69) if and only if is a solution to the variational in-
equality: find y* € K such that:

M O 1
A -4
Z [pmm + c:nm(g *] X (gmm - gjno[)
m=1 o=1 i=1
L O I
M ~4-

+ 20 2 2 [ + (e 4 = 7] X i = )

I=1 o=1 i=1

oOMTII 70

4 4 4

+ Z |:Z |:Z gjnai - dﬂm(prr:z):| :| X (pmo - pmn)

o=1 [m=1 [i=1

o L I
+Y [Z [ Gy — d,o(ﬁj‘:)” X (5, = A 20, Vi €K,

o=1 |I=1 Li=1

S OMI+LI+M+L
whereK:=R+( HLIAMAL)

Variational inequality (70) represents the equilibrium for all demand
markets simultaneously. The solution gives the equilibrium amount of
product that customers at each demand market o = 1,...,0 buy from
manufacturers (g;*) and retailers through each shipping method ((q;*)).
Moreover, the solution gives the equilibrium prices that each demand
market (2%, 54).

Variational inequality (70) can be put into standard form, that is:
determine X* € K such that:
vX ek,

(FQX"H,X-X*) >0, (71)

where K is a closed and convex set.
To this purpose, we define X =, F
and K = K, where:

= (F1(X), F2(X), F*(X), F*(X))

Bl (X)) =

o Vm,o,i,

[ mol + Cmol(g q) pmo ’

X =B, +el & -5, Vioi

I oi

I
Fr?lo()?) = |:Z 8moi — dmo(ﬁi,o):| , Vm,o;
i=1

I
FrX) = [Z dioi = dlo(ﬁfo)] , Vo
i=1

Under the imposed assumptions on the cost and demand functions,
we can deduce that the function F(X) defining variational inequality
(71) is continuous. Moreover, assuming a coercivity condition on vec-
tor function F, the existence of a solution to variational inequality (71)
is guaranteed by the classical theory of variational inequalities (see
Kinderlehrer and Stampacchia (1980)).

3. Comprehensive variational formulation

In this section, we present a unified variational formulation that en-
compasses the entire FVPN, consisting of the raw material suppliers, the
manufacturers, the retailers, and the demand markets.

To ensure consistency across the network tiers, the quantity of raw
materials supplied by supplier » (via shipping method /) to manufacturer
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m must coincide with the quantity received by manufacturer m from sup-
plier n. Therefore, the optimal solution (x7 ., y* ) to variational inequal-
ity (13) must be the same of variational inequality (42). Likewise, the
quantity of product shipped by manufacturer m (via shipping method i)
to retailer / must equal the quantity received by retailer / from manufac-
turer m. Consequently, the optimal solution g = that solves variational
inequality (42) must also satisfy variational inequality (63).

A similar correspondence holds for the quantities exchanged be-
tween manufacturers and demand markets: the optimal values g . ap-
pearing in (13) and (70) must be equal.

Similar considerations can be deduced for the quantities transacted
between retailers and demand markets layers, that is g; , appearing in
variational inequalities (63) and (70).

Therefore, a global solution for the full FPVN can be obtained by
solving a single variational inequality resulting from the aggregation of
variational inequalities (13), (42), (63) and (70). This comprehensive
formulation ensures coherence across all tiers and formally captures the
inter-tier agreements. The following definition provides a formal state-
ment of this unified approach.

Definition 3.1. An equilibrium state of the presented FVPN is reached
if the flows between the tiers of the network coincide and the product
shipments and prices satisfy the sum of the conditions (13), (42), (63)
and (70).

The following result represents a variational inequality formulation
of the governing equilibrium conditions according to Definition 3.1 (see
Colajanni et al. (2023) and Nagurney et al. (2002) for the proof). It pro-
vides a unifying characterization of the equilibrium of the entire FPVN
and guarantees that the individual optimality conditions of each agent,
together with the feasibility and coupling constraints (including envi-
ronmental ones), are satisfied simultaneously.

Theorem 3.1. A vector (x*,y*, x!* y* gl* g2* ¢* 5™ 5*) e K is an
equilibrium state of the FVPN according to Definition (3.1) if and only if
such a vector is a solution to the variational inequality:

Find (x*, y*, x1*, y!* g1* ¢2* ¢*, p**, 5*) € K such that:

N R [ 3
acnlr(x:r) + acr‘tir(xﬁr’ y:r’ xrll: ’ y::) +a ae:w(xﬁr)
n=1r=1 | axnr axnr " axnr
€8 (Xs Vs Xprs Vir)
T T T e X (x. —x*
0x,, X = X,)
N R [5.2 i d oy % e e le D
+ Z Z acnr(y:r) acﬂr(ynr) acnr(xnr’ ynr’ an, ynr)
n=1r=1 | aynr aym‘ aywr
dey (i) 0eh (X3 Ve X%, %)
+a nriTae? et Tar? T Tar? Znr X (3, — y* )
n( aynr dy,, nr nr
N R M 1t * d * e S B 1 *
de ! (x* ) 0dct (xEL,yE L x ) de (x* )
+ nrmi 2 Tnrmi” o ee et Tar? Tar? Tar o nrmi " nrmi
,; ; mgl ; |: aanmi aanmi " axnrmi
d (% 3 JES =1 £ ¥ = *
+ aenr(xnr’ y:r’ xn:’ yn:) + 0Cms (x:n’ ym) + ac:lrmi (x:rmi’ ynrmi)
axmmi axnrmi axmmi
X Xppmi = X i)
N R M I 2t 3 d 1 1 2 #
+ Z Z Z Z aCnrmi(y:rmi) + aCnr('x:r’ y:r’ Xn:(’ yn:) +a aenrmi(ynrmi)
el =1 mel im1 OV prmi OY primi " OY prmi
d * * 1 1 =1s * * =i s
226 Vi X V) \ 98 O V) i i Vi)
aynmi 0yr1rmi aynrmi
X Vprmi — Y:r,,,,-)

M L T =25 * * P * = ~
LSS [ | ) (O | O
=l =1 =1 08 i 08 i 08 i 08 i
S OEIAL] JOEIAN) 0 (e 05 a) dats!a)

" 08 " 08 08 i 08 mii 98 i
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JE[A]]
08ii

-, OE[A]]
1 ag

] X (&mii = &p1i)

mli

ac_r]t;oi (gjnui)

[ac'f:<g;*, g2 ) (ae‘m<g}:, g2 ae‘fw,(g;;o,)>
+ @, +

=l o=l i=1 08 i 08 moi 08 i 08 i
_OE[A]] OE[Af] . e .
. o +6,(8". 0" - pi;o] X (Zmoi = Emor)
08 moi 08pmoi
L O 1 ~t * ~S 1% * 5 * ~ | Eqp
a¢,(q;,)  0¢/(g,".q)) 08,,(qy,,) 088", q)
+ Z Z Z loi “l10i + 1351 1 +é loi \]oi + 135] 1
1=1 o=1 i=l aq/ui aqloi aqlni dqloi
. OE[A7]  _ OE[A]]
- + 1 AT (1% % ~dx %
+el (g, q") — X (Groi = 4.,
oa, ' oan (875 = by | X (G101 = d1,)

+
™M
M=

1
|:Z g:wi
i=1

I
[Z Ay ~ d!o(ﬁ?:)H X (B) =) = 0,¥(x,y.8'. g% 4.0 p") € K,
i=1

; dmwzpﬂ (= 7

m=1

(72)

where the feasible set

:=Kn K n K n K C R%rNR+2NR1+MLI+MOI+LOI+MO+LO. (73)

Variational inequality (72) can be put in standard form, as follows:
find X* € K such that:

(F(X),X —X*)>0, VXEK, 74)

were:

® F(X) = (F%X)),=. o is a vector function with

1 _ rl 2 _ 2
Fl @)= FL@X), F2(X)= F2(X), Vnr
representing the (n, r)-th component of 7! and F?2, respectively;

Fo)=F (X)+F (X),

. . . Vn,r,m,i,
nrmi nrmi nrmi

representing the (n, r, m, i)-th component of F3;

Fh o) = (X)+ F}(X),

nrmi

Fv4

nrmi

F*

rmi Vn,r,m,i,

representing the (n,r, m, i)-th component of F*;

F3 X)) =FL () + FL (X)), Vm,1i,

mli mli

representing the (m, /, i)-th component of F;

Fé (X)=F2 (X)+F! (X),

moi

ﬁ-l

moi

> )
Foo: Vm,o,i,

representing the (m, o, i)-th component of F9;
FLX) = FLX) + FL(X), Vlo.i,
representing the (/, o, i)-th component of F7;
F8(X)=F2 (%), Vm,o,

representing the (m, 0)-th component of 73;
FoX) = FX), Vo,

representing the (I, 0)-th component of 7?;

e X is the 2NR+2NRI+MLI+ MOI+LOI+L+ MO+ LO-
dimensional vector given by X = (x, y,x',x2,g', g2, 4. 3%, 5*).

We now provide the following theorem, representing an existence
and uniqueness result for the solution to variational inequality (72), or
variational inequality (74), for whose proof we refer to Kinderlehrer and
Stampacchia (1980) or Nagurney (1993).

Theorem 3.2 (Existence and Uniqueness). Under the imposed assump-
tions on all cost and emission functions, variational inequality (72), or equiv-
alently (74), admits at least one solution. Moreover, if the operator of the
variational inequality (74) is strictly monotone, that is:
(FEHY-FP@H,x —x%y >0, vxl . xatek, x'#a%

then the solution X* € K to variational inequality (74) is unique.
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Fig. 2. Flexible production value network for the numerical simulations.

4. Numerical simulations

In this section, we present two different illustrative simulations de-
signed to highlight key features of the proposed FVPN model and eval-
uate its practical effectiveness.

We report the numerical results for a flexible production value net-
work consisting of two raw material suppliers, two manufacturers, three
retailers, and three demand markets, as shown in Fig. 2. We also take
into account two different shipping methods to transport goods between
the levels of the network. In particular, we assume that one of the ship-
ping methods is high-emission (that is, the conventional transportation
method), denoted by i = 1, while the other one consists in electrical
and/or low-emission means of transport, denoted by i = 2, and, hence,
is environmentally friendly.

The numerical examples are based on synthetic but realistic data de-
signed to illustrate the behavior of the proposed FPVN model under
heterogeneous environmental and operational conditions. All cost and
emission coefficients have been generated within plausible industrial
ranges consistent with previous works on supply chain equilibrium mod-
els ((Nagurney, 2006; Nagurney et al., 2015)). In particular, quadratic
cost coefficients reflect increasing marginal costs of production and
transportation, whereas linear emission terms capture proportional en-
vironmental impacts across transportation modes and production tiers.

The capacity limits, penalty parameters for over- and under-
production, and environmental thresholds were calibrated to ensure that
equilibrium solutions are feasible and non-trivial. Demand functions
were specified as decreasing linear functions of price, with stochastic
perturbations modeled through a normal distribution. All data are re-
ported in Section 4.1, and the corresponding parameters are dimension-
less, serving purely illustrative purposes. This setting enables full repro-
ducibility of the results while maintaining generality of the conclusions.

In the first numerical simulation, we consider a single type of raw
material, i.e R = 1. In the second, we consider two different types of raw
material.

The results of all the simulations are computed by solving the vari-
ational inequality given in the previous section using the Euler method
(see Dupuis and Nagurney (1993)). The adopted Euler iterative scheme
is a standard approach for solving variational inequality problems. Con-
vergence is ensured under the classical assumptions of continuity and
monotonicity of the mapping F(x) and convexity of the feasible set K,
which are satisfied in the proposed FPVN model. We implemented the
algorithm in Matlab on a MacBook Air equipped with an Apple M1 chip
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(8-core CPU), 8 GB of memory, running macOS 15.3.1. The calculations
were implemented in MATLAB R2023b.

4.1. Example 1: a single type of raw material

As discussed before, in this preliminary simulation, we assume that
each supplier is capable of providing only a single type of raw material.
For the sake of notational simplicity, in displaying equilibrium solu-
tions, parameters, cost and emission functions, we will omit the index
corresponding to the specific type of raw material supplied.

This simulation consists of 77 variables and the equilibrium solutions
are obtained in 180 s.

We assume that the typical cost function ¢, depending on the variable
x, has a general quadratic expression, as follows:

c(x) = a1x2 +ayx,

with a; > 0 and a, > 0. Observe that in the previous section we assumed
that all the cost functions are continuously differentiable and convex and
the choice of such an expression and parameters satisfies such assump-
tions. Moreover, we assume linear emission functions, with a generic
expression

e(x)y=yx, y>0.

The parameters, a;,a, and y of the cost and emission functions used
in the numerical simulations are reported in Tables B.1 and B.2 in Ap-
pendix B.

The parameters for suppliers, manufacturers, retailers and demand
price functions are reported in Appendix B.

The computed solutions are reported in Table 1. These results, de-
rived from the proposed multitiered game theory framework, shed light
on the operational and strategic behavior of the agents within the flex-
ible production value network. To better interpret the non-cooperative
dynamics embedded in the model, we examine the optimal decisions at
each tier of the FPVN.

4.1.1. Analysis of raw material suppliers’ optimal solutions

The values of x; and y; in Table 1 and Fig. 3(a) represent, respec-
tively, the regular and additional production levels for each of the raw
material suppliers. The results show that Supplier 1 has a regular pro-
duction level of x} = 63.14 and an additional production of y; = 18.68
for a total output of 81.82 units while Supplier 2 exhibits a regular pro-
duction of x7 = 31.10 and an additional production of y} = 11.30 totaling
42.40 units.

These results highlight that both producers engage in additional pro-
duction, indicating that the aggregate demand across markets exceeds
the capacity covered by regular production alone. The use of additional
production for both producers is a direct consequence of the stochastic
nature of demand in the model, which requires a flexible response to
uncertain market conditions.

Despite having a significantly higher regular production, Supplier 1
still activates 18.68 units of additional production, suggesting a need to
satisfy either unexpectedly high demand in certain markets or shortfalls
in downstream distribution. In contrast, Supplier 2, whose regular pro-
duction is lower, relies even more heavily on additional production in
relative terms, approximately 36 % of its regular output, compared to
about 29 % for Supplier 1.

This behavior reflects the model’s ability to dynamically allocate ad-
ditional production based on system-wide needs and local inefficiencies,
consistent with the flexible production framework developed in this pa-
per. The use of additional production capacity, despite its higher cost, is
essential to ensure supply-demand equilibrium in cases where standard
production falls short.

We finally observe that, as shown in Fig. 3(b), all the raw material
produced by the suppliers, both regular and additional, is fully allocated
to the manufacturers. This outcome is primarily driven by economic
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Table 1
Algorithmically computed optimal solutions for Example 1.
X x} x5
Optimal Values 63.14 31.10
Y il Y
Optimal Values 18.68 11.30
- X X2 Xl Xin i 12 X X
Optimal Values 7.04 13.61 7.45 6.86 8.46 12.70 1.27 2.09
Yomi Yin Vi Yo Vin Vi Va2 Y1 Vi
Optimal Values 7.04 13.61 7.46 18.72 5.33 9.44 1.03 2.05
& 81 8 81 8in 8131 81 & &1 &1 83 &y &
Optimal Values 0.06 19.19 10.35 13.60 7.41 3755 0 8.92 4.46 21.58 1.21 3.81
Ernoi 8in 8l 8in 8in 8131 8in & &1 &1 & &y 8w
Optimal Values 1.14 3.67 1.81 2.26 3.29 2.62 0.40 0.75 4.76 4.36 6.08 6.24
o am aip iy ain i3 a5 Dy [ Dy [ Gy Bn Gy B Ga G» G Gy
Optimal Values 7.04 1095 2.32 2.44 1.89 3.51 6.33 8.22 8.55 11.39 5.70 9.78 7.67 8.28 8.16 11.07 6.09 8.70
Prno iy I8 Pis 2 P I
Optimal Values 34.30 31.30 32.81 56.49 60.16 61.46
Pro Ay P N 7y Py s 73y Py I
Optimal Values 38.5 31.40 32.00 36.7 38.1 31.23 32.02 36.12 33.90
70 T T 80 T T
[ Regular Production [ Regular Production
[ Additional Production [ Additional Production
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Dot 2t Tnmi
Z60f 1
50 E
£ S50 1
é 40 -é
& Z 401 1
= A
£ 30 =
j=! Z30f 1
© 2
20 2
£20r .
10 10F d
0 0 s :
Supplier 1 Supplier 2 Supplier 1 Supplier 2

(a)

Fig. 3. (a). Optimal regular and additional production of suppliers (b). Optimal production and total manufacturer distribution.

and environmental incentives embedded in the network. From an eco-
nomic perspective, suppliers operate under profit-maximizing behavior
and face strictly increasing storage costs, which discourage any retention
of unsold inventory. Allocating the entire production to manufacturers
allows them to avoid unnecessary expenses and to maximize revenue.
Furthermore, the presence of stochastic demand in downstream markets
induces manufacturers to secure as much raw input as possible to buffer
against potential underproduction penalties. As a result, suppliers find
reliable and immediate demand for their output. Lastly, given the global
environmental constraint shared across suppliers, minimizing emissions
per unit of useful output becomes a collective priority. Full allocation of
available production contributes to this goal by avoiding the environ-
mental cost associated with unutilized or wasted resources. Hence, the
complete transfer of material from suppliers to manufacturers emerges
as a rational and optimal outcome within the networked production sys-
tem.

Moreover, raw material suppliers consistently favor low-emission
transport modes, reflecting the same sustainability-oriented approach
adopted by manufacturers and retailers. The substantial reliance on elec-
tric or low-polluting vehicles for raw material deliveries suggests that
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(b)

the internalization of environmental costs and the presence of emis-
sion constraints play a decisive role in shaping strategic logistics choices
throughout all levels of the network.

4.2. Analysis of manufacturers’ optimal solutions

Fig. 4(a) illustrates the distribution of manufactured quantities
across the two tiers of demand—retailers and end customers—for each
manufacturer. A key observation emerging from the plot is that the en-
tirety of each manufacturer’s production is allocated across the down-
stream nodes, with no residual stock or unassigned production. This
pattern suggests that the production planning model achieves a full dis-
patch policy, whereby all available resources are utilized to meet antic-
ipated demand, whether originating from intermediaries (retailers) or
final markets.

From a network flow perspective, such a configuration ensures
flow conservation at the manufacturing level, indicating a tight cou-
pling between production decisions and logistics. Strategically, this be-
havior may reflect a cost-optimal allocation structure under the im-
posed capacity and penalty constraints, where surplus production (i.e.,
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Fig. 4. (a). Manufacturers’ optimal production compared to the quantities of
shipments compared to the expected demand.

overproduction relative to expected demand) is not stored or wasted,
but rather proactively distributed to maximize downstream satisfaction
or buffer against demand uncertainty.

This behavior aligns with the fundamental assumptions of the model,

particularly the design of the multitiered game theory framework which
emphasizes efficient resource deployment in the presence of stochastic
demand. It further supports the idea that manufacturers operate under
a dispatch-oriented policy, possibly driven by the penalties associated
with under- or overproduction, thus pushing the system toward full uti-
lization and minimal idle inventory.
As previously discussed, in order to capture the inherent uncertainty in
market and retailer demands, we modeled these quantities as stochastic
variables following a normal distribution. Specifically, for each man-
ufacturer m, we considered two aggregate demand sources: d! and
d,%‘, representing the total demand received from retailers, and the di-
rect demand from end customers, respectively. These demands are as-
sumed to follow independent normal distributions, d,’; ~ N (ykm,aim),
ie.

d} ~ N'(31,10), d? ~ N'(35,10), d) ~ N'(27,10), d? ~ N'(34,10).

Based on the optimal values of the shipped quantities we com-
pute the expected overproduction and underproduction using closed-
form expressions derived from properties of the truncated normal
distribution.

The numerical analysis and Fig. 4(b) reveal that Manufacturer 1 sub-
stantially overproduces with respect to retailer demand, leading to an
expected surplus of 57.17 units, while simultaneously underproducing
relative to final customer demand, resulting in an expected shortfall of
20.17 units. This indicates a production strategy characterized by sub-
stantial slack, possibly reflecting a risk-averse behavior or a misalign-
ment between expected and realized demand. For Manufacturer 1, con-
sidering a penalty cost associated to a unit of over- and under-production
asé; =0.5and (Sf = 0.7 the total penalty for over- and under-production
is calculated as 0.7 x 57.17 + 0.5 x 20.17, yielding a penalty of 50.10. This
significant penalty underscores the inefficiencies associated with over-
producing and underproducing beyond demand, highlighting the cost
of excessive or insufficient production that does not align with actual
requirements.

Manufacturer 2 exhibits a more constrained production behavior, with
an expected underproduction of 13 units with respect to retailer demand
and an expected underproduction of 22.62 units with respect to cus-
tomer demands, as shown in Fig. 4(b). The overproduction observed for
manufacturer 2, coupled with its underfulfillment of aggregate demand,

finished material shipped to all retailers and demand markets (b).
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indicates broader production margins but limited responsiveness to de-
mand fluctuations. Manufacturer 2, considering a penalty cost associ-
ated to a unit of over- and under-production as §; = 0.4 and 5; =0.5, in-
curs a total penalty of 0.5 x 13 + 0.4 x 22.62, amounting to 15.55. While
this penalty is smaller in magnitude, it reflects the missed opportunities
and potential customer dissatisfaction resulting from failing to meet the
required demand. The numerical results provide a comprehensive vali-
dation of the proposed model, confirming its capacity to capture strate-
gic interactions among agents in a competitive and environmentally con-
strained production network. The observed production patterns, partic-
ularly for Manufacturer 2, reveal a significant imbalance between ac-
tual demand and supply responses. Despite exhibiting a non-negligible
level of overproduction, Manufacturer 2 also suffers from notable under-
production, indicating a misalignment between forecasted and realized
demand. This dual inefficiency suggests that, while the agent operates
with sufficient production flexibility, its responsiveness remains limited,
possibly due to conservative planning under uncertainty or suboptimal
coordination with downstream actors.

In terms of environmental issues, the numerical solutions reveal
a consistent preference for cleaner transportation modes, particularly
electric or low-emission vehicles, across multiple FPVN tiers. This be-
havior emerges despite the decentralized and competitive nature of the
network, suggesting that the embedded emission costs and constraints
are effective in incentivizing sustainable choices. The observed allo-
cation patterns underscore the potential of market-based mechanisms,
such as penalty functions and environmental cost internalization, to
steer decentralized agents toward greener logistics strategies without
centralized enforcement.

4.2.1. Analysis of retailers’ optimal solutions

In this section, we extend the stochastic performance analysis to the
retailers, adopting the same methodological framework employed for
suppliers and manufacturers.

Fig. 5 illustrates the disaggregated allocations toward each demand
market compared to total availability. A key observation emerging from
the plot is that the entirety of each retailer’s availability is allocated
across the market nodes, with no residual stock or unassigned finished
product. This pattern suggests that the shipment and stoking planning
model achieves a full dispatch policy, whereby all available resources
are utilized to meet anticipated demand.

Each retailer faces an uncertain demand modeled as a normally dis-
tributed random variable with parameters estimated from aggregated
market-level data. Specifically, demand distributions are defined as
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Fig. 5. Retailers’ optimal availability compared to the quantities of finished
material shipped to all demand markets.

Table 2
Expected understocking and overstocking of retailers.

Retailer ~ Expected Understocking  Expected Overstocking
1 8.02 ~0

2 15.00 ~0

3 0 17.00

dy ~ N'(uy,6%) where

uy =36,0, = \/F), Uy = 65,0, = \/E, U3 =33,03 = \/F)

denotes the expected demand and the standard deviation for each re-
tailer.

Based on the optimal quantities g; . delivered to each market and
the absence of safety stocks s; = 0, VI, we compute the expected under-
stocking and overstocking using the standard expressions derived from
normal loss functions, summarized in Table 2. The results reveal het-
erogeneous procurement behaviors across the three retailers. Retailer
1 displays a noticeable expected understocking, while Retailer 2 faces
a substantially higher shortfall, indicating a conservative procurement
policy that potentially undermines service levels. In contrast, Retailer 3
holds an inventory that significantly exceeds expected demand, result-
ing in a large expected overstocking. This over-allocation may reflect a
risk-averse stance or strategic buffering against demand variability.

These outcomes emphasize the asymmetric risk preferences and op-
erational responses among decentralized decision-makers, and reinforce
the necessity of integrating stochastic demand modeling into inventory
planning.

Regarding environmental considerations, the computational out-
comes consistently indicate a tendency towards the selection of less pol-
luting transport options, notably electric or low-emission vehicles, as in
the previous levels of the network. This pattern arises notwithstanding
the distributed and competitive characteristics inherent in the network,
implying that the integrated emission costs and limitations are influen-
tial in promoting environmentally conscious decisions.

4.3. Example 2: two types of raw material

In this second simulation, we extend Example 1 by considering two
distinct types of raw materials, each contributing differently to the pro-
duction of the final product. This setup allows us to capture more real-
istic production dynamics in which various materials are not perfectly
substitutable and may play complementary or asymmetric roles in the
manufacturing process.
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In this new simulation, we retain the same cost structure and param-
eter values used in the previous scenario, ensuring consistency in the
comparison of outcomes. The additional cost and emission functions in-
troduced to model the two distinct types of raw materials are reported
in Table B.3 in Appendix B.

To account for the different contributions of each type of raw mate-
rial to the production process, we introduce the parameter g,,,, which
represents the quantity of raw material of type r required by manufac-
turer m, supplied by supplier n to manufacture one unit of the final prod-
uct, n=1,2, r=1,2, m = 1,2. This parameter reflects the production-
specific bill of materials and allows us to differentiate the roles of each
raw material in meeting the final demand. We fix:

Biiy =025, B1oy = 0.45, By1s = 0.75, fipr = 0.65,
a1y =038, a1y = 0.60, fryy = 0.22, fryy = 0.55.

For instance, f;;, = 0.75 indicates that producer 1, when using raw ma-
terial of Type 1 supplied by Supplier 1, needs 0.75 units of that ma-
terial to produce a single unit of output. This implies a relatively high
transformation efficiency, since less than one unit of input is needed
per unit of output. Conversely, a higher value such as f,,, = 0.60 still
denotes high efficiency, but slightly lower compared to other combina-
tions (e.g., #;;; = 0.25), which indicate even better material utilization
in the production process.

The equilibrium solution is reported in Table 3. This simulation
consists of 97 variables and the equilibrium solutions are obtained in
273.84 s.

The solution indicates a non-uniform distribution of raw materials
across the network, highlighting how the g,,,,-parameters shape pro-
curement and transport strategies. To assess how the model allocates
raw materials in relation to their transformation efficiency, we examine
the equilibrium values of the decision variables x; . and y; ., which
represent the quantities of raw material type r delivered from supplier n
to manufacturer m through mode i. These are compared against the cor-
responding values of the parameter ,,,,, which quantifies the amount of
raw material required to produce one unit of final product. The results
are displayed in Table 4.

Table 4 shows the ranking of supplier-manufacturer-material com-

binations based on the values of f,,, and the corresponding total allo-
2

cated quantities Z(x* +y*

~+y* ). The results confirm a clear inverse
nrmi nrmi

relationship betV\;e(Ien B.mr and the amount of raw material allocated
in the optimal solution. Specifically, the most efficient combinations
(those with lower g, values) are consistently assigned higher quanti-
ties. For example, the combination (n = 2,m = 2,r = 1), with the lowest
B.mr Value of 0.22, receives the highest allocation (44.64 units), while
the least efficient combination (n = 1,m = 1,r = 2), with g,;, =0.75, is
allocated only 12 units.

This trend demonstrates that the model effectively captures and
leverages transformation efficiency as a key driver in supply chain op-
timization. The allocation decisions are not random, but clearly influ-
enced by the relative productivity of each supplier-manufacturer pair,
in line with the goal of minimizing input requirements and system-wide
cost. Moreover, the results show a clear consistency between optimal
resource allocation, production efficiency, and environmental interest.
Particularly, by comparing the emission coefficients associated with the
variables x,5,;, ¥300; and xp,1;, ¥391;, for i = 1,2, which are identical, it
becomes evident that the model tends to favor combinations with lower
B.-m values. This implies that, when the environmental impact per trans-
ported unit is held constant, production is preferentially allocated to the
most efficient suppliers. As a consequence, the overall quantity of raw
material required is reduced, leading to a lower level of transport-related
emissions.

To contextualize our findings, we compared the outcomes of the pro-
posed FPVN-GNE model with those suggested in related studies. When
we disable additional production capacity and assume homogeneous
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Table 3
Algorithmically computed optimal solutions for Example 2.
X Xy X X1 »
Optimal Values 54.49 54.76 20.98 40.93
Y LTI N (%
Optimal Values 16.21 1991 9.63 11.91
i T Y Yo Yz Y Y Y Y Yo Y Yha Y %an Ymip You Yon
Optimal Values 6.97 13.49 0 21.75 11.34 6.54 9.55 1291 1.81 4.20 3.42 865 571 8.81 6.00 8.27
Ynemi Yin Ve Vi Y Yauo Yar Vi Y Yo Yo Yoa Yoe Yo Yo Yau Yam
Optimal Values 6.97 13.49 800 726 486 930 1288 1.80 420 343 3.08 348 6.55 575 8124
S S & & &in S & &y B Sy &yn &y &y
Optimal Values 0 10.59 2.10 5.34 281 19.14 1.66 15.98 0.21 12.90 3.36 5.96
8o Sy & & &n S & &y Hp Ly SHn &y &y
Optimal Values 1.12 3.62 1.77 223 258 325 069 103 685 7.10 890 9.81
o iy i diy i a7 i3 Dy G &y e Gy 9 Gy B Gu Ge Gy Gn
Optimal Values 2.84 2.94 3.85 4.77 3.70 6.45 2.35 2.72 3.36 4.41 213 3.62 452 523 496 6.20 3.57 5.50
It Py Py Py Py Py
Optimal Values 33.73 30.79 32.31 85.27 92.38 93.42
Plo iy Py PPy N N Py Py
Optimal Values 12.1 27.45 34.32 33.11 27.10 14.32 21.20 33.45 21.20
Table 4
Comparison of transformation efficiency g,,,, and total allocated raw material quantities.
2
Supplier n  Material » ~ Manufacturer m B, Total Allocated Quantity Z(x:m” +y,..)  Rank
i=1

2 1 2 0.22 44.64 1

1 1 1 0.25 40.92 2

2 1 1 0.38 30 3

1 1 2 0.45 29.75 4

2 2 2 0.55 28.26 5

2 2 1 0.60 24.54 6

1 2 2 0.65 18 7

1 2 1 0.75 12 8

environmental constraints, the equilibrium patterns resemble those de-
scribed in He and Cui (2023), where flexibility is limited and costs re-
main stable. Similarly, under closed-loop settings without extra capac-
ity, the results align qualitatively with Fargetta and Scrimali (2023),
in which sustainability drives decisions but adaptation margins are re-
duced. Finally, when emphasizing competition among firms while sup-
pressing regulatory heterogeneity, our results are consistent with Be-
sik et al. (2023), where product attributes dominate the equilibrium
dynamics. In contrast, when the full FPVN features are activated—
heterogeneous environmental constraints and regular versus additional
production—the simulations reveal distinctive behaviors: firms strategi-
cally exploit additional capacity at higher costs, emissions distributions
become uneven across tiers, and system-wide trade-offs between prof-
itability and sustainability emerge.

5. Conclusions

In this work, we proposed a comprehensive network-based multi-
tiered game theory framework to analyze and support decision-making
in FPVNs under conditions of decentralization, competition, and uncer-
tainty as well as common environmental regulations imposed on tiers
of suppliers, manufacturers, and retailers. The proposed model accounts
for the strategic behavior of suppliers, manufacturers, and retailers, each
acting as a rational agent within a noncooperative environment and sub-
ject to coupled economic and environmental constraints.

Through the integration of stochastic demand, nonlinear costs, emis-
sion considerations, and equilibrium conditions based on variational in-
equality theory, the model enables the derivation of equilibrium con-
figurations that reflect realistic interactions in multitier production and
distribution systems. The simulation results emphasize several key fea-
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tures: the importance of aligning production and distribution decisions
with demand uncertainty, the emergence of endogenous pricing struc-
tures, and the potential for inefficiencies such as overproduction and
underproduction, all of which are economically interpretable within the
variational equilibrium framework.

Furthermore, the analysis highlights the critical role of marginal pric-
ing, penalty mechanisms, and competition across distribution channels
in shaping optimal strategies. The coexistence of direct and indirect sup-
ply paths, and the decoupling between flow magnitude and price mag-
nitude reveal the expressive capacity of the flexible production value
network model in capturing the subtleties of decentralized supply net-
works.

Overall, this work contributes to the field of sustainable opera-
tions and competitive network optimization by offering a flexible and
robust modeling approach. However, this study has some limitations
that should be acknowledged. The proposed FPVN framework, while
capturing essential aspects of flexibility, sustainability, and competi-
tion, is built on simplifying assumptions such as convex cost functions,
deterministic representations of certain parameters, and fully rational
decision-making by agents. These assumptions facilitate the mathemat-
ical formulation and tractability of the model but may restrict its direct
applicability to real-world decision-making contexts, where bounded ra-
tionality, incomplete information, and behavioral considerations are of-
ten present. Furthermore, the numerical simulations are illustrative and
intended to highlight the main features of the framework, rather than
to provide empirical validation on industrial data.

Future research could address these limitations in several direc-
tions. A first avenue is the extension of the model to dynamic, multi-
period settings, where agents’ strategies evolve over time and adapt to
changing market conditions. Another promising line of inquiry is the
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incorporation of stochastic programming elements to better capture un-
certainty in demand, costs, and regulatory environments. Integrating
behavioral aspects such as bounded rationality, learning-based strate-
gies for demand estimation, or adaptive decision rules could further im-
prove the realism of the framework. Multi-objective formulations may
also be explored to explicitly balance cost, service, and environmental
performance over extended horizons. An interesting extension would be
to incorporate demand-side environmental awareness into the decision
processes. In the present formulation, consumers respond primarily to
price and availability, with environmental impact embedded in supply-
side constraints (e.g., emission bounds at upper tiers of the FPVN). How-
ever, in many real-world contexts, consumers—particularly in regulated
or socially sensitive markets—consider the carbon footprint or sustain-
ability attributes of products when making purchasing decisions. In ad-
diction, future research could extend the FPVN to explicitly account for
emissions generated by warehousing and storage facilities, which rep-
resent an additional source of environmental impact linked to energy
consumption and operational activities. Finally, empirical validation of
the FPVN framework with industrial case studies would provide valu-
able insights, both for refining the model assumptions and for enhancing
its managerial and policy implications.
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