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ABSTRACT

With the aim of improving our knowledge on supernova (SN) 1987A-like objects and, more in general, on H-rich SNe, we
have developed a new analytic model to describe their post-explosive evolution. The distinctive features of this model are the
possibility to evaluate the emitted luminosity and the SN expansion velocity, taking into account the recombination of the ejected
material, the heating effects due to the *°Ni decay in the computation of the recombination front position, and the presence of
an outer thin shell not-homologously expanding. In this paper, we present the model and a comparison with observations of
SN 1987A, showing that its bolometric light curve and expansion velocity are accurately reproduced by the model. We also
investigate the modelling degeneration problem in H-rich SNe and the possibility to ‘standardize’ the subgroup of SN 1987A-like
objects. Moreover, we present new Ni-dependent relationships, based on our model, which link some features of the bolometric
light curve of 1987A-like SNe (namely, the peak luminosity and its width) with the main physical properties of their progenitor at
the explosion (i.e. the ejected mass, the explosion energy, the progenitor radius at the explosion, and the amount of *Ni present
in the ejecta), showing that such relations are in excellent agreement with observations of real SNe. From our model, we also
deduce new scaling relations which may be used for estimating the main SN progenitor’s physical properties at the explosion,
once only the photometric behaviour of the SN 1987A-like object is known.
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1 INTRODUCTION

It is commonly recognized that supernova (SN) 1987A-like objects,
also known as 1987A-like SNe or long-rising Type II events, form
a subgroup of H-rich SNe having a somewhat peculiar bolometric
light curve, where a secondary maximum (i.e. after the first peak
at exposion) is observed in the place of the so-called plateau (e.g.
Turatto, Benetti & Pastorello 2007; Kleiser et al. 2011; Taddia et al.
2012; Takats et al. 2016; Singh et al. 2019; Pumo et al. 2023, hereafter
Paper I).

Although 1987A-like SNe are basically rare events (< 4 per cent
of all Type II SNe in a volume-limited sample, see e.g. Pastorello
et al. 2012), they are relevant to different astrophysical issues.
For example, SN 1987A, the prototype of the class, has been the
nearest explosion since the telescope invention and has significantly
improved our knowledge about the final evolutionary fate of massive
stars (see e.g. Arnett et al. 1989), shedding light also on the link
between the SN explosions and the morphological properties of their
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remnants (see e.g. Orlando et al. 2015). Moreover, the subsequent
discoveries of events classified as 1987A-like objects, has also
improved and have been improving our understanding of the SN
progenitor’s physical properties at the explosion (see e.g. Pastorello
et al. 2012; Taddia et al. 2016, Paper I, and references therein),
even opening ‘new’ issues about the real nature of the physical
mechanisms in action during and after the explosion following the
core collapse (see e.g. Terreran et al. 2017; Gutiérrez et al. 2020,
Paper I). Furthermore, some 1987A-like events as SN Refsdal, that
was the first gravitationally lensed SN with multiple images, have
given us important constrains on the cosmic expansion rate (see e.g.
Kelly et al. 2016; Baklanov et al. 2021).

In spite of their importance in astrophysics, there are still basic
questions to be answered on 1987A-like SNe, related to the lack
of a sufficiently accurate analytic modelling of their characteristic
secondary peak. According to the standard interpretation, this peak
is the result of the interplay between the cooling effects linked to the
expansion of ejecta characterized by a diffusion time-scale usually
greater than the one of standard Type II plateau SNe, and the heating
effects due to the decay of radioactive isotopes (primarily, the *°Ni)
synthesized during the explosion and present in the ejected material
(e.g. Arnett 1996; Pumo & Zampieri 2011, 2013). In particular,
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the ejecta expansion causes a temperature decrease that leads to
the formation of a wavefront of cooling and recombination (WCR,
hereafter), which moves inward (in mass) starting from the external
boundary of the ejecta. In this way, the WCR divides the ejecta
into two regions: (1) an inner part that is ionized, opaque, and
where the opacity is dominated by the Thomson scattering, and
(2) an outer zone that is optically thin, recombined, and where the
opacity is approximately negligible (e.g. Popov 1993, and reference
therein). Differently from standard Type II plateau SNe, during this
recombination phase, the radioactive energy released in the ejecta
of 1987A-like events by the °*Ni decay contributes significantly to
their thermal energy, holding up the WCR, extending the duration
of the recombination phase, and affecting the peak luminosity (see
e.g. Kasen & Woosley 2009; Utrobin & Chugai 2011; Pumo &
Zampieri 2013). Unfortunately, the analytic models commonly used
to describe the peak of 1987A-like SNe and, more in general, their
whole post-explosive evolution (e.g. the models of Arnett 1980, 1982;
Popov 1993) neglect the recombination and/or the heating effects
on the WCR due to the *°Ni decay. All of this prevents (see e.g.
Paper I for details): (1) a ‘tout court’ usage (i.e. without considering
the applicability limits in terms of accuracy and precision) of
scaling relations based on these models to easily infer the main
SN progenitor’s physical properties at the explosion (namely the
ejected mass M.;, the progenitor radius at the explosion Ry, and the
total explosion energy E), (2) a deeply understanding of the physical
origin of correlations involving spectrophotometric features of the
SN at maximum, and (3) an accurate modelling and characterization
of the observational features of 1987A-like SNe through analytic
models. This last point is of primary importance in the context of
on-going and future SNe surveys that potentially follow the evolution
of thousands or more SNe, as the Vera C. Rubin Observatory’s
Legacy Survey of Space and Time (see e.g. Alves et al. 2023, and
references therein). Indeed, when compared to semi-analytical or
hydrodynamical models, the analytic ones give us the possibility to
quickly estimate the parameters describing the progenitor’s physical
properties at the explosion. In this sense, they are clearly favoured
for the analysis of large SNe samples (see also Khatami & Kasen
2019) and, additionally, they could enable us to build up Bayesian
modelling procedures devoted to directly study the error distribution
of the above-mentioned parameters taking into account the model
accuracy (see e.g. Hoeting et al. 1999).

In this framework, we present here a new analytic model including
both the recombination effects and the heating ones on the WCR due
to the *°Ni decay. In addition, it is also possible to consider the effects
linked to the presence of a not-homologously expanding outer thin
shell (OTS, hereafter) that surrounds the homologously expanding
‘main envelope’ (ME, hereafter) representing the bulk of the ejecta
(i.e. 2 99 percent of the overall ejected material; cf. Pumo &
Zampieri 2011 and see Section 2, for further details). This new model
will enable us to study the physical behaviour of 1987A-like SNe,
to link their observational and physical properties, to investigate the
existence of correlations among their different observables, and also
to perform model fitting of single events.

The plan of the paper is the following. The features of the
new analytic model are described in Section 2, devoting Section 3
to the model validation. Section 4 presents the linking between
observational features and parameters describing the progenitor’s
physical properties at the explosion, investigating also the modelling
degeneration problem in H-rich SNe and the possibility to standardize
the subgroup of the 1987A-like objects. A summary with final
comments about the possible applications of this new analytic model
is reported in Section 5.
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2 MODEL DESCRIPTION

Our new model is able to evaluate the emitted luminosity and the
expansion (or photospheric) velocity for 1987A-like objects and,
more in general, for H-rich SNe having in principle any kind of
‘energetic source’ into their ejecta. The distinctive feature of the
model is the computation of the WCR position inside the ejecta taking
fully into account these source effects like, in particular, those due
to a not negligible amount of *°Ni in the ejected material. Moreover,
it is also possible to consider the effects linked to the presence of an
OTS surrounding the ME. The sole ME is essentially enough in order
to estimate the main parameters describing the progenitor’s physical
properties at the explosion with sufficient accuracy, but an OTS is
necessary to correctly reproduce all the observables at early epochs'
(see e.g. Zampieri et al. 2003; Pumo & Zampieri 2011, for further
details). The model is thus able to predict the emitted luminosity and
the expansion velocity during the entire post-explosion evolution
ranging from the breakout of the shock wave at the stellar surface up
to the nebular stage (i.e. when the ejecta has completely recombined
and its energy budget is dominated by the radioactive decays of some
iron group elements produced in the explosive nucleosynthesis).

We remark that the model adopts the same general hypotheses
used in other well-known analytical models, like those presented in
Popov (1993) and Arnett (1980, 1982), and an analogous formalism
to simplify the comparison of the results. A detailed description of the
equations, input physics, initial conditions, and numerical methods
used in our new model are reported in the Sections 2.1-2.3.

2.1 Main equations and assumptions

The ME is the spherical and homologous expanding part of the
ejecta, which accounts the bulk of the ejected material and mostly
determines the electromagnetic emission of the SN event (cf. Sec-
tions 1 and 2). The distance r of a Lagrangian particle from the
centre of the ME and its outgoing velocity v are (see e.g. Arnett
1980; Popov 1993):

r(x,t) =x R(t) and wv(x,t) =X U, (D)

where x € [0, 1], R(¢), and v are respectively the dimensionless
radial coordinate, the external radius at the generic time from the
explosion ¢ (or, more precisely, from the so-called shock breakout),
and the scale velocity of the homologous speed field. Let v be
constant, R(¢) has to linearly evolve from the initial radius Ry. Indeed,
from equations (1) one obtains

dr
dr
in which Ry is generally neglected for + much greater than the
expansion time-scale 7,(= Ry/vs; see also Paper I, and references
therein).

Assuming that the initial density of the ME is uniform and due
to the homologous expansion, the mass density has to decrease
uniformly over time according the following relation:

= Usc — R(t) = Ro + vt = vy, 2

1) = o2 (5“ 3 3)
plx, —,00R3(l)—/00 t)’

IThey are typically the first 10-30 d after the explosion, when the ejecta is
completely ionized and optically thick, the emission is due to the release of
internal energy on a diffusion time-scale, and the cooling induced by photon
diffusion is negligible because the radiation diffusion time-scale is much
longer than the expansion time-scale (see also Pumo & Zampieri 2011).
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where pg = 3Myg /4 RS is the initial density of the ME and My is
the total mass of the ME.? Taking into account equation (3), the mass
coordinate m for a shell of radius r is linked to x by the following
equation:

r(x,1r)
mlr(x, )] = 471/ p(rHr?dr’ = Mypx>. 4)
0

Also the optical opacity inside the ME k; can be described by a
function of x and ¢. In particular, to take into account the steep opacity
variation during the SN recombination phase, the ‘two-zone’ model
of Popov (1993) has been adopted. According to this model, the ME
is divided into two zones (see also Paper I): an outer transparent
region which is recombined, characterized by a negligible opacity
(i.e. k; >~ 0) and with a temperature less than the typical hydrogen
recombination temperature’s value (i.e. T < Tj,, =~ 5045 K; see
Imshennik & Nadyozhin 1989), and an inner opaque zone which
is hotter, ionized and with opacity roughly equal to the Rosseland
mean opacity k ~ 0.34 cm? g~!. The ‘jump’ sphere between these
two regions coincides with the WCR (Imshennik & Popov 1992),
whose position is time-dependent and identified by the dimensionless
coordinate x;(t). As a consequence, the opacity function can be
written as:

k x < x;i(1),

ka(x, 1) = {O x > x;(1).

Because of the deeply different physical conditions between the
opaque zone and the transparent one, the outgoing luminosity of the
ME Ly can been split into the following two terms:

LME(I) = Lop(t) + Llr(t)7 (6)

where Ly, is the outgoing luminosity from the opaque region and L,
is the contribution due to the transparent region. However for both
regions, the bolometric luminosity outgoing from a generic shell L
can be evaluated using the first law of thermodynamics, given by the
equation

oL _ p a (1 de 7
om = €m0 at(,o) o’ M
where @ is the thermal energy per gram, P is the pressure, and € is
the rate of heating per units of gram and second. In this way, Ly is
the integral of the equation (7) over the entire ME.

Inside the opaque region (i.e. for x < x;), under the radiation-
dominated approximation and radiative transport condition, the
thermodynamic state is uniquely determined by the temperature.
Indeed, the following relations are valid:

()

4mric 3(aT?)
3kp or

where c is the light speed and a is the radiation density constant. As
for the temperature, it is possible to use the relation

T(x, )" = Y (x)p(t)Ty Ry /R(1)* ©)

(see Arnett 1996, for details), where Tj is the initial central temper-
ature of the ME, and v, (x) and ¢(¢) are two functions denoting the
spatial and temporal dependencies, respectively. The subscript ‘¢* in
the v, (x) function is used to indicate that, during the recombination
phase, ¥, also depends on time because the WCR moves inward

e=aT*/p, P =aT*/3, L=

: (®)

2It is equal to the total ejected mass Mej when the OTS is not considered, and
equal to Me; — Mors S M. where Mors is the total mass of the OTS when
considering the latter (see Section 2.3 for further details).
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following the x; temporal evolution. As in Popov (1993), which
considers a strictly adiabatic expansion with the ‘radiative-zero’
boundary condition in correspondence of x;, ¥;(x) can be described
by the following adapted spherical Bessel function:

sin [7r>x/x; (1)]

Vi) = { ) e (10)

0 x > x;(1),

that, throughout the diffusive stage [i.e. when the temperature is too
high for the formation of a recombination front and, consequently,
x;(t < t;) = 1], becomes time-independent (like to constant opacity
models; see e.g. Arnett 1980) and equal to [sin(;rx)]/(;rx). Once de-
fined the temperature through the relations (9) and (10), considering
the purely temporal term of the temperature evolution profile ¢(t),
the outgoing luminosity from the WCR, derived by the last of the
equations (8), can be rewritten as [see Appendix A for the complete
demonstration and, in particular, equations (A1)—(A3)]

Ej,
Lop(t) = L(x;,t) = T o) x; (1), (11)
where
My Ok Mg
EY} = Elh(0)=/0 é(m,0)dm and t; = 3ok, (12)

are, respectively, the total initial thermal energy and the diffusion
time-scale (cf. Paper I). The cooling rate of the ME, which is
described by the ¢ function, is linked to the physical conditions
of the ejected material, that significantly changes when passing
from the diffusive phase to the recombination one (see e.g. Pumo &
Zampieri 2011, and reference therein). In particular, the ¢(¢) function
transforms when L, becomes equal to the luminosity of a blackbody
(BB, hereafter) with temperature 2'/4T;,, (see Imshennik & Popov
1992). This marks the beginning of recombination phase #;, which
corresponds also to the last epoch for which the ME is totally ionized
and x; is equal to 1 (see also Popov 1993). As a consequence, the
relation
EO
Loplts) = 71 @(t) = 2macR1)Ty, (13)

is valid and the ¢(#) function has to change according to the next two
considerations:

(i) during the diffusive phase (i.e. for ¢ < t;), the ME presents a
uniform opacity as in the model of Arnett (1980) and x;(#) is kept
equal to 1 because the WCR position has to coincide with the ME
outer boundary, so

dx,-

and x;(1) = o =0; (14)

(ii) throughout the recombination phase (i.e. for # > ¢;), the WCR
moves inwards and, similarly to Popov (1993), L,(?) evolves as a
BB with radius R;(¢) = x;(t)R(t) and constant temperature 2'/4T},,
(see also Zampieri 2017), so

t <t — X,‘([):l

Lop(t) = 2macR* ()T}

r=1 - ion*® (15)

Considering both these conditions (14) and (15), the behaviour of
¢ can be derived [see Appendix A for the complete demonstration
and, in particular, equations (A7) and (A9)] and, as a consequence,
using relation (11) the complete time evolution of L, can be written

as

ES, ' 2,2 22
—h 4 St/d(e‘ /’a)]e’/’a t<t
Lop([) — [ ty fO ( ) i , (16)
ZJTacvschiﬁn x?(z‘)t2 >t
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in which t, = /21,1, is the characteristic luminosity time-scale for
models with constant and uniform opacity (see also Paper I), and

MmE 1
S() = / edm = Mys / &r, 1’ (17
0 0

is the total heating energy rate at time 7. As in Popov (1993), #; is set
to keep ¢ continuous in time [see Appendix A for further details and,
in particular, cf. equation (A11)], but the beginning of recombination
in our model is delayed because the energy contribution provided by
S(t) in equation (16) increases the ME internal energy,® according to
a mechanism analogous to the radioactive diffusive model of Arnett
(1982). However, differently from this latter model, the presence of
a WCR is considered and, in addition to what done in Popov (1993),
the WCR evolution is derived considering the effects of extra heating
mechanisms inside the ME as the presence of radioactive nuclei
like the 3°Ni. In particular, the x; time evolution has to satisfy the
following differential equation [see Appendix A for further details
and, in particular, equation (A10)]:

d 12 Si(1)
2 2 _ N . _
g [z (xi + 3%)} =" Wit x(@) =1, (18)

where L, is equal to 2wacvi2T and S;(t), described by the
relation

Mi=m[r(x;,1)]
Si(t) = / édm, (19)
0

is the heating energy rate inside the whole opaque region (see
Section 2.2 for more details). Note that both the WCR evolution and
the brightness emerging from the opaque region can be computed
only when the source functions (S and S;) are known.

In the transparent region (i.e. for x > x;), assuming a quick and
local thermalization for the radiation emitted by the heating sources,
the outgoing luminosity is only due to the heating term (see e.g.
Zampieri etal. 2003). In fact, equation (7) withe = P =~ ( conditions
turns into

Mmg
L) = / édm = S(t) — Si(1). (20)
M;

According to all the hypotheses described up to here, besides the
dependence on the source terms, Ly depends on six free parameters:
Ry, vy, Myig, k, Tion, and E&, where vy, can be substituted with the
kinetic energy of the whole ME E}, since the relation

E 1/MME 2(m)dm = — 2 OE )y
~ — v (m)ydm = — v Ve X4 ——
T2/ 107 METse 3Mye

is valid. Considering the typical values of k and Tj,, appropriate
to type II SNe (i.e. H-rich SNe like type II plateau SNe and SN
1987A-like objects) and adopting similar values of k and Tj,, for

3Moreover note that the beginning of the recombination can be esti-
mated through the relation #; >~ ta/\/ﬁ with A’ =L,/L/,, where L, =
2racviilTd, and Ll = (EQ/ta) + [y S(tan/s))e*' ds’. A similar relation
is also valid for the model of Popov (1993) and was originally derived by him
[see relation (25) of Popov (1993)]. However, since no extra heating mecha-
nisms are considered in this model, the second term of L’d is equal to zero and,
consequently, A’ is larger and the beginning of recombination comes before
compared to what happens in our model with equal modelling parameters
(see also Fig. 2). On the other hand, #; o Ré/z X /1 4+s(S, E, Ry, MME)
remains proportional to R(l,/ 2, as in equation (25) of Popov (1993), since the
s function (i.e. the ratio between the second and the first term of L/;) contains
only the second order dependencies linked to the source mechanism.
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all SNe of this type, the free parameters reduce to four (namely,
Ry, Myig, Ex, and Ey,). Moreover, taken into consideration that the
initial thermal energy is generally approximated to half of the total
explosion energy E which, in turn, is entirely converted into kinetic
energy after the expansion time (i.e. E, ~ 2E{ ~ E; see e.g. Arnett
1980), the independent modelling parameters affecting Ly further
reduce to three (namely, Ry, Mug, and E). However, as described in
Section 2.2, other parameters can be necessary to correctly describe
possible extra energy sources.

2.2 Radioactive decay of °Ni and source functions

Among the possible extra energy sources, the released energy by
the radioactive decay of *°Ni is the main heating mechanism during
the post-explosive phases of SNe similar to SN 1987A (see e.g.
Pumo & Zampieri 2011). In particular, the nuclear decay chain
3Nj—3Co—3%Fe releases an amount of energy per gram and
second given by the following relation:

t
€(t) = €son; €Xp <— )
T56Ni

€56 T56 t t
40 exp [ — —exp | — , (22
Ts6co — TS6Nj T56Co T56N;i

where €s6y; (set to 3.88 x 10'% erg g=' s7!) and essc, (set to 7.03 x
10° erg g~! s71) are, respectively, the specific energy rate released
by the decay of the *Ni and **Co nuclei, and Tsoy; (set to 7.6 x 10°
s~ 8.8 d) and Tse, (set t0 9.6 x 10% s> 111 d) are their decay times.
Moreover, assuming that the energy mass density €(¢) is spatial-
independent, € can be rewritten as

€(x, 1) = E(x)e(), (23)

where £(x) is a function containing the spatial information about the
6Ni mass fraction distribution inside the ME.

Under the above-mentioned hypothesis of quick and local ther-
malization for the radiation emitted by the heating sources (cf. Sec-
tion 2.1), the effects of non-local trapping and leaking of the gamma
radiation due to *°Ni decay are not considered.* So the total heating
energy rate S becomes

Mwve
S@t) = / E(m, t)dm = My;e(t), 24)
0

where My; is the total mass of °Ni initially present inside the ME
that, in all respects, represents another independent modelling param-
eter affecting Lyg in addition to Ry, Myg, and E (cf. Section 2.1).

As for the other source term S;, it depends on the spatial
distribution of the radioactive elements and the angular emission
distribution of the thermalized radiation.

In particular, the following three spatial distributions are consid-
ered for the 3*Ni mass fraction:

“4For Type II SNe, these effects are usually negligible, at least until the end
of the recombination phase or beyond, being able to become sufficiently
appreciable only at very later times when the ejecta density is sufficiently low
that the optical depth to gamma rays throughout the ejecta is no longer > 1
(see e.g. Zampieri 2017). This is also confirmed by observational evidences
linked to the gamma emission from SN 1987A, for which the gamma flux from
the decay lines of >°Co is observed to rise distinctly above the background
only about 4-5 months after the explosion, during its radioactive tail phase
(Matz et al. 1988; Leising & Share 1990). On the contrary, non-local gamma-
ray trapping and leakage may be significant for other classes of events, such
as Type IIb or Ib/c SNe (e.g. Nagy et al. 2014).
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Figure 1. Behaviour of the function (MNi/Mej)’lé(x) in the entire do-
main x € [0, 1]. Shaded regions under the HAR and EXP profiles contain
95 per cent of whole Ni mass.

(i) the ‘Ni harmonic distribution’ (HAR, hereafter) given by the
relation

2Myi 4
Ex) = 3MMEx .
In this configuration, My; is distributed according to an harmonic
profile and, consequently, is weekly confined® (see also Fig. 1);

(ii) the ‘Ni box distribution’ (BOX, hereafter) for which the
relation

(25)

My .
N {O for x > x, 26)

Ex () = Mijx? N1 for x < x.
is valid. In this configuration, My; is uniformly confined within
a sphere of radius R.(t) = x.R(t), with x. being a coefficient
representative of the so-called **Ni mixing (e.g. Young 2004). This
coefficient is set to 0.45 in order to have a °Ni spatial distribution
as similar as possible to the one adopted in other models reported
in the literature like, in particular, those calculated with the code
described in Pumo, Zampieri & Turatto (2010) and Pumo & Zampieri
(2011), that have been used to further validate and test the new model
presented here;

(iii) the ‘Ni exponential distribution’ (EXP, hereafter) defined by
the relation

)= Miy N EAY 2
éxf(x - M. dens €XP [ —Kmix (XC) ) ( )

€)

where kpix and kgens can be fixed using normalization conditions.
Indeed, considering a sphere of dimensionless radius x, into which

SFor H-rich ejecta with very poorly confined °Ni, the effects of non-local
trapping and leaking of the gamma radiation could be not negligible prior
of reaching the radioactive tail phase (cf. note 4), because the assumption
of complete thermalization of the radioactive energy may not hold in the
outermost regions of the ejecta (i.e. those located within about 5-10 per cent
of the outer radius of the ejecta). However, considering that in the ‘HAR’
case about 10-20 percent of My; is in these outer layers, the fraction of
non-thermalized gamma-rays does not exceed 2.5-5 percent up to the LC
peak and 10-20 per cent at later phases around the end of the recombination,
making the effects of non-local trapping and leaking of the gamma radiation
essentially not appreciable (see also Section 4.2 for further details).

Long-rising SNe: a new analytical model — 227

is confined 95 per cent of My;, the distribution coefficients have to
satisfy the equations

kmix
fmi © 0.05kmx = 1 —0.95 x [e“*'/xb] (28)
and
- kmix
Kgons = ———mx ity gL = SmX 29
d 1 —exp (—k(mx) x2 29

Concerning the direction of the thermalized radiation, the follow-
ing two assumptions are used:

(1) the ‘straight outflow emission’ (SOE, hereafter), according
to which the thermalized radiation produced inside the transparent
region contributes only to the SN brightness, while the radiation
produced in the opaque region maintains hot the WCR front. So, it
is valid the relation

x; ()
Si(t) = Muee(?) / E(x)dx’; (30)
0

(ii) the ‘isotropic emission’ (IE, hereafter), according to which
the thermalized radiation produced in the transparent region, being
isotropically scattered, not only contributes to the SN brightness but
also reaches the opaque region, contributing to sustain the WCR
front. The fraction of energy reaching the opaque region depends

on a geometric factor g(x) — equal to 0.5 x [1 —/ 1= (x,«/x)z] -
which is defined as the ratio between the solid angle of the so-called
emission cone with vertex in x intercepting the sphere of radius x;
and 4. So, in this case, it is valid the relation

1
é(x)g(x)dxﬂ . (31)

x; (1)
Si(1) = Myge(r) { / E(o)dx® +
0 xi(1)

Combining all former assumptions concerning the °Ni mass
fraction distribution inside the ME and the spatial emission of
the thermalized radiation, six different types of source function
can be substituted in equation (18) (see Appendix B for further
details), resulting in as many ‘submodels’ with a different WCR
time evolution (see Fig. 2). Throughout the manuscript, each of
these submodels is identified by two labels: the first one — equal to
‘HAR’, ‘BOX’, or ‘EXP’ — refers to the adopted °Ni mass fraction
distribution inside the ME, while the second one — equal to ‘+SOFE’
or ‘+1E’ —indicates the assumption employed to describe the spatial
emission of the thermalized radiation. An additional label — equal to
‘4 OTS’ —is used to mark submodels where the presence of an OTS
is also considered, as described in Section 2.3.

2.3 OTS contribution and expansion velocity

As previously mentioned (cf. Section 2), an OTS surrounding the
ME is necessary to correctly reproduce the SN observables like, in
particular, the bolometric light curve (LC, hereafter) at early epochs.
Indeed, although the OTS mass Mors is negligible compared to My
and, consequently, essentially irrelevant to the total ejected mass M;
(= My + Mors 2, Myi), its presence increases the SN brightness
during the early post-explosive phase (see also Waxman, Mésdzros &
Campana 2007, and references therein), making its contribution in
terms of luminosity not negligible during the first ~ 10-30 d after
the explosion (see also Fig. 3).

In order to include the OTS and mimic its contribution in terms of
luminosity in our model, we add a shell of matter at the outer border
of the ME, following Waxman and coworkers for describing the
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Figure 2. WCR position as a function of ¢ for different ‘submodels’ (i.e. con-
sidering different assumptions about the *Ni mass fraction distribution inside
the ME and the spatial emission of the thermalized radiation; see the text
for further details). The modelling parameters (E = 1.3 foe, Myig = 16 Mg,
Ry = 3 x 10'2 ¢m, and My; = 0.075 M) are the same for all the submodels,
and are set equal to those inferred for SN 1987A by Orlando et al. (2015)
through the HM that uses the code described in Pumo et al. (2010) and
Pumo & Zampieri (2011) for analysing the first 250 post-explosive days of
SN 1987A. The WCR position of the model described in Popov (1993) is also
reported for sake of comparison. The vertical #;-line marks the beginning of
recombination for this model. Note that the #; value for all other Ni-dependent
submodels is about two days longer (cf. Section 2.1).

shell properties (see e.g. Waxman et al. 2007; Rabinak & Waxman
2011; Waxman & Katz 2017; Morag, Sapir & Waxman 2023, and
references therein). In particular, its initial thickness is ARy ors =

80R0,ej = 80(R0 + AROA,OTS) = (157060) Ry with 60 < 1, and the main
physical properties of the shell (like its density profile and velocity
field) are described by power-law relationships. Furthermore, since
these relations present some numerical coefficients essentially set
arbitrarily, to fix such coefficients in the most physically consistent
way as possible, we impose that initially (i.e. for + = 0) both the
density profile and the velocity field inside the whole ejecta are
continuous functions at the boundary between the ME and the OTS,
that is at R(t = 0) = Ry.

Adopting this approach, the initial density profile inside the OTS
P can be described by the following function of the ejecta mass
fraction §,, lying above Ry (see also Waxman & Katz 2017, and
references therein):

o 8\ 741
068m) = po fo 18" ~ py (—) , (32)

where 8§ =1—r/Roe, f,=28;" [with 8 =80 =Ry =1-—
Ry/Ry,j and n being an index depending on the type of energy trans-
port mechanism equal to 3 for radiative ejecta], and 821 =65,,(r = Ry)
is the whole mass fraction of the OTS which, for §; < 1, becomes

M, Mg — M, 1 R
ors 9 ME / po(r)dm r2dr
Ro

80 = = =
" My M, ¢
dr  [Roe 36
= po(r)r?dr ~ 0
Mej (1=80)Ro,¢j n+1

(33)

In this way, the relation p{,(é?n) = po is verified, and the initial density
profile inside the whole ejecta becomes a continuous function at Ry,
that is the place at which the initial density stops to be uniform (and
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Figure 3. Bolometric luminosity of SN 1987A (data taken from Catchpole
et al. 1987) and computed LCs for different submodels considered in this
work (cf. Section 2.2). The modelling parameters are the same described in
the caption of Fig. 2. For the submodel ‘EXP+IE + OTS’, the parameter
8o is put to 2.2 x 103 (see Section 3 for further details) and, accordingly,
Mors is equal to 2.7 x 1072 Mg (see the text for further details). As in
Fig. 2, the computed LC for the model described in Popov (1993) is also
reported for sake of comparison. The luminosity due to only the >°Ni decay
for Mni = 0.075 Mg is displayed as well.

equal to pp as inside the entire ME) and starts to decrease following
a power law (because the OTS begins). Similarly, also the velocity
field inside the whole ejecta can be described by a function which is
initially continuous at R, and that is a power-law relationship inside
the OTS. In particular, after the shock-breakout, contrary to the ME,
the OTS velocity field is no more homologous and the following
relation can be used (see also Morag et al. 2023, and references
therein):

/ S "
v (3m) = Vs (570) s (34)

where B = 1.19 is a numerical coefficient linked to the shock
propagation inside the OTS (see e.g. Rabinak & Waxman 2011, and
references therein), and the other coefficients have been fixed so as
to initially have continuity at R, and, as a consequence, to verify the
relation v/((S?n) = v(Ryp) = v(x = 1, t = 0) = vy. Given the velocity
profile reported in equation (34), the radial coordinate and the density
profile inside the OTS evolve over the time, respectively, as

Py 1) = V' (8t (35)
[similarly to what happens inside the ME; cf. equation (2)], and
M. dv 17!
'O t) = —— 36
PG ) = =3y {d(Sm)} 36)

(see also Waxman & Katz 2017). Inserting relations (34) and (35)
into equation (36), after some algebra one obtains the time-dependent
OTS density

NGB+
n+1

0 3
,O/(am,l‘) ~ )008,”([5/[) (5,,,)

31— 89)Bln/(n + D] \ 8,
n@3p+H+1
pO‘S?n(te/t)3 (‘Sm ) it
© 3BIn/(n 4+ D]\ 8,
As for the thermal properties, the OTS mass elements traversed
by the shock reach thermal equilibrium (see Weaver 1976) and the

(37

G20Z UdJBIN ZZ Uo Josn sjewiuy eibojolg 1p ojuswinedia Aq 06,6 108/€22/L/8ES/AI0IME/SeIUW/WOod"dNo"dlWapeo.//:Sd)Yy WOy papeojumod



post-shock temperature profile inside the OTS Tj can be written as

, 1804v2,\ *

(see e.g. Waxman & Katz 2017), where vy, is the velocity of the
shock inside the OTS, linearly linked to the OTS velocity field by
the relation

vsh = V'(8)/ fo, (39)

being f, a numerical coefficient >~ 1.71 for OTS in SN ejecta (in
particular f, = /10/3(47/3)~#/A,, where A, is another numerical
coefficient equal to 0.79; for further details see e.g. Rabinak &
Waxman 2011, and references therein). Now, assuming that the OTS
thermal evolution is adiabatic (i.e. T oc p'/3), after some algebra one
obtains the time-dependent OTS temperature

(33)

n(2p+1)+4/3

7 T2 (2} 7 40
ms> 1) = Lion— | = s
B, 1) = Tio ; (69") (40)

where 1,, is the characteristic OTS recombination time-scale given
by the following relation:

1/4
f, = 18(n + 1)**ppv2, 1" o RVA M2 E-1/45173
T 7GBn /80 f2aT, b ’
~ RY*MYEETV4s,). (41)

The OTS recombination occurs when the temperature inside the OTS
goes below T, . In this case, the position of the WCR inside the OTS
8! is such that T(8! , 1) = T, and, according to equation (40), it
evolves over the time as

4(n+1)
t \ "2FD+3
. 42)

iy — 50
Due to the low-density condition, the approximation of over-
lapping between WCR and the photosphere used for the ME
(cf. Section 2.1), could not be reasonable inside the OTS. For this
reason, to individuate the photosphere’s position in the latter case,
the optical depth 7 is first evaluated similarly to Rabinak & Waxman

(2011) as
M, Sm ds’ kM. S 45’
7,8, 1) = =28 / k, m___ KMors / "
4 /o rZ(S,’n, 1) 4 5 rZ((g;”’ 5}
t 2 Y % Sm
_ [ 5\
- ()G T ] @
81’”
where
Iph = \/(kM0T389n/4rrv§C)(n + 1)/[n2B+ D+ 1], (44)

and doing so, the photosphere is located in 82" such that 7,(82", 1) =
1, obtaining the following relation:

n+l

r\? ¢\ AaoAensas | G
8ty = 8° [() + (—) ] . (45)

[ph Lre
Once known 8};“, the OTS luminosity Lors can be approximated as a
BB of radius 82" and temperature 7'(82"). This luminosity contributes
to the whole SN luminosity Lgn until the OTS recombination starts.
After that, its contribution quickly decreases and the ME brightness
becomes predominant (see also Fig. 3). To take into account this
effect, an exponential factor with ¢,, as a time-scale has been adopted
to infer Lgy (see Section 3 for further details), that can be written as

Lsn(t) = Lyge(®) (1 = e77") + Lors(te ™"/, (46)

Long-rising SNe: a new analytical model 229

where
Lors(t) = mwacv[8P(6)]* T*[8P(¢), t]. 47)

A similar semi-empirical approach can be adopted to describe the
SN expansion velocity vsy, whose general expression can be thus
written as

vsn (1) = vpe(?) (1 — e777¢) + vors(t)e ™"/, (48)

where vme and vors are the expansion velocity of the ME and the
OTS, respectively. Inside the ME, to a first approximation (see
below for a more in-depth treatment), since the WCR position,
the photosphere’s position, and the line formation region® roughly
coincide, vyg(t) can be well approximated with the WCR velocity.
Consequently the relation

UME(?) = Ve Xi (£) (49)

is valid [cf. equation (1) for x = x;]. Instead, inside the low-
dense OTS, the approximation of an overlapping among the above
mentioned three zones (i.e. WCR, photosphere, and line formation
region) itis not valid. So, in order to well simulate the OTS expansion
velocity and accurately reproduce the velocities observed in real
SN events, is necessary to individuate the line formation region.
Considering that, in addition to being above the photosphere (because
the opacity in the continuum is smaller than the one in the line), the
line formation region is generally also above the WCR position (see
also Dessart & Hiller 2005), it is possible to adopt the following
relation:

vors(t) = v'[n8}, (1], (50)

where 1 — put to 0.1 in the calculations presented in this paper
(see Section 3 for further details) — is a dimensionless parameter
describing the separation degree between the line formation region
and the WCR inside the OTS.

This not-negligible spatial separation between WCR and the line
formation region does not only interest the OTS and therefore has
to be taken into account when estimating the SN expansion velocity
at early post-explosive phase, but it might be relevant also at later
phases (see e.g. Inserra et al. 2012, 2013). Indeed, also inside the
ME, under opportune physical conditions (e.g. when the density is
sufficient low or due to the variations of ionization balance processes
and opacity; see also Pumo & Zampieri 2011, for further details), the
line formation region cannot be well approximated with the WCR
position or the photosphere’s position, being well above them. In this
case, it is useful to analyse the behaviour of the optical depth g ; for
the line used to estimate the expansion velocity. In particular, since
the ME is an expanding structure, the relation

Ts0 = x1Als = kijpc(Av/v)[R(1)/vsc] (51)

is valid (see Sobolev 1960), where ts; is linked to the extinction
coefficient of the line x; (= k;p, being k; the line opacity) and
the Sobolev length Alg [= c(Av/v)(dv/dr)~'], whose product even
depends on the line Doppler shift Av/v. Considering the velocity
field topology inside the ME, the relative motion between two shells
spaced Ax produces a relative frequency shift between them of
vsc(Ax/c). Inserting this relative frequency shift in the term Av/v
of equation (51), the condition t5; = 1 make it possible to estimate
the comoving distance between the WCR (or, more in general, the

OThis region refers to the layers of the ejecta responsible for the absorption
component of the P-Cygni profile for the lines used to estimate the expansion
velocity in observed SN events (see e.g. Kirshner & Kwan 1974, for details).
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Figure 4. Expansion velocity (estimated from the Fe11-5169 A line) of SN
1987A (data taken from Phillips et al. 1988) and computed velocities for
different submodels considered in this work. The modelling parameters are
the same described in the caption of Fig. 3. Submodels ‘EXP+IE+4OTS’
and ‘EXP+IE4OTS + PH’ take into account the OTS effects, using
equation (48) to evaluate the SN expansion velocity. In the other submodels,
it is evaluated considering only the ‘ME contribution’ [i.e. according to the
relation vsy =~ vmE, With vpE evaluated from equation (53) for the submodel
‘EXP+IE + PH’ and from equation (49) for the remaining submodels].
The value of the line opacity for the Fe11-5169 A line adopted in this paper
i kFeII—5169A =4.5x 107> cm?g~!, and has been determined fitting the
‘EXP+IE+OTS + PH’ submodel on the observed expansion velocity of SN
1987A (see Section 3 for further details).

photosphere’s position) and the line formation region Axpy, that can
be written as

Axpn(t) = (¢/te + 1)/ (ki poRo), (52)
so the expansion velocity associated to the considered line becomes:

UME(?) = vee[x: (1) + Axpn(t)] until x; > 0. (53)

Thus, the correction Axy, should be taken into account to ac-
curately reproduce the expansion velocity at late phases (i.e. from
40-50 d after the explosion onwards; see Fig. 4). Throughout the
manuscript, submodels considering such correction, are identified
by the further label ‘ + PH’. Fig. 5 shows in a schematic way the SN
ejecta’s structure according to the modelling hypotheses employed
in the different submodels, with a list of the main acronyms used
in the manuscript and, in particular, of those adopted to identify the
submodels.

3 MODEL VALIDATION AND COMPARISON
AMONG THE DIFFERENT SUBMODELS

SN 1987A is used to validate our new model described in Section 2
and compare the various submodels, as well as set the parameters Jy,
n, and kFeH—5169 A (cf. Section 2.3). Note that 8y determines Mors,
which is the additional independent modelling parameter of our new
model (together with the other four parameters Myg, E, Ry, and
Mpy;; cf. Section 2) to be taken into account when considering the
OTS contribution.

As for the validation of our new model, since this work is mainly
devoted to 1987A-like events, we primary point our attention on
the LC. Indeed, there are no significant degeneration problems
linked to the LC modelling for this subgroup of events and, con-
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sequently, the modelling of the sole LC (i.e. without considering
additional information taken from the expansion velocity modelling)
is sufficient to retrieve information about the physical properties of
their progenitors at the explosion (see Section 4.1 for details). As
shown in Fig. 3, the comparison with the LC of SN 1987A is very
acceptable and all the submodels are able to reproduce its main
features (i.e. peak luminosity and phase at maximum). Moreover,
the normalized discrepancy between the bolometric luminosity of
SN 1987A and the computed LCs is always less than 1 during most
of the post-explosive evolution (see Fig. 6). The agreement can be
considered fully satisfactory also because we do not perform any
‘fine-tuning’ of the modelling parameters E, Myg, Ry, and My;,
but we adopt the values inferred by Orlando et al. (2015) through
the hydrodynamical modelling (HM, hereafter) that uses the code
described in Pumo et al. (2010) and Pumo & Zampieri (2011) for
analysing the first 250 post-explosive days of SN 1987A.

The only exception is the HAR case with a computed LC having
an earlier (and broader) peak than the one observed for SN 1987A
(see curve labeLled ‘HAR + SOE’ in Fig. 3). This is due to the
harmonic profile of the Ni mass fraction distribution inside the ME
adopted in this case, which leads to a less confined *°Ni mass than the
other distributions (i.e. BOX and EXP cases; see Figs 1 and 5). So,
the energy released by the *°Ni decay is quickly emitted outside the
ME, explaining the initial (i.e. around 10-50 d after the explosion)
luminosity excess compared with all other submodels. However, the
peak luminosity of SN 1987A is roughly well reproduced, contrary
to what happens for analytic models that do not include source terms
due to the *Ni decay as, for example, that described in Popov
(1993, see curve labelled ‘Popov 93 in Fig. 3). Therefore, since
HAR is the easiest approach which includes °Ni source terms thus
also allowing to obtain a ‘pure’ analytic solution for the x; time
evolution (cf. Appendix B), it can be very useful to understand
the physical origin of correlations involving spectrophotometric
features at LC maximum and, more in general, to describe the
physical behaviour of 1987A-like objects (see Section 4 for more
details). Nonetheless, submodels using the HAR approach are not
very suitable for performing model fitting of single observed SNe
events and, in this case, the usage of more accurate submodels is
more appropriate.

As shown in Fig. 7, the accuracy of submodels grows up with
their complexity and the submodel ‘EXP+IE + OTS’ is the most
accurate one. Moreover the accuracy of the submodels is primarily
determined by the spatial *°Ni distribution and to a second extent
by the other ‘physical inputs’ as the direction of the thermalized
radiation and the OTS inclusion. In particular, the direction of the
thermalized radiation influences both the WCR and LC evolution,
especially during the last 30—40 d before the recombination ending
(ts, hereafter), which occurs when x; ~ 0. In this respect, the IE
approach seems to be the most realistic one (compared to the easier
SOE approach), increasing ¢ (see Fig. 2) and well reproducing
the LC of SN1987A around 100-120 d after the explosion (see
Fig. 6). However, when using the IE approach, the recombination
stage is extended only by about 3 per cent, with the disadvantage of
a greater computational cost. This is particularly noticeable when
the IE approach is used in combination with the EXP approach,
because the submodel ‘EXP + IE’ does not present an analytic
source function (see Appendix B for more details) and therefore a
double numerical integration is needed, significantly increasing the
computing time. So the submodel ‘EXP 4 SOE’ appears to be the best
compromise between accuracy and computing time demands, at least
when focusing only on estimating the physical properties of the SN
progenitor at the time of the explosion without requiring an accurate
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List of acronyms used throughout this work:

HAR - %Ni HARmonic distribution

BOX - Ni BOXed distribution

EXP - "Ni EXPonential distribution

SOE - Straight Outflow Emission

IE - Isotropic Emission

WCR - Wavefront of Cooling and Recombination
PH - PHotosphere

ME - Main Envelope
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Figure 5. Schematic structure (not in scale) of the SN ejecta according to the modelling hypotheses adopted in the different submodels, with a list of the widely

used acronyms.
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Figure 6. Absolute discrepancy between the bolometric luminosity of SN
1987A Lops. and the computed one Lpjod. as a function of time from the
explosion, for the different submodels considered in this work and reported
in Fig. 3. The values are normalized to the observational uncertainty of
the luminosity ALops.. The model predictions outside the error bar of the
observed bolometric luminosity are located above the horizontal dotted line.
The normalized absolute discrepancy between the bolometric luminosity of
SN 1987A and the computed one for the model described in Popov (1993) is
also reported for sake of comparison.

modelling of the LC evolution at the early post-explosive phase. On
the contrary, to accurately reproduce the early LC behaviour, it is
necessary to consider the OTS contribution. In this case, we stress
that other ancillary hypotheses and the fifth independent modelling
parameter Mors (depending on &y) have to be added (cf. Section 2.3)
to those reported in Sections 2.1 and 2.2. Unlike the other independent
modelling parameters, Mors can not be fixed by HM approaches and
it has to be determined by a fitting procedure on the early LC. In

1t -
= f
w8 Popov '93 .|
c& — — ‘HAR+SOE v
=, ——BOX+SOE i
Nh it —-—--BOX+IE i |
g | | ——EXP+SOE i
g || [ EXP+IE )
i EXP+IE+OTS ' f
504 ’ ] 1
Q -
= gt
0.2} 1
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Al2 = (LObs. - LSém.)z/AL%bs_

Figure 7. As for Fig. 6, but for the normalized cumulative frequency analysis
of the squared deviation Al = (Lobs. — Lmod.)?/AL2, . It is essentially
equal to the normalized frequency of occurrence of squared deviations values
less than a fixed Al® value. The area between the curve referring to a given
submodel and the horizontal dotted line is the x2 value of the submodel. The
normalized cumulative frequency analysis for the model described in Popov
(1993) is also reported for sake of comparison.

particular, for the case of SN1987A presented in this paper, we use
observations of the first 30 post-explosive days, obtaining a value of
8y equal to 2.2 x 1073, which implies a Mgps of 2.7 x 1072 M, in
agreement with the post-shock breakout model of Waxman & Katz
(2017).

As for the expansion velocity, despite we are primary in-
terested in the LC modelling, we point out that the submodel
‘EXP+IE+OTS + PH’ is able to accurately reproduce the observed
expansion velocity of SN 1987A during the entire post-explosive
evolution (see Fig. 4). All other submodels are able to roughly
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reproduce its behaviour around 30-80 d after the explosion, but they
systematically underestimate the expansion velocity at early time
(i.e. during the first 20-30 post-explosive days), at late-time (i.e. for
t 2 80 — 100 d), or at both phases. Therefore, in order to accurately
reproduce the expansion velocity, both the OTS contribution and the
‘PH’ correction should be taken into account. Indeed, as expected
(and already discussed in Section 2.3), the OTS contribution is re-
sponsible of the velocity boost at early time, while the ‘PH’ correction
becomes fundamental at late time (cf., in particular, curves labelled
‘EXP+IE+OTS’, ‘EXP+IE+PH’, and ‘EXP+IE+OTS + PH’ in
Fig. 4).

Similarly to what done for the parameter §, when performing
LC modelling considering the OTS contribution, the parameters 7,

and kFeII—5169 A have also to be fixed by fitting procedures, when

performing expansion velocity modelling considering both the OTS
contribution and the ‘PH’ correction. In particular, for the comparison
of model predictions with observations, we use the expansion
velocities of SN 1987A estimated from the Fe11-5169 A line. Note
that kFeII—5169 A (and, more in general, the line opacity for the line
used to estimate the expansion velocity) physically depends on the
strength of the line and the abundance of the relative ion above the
WCR, although it can be considered approximately constant inside
the ejecta as assumed in relation (52).

Note finally that, to our knowledge, in literature there is no analytic
or numerical treatment able to accurately describe the transition of
the photosphere’s position from the OTS and to the ME from a
physical point of view. It is probability due to the huge variation
of the involved mass scales, that prevents a unique and consistent
parametrization of the entire ejecta evolution. So, in this paper, the
exponential approach in relations (46) and (48) is essentially adopted
on semi-empirical bases, allowing us to ‘join’ the ME and OTS
descriptions without having discontinuities in the temporal evolution
of the emitted bolometric luminosity and SN expansion velocity.

4 LIGHT CURVES PHYSICAL BEHAVIOUR

After analysing the dependability of our new model in Section 3,
we use this model for studying the link between the observational
features of 1987A-like SNe and the main parameters describing
the physical properties of their progenitors at the explosion, point-
ing particular attention to the LC behaviour. However, prior to
performing and presenting such study (see Sections 4.2 and 4.3),
in Section 4.1 we examine the so-called modelling degeneration
problem or parameters degeneration problem (see Pumo et al. 2017;
Goldberg, Bildstein & Paxton 2019, and references therein), when
modelling the observational features and, in particular, the LC
features of 1987A-like events. Indeed, the possibility of reproducing
essentially the same LC with more than one set of parameters, is one
of the major problems to be avoided for having a robust inference
of the above-mentioned parameters describing the SN progenitor’s
physical properties and, in particular, when studying the link between
such parameters and the observational features of the modelled
events.

4.1 Modelling degeneration problem and ‘standardization’ of
1987A-like objects

To understand when the modelling degeneration problem can arise
and how it can be relevant, it is useful to analyse the mathematical
dependencies between the independent modelling parameters and the
free coefficients of the equations describing the post-explosive ejecta

MNRAS 538, 223-242 (2025)

evolution like, in particular, those concerning the WCR evolution and
the LC behaviour. To do so, we consider the case ‘EXP + SOFE’
(which is the preferable submodel in terms of best compromise
between accuracy and computing time demands, when studying
the link between the LC evolution and the modelling parameters;
cf. Section 3) and perform a change of variables, introducing the
following new functions:

y=t/t, and z(y)=x;(t, X y).

In this way, the Cauchy problem for the WCR evolution defined by
the relation (18) [see also equation (B10) for further details], can be

rewritten as
2, .2 —ay (1 et .
yo4+z7— e e — with z(yp) = 1,

dz 1
dy — 2zy z

(54)

where k, = k.. is a fixed coefficient,” while A, k, and y, are free

coefficients linked to the modelling parameters and defined by the
following relations:

Yo = 1i/1a o (R)"> x (E/Myy) """, (55)
h=q o [My x (Myg/E)] x (E/M3g)'"?, (56)
ki = to/Ts0co o< (E/ M) ™. (57)

Consequently, the WCR evolution can be uniquely determined by
a triplet (yo, A, k1), but the modelling parameters are four (namely,
E, My, Ry, and My;). This implies the presence of a degeneration
because different 4-tuples of modelling parameters can produce the
same triplet (yo, A, k1) and, consequently, the same WRC evolution.

Although the WCR evolution is degenerate, the LC behaviuor
is not. Indeed, inserting relations (16) and (20) into equation (6),
considering the above-mentioned change of variables, and using
also relations (24), (BS), and (B9), the whole SN luminosity can
be rewritten as
Lsn(y) >~ L, x {yzz2 — ae itk o [1 - ekzu*za)} } , (58)
where L, = 2macvZ 2T o« Myi x A7 [cf. also note 3] breaks
the degeneration thanks to the direct dependence on My;. This
implies that different 4-tuples of modelling parameters produce a
different LC behaviour and vice-versa. So the modelling of the sole
LC behaviour is in principle sufficient to constrain all modelling
parameters.

However, for values of A sufficiently low (i.e. 2 < 1072 — 1073),
degeneration problems can arise when modelling the LC, because the
second term on the right-hand side of relation (58) becomes negligi-
ble and, consequently, the LC behaviour gets essentially determined
only by two free parameters. In this case, additional information
of spectroscopic nature, such as that retrieved by modelling the
expansion velocity, has to be also used to uniquely constrain the
modelling parameters.

On the other hand, real 1987A-like events are characterized by
higher values of A, which naturally broke the LC degeneration. So
no significant degeneration problems arise when performing their LC
modelling. Nevertheless, the additional information of spectroscopic

7In principle k, should be included among the free coefficients but, in our
approach, its value is fixed because it depends on the coefficient x. which,
in turn, is set to 0.45 (cf. Section 2.2). However, note that a change in kj
generally produces only secondary effects on the LC behaviour.
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nature could be used to constrain all modelling parameters describing
areal 1987A-like SN when its distance (or equivalently its absolute
bolometric luminosity) is not known. Indeed, using the information
on the expansion velocity to infer the scale velocity vy [proportional
to (E/Myg)"/?; cf. relation (21)], it is possible to characterize the
event because the following relations are valid:

2,2 2 4 61,8 252
Ry o< ygki My o< vk E x v, k| My; o v Ak

Moreover, since the expansion velocity measurements can be affected
by the host galaxy’s redshift, but they do not depends on the
cosmological parameters (necessary to distance inference), a further
corollary of this type of characterization may be the possibility
of standardizing the 1987A-like events using spectrophotometric
information. This is in agreement with what found in Pumo &
Zampieri (2013), according to which a purely photometric-based
standardization of these objects appears difficult to be realized.

4.2 Ni-dependent relations for the peak luminosity and its
width

The LC peak of 1987A-like SNe, as well as the plateau for type
IIP SNe, is typically described in terms of two main observational
quantities: the peak (or plateau for type IIP SNe) luminosity (L,
hereafter) and its width (or duration for type IIP SNe), expressed by a
time interval or a characteristic epoch that is relatively easily measur-
able and usually linked to ¢ (see e.g. Popov 1993; Pumo & Zampieri
2013). Through relatively simple relations derived from the analysis
of ‘synthetic’ LCs based on (semi-)analytic or numerical models,
the values of L, and ¢, are also related to the parameters describing
the SN progenitor at explosion (see e.g. Arnett 1996; Popov 1993;
Pumo & Zampieri 2013; Sukhbold et al. 2016; Khatami & Kasen
2019, Paper I).

Usually (in particular for L), the considered parameters are the
sole E, Myg, and R; while the parameter My; is neglected because
the heating effects linked to the °Ni are not considered. However,
as shown in Paper I, the dependence on My; must be also taken into
consideration in order to have accurate relationships for 1987A-like
SNe. So, using our new model which is able to take fully into account
the *°Ni effects, it is possible to derive how L, and #; depend in detail
on all the four modelling parameters that primarily determine the LC
evolution (i.e. E, Myg, R, and My;). In particular, to do so, we use
our ‘best’ submodel for these purposes (i.e. submodel ‘EXP 4 SOE’;
cf. Sections 3 and 4.1) and make the hypothesis that both L, and ¢,
can be written as the sum of two functions, obtaining:

{’f = 12(Ro, E, M) + t}(Mxi, Ro, E, Myg)

/ 59
L, = LY(Ro, E, Myg) + L, (Mxi, Ro, E, Myg), 9

where t? and Lg depend solely on Ry, E, and Myg; while t’f and L/p
depend also on My;, becoming zero when My; = 0.

Since the model described in Popov (1993) is a special case of
our model when the S;(¢) is null [see Appendix B and, in particular,
equation (B11) for the demonstration], Lg and t?- correspond to the
quantities Lpoi(t,) and t, presented in equations (26) and (27) of
Popov (1993), respectively. Consequently they exhibit the following
well-known dependencies on the modelling parameters:

19 oc RYE-VO Myl 60)
LY o RyPESOMy!?.

As for t/f that, together with L’p, represents the Ni-dependent

parts of relations (59), its behaviour depends only on the WCR
evolution. Indeed #} is essentially the difference between the recom-
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Table 1. Modelling parameters for SN 2009E, SN 1987A, and OGLE-2014-
SN-073 (OGLE-14, hereafter; see also Table 3 of Paper I, and references
therein for further details). Masses are in solar units, progenitor radius in
10'2 cm, and energy in foe (= 10°! erg).

SN My Ro E Mve
[Mo] [10'2 cm] [foe] [Mo]
SN 2009E 0.04 7 0.6 19
SN 1987A 0.075 3 1.3 16
OGLE-14 0.47 38 12.4 60

bination end time inferred from equation (B10) and the one evaluated
through the relation (B11). As a consequence, t_/f can be described by
only three parameters which, by analogy with the formalism used in
equation (54), are yo, A, and k;. The same is not valid for L;,, which
depends on four parameters, being linked to Lgy (see Section 4.1).
However, since both L‘; and L, must have the same dependence on
L, [cf. equation (58) and note 3], their ratio again dependent solely
on the same three parameters affecting t_’f (namely, yo, A, and k).
Once individuated these parameters, in order to conduct a systematic
analysis on the relative variation of the quantities L, and ¢, due to
the “°Ni effects, it is useful to rewrite equations (59) as follows:

{zf = t9%(Ro, E. Myg) x [1 + T(y. 2. k1)]

o (61)
L, =L (Ro, E, Myg) x [1+ A(yo, 2, k)]

where T=17/1) =1 =1/t and A=L,/L)—1=L/L are
the relative time and luminosity corrections due to the 56N effects,
respectively. Thus, 7 and A depend only on the triplet of parameters
(¥o, X, k1), whose links to the modelling parameters are made explicit
by relations (55)—(57). From the latter relations, it is also possible to
identify an ‘orthogonal’ basis of parameters, defined by the relations

I'=[My x Myg/El, V=[E/My] and P=[Ry], (62)

with which yo oc P'/2 x W4, % o« T x W'/2 and k; oc W~/ span
the entire modelling parameter space. The typical ranges of these
orthogonal parameters for the class of 1987A-like SNe are:

[Tlgya € [0.25,2.5] [Wlgy4 € [0.01, 1.5]  [Plgs4 € [0.5, 10];

(63)

where the []g74 brackets indicate that the quantities reported inside
them, are in units of SN 1987A’s parameters (see table 3 of Paper I
for typical ranges of parameters referred to 1987A-like SNe and
Table 1 for the HM parameters of SN 1987A). In this way, it
is possible to numerically evaluate the 7 and A corrections for
synthetic SNe representative of SN 1987A-like events. Figs 8 and
9 show these corrections for a grid of 400 synthetic SNe evaluated
with our submodel ‘EXP + SOE’ and having modelling parameters
uniformly distributed inside the parameters’ ranges of equation (63).
This survey of simulations yields evidence of the direct multilinear
correlations between the logarithms of the relative corrections and
the orthogonal parameters’ ones, which are confirmed by the F-tests
having determination coefficients 2 0.99 and p-values >~ 0. Given
this, it is then possible to write 7 and A functions as follows

T = [Tlghs X [WIG, x [PIgh, x 10 64
A =TI % WIS, x [P, % 10%,
where all exponents {c;} (withi = 1, ..., 8) are the linear coefficients

of the logarithmic forms for these equations. By using a multilinear
regression algorithm on the logarithms of equations (64) (such as
the Iteratively Reweighted Least Squares Linear fit, see e.g. Street,
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Figure 8. Relative time delay 7 in log-scale for 400 simulations inside the
parameters space of typical 1987A-like events (see the text for details about
the parameters’ ranges). The different planes include all models with the same
initial radius, and the gridless one has [Ry]g74 = 1. The values obtained for
the real well-observed objects SN 1987A, SN 2009E, and OGLE-14 are also
reported for sake of comparison (see Table 1 for the modelling parameters
adopted for these real SNe).
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Figure 9. As Fig. 8, but for the relative luminosity shift A.

Carroll & Ruppert 1988), the values of these exponents can be derived
for both relative corrections, obtaining

c; = 0.902 £ 0.006
¢, = 0.350 +0.003
c3 = —0.544 £ 0.004
cy = —0.408 £ 0.003

¢s = 1.002 £ 0.002
ce = 0.233 +£0.001
c7 = —0.901 £ 0.003
cg = 0.270 £ 0.002,

(65)

which respectively present a root-mean-square deviation around the
fits of about 0.04 and 0.02.

Using the relations (65) and inserting equation (62) into (64), it is
possible to retrieve information about the dependence of 7 and A by
the modelling parameters. In particular, both 7'and A depend on My;
in an approximately linear way (given that ¢; >~ ¢5 >~ 0.9 — 1.0),
and decrease increasing E (given that ¢; — ¢; >~ —0.55 and ¢ —
¢s ~ —0.77 are negative). This appear quite reasonable because the
corrections have to be as great as the ratio between the radioactive
source energy (o< My;) and the explosion one is greater. Moreover,
differently from t? and L(z)z that increase with Ry [cf. equation (60)],
a greater value of Ry reduces both 7 and A (given that ¢3 and ¢
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are negative). This result demonstrates how the *Ni effects become
more important for SNe with small-radius progenitors, in agreement
with the findings of Paper 1. Furthermore, as for Myg, it produces
opposite effects on 7 and A. Indeed, T decreases with the growth of
Mg (given that ¢; — 3¢, >~ —0.15 is negative), while A grows up
(given that ¢5s — 3¢c¢ =~ 0.31 is positive).

Once evaluated how T'and A depend on the modelling parameters,
it is also possible to write the following relations:

1y =19 x Toc MF® x Ry x E-072 x My
(66)
0 1.0 o, p—0.23 ., 0.06 ~0.19
L, =L, x Ao My x Ry™ ™ x EM x Myg ™,

that can be used to explain why the accuracy of scaling equations ob-
tained from models neglecting the °Ni effects like, in particular,
the one of Popov (1993), seems to be strongly dependent on the
modelling parameters of the reference SN, as pointed out in Paper I.
Indeed, since the correction terms depend not only on the modelling
parameter My; but also on the other parameters, if the reference
SN’s configuration at explosion is similar to that of the SNe to
be characterized through scaling relations, the values of 7 and A
are comparable and, consequently, the relations (61) can be used as
scaling equations in essence independent of My; and having the same
dependencies on the modelling parameters of t? and L(;, [cf. relations
60]. Conversely, if the reference SN significantly differs in terms of
all modelling parameters to the other SNe, then their values of T
and A are no longer similar, and the equations (61) can not be used
as scaling relations. For example the latter is the case of OGLE-14,
whose modelling parameters are widely different from those of the
prototype of the class SN 1987A. This leads to have values of 7 and
A for OGLE-14 about one order of magnitude less than those for SN
1987A (cf. Figs 8 and 9).

The deviation of equations (61) from being simple scaling equa-
tions becomes more evident when focusing on the dependence of ¢
on Ry, that can be expressed by a power-law relation of index «. For
models neglecting the *°Ni effects, the o exponent is a constant
[in particular equal to 1/6 for the model of Popov (1993); see
also relations (60)]. For models including the *°Ni effects, the Ni
introduction modifies this simple dependency, making & not constant.
In particular, for our new model, « is a function of I' and W (see
Fig. 10), so its value depends on My;, E, and Myg. Specifically, for
SNe with similar scale velocity (vfC o E/Myg = Cost), @ decreases
when increasing My;, especially for SNe having less massive ejecta.
Note that the parameters of SN 1987A give o« >~ 0.08, which is about
the half of what is expected by the model of Popov (1993). Similarly,
also SN 2009E and OGLE-14, with [V]g74 around 0.2 for both and
[T"]s74, respectively, equal to 0.13 and 0.40, give «-values between
0.07 and 0.09 (cf. Fig. 10).

In general, although the equations (61) can not be directly used
as scaling relations, they could be adopted as ‘exact’ equations, that
can be rewritten as:

tp=17.2d x RYSE-VOMYE x [1 4 T]

(67)
L, =540 x 10"ergs™" x R*EY°My® x [1+ Al
where
T = 12.59 x M3 x Ra°~54 x 055 « M1\71%15
(68)

A =33.19 x ML x Ry* x E=077 x M{3!,

in which all explosive parameters are in the same units of Table 1.
The modelling parameters deduced from the HM of SN 1987A,
SN 2009E, and OGLE-14 (see Table 1), allow us to test these new
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Figure 10. Behaviour of « as a function of I" for different fixed values of
W (see the different coloured solid lines). The coloured label above each
solid line is the fixed value of W. For sake of comparison, the values of «
obtained for the model of Popov (1993, see the dotted line) and for the real
well-observed objects SN 1987A, SN 2009E, and OGLE-14 (see the coloured
circles) are also reported (see Table 1 for the modelling parameters adopted
for these real SNe).

analytical relations on real SNe and to compare them with other
similar relationships reported in the literature (see Figs 11 and 12).

Concerning the t; prediction (see in particular Fig. 11), the
diffusive equation proposed by Arnett (1980) overestimates its
value for all three SNe by about 20—40 d whereas, as expected
for not Ni-free SNe (see e.g. also Pumo & Zampieri 2013), the
analytic expression presented in Popov (1993) systematically tends
to underestimate the recombination end time. Focusing on the
parameters of SN 1987A, the relations proposed by Kasen & Woosley
(2009) and Sukhbold et al. (2016) lead to a recombination end time,
respectively, about 0.6 and 0.9 times lower than the value deduced
using our new relation. The relatively low value obtained with the
relation of Kasen & Woosley (2009) seems primarily attributable
to the different dependence of the recombination end time on E.
Indeed Kasen & Woosley (2009) adopt a power-law relation with
index —1/4, differently from both our relation and the relation
presented in Sukhbold et al. (2016) where the index is —1/6. Instead,
the discrepancy between our value and the one found using the
relation of Sukhbold et al. (2016) appears mainly attributable to the
different dependence of the recombination end time on My;. Indeed,
compared with the relation presented by Sukhbold et al. (2016),
the first equation of set (67) is more sensible to the My; variation,
while the other parameters dependencies follow a quite similar trend.
Furthermore, our new relation provides the best agreement with the
observations, whose deviation of few days not only are inside the
errors but also expected because set (67) has been derived using the
submodel ‘EXP + SOE’ (which tends to slightly underestimate #;
cf. Section 3).

Concerning the L, prediction (see also Fig. 12), differently from
the other relations present in literature, our relationship depends
also on My;. The °Ni effects are particularly important in cases
such as SN 1987A and SN 2009E, where the luminosity reaches
approximately three times the value predicted by the Popov’s (1993)
model, which in turn is about twice the value predicted by the relation
of Arnett (1980). We also remark that, according to our relation, the
link between L, and My; (and, more in general, between the LC peak
features and My;) cannot be described by a simple proportionality
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Figure 11. Dependence of ¢ on the modelling parameter My; for the three
different fixed triplets of the other modelling parameters (Ro, E, and Myg)
reported in Table 1, corresponding to SN 2009E (green solid line), SN 1987A
(red solid line), and OGLE-14 (blue solid line). The values of ¢ are evaluated
using the relation (61) derived from our new model. Shaded areas are the error
regions when assuming an uncertainty on E, Mg, and R of 10 per cent. The
values of ¢ deduced from the observations of SN 2009E (cyan circle with
green perimeter), SN 1987A (yellow circle with red perimeter), and OGLE-
14 (purple circle with blue perimeter) are also reported. In particular, for each
real SN, the reported value is the epoch of the first observation in which its
magnitude error is compatible with the radioactive tail extension, while the
error on ¢ is evaluated using the epochs of the closest observations (see also
Section 4.3 for further details). For sake of comparison, the curves showing
the recombination end time evaluated according to the models presented in
Arnett (1980), Popov (1993), Kasen & Woosley (2009), and Sukhbold et al.
(2016) are also reported. Likewise ?, it is reported the dependence on My;
for the three above mentioned fixed triplets (Rp, E, and MyE).

relation, at least until 7' (and, more in general, also A) is sufficiently
large (i.e. 2 1). Therefore the shape of the peak depend on My;
according to a ‘threshold’ behaviour, which emerges only when the
value of My; is sufficiently high (typically greater than 1072 M),
confirming what found in Paper I using an independent approach.

Last but not least note that, given the broad applicability of our new
model, which is in principle pertinent to any types of H-rich SNe, the
new original relationships (67) can be applied to the plateau phase
of type IIP SNe. Additionally, these relationships offers a way to
verify the theoretical consistency about the local and total gamma-ray
thermalization’s assumptions. Specifically, using the first equation of
system (67), the ratio between the gamma-ray mean-free path within
the ejecta [,,(t) [= 1/k, p(¢)] and the ejecta radius at the end of the
recombination phase can be expressed as:

L(ty) _ +1,)?
R([f) kypots Use

~0.26 x [Ry E**My x (1 +T)],
(69)

where k, >~ 0.033 cm? g7! is the average gamma-rays opacity
(Balberg, Zampieri & Shapiro 2000, and references therein). Using
the explosion parameters from Table 1, we find that the highest
value of this ratio is for OGLE-14, approximately 11 per cent.
For SN1987A and SN2009E, the ratio respectively decreases to
5 percent and 2 percent, and for a typical Type IIP SN with a
radius at explosion about 10 times larger than that of SN1987A, the
ratio is estimated to be around 6 percent. These findings suggest
that, in scenarios where more than 99 per cent of My; is confined
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Figure 12. As Fig. 11, but for L,. For each real SN, the reported value
is the highest luminosity observed during the peak stage. As for the curves
showing the L, behaviour according to other models present in literature,
those evaluated according to the models presented in Kasen & Woosley
(2009) and Sukhbold et al. (2016) are not shown because they are equal to
that evaluated according to the model of Popov (1993).

within 60 per cent of the ejecta’s radius (as in our cases ‘EXP’ or
‘BOX’), the gamma-ray mean-free path remains smaller than the
minimum distance required for gamma rays to escape the ejecta up
to a time ~ 2¢, at least. Consequently, for SN 1987A and other
similarly massive H-rich SNe (with ejecta masses 2 10My), it is
reasonable to assume total thermalization of gamma rays produced
by 3%Co decay, even during late phases as already noticed in Zampieri
(2017). As for the non-local thermalization effects, it is possible
that gamma rays produced above the WCR are not fully thermalized
within the transparent region and, consequently, contribute to heating
the inner opaque region. This represents a third-order effect in the
description of the Ni-source energy contributions in the sources
functions S; and S, which in turn can slightly influence the behaviour
of LC, especially toward the end of the recombination phase. Indeed,
this effect could alter the evolution of the WCR only when the
gamma-ray mean-free path becomes comparable to the radius of
the recombination front (i.e. whenx; ~ I, /R < 0.1). For 1987A-like
events, this condition is met only a few days before s (see also Fig. 2),
making it a minor contribution compared to the differences arising
from the assumptions in the ‘SOE’ and ‘IE’ cases. Consequently, the
impact of non-local effects is negligible and falls within the current
observational error bars. However, a more detailed quantification of
these effects would require the development of a model that explicitly
addresses the problem of energy transport for gamma rays within the
ejecta (see e.g. Balberg et al. 2000; Khatami & Kasen 2019), which
is outside the scope of this paper.

4.3 LC features of SN 1987A and scaling relations

In addition to the peak features, the LC of SNe resembling SN
1987A usually exhibit additional observational features that can be
linked to some parameters describing the SN progenitor at explosion
through simple scaling equations [see e.g. relation (13) of Paper I].
Unlike the relations for L , and ¢ ; presented in Section 4.2, the scaling
relations have to be characterized by a direct proportionality between
these parameters and measurable photometric (or, more in general,
spectrophotometric) quantities. So, in order to identify common
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Figure 13. Bolometric magnitude of SN 1987A (top panel) and its
time derivative (bottom panel) as a function of time. The quantities
f,tm, tj’ﬁ, DM, AM, and DM}‘. (see the text for details) have been evaluated
after having applied a GPR-based procedure (see note 8 for details).

features of the SN 1987A-like objects that can be correlated to the
main parameters describing the SN progenitor at explosion through
‘pure’ photometric scaling relations based on our new model, we
closely examine the absolute magnitude evolution of the prototype
of the class SN 1987A (i.e. Mpo; = —2.5 log;y Lops. + 88.7) and its
temporal derivative® (My., hereafter).

We find that, during the rising phase, the My, behaviour appears
approximately linear until a certain epoch indicated as 7 (see the green
diamonds of Fig. 13). In particular, this phase is characterized by an
almost constant My, value (roughly equals to —0.03 for SN 1987A;
see the green dashed line in bottom panel of Fig. 13) between 30 and
f (roughly equals to 60 for SN 1987A) days after the explosion. This
observed behaviour is reproduced by our new model that includes the
6Ni effects. In particular, using our new model, the derivative of the
magnitude in the time interval [30 d, 7] (i.e. the rate of the magnitude
in the rising phase ranging from to 30 d to 7, denoted as Mdsmg
hereafter) can be approximated by the expression (see Appendix C
for details about its demonstration and related assumptions)

. 1 M
Misgng(t) ~ —(2.5/1010) x | — + ——0@BC | = (70
t Lut (TSGCO — ‘L'ssNi)

showing that Mﬁsmg is dependent on two terms. The first one is
inversely proportional to time and independent of the modelling
parameters (like in the models non-considering “°Ni effects, see e.g.
Popov 1993). The second term, not present in models neglecting the
%Ni effects, is time-independent and directly proportional to My;.
Just the presence of this second term linked to the S6Nj effects and,
in particular, its balance with the first one explains why the rising

87To describe the temporal derivative of My, the observed LC of SN 1987A
has made continuous and derivable through a interpolation process based on
the Gaussian Process (GPR, heheafter). In particular, following Inserra et al.
(2018, and references therein), we use a GPR characterized by a constant
basis function and the Matern-32 kernel.
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phase of secondary peak is linear up to 7. Indeed, for ¢ > 7, the first
(and the other neglected terms, see Appendix C), which represents
the ejecta cooling due to the expansion, makes Mmmg not any more
linear. Moreover, adopting the observed rate of the magnitude at 7
[namely, My, (7)] as a measure of Mrising(f), and defining the quantity
DM as

DM

2.5 log, e .
% + Mrising(f)v (7 ])
it is possible to correlate the value of DM inferred from the
observations to the main parameters describing the SN progenitor at
explosion, through the following photometric scaling relation based
on our new model [see Appendix C and, in particular, equation (C6)
for further details]:

My

DM x o My; % RJO'S x E79% x MIQI%S. (72)

Furthermore, in a reverse approach, this scaling equation enables
us to more deeply understand the LC behaviour during the rising
phase in SN 1987A-like events. In particular, as expected, the
rise in brightness increases in proportion to My;, because the °Ni
decay provides an additional amount of energy compared to E. The
increasing of E, on the other hand, tends to dampen the LC rising,
since a greater value of E corresponds to a faster expansion rate
and, consequently, a faster cooling rate of the ejecta. Moreover, the
increasing of My leads to increase the scattering time of photons,
postponing the loss of energy due to electromagnetic emission. So,
when increasing My, the luminosity tends to grow over the time
more slowly. Also the value of Rj has an impact on the rising phase,
explaining why SNe with radii at explosion 10-100 times larger
than those of 1987A-like SNe tend to exhibit a plateau instead of a
secondary peak (see e.g. also Pumo & Zampieri 2011, and reference
therein). This outcome confirms the connection between compact
progenitors and 1987A-like SNe. The only exception is the high-
mass (2 30 M) and high-energy (2 10 foe) tail of SN 1987A-like
events, linked to extended progenitors with values of Ry ~ 10'3—
10" cm, that also challenges standard theories of neutrino-driven
core-collapse and stellar evolution (see Paper I for further details).

In order to find other observational features that can be used when
applying scaling equations to real SNe, we continue the LC analysis
focusing on subsequent epochs, like the maximum of the secondary
peak and the post-peak phases. In this context, it is necessary to be
able to evaluate the following quantity My, from the observational
data:

Mui(t) = —2.51og o [e(t)] + mni, (73)

where my; is a constant linked to the modelling parameter My;, but
which can be inferred from the observations by fitting M, during the
radioactive tail. Once evaluated M., it is also possible to estimate
the difference My, — My,;. By defining 7), as the epoch when this
difference is maximum® (see the purple diamonds and the vertical
red line of Fig. 13), the quantity

AM = Myooi(trr) — Miai(tar) (74)

can be used to evaluate the luminosity Ly = 10~2#/25 which is

involved in the further photometric scaling relation based on our new
model reported in the following [see Appendix C and, in particular,

9%y is also the abscissa in which the derivatives of Mpo — M and
AM are null (see Fig. 13). Therefore, it results Mpo(far) = Muaii(far) =
—2.575, logyg e [cf. equation (77)].
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equation (C16) for further details]:
i (Ly — 172 o« M3 x E7> x My (75)

This relationship is not a merely correlation between photometric
features at maximum and parameters describing the SN progenitor at
explosion. Indeed, it is necessary to evaluate ), and AM that, in turn,
implies to know the LC behaviour also after the rise to the maximum
up to the beginning of the radioactive tail. This is in agreement with
the findings of Section 4.2, according to which it is not possible
to establish a direct proportionality between photometric features at
maximum like L, and the modelling parameters [cf. relations (67)].

Another photometric feature of SN 1987A-like events that can be
linked to some parameters describing the SN progenitor at explosion
through a scaling equation, concerns the LC behaviour just before
the beginning of the radioactive tail. In particular, analysing the LC
and its derivative as a function of time, it is possible to notice a
sudden change in the value of My, at this phase (see Fig. 13) which,
from a physical point of view, corresponds to the final phase of the
ejecta recombination. A similar behaviour is also reproduced by our
model, that shows a jump exactly at time ¢, [see Appendix C and, in
particular, equation (C9) for further details]. However, for real SNe,
the behaviour is smoother and, consequently, the inflection point
17, which corresponds to a local maximum of My, (see the cyan
diamonds of Fig. 13), does not precisely coincide with ¢, slightly
preceding it. The physical reason for this difference could be linked
to the ejecta density profile of real SNe, whose inner zones may
not be well reproduced by the uniform density assumption used to
describe the ME in our model. To correctly quantify this second-
order effect linked to the density profile, it should be necessary
to develop a (semi-)analytic model considering density variations
inside the ME, which is outside the scope of this work. Nevertheless,
in the case of SN 1987A, the difference 7, — t_’;» is about 5 d, that is
about 5 per cent of the value of #;. This makes the value of ¢} still
compatible with the one of 7, obtained from equation (67), where we
assume a uncertainty on 5 of 10 per cent (see Fig. 11). So the value
of 7% can be adopted as a measure of 7. Consequently 77 can be also
used in the following photometric scaling relation based on our new
model [see Appendix C and, in particular, equation (C20) for further
details] and simplified for SNe with similar!%¢:

[51°[DMF]7> o« My x E7° X My, (76)
in which DM7, adopted as an estimation of DM, [cf. equa-
tion (C20)], is defined as

My

. . d _
DM} = My (t7) — Mui(t}) = a -25 Tsséo logige, (77)

*
f/.

where Mbol(t;?) is the time derivative of My, at the inflection epoch
t}i, and Mmﬂ(t;i) is the time derivative of My, at t}i evaluated by
means of the relation (B9). Compared to the scaling relation (75),
the relation (76) have the advantage of directly linking the modelling
parameters with only late-time LC features. However, it depends on
the LC derivative, which requires to well sample the LC also long
after the peak. Considering the modelling parameters dependencies
in the scaling equation (76), they are the same as those obtained for
equation (75). This makes the two relations completely equivalent

1When comparing two SNe with a similar t;i using the scaling equa-
tion (C20), the exponential factor e™*// present in the equation can be
simplified. Indeed, considering two different SNe with #; and 1, as t;‘-, the
ratio between the exponential factors e =1 72)/7 is ~ 1 when |t; — | << T.
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for the purpose of inferring information about the main parameters
describing the SN progenitor at the explosion, testifying that both the
characteristics of the peak and the recombination ending are related
by the same combination of modelling parameters. In particular, as
expected, the increase in My; brings a larger amount of heat into the
ejecta, which therefore takes longer to cool and recombine, thus also
reducing the rate at which the magnitude decreases (note that L ;; and
DM; are Mﬁil). Mg has an even more important overall effect
on the recombination ending, that precisely derives from its link with
the diffusion time (namely, 1} o Mf,l/]g ). Finally, the dependence on
E shows that the cooling process is as fast as the ejecta expands
faster, thus anticipating both the peak phase and the recombination
ending (note that 7y, is o« E~3/% and 1} is E~1/2),

5 SUMMARY AND FURTHER COMMENTS

With the intent of better understanding the SN 1987A-like events and,
more in general, the H-rich SNe, we have developed a new analytic
model, which is able to describe their entire post-explosive evolution
(i.e. from the breakout of the shock wave at the stellar surface up
to the nebular stage). The distinctive features of the new model are
the possibility to evaluate the bolometric emitted luminosity and
the SN expansion velocity, taking into account the following three
different effects: (1) the recombination of the ejected material, (2) the
heating effects due to the *°Ni decay in the computation of the WCR
evolution, and (3) the possible presence of an OTS not-homologously
expanding and surrounding the bulk of the ejecta that, instead, is in
homologous expansion. The second property represents the major
novelty of this model. Indeed, differently from other models present
in literature (e.g. Arnett 1980; Popov 1993), our model includes My;
among the main modelling parameters (together with E, My, and
Ro) and, in order to evaluate the heating effects due to the SONi decay
through source terms, it is possible to consider both various spatial
distributions of *°Ni and different angular emission distributions of
the thermalized radiation due to the >°Ni decay. Moreover, thanks to
the third property, it is also possible to consider (or not) the effects
linked to the OTS presence, as well as to apply (or not) a correction
linked to the position of the line formation region when evaluating
the SN expansion velocity. In this way, one have various submodels
characterized by different accuracy, computing time demands, and
capability of accurately reproducing the LC behaviour and the SN
expansion velocity during the three main post-explosive phases
(i.e. diffusive, recombination, and radioactive-decay phases; see e.g.
Pumo & Zampieri 2011, for further details).

So our new model can be used to different aims, ranging from
the computation of huge grids of synthetic LCs and SN expansion
velocities up to the accurate model fitting of single real events,
passing through a sufficient realistic analytic description of the SN
1987A-like events (and, more in general, of H-rich SNe) suitable
for studying their physical properties and linking the latter ones to
their observational features. In this paper, in addition to present our
new model, we use it to deeply analyse the link between photometric
features of SN 1987A-like objects and parameters describing their
progenitor’s physical properties at the explosion, investigating also
the modelling degeneration problem in H-rich SNe and the possibility
to ‘standardize’ the subgroup of the 1987A-like SNe.

As for the modelling degeneration problem, we find that its
occurrence depends on the value of the free coefficient A defined
by the relation (56) and linked to the main SN progenitor’s physical
properties at the explosion. In particular, for values of A sufficiently
low (i.e. & < 1072 — 1073), it is possible to reproduce essentially the
same LC with more than one set of modelling parameters. Therefore,
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degeneration problems can arise when modelling the sole LC. In this
case, the additional information of spectroscopic nature, such as that
inferred by modelling the expansion velocity, has to be also used
to uniquely constrain the set of modelling parameters. On the other
hand, for SNe characterized by higher values of A like the real SN
1987A-like events, no significant degeneration problems arise when
performing their LC modelling. Thus the additional information of
spectroscopic nature could be used to constrain all the modelling
parameters describing a real 1987A-like SN and, consequently, to
characterize the event also if its distance (or equivalently its absolute
bolometric luminosity) is not known. A further corollary of these
findings may be the possibility of standardizing the 1987A-like
SNe using spectrophotometric information, in accordance with what
found in Pumo & Zampieri (2013), where a purely photometric-based
standardization appears difficult to be realized for this subgroup of
H-rich SNe.

Concerning the LC behaviour of SN 1987A-like objects and, more
in general, its link with the progenitor’s physical properties at the
explosion, we deduce two new Ni-dependent relationships, based
on our model, which link some features of the 1987A-like SNe LC
(namely, the peak luminosity and its width) to the values of the main
modelling parameters (i.e. E, Mg, Ry, and My;). Contrary to similar
relations proposed in other works (e.g. Arnett 1980; Popov 1993;
Kasen & Woosley 2009; Sukhbold et al. 2016), our new relationships
are in excellent agreement with observations of real SNe and, given
the wide feasibility of our new model, which in principle is usable
for any types of H-rich SNe, they can be also applied to type IIP
SNe (provided that the plateau luminosity and its duration replace,
respectively, the peak luminosity and its width). However we remark
that, as a rule (there could be some exceptions; cf. Section 4.3), our
new relations cannot be used as scaling equations essentially because
the My; effects on the LC peak features cannot be described by simple
proportionality relations. Nevertheless, from our model it is possible
to derive scaling relations. In particular, in this paper we present
three new scaling relations, which may be used for estimating the
main SN progenitor’s physical properties, once only the photometric
behaviour of the 1987A-like object is known.

In the light of these results, at present we are working to further
check the validity of the new Ni-dependent relationships and scaling
relations, directly analysing their robustness on an observed sample
of 1987A-like SNe with sufficiently good photometric coverage.
Moreover, we are further developing our new analytic model, so as to
make it usable for other types of SNe (e.g. interacting SNe) and other
electromagnetic transients similar to SNe (e.g. kilonovae). Indeed,
the new mathematical formulation of the recombination problem
adopted in our model [cf. equation (18)], lets to change the type
of sourcing mechanism with an appropriate choice of the source
function (see e.g. also Matsumoto, Metzger & Goldberg 2025). This,
in principle, gives us the possibility to extend our new model to
any kind of electromagnetic transient, in which the presence of an
internal source, such as a black hole or a magnetar, can significantly
affect its LC (see e.g. Dexter & Kasen 2013; Khatami & Kasen 2019;
Moriya et al. 2022, and references therein).
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APPENDIX A: TEMPERATURE PROFILE AND
LUMINOSITY EVOLUTION

In this appendix, we show in detail how, once defined the temperature
through the relations (9) and (10), it is possible to evaluate Egl
by calculating the integral in the first of the relations (12), derive
relations (11) and (18), and determine the time evolution of L,
during the diffusive phase [i.e. infer the relation (16) for < 7;].

As for ES, inserting the first of the equations (8) in the first of the
relations (12) and considering the relations (9) and (10), one obtains

Myvie T4
E° = e
th =
0 P

1
4aR3Ty / sin(rrx)xdx =
0

"THx,0) ,
dm = 3aMyg —— x"dx
0 Po

4aT} R}

t=0

(AD)

where dm = Mygdx® = 3Mygex2dx [cf. relation (4)].

To derive relation (11), it is first necessary to substitute the
relations (9) and (10) into the last of the equations (8). Doing so
and considering also the last of the relations (12) and the relation
(A1) to simplify the notation, the outgoing luminosity from a shell
L(x, t) inside the opaque region (i.e. x < x;) can be written as

dmac , 5 AT*(x, 1)
Lx,1)= — SRY (X ————
3kpo Ry 0x
__4mcR 8 4aTO4RS¢(t)x231/f,(x)
9kMME b 0x
E° i
= Zthix (Smw - cosw) , (A2)
tq w

where ® = w(x,t) = wx/x;(t). Then, considering that w[x =
xi(t),t] = m and given that the relation (A2) evaluated for x = x;
gives the outgoing luminosity from WCR L, one obtains

EO
Lop(t) = Llx = x;(t), 1] = ?%(r)x,«(t)[o — (=D

0
%qﬁ(z)xi(t) = relation (11) (Q.E.D.). (A3)

d

To derive the relation (16) for ¢ < t;, it is necessary to progress
into three steps: in the first step L, is evaluated for # < #; using
a different and independent method compared to that adopted for
deriving relation (11), in the second step this ‘alternative’ relation
is used to find the function ¢(¢) for ¢ < #;, and in the third step the
relation (16) is finally found for ¢ < ¢;. Specifically, primarily the
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first two equations (8) are inserted into the relation (7), obtaining

L  _ aT* 3 [1 d [aT*
S (i B (e
om 3 dt \p ot 0

___}_4aT4 3(1 ) 38(1 o)
BT T A TRt
_ aT* [dlogy, d0 ¢

=€ - —— — 4+ —
0 do 0t ¢
T* G ¢

=g—“—{(1—wcotw)’i+?}, (A4)
P X ¢

where ¢ and ; are the time derivatives of ¢(¢) and x; (¢), respectively.
Then, L, is inferred by integrating both members of relation (A4)
from the centre of the ejected material up to the WCR mass coordinate
M;(t) = m[r(x;,t)] = MMExf(t) [cf. relation (4)], as follows:

M;(1)
Lop(t) = / édm +

0
4 ™ Gy b

——aR?(t)/ T x (l—a)cotw)x——i—? dw’
372 0 X ¢
Mi(r) E) Pt

:/ cam_ Eh 2 000)

0 3w (t/te+1)

></ {smw (? + ﬁ) —coswﬁ} do’

0 w ¢ Xi Xi

M; (1) 3 j v
= / edm — g0 59D (0)o() (¢ + 3ﬁ) )
0

TUha D\

At this point, the L, luminosity from relation (A5) can be compared
with that from relation (11) [or relation (A3)]. In particular, assuming
t >> t, (or, similarly, vs.t >> Ry), the comparison of the above-
mentioned relations gives the following equation:

(A5)

E{, (b ki t r MO

d

This equation can be used to derive the time evolution of ¢ during the
diffusive phase. Indeed, using the relations x;(t) = 1 and x;(t) =0
that are valid in this phase [cf. relation (14)], equation (A6) becomes

Lo t Mygts ' 3
b= 2% [«z:(r)— = /0 e(x,t)dx}
_ 5 _ S0 _
= 213 [db(z) E&/td] fort <t; —
67,2/,“2 E& ! ey
o(t) = T |:Z+/(; S(1)d (e )} fort <1, (A7)

in which the latter is the general solution of ¢ for constant opacity
models, where S(¢) can take into account any kind of internal heating
sources [cf. relation (17)]. Finally, inserting the relation (A7) into
the relation (11) [or relation (A3)] and considering once again that
x;(t < t;) = 1, one obtains the relation

EO ! 72
Lop(t < 1) = L—;“ + / S(t)d (e’ /'«2)} e (A8)
0

which is equivalent to relation (16) for r < 1; (Q.E.D.).
To derive relation (18), it is first necessary to equate relation (11)
with relation (15). This translates to

x; (1)

Egl¢(t)t = 2macv T3 t*xX(t) fort >t —>
d
2
L,t, t
o) = 4 (—) xi(t) fort =1, (A9)
En \la
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d [ 2 N
,2 — |t 2 —_— = !
Y | (X’ + 312 L,

in which the latter links the time evolution of ¢ to the one of x; during
the entire recombination phase. Then, substituting the relation (A9)
into equation (A6), considering relation (19), and supposing that x;
is continuous at #; (see below for further details), one obtains

[N]

i

[, /1 X; t M) .
Latx} | x; " +2x— + Pl = édm withx;(t;) =1 —>
L i 0

a

f| t Sl' t .
2tx} (x +24 ) = iy =1 —

2t 212x L,

with x;(1;) = 1, (A10)

in which the latter is equivalent to relation (18) (Q.E.D.).

Last but not least, note that the couples of relations (17)—(A7),
and (A9) and (A10) define the temperature behaviour of the ejected
material during the first two post explosive phases (namely, diffusive
and recombination phases). Since the transition between them at
t = t; has to keep the temperature profile continuous, the relations

_ (=1
xi(t7) = X[(t;r) xit; 2
L — _ _ All
oy 2ot o) = Lot (£) (A
th a
are valid, where the first relation on x; provides the initial boundary
condition x;(#;) = 1 for the Cauchy problem defined by the relation
(18) and the second one on ¢ allows to find the beginning of the
recombination according to the relation (13).

APPENDIX B: SOURCE FUNCTIONS AND
PECULIAR SUBMODELS

In this appendix, we present the °Ni radioactive decay source term
in more detail. In particular, introducing the Ni-normalized source
function S; = S; /[ My;€(?)], all the submodels defined in Section 2.2
can be distinguished thanks to it, as follows:

SPARTSOR@) = X7 (1) (B1)
1— /1 —x7 +x} {l—Hog( 1—x,-72+xi71):|
GHARHIE ) _
; () 5
(B2)
s 1 x;i(t) > x.
BOX-+SOE,,\ __
Si ®= {[xi(t)/xc]3 xi(1) < xc (B3)
1 2 X,‘(l) > Xe
S-BOXJrIE )= — 3 2 3/2 B4
i () ) 1+(%)_{1_(%)} () < x. (B4)
= 1— —k . x3(t
SiEXPJrSOE(t) — exp[ Ian/‘xl ( )] ] (BS)
1 —expl—k/ ;]

Only for the submodel ‘EXP + IE’, there is not an analytic Ni-
normalized source function, essentially because, in this case, the
term

/ K3
/x xz—xize Kanix ¥ 4 ¢

present in equation (31) is not expressible as a combination of
elementary functions.

Once known the §; (or, equivalently, the S;) function, the x; time
evolution can be found by solving numerically the Cauchy problem
defined by the equation (18) for all the submodels (cf. Fig. 2).
However, for the submodel ‘HAR + SOE’, there is also the following
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analytical solution:

f t? 12 () — E(@)
2 ! i i
2=~ (1+ SR e A B6
20) l( 3t3) R (B6)
with
MNyi€s6c, T _
q= RO o MMy “E~? (B7)
L, (TssCO - ‘L’seNi)
and
€56 TSN
E() = SO TN (‘L’sac0 - fsaNi) X (1 - e_I/TSf’Ni)
€560 T56Co
+ [Tssce (1 — €700 ) — T30 (1 — e7"/™6mi)] . (B8)

Moreover, since at the beginning of recombination most of *°Ni
has already transformed into *°Co (indeed the relation #; 2 Tsey; is

~

typically verified), the relation (22) can be approximated as

€56 T56,
E(l) ~ Co “>°Co

L
x e /Ts6co = q x < 4
Ni

x e~ 1/Ts6c, (B9)
T56co — T56N;i

and, consequently, for the submodel ‘EXP + SOE’, the differential
equation in relation (18) can be rewritten in the following useful
form:

k3
di ;o toL (1= e
dr 2t 22 2tx}

(B10)

i

with ¢’ = g x (1 - e‘kﬁniX)il and T = Ts6c,, hereafter.

Last but not least, note that in the case whether My; is equal
to zero or the °Ni heating effects on the WCR are neglected (i.e.
when the relation S;(#) = 0is verified), our model reproduces the one
presented in Popov (1993) as a special case. Indeed, for S;(t) = 0,
the equation (18) becomes homogeneous and can be rewritten as

d , 1
— (t|{x 4+ )| =0.
dr[ (x’ *343)}

So, by using the boundary condition x;(z;) = 1, it can be analytically
solved, obtaining the following relation:

t? t?
z(x3+7) ., (1++‘2),
312 312

which is equivalent to equation (15) of Popov (1993) (Q.E.D.).

(B11)

APPENDIX C: SCALING EQUATIONS

In this appendix, we focus on the derivation of three purely pho-
tometric scaling equations that relate the peak features of 1987A-
like SNe to parameters describing the SN progenitor at explosion.
To this aim, it is useful to rewrite equation (46) in an appropriate
manner. In particular, during the peak phase (i.e. 30d S ¢ S 1/) Lgn
is dominated by the ME luminosity, therefore equation (46) becomes

2
Lsn(t) > Lop + Ly = Ly (%) X7 (1) + Myie() [1 = §;(1)]

a

(&3]

where equation (6) has been substituted for Lyg, and Lo, and Ly
have been respectively expressed through relations (15) and (20),
using the quantities L, and S; defined in note 3 and Appendix B.
The equation (C1) is thus a general expression for Lgy from which
the scaling relations during the peak phase can be derived.

Starting with the rising phase (i.e. 30d <t <7), the BOX
approach allow us to simplify the equation (C1) replacing the

Long-rising SNe: a new analytical model 241

expressions (B3) and (B4) to S;, so

2
LX) =L, (Ii) X7 (1) (C2)
a

as long as x;(¢t) > x., which is valid for 7 < 7 [cf. Figs 2 and 13].
Furthermore, by comparing the profiles of x; in Fig. 2, we observe
that the behaviour of the x;-curves for all our submodels are similar
within the first 40-50 d at least and, in any case, for ¢ < 7. Therefore,
in equation (C2), we can substitute the analytical form of x; found
for the HAR case and, neglecting in equation (B6) the terms that
depend on 7,2 (because the relation #; < 7 << 1, is generally valid
for 1987A-like SNe), we obtain:

() - E(n))
q ) .

i

te;
L3 (1) ~ L, x = X (1 + (C3)

a
Since here ¢ and #; are generally greater than tsey;, We can also use
the approximation of equation (B9), thus the difference between the
values of E calculated in ¢ and #; can be simplified as follows

My P
E()— E(t) = — x e(t)dt
1

qLa ;
~ Tsoc, X [€7/ 000 — 7!/ T0co ]
>~ t—t +o(t/Ts6c,), (C4)

in which the exponentials have been approximated to the first order
since #; < t <7 are one order of magnitude smaller than Tssc,. In
light of this, the derivative of the magnitude during the rising phase
can be expressed as follows:

. dm dlog,, LEX
Mrising(t) = T =-25x %
I lie3oan !
1 q t—1
~ —(2.5/1In10) x n + - +o|qg p . (C5)

By using the relation (C5), we can express DM defined in equa-
tion (71) to find the first scaling relationship on the rising phase for
1987A-like SNe:

DM ~ —(2.5/In10) x ti & Myi x (E My Ro)™"* (Q.E.D.).

i

(Co)

In order to facilitate the analysis of the LC behaviour for the
subsequent phases and find other scaling relations, it is useful to
introduce L as the ratio between the SN luminosity and °Ni tail
ones (i.e. L = Lgn(t)/[Mni €(D)]). According to the approximation
of relation (B9), L can be written as follows:

L, (t/1.)

Lo =1+ e

x2(t) — §i(t) = 1+ b(t) x2(2) — 5;(t), (C7)
where b(1) = ¢! x (1/t,)* €'/7 is the ratio of the BB brightness with
radius R(¢) = vyt and surface temperature T;,, to the radioactive
luminosity of a 3°Ni transparent sphere with mass My;. With the L
introduction, the difference between the SN magnitude (i.e. Mgn =
—2.5 log,y Lsn + 88.7) and My, [the same of equation (73) with
myi = —2.5 log,, Mni + 88.7] can be expressed as

AM = Mgy — My = —2.5 logo L. (C8)

This theoretical curve is dependent upon the submodel type and
modelling parameters. Moreover, AM can be used to simulate
the features of My, — My, obtained by the LC data analysis (cf.
Section 4.3).
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Analogously, we can define the time derivative of AM, which
becomes
d(AM)
dt

. . - dL
DM = = Mgy — My = —(2.5/In10) x L™ x o

(&)

In the SOE case, dL/d¢ can be written by deriving respect to ¢ the
equation (C7) as follows

dL 5 (2 1 X; 2.
— =bM)x; -+ —-+2— ) =3&Ex)x X
dt t T X;

= ¢! {Kl + 5) b(t)—l—és(xi)x,} X7+
T 2
—q e !/t |:b(t) — ; é;‘(x,—)x,-:| [b(t) — 8i(®) x;z} } ,  (C10)

where the derivative of S; has been substituted for 3 £[x; (£)] x; (£)%;
[cf. equation (30)], thus making equation (C10) valid for all sub-
models under the SOE condition. Furthermore, in equation (C10)
the dependence on the derivative of x; has been removed by getting
X; from equation (18) [cf. equation (A10)].

In order to link the features of the LC secondary maximum, such
as fyy and Ly (cf. Section 4.3), to the modelling parameters in a direct
way, it is necessary to use the submodel ‘HAR + SOE’. Indeed, in
this case both equations (C7) and (C10) can be simplified as follows:

LRy = 1 4 [b(1) — 1]x2, (C11)

d[HAR
dr

= [(t7"+ ") b))+ 3/ 17! xF

— 1< () — 3/2] [b(r) — 1]. C12)

In this way, 7y and L, can be related by the following analytic
expression:

Ly = L' (Ey) = 1+ [b(in) — 11x] (En), (C13)

where

x2iy) = q el x D00 = 3/21 blin) — 1] (C14)
[(1+7m/7) b(im) + 3/2]

is derived from the condition DM (fyy) = 0 — dLHAR/dt|;,, = 0 [in

accordance with equation (C9), cf. also note 9]. Furthermore, at

fy the BB brightness given by L, (fy/t,)* is significantly higher

than the Ni luminosity My;e(f)), therefore their ratio expressed by

b(f)r) has to be grater than one [e.g. b(f);) >~ 19 for SN 1987A]. By
approximating the equations (C13) and (C14) for b(fy) >> 1, we
can simplify as follows:

[b(im) — 3/2] [b(n) — 1717
[(1 + 7x/T) b(Er) +3/2]

Ly ~14qge ™ x

ge M/t 2 41 iy e/t
~1+— b(1, ~1 1)y ———
+1+ZM/'[X[(M)] +(Qa) 1+tM/T

~ 1+ (qt) " By + oliu /7). (C15)

from which, by neglecting the higher-order terms in 7y, /t, we can
obtain the second scaling equation

Ly — D)7 = (gth) o« My x (E3 MY (QE.D.). (C16)

The last scaling relation concerns the final stage of recombination,
which occurs at 7, in our model. At this epoch, DM presents a
discontinuity of the first type that makes it jump from the value

dL
de |-

Iy

DM; = —(2.5/1n10) (C17)

to zero, because the relation Mgy = M,; is valid from the recombi-
nation end time onwards. The left derivative of L (i.e. dL/ dtlt;) can

be calculated rigorously via the equation (C10). Indeed, assuming

a Ni density profile such that £(x) ~ x” around to x = 0 with

p > —1 (note that in this way only the HAR case is not included),
the continuity condition of x;(r) gives:

lim x;(¢) = lim &[x; ()] x; (1) = lim §;(£) x,72(t) = 0, (C18)
" " t—t,

t%tf f*)tf r
so, calculating the same limit for the equation (C10), we have

dL dL 3l
—=| =1lim — > e b)) = - L,
dr i 117 dr qt;

(C19)

from which we obtain the last scaling equation
t}e’f/r .
Myi(MyE=3)!72
DM 't7¢'"/* o« My; x (E7> Myg)'>  (QED.). (C20)

DMf X
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