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 a b s t r a c t

The Simos-Roy-Figueira (SRF) deck-of-cards procedure is widely recognized as an intuitive method for elicit-
ing criteria weights in outranking Multiple Criteria Decision Aiding (MCDA) methods. However, its numerous 
extensions, covering imprecise or fuzzy inputs, robustness analysis, hierarchical criteria structures, and diverse 
communication protocols, have developed independently. Although these variants share the same underlying 
deck-of-cards mechanism and are, in principle, mutually compatible, the literature offers little guidance on how 
to combine them coherently or design new SRF configurations for a given decision context. This paper fills that 
gap by introducing a modular SRF framework that decomposes existing and new methods into a set of inter-
operable building blocks, each with an explicit linear (or mixed-integer) programming formulation. The main 
novelty of the framework is threefold: (i) it unifies the main SRF variants as special cases of a common constraint 
system; (ii) it embeds generic models for consistency checking, inconsistency diagnosis and minimal restoration 
directly in that system; and (iii) it operationalizes these modules through a guided questionnaire that helps an-
alysts and decision makers select appropriate configurations and derive the corresponding optimization models. 
The resulting modular SRF framework offers MCDA practitioners, researchers and actual Decision Makers (DMs) 
a transparent, user-configurable approach that preserves the rigor of outranking methods, while significantly en-
hancing practical flexibility and user experience. We demonstrate the framework’s versatility through two case 
studies, each providing custom SRF results, enriched with additional considerations, such as uncertainty and 
robustness analysis.

1.  Introduction

Criteria weight elicitation is a fundamental and challenging step in 
MCDA, when building a preference model  (Greco et al., 2016). The 
importance weights assigned to criteria directly influence the ranking 
or selection of alternative options, yet DMs often find it challenging 
to articulate precise weight values. Over the years, a variety of weight 
elicitation techniques have been developed, each with its own cognitive 
demands and assumptions (Riabacke et al., 2012). A persistent goal in 
DM is, thereby, to design weight elicitation procedures that are both 
easy for DMs to understand and use, while robust enough to capture the 
nuances of preferences and deliver a stable and accurate model.
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In the context of outranking preference methods, such as the ELEC-
TRE and PROMETHEE family methods, weight elicitation is of partic-
ular significance (Brans & De Smet, 2005; Govindan & Jepsen, 2016). 
It is well recognized that the choice of weights in outranking models 
can critically affect the resulting recommendations and consequent de-
cisions  (Belton & Stewart, 2002). Researchers have therefore explored 
specialized techniques to derive criteria weights that DMs can provide 
intuitively, without needing extensive technical knowledge of the meth-
ods and algorithms. Among these, a “deck-of-cards” elicitation proce-
dure proposed by Jean Simos has become especially popular. Initially 
introduced in 1990 to support ELECTRE-type methods, the Simos ap-
proach requires the DM to rank-order criteria cards from least to most
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\begin {equation}\label {eq:SRF} \left . \begin {array}{ll@{}} {[O1]}&\mbox {no objective function}, \\ {[O2]}& w_j = w_k, \,\, g_j,g_k \in R_s, \, s = 1,\ldots , t, \\ {[O3]}& w_j = w_k + C\cdot \bar {e}_{s}, \,\, g_j \in R_{s+1}, \, g_k \in R_s, \, s = 1,\ldots , t-1, \\ {[O4]}&w_{j}=z\cdot w_{k}, \,\, g_j \in R_{t}, \, g_k \in R_1,\\ {[O5]}&\displaystyle \sum _{j=1}^{n}w_j=1,\\ {[O6]}&C\geqslant \varepsilon \end {array} \right \} \, E(SRF)\end {equation}
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\begin {equation}\label {eq:SRF_example} \left . \begin {array}{@{}l@{}} \text {Ex aequo set at } R_2 \, ([O2]): \, w_2 = w_3, \\ \text {Gap between } R_1 \text { and } R_2 \, ([O3]): \, w_2 = w_4 + C \cdot \bar e_1 = w_4 + C, \\ \text {Gap between } R_2 \text { and } R_3 \, ([O3]): \, w_1 = w_2 + C \cdot \bar e_2 = w_2 + 3C, \\ \text {Global ratio ([O4]):} \, w_1 = z \cdot w_4 = 5 w_4, \\ \text {Normalization ([O5]):} \, w_1 + w_2 + w_3 + w_4 = 1, \\ {[O6]} \, C \ge \varepsilon > 0. \end {array} \right \}\end {equation}
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\begin {equation}\label {eq:dictatorship} [OD]\, w_k \,\le \, \sum _{\substack {j\neq k}} w_j, \quad \forall k = 1, \ldots , n.\end {equation}
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\begin {equation}\label {eq:minimum_weight} [OM]\, w_k \,\ge \, \varepsilon ^m, \quad \forall k = 1, \ldots , n,\end {equation}
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\begin {equation}\label {eq:SRFII} \left .[O4] \begin {array}{@{}l@{}} \,z = \frac {\displaystyle \sum _{s=1}^{t-1}\bar {e}_s + e_0 + 1}{e_0 + 1}, \\ \,w_{j}=z\cdot w_{k}, \,\,\forall g_j \in R_{t}, g_k \in R_1, \end {array} \right \} \, E(SRF-II)\end {equation}


\begin {equation}\label {eq:Robust_SRF} \left . \begin {array}{ll@{}} {[O1]}&\max \& \min w_j, j = 1,\ldots ,n\,\,\mbox {subject to}, \\ {[O3]}& w_j > w_k, \,\,\forall g_j \in R_{t}, g_k \in R_s, t>s, \\ {[O6]}& w_{j+1} - w_j > w_{k+1} - w_k, \text { if } e_j >e_k \end {array} \right \} \, E(Robust-SRF)\end {equation}
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\begin {equation*}z = z_1 \cdot z_2 \cdot \cdots \cdot z_{t-1}.\end {equation*}
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\begin {equation*}\mathcal {L} = \left \{ \begin {array}{@{}ll@{}} l_{-2}: \text {not preferred}, & l_{-1}: \text {slightly not preferred}, \\ l_{0}: \text {equally preferred}, & \\ l_{1}: \text {slightly preferred}, & l_{2}: \text {preferred} \end {array} \right \}\end {equation*}
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\begin {equation}\label {eq:case_1} \left . \begin {array}{@{}ll@{}} [O1] & \text {no objective function}, \\[4pt] {} [O2] & w_j = w_k, \quad g_j,g_k \in R_s, \, s = 1,\ldots , t, \\[4pt] {} [O3] & w_j > w_k, \quad \forall g_j \in R_{t}, g_k \in R_s, t>s, \quad g_j \in R_{s+1},\\[4pt] &\hspace *{50pt} g_k \in R_s, \, s = 1,\ldots , t-1, \\[11pt] {} [O4] & \left . \begin {array}{@{}l@{}} z \leq \dfrac {\sum _{s=1}^{t-1}\overline {e}_s + e_0^{\text {low}} + 1}{e_0^{\text {low}} + 1}, \\[9pt] z \geq \dfrac {\sum _{s=1}^{t-1}\overline {e}_s + e_0^{\text {upp}} + 1}{e_0^{\text {upp}} + 1}, \\[6pt] w_{j}=z\cdot w_{k}, \quad \forall g_j \in R_{t}, g_k \in R_1, \end {array} \right \} \\[4pt] {} [O5] & \displaystyle \sum _{j=1}^{n}w_j=1,\\[4pt] {} [O6] & w_{j+1} - w_j > w_{k+1} - w_k, \quad \text {if } e_j >e_k \\[4pt] {} [OD] & w_k \le \sum _{j\neq k} w_j, \quad k = 1, \ldots , n,\\[4pt] {} [OM] & w_k \ge \epsilon ^m, \quad k = 1, \ldots , n. \end {array} \right \}\end {equation}


$E^{\mathrm {mod}}_{\mathrm {CS1}}$


\begin {equation}\label {eq:app_case1} \left . \begin {aligned} &\textit {Equalities within ex aequo subsets:} && w_4 = w_5,\quad w_2 = w_3. \\[1pt] &\textit {Monotonicity across ranks:} && w_6 \ge w_4 + \delta ,\quad w_2 \ge w_6 + \delta ,\quad \\[1pt] &&& w_1 \ge w_2 + \delta . \\[1pt] &\textit {Largest gap from BC information:} && (w_1 - w_2) \ \ge \ (w_2 - w_6) + \delta , \\[1pt] & && (w_1 - w_2) \ \ge \ (w_6 - w_4) + \delta . \\[1pt] &\textit {Conditional gap between } R_2 \text { and } R_3: && \Delta _{26} := w_2 - w_6,\quad \Delta _{64} := w_6 - w_4, \\[1pt] & && \Delta _{26} - \Delta _{64} \,\ge \, -M\,y, \\[1pt] & && \Delta _{26} - \Delta _{64} \,\le \, M\,y, \\[1pt] & && \Delta _{26} - \Delta _{64} \,\ge \, \delta - M\,(1-y), \\[1mm] & && y \in \{0,1\}. \\ &\textit {SRF--II global ratio (from } e_0 \in [0,1]\textit {):} && w_1 \,\ge \ 3.5\,w_4,\qquad w_1 \,\le \ 8\,w_4\\ &&& \quad (\text {with } w_4 = w_5). \\ &\textit {Normalization:} && \sum _{j=1}^{6} w_j = 1. \\ &\textit {No--dictatorship:} && w_k \ \le \ \sum _{j\neq k} w_j,\qquad k = 1,\dots ,6. \\ &\textit {Minimum weight:} && w_k \ \ge \ 0.05,\qquad k = 1,\dots ,6. \\ &\textit {Nonnegativity:} && w_k \ \ge \ 0,\qquad k = 1,\dots ,6. \end {aligned} \right \}\end {equation}
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\begin {equation}\label {eq:case_2} \left . \begin {array}{@{}l@{}} \begin {array}{@{}ll@{}} [O^H1] & \text {no objective function}, \end {array} \\ {} \left . \begin {array}{@{}ll@{}} [O^H2] & w_{jj'} = w_{jk'}, \,\,\, g_{j{j'}},g_{j{k'}} \in R_{js'}, s' = 1,\ldots , t_j, \\ {} [O^H3] & w_{jj'} > w_{jk'} \,{\cdot }\, \bar {e}_{js'}, \,\,\, g_j \in R_{s+1}, g_k \in R_s, s = 1,\ldots , t-1, \\ {} [O^H4] & w_{jj'}=z_j\cdot w_{jk'}, \,\,\, g_{j{j'}} \in R_{jt_j}, g_{jk'} \in R_{j1},\\ {} [O^H5] & w_{j{j'+1}} - w_{jj'} > w_{jk'+1} - w_{jk'}, \,\,\, \text {if } e_{jj'} >e_{jk'} \end {array} \right \}\,\,\, \forall j = 1,\ldots ,n, \\ {} \left . \begin {array}{@{}ll@{}} [O^H6] & w_{jj'} = w_{kk'}, \,\,\, g_{jj'},g_{kk'} \in R_s, s = 1,\ldots , t, \\ {} [O^H7] & w_{jj'} > w_{kk'}, \,\,\, g_{jj'} \in R_{s+1}, g_{kk'} \in R_s, s = 1,\ldots , t-1, \\ {} [O^H8] & w_{jj'}=z\cdot w_{kk'}, \,\,\, g_{jj'} \in R_{t}, g_{kk'} \in R_1\\{} [O^H9] & w_{j{j'+1}} - w_{jj'} > w_{kk'+1} - w_{kk'}, \,\,\, \text {if } e_{j'} >e_{k'} \end {array} \right \}\,\,\, \begin {subarray}{l} g_{jj'}\in \{R_{j1}, R_{jt_j}\}, \\ g_{kk'}\in \{R_{k1}, R_{kt_k}\} \end {subarray}, \\ {} \begin {array}{@{}ll@{}} [O^H10] & \displaystyle \sum _{j=1}^{n}\sum _{j'=1}^{n_j}w_{jj'}=1,\\ {} [OD] & \displaystyle w_{kk'} \le \sum _{\substack {j=1 \\ (j,j')\neq (k,k')}}^{n}\sum _{j'=1}^{n_j} w_{jj'}, \,\,\, k = 1, \ldots , n, k' = 1, \ldots , n_k.\\ {} [OM] & w_{kk'} \ge \epsilon ^m. \end {array} \end {array} \right \}\end {equation}


$E^{\mathrm {mod}}_{\mathrm {CS2}}$


\begin {equation}\left .\begin {array}{@{}l@{}} {(}\textit {Timeliness } g_{1})\\ w_{13} \ge w_{11}+\delta , w_{14} \ge w_{13}+\delta , w_{12} \ge w_{14}+\delta ,\\ {(}w_{13}-w_{11}) \ge (w_{14}-w_{13})+\delta ,\\ {(}w_{14}-w_{13}) \ge (w_{12}-w_{14})+\delta ,\\ w_{12}=6\,w_{11};\\ {(\textit {Effectiveness } g_{2})}\\ w_{23} \ge w_{21}+\delta ,w_{24} \ge w_{23}+\delta ,w_{22} \ge w_{24}+\delta ,\\ {(}w_{23}-w_{21}) \ge (w_{24}-w_{23})+\delta ,\\ {(}w_{24}-w_{23}) \ge (w_{22}-w_{24})+\delta ,\\ w_{22}=5\,w_{21};\\ {(\textit {Safety } g_3)}\\ w_{33}=w_{34}=w_{35}=w_{36},w_{31}=w_{37}\\ w_{32} \ge w_{33}+\delta , w_{31}\ge w_{32}+\delta ,\\ {(}w_{32}-w_{33}) \ge (w_{31}-w_{32})+\delta ,\\ w_{31}=6\,w_{33};\\ {(\textit {Efficiency } g_{4})}\\ w_{42} \ge w_{41}+\delta ,\\ w_{42}=2 w_{41};\\ {(\textit {Inter-group MLC, extremes})}\\ w_{33}=w_{34}=w_{35}=w_{36}=w_{42}, w_{31}=w_{37}\\ w_{33} \ge w_{41}+\delta ,\\ w_{21} \ge w_{33}+\delta ,\\ w_{11} \ge w_{21}+\delta ,\\ w_{31} \ge w_{11}+\delta ,\\ w_{22} \ge w_{31}+\delta ,\\ w_{12} \ge w_{22}+\delta ,\\ {(}w_{22}-w_{31}) \ge (w_{33}-w_{41})+\delta ,\\ {(}w_{22}-w_{31}) \ge (w_{21}-w_{33})+\delta ,\\ {(}w_{22}-w_{31}) \ge (w_{11}-w_{21})+\delta ,\\ {(}w_{22}-w_{31}) \ge (w_{31}-w_{11})+\delta ,\\ {(}w_{22}-w_{31}) \ge (w_{12}-w_{22})+\delta ,\\ w_{12}=12 w_{41}{;}\\ {(}\textit {Normalization and safeguards}) \\ \sum _{j\in \{1,2,3,4\}} \sum _{j{\prime }} w_{jj{\prime }} = 1,\\ w_{kk{\prime }} \le \sum _{{(j,j{\prime })\neq (k,k{\prime })}} w_{jj{\prime }} \forall (k,k{\prime }),\\ w_{jj{\prime }} \ge 0.01 \forall (j,j{\prime }). \end {array}\right \rbrace \label {A.2}\end {equation}
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\begin {equation}\begin {cases} \sigma ^{-}_{\text {Inter}, g_{31}, g_{22}} = 1,\, \sigma ^{-}_{\text {Inter}, g_{37}, g_{22}} = 1,\, \sigma ^{-}_{\text {Scale}, g_{12}, g_{11}} = 2,\, \sigma ^{+}_{\text {GlobalScale}, g_{12}, g_{41}} = 4, \\ \sigma ^{+}_{\text {Inter}, g_{22}, g_{12}} = 1,\, \sigma ^{+}_{\text {GlobalScale}, g_{12}, g_{41}} = 13, \end {cases} \label {Xeqn18-18}\end {equation}
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important and insert blank cards to reflect perceived gaps between im-
portance levels (Simos, 1990). Criteria, whose cards are clipped together 
(ex aequo criteria), are considered of equal importance, while adding 
more blank cards between criteria indicate a larger difference in impor-
tance. This simple “card game” is easy to understand and implement, 
and for this reason it has been extensively used by practitioners in real-
world decision problems. The method was later refined by Figueira and 
Roy to include an additional parameter 𝑧, i.e. the ratio between the 
most and least important criterion, ensuring that it can be anchored to 
a prespecified value, rather than being left entirely relative and uncon-
trollable (Figueira & Roy, 2002).

In the field of MCDA, this enhanced Deck-of-Cards Method (DCM), 
also referred to as SRF procedure is considered an effective and 
user-friendly technique for assessing criteria weights (Siskos & Tsot-
solas, 2015). Along with it, an extensive family of SRF variants has 
emerged. The Robust-SRF formulation tackles the imprecision of the 
basic model; instead of delivering a single weight vector, it explores 
the whole convex polyhedron of admissible weights, inferred by the 
criteria rank-ordering information that is modeled as a set of linear 
inequality constraints. It then quantifies the degree the final results can 
change under that uncertainty and provides certain robustness rules 
and recommendations (Siskos & Tsotsolas, 2015). Some other variants 
focus on easing the task of elicitation. SRF-II introduces a hypothetical 
“zero-importance” criterion, so that the DM can define the global 
ratio 𝑧 indirectly (Abastante et al., 2022). In Assessment Through 
Prioritization (WAP) method, the global 𝑧 is substituted by sub-ratios 
between adjacent criteria  (Tsotsolas et al., 2019). In another variant 
of SRF, imprecision in inputs, such as blank-card counts or 𝑧 values 
is handled through interval, fuzzy, or probabilistic models, yielding 
methods like imprecise-SRF and Belief-degree SRF formulations that 
embed ranges or belief distributions in the constraints (Corrente 
et al., 2017; Zhang & Liao, 2023). Finally, (Corrente et al., 2016; 
Huang et al., 2025) suggested ways to handle multi-level criteria trees, 
i.e., hierarchical criteria structure. Altogether, these methodological 
developments have transformed the classical SRF into a versatile toolkit 
that can be adapted to a wide variety of decision-making contexts.

These innovations, however, have made the landscape of weight elic-
itation more fragmented. Each new method variant and extension has 
been typically developed in isolation, accompanied by its own proce-
dural steps and mathematical formulations, even though all share the 
common foundation of the original Simos card technique. From a prac-
titioner’s perspective, it may be unclear which variant best fits a deci-
sion problem at hand, or whether it is possible to combine exclusive 
features of the different methods. There is, thereby, an evident research 
and practical gap, as no integrated framework has been developed, uni-
fying the various SRF-based approaches and guiding DM in configuring 
a tailor-made weight elicitation process. For example, if a DM requires a 
hierarchical weight model with fuzzy judgments and a guarantee against 
any single criterion dominating the decision, there is no easy way to ac-
complish this without customizing the SRF algorithm. The absence of a 
unified structure also complicates researchers’ efforts to compare meth-
ods or build upon each other’s work, as each extension is presented as 
an independent technique.

In this paper, we address this gap by proposing a modular SRF frame-
work that consolidates the many extensions of the SRF method into a 
single, flexible system. The key insight is that the core SRF algorithm 
can be broken down into a set of modular components or building blocks 
with different focuses:

• how the criteria are structured,
• in what form is the input of the DM,
• how the solution space is analyzed.
By offering interchangeable modules in each building block, we enable 
DMs to mix and match different features, stemming from the original 
methods, to create a customized weight elicitation procedure that best 
fits their decision context. To achieve that, a short questionnaire is de-

veloped and filled by the DM to guide the analyst in configuring the SRF 
variant that will be applied. The framework is then complemented with 
the appropriate linear or mixed-integer programming formulations that 
incorporate all the chosen modules’ constraints, yielding either a unique 
weight vector or a characterization of the weight space. Finally, a pro-
cedure has been integrated into the framework to automatically check 
the consistency of the DM’s preference statements. This step is designed 
to detect and correct any contradictory judgments. If inconsistencies 
are found, the procedure can identify the minimal adjustments needed 
in the DM’s input to restore feasibility, offering constructive guidance 
throughout the process.

The proposed modular SRF framework transforms the once static 
DCM into a configurable toolbox for criteria weighting. It provides a sin-
gle mathematical grammar that can reproduce the standard SRF, SRF-II, 
Robust SRF, Hierarchical SRF, and others simply by activating/deacti-
vating specific constraint blocks. It preserves the intuitive appeal of the 
original Simos procedure, while offering the versatility to handle impre-
cise information, ensure normative considerations, and produce richer 
insights into weight uncertainty. Furthermore, by decoupling the struc-
tural, procedural, and informational modules, the framework allows for 
combinations that have never been proposed before. We demonstrate 
these advantages through two real-world case studies from the litera-
ture: a financial portfolio assessment and an evaluation of public hos-
pital quality. In each case, we demonstrate how the modular approach 
can yield the results of the SRF analysis by incorporating the DMs’ ad-
ditional preferences that were previously unmodeled. These examples 
highlight that the unified framework not only bridges multiple meth-
ods but also provides practical value by yielding more informative and 
consistent weight assessments.

Our proposal incorporates mathematical programming, thereby con-
tributing to the large body of MCDA methods, for which this tech-
nique provides the optimization backbone. In particular, classical goal 
programming (Charnes & Cooper, 1977) and compromise program-
ming (Zeleny, 1973, 1974) formulate achievement or distance-to-ideal 
criteria and solve the resulting problems as linear or nonlinear pro-
grams, thus producing compromise solutions in the presence of con-
flicting goals. Preference disaggregation methods such as UTA/UTADIS, 
infer compatible preference model instances from indirect preference 
information (e.g., holistic rankings or assignments of reference alter-
natives) by solving linear programs that minimize various types of 
errors (Jacquet-Lagrèze & Siskos, 1982). Under incomplete or impre-
cise preference information, robustness-oriented approaches like pref-
erence programming (Salo & Hämäläinen, 2004), Robust Ordinal Re-
gression (Greco et al., 2008), robust weight-interval analysis (Barron, 
1992), and worst-case regret models use (mixed-)linear programming 
to characterize the whole set of parameters compatible with the avail-
able preference statements and derive robust results. Weight-elicitation 
procedures such as the Best-Worst Method (Rezaei, 2015) cast the de-
termination of criteria weights as an optimization problem balancing 
consistency with the decision maker’s judgments, while model-fitting 
approaches like MACBETH rely on linear programming to construct car-
dinal value scales from qualitative judgments of differences in attrac-
tiveness (Bana e Costa & Vansnick, 1994). In this way, mathematical 
programming serves both as a solver of explicit multiobjective formu-
lations and as an inferential engine that learns and stress-tests MCDA 
models from (possibly indirect or imprecise) preference information. In 
our proposal, it is used in the same spirit, as a unifying optimization lan-
guage, encoding the new preference learning, robustness analysis, and 
recommendation models we introduce.

The remainder of this paper is organized as follows. Section 2 re-
views the SRF weight elicitation method and its main extensions for flat 
and hierarchical criteria, presenting each variant in a unified notation 
and highlighting its key features. This review lays the groundwork for 
our modular approach by pinpointing the common elements and unique 
mechanisms of each variant. Section 3 then introduces the modular SRF 
framework in detail: we define the modular components, present the 
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Fig. 1. Overview of SRF-based methods reviewed in Section 2: deck-of-cards preference information provided by the DM is encoded through generic SRF constraint 
blocks, which are instantiated differently in flat and hierarchical SRF variants.

guiding questionnaire for method configuration, and explain how dif-
ferent module choices map onto a final mathematical formulation. We 
also describe the integrated consistency checking and restoration pro-
cedure in this section. Section 4 demonstrates the use of the modular 
framework on two case studies from the literature, illustrating how the 
framework can be applied to redesign the weight elicitation process and 
what benefits this yields in terms of results and insights. Section 5 offers 
a discussion on the implications of the modular approach, including its 
flexibility, transparency, and potential limitations, as well as guidance 
for practitioners. We conclude the paper, summarizing our contributions 
and suggesting directions for future research.

2.  Method review and reformulation

This section surveys the main variants of the SRF approach, identifies 
their key features, and then reformulates each variant in a unified al-
gorithmic notation. Presenting the methods side by side highlights the 
common core they share with the standard SRF, as well as the mecha-
nisms that set them apart, laying thereby the methodological foundation 
for the proposed modular SRF framework. The summary of reviewed ap-
proaches is provided in Fig. 1.

2.1.  SRF And its extensions for flat criteria structure

SRF was originally designed for flat criteria structures, where all criteria 
exist at the same level. Based on SRF, several extensions were developed 
for the flat criteria structure MCDA problems. Let us use the following 
notation:

• 𝐺 = {𝑔1,… , 𝑔𝑗 ,… , 𝑔𝑘,… , 𝑔𝑛} denotes the set of evaluation criteria, 
each representing a distinct perspective of the alternatives under as-
sessment.

• 𝑅 = {𝑅1,… , 𝑅𝑠,… , 𝑅𝑟,… , 𝑅𝑡} is the set of ranking positions (with 
𝑡 ⩽ 𝑛). The placement of criterion 𝑔𝑗 at rank 𝑅𝑟 is denoted by 𝑔𝑗 ∈ 𝑅𝑟.

•  = {𝑒1,… , 𝑒𝑠,… , 𝑒𝑟,… , 𝑒𝑡−1} represents the set of blank cards in-
serted between successive ranks; specifically, each 𝑒𝑠 ⩾ 0 indicates 
the number of blank cards between ranking positions 𝑅𝑠 and 𝑅𝑠+1. 
When 𝑒𝑠 = 0, the weight difference between these ranks is taken as 
the basic unit; more generally, we define 𝑒𝑠 = 𝑒𝑠 + 1 to represent the 
total number of unit weight intervals between 𝑅𝑠 and 𝑅𝑠+1.

• 𝑊 = {𝑤1,… , 𝑤𝑗 ,… , 𝑤𝑘,… , 𝑤𝑛} denotes the set of elicited weights 
corresponding to the criteria.

In the standard SRF method, the weight elicitation can be formulated 
as the following linear feasibility problem. Moreover, the SRF variants 
can be concluded within a modular framework with several components 
marked as [𝑂𝑥]s that generalizes the initial algorithm:

[𝑂1] no objective function,
[𝑂2] 𝑤𝑗 = 𝑤𝑘, 𝑔𝑗 , 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡,
[𝑂3] 𝑤𝑗 = 𝑤𝑘 + 𝐶 ⋅ 𝑒𝑠, 𝑔𝑗 ∈ 𝑅𝑠+1, 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂4] 𝑤𝑗 = 𝑧 ⋅𝑤𝑘, 𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,

[𝑂5]
𝑛
∑

𝑗=1
𝑤𝑗 = 1,

[𝑂6] 𝐶 ⩾ 𝜀

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

𝐸(𝑆𝑅𝐹 )

(1)

where 𝜀 is an arbitrarily small positive constant, usually defined by the 
analyst. In this formulation, the parameter 𝐶 denotes a unit of weight. 
It guarantees that the minimum weight difference between any two ad-
jacent criteria is 𝐶; specifically, inserting 𝑒𝑠 blank cards between ranks 
𝑅𝑠 and 𝑅𝑠+1 increases the difference to (𝑒𝑠 + 1) ⋅ 𝐶. Combined with the 
ratio 𝑧 and the normalization constraint, this Constraint Programming 
(CP) formulation determines the weights of the evaluation criteria with 
precise inputs.

2.1.1.  Numerical illustration of the standard SRF procedure
To make the standard SRF formulation in Eq.  (1) more concrete, con-
sider a decision problem with four criteria 𝐺 = {𝑔1, 𝑔2, 𝑔3, 𝑔4}. Suppose 
the DM provides the following deck-of-cards information (from least to 
most important):

• Rank 𝑅1 = {𝑔4} (least important),
• Rank 𝑅2 = {𝑔2, 𝑔3} (intermediate, ex aequo),
• Rank 𝑅3 = {𝑔1} (most important).

Between 𝑅1 and 𝑅2 the DM inserts no blank cards, i.e., 𝑒1 = 0, while 
between 𝑅2 and 𝑅3 she inserts two blank cards, i.e., 𝑒2 = 2. Hence, the 
corresponding unit intervals are
𝑒1 = 𝑒1 + 1 = 1, 𝑒2 = 𝑒2 + 1 = 3.

Finally, the DM states that the most important criterion 𝑔1 is five 
times as important as the least important one 𝑔4, so that 𝑧 = 5. Let 
𝑊 = {𝑤1, 𝑤2, 𝑤3, 𝑤4} denote the weights of 𝑔1, 𝑔2, 𝑔3, 𝑔4 and let 𝐶 be 
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the unknown unit of weight. Instantiating Eq.  (1) with this input yields 
the following system:

Ex aequo set at 𝑅2 ([𝑂2]) ∶ 𝑤2 = 𝑤3,
Gap between 𝑅1 and 𝑅2 ([𝑂3]) ∶ 𝑤2 = 𝑤4 + 𝐶 ⋅ 𝑒1 = 𝑤4 + 𝐶,
Gap between 𝑅2 and 𝑅3 ([𝑂3]) ∶ 𝑤1 = 𝑤2 + 𝐶 ⋅ 𝑒2 = 𝑤2 + 3𝐶,
Global ratio ([O4]):𝑤1 = 𝑧 ⋅𝑤4 = 5𝑤4,
Normalization ([O5]):𝑤1 +𝑤2 +𝑤3 +𝑤4 = 1,
[𝑂6]𝐶 ≥ 𝜀 > 0.

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(2)

We set a small positive constant 1𝑒 − 6 for 𝜀. From the model we obtain 
𝐶 = 0.1, and the final weights are
𝑤1 = 0.50, 𝑤2 = 0.20, 𝑤3 = 0.20, 𝑤4 = 0.10.

This example illustrates how the qualitative deck-of-cards information 
(ranking, blank cards, and the 𝑧 ratio) is converted, via the linear system 
Eq.  (2), into a unique normalized weight vector consistent with the DM’s 
judgments.

2.1.2.  Modular decomposition of the SRF formulation
Eq.  (1) comprises five essential components, along with an additional 
set of extra constraints:

• [O1] Objective: This component establishes the goal of the method. 
When a unique solution is desired, the objective is fixed at a constant 
value (e.g., 1), thereby converting the Linear Programming (LP) into 
a feasibility problem. Alternatively, different objective functions can 
be adopted to explore various regions of the solution space.

• [O2] Comparison Rules within a subset of ex aequo criteria:
This element specifies the comparison of weights among criteria 
within the same rank.

• [O3] Comparison Rules between successive criteria or subsets 
of ex aequo criteria: This component specifies the comparison be-
tween criteria (or subsets of ex aequo criteria) of two successive 
ranks.

• [O4] Ratio: This constraint specifies the ratio 𝑧, indicating how 
many times more important the last criterion (or subset of ex aequo 
criteria) is compared to the first in the ranking.

• [O5] Weight Normalization: This constraint ensures that the sum 
of all criteria weights is normalized to 1.

• [O6] Extra Constraints: Additional constraints are introduced here. 
In particular, when a unit of weight is fixed, the constant 𝐶 is applied 
to define its minimum permissible value.

In certain decision contexts, the DM may wish to impose additional 
constraints. For example, to prevent any single criterion from “dictating” 
the outcome, i.e., having a weight larger than the sum of all others (Roy 
& Mousseau, 1996). The following dictatorship constraint can be added 
in that case  (Corrente et al., 2017):
[𝑂𝐷]𝑤𝑘 ≤

∑

𝑗≠𝑘
𝑤𝑗 , ∀𝑘 = 1,… , 𝑛. (3)

Alternatively, DM may require that all criteria are assigned at least 
a minimum weight, 𝜀𝑚. This can be formulated as:
[𝑂𝑀]𝑤𝑘 ≥ 𝜀𝑚, ∀𝑘 = 1,… , 𝑛, (4)

where 𝜀𝑚 ∈ (0, 1) is a user-specified lower bound on each criterion’s 
weight. It should be noted that if the DM decides to include this infor-
mation, the constraints required to translate it could render the problem 
infeasible.

From this perspective, every block in the set, including the optional 
components, can be regarded as a reusable module. By selectively re-
designing, relaxing, or enriching these components, one can create new 
extensions of SRF, and systematically construct new ones tailored to spe-
cific decision contexts. Subsequent sections exploit this modular view to 
organize known SRF variants and support the design of customized pro-
cedures within a unified framework.

2.1.3. SRF-II
In the SRF-II method proposed by (Abastante et al., 2022), a “zero-
importance criterion” is introduced as an alternative to defining the 𝑧
value. The DM specifies the number of blank cards, 𝑒0, to be placed be-
tween this “zero-importance criterion” and the least important criterion. 
Consequently, the [𝑂4] component can be modified as follows:

[𝑂4] 𝑧 =

𝑡−1
∑

𝑠=1
𝑒𝑠 + 𝑒0 + 1

𝑒0+1
,

𝑤𝑗 = 𝑧 ⋅𝑤𝑘, ∀𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,

⎫

⎪

⎪

⎬

⎪

⎪

⎭

𝐸(𝑆𝑅𝐹 − 𝐼𝐼) (5)

2.1.4.  Robust SRF
The robust SRF method, proposed by (Siskos & Tsotsolas, 2015), adopts 
a dynamic unit of weight and explores the weight space. This leads to 
modifications in constraints [O1], [O3], and [O6]. The modified formu-
lation is presented in Eq.  (6):

[𝑂1] max&min𝑤𝑗 , 𝑗 = 1,… , 𝑛 subject to,
[𝑂3] 𝑤𝑗 > 𝑤𝑘, ∀𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅𝑠, 𝑡 > 𝑠,
[𝑂6] 𝑤𝑗+1 −𝑤𝑗 > 𝑤𝑘+1 −𝑤𝑘,  if 𝑒𝑗 > 𝑒𝑘

⎫

⎪

⎬

⎪

⎭

𝐸(𝑅𝑜𝑏𝑢𝑠𝑡 − 𝑆𝑅𝐹 ) (6)

In this formulation, constraint [𝑂1] is redefined to determine the 
maximum and minimum weights among all criteria, to calculate the 
maximum range of permissible weights. [𝑂3] and [𝑂6] are adapted to 
reflect the absence of a fixed weight unit and to capture the influence 
of the inserted blank cards. [𝑂3] enforces strict inequalities between the 
weights of criteria, assigned to different ranking sets, while [𝑂6] speci-
fies the weight differences between successive criteria or subsets of ex 
aequo criteria.

2.1.5. WAP
The WAP method, proposed by (Tsotsolas et al., 2019), adapts the Ro-
bust SRF method by employing an alternative approach for defining the 
𝑧 value. Rather than specifying a single 𝑧 value directly, the DM is asked 
to assign a value 𝑧𝑠 for each pair of successive criteria or subsets of ex 
aequo criteria, 𝑔𝑠 and 𝑔𝑠+1. The overall 𝑧 is then computed as:
𝑧 = 𝑧1 ⋅ 𝑧2 ⋅ ⋯ ⋅ 𝑧𝑡−1.

Moreover, as part of the WAP method, the DM can provide imprecise 
estimates for each 𝑧𝑠, expressing them as intervals [𝑧low𝑠 , 𝑧upp𝑠

]

. A subse-
quent robustness analysis is then applied to account for this induced 
imprecision. The modified formulation is presented in Eq.  (7):

[𝑂1] max&min 𝑤𝑗 , 𝑗 = 1,… , 𝑛, subject to,
[𝑂3, 𝑂4, 𝑂6] 𝑤𝑗 ⩾ 𝑧low ⋅𝑤𝑘,

𝑤𝑗 ⩽ 𝑧upp ⋅𝑤𝑘,

}

∀ 𝑔𝑗 ∈ 𝑅𝑠+1, 𝑔𝑘 ∈ 𝑅𝑠,
∀𝑠 = 1,… , 𝑡 − 1,

⎫

⎪

⎬

⎪

⎭

𝐸(𝑊𝐴𝑃 )

(7)

In this formulation, constraints [O3], [O4], and [O6] are consoli-
dated into a single constraint that defines the interval for 𝑧𝑟.

2.1.6.  Imprecise SRF
In the imprecise SRF method, proposed by (Corrente et al., 2017), in-
stead of specifying an exact number of blank cards between criteria or a 
precise 𝑧 value, possible intervals for these values are defined. These in-
tervals are represented as [𝑒low𝑠 , 𝑒upp𝑠

] for blank cards and [𝑧low, 𝑧upp] for 
the 𝑧 value. Consequently, the [𝑂3] and [𝑂4] components are modified 
as follows:

[𝑂3]
𝑤𝑗 ⩾ 𝑤𝑘 + 𝐶 ⋅

(

𝑒low𝑠 + 1
)

,
𝑤𝑗 ⩽ 𝑤𝑘 + 𝐶 ⋅

(

𝑒upp𝑠 + 1
)

,

}

∀𝑔𝑗 ∈ 𝑅𝑠+1, 𝑔𝑘 ∈𝑅𝑠,
∀𝑠 = 1,… , 𝑡 − 1,

[𝑂4] 𝑤𝑗 ⩾ 𝑧low ⋅𝑤𝑘,
𝑤𝑗 ⩽ 𝑧upp ⋅𝑤𝑘,

}

∀𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,

⎫

⎪

⎪

⎬

⎪

⎪

⎭

𝐸(𝐼𝑚𝑝𝑟𝑒𝑐𝑖𝑠𝑒 𝑆𝑅𝐹 )

(8)
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Here, constraint [𝑂3] is reformulated as two inequalities that spec-
ify the lower and upper bounds for the weight difference between suc-
cessive criteria (or subsets of ex aequo criteria), based on the interval 
for blank cards. Likewise, constraint [𝑂4] is redefined to enforce that 
the weight ratio between the successive criteria falls within the interval 
[

𝑧low, 𝑧upp
]

. [O1] can use the same objective function from robust SRF 
to obtain the feasible weight space.

In (Corrente et al., 2021) , the authors extend both the standard SRF 
method and its imprecise variant by considering an enriched model, 
in which the DM can provide the number of blank cards 𝑒𝑝𝑞 , not only 
between consecutive levels but between any pair of levels 𝑅𝑝 and 𝑅𝑞 . 
Also in this setting, the DM is again not required to give an exact value 
for the number of blank cards; instead, they may specify an interval 
[

𝑒𝑙𝑜𝑤𝑝𝑞 , 𝑒𝑢𝑝𝑝𝑝𝑞

]

 for 𝑒𝑝𝑞 . From a technical point of view, constraints [O3] are 
replaced by the following:

[𝑂3]
𝑤𝑗 ⩾ 𝑤𝑘 + 𝐶 ⋅

(

𝑒𝑙𝑜𝑤𝑝𝑞 + 1
)

,

𝑤𝑗 ⩽ 𝑤𝑘 + 𝐶 ⋅
(

𝑒𝑢𝑝𝑝𝑝𝑞 + 1
)

,

⎫

⎪

⎬

⎪

⎭

∀𝑔𝑗 ∈ 𝑅𝑝, 𝑔𝑘 ∈ 𝑅𝑞 ,∀𝑝 < 𝑞.

2.1.7.  Belief-degree imprecise SRF
Zhang and Liao (2023) further extends the imprecise SRF method within 
a Group Decision-Making (GDM) framework by considering the belief 
degree of DMs. Still, it is possible to apply it in a single DM context. 
In addition to specifying ranges of the number of blank cards and the 𝑧
parameter, the DM is required to express their degree of belief regard-
ing these values. Specifically, the DM’s belief about the number of blank 
cards inserted between 𝑅𝑠 and 𝑅𝑠+1, 𝑠 = 1, 2,… , 𝑡 − 1 is represented as a 
set of pairs, 

{

(𝑒𝑠1 , 𝛽𝑠1 ), (𝑒𝑠2 , 𝛽𝑠2 ),…
}

, where each pair (𝑒𝑠𝑖 , 𝛽𝑠𝑖 ) indicates 
that the DM assigns a belief degree 𝛽𝑠𝑖  to the possibility of inserting 
𝑒𝑠 = 𝑒𝑠𝑖  blank cards between 𝑅𝑠 and 𝑅𝑠+1, with the probabilities satisfy-
ing ∑𝑖 𝛽𝑠𝑖 = 1. For example, the set {(1, 0.4), (2, 0.6)} means that the DM 
believes there is a 40% probability that one blank card is inserted and 
a 60% probability that two blank cards are inserted between the rele-
vant ranking positions. Similarly, a belief distribution, {(𝑧1, 𝛽1),…}, is 
specified for the 𝑧 parameter. Finally, the Stochastic Multi-criteria Ac-
ceptability Analysis (SMAA) (Lahdelma et al., 1998) is applied to run the 
standard SRF algorithm with these stochastic inputs, thereby deriving 
the corresponding weight information. It is possible to employ the same 
objective function for [O1] as the robust SRF method, thereby defining 
the feasible weight space.

2.1.8. Hesitant Fuzzy Linguistic (HFL)-SRF
The HFL-SRF method, proposed by (Wu et al., 2022), employs Hesitant 
Fuzzy Linguistic Term Set (HFLTS) to assist the DM in expressing hesita-
tion among linguistic terms, thereby capturing the inherent uncertainty 
in their evaluations (Rodriguez et al., 2011). The HFLTS  can be uni-
formly and symmetrically defined as follows for example:

 =

⎧

⎪

⎨

⎪

⎩

𝑙−2 ∶ not preferred, 𝑙−1 ∶ slightly not preferred,
𝑙0 ∶ equally preferred,
𝑙1 ∶ slightly preferred, 𝑙2 ∶ preferred

⎫

⎪

⎬

⎪

⎭

The modified formulation is presented in Eq.  (9):

[𝑂1] max 𝜖 subject to,
[𝑂3] 𝑤𝑗 ⩾ 𝑤𝑘 + 𝐶 ⋅ 𝜏 low𝑠 ,

𝑤𝑗 ⩽ 𝑤𝑘 + 𝐶 ⋅ 𝜏upp𝑠 ,

}

∀ 𝑔𝑗 ∈ 𝑅𝑠+1, 𝑔𝑘 ∈ 𝑅𝑠,
∀ 𝑠 = 1,… , 𝑡 − 1,

[𝑂4] 𝑤𝑗 ⩾ 𝜏 low ⋅𝑤𝑘,
𝑤𝑗 ⩽ 𝜏upp ⋅𝑤𝑘,

}

∀ 𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1.

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

𝐸(𝐻𝐹𝐿 − 𝑆𝑅𝐹 )

(9)

In this formulation, 𝜏 low𝑠  and 𝜏upp𝑠  denote the smallest and largest 
linguistic terms, respectively, used to express the importance difference 
between ranking positions 𝑅𝑠 and 𝑅𝑠+1-analogous to the role of blank 

cards. Similarly, 𝜏 low and 𝜏upp represent the smallest and largest linguis-
tic terms for capturing the importance difference between the highest 
and lowest ranking positions (𝑅1 and 𝑅𝑡), serving a role similar to that 
of the 𝑧 value. The algorithm seeks to maximize the unit weight 𝜖, from 
which the weight vector is subsequently derived.

2.2. SRF Extension for hierarchical criteria structure

Many practical decision problems require a hierarchical organization 
of criteria, which facilitates the decomposition of complex evaluations 
into multiple levels of detail (Corrente et al., 2016). To address these 
challenges, researchers have developed several SRF variants, adapted 
for hierarchical criteria structures. Although these methods can be ap-
plied to complex structures of more than two levels, for simplicity rea-
sons and without loss of generality, we present here the modeling cor-
responding to two levels. Suppose the higher-level criteria set, denoted 
as 𝐺 = {𝑔1,… , 𝑔𝑗 ,… , 𝑔𝑘,… , 𝑔𝑛}. We have:

•
{

𝑅1,… , 𝑅𝑡
} is the set of ranking positions of criteria in 𝐺, with 𝑡 ⩽ 𝑛.

•
{

𝑒1,… , 𝑒𝑡−1
} represents the number of blank cards inserted between 

successive ranks, and 𝑒𝑠 = 𝑒𝑠 + 1, 𝑠 = 1,… , 𝑡 − 1.
•

{

𝑤1,… , 𝑤𝑛
} denotes the set of elicited weights for criteria in 𝐺.

Moreover, for each higher-level criterion 𝑔𝑗 ∈ 𝐺, we define the fol-
lowing sets:

• 𝑔𝑗 =
{

𝑔𝑗1,… , 𝑔𝑗𝑗′ ,… , 𝑔𝑗𝑘′ ,… , 𝑔𝑗𝑛𝑗
}

 is the set of lower-level criteria 
under 𝑔𝑗 . Note that the number of lower-level criteria, 𝑛𝑗 , may vary 
across different higher-level criteria.

•
{

𝑅𝑗1,… , 𝑅𝑗𝑠′ ,… , 𝑅𝑗𝑟′ ,… , 𝑅𝑗𝑡𝑗

}

 is the set of ranking positions (with 
𝑡𝑗 ⩽ 𝑛𝑗).

• 𝐸𝑗 =
{

𝑒𝑗1,… , 𝑒𝑗𝑠′ ,… , 𝑒𝑗𝑟′ ,… , 𝑒𝑗𝑡𝑗−1
}

 represents the set of blank 
cards inserted between successive ranks, 𝑒𝑗𝑠′ = 𝑒𝑗𝑠′ + 1.

• 𝑊𝑗 =
{

𝑤𝑗1,… , 𝑤𝑗𝑗′ ,… , 𝑤𝑗𝑘′ ,… , 𝑤𝑗𝑛𝑗

}

 is the set of elicited weights 
corresponding to the lower-level criteria.

2.2.1.  Hierarchical SRF
The hierarchical SRF method proposed by Corrente et al. (2016) extends 
the SRF framework to hierarchically structured criteria by applying the 
deck-of-cards approach at every level. In a two-level structure, the DM 
performs SRF on the higher-level set 𝐺, as well as on each lower-level 
set 𝑔𝑗 . The formulation is as follows:
[𝑂𝐻1] no objective function,
[𝑂𝐻2] 𝑤𝑗𝑗′ = 𝑤𝑗𝑘′ , 𝑔𝑗𝑗′ , 𝑔𝑗𝑘′ ∈ 𝑅𝑗𝑠′ , 𝑠′ = 1,… , 𝑡𝑗 ,
[𝑂𝐻3] 𝑤𝑗𝑗′ = 𝑤𝑗𝑘′ + 𝐶𝑗 ⋅ 𝑒𝑗𝑠′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑗𝑠′+1,

𝑔𝑗𝑘′ ∈ 𝑅𝑗𝑠′ , 𝑠′ = 1,… , 𝑡𝑗 − 1,
[𝑂𝐻4] 𝑤𝑗𝑗′ = 𝑧𝑗 ⋅𝑤𝑗𝑘′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑗𝑡𝑗 , 𝑔𝑗𝑘′ ∈ 𝑅𝑗1,
[𝑂𝐻5] 𝐶𝑗 ⩾ 𝜀

⎫

⎪

⎪

⎬

⎪

⎪

⎭

∀𝑗 = 1,… , 𝑛,

[𝑂𝐻6] 𝑤𝑗 = 𝑤𝑘, 𝑔𝑗 , 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡,
[𝑂𝐻7] 𝑤𝑗 = 𝑤𝑘 + 𝐶 ⋅ 𝑒𝑠, 𝑔𝑗 ∈ 𝑅𝑠+1, 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂𝐻8] 𝑤𝑗 = 𝑧 ⋅𝑤𝑘, 𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,
[𝑂𝐻9] 𝐶 ⩾ 𝜀

[𝑂𝐻10]
𝑛𝑗
∑

𝑗′=1
𝑤𝑗𝑗′ = 𝑤𝑗 , ∀𝑗 = 1,… , 𝑛

[𝑂𝐻11]
𝑛
∑

𝑗=1
𝑤𝑗 = 1,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

𝐸(𝐻𝑖𝑒𝑟𝑎𝑟𝑐ℎ𝑖𝑐𝑎𝑙 − 𝑆𝑅𝐹 ) (10)

In this formulation, constraints [𝑂𝐻2] − [𝑂𝐻4] capture the DM’s in-
put for the lower-level criteria, while constraints [𝑂𝐻6] − [𝑂𝐻8] reflect 
the information provided for the higher-level criteria. Constraint [𝑂𝐻10]
ensures that the sum of the weights of the lower-level criteria under 
each higher-level criterion equals the weight of that higher-level crite-
rion, and [𝑂𝐻11] normalizes the final weights so that their total sum is 
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1. Note that the 𝑧 values for the lower and higher levels may differ, and 
the weight units 𝐶 and 𝐶𝑗 , which are ensured to be positive by [𝑂𝐻5]
and [𝑂𝐻9], respectively, can also be distinct.

2.2.2. Multi-Level Cards (MLC) Method
The MLC method proposed by Huang et al. (2025) employs a different 
weight elicitation approach, compared to the Hierarchical SRF. Instead 
of performing elicitation on multiple levels, MLC applies SRF directly 
to the lower-level criteria. Then, by selecting the sets of most and least 
important lower-level criteria from each ranking, SRF is applied again 
to compare these criteria across different higher-level categories. This 
approach is particularly useful when the higher-level criteria (eg. social, 
environmental, economic criteria) are inherently vague and difficult to 
compare directly.
Formally, we can use the notation introduced in the section above for the 
higher-level criteria 𝑔𝑗 , 𝑔 = 1,… , 𝑛. The information that differentiates 
MLC from the hierarchical SRF is modeled, as follows:

• The set composed of the least and most important lower-level criteria 
is: 

{

𝑅11, 𝑅1𝑡1 , 𝑅21, 𝑅2𝑡2 ,… , 𝑅𝑛1, 𝑅𝑛𝑡𝑛

}

.
•

{

𝑅1,… , 𝑅𝑡
} is the set of criteria ranks with 𝑡 ⩽ 2 ⋅ 𝑛.

•
{

𝑒1,… , 𝑒𝑡−1
} is the set of blank cards inserted between successive 

ranks, and 𝑒𝑠 = 𝑒𝑠 + 1, 𝑠 = 1,… , 𝑡 − 1.

The resulting formulation is given by:

[𝑂𝐻1] no objective function,
[𝑂𝐻2] 𝑤𝑗𝑗′ = 𝑤𝑗𝑘′ , 𝑔𝑗𝑗′ , 𝑔𝑗𝑘′ ∈ 𝑅𝑗𝑠′ , 𝑠′ = 1,… , 𝑡𝑗 ,
[𝑂𝐻3] 𝑤𝑗𝑗′ = 𝑤𝑗𝑘′ + 𝐶𝑗 ⋅ 𝑒𝑗𝑠′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑗𝑠′+1,

𝑔𝑗𝑘′ ∈ 𝑅𝑗𝑠′ , 𝑠′ = 1,… , 𝑡𝑗 − 1,
[𝑂𝐻4] 𝑤𝑗𝑗′ = 𝑧𝑗 ⋅𝑤𝑗𝑘′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑗𝑡𝑗 , 𝑔𝑗𝑘′ ∈ 𝑅𝑗1,
[𝑂𝐻5] 𝐶𝑗 ⩾ 𝜀

⎫

⎪

⎪

⎬

⎪

⎪

⎭

∀𝑗 = 1,… , 𝑛,

[𝑂𝐻6] 𝑤𝑗𝑗′ = 𝑤𝑘𝑘′ , 𝑔𝑗𝑗′ , 𝑔𝑘𝑘′ ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡,
[𝑂𝐻7] 𝑤𝑗𝑗′ = 𝑤𝑘𝑘′ + 𝐶 ⋅ 𝑒𝑠, 𝑔𝑗𝑗′ ∈ 𝑅𝑠+1,

𝑔𝑘𝑘′ ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂𝐻8] 𝑤𝑗𝑗′ = 𝑧 ⋅𝑤𝑘𝑘′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑡, 𝑔𝑘𝑘′ ∈ 𝑅1,

⎫

⎪

⎪

⎬

⎪

⎪

⎭

[𝑂𝐻9] 𝐶 ⩾ 𝜀

[𝑂𝐻11]
𝑛
∑

𝑗=1

𝑛𝑗
∑

𝑗′=1
𝑤𝑗𝑗′ = 1,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

𝐸(𝑀𝐿𝐶)

(11)

In this approach, constraints [𝑂𝐻1] − [𝑂𝐻5] remain unchanged with 
respect to (11), meaning that the lower-level elicitation method is iden-
tical to that used in the Hierarchical SRF. Constraints [𝑂𝐻6] − [𝑂𝐻8]
compare the most and least important lower-level criteria across differ-
ent higher-level criteria. Since the higher-level criteria are not directly 
compared, [𝑂𝐻10] is omitted, and [𝑂𝐻11] normalizes all lower-level cri-
teria so that their sum equals 1.

2.3.  Consistency checking and restoration

Corrente et al. (Corrente et al., 2016) noted that inconsistencies can 
arise when accommodating hierarchically structured criteria in the SRF 
method. The same issue applies in the modular SRF algorithm, either in 
a flat criteria structure or a hierarchical criteria structure. These incon-
sistencies may result from conflicting rank-ordering preferences or in-
compatible 𝑧 values given by the DM. Inconsistencies in this context can 
result in infeasible models, preventing the proper determination of cri-
teria weights and undermining the decision-making process. The tech-
niques proposed by Mousseau et al. (Mousseau et al., 2003) for iden-
tifying conflicting constraints, along with [placeholder]’s extension for 
identifying potential resolution operations, are particularly important 
to implement.

These consistency checking and restoration techniques can be ap-
plied to the modular SRF model. To this end, three generalized mod-
els have been developed: the consistency checking model (𝐸𝐶), the in-
consistency identification model (𝐸𝐼), and the consistency restoration 

model (𝐸𝑅). The consistency checking model 𝐸𝐶 should be applied im-
mediately after the decision maker provides the deck-of-cards informa-
tion, to verify that the input is consistent. This is achieved by modifying 
constraint [𝑂1] in the flat-criteria-structure SRFs and constraint [𝑂𝐻1]
in the hierarchical-criteria-structure SRF variants:

[𝑂1] 𝜀∗ = max 𝜀
}

𝐸𝐶

Here, 𝐸𝐶 determines the maximum possible unit weight 𝜀∗. If 𝜀∗ > 0, 
the model is deemed feasible, indicating that the constraints derived 
from the DM’s input are consistent. In this case, the standard SRF can 
be applied by selecting a unit weight 𝜀 from the interval (0, 𝜀∗]. Con-
versely, if 𝜀∗ ⩽ 0, the model is infeasible, and the inconsistency identi-
fication model (𝐸𝐼) should be employed. 𝐸𝐼  identifies the conflicting 
information provided by the DM, which may necessitate revising dif-
ferent constraints depending on the specific SRF variant. As a general 
illustration, we present an example that applies the inconsistency iden-
tification model 𝐸𝐼  to the standard SRF formulation:

[𝑂1] min

[ 𝑡−1
∑

𝑠=1
(𝑦+𝑠 + 𝑦−𝑠 ) + 𝑦+𝑧 + 𝑦−𝑧

]

,

[𝑂2] 𝑤𝑗 = 𝑤𝑘, 𝑔𝑗 , 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡,
[𝑂+3] 𝑤𝑗 −𝑤𝑘 − 𝐶 ⋅ 𝑒𝑠 ⩾ −𝑀 ⋅ 𝑦+𝑠 , 𝑔𝑗 ∈ 𝑅𝑠+1,

𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂−3] 𝑤𝑗 −𝑤𝑘 − 𝐶 ⋅ 𝑒𝑠 ⩽ 𝑀 ⋅ 𝑦−𝑠 , 𝑔𝑗 ∈ 𝑅𝑠+1,

𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂+4] 𝑤𝑗 − 𝑧 ⋅𝑤𝑘 ⩾ −𝑀 ⋅ 𝑦+𝑧 , 𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,
[𝑂−4] 𝑤𝑗 − 𝑧 ⋅𝑤𝑘 ⩽ 𝑀 ⋅ 𝑦−𝑧 , 𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,

[𝑂5]
𝑛
∑

𝑗=1
𝑤𝑗 = 1,

[𝑂6] 𝐶 ⩾ 𝜀
[𝑂7] 𝑦+𝑠 , 𝑦

−
𝑠 , 𝑦

+
𝑧 , 𝑦

−
𝑧 ∈ {0, 1}, 𝑠 = 1,… , 𝑡 − 1,

[𝑂8] 𝑦+𝑠 + 𝑦−𝑠 ⩽ 1, 𝑦+𝑧 + 𝑦−𝑧 ⩽ 1

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

𝐸𝐼 (𝑆𝑅𝐹 ) (12)

Here, the original constraints [𝑂3], and [𝑂4] are replaced by [𝑂+3], 
[𝑂−3], [𝑂+4], and [𝑂−4], which incorporate binary variables 𝑦+𝑠 , 𝑦−𝑠 , 𝑦+𝑧 , 
and 𝑦−𝑧  to detect instances of High Estimation Inconsistency Error (HEIE) 
and Low Estimation Inconsistency Error (LEIE) in the deck-of-cards in-
formation. Constraints [𝑂7] and [𝑂8] ensure that both HEIE and LEIE 
cannot co-occur for a given pair of criteria or 𝑧 value. Specifically, when 
𝑦+𝑠 = 1, the gap between criteria in 𝑅𝑠 and criteria in 𝑅𝑠+1 is too large 
(i.e., too many blank cards have been inserted), and when 𝑦+𝑧 = 1, the 𝑧
value is excessively high; these conditions are referred to as HEIE. Con-
versely, 𝑦−𝑠 = 1 or 𝑦−𝑧 = 1 indicate that the gap or 𝑧 value is too small, 
corresponding to LEIE. [𝑂6] defines an extremely small value for the 
unit weight. The objective in [𝑂1] identifies the minimum set of incon-
sistencies in the decision maker’s input. When the optimal value of [𝑂1]
is zero, the model is consistent.

This model identifies the minimal set of constraints that, once re-
moved, make the model feasible. However, since more than one of these 
subsets could exist, to identify all of them, an iterative procedure can be 
developed. This involves solving the model iteratively and progressively 
adding new constraints to limit previously identified subsets, allowing 
the discovery of new infeasible subsets. The pseudocode for this itera-
tive Mixed-Integer Linear Programming (MILP) model for standard SRF 
is outlined below:

Algorithm 1 systematically identifies all subsets of constraints that, 
when removed, make the model 𝐸(𝑆𝑅𝐹 ) feasible. Once an inconsis-
tent subset is identified, it is recorded in a designated set, and a new 
constraint is introduced to prevent the same subset from being flagged 
again. In the extreme case, this procedure continues until all pieces of 
preference information provided by the DM have been removed. The 
stopping condition can be easily modified to consider only those sub-
sets of constraints with minimal cardinality.

Based on Algorithm 1, we identify the subsets of constraints that 
lead to model infeasibility, indicating inconsistencies in the DM’s input
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Algorithm 1 Iterative 𝐸𝐼 .
Ensure: Minimal sets of indices of constraints  that once removed restore the model feasibility.
1: Initialize an empty set  to remove minimal constraint sets.
2: Construct and solve model 𝐸𝐼 (𝑆𝑅𝐹 ):
3: if [𝑂1] = 0 then
4:  Exit: no constraints need to be relaxed. Go to step 17:
5: else
6:  𝑖 = 1;
7:  repeat
8:  Denote by 𝐲𝑖 = [

𝑦𝑖,+1 , 𝑦𝑖,−1 , 𝑦𝑖,+2 , 𝑦𝑖,−2 ,… , 𝑦𝑖,+𝑡 , 𝑦𝑖,−𝑡 , 𝑦𝑖,+𝑧 , 𝑦𝑖,−𝑧
] the vector of binary variables found solving 𝐸𝐼 (𝑆𝑅𝐹 ).

9:  Identify the set of indices of violated constraints 𝑥𝑖 = 𝑥𝑖,+𝑏𝑙𝑎𝑛𝑘 ∪ 𝑥𝑖,−𝑏𝑙𝑎𝑛𝑘 ∪ 𝑥𝑖,+𝑟𝑎𝑡𝑖𝑜 ∪ 𝑥𝑖,−𝑟𝑎𝑡𝑖𝑜 where
10:

𝑥𝑖,+𝑏𝑙𝑎𝑛𝑘 =
{

𝑠 ∶ 𝑦𝑖,+𝑠 = 1
}

, 𝑥𝑖,−𝑏𝑙𝑎𝑛𝑘 =
{

𝑠 ∶ 𝑦𝑖,−𝑠 = 1
}

, 𝑥𝑖,+𝑟𝑎𝑡𝑖𝑜 =
{

𝑧 if 𝑦𝑖,+𝑧 = 1,
∅ if 𝑦𝑖,+𝑧 = 0

𝑥𝑖,−𝑟𝑎𝑡𝑖𝑜 =
{

𝑧 if 𝑦𝑖,−𝑧 = 1,
∅ if 𝑦𝑖,−𝑧 = 0

11:  Add the set of indices 𝑥𝑖 to  :
 =  ∪ 𝑥𝑖

12:  Introduce a new constraint to avoid finding the same set of indices of constraints causing the infeasibility in the next iteration:
[

𝑁𝑒𝑤𝑖]
∑

𝑠∈𝑥𝑖,+𝑏𝑙𝑎𝑛𝑘

𝑦𝑖,+𝑠 +
∑

𝑠∈𝑥𝑖,−𝑏𝑙𝑎𝑛𝑘

𝑦𝑖,−𝑠 +
∑

𝑧∈𝑥𝑖,+𝑟𝑎𝑡𝑖𝑜

𝑦𝑖,+𝑧 +
∑

𝑧∈𝑥𝑖,−𝑟𝑎𝑡𝑖𝑜

𝑦𝑖,−𝑧 ⩽ |

|

|

𝑥𝑖,+𝑏𝑙𝑎𝑛𝑘
|

|

|

+ |

|

|

𝑥𝑖,−𝑏𝑙𝑎𝑛𝑘
|

|

|

+ |

|

|

𝑥𝑖,+𝑟𝑎𝑡𝑖𝑜
|

|

|

+ |

|

|

𝑥𝑖,−𝑟𝑎𝑡𝑖𝑜
|

|

|

− 1

13:  Solve the MILP problem 𝐸𝐼 (𝑆𝑅𝐹 ) = 𝐸𝐼 (𝑆𝑅𝐹 ) ∪
{

𝑁𝑒𝑤𝑖}

14:  𝑖 = 𝑖 + 1
15:  until No further feasible solutions exist.
16: end if
17: Return all minimal sets of relaxed constraints  , which represent the subsets of constraints that need to be relaxed for feasibility.

regarding the relationships between criteria. To address this, 𝐸𝑅 is ap-
plied to identify minimal modifications to the DM’s input to restore fea-
sibility.

[𝑂1] min

[ 𝑡−1
∑

𝑠=1
(𝜎+𝑠 + 𝜎−𝑠 ) + 𝜎+𝑧 + 𝜎−𝑧

]

,

[𝑂𝑅3] 𝑤𝑗 = 𝑤𝑘 + 𝐶 ⋅ (𝑒𝑠 − 𝜎+𝑠 + 𝜎−𝑠 ), 𝑔𝑗 ∈ 𝑅𝑠+1,

𝑔𝑘 ∈ 𝑅𝑠, 𝑠 ∈ 𝑥𝑖,

[𝑂𝑅4] 𝑤𝑗 = (𝑧 − 𝜎+𝑧 + 𝜎−𝑧 ) ⋅𝑤𝑘, 𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1, 𝑧 ∈ 𝑥𝑖

[𝑂7] 𝜎+𝑠 , 𝜎
−
𝑠 , 𝜎

+
𝑧 , 𝜎

−
𝑧 ∈ 𝐍, 𝑠 = 1,… , 𝑡 − 1,

[𝑂8] 𝑒𝑠 − 𝜎+𝑠 + 𝜎−𝑠 ⩾ 1, 𝑧 − 𝜎+𝑠 + 𝜎−𝑠 ⩾ 2

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

𝐸𝑅(𝑆𝑅𝐹 )

(13)

Here, 𝜎+𝑠 , 𝜎−𝑠 , 𝜎+𝑧 , and 𝜎−𝑧  are introduced to determine the appropri-
ate number of blank cards and the corresponding 𝑧 value needed for 
feasibility. The objective function in [𝑂1] identifies the minimum mod-
ifications required to restore consistency in the model. In a simple case, 
one might assume that the effect of one blank card is equivalent to a 
unit change in the 𝑧 value; however, it is straightforward to assign dis-
tinct weights to these two components to reflect the relative priority 
of minimizing changes in 𝑧 versus adjustments in the number of blank 
cards.

By running the model over all subsets in  , various solutions for 
restoring consistency can be identified. The DM can then select a pre-
ferred solution, adjust the input accordingly, and generate the criteria 
weights. Conversely, if no solution is found by modifying the inconsis-
tent subsets, it indicates that the preferences provided by the DM are 
excessively inconsistent. In such cases, it would be more beneficial to 
restart the elicitation process rather than attempting to “patch” the con-
structed model.

3.  Proposition of a modular SRF framework

Existing SRF variants have expanded the original deck-of-cards idea in 
valuable ways, yet several important gaps remain. First, there is no uni-

fied formalism that groups these methods according to their common 
mechanisms and clarifies which components they actually share; most 
variants are presented in isolation, rather than as instances of a broader 
architecture. Second, the literature offers little guidance to analysts and 
DM on which SRF variant to choose for a given decision context, or on 
how to combine complementary features from different variants into a 
coherent procedure; in practice, DM must improvise whenever their re-
quirements do not match exactly the assumptions of a single published 
method. Third, although inconsistency analysis and robustness assess-
ment have been studied for particular SRF extensions, they are not pro-
vided in a systematic, method-agnostic way that can be applied across 
the full family of SRF models. Overall, the field lacks a structured, the-
oretically grounded framework that both unifies existing SRF variants 
and supports the principled design of tailor-made SRF configurations, 
equipped with explicit inconsistency handling and robustness analysis 
from the outset.

Therefore, we proposed a four-module framework that addresses 
these gaps by recasting SRF and its extensions within a single, compo-
sitional grammar of constraints, which is structured in subsection 3.1. 
The framework is complemented with a questionnaire, presented in sub-
section 3.2, that supports and guides analysts and DM in selecting the 
components they need.

3.1.  Overview and rationale

The modular SRF framework rebuilds the classical SRF procedure as a set 
of interoperable modules that can be assembled to fit a specific decision 
context and provide targeted solutions. The idea is to separate what is 
being structured from how information is elicited and how results can be 
analyzed. Concretely, the following four modules drive the construction 
of a consolidated SRF model:
1. Structural module: defines the organization of criteria (flat or hier-
archical);

2. Procedural module: selects the deck-of-cards mechanism (standard 
SRF, SRF-II with a “zero-importance” criterion, WAP-style successive 
ratios, etc.);
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Fig. 2. Architecture of the modular SRF framework. SRF is decomposed into four plug-in modules: Structural, Procedural, Informational, and Analytical.

3. Informational module: Encodes the DM’s inputs (precise or imprecise 
gaps/ratios; interval, fuzzy/linguistic, or stochastic formats; and op-
tional normative constraints, such as no-dictatorship and minimum 
weight);

4. Analytical module: Determines the output form and related analysis 
that needs to be performed.

These choices compile into a single linear (or mixed) model by plug-
ging the appropriate constraints, after which optional consistency check-
ing/restoration and robustness analysis are applied.

Fig. 2 illustrates the architecture and information flow between the 
four distinct modules. This pathway starts from the basic SRF (Eq.  (1)) 
and guides the analyst to (i) define the criteria structure, (ii) choose 
the most suitable deck-of-cards mechanism, (iii) specify the format and 
fidelity of the required preference information, and (iv) select the appro-
priate post-optimality/robustness analyses. The chosen components are 
combined into a single model, enabling consistency checking, restora-
tion, and robustness analysis.

Within the modular SRF framework, robustness analysis focuses on 
assessing and enhancing the stability of the model under construction, in 
line with the propositions and concerns of Roy (Roy, 2010). Specialized 
techniques and robustness indicators can be applied to measure, inter-
pret, and visualize the instability or variability of the criteria weights. 
These indicators provide guidance on whether additional preference in-
formation should be requested from the DM to improve the robustness 
of the model.

One such indicator is Average Stability Index (ASI), which syn-
thesizes the dispersion of the sampled weight vectors into a single
measure:

ASI = 1 − 1
𝑛

𝑛
∑

𝑖=1

√

√

√

√

√ℎ
ℎ
∑

𝑥=1

(

𝑤𝑥
𝑖
)2 −

( ℎ
∑

𝑥=1
𝑤𝑥

𝑖

)2

ℎ
𝑛

√

𝑛 − 1
, (14)

where 𝑛 is the total number of criteria, ℎ is the number of sampled 
weight vectors, and 𝑤𝑥

𝑖  denotes the weight of criterion 𝑖 in sample 𝑥. 
The index takes values in [0, 1], with values close to 1 indicating high 
stability (low weight variability) and values close to 0 indicating insta-
bility.

Another useful robustness indicator is Average Range of the Prefer-
ence Parameters (ARP) (Siskos et al., 2022), which captures the average 

spread of the weights:

ARP = 1
𝑛

𝑛
∑

𝑖=1

(

𝑤max
𝑖 −𝑤min

𝑖
)

, (15)

where 𝑤max
𝑖  and 𝑤min

𝑖  denote, respectively, the maximum and minimum 
feasible values of each criterion 𝑖 that can be calculated using the results 
of the min-max procedure of [𝑂1] as part of the Robust-SRF method as 
shown in Eq.  (6). ARP index takes values in [0, 1], with values close to 
0 indicating high robustness (Roy, 2010).

However, it is important to note that the proposed SRF framework 
does not assess the robustness of the model’s results, as in the paradigm 
of Robust Ordinal Regression (Kadziński, 2022), because such analyses 
are dependent on the problematic of the decision and the actual MCDA 
method that is applied. Practitioners interested in implementing robust-
ness analysis can refer to Kadziński and Tervonen (2013) for additive 
value models, to Greco et al. (2010) for classification problems, to Greco 
et al. (2011) for outranking methods, and to Siskos et al. (2025) for the 
Choquet integral models.

3.2.  A detailed questionnaire to personalize the modular SRF

The four modules of the proposed framework, as well as the alternative 
SRF solutions and analyses, can be selected by the users via the tailor-
made questionnaire that we designed. The questionnaire describes the 
different required components and asks for targeted information to help 
DMs understand and eventually select the structural, procedural, infor-
mational, and analytical modules they need. Inspired by the MCDA-MSS 
questionnaire structure (Cinelli et al., 2020), we categorize these design 
choices into four key dimensions. They transform the SRF method from a 
fixed elicitation tool into a customizable framework, offering flexibility 
in both modeling assumptions and data requirements. The questionnaire 
can be administered in a paper or online format during the elicitation 
process, or integrated into dedicated software to guide, record, and val-
idate the DM’s responses, thereby streamlining the workflow. Addition-
ally, when necessary, the questionnaire offers concise descriptions and 
references to the different SRF variants, providing guidance to users un-
familiar with their specifics. The conceptual form of the questionnaire, 
split into the four different types of questions, is as follows:

• Structural questions concern the organization of the evaluation cri-
teria. DMs begin by choosing between a flat or a hierarchical struc-
ture, and in the latter case, indicate whether SRF should be applied 
independently at each level or aggregated in a bottom-up way.
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(a) Which structure best describes your evaluation criteria?
i. Flat: all criteria reside on a single level.
ii. Hierarchical: criteria are organized into multiple levels.

(b) If your criteria are hierarchical, how should SRF be applied?
i. Level-wise: apply SRF independently at each level.
ii. Bottom-up aggregation: first, apply SRF to each set of lower-

level criteria; then, apply SRF to the most/least important of 
those to derive higher-level weights.

At Q1, the DM chooses between a flat or a hierarchical criteria struc-
ture, thereby selecting the base SRF variant for all subsequent mod-
ules.
– If flat is chosen (Q1 (a)), the procedure proceeds with 𝐸(𝑆𝑅𝐹 )
as its foundation (Figueira & Roy, 2002).

– If hierarchical is chosen (Q1 (b)), Q2 then asks whether to
∗ apply SRF independently at each level (Q2 (a)), yielding 

𝐸(𝐻𝑖𝑒𝑟𝑎𝑟𝑐ℎ𝑖𝑐𝑎𝑙 − 𝑆𝑅𝐹 ) (Corrente et al., 2016), or
∗ aggregate bottom-up via the MLC procedure (Q2 (b)), yielding 

𝐸(𝑀𝐿𝐶) (Huang et al., 2025).
• Procedural question lets the DMs select among three variants of 
the deck-of-cards elicitation mechanism.
(a) Which deck-of-cards mechanism would you like to use?

i. Standard SRF deck (blank cards + 𝑧 value) (Figueira & Roy, 
2002).

ii. Zero-criterion variant: introduce a “zero-importance crite-
rion” as a null benchmark, so no 𝑧 value needs to be de-
fined (Abastante et al., 2022).

iii. Direct-ratio variant: ask for the 𝑧 value between successive 
criteria (or subsets of ex aequo criteria) ranks directly, so that 
no blank cards are used (Tsotsolas et al., 2019).

At Q3, the DM selects one of three deck-of-cards mechanisms, which 
in turn determines which comparison constraints to include in the 
SRF model (and analogously in the Hierarchical-SRF or MLC vari-
ants):
– Standard SRF deck (Q3 (a)): use blank cards plus a global 𝑧 value, 
retaining both [𝑂3] and [𝑂4] (or [𝑂𝐻3], [𝑂𝐻4], [𝑂𝐻7], [𝑂𝐻8]
in 𝐸(𝐻𝑖𝑒𝑟𝑎𝑟𝑐ℎ𝑖𝑐𝑎𝑙 − 𝑆𝑅𝐹 ) or 𝐸(𝑀𝐿𝐶) (Corrente et al., 2016; 
Figueira & Roy, 2002; Huang et al., 2025)1).

– Zero-criterion variant (Q3 (b)): introduce a “zero-importance 
criterion” as a null benchmark, eliminating the need for 
𝑧 and replacing [𝑂4] with the modified constraint from 
𝐸(𝑆𝑅𝐹 − 𝐼𝐼) (Abastante et al., 2022).

– Direct-ratio variant (Q3 (c)): elicit 𝑧 directly between successive 
criteria (or subsets of ex aequo criteria) ranks (no blank cards), 
thereby substituting both [𝑂3] and [𝑂4] with the corresponding 
constraints in 𝐸(𝑊𝐴𝑃 ) (Tsotsolas et al., 2019).

• Informational questions concern how the DMs’ judgments are cap-
tured and represented. Here, the questionnaire explores whether in-
puts are precise or imprecise, and in the latter case, the DMs are 
asked to select a preferred format. Also, two normative design op-
tions are introduced, giving the possibility to avoid criteria domi-
nance and/or criteria receiving negligible weighting levels.
(a) What type of input will you provide for the distances be-

tween successive criteria ranks (i.e., blank cards, or 𝑧 if Q3 
(c) is chosen)?
i. Precise (exact number of cards).
ii. Imprecise (uncertain information).

(b) If your distance inputs are imprecise, which format will you 
use?
i. Interval (bounds only).
ii. Fuzzy numbers (e.g., HFLTS).

1 To avoid repetition, only the flat-structure modifications are detailed in all 
questions after; hierarchical variants substitute the corresponding [𝑂𝐻 ] con-
straints.

(c) What type of input will you provide for the 𝑧 ratio?
i. Precise (exact value).
ii. Imprecise (uncertain information).

(d) If your 𝑧 ratio is imprecise, which format will you use?
i. Interval (bounds only).
ii. Fuzzy numbers (e.g., HFLTS).

(e) For any imprecise inputs, would you rather specify a proba-
bility distribution?
i. No
ii. Yes

(f) Would you like to enforce a “no-dictatorship” constraint 
among the criteria (no criterion receives weight above 50%)?
i. No
ii. Yes

(g) Would you like to impose a minimum allowable weight for 
all criteria?
i. No
ii. Yes

These questions determine how the DM’s input is interpreted and 
which SRF variant or constraints are activated.
– At Q4, the DM specifies whether importance gaps between suc-
cessive criteria (or subsets of ex aequo criteria) ranks (or 𝑧 when 
Q3(c)) are precise or imprecise:
∗ Precise (Q4 (a)): keep the distance constraint [𝑂3] decided by 
previous questions.

∗ Imprecise (Q4 (b)): proceed to Q5 to choose a representation.
– At Q5, the DM chooses how to model imprecise distances:

∗ Interval (Q5 (a)): further revise [𝑂3] based on the interval-
based constraint of 𝐸(𝐼𝑚𝑝𝑟𝑒𝑐𝑖𝑠𝑒 − 𝑆𝑅𝐹 ) [𝑂3] (Corrente et al., 
2017).

∗ Fuzzy (Q5 (b)): further revise [𝑂3] based on the Fuzzy-logic, 
for example the HFL constraints of 𝐸(𝐻𝐹𝐿 − 𝑆𝑅𝐹 ) (Wu et al., 
2022).

– At Q6, the DM indicates if the 𝑧 ratio is precise or imprecise:
∗ Precise (Q6 (a)): keep the ratio constraint [𝑂4] decided by 
previous questions.

∗ Imprecise (Q6 (b)): proceed to Q7 for representation.
– At Q7, the DM selects a format for imprecise 𝑧:

∗ Interval (Q7 (a)): further revise [𝑂4] based on the interval-
based constraint of 𝐸(𝐼𝑚𝑝𝑟𝑒𝑐𝑖𝑠𝑒 − 𝑆𝑅𝐹 ) [𝑂4] (Corrente et al., 
2017).

∗ Fuzzy (Q7 (b)): further revise [𝑂4] based on the Fuzzy-logic, 
for example the HFL constraints of 𝐸(𝐻𝐹𝐿 − 𝑆𝑅𝐹 ) (Wu et al., 
2022).

– At Q8, the DM decides whether to endow imprecise inputs with 
probability distributions:
∗ (Q8 (a)) retain the interval or fuzzy constraints chosen above.
∗ (Q8 (b)) DM needs define probability of the inputs.

– At Q9, the DM chooses whether to enforce a no-dictatorship rule:
∗ (Q9 (a)) results in no additional constraint.
∗ (Q9 (b)) add the dictatorship constraint [𝑂𝐷].

– At Q10, the DM decides whether to impose a minimum weight 
on each criterion:
∗ (Q10 (a)) results in no additional constraint.
∗ (Q10 (b)) add the minimum-weight constraint [𝑂𝑀].

• Analytical questions determine how the results of the SRF proce-
dure will be expressed and interpreted. The DMs first choose between 
using a single, deterministic weight vector and conducting an output 
variability analysis. If the latter is selected, further choices involve 
whether the unit weight should remain fixed or be allowed to vary 
dynamically, and what method should be used to conduct the anal-
ysis: exact or probabilistic.
(a) What type of weight output do you prefer?

i. Single (univocal) weight vector.
ii. Variability analysis (range or distribution).
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(b) Would you like to assume a fixed unit weight 𝐶 or allow it 
to vary dynamically?
i. Fixed unit weight.
ii. Dynamic unit weight.

(c) If you choose variability analysis, how should it be per-
formed?
i. Extreme scenarios: identify best- and worst-case weight vec-
tors.

ii. Sampling: approximate the full weight distribution via Monte 
Carlo or other sampling methods.

These questions determine whether and how to perform variability 
analysis on the elicited weights:
– At Q11, the DM chooses between a single univocal weight vector 
or a variability analysis as the output:
∗ Single vector (Q11 (a)): retain the original objective [𝑂1].
∗ Variability analysis (Q11 (b)): proceed to Q12.

– At Q12, the DM decides whether the unit weight 𝐶 is fixed or 
dynamic:
∗ Fixed (Q12 (a)): no further change needed.
∗ Dynamic (Q12 (b)): further revise [𝑂3], [𝑂6] based on 
the non-fixed unit distance in from 𝐸(𝑅𝑜𝑏𝑢𝑠𝑡 − 𝑆𝑅𝐹 ) [𝑂3], 
[𝑂6] (Siskos & Tsotsolas, 2015).

– At Q13, the DM selects the method for variability analysis:
∗ Extreme scenarios (Q13 (a)): use 𝐸(𝑅𝑜𝑏𝑢𝑠𝑡 − 𝑆𝑅𝐹 ) [𝑂1] to 
compute best- and worst-case weight vectors (Siskos & Tsot-
solas, 2015).

∗ Sampling (Q13 (b)): integrate Stochastic Multicriteria Accept-
ability Analysis (SMAA) to generate a sample-based weight 
distribution (Siskos & Tsotsolas, 2015).

The questionnaire introduced above is visualized in Fig. 3 as a decision-
flowchart, which guides the DM step-by-step through the modular SRF 
framework.

The DM does not need to answer all questions, and by default the 
answer to any question is (a). Therefore, if no questions are answered, 
the standard SRF is produced. By tracing a path from the top of the chart 
down to various components, the DM knows which mix of structural, 
procedural, informational, and analytical modules to plug into the final 
algorithm formulation. In this way, as shown in the detailed flowchart of 
Fig. 3, the questionnaire does not only organize the many SRF variants 
but also provides a straightforward recommendation for building new, 
tailor-made SRF algorithms.

In what follows, we discuss how to instantiate the modular math-
ematical programming model based on the vector 𝑞 of answers to 
Q1–Q13. The complete constraint system induced by 𝑞 can be written 
as:

𝐸mod(𝑞) = 𝐸elic(𝑞) ∪ 𝐸norm(𝑞) ∪ 𝐸anal(𝑞),

where 𝐸elic(𝑞) collects elicitation constraints (structural, procedural, 
informational), 𝐸norm(𝑞) contains optional normative safeguards, and 
𝐸anal(𝑞) contains the constraints and objectives used for robustness or 
variability analysis. The structural part selects a base model according 
to Q1–Q2,

𝐸struct (𝑞) =

⎧

⎪

⎨

⎪

⎩

𝐸(SRF), if Q1(a),
𝐸(Hierarchical-SRF), if Q1(b), Q2(a),
𝐸(MLC), if Q1(b), Q2(b).

It is then locally modified by the procedural and informational choices 
(Q3–Q8) through replacements of the comparison blocks [𝑂3] and 
[𝑂4]. In particular, 𝐸(SRF-II) and 𝐸(WAP) provide alternative versions 
of these blocks, while 𝐸(Imprecise-SRF)[𝑂3], 𝐸(Imprecise-SRF)[𝑂4], 
𝐸(HFL-SRF)[𝑂3] and 𝐸(HFL-SRF)[𝑂4] replace the corresponding parts 
of the active base model when interval or HFL inputs are selected.

Formally,

𝐸elic(𝑞) = 𝐸struct (𝑞) ∪ 𝐸info(𝑞),

𝐸info(𝑞) ⊆ {𝐸(SRF-II), 𝐸(WAP), 𝐸(Imprecise-SRF)[𝑂3],

𝐸(Imprecise-SRF)[𝑂4], 𝐸(HFL-SRF)[𝑂3], 𝐸(HFL-SRF)[𝑂4]},

with the subset determined by Q3–Q8 and summarized in Fig. 3. Nor-
mative options Q9–Q10 add the constraints [𝑂𝐷] and/or [𝑂𝑀]:

𝐸norm(𝑞) ∈
{

∅, {[𝑂𝐷]}, {[𝑂𝑀]}, {[𝑂𝐷], [𝑂𝑀]}
}

.

In turn, analytical options Q11–Q13 determine whether and how the 
robust constraints of 𝐸(Robust-SRF) (in particular blocks [𝑂1], [𝑂3] and 
[𝑂6]) and a sampling algorithms are used:
𝐸anal(𝑞) ⊆

{

𝐸(Robust-SRF)[𝑂1], 𝐸(Robust-SRF)[𝑂3], 𝐸(Robust-SRF)[𝑂6]
}

,

with 𝐸anal(𝑞) = ∅ when a single representative weight vector is com-
puted.

The consistency-analysis models of Subsection 2.3 are then obtained 
by instantiating the generic templates 𝐸𝐶 (⋅), 𝐸𝐼 (⋅) and 𝐸𝑅(⋅) on the same 
structural choice as 𝐸struct (𝑞), yielding, for example, 𝐸𝐶 (SRF), 𝐸𝐼 (SRF), 
𝐸𝑅(SRF) or 𝐸𝐶 (MLC), 𝐸𝐼 (MLC), 𝐸𝑅(MLC). All these mathematical pro-
gramming models reuse the constraint blocks selected in 𝐸mod(𝑞).

Note that all constraint sets used in this paper – namely 𝐸(SRF), 
𝐸(SRF-II), 𝐸(WAP), 𝐸(Imprecise-SRF), 𝐸(HFL-SRF), 𝐸(Hierarchical-SRF), 
𝐸(MLC), 𝐸(Robust-SRF), as well as the consistency-analysis mod-
els 𝐸𝐶 (SRF), 𝐸𝐼 (SRF), 𝐸𝑅(SRF) and their hierarchical/MLC counter-
parts introduced in Subsection 2.3, are defined on the same vari-
able space. The modular design only turns constraint blocks on or 
off (or replaces one block by another) and never duplicates vari-
ables. Hence, the selected blocks can be safely assembled into a 
unified LP/MILP formulation. However, it is necessary to note that 
when combining SRF model with imprecision, i.e., 𝐸(Imprecise-SRF)
or 𝐸(HFL-SRF) with 𝐸(Robust-SRF), it introduces a nontrivial model-
ing issue: 𝐸(Imprecise-SRF), 𝐸(HFL-SRF) represents the number of blank 
cards as interval-valued inputs, whereas 𝐸(Robust-SRF) does not enforce 
a fixed unit gap and instead requires only ordinal relations between suc-
cessive weight differences. When the number of blank cards may vary 
across ranks, the implied ordering of gap sizes becomes conditional. To 
preserve the intended semantics, auxiliary variables (typically binary 
variables in a MILP reformulation) are required to linearize these con-
ditional relations and ensure logical consistency across all admissible 
realizations of the interval inputs. This implementation is also presented 
in Subsection 4.1 of the following case study.

4.  Framework demonstration with case studies

To illustrate the flexibility and added value of the modular SRF frame-
work, we revisit two published case studies drawn from different ap-
plication domains that initially employed the standard SRFs. Moreover, 
the two studies we selected are recent, and they report on the weight 
elicitation procedures they followed in full detail, including the com-
plete deck-of-cards settings and the resulting weight vectors, making 
them ideal for replication. For each study, we redesign the weighting 
procedure by assembling an SRF variant from our module library. By 
comparing the new weight vectors with those obtained in the original 
analyses, and reporting on the decision support experience from the per-
spective of the DM, we can highlight the practical advantages and po-
tential trade-offs introduced by the modular approach.

4.1.  Case study 1: Financial equity-portfolio construction

This study proposes a unified framework that couples MCDA with time-
series forecasting to improve equity-portfolio construction (Xidonas 
et al., 2025). The authors show that forward-looking forecasts can be 
transformed into multicriteria scores, whose informational content is 
distinct from both the raw market data and the forecasts themselves. 
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Fig. 3. Modular SRF workflow.

Using 22 years of monthly data for the eleven S&P 500 sector ETFs, 
they demonstrate that portfolios built on the integrated scores outper-
form those based on traditional metrics alone. The study evaluates the 
portfolio using six criteria: 𝑔1 (Wealth), 𝑔2 (Volatility), 𝑔3 (Maximum 
Drawdown), 𝑔4 (Mean-Squared Error of the forecasts, MSE), 𝑔5 (Mean 
Absolute Error of the forecasts, MAE), and 𝑔6 (Sign-Success Ratio of the 
forecasts, SSR). Criteria weights were elicited using the standard SRF 
method, and the expert’s rank order of the six criteria is depicted in 
Fig. 4.

In our case, during the re-assessment of the preference model using 
the Modular-SRF framework, theDM filled the questionnaire, and the re-
sponses are shown in Table 1. A flat criteria structure is retained, and the 
DM prefers to use a “zero-importance criterion” as a benchmark instead 

of specifying 𝑧 value directly (Q3 (b)). The DM is, however, uncertain 
about both the number of blank cards: distances are treated as impre-
cise intervals (Q4 (b)-Q5 (a)), and the 𝑧 value related questions are not 
applicable. Two additional constraints are requested: a no-dictatorship 
rule (Q9 (b)) and a minimum weight for every criterion (Q10 (b)). For 
validation of the stability of the results, the DM requests a variability 
analysis (Q11 (b)). In the analysis, the weight unit 𝐶 is kept free/un-
constrained (Q12 (b)), and samples are taken from the feasible region 
(Q13 (b)).
The configuration chosen in this study can be summarized as follows. 
The DM selects a flat structure (Q1(a)), so the base model is 𝐸(SRF); 
chooses the zero-criterion mechanism (Q3(b)), which replaces block 
[𝑂4] by its SRF-II counterpart in 𝐸(SRF-II); declares imprecise distances 
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Fig. 4. Deck-of-cards representation of the elicited preference structure for case study 1. Criteria appear from left (least important) to right (most important). Grey 
blocks are blank cards. Ex aequo criteria are grouped within the same block.

Table 1 
Decision maker’s answers to the Modular SRF questionnaire for case study 1.

 Question  Q1  Q2  Q3  Q4  Q5  Q6  Q7  Q8  Q9  Q10  Q11  Q12  Q13
 Answer  (a)  N/A  (b)  (b)  (a)  N/A  N/A  (a)  (b)  (b)  (b)  (b)  (b)

(Q4(b)-Q5(a)), which replace block [𝑂3] by 𝐸(Imprecise-SRF)[𝑂3]; and 
activates both normative options (Q9(b), Q10(b)), which add anti-
dictatorship and minimum-weight requirements [𝑂𝐷] and [𝑂𝑀]. The 
elicitation and normative constraints, therefore, read
𝐸mod
CS1 = 𝐸(SRF) ∪ 𝐸(SRF-II)[𝑂4] ∪ 𝐸(Imprecise-SRF)[𝑂3]

∪𝐸(Robust-SRF)[𝑂6] ∪ {[𝑂𝐷], [𝑂𝑀]}.

Eventually, the modular SRF model, constructed for the DM, is presented 
in Eq.  (16), which is an instantiated LP formulation of 𝐸mod

CS1 . The com-
plete formulation, which encodes the full set of elicited preference in-
formation and introduces the auxiliary variables needed to linearize the 
conditional constraints, is reported in Appendix A.1.
[𝑂1] no objective function,
[𝑂2] 𝑤𝑗 = 𝑤𝑘, 𝑔𝑗 , 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡,

[𝑂3] 𝑤𝑗 > 𝑤𝑘, ∀𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅𝑠, 𝑡 > 𝑠, 𝑔𝑗 ∈ 𝑅𝑠+1,

𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,

[𝑂4]

𝑧 ≤
∑𝑡−1

𝑠=1 𝑒𝑠 + 𝑒low0 + 1

𝑒low0 + 1
,

𝑧 ≥
∑𝑡−1

𝑠=1 𝑒𝑠 + 𝑒upp0 + 1

𝑒upp0 + 1
,

𝑤𝑗 = 𝑧 ⋅𝑤𝑘, ∀𝑔𝑗 ∈ 𝑅𝑡, 𝑔𝑘 ∈ 𝑅1,

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

[𝑂5]
𝑛
∑

𝑗=1
𝑤𝑗 = 1,

[𝑂6] 𝑤𝑗+1 −𝑤𝑗 > 𝑤𝑘+1 −𝑤𝑘, if 𝑒𝑗 > 𝑒𝑘
[𝑂𝐷] 𝑤𝑘 ≤

∑

𝑗≠𝑘 𝑤𝑗 , 𝑘 = 1,… , 𝑛,

[𝑂𝑀] 𝑤𝑘 ≥ 𝜖𝑚, 𝑘 = 1,… , 𝑛.

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(16)

Feasibility is checked via 𝐸𝐶 (SRF). Since no inconsistencies are 
found, the admissible weight region defined by 𝐸mod

CS1  is explored by hit-
and-run sampling in the spirit of 𝐸(Robust-SRF). In particular, the DM 
specifies:

• 𝑒0 ∈ [0, 1] (between “zero-importance criterion” and 𝑔4, 𝑔5);
• 𝑒(4,5),6 = 0 (between 𝑔4, 𝑔5 and 𝑔6);
• 𝑒6,(2,3) ∈ [0, 1] (between 𝑔6 and 𝑔2, 𝑔3);
• 𝑒(2,3),1 ∈ [2, 3] (between 𝑔2, 𝑔3 and 𝑔1).

With the additional lower bound of 0.05, the hit-and-run algorithm 
draws 10,000 weighting samples and produces the weight distribution 
in Fig. 5 and their mean values, listed in Table 2. In the figure, each vio-
lin illustrates the empirical distribution of the sampled feasible weights 
for criteria 𝑔1-𝑔6. The thick horizontal line inside every violin corre-
sponds to the mean values of the weights. The results clearly indicate 
that Criterion 𝑔1 is the most important, with most of its probability mass 
being between 0.30 and 0.40. Criteria 𝑔2 and 𝑔3 exhibit nearly symmet-
ric distributions centered around 20%. It is important to note that the 
sampled weights are derived from a new set of elicitation inputs and, 
therefore, are not directly comparable to the point estimates from the 

Table 2 
Case study 1 – original point estimates versus mean weights obtained 
from 10000 hit-and-run samples of the modular SRF algorithm.

 Criterion  Original Weight (%)  Average Weight from Samples (%)
𝑔1  40.00  35.07
𝑔2  20.00  19.56
𝑔3  20.00  19.56
𝑔4  5.00  6.70
𝑔5  5.00  6.70
𝑔6  10.00  12.40

Fig. 5. Case study 1 – violin plots of the feasible weight distributions generated 
by hit-and-run sampling; the solid line inside each violin marks the sample mean 
reported in Table 2.

original study. The purpose of Table 2 and Fig. 5 is to show the suc-
cessful integration of the no-dictatorship and minimum-weight prefer-
ence statements into the construction of the modular SRF model and 
how such input can influence the resulting weights. In addition, the re-
sults highlight the inherent imprecision of the constructed model, which 
stems from the SRF elicitation process and is further amplified by the use 
of interval-valued blank cards. If these levels of imprecision are deemed 
unacceptable by the analyst and the DM, additional preference informa-
tion can be requested from the DM, as detailed in Section 3.

4.2.  Case study 2: Public hospital quality assessment

Building upon recent reforms in Portugal’s National Health Service, the 
second case study developed a hierarchical MCDA framework to bench-
mark the quality of 25 public hospitals over the 2019-2022 period (Ri-
cardo et al., 2024). Four top-level dimensions are retained: 𝑔1 (Timeli-
ness), 𝑔2 (Effectiveness), 𝑔3 (Safety), and 𝑔4 (Efficiency). Each criterion 
is decomposed into elementary performance indicators, i.e., subcrite-
ria, drawn from the ACSS national benchmarking database. The full set 
of criteria and subcriteria is shown in Table 3. Criterion weights were 
elicited through the Hierarchical-SRF procedure, according to the ex-
pert’s rank order of the criteria, which is depicted in Fig. 6.
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Table 3 
Hierarchy of criteria and associated performance indicators.

 Criterion  Subcriterion  Indicator (elementary criterion)

𝑔1  Timeliness
𝑔11  % of hip-fracture surgeries performed within the first 48h
𝑔12  % of first consultations performed within the recommended time
𝑔13  % of LIC registrations completed within the TMRG
𝑔14  Average time before surgery

𝑔2  Effectiveness
𝑔21  % of outpatient-clinic surgeries within total scheduled surgeries (DRG)
𝑔22  % of deliveries by Caesarean section
𝑔23  Standard patients per physician (ETC)
𝑔24  Standard patients per nurse (ETC)

𝑔3  Safety

𝑔31  % of readmissions within 30 days (different calendar years)
𝑔32  % of hospitalizations with a delay exceeding 30 days
𝑔33  Pressure-ulcer rate
𝑔34  Rate of central-venous-catheter bloodstream infections
𝑔35  Post-operative pulmonary embolism or deep vein thrombosis per 100000
𝑔36  Post-operative sepsis per 100000
𝑔37  % of instrumented vaginal deliveries with 3rd/4th-degree lacerations

𝑔4  Efficiency 𝑔41  Annual inpatient occupancy rate
𝑔42  Operating costs per standard patient

Fig. 6. Deck-of-cards representation of the elicited preference structure for case study 2. Criteria appear from left (least important) to right (most important). Grey 
blocks are blank cards. Ex aequo criteria are grouped within the same block.

Table 4 
Decision maker’s answers to the Modular SRF questionnaire for case study 2.

 Question  Q1  Q2  Q3  Q4  Q5  Q6  Q7  Q8  Q9  Q10  Q11  Q12  Q13
 Answer  (b)  (b)  (a)  (a)  N/A  (a)  N/A  N/A  (b)  (b)  (b)  (b)  (a)

In a new elicitation round, the DM completed the Modular-SRF
questionnaire and the answers are summarized in Table 4. A hierarchi-
cal criteria structure is retained (Q1 (b)), and DM prefers a bottom-up 
aggregation of weights (Q2 (b)). The standard deck-of-cards procedure 
is maintained for all levels. Two extra constraints are imposed: a no-
dictatorship rule (Q9 (b)) and a minimum weight for every criterion (Q10 
(b)). For the exploitation phase, the DM requests a variability analysis 
(Q11 (b)) with a dynamic unit weight 𝐶 (Q12 (b)) and prefers to perform 
some sampling in the weight space rather than merely calculate the ex-
treme values of the weights (Q13 (b)), implying the use of a SMAA-type 
technique.

Since the DM opts for a hierarchical structure (Q1(b)) with bottom-
up aggregation (Q2(b)), the base model is 𝐸(MLC). Then, we use 
the standard SRF deck (Q3(a)) with precise distance and ratio inputs 
(Q4(a), Q6(a)), so neither 𝐸(Imprecise-SRF) nor 𝐸(HFL-SRF) is acti-
vated. The selection of both normative constraints (Q9(b), Q10(b)) adds 
anti-dictatorship [𝑂𝐷] and minimum-weight [𝑂𝑀] constraints. The elic-
itation and normative part of the model is therefore

𝐸mod
CS2 = 𝐸(MLC) ∪ 𝐸(Robust-SRF)[𝑂𝐻3] ∪ 𝐸(Robust-SRF)[𝑂𝐻5]

∪𝐸(Robust-SRF)[𝑂𝐻7] ∪ 𝐸(Robust-SRF)[𝑂𝐻9] ∪ {[𝑂𝐷], [𝑂𝑀]}.
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Fig. 7. Deck-of-cards representation of inter-group comparison of case study 2 with MLC procedure. Criteria appear from left (least important) to right (most 
important). Grey blocks are blank cards. Ex aequo criteria are grouped within the same block.

Eq.  (17) provides a concrete hierarchical LP formulation of 𝐸mod
CS2 , 

while the detailed preferences of the DM can be found in Eq.  (A.2) in 
the Appendix.

[𝑂𝐻1] no objective function,
[𝑂𝐻2] 𝑤𝑗𝑗′ = 𝑤𝑗𝑘′ , 𝑔𝑗𝑗′ , 𝑔𝑗𝑘′ ∈ 𝑅𝑗𝑠′ , 𝑠′ = 1,… , 𝑡𝑗 ,
[𝑂𝐻3] 𝑤𝑗𝑗′ > 𝑤𝑗𝑘′ ⋅ 𝑒𝑗𝑠′ , 𝑔𝑗 ∈ 𝑅𝑠+1, 𝑔𝑘 ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂𝐻4] 𝑤𝑗𝑗′ = 𝑧𝑗 ⋅𝑤𝑗𝑘′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑗𝑡𝑗 , 𝑔𝑗𝑘′ ∈ 𝑅𝑗1,
[𝑂𝐻5] 𝑤𝑗𝑗′+1 −𝑤𝑗𝑗′ > 𝑤𝑗𝑘′+1 −𝑤𝑗𝑘′ , if 𝑒𝑗𝑗′ > 𝑒𝑗𝑘′

⎫

⎪

⎪

⎬

⎪

⎪

⎭

∀𝑗 = 1,… , 𝑛,

[𝑂𝐻6] 𝑤𝑗𝑗′ = 𝑤𝑘𝑘′ , 𝑔𝑗𝑗′ , 𝑔𝑘𝑘′ ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡,
[𝑂𝐻7] 𝑤𝑗𝑗′ > 𝑤𝑘𝑘′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑠+1, 𝑔𝑘𝑘′ ∈ 𝑅𝑠, 𝑠 = 1,… , 𝑡 − 1,
[𝑂𝐻8] 𝑤𝑗𝑗′ = 𝑧 ⋅𝑤𝑘𝑘′ , 𝑔𝑗𝑗′ ∈ 𝑅𝑡, 𝑔𝑘𝑘′ ∈ 𝑅1
[𝑂𝐻9] 𝑤𝑗𝑗′+1 −𝑤𝑗𝑗′ > 𝑤𝑘𝑘′+1 −𝑤𝑘𝑘′ , if 𝑒𝑗′ > 𝑒𝑘′

⎫

⎪

⎪

⎬

⎪

⎪

⎭

𝑔𝑗𝑗′∈{𝑅𝑗1 ,𝑅𝑗𝑡𝑗 },
𝑔𝑘𝑘′∈{𝑅𝑘1 ,𝑅𝑘𝑡𝑘

},

[𝑂𝐻10]
𝑛
∑

𝑗=1

𝑛𝑗
∑

𝑗′=1
𝑤𝑗𝑗′ = 1,

[𝑂𝐷] 𝑤𝑘𝑘′ ≤
𝑛
∑

𝑗=1
(𝑗,𝑗′)≠(𝑘,𝑘′)

𝑛𝑗
∑

𝑗′=1
𝑤𝑗𝑗′ , 𝑘 = 1,… , 𝑛, 𝑘′ = 1,… , 𝑛𝑘.

[𝑂𝑀] 𝑤𝑘𝑘′ ≥ 𝜖𝑚.

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(17)

The consistency analysis of Subsection 2.3 is instantiated as 
𝐸𝐶 (MLC), 𝐸𝐼 (MLC), and 𝐸𝑅(MLC), solved in sequence, and the re-
vised feasible region is then sampled using the robustness machinery 
of 𝐸(Robust-SRF).

In this elicitation round, DM no longer specifies a complete deck-
of-cards ordering for every elementary criterion. Instead, following the 
MLC protocol, the DM selects the least- and most-important subcriteria 
inside each main criterion and then compares these “extreme” subcri-
teria across dimensions, yielding the inter-group hierarchy depicted in 
Fig. 7. The value of 𝑧, indicating a ratio of weights associated with the 
global most important criterion 𝑔12 and the global least important cri-
terion 𝑔41, is 12. This two-step procedure captures subtler inter-group 
relationships with a process that does not increase the DM’s cognitive 
load. To comply with the [𝑂𝑀] constraint, every criterion is subject to 
a uniform lower bound of 0.01.

The initial set of preference statements provided by the DM proved 
inconsistent after applying the consistency-checking model. By running 
the inconsistency identification model 𝐸𝐼  (see Subsection 2.3) with the 
structure of Eq.  (17), we identified 46 minimal sets of constraints whose 
joint activation renders the model infeasible. Table 5 reports the partial 
such sets, expressed in terms of the binary inconsistency indicators in-
troduced in 𝐸𝐼 .

In this notation, a superscript “+” (e.g. 𝑦+Intra,𝑔24 ,𝑔22 ) flags a HEIE, 
meaning that the corresponding gap or scaling constraint is too demand-
ing (for instance, too many blank cards or an excessively large ratio), 
whereas a superscript “ - ” (e.g. 𝑦−Intra,𝑔11 ,𝑔13 ) indicates a LEIE, i.e., a gap 
or ratio that is too small to be compatible with the remaining state-
ments. The first subscript label (Intra, Inter, Scale, GlobalScale) iden-
tifies whether the affected constraint concerns intra-group gaps, inter-
group comparisons, local 𝑧𝑗 -ratios or the global scaling 𝑧, while the re-
maining subscripts specify the criteria involved.

For example, Set 1 isolates a single intra-group gap between 𝑔24 and 
𝑔22 that must be relaxed, while Sets 3, 4 and 5 reveal pairs of mutually 
incompatible intra-group gaps inside the Timeliness, Effectiveness and 
Safety dimensions. Sets 6-10 involve combinations of intra-, inter-group 
and (global) scaling constraints, showing that the joint specification of 
local 𝑧-ratios, global 𝑧 and cross-group comparisons is overly tight.

However, not all inconsistent subsets can be repaired under our as-
sumptions. Consider, for instance, Set 1, where 𝑦+Intra,𝑔24 ,𝑔22 = 1 indicates 
that the gap between 𝑔24 and 𝑔22 is too large. If blank cards had been 
inserted between these two criteria, the restoration model could sim-
ply recommend removing one or more of them. In our case, however, 
no blank card separates 𝑔24 and 𝑔22. Reducing the gap would therefore 
force these criteria to become an ex aequo set, which would contradict 
the ranking information provided by the DM. In the proposed frame-
work, we explicitly allow modifications to the number of blank cards 
and to the 𝑧 values, since these inputs are typically more imprecise. By 
contrast, we treat the rank order itself as hard ordinal information that 
cannot be altered by the repair procedure.

Algorithm 1 is then applied to identify all constraint sets that can 
be adjusted to restore feasibility without changing the ranking infor-
mation. Among the admissible repair patterns, two of the simplest are 
summarized by the adjustment variables 𝜎+ and 𝜎− as follows:

⎧

⎪

⎨

⎪

⎩

𝜎−Inter,𝑔31 ,𝑔22 = 1, 𝜎−Inter,𝑔37 ,𝑔22 = 1, 𝜎−Scale,𝑔12 ,𝑔11 = 2, 𝜎+GlobalScale,𝑔12 ,𝑔41 = 4,

𝜎+Inter,𝑔22 ,𝑔12 = 1, 𝜎+GlobalScale,𝑔12 ,𝑔41 = 13,

(18)

which correspond to the following two minimal repair actions:

1. increase the global ratio 𝑧 from 12 to 16, decrease the intra-group 
ratio 𝑧1 (within 𝑔1) from 4 to 2, and remove one blank card from the 
inter-group comparison between {𝑔31, 𝑔37} and 𝑔22;

2. increase the global 𝑧 to 25 and insert one additional blank card be-
tween 𝑔22 and 𝑔12.

The DM preferred option 1, reasoning that it left the inner struc-
ture of the other dimensions untouched. With this single adjustment, 
the model became feasible and we were thereby able to explore the re-
sulting weighting space and obtain the minimum, maximum, and mean 
weight vectors. The results are juxtaposed with the original point esti-
mates in Table 6.

According to the new results, it is evident that most criteria now dis-
play pronounced weight intervals. In particular, the Safety indicators 
𝑔31 and 𝑔37 become markedly heavier, whereas the Efficiency indicators 
𝑔41 and 𝑔42 contract toward the imposed 5% floor, an outcome that is 
fully coherent with the DM’s revised judgments. Every feasible weight 
vector fulfills both the no-dictatorship requirement and the 5% mini-

Table 5 
Partial minimal inconsistent constraint sets identified by 𝐸𝐼 for case study 2.

 Set  Inconsistent binary variables
 1

{

𝑦+Intra,𝑔24 ,𝑔22

}

 2
{

𝑦+Intra,𝑔14 ,𝑔12

}

 3
{

𝑦+Intra,𝑔13 ,𝑔14 , 𝑦
−
Intra,𝑔11 ,𝑔13

}

 4
{

𝑦+Intra,𝑔23 ,𝑔24 , 𝑦
−
Intra,𝑔21 ,𝑔23

}

 5
{

𝑦+Intra,𝑔32 ,𝑔31 , 𝑦
+
Intra,𝑔32 ,𝑔37

}

 6
{

𝑦+Inter,𝑔22 ,𝑔12 , 𝑦
−
GlobalScale,𝑔12 ,𝑔41

}

 7
{

𝑦−Scale,𝑔42 ,𝑔41 , 𝑦
−
Inter,𝑔41 ,𝑔42

, 𝑦+Inter,𝑔42 ,𝑔21

}

 8
{

𝑦−Inter,𝑔31 ,𝑔22 , 𝑦
−
Inter,𝑔11 ,𝑔37

, 𝑦+Scale,𝑔12 ,𝑔11 , 𝑦
−
Inter,𝑔11 ,𝑔31

}

 9
{

𝑦−Inter,𝑔21 ,𝑔11 , 𝑦
−
Inter,𝑔31 ,𝑔22

, 𝑦+Scale,𝑔12 ,𝑔11 , 𝑦
−
Inter,𝑔37 ,𝑔22

}

 10
{

𝑦−Inter,𝑔37 ,𝑔22 , 𝑦
−
Inter,𝑔31 ,𝑔22

, 𝑦+GlobalScale,𝑔12 ,𝑔41 , 𝑦
−
Scale,𝑔22 ,𝑔21

}

⋯ ⋯
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Table 6 
Case study 2 – comparison between the original point estimates 
and the feasible weight range obtained with the modular SRF after 
minimal consistency restoration.

 Hierarchical SRF  Modular SRF
 Criterion  Weight (%)  Min (%)  Mean (%)  Max (%)
𝑔11  2.79  2.81  3.14  3.48
𝑔12  16.72  11.25  12.54  13.92
𝑔13  9.12  6.33  9.38  11.78
𝑔14  12.92  7.99  10.06  12.82
𝑔21  2.17  1.97  2.21  2.54
𝑔22  10.84  9.83  11.04  12.72
𝑔23  6.99  5.27  7.46  10.35
𝑔24  9.88  7.99  9.55  11.76
𝑔31  5.37  8.44  9.41  10.44
𝑔32  3.87  5.30  7.18  9.55
𝑔33  0.89  1.41  1.57  1.74
𝑔34  0.89  1.41  1.57  1.74
𝑔35  0.89  1.41  1.57  1.74
𝑔36  0.89  1.41  1.57  1.74
𝑔37  5.37  8.44  9.41  10.44
𝑔41  3.46  0.70  0.78  0.87
𝑔42  6.93  1.41  1.57  1.74

mum, while the adjusted ratios 𝑧 = 16 (global) and 𝑧1 = 2 (within 𝑔1) 
re-establish consistency throughout the hierarchy.

For the assessment of the robustness of the constructed model, we 
calculate the ASI and ARP indicators, as shown in Eq.  (14) and Eq.  (15). 
For the present case study, we obtain 𝐴𝑆𝐼 = 0.973 and 𝐴𝑅𝑃 = .021, 
which signifies that the feasible weight region exhibits low instability. 
This fact allows us to confidently apply the predefined MCDA method, 
using the mean weights, and obtain a ranking of the alternatives under 
evaluation.

As discussed in Section 3, while the weighting results exhibit a high 
degree of stability, it remains essential for practitioners to conduct a 
robustness analysis on the results before utilizing them for decision-
making. Additionally, it is important to emphasize that these weighting 
results are derived from a new set of preference inputs; thus, they should 
be interpreted as complementary rather than directly comparable to the 
single-point weights reported in the original study.

4.3.  Adaptability to complex decision environments

The two case studies presented in Section 4 demonstrated how the mod-
ular SRF framework can be successfully applied to redesign existing 
weight elicitation procedures, yielding tailored results that respect spe-
cific normative constraints and criteria structures. However, decision-
making environments often present even greater complexity, involving 
ambiguous preference statements, mixed-fidelity data, or intricate hier-
archical dependencies that go beyond standard applications. To further 
illustrate the adaptability and innovation of the proposed framework, 
we delineate five distinct decision scenarios characterized by challeng-
ing working conditions. In each case, we specify how the modules are 
assembled to provide a solution where a static, “one-size-fits-all” ap-
proach would likely fail.
Scenario 1: hierarchy, level-wise, imprecise intensities. Consider a 
decision problem structured as a hierarchy with top-level groups such 
as Sustainability, Service Quality, and Cost. Sustainability is decomposed 
into Emissions, Energy Use, and Waste, while Service Quality includes Reli-
ability, Responsiveness, and Accessibility. The DM can rank criteria within 
each group (e.g., Emissions ≻ Energy Use ≻Waste) but can only express 
intensities in an imprecise, comparative manner. For instance, state-
ments may take the form: “Emissions is slightly more important than 
Energy Use, and this difference is not larger than the gap between Energy 
Use and Waste.” To address this, the tailored SRF variant combines: (a) a 
hierarchical structural module with level-wise elicitation; (b) a standard 
deck-of-cards procedural module; and (c) an informational module de-

signed for imprecise distances (e.g., interval blank-card counts). Since 
aggregating multiple local interval statements increases the risk of infea-
sibility, the inconsistency detection module is applied immediately after 
elicitation. If needed, the restoration module proposes minimal prefer-
ence adjustments to recover feasibility. The final output is a feasible set 
of weights, summarized by ranges and, where beneficial, a probability 
distribution of admissible solutions.
Scenario 2: hierarchy, bottom-up, precise local statements. In this 
scenario, the hierarchy is again central, containing groups such as Tech-
nical Merit (Performance, Maintainability, Interoperability) and Socioeco-
nomic Impact (Local Employment, Supplier Diversity). Here, the DM prefers 
a bottom-up approach. Within each group, they provide a clear order-
ing and precise card placements, calibrating the scale solely via the SRF 
ratio between the most and least important criterion in that specific set 
(e.g., “the most important is 5 times the least important”). This neces-
sitates a hierarchical structural module with bottom-up aggregation. It is 
paired with the standard SRF protocol applied locally at each node and 
an informational module set for precise distances. The expected output 
is a single, deterministic weight vector derived by propagating the local 
weights up through the hierarchy.
Scenario 3: flat structure, normative requirements, robust SRF. The 
decision problem is flat, comprising Accident Risk, Compliance, Delivery 
Time, and Cost, but is constrained by strict normative requirements de-
fined by the DM, such as “no criterion should be negligible” and “no 
single criterion should dominate.” The tailored SRF variant employs 
the standard elicitation procedure for distances but augments the model 
with informational modules encoding a minimum-weight floor and anti-
dominance constraints. Because the DM requires assurance that recom-
mendations hold true under all weights satisfying these legalistic con-
straints, the analysis relies on the robust SRF module. Rather than com-
mitting to a single weight vector, the method returns the min–max ad-
missible weights consistent with both the elicited preferences and the 
normative constraints.
Scenario 4: hierarchy, confidence-qualified intensities. A hierar-
chy is used to evaluate complex dimensions, such as Patient-Centredness
(Communication, Waiting Time) and Clinical Effectiveness (Outcomes, 
Safety). While the DM provides rankings and intensity comparisons, 
these statements vary in reliability. For example, “Safety is more im-
portant than Outcomes (High Confidence),” versus “Equipment is slightly 
more important than Staffing (Low Confidence).” The customized SRF 
variant integrates a hierarchical structural module with an extended 
elicitation procedure that records confidence levels alongside card 
placements. The informational module translates these confidence lev-
els into admissible bounds (narrow for high confidence, wide for low) or 
soft restrictions. The result is a distributional summary of weights that 
reflects the certainty of the input, showing tighter concentration around 
strongly supported preferences.
Scenario 5: multi-level structure, Monte Carlo simulations. This sce-
nario involves a deep, multi-level structure (three or more levels), such 
as an Infrastructure Appraisal branching into Economic, Environmental, 
and Social impacts, which are further decomposed into specific indica-
tors like Biodiversity or Displacement. The DM accepts imprecise inten-
sity statements (interval blank cards) at various nodes and calibrates the 
scale only via ratios at selected key nodes. Given the depth of the tree, 
the goal is not a single vector but an assessment of global stability. The 
tailored workflow employs the Monte Carlo simulation analytical mod-
ule. By repeatedly sampling admissible parameterizations within the 
declared bounds and propagating them through the multi-level struc-
ture, the framework generates global weight distributions. This enables 
a comprehensive robustness report that highlights how local uncertain-
ties propagate to downstream scores.

5.  Discussion, conclusions, and future work

This paper introduces a novel, modular SRF framework that retains the 
strengths of existing SRF variants while offering enhanced flexibility 
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and adaptability for real-world MCDA applications. By decomposing the 
standard SRF and its extensions into interchangeable components, we 
empower analysts and DMs to customize the weight elicitation process 
to align precisely with their decision context. This modularity is particu-
larly valuable for practitioners seeking personalized solutions, ensuring 
that the method adapts to specific problem characteristic and organiza-
tional preferences without sacrificing its robust decision-making princi-
ples.

From an innovation standpoint, the proposed modular framework is 
the first SRF-based toolkit that simultaneously unifies existing variants 
in a single constraint system, embeds generic consistency-diagnosis and 
minimal-restoration procedures, and supports robustness-aware, cus-
tomized weight-elicitation schemes through a practical questionnaire-
guided workflow. Particular theoretical novelty stems from three con-
tributions. First, we show that the main SRF variants are recoverable as 
special cases of a common constraint system, and that customized pro-
cedures constructed by mixing modules remain within a tractable linear 
(or mixed-integer) class. Second, consistency checking (𝐸𝐶 ), inconsis-
tency identification (𝐸𝐼 ), and minimal restoration (𝐸𝑅) are embedded in 
the same formal layer as elicitation, providing provable diagnostics and 
least-change repair without leaving the SRF scheme. Third, the frame-
work embeds several complementary robustness analyses to guarantee 
the stability of the results from customized SRFs.

A key benefit of decomposing the SRF into distinct modules is the 
enhanced understanding it provides. The modular design clarifies the 
role and function of each part of the framework, making the overall 
method more transparent. DMs can examine each component, such as 
uncertainty modeling, preference aggregation, or solution optimization 
in isolation, which facilitates more transparent communication and rea-
soning about the weight elicitation process. This decomposition not only 
aids in comprehending how the SRF works but also simplifies the task of 
tailoring the method. Users can identify which parts of the framework 
need adjustment for a particular situation and then adjust or replace 
the corresponding module without overhauling the entire approach. In 
this way, the modular structure serves both as a pedagogical instrument 
and a practical toolkit that offers user-friendliness and full control over 
the results, even when advanced weight calculation techniques are em-
ployed.

Moreover, the modular framework supports a high degree of model 
consistency. Each SRF module has well-defined inputs and outputs, and 
integration of modules is governed by a coherent set of design rules. This 
means that when components are assembled into a full weight elicitation 
model, they fit together in a logically consistent manner. The guided se-
lection process, implemented via the questionnaire, reinforces this con-
sistency by recommending only compatible components. By following 
the questionnaire’s guidance, DM avoids combining elements that may 
be theoretically or practically incompatible, preserving, thereby, the in-
ternal coherence and validity of the constructed model. In summary, the 
modular SRF framework unites the theoretical rigor of robust decision 
analysis with the practical need for personalized solutions.

Looking ahead, the development of software tools to support the im-
plementation of the modular SRFis an important next step. Such plat-
forms would embed the modular components and the questionnaire, 
providing an interactive environment for users to configure, validate, 
and deploy tailored decision models efficiently. By providing a user-
friendly interface, software support can significantly lower the barrier 
to adoption and help ensure a sound, efficient and automated applica-
tion of the framework. Future research can also investigate recent ad-
vances in MCDA, such as modeling interactions among criteria, in the 
form of synergies or redundancies. In this way, the current SRF mod-
ules can be extended to incorporate capacity-based aggregators, such as 
the Choquet integral (as in  (Siskos et al., 2025)). Additionally, expand-
ing the framework to GDM scenarios (Kadziński et al., 2018), through 
consensus or probabilistic pooling methods (see for instance (Shanian 
et al., 2008), presents promising avenues, with software tools facilitat-

ing inputs from multiple DM and ensuring consistency across diverse 
perspectives.
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Appendix A.  Exact models used in the case studies

This appendix reports the exact (non-generic) optimization programs 
solved for the two case studies. Strict inequalities are implemented as ≥
with a small tolerance 𝛿 = 10−6. All weights are non-negative and nor-
malized to one; the no-dictatorship ([𝑂𝐷]) and minimum-weight ([𝑂𝑀]) 
safeguards are included where indicated.

A.1.  Case study 1: Flat structure, SRF-II with interval inputs and sampling

We consider weights 𝑤1,… , 𝑤6 for criteria (𝑔1,… , 𝑔6). From least to 
most important, the ranks are
𝑅1 = {𝑔4, 𝑔5}, 𝑅2 = {𝑔6}, 𝑅3 = {𝑔2, 𝑔3}, 𝑅4 = {𝑔1}.

The number of blank cards (BC) between successive ranks is interval-
valued: 𝑒12 = 0 , 𝑒23 ∈ [0, 1] (between 𝑅1 and 𝑅2) and 𝑒34 ∈ [2, 3] (be-
tween 𝑅2 and 𝑅3), and a “zero importance criterion” distance 𝑒0 ∈ [0, 1]
(between the zero benchmark and 𝑅1). These form the global ratio:

𝑧 =
𝑒12 + 𝑒23 + 𝑒34 + 𝑒0 + 1

𝑒0 + 1
∈ [3.5, 8].
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The exact feasibility model is:

Equalities within ex aequo subsets: 𝑤4 = 𝑤5, 𝑤2 = 𝑤3.

Monotonicity across ranks: 𝑤6 ≥ 𝑤4 + 𝛿, 𝑤2 ≥ 𝑤6 + 𝛿,

𝑤1 ≥ 𝑤2 + 𝛿.

Largest gap from BC information: (𝑤1 −𝑤2) ≥ (𝑤2 −𝑤6) + 𝛿,

(𝑤1 −𝑤2) ≥ (𝑤6 −𝑤4) + 𝛿.

Conditional gap between 𝑅2 and 𝑅3 ∶ Δ26 ∶= 𝑤2 −𝑤6, Δ64 ∶= 𝑤6 −𝑤4,

Δ26 − Δ64 ≥ −𝑀 𝑦,

Δ26 − Δ64 ≤ 𝑀 𝑦,

Δ26 − Δ64 ≥ 𝛿 −𝑀 (1 − 𝑦),

𝑦 ∈ {0, 1}.

SRF–II global ratio (from 𝑒0 ∈ [0, 1]): 𝑤1 ≥ 3.5𝑤4, 𝑤1 ≤ 8𝑤4

(with 𝑤4 = 𝑤5).

Normalization:
6
∑

𝑗=1
𝑤𝑗 = 1.

No–dictatorship: 𝑤𝑘 ≤
∑

𝑗≠𝑘
𝑤𝑗 , 𝑘 = 1,… , 6.

Minimum weight: 𝑤𝑘 ≥ 0.05, 𝑘 = 1,… , 6.

Nonnegativity: 𝑤𝑘 ≥ 0, 𝑘 = 1,… , 6.

⎫
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(A.1)

where 𝑤𝑗 denotes the weight of criterion 𝑔𝑗 for 𝑗 = 1,… , 6, 𝛿 > 0 is a 
small separation constant, and 𝑀 > 0 is a sufficiently large constant 
used in the big-𝑀 linearization. The equalities 𝑤4 = 𝑤5 and 𝑤2 = 𝑤3
encode the two ex aequo subsets in the ranking. The monotonicity con-
straints ensure that weights are non-decreasing along the rank order, 
with at least a margin 𝛿 between successive ranks. The auxiliary vari-
ables Δ26 = 𝑤2 −𝑤6 and Δ64 = 𝑤6 −𝑤4 represent, respectively, the gap 
between the second and third ranks, and the gap between the third and 
fourth ranks. The binary variable 𝑦 ∈ 0, 1 encodes the interval-valued 
blank-card information between 𝑅2 and 𝑅3, and linearizes the condi-
tional relation between the gaps: it activates either the case where the 
gap between 𝑅2 and 𝑅3 equals the gap between 𝑅3 and 𝑅4 (𝑒23 = 0) or 
the case where it is strictly larger (𝑒23 = 1).

With this model, feasibility is first verified (consistency check). For 
exploitation, Model Eq.  (A.1) is embedded in a hit-and-run sampler to 
explore the admissible polytope (10 000 draws), producing the distribu-
tions and sample means reported in the paper.

A.2.  Case study 2: Hierarchical structure, MLC with minimal repair

We work directly at the elementary (indicator) level with weights 
𝑤𝑗𝑗′  under four top-level dimensions 𝑔1 (Timeliness), 𝑔2 (Effectiveness), 
𝑔3 (Safety), 𝑔4 (Efficiency), and impose 

∑

𝑗
∑

𝑗′ 𝑤𝑗𝑗′ = 1. Within each 
branch, the rank orders and BC counts are:

𝑔1 ∶ 𝑔11
4BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔13
2BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔14
2BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔12,

𝑔2 ∶ 𝑔21
4BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔23
2BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔24
0BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔22,

𝑔3 ∶ {𝑔33, 𝑔34, 𝑔35, 𝑔36}
3BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔32
1BC

←←←←←←←←←←←←←←←←←←←←←←←←→ {𝑔31, 𝑔37},

𝑔4 ∶ 𝑔41
0BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔42.

Using the MLC scheme, only the least and most important indicators 
from each branch are compared across branches. After minimal con-
sistency restoration, the inter-group chain (least→most) and BC counts 
become:

𝑔41
1BC

←←←←←←←←←←←←←←←←←←←←←←←←→ {𝑔31, 𝑔37}
2BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔21
2BC

←←←←←←←←←←←←←←←←←←←←←←←←→ 𝑔12,

the global top-to-bottom ratio is fixed at 𝑧 = 12 (so 𝑤12 = 12𝑤41). The 
exact feasibility model is given below:

(Timeliness 𝑔1)
𝑤13 ≥ 𝑤11 + 𝛿,𝑤14 ≥ 𝑤13 + 𝛿,𝑤12 ≥ 𝑤14 + 𝛿,
(𝑤13 −𝑤11) ≥ (𝑤14 −𝑤13) + 𝛿,
(𝑤14 −𝑤13) ≥ (𝑤12 −𝑤14) + 𝛿,
𝑤12 = 6𝑤11;
(Effectiveness 𝑔2)
𝑤23 ≥ 𝑤21 + 𝛿,𝑤24 ≥ 𝑤23 + 𝛿,𝑤22 ≥ 𝑤24 + 𝛿,
(𝑤23 −𝑤21) ≥ (𝑤24 −𝑤23) + 𝛿,
(𝑤24 −𝑤23) ≥ (𝑤22 −𝑤24) + 𝛿,
𝑤22 = 5𝑤21;
(Safety 𝑔3)
𝑤33 = 𝑤34 = 𝑤35 = 𝑤36, 𝑤31 = 𝑤37
𝑤32 ≥ 𝑤33 + 𝛿,𝑤31 ≥ 𝑤32 + 𝛿,
(𝑤32 −𝑤33) ≥ (𝑤31 −𝑤32) + 𝛿,
𝑤31 = 6𝑤33;
(Efficiency 𝑔4)
𝑤42 ≥ 𝑤41 + 𝛿,
𝑤42 = 2𝑤41;
(Inter-group MLC, extremes)
𝑤33 = 𝑤34 = 𝑤35 = 𝑤36 = 𝑤42, 𝑤31 = 𝑤37
𝑤33 ≥ 𝑤41 + 𝛿,
𝑤21 ≥ 𝑤33 + 𝛿,
𝑤11 ≥ 𝑤21 + 𝛿,
𝑤31 ≥ 𝑤11 + 𝛿,
𝑤22 ≥ 𝑤31 + 𝛿,
𝑤12 ≥ 𝑤22 + 𝛿,
(𝑤22 −𝑤31) ≥ (𝑤33 −𝑤41) + 𝛿,
(𝑤22 −𝑤31) ≥ (𝑤21 −𝑤33) + 𝛿,
(𝑤22 −𝑤31) ≥ (𝑤11 −𝑤21) + 𝛿,
(𝑤22 −𝑤31) ≥ (𝑤31 −𝑤11) + 𝛿,
(𝑤22 −𝑤31) ≥ (𝑤12 −𝑤22) + 𝛿,
𝑤12 = 12𝑤41;
(Normalization and safeguards)
∑

𝑗∈{1,2,3,4}
∑

𝑗′ 𝑤𝑗𝑗′ = 1,
𝑤𝑘𝑘′ ≤

∑

(𝑗,𝑗′)≠(𝑘,𝑘′) 𝑤𝑗𝑗′∀(𝑘, 𝑘′),
𝑤𝑗𝑗′ ≥ 0.01∀(𝑗, 𝑗′).
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The model is first checked for feasibility. After consistency restora-
tion, we then explored min-max optimization to yield the ranges and 
means reported in the paper.
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