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Local analysis of a single impurity on a graphene Josephson junction
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In this paper, we investigate the local effects of a single impurity on the electron system of a short ballistic
graphene Josephson junction. Within the Dirac–Bogoliubov–de Gennes approach, we systematically analyze the
local electron density of states. Its behavior at subgap energies allows one to distinguish elastic and inelastic
scattering processes and to identify the magnetic nature of the impurity. Moreover, the spatial dependence
of the local density of states is a sensitive probe of microscopic processes yielding subgap impurity-induced
bound states. The Fourier analysis allows one to recognize the wave vectors related to the momenta of the
high-transmissive channels in ballistic graphene.
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I. INTRODUCTION

Hybrid systems that combine different physical platforms
with complementary functionalities are nowadays explored
for applications in quantum technologies [1,2]. For in-
stance, gate-tunable hybrid superconducting qubits known
as gatemons have been implemented using semiconduct-
ing nanowires [3,4], In As-based Josephson junctions (JJs)
[5–7], two-dimensional materials [8], van der Waals het-
erostructures [9], and graphene [10,11]. They offer advantages
such as reduced dissipative losses and crosstalk, as well
as compatibility with high magnetic fields [12,13], paving
the way for the implementation of fault-tolerant topological
qubits based on Majorana zero modes [14,15]. High-quality
graphene-superconductor heterostructures with clean inter-
faces obtained by encapsulating graphene in hexagonal boron
nitride (hBN) [16–18] sustain ballistic transport of Cooper
pairs over micrometer-scale lengths, gate-tunable supercur-
rents persisting at large parallel magnetic fields [19–21],
and show various features of two-dimensional Andreev
physics [22–24]. Moreover, thanks to the low specific heat
of hBN-embedded graphene, highly sensitive microwave
bolometers based on graphene Josephson junction (GJJs) have
been demonstrated for circuit quantum electrodynamics ap-
plications [25,26]. Single-photon detection at near-infrared
frequencies has also been achieved by coupling photons to
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localized surface plasmons of a GJJ, which can be integrated
into JJ-based quantum architectures as high-speed, low-power
optical interconnects [27]. GJJs are also an excellent plat-
form for generating exotic quantum states, such as long-lived
Floquet-Andreev states obtained by applying continuous mi-
crowave light without significant heating [28]. Recently, a
superconducting circuit has been manufactured incorporating
three Josephson junctions based on graphene governed by a
dominant sin(2φ) current-phase relation (CPR) [29], which is
promising for the development of superconducting quantum
bits protected from decoherence.

The Josephson effect in heterostructures is due to the prox-
imity effect in combination with constructive interference be-
tween Andreev processes at the two normal-superconducting
(N-S) interfaces. This results in the formation of coherent
electron-hole superpositions known as Andreev bound states
(ABSs). In short junctions, the CPR resulting from the phase
dependence of the ABS spectrum differs from the sinusoidal
CPR of standard tunnel JJs [30,31]. Recently, there has been
interest in controlling spatial properties of ballistic GJJs. An
experimental method has been developed to measure and con-
trol the current density in real space for two parallel ballistic
GJJs, based on the analysis of the Fourier and Hilbert transfor-
mations of the modulation of the critical current induced by a
magnetic field [32]. Tunneling spectroscopy measurements in
GJJs revealed the possible presence of weakly coupled micro-
scopic quantum dots to proximitized graphene, which act as
energy filters in the tunneling process [11,33]. A theoretical
analysis has suggested that a homogeneous dilute distribution
of impurities in a GJJ can alter the critical current and the
skewness of the CPR [34]. Moreover, defects in the nearby
substrate can act as carrier traps and induce fluctuations in
the carrier density of the graphene channel [35,36], leading
to critical current fluctuations with a 1/ f spectrum [37–39]
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and relaxation [40]. In this paper, we investigate the effect
of a short-range impurity on the low-energy properties of
a short planar GJJ, motivated by findings related to point
systems weakly interacting with proximitized graphene and
by recent interest in controlling the spatial properties of bal-
listic GJJs [32]. We use an analytical approach based on the
Dirac–Bogoliubov–de Gennes model [41]. Two paradigmatic
descriptions of a single impurity are considered: the Anderson
model [42] and the Lifshitz model [43]. The latter describes an
impurity interacting with the density of conduction electrons
through a scalar potential [44,45] and it has been used to
model a vacancy in a graphene crystal [46]. The Anderson
model has been used to study the effect of adatoms on the
graphene electron system [47–51]. It allows electron transfer
from the host to some energy level belonging to the adsorbed
atom [50]. In both cases, we take into account an extra
magnetic term describing the exchange interaction between
the local spin on the impurity site and the electrons flowing
through the GJJ. We focus on a single impurity located in
the middle of the normal region and analyze how it affects
the local density of states (LDOS) within the superconductive
gap |E | < �. This quantity is experimentally accessible by
scanning tunneling spectroscopy [44], the LDOS unveiling
sensitivity of the ABSs to the type of impurity-scattering
processes. Close to the impurity, the energy dependence of the
LDOS is sensitive to the magnetic character of the impurity
itself, and it is different for the Anderson and Lifshitz models.
We analyze the conditions for the appearance of an impurity-
induced subgap bound state. Finally, we analyze the spatial
dependence in the normal phase region along the transverse
direction at the energy corresponding to the impurity-induced
bound state.

This paper is structured as follows. Section II provides
technical details on the Dirac–Bogoliubov–De Gennes model
describing ABSs. Sections III and IV present the Anderson
and Lifshitz models, respectively, and the analysis of the
energy dependence of the LDOS close to an impurity
in the middle of the normal phase region. Section V addresses
the spatial dependence of the LDOS along the normal phase
region and the analysis in Fourier space. Finally, the conclu-
sions are drawn in Sec. VI.

II. MODEL

We analyze a GJJ in the ballistic regime, as depicted in
Fig. 1, which is composed of two identical metallic super-
conductive electrodes on the sides and a graphene monolayer
in the middle. The normal graphene stripe has length L in
the x̂ direction, the entire device has a finite width W and is
considered infinite along the x̂ direction, and we assume that
W � L. The electron system is described by the following
Dirac–Bogoliubov–de Gennes (D-BdG) Hamiltonian [41]

ĤD−BdG =
∑
ζ=±

∫
d2r�̂†

ζ (r)HD−BdG�̂ζ (r),

HD−BdG = τz

[
U (r)1σ + h̄vD

i
(∂xσx + ∂yσy)

]

+ τx1σ Re �(r) − τy1σ Im �(r), (1)

FIG. 1. Schematics of the planar GJJ device. The graphene
monolayer of length L (gray) is contacted to the sides by two su-
perconducting electrodes (yellow sides). The width W of the device
is assumed to be such that W � L.

where ζ = ± denotes valley indices. Here, the four compo-
nents spinors �̂±(r) are defined as

�̂+(r) = [ψ̂†
A,K,↑(r), ψ̂†

B,K,↑(r), ψ̂A,K ′,↓(r), ψ̂B,K ′,↓(r)]†,

�̂−(r) = [−ψ̂
†
B,K ′,↑(r), ψ̂†

A,K ′,↑(r),−ψ̂B,K,↓(r), ψ̂A,K,↓(r)]†,

(2)

where vD ∼ c/300 is the Fermi velocity in monolayer
graphene, the set composed by the two-dimensional ma-
trix identity 1σ (1τ ) and the Pauli matrices {σx, σy, σz}
({τx, τy, τz}) act on the two-dimensional sublattice A-B
(electron-hole) subspace. The superconducting order param-
eter �(r), and the scalar potential U (r) are defined across the
junction as follows:

�(r) = 
(|x| − L/2)�eiφ0(x),

φ0(x) = 
(x)φR + 
(−x)φL, (3)

U (r) = −μ0
(L/2 − |x|) − U0
(|x| − L/2), (4)

where 
(x) is the Heaviside step function, and we assume that
U0 � |μ0| [41]. The multiple coherent Andreev reflections at
the interfaces between the normal phase region and the super-
conductive sides at x = ±L/2 generate a set of ABSs [52].
These eigenstates of the D–BdG Hamiltonian have subgap
eigenenergies, i.e., |E | < �. In the short junction limit L � ξ ,
where ξ = h̄vD/(π�) is the coherence length, the eigenstates
with energies above the gap, i.e., |E | > �, form the Andreev
continuum. These states have eigenenergies that are indepen-
dent of the phase difference φ = φR − φL, so ABSs are the
only ones responsible for carrying the Josephson equilibrium
supercurrent [53,54]. In this paper, we disregard the contin-
uum and focus on the low-energy characteristics of the GJJ.
To obtain ABSs, we seek for the eigenstates of the D–BdG
Hamiltonian by exploiting the uniformity of the system along
the y direction,

ϕk,E ,ζ (r) = eiky

√
W

ϕ̃k,E (x), (5)

where k determines the wave number along the y direction,
and E is the eigenenergy. Since the D–BdG Hamiltonian in
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Eqs. (1) is independent of the valley index ζ , we omit it
in ϕ̃k,E (x), and it leads to double degeneracy in the ABS
spectrum. As shown in Fig. 1, there are three sharp partitioned
sectors along the x direction for which we look for a solution
to the stationary D–BdG problem of the following form:

ϕ̃k,E (x) =

⎧⎪⎪⎨
⎪⎪⎩
Nk,E ϕ̃

(S−L)
k,E (x) x � −L/2

Nk,E ϕ̃
(N)
k,E (x) −L/2 < x < L/2

Nk,E ϕ̃
(S−R)
k,E (x) x � L/2,

(6)

and afterward, we impose the continuity at the interfaces x =
±L/2. The coefficient Nk,E denotes the normalization factor.
To search for eigenfunctions, we follow the approach used in
Ref. [34], where the junction length was taken infinitesimal
L/ξ → 0. Here, we generalize to the case of a finite junction
length L. We start from the superconductive sides (x < −L/2
and x > L/2). We write both ϕ̃

(S−L)
k,E (x) and ϕ̃

(S−R)
k,E (x) as a

linear combination of terms of the form esηλxak,E ,λ,s, where
s = ±, λ = ±. By imposing the exponential form, it solves
the D–BdG equation in the superconductive sides for

ηλ = i

√√√√√√
⎛
⎜⎝U0 + λ

√
E2 − �2

0

h̄vD

⎞
⎟⎠

2

− k2. (7)

We exclude pairs of coefficients λ and s such that (λ, s) =
(+,+) and (−,−) (where λs = +) on the left-hand side, and
(λ, s) = (+,−) and (+,−) (where λs = −) on the right-hand
side, since they correspond to wave functions that cannot be
normalized. Then, we obtain the following expressions:

ϕ
(S−L)
k,E (r) = eiky

[
xL

k,E e−η+(x−L/2)ak,E ,+,−

+ yL
k,E eη−(x−L/2)ak,E ,−,+

]
, (8)

ϕ
(S−R)
k,E (r) = eiky

[
xR

k,E eη+(x−L/2)ak,E ,+,+

+ yR
k,E e−η−(x−L/2)ak,E ,−,−

]
. (9)

The four-dimensional vectors ak,E ,λ,s can be represented as

ak,E ,λ,s = Wλ,sbk,E ,λ, (10)

where Wλ,s = 1τ (Qλ,s�λ,s) is defined in terms of the matrices

Qλ,s = 1√
2

[σz + i(e−szλσ− − eszλσ+)],

�λ,s = 1√
2
[
1 + es(zλ+z∗

λ)] (1 − σz )

+ 1√
2
[
1 + e−s(zλ+z∗

λ)] (1 + σz ), (11)

which act on the sublattice space, where zλ satisfies the iden-
tity eszλ = kvD(k + sηλ)/[U0 + λ

√
E2 − �], and

bk,E ,λ = 1√
2

[
ei(φ j+ λ

2 β(E )), 0, e−i λ
2 β(E ), 0

]T
, (12)

with β(E ) = arccos(E/�0) and j = R, L. Assuming that the
superconductive sides are in the large doping regime, i.e.,

U0 � |μ0|, and � � U0, then ηλ, defined in Eq. (7), can be
approximated [55] as

ηλ ≈ i
U0

h̄vD
− λ

√
�2

0 − E2

h̄vD
, (13)

and zλ ≈ iπ/2, which leads to Wλ,s ≈ 1√
2
(σz + sσx ). To find

the solution of the stationary equation in the normal phase
sector ϕ̃

(N)
k,E (x), we employ the transfer matrix approach [56].

After a few algebraic manipulations, the stationary problem
can be rewritten as the following ordinary differential equa-
tion in terms of the transfer matrix:

ϕ̃
(N)
k,E (x) = T (k, E ; x)ϕ̃(N)

k,E (−L/2), (14)

dT (k, E ; x)

dx
=

[
iτzσx

E

h̄vD
+ iσx

μ0

h̄vD
+ σzk

]
T (k, E ; x),

(15)

with boundary condition T (k, E ; x = −L/2) = 1τ1σ . The
transfer matrix which solves the above problem is explicitly
expressed as

T (k, E ; x) = 1τ + τz

2
T(k, E ; x) + 1τ − τz

2
T(k,−E ; x),

(16)

where

T(k,±E ; x) = sin[q±(x + L/2)]

[
i
μ0 ± E

h̄vDq±
σx + k

q±
σz

]

+ cos[q±(x + L/2)]1σ , (17)

and q± =
√(

μ0±E
h̄vD

)2 − k2. Using the transfer matrix, we can
impose the continuity condition on the wave functions at the
N-S interfaces, and we obtain the compact condition

ϕ̃
(S−R)
k,E (x = L/2) = T (k, E ; L/2)ϕ̃(S−L)

k,E (x = −L/2). (18)

After further algebraic manipulations, it can be rewritten as

xR
k,E ak,E ,+,+ + yR

k,E ak,E ,−,−

= T (k, E ; L/2)
[
xL

k,E ak,E ,+,− + yL
k,E ak,E ,−,+

]
. (19)

The expression above is a homogeneous system of four equa-
tions for the variables {xL

k,E , yL
k,E , xR

k,E , yR
k,E }. The solution of

this system is not trivial only if the associated matrix is
singular, i.e., its determinant D is zero. For each pair of
values of the y component of the wave vector k and the
phase difference φ, the energies E ( j, k, φ) that nullify the
determinant D are the eigenenergies of the ABSs, with j
being the subband index. The determinant D is an even
function of energy, which leads to an even number of sub-
bands E ( j, k, φ), so the subband index runs over the range
{±1,±2, . . . ,±n}, where 2n is the number of subbands, and
the following property E ( j, k, φ) = −E (− j, k, φ) is valid.
For each ABS, after finding the eigenenergy E ( j, k, φ), we
choose the nontrivial solution that guarantees the condition
|xL

k,E ( j,k,φ)|2 + |yL
k,E ( j,k,φ)|2 = 1. Under the approximation in

Eq. (13), the normalization factor Nk,E ( j,k,φ) is determined for
a given subband index j, y component of the wave vector k,
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and phase difference φ, by enforcing the condition below:∫ W/2

−W/2
dy

∫ ∞

−∞
dxϕ†

k,E ,ζ
(r)ϕk,E ,ζ (r)|E=E ( j,k,φ) = 1, (20)

which gives

Nk,E ( j,k,φ) = 1√
1 + B( j, k, φ)

√√
�2 − E ( j, k, φ)2

h̄vD
, (21)

where

B( j, k, φ) = L

ξ

√
1 − (E ( j, k, φ)/�)2

× [xLak,E ,+,− + yLak,E ,−,+]†A(k, E ( j, k, φ))

× [xLak,E ,+,− + yLak,E ,−,+], (22)

A(k, E ) =
∫ L/2

−L/2

dx

L
T †(k, E , x)T (k, E , x)

= 1τ + τz

2
A(k, E ) + 1τ − τz

2
A(k,−E ), (23)

A(k,±E ) =
[

(μ0 ± E )2

h̄2v2
Dq2±

− k2 sin(2q±L)

2q3±L

]
1σ

−
[

k(μ0 ± E )

h̄vDq±
− k(μ0 ± E ) sin(2q±L)

2h̄vDq3±L

]
σy

+ k sin2(q±L)

q2±L
σz, (24)

and xL
k,E and yL

k,E are two components of the nontrivial vector
which solves the system in Eq. (19) with E → E ( j, k, φ).

From now on, we focus on the short junction regime
L/ξ � 1, where the subband index j can assume two values,
namely {−1, 1}, and we have E ( j, k, φ) = jε(k, φ). In par-
ticular, we will consider a finite value of L/ξ � 1, and note
that in the limiting case L/ξ → 0, we have B( j, k, φ) → 0.
To describe the low-energy electronic properties, we project
the full D–BdG Hamiltonian in Eqs. (1) onto the ABS sub-
space with the projector P̂A [34]. The Andreev Hamiltonian
HA = P̂AĤD−BdGP̂A is expressed as

ĤA =
∑
ζ=±

∑
k

ε(k, φ)(γ̂ †
ζ ,+,k γ̂ζ ,+,k − γ̂

†
ζ ,−,k γ̂ζ ,−,k ), (25)

where γ̂ j,ζ ,k is the fermionic ABS operator. Each set of values
of ζ , k determines a two-level system with energy splitting
2ε(k, φ). Figure 2 shows the ABS spectrum as a function
of the component k, with the phase difference set at φ =
3π/4 and the chemical potential in the normal phase at μ0 =
5h̄vD/L (a) and μ0 = 8h̄vD/L (b). The solid black line is
the spectrum obtained numerically for a finite short junc-
tion L/ξ = π/20, while the red dashed line is the universal
analytical expression ±E (k, φ) = ±�

√
1 − τ (k) sin2(φ/2),

obtained in the limit L/ξ → 0+, where the k dependence is
totally included in the transmission probability τ (k) which
depends on the nature of the normal phase stripe [57]. For the
graphene electron gas [41], the transmission probability of the
normal state is τ (k) = (k2

F − k2)/[k2
F − k2 cos2(L

√
k2

F − k2)],
with kF = μ0/(h̄vD). From the comparison of the dispersion

(a)

(b)

FIG. 2. ABS spectra. Eigenenergies, in units of the energy gap
�, as a function of the transverse component of the wave vector k, in
units of 1/L. The ABS spectrum (solid line) for a short junction with
L/ξ = π/20, obtained numerically, is compared to the analytical
spectrum (dashed line) in the limit case L/ξ → 0+. Here, we set the
Fermi level at μ0 = 5h̄vD/L (a) and μ0 = 8h̄vD/L (b), and the phase
difference at the generic value φ = φR − φL = 3π/4.

relations in Fig. 2, we see that the extrema are located at the
same k, and in the limiting case L/ξ → 0+ they correspond
to the extrema of the transmission probability [34]. In Fig. 2,
one can see that there is an energy window, which we call
a minigap, in which quasiparticle excitations are prohibited
[58]. The minigap δ(φ) = mink[ε(k, φ)] depends on the phase
difference φ. In particular, in the limit L/ξ → 0+, we have
δ(φ) = �| cos(φ/2)|.

We conclude this section by introducing the particle den-
sity and the charge density operators, which are the quantities
of interest. Within the D–BdG formalism, the particle density
and charge density operators are expressed in terms of the four
component spinors defined in Eqs. (2) as

ρ̂(r) =
∑

ζ

�̂
†
ζ (r)1τ1σ �̂ζ (r),

ρ̂C(r) =
∑

ζ

�̂
†
ζ (r)τz1σ �̂ζ (r), (26)

where in ρ̂C electrons (holes) have charge +1 (−1). Applying
the projector P̂A on the density operators in Eqs. (26), we
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define the Andreev particle and charge densities operators as

ρ̂A(r) = P̂Aρ̂(r)P̂A =
∑

ζ

∑
j, j′

∑
k,k′

ϕ†
k,E ( j,k,φ),ζ (r)

× 1τ1σϕk′,E ( j′,k′,φ),ζ (r)γ̂ †
ζ , j,k γ̂ζ , j′,k′ ,

ρ̂C,A(r) = P̂Aρ̂C(r)P̂A =
∑

ζ

∑
j, j′

∑
k,k′

ϕ†
k,E ( j,k,φ),ζ (r)

× τz1σϕk′,E ( j′,k′,φ),ζ (r)γ̂ †
ζ , j,k γ̂ζ , j′,k′ , (27)

whose support is the ABS subspace. In the following sections,
we study modifications of the spin-resolved LDOS. The spin-
up electron and the spin-down hole LDOS are defined as

ρe↑(r,�) = Tr[ρ̂A,e↑(r)δ(� − Ĥtot )],

ρ̂A,e↑(r) = 1
2 [ρ̂A(r) + ρ̂C,A(r)], (28)

ρh↓(r,�) = Tr[ρ̂A,h↓(r)δ(� − Ĥtot )],

ρ̂A,h↓(r) = 1
2 [ρ̂A(r) − ρ̂C,A(r)], (29)

where we have Tr[·] = ∑
ζ , j,k〈∅|γ̂ζ , j,k · γ̂

†
ζ , j,k|∅〉, where the

reference state |∅〉 is the vacuum of all field operators
γ̂ζ , j,k . The spin-down electron LDOS is given by ρh↓(r,�) =
ρe↓(r,−�).

So far, we have considered the bare GJJ in the short-
junction regime. In the following, we include the presence
of a localized impurity described in terms of the Anderson
or Lifshitz model. The total Hamiltonian Ĥtot is composed of
the Andreev Hamiltonian ĤA and a term Ĥimp that takes into
account the interaction of the ABSs with a single impurity.

III. SINGLE ANDERSON IMPURITY

In this section, we discuss the Anderson model [34,42],
which describes an impurity that causes inelastic scattering
processes in a GJJ electronic system. Within this model, each
impurity has two localized electronic states, distinguished by
the spin projection along the z direction. For the spin-up and
spin-down cases, the energies are Ed,↑ = μ0 + εd + εZ and
Ed,↓ = μ0 + εd − εZ, respectively. The energy εd is the impu-
rity energy with respect to the Fermi level μ0, and the Zeeman
energy term εZ breaks the time-reversal symmetry, and here
any Coulomb repulsive term [59] is neglected. Within the
Bogoliubov–de Gennes approach, the Hamiltonian of the im-
purity can be expressed in a spinorial form as

ĤD = �̂
†
d (εdτz + εZ1τ )�̂d , (30)

where �̂
†
d = [c†

d,↑, cd,↓], and the fermionic operators c†
d,↑

(cd,↓) create (annihilates) an electron with spin-up (spin-
down) bounded to the impurity. Here, we describe the
interaction between a single impurity and the electron system
in a graphene monolayer in terms of a tunneling Hamiltonian
[34] expressed as

V̂D = V̂d + V̂†
d ,

V̂d =
∑
ζ=±

∫
d2r�̂†

dVd,ζ (r)�̂ζ (r), (31)

where the matrices Vd,ζ are defined as

Vd,+(r) =
[
vA,d (r) vB,d (r) 0 0

0 0 −v∗
A,d (r) −v∗

B,d (r)

]
,

Vd,−(r) =
[−v∗

B,d (r) v∗
A,d (r) 0 0

0 0 vB,d (r) −vA,d (r)

]
. (32)

We assume that the impurity is located at rd in a carbon site
and that the tunneling term acts on the electron system in
graphene at the atomic scale. Following Ref. [34], using a
microscopic description based on a tight-binding model for
the electron system in graphene, the matrix elements of the
potential V̂D are expressed as

vα,d (r) = t0
√

Ac[mdδα,A + (1 − md )δα,B]δ(r − rd ), (33)

where Ac = 3
√

3a2/2 is the area of the unit cell [60], with
a = 1.42 Å, t0 is the tunneling amplitude which, without loss
of generality, is taken real and positive. If the impurity is
located at a carbon site belonging to the sublattice A (B) then
one has md = 1 (md = 0). Here, we consider that the carbon
site where the impurity is located belongs to sublattice A, and
we have vα,d (r) = t0

√
Acδα,Aδ(r − rd ). The results remain un-

changed regardless of the sublattice chosen, as a result of the
sublattice symmetry. The local interaction potential projected
in the ABS subspace is explicitly written as

V̂d P̂A = t0
∑

j

∑
ζ

∑
k

�̂
†
dwd,ζ , j,k γ̂ζ , j,k, (34)

where

wd,±, j,k = gd,±ϕk,E ( j,k,φ),±(rd )

= gd,±
eikyd

√
W

ϕ̃k,E ( j,k,φ)(xd ), (35)

gd,+ = √
Ac

[
1 0 0 0
0 0 −1 0

]
,

gd,− = √
Ac

[
0 1 0 0
0 0 0 −1

]
. (36)

To study the local effect induced by an Anderson im-
purity on the electron system in a GJJ, we use the
total Hamiltonian Ĥtot = ĤA + Ĥimp, where Ĥimp = ĤD +
V̂d P̂A + P̂AV̂†

d , which consists of the impurity Hamiltonian
ĤD, and the tunneling terms which connect the ABSs and
the Anderson impurity. To calculate the LDOS, we use the
following expressions:

ρe↑(r,�) = − 1

π
ImTr[ρ̂A,e↑(r)Ĝtot (� + iη)],

ρh↓(r,�) = − 1

π
ImTr[ρ̂A,h↓(r)Ĝtot (� + iη)], (37)

which involve the total Green’s function

Ĝtot (�) = (�1 − Ĥtot )
−1, (38)

with η = 0+. After some algebraic manipulations, we write
the projection of the total Green’s function onto the ABS
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subspace as

Ĝ(�) = P̂AĜtot (�)P̂A = (�1 − Ĥeff )−1,

Ĥeff = ĤA + P̂AV̂†
d (�1 − Ĥd )−1V̂d P̂A. (39)

Before calculating the LDOS in the presence of a single
Anderson impurity, we consider the clean GJJ. For the unper-
turbed GJJ system, the ABS Green’s function takes the simple
form

Ĝ0(�) = (�1 − ĤA)−1

=
∑
j=±

∑
ζ=±

∑
k

1

� − jε(k, φ)
γ̂

†
j,ζ ,k γ̂ j,ζ ,k, (40)

and by replacing it in Eqs. (37), we find the LDOS:

ρ0,�(r,�) = − 1

π
ImTr[ρ̂A,�(r)Ĝ0(� + iη)]. (41)

It is useful to introduce the following 4×4 matrix Green’s
function

Ḡ0(r, r′,�)

=
∑

j

∑
k

ϕk,E ( j,k,φ),ζ (r)ϕ†
k,E ( j,k,φ),ζ (r′)

� − jε(k, φ)

=
∑

k

eik(y−y′ )

W

[ ∑
j

ϕ̃k,E ( j,k,φ)(x)ϕ̃†
k,E ( j,k,φ)(x

′)

� − jε(k, φ)

]
, (42)

which acts on the direct product of the electron-hole subspace
and sublattice subspace on which the spinors of the D–BdG
formalism are built. It allows one to write a compact and
intuitive form of the LDOSs. Although the valley index ζ is
indicated in the initial line, the spinorial wave function does
not depend on it, so it is omitted in Ḡ0(r, r′,�). Further-
more, looking at the second line of Eq. (42), each entry of
Ḡ0(r, r′,�) has the form of a Fourier transform, and we cal-
culate them using the fast Fourier transform (FFT) algorithm
[61]—see details in Appendix B. Starting from the definition
in Eq. (41), applying the cyclic property of the trace, and
using Eq. (42), the LDOS in the clear limit takes the following
compact form:

ρ0,�(r,�) = − 1

π
Im{tr[M�Ḡ0(r, r,� + iη)]}, (43)

where � = {e ↑, h ↓}, Me↑ = 1
2 (1τ + τz )1σ , and Mh↓ =

1
2 (1τ − τz )1σ , and tr[·] denotes the trace over the direct prod-
uct of the electron-hole subspace and sub-lattice subspace.

To calculate the LDOS in the presence of a single impurity,
one has to find the ABS Green’s function Ĝ(�) expressed in
Eqs. (39). To this aim, we rewrite Eqs. (39) in the form of a
Dyson equation as

Ĝ(�) = Ĝ0(�) + Ĝ0(�)�̂(�)Ĝ(�), (44)

where the self-energy is

�̂(�) = P̂AV̂†
d (�1 − ĤD)−1V̂d P̂A. (45)

The exact solution to the Dyson equation, as detailed in
Appendix A, is expressed in the following closed form:

Ĝ(�) = Ĝ0(�) +
∑
ζ ,ζ ′

∑
j, j′

∑
k,k′

Fζ , j,k,ζ ′, j′,k′ (�)γ̂ †
ζ , j,k γ̂ζ ′, j′,k′ ,

(46)

where the analytical expression of Fζ , j,k,ζ ′, j′,k′ (�) is reported
in Appendix A; see Eq. (A9). Based on the results of Eq. (46),
for both electrons and holes, the LDOS is written as the sum
of two terms ρ�(r,�) = ρ�,0(r,�) + δρ�(r,�), where

δρ�(r,�) = − 1

π
ImTr{ρ̂A,�(r)[Ĝ(� + iη) − Ĝ0(� + iη)]}.

(47)

Using Eq. (46), we have the following:

δρ�(r,�) = − 1

π
Im

∑
ζ

∑
j, j′

∑
k,k′

ϕ†
k,E ( j,k,φ),ζ (r)M�

× ϕk′,E ( j′,k′,φ),ζ (r)Fζ , j′,k′,ζ , j,k (� + iη), (48)

where η = 0+. Applying the cyclic property of the trace and
using Eqs. (36) and (42), the expression above can be rewrit-
ten as

δρ�(r,�) = − 1

π
Imtr

{
M�Ḡ0(r, rd ,�+iη)

∑
ζ

g†
d,ζ

X (�+iη)

× [1τ − Y (� + iη)]−1gd,ζ Ḡ0(rd , r,� + iη)

}
,

(49)

where

Y (�) =
∑

ζ

gd,ζ Ḡ0(rd , rd ,�)g†
d,ζ

X (�), (50)

and the nature of the impurity is included in the 2×2 matrix
X (�). For an Anderson impurity, one has

X (�) → t2
0 Gd (�), (51)

with

Gd (�) = [(� − εZ)1τ − εdτz]
−1

=
[

1
�−(εd +εZ ) 0

0 1
�+(εd −εZ )

]
. (52)

Figure 3 shows the LDOS for electrons with spin up (solid
black line) and holes with spin down (red dashed line) as
a function of energy �. The junction length, Fermi level,
and phase difference are set to L/ξ = π/20, μ0 = 5h̄vD/L,
and φ = 3π/4, respectively. To obtain the LDOS numeri-
cally, a finite value of η = 10−3� is used, which produces
a fictitious finite linewidth of the energy levels within the
minigap and a smoothing of the square root divergences
that are expected at the extrema of the dispersion relations
E ( j, k). Figures 3(a) and 3(b) illustrate the case of clean GJJs,
evaluated in the normal phase region at r0 = (0, 0) and at
the N-S interface r′

0 = (−L/2, 0), respectively. In both pan-
els, the LDOS ρ0,e↑ and ρ0,h↓ are zero for energies within
|�| < δ(φ). Figures 3(c) and 3(d) illustrate the LDOS in
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(a) (b)

(c) (d)

(e) (f)

FIG. 3. LDOS ρe,↑(r, �) (solid black line) and ρh,↓(r, �) (red dashed line) as a function of �/�, in units of ρ� = 1/(h̄vDW ). (a), (b) LDOS
in the clean case calculated in the normal phase region at r0 = (0, 0) and at the left N-S interface r′

0 = (−L/2, 0), respectively. In (c) and (d)
[(e) and (f)], we consider a single nonmagnetic [magnetic] Anderson impurity with (εd, εZ ) = (0.2�, 0) [(εd, εZ ) = (0.2�, 0.1�)] located in
the normal phase region at rd = r0, and the LDOSs are, respectively, calculated in r0 and r′

0. In all panels, the junction length is L/ξ = π/20,
the Fermi level is μ0 = 5h̄vD/L, the tunneling amplitude t0 = √

�h̄vDW/(10Ac ), the phase difference φ = 3π/4, and η = 10−3�.

r0 = (0, 0) and r′
0 = (−L/2, 0), respectively, when a non-

magnetic Anderson impurity with parameters (εd , εZ) =
(0.2, 0)� is present at rd = r0. Figures 3(e) and 3(f) show
the same LDOS when the impurity is magnetic, with param-
eters (εd , εZ) = (0.2, 0.1)�. For both Anderson impurities,
we fix the tunneling amplitude at t0 = √

�h̄vDW/(10Ac). In
the absence of any spin-splitting term, such as the Zeeman
term, the total Hamiltonian Ĥtot is particle-hole symmetric.
This symmetry leads to the identity ρe,↑(r,�) = ρh,↓(r,−�).
The relation between the spin-down electron and the spin-
down hole LDOS, which is independent of the Hamiltonian,
is ρe,↑(r,�) = ρe,↓(r,�). Therefore, with a particle-hole

symmetric Hamiltonian, the electron LDOS is independent
of the spin z projection, i.e., ρe,↑(r,�) = ρe,↓(r,�). In the
presence of a nonmagnetic Anderson impurity where the
particle-hole symmetry is present [see Figs. 3(c) and 3(d)],
two bound states within the mingap, due to the hybridization
of ABS and impurity, arise at opposite energies, with �0 =
−0.185� � −εd and �′

0 = −�0. In Figs. 3(e) and 3(f), the
effect of a magnetic Anderson impurity is taken into account,
which breaks the particle-hole symmetry. This is evidenced
by the emergence of two sharp peaks within the minigap
at energies �0 = −0.098� � −εd + εZ and �′

0 = 0.267� �
εd + εZ, which are no longer opposite in energy, �′

0 �= −�0.
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(a) (b)

(c) (d)

FIG. 4. LDOS ρe,↑(r, �) (solid black line) and ρh,↓(r,�) (red dashed line) as a function of �/�, in units of ρ� = 1/(h̄vDW ). In all panels,
the junction length is L/ξ = π/20, the Fermi level is μ0 = 5h̄vD/L, the phase difference φ = 3π/4, and η = 10−3�. In (a) and (b) [(c) and
(d)], the LDOS are, respectively, calculated in the normal phase region at r0 = (0, 0) and at the left N-S interface r′

0 = (−L/2, 0), and the GJJ
is affected by a single nonmagnetic (magnetic) Lifshitz impurity with (ud, uZ ) = (−1/8, 0)h̄vDW/Ac [(ud, uZ ) = (−1/8, 0.1225)h̄vDW/Ac].

IV. SINGLE LIFSHITZ IMPURITY

In this section, we consider an impurity that acts as a source
of elastic scattering processes for the electron system in a
GJJ and is modeled by the Lifshitz model [62]. Similarly to
Sec. III, we consider a localized impurity that is placed at
position rd and at a carbon site that belongs to sublattice A,
which generates the potential

ÛD =
∑

κ′=K,K ′

∑
κ=K,K ′

∑
α=A,B

∑
α′=A,B

∑
s=↑,↓

∫
d2rus

× δs,s′δα,Aδα′,AAcδ(r − rd )ψ̂†
α,κ,s(r)ψ̂α′,κ′,s′ (r). (53)

Here, us is the spin-resolved interaction energy, but spin-flip
processes are excluded. Due to the short-range potential of
the impurity, there is a mixing between the valleys K and K ′.
We focus on the low-energy electronic system and project the
total Hamiltonian onto the ABS subspace. The ABS Green’s
function can be expressed in the form of a Dyson equation,
see Eq. (44), where the self-energy is given by

�̂(�) = PAÛDPA

=
∑
ζ ,ζ ′

∑
j, j′

∑
k,k′

w
†
d,ζ , j,kUdwd,ζ ′, j′,k′ γ̂

†
ζ , j,k γ̂ζ ′, j′,k′ , (54)

with

Ud = udτz + uZ1τ , (55)

ud = (u↑ + u↓)/2, and uZ = (u↑ − u↓)/2. Following the pro-
cedure used for a single Anderson impurity (details in
Appendix A), we find that the ABS Green’s function Ĝ(�)
has the form shown in Eq. (46), with

X (�) → Ud . (56)

Moreover, for both electrons and holes, the LDOS can
be expressed as ρ�(r,�) = ρ�,0(r,�) + δρ�(r,�), where
ρ�,0(r,�) is equal to Eq. (43), while the modification induced
by a single Lifshitz impurity is given by Eq. (49) with the
substitution in Eq. (56). Figure 4 shows the LDOS for elec-
trons with spin up (solid black line) and holes with spin down
(red dashed line) as a function of energy �, by selecting
the junction length, Fermi level, and phase difference used
in Fig. 3. Figures 4(a)–4(d) show the LDOS at r0 = (0, 0)
and r′

0 = (−L/2, 0), respectively, in the presence of a non-
magnetic (magnetic) Lifshitz impurity located at rd = r0 and
characterized by (ud, uZ) = (−1/8, 0)h̄vDW/Ac [(ud, uZ) =
(−1/8, 0.1225)h̄vDW/Ac]. A nonmagnetic Lifshitz impurity
acts as a source of elastic scattering that does not disrupt
Cooper pairs [63]. Therefore, for any value of ud and uz = 0,
the minigap is not affected by impurity scattering. Indeed,
in Figs. 4(a) and 4(b), the LDOS ρ0,e↑ and ρ0,h↓ are ex-
actly zero within the energy range � < δ(φ), despite the
presence of a strongly attractive nonmagnetic Lifshitz im-
purity. In Appendix C, we verify semi-analytically that the
emergence of a bound state within the minigap energy gener-
ated by the nonmagnetic Lifshitz impurity is impossible. The
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(a) (b)

(c) (d)

FIG. 5. LDOS of electrons with spin-up ρe↑(r, �0 ) (a) and holes with spin-down ρh↓(r,�0 ) (b), respectively, evaluated as a function of
the coordinate y/L, along the N-S interface r = (−L/2, y). We consider a single impurity located in the normal phase region at rd = (0, 0),
and the energy value �0 corresponds to a sharp peak within the minigap induced by the impurity. The electron and hole LDOSs are expressed
in units of ρmax = ρe↑((−L/2, 0), �0). The solid black line and the green dashed line refer to an Anderson impurity: the first is nonmagnetic,
with (εd, εZ ) = (0.2�, 0) and �0 = −0.185�, and the second is magnetic, with (εd, εZ ) = (0.2�, 0.1�) and �0 = −0.098�, the tunneling
amplitude t0 for both cases is equal to

√
�h̄vDW/(10Ac ). The dashed-dotted blue line refers to a magnetic Lifshitz impurity with (ud, uZ ) =

(−1.8, 0.1225)h̄vDW/Ac and �0 = −0.272�. (c), (d) Partial Fourier transforms ρ̃e↑(k; −L/2, �0 ) and ρ̃h↓(k; −L/2, �0), defined in Eq. (57)
as a function of kL, calculated, respectively, for the cases shown in (a) and (b), and in units of ρ̃max = ρ̃e↑(0; −L/2, �0 ). Here, the vertical lines
indicate k1 (red solid line) and 2k1 (red dashed line), where k1L = √

(μ0L)2/(h̄vD)2 − π 2. In all panels, the junction length is L/ξ = π/20, the
Fermi level is μ0 = 5h̄vD/L, the phase difference φ = 3π/4, and η = 10−3�.

spin-independent strong attractive interaction considered pro-
duces a pair of symmetric peaks, �0 = −0.623� and �′

0 =
−�0, which appear outside the minigap energy window,
δ(φ) < |�0| < �, and preserves the particle-hole symme-
try property ρe↑(r,�) = ρh↓(r,−�). In contrast, a magnetic
Lifshitz impurity, which breaks the particle-hole symmetry,
is a source of elastic scattering processes that can disrupt
Cooper pairs [44]. In Figs. 4(c) and 4(d), we consider a spin-
resolved potential, with u↑ = ud + uZ = 0.25×10−2h̄vDW/Ac

and u↓ = ud − uZ = −0.2475h̄vDW/Ac. This term uZ reduces
the interaction with the spin-up channel and increases the
attractive interaction with the spin-down channel. Two sharp
peaks appear at �0 = −0.272� and �′

0 = 0.786�, and only
the first one is within the minigap energy window. Moreover,
in Figs. 3 and 4, it is shown that the profiles ρ0,e↑(r′

0,�)
and ρ0,h↑(r′

0,�) calculated along the N-S boundary are in-
distinguishable. This holds independently of the presence
or type of impurity (see the right-hand panels). This sym-
metry emerges from the form of the eigenfunction on the
superconducting side, as expressed in Eq. (12), where the
spin-up electron and spin-down hole are equal in magnitude

regardless of energy. However, this symmetry is not
maintained in the normal-phase region, where the junction has
a finite length L. In fact, for any generic k and finite energy E ,
the transfer matrix T (k, E ; x) acts differently on the spin-up
electron and spin-down hole sectors.

V. ANALYSIS IN REAL SPACE

In this section, we investigate the structure of the density
fluctuations that are generated near the impurity, which can re-
sult in a sharp peak in the LDOS at an energy within the mini-
gap energy δ(φ). In the presence of a single impurity at rd =
(xd , yd ) = (0, 0), Figs. 5(a), 5(b), 6(a), and 6(b) [Figs. 7(a),
7(b), 8(a), and 8(b)] show the LDOS for spin-up electrons
and spin-down holes, respectively, along the transverse di-
rection r = (xd , y) and the N-S interface r = (−L/2, y), with
the Fermi level set at μ0 = 5h̄vD/L [μ0 = 8h̄vD/L]. In all
panels, �0 is the energy at which a sharp peak of the LDOS
appears in the range of −δ(φ) < �0 < 0. We have considered
an Anderson nonmagnetic impurity (solid black line), an An-
derson magnetic impurity (green dashed line), and a Lifshitz
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(a) (b)

(c) (d)

FIG. 6. LDOS of electrons with spin-up ρe↑(r, �0 ) (a) and holes with spin-down ρh↓(r,�0 ) (b), respectively, evaluated as a function of
the coordinate y/L, where r = (xd , y). We consider a single impurity located in the normal phase region at rd = (0, 0), and the energy value
�0 corresponds to a sharp peak within the minigap induced by the impurity. The LDOSs of both electrons and holes are expressed in units
of ρmax = ρe↑(rd , �0 ). The solid black line and the green dashed line refer to an Anderson impurity: the first is nonmagnetic, with (εd, εZ ) =
(0.2�, 0) and �0 = −0.185�, and the second is magnetic, with (εd, εZ ) = (0.2�, 0.1�) and �0 = −0.098�, the tunneling amplitude for both
cases is equal to

√
�h̄vDW/(10Ac ). The dashed-dotted blue line refers to a magnetic Lifshitz impurity with (ud, uZ ) = (−1.8, 0.1225)h̄vDW/Ac

and �0 = −0.272�. (c), (d) Partial Fourier transforms ρ̃e↑(k; xd , �0) and ρ̃h↓(k; xd , �0 ), defined in Eq. (57) as a function of kL, calculated,
respectively, for the cases shown in (a) and (b), and in units of ρ̃max = ρ̃e↑(0; xd , �0). Here, the vertical lines indicate k1 (red solid line) and
2k1 (red dashed line), where k1L = √

(μ0L)2/(h̄vD)2 − π 2. In all panels, the junction length is L/ξ = π/20, the Fermi level is μ0 = 5h̄vD/L,
the phase difference is φ = 3π/4, and η = 10−3�.

magnetic impurity (blue dashed-dotted line). For all cases
considered, the finite signals of the LDOSs shown here are
consequences of the hybridization between the impurity and
the ABSs. In fact, the LDOSs for a clean GJJ both ρe↑,0(r,�0)
and ρh↓,0(r,�0) are exactly zero. Moreover, regardless of the
nature of the impurity, the LDOS exhibits a similar pattern of
oscillations. This oscillatory behavior reminds us of Friedel
oscillations that arise in an electron gas from localized pertur-
bations [64], where their characteristic wave vector 2kF is a
direct consequence of an important property of the perturbed
system, namely, the existence of a sharp Fermi surface in an
electron gas [65]. We now explore the Fourier analysis of the
spatial pattern of the LDOS to determine what information
about the ABSs in a GJJ can be obtained. To this aim, we
define the partial Fourier transform as

ρ̃�(k; x,�) =
∫ ∞

−∞
dye−ikyρ�(r,�), (57)

where � = {e ↑, h ↓}, and they have been calculated by using
the fast Fourier transform algorithm [61] (details in Ap-
pendix B). Figures 5(c), 5(d), 6(c), and 6(d) [Figs. 7(c),

7(d), 8(c), and 8(d)] show, respectively, the partial Fourier
transform ρ̃�(k; −L/2,�0) and ρ̃�(k; xd ,�0) (� = {e ↑, h ↓})
of the LDOS illustrated in Figs. 5(a), 5(b), 6(a), and 6(b)
[Figs. 7(a), 7(b), 8(a), and 8(b)], and the Fermi level is μ0 =
5h̄vD/L [μ0 = 8h̄vD/L]. Independently of the type of impu-
rity and doping level, ρ̃�(k; −L/2,�0) and ρ̃�(k; xd ,�0) have
a global maximum at k = 0, indicating that the most effective
scattering processes that lead to the bound state at �0 have
zero transferred momentum. In addition to the peak at k = 0,
for both doping levels under consideration, ρ̃�(k; −L/2,�0)
and ρ̃�(k; xd ,�0) show a pronunciated profile around finite
wave numbers. To understand the origin of these special
transferred momenta, we recall that Fig. 2 shows how the
ABS dispersion relation ε(k, φ) and the analytical expression
E (k, φ) = �

√
1 − τ (k) sin2(φ/2) have extrema located at the

same momenta [57]. In particular, for a given phase difference
φ, the minima of E (k, φ) occur when the transmission prob-
ability τ (k) reaches its maximum value τ (k) = 1 (total trans-
mission). For the normal state of graphene electron gas [41],
the total transmission occurs for k0 = 0 (Klein tunneling [60])
and for ±kn = ±

√
μ2

0/(h̄vD)2 − (nπ )2/L2 (stationary wave
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(a) (b)

(c) (d)

FIG. 7. LDOS of electrons with spin up (a) and holes with spin down (b), ρe↑(r, �0) and ρh↓(r,�0 ), respectively, evaluated as a function
of the coordinate y/L, along the N-S interface r = (−L/2, y). We consider a single impurity located in the normal phase region at rd =
(0, 0), and the energy value �0 corresponds to a sharp peak within the minigap induced by the impurity. The LDOS of both electrons and
holes are expressed in units of ρmax = ρe↑((−L/2, 0), �0). Solid black line and green dashed line refer to an Anderson impurity: the first
is nonmagnetic, with (εd, εZ ) = (0.2�, 0) and �0 = −0.17�, and the second is magnetic, with (εd, εZ ) = (0.2�, 0.1�) and �0 = −0.09�,
the tunneling amplitude for both cases is equal to

√
�h̄vDW/(10Ac ). The dashed-dotted blue line refers to a magnetic Lifshitz impurity with

(ud, uZ ) = (−1.8, 0.1225)h̄vDW/Ac and �0 = −0.21�. (c), (d) Partial Fourier transforms ρ̃e↑(k; −L/2, �0 ) and ρ̃h↓(k; −L/2, �0), defined
in Eq. (57) as a function of kL, calculated, respectively, for the cases shown in (a) and (b) and in units of ρ̃max = ρ̃e↑(0; −L/2, �0 ). Here,
the vertical lines indicate k1 (red solid line), 2k1 (red dashed line), 2k2 (cyan solid line), k2 (cyan dashed line), k1 − k2 (magenta solid line),
k1 + k2 (magenta dashed line), where knL = √

(μ0L)2/(h̄vD)2 − n2π 2. In all panels, the junction length is L/ξ = π/20, the Fermi level is
μ0 = 8h̄vD/L, the phase difference φ = 3π/4, and η = 10−3�.

condition), where n = 1, . . . , �μ0L/(π h̄vD)� (�·� is the inte-
ger part). Klein tunneling is independent of the doping level,
whereas the number of momenta that satisfy the stationary
wave condition is a function of the doping level. For example,
at a doping level μ0 = 5h̄vD/L, only ±k1 satisfy the stationary
wave condition. When the doping level increases to μ0 =
8h̄vD/L, ±k1 and ±k2 satisfy the stationary wave condition.
At special momenta k0 and ±kn, which correspond to highly
transmissive channels of the normal graphene stripe, the ABS
dispersion relation ε(k, φ) shows quasidegenerate minima,
and at these energy values, the density of states exhibits square
root divergences [34]. At the doping level μ0 = 5h̄vD/L, re-
gardless of the nature of the impurity, along the N-S interface
x = −L/2, we observe in Figs. 5(a) and 5(b) an oscillating be-
havior of spin-up electrons and spin-down holes LDOSs with
a characteristic wave number 2k1, as confirmed by the partial
Fourier transform in Figs. 5(c) and 5(d), where pronounced
peaks around ±2k1 appear. Along the x = xd line within the
normal phase region, both the spin-up electron and spin-down
hole LDOSs show a pattern in Figs. 6(a) and 6(b) that is rem-
iniscent of beats. In fact, in the corresponding partial Fourier

transforms in Figs. 6(c) and 6(d), pronounced peaks appear
around two wave numbers k1 and 2k1. This result suggests
that the scattering processes with exchanged momentum 2k1

and k1 play a crucial role in the generation of bound states, and
that the ABSs involved have momenta around the special ones
k0 and ±k1. At the doping level of μ0 = 8h̄vD/L, the spin-up
electron and spin-down hole LDOSs along the N-S interface at
x = −L/2 display an oscillating behavior with a wave number
of 2k2, as seen in Figs. 7(a) and 7(b). The partial Fourier
transforms in Figs. 7(c) and 7(d) provide further confirmation,
with two distinct peaks at ±2k2. Along the x = xd line in the
normal phase region, both the spin-up electron and spin-down
hole LDOSs in Figs. 7(a) and 7(b) show a pattern that resem-
bles beats, and the partial Fourier transforms in Figs. 7(c) and
7(d) are prominent around ±(k1 − k2) and ±(k1 + k2). This
result indicates that the momenta of ABSs more involved in
the formation of the bound states are close to the specific
values k0, ±k1, and ±k2. In conclusion, the Fourier analysis
of LDOS reveals the momenta mainly involved in the scatter-
ing processes with ABSs associated with a high transmission
probability τ (k), corresponding to the minima of ε(k, φ).
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(a) (b)

(c) (d)

FIG. 8. LDOS of electrons with spin up (a) and holes with spin down (b), ρe↑(r, �0) and ρh↓(r,�0 ), respectively, evaluated as a function
of the coordinate y/L, where r = (xd , y). We consider a single impurity located in the normal phase region at rd = (0, 0), and the energy value
�0 corresponds to a sharp peak within the minigap induced by the impurity. The LDOS of both electrons and holes are expressed in units of
ρmax = ρe↑(rd , �0). Solid black line and green dashed line refer to an Anderson impurity: the first is nonmagnetic, with (εd, εZ ) = (0.2�, 0)
and �0 = −0.17�, and the second is magnetic, with (εd, εZ ) = (0.2�, 0.1�) and �0 = −0.09�, the tunneling amplitude for both cases
is equal to

√
�h̄vDW/(10Ac ). The dashed-dotted blue line refers to a magnetic Lifshitz impurity with (ud, uZ ) = (−1.8, 0.1225)h̄vDW/Ac

and �0 = −0.21�. (c), (d) Partial Fourier transforms ρ̃e↑(k; xd ,�0 ) and ρ̃h↓(k; xd , �0 ), defined in Eq. (57) as a function of kL, calculated,
respectively, for the cases shown in (a) and (b), and in units of ρ̃max = ρ̃e↑(0; xd , �0). Here, the vertical lines indicate k1 (red solid line),
2k1 (red dashed line), 2k2 (cyan solid line), k2 (cyan dashed line), k1 − k2 (magenta solid line), k1 + k2 (magenta dashed line), where knL =√

(μ0L)2/(h̄vD)2 − n2π 2. In all panels, the junction length is L/ξ = π/20, the Fermi level is μ0 = 8h̄vD/L, the phase difference φ = 3π/4,
and η = 10−3�.

VI. CONCLUSIONS

In this paper, we investigated the LDOS in the normal
phase stripe of a ballistic short GJJ. In particular, we studied
spatial effects in the vicinity of a short-range impurity and
the generation of bound states resulting from the hybridization
with ABSs. We examined two distinct descriptions of a single
short-range impurity, namely, the Anderson model and the
Lifshitz model. In the Anderson model, the impurity is a
source of inelastic scattering, whereas in the Lifshitz model
scattering is elastic. We have found that in the absence of
magnetic terms, the Lifshitz impurity does not produce any
bound state within the minigap. This result can be seen as a
consequence of the Anderson theorem, which states that this
kind of impurity cannot disrupt Cooper pairs. On the other
hand, the Anderson impurity is capable of forming two bound
states within the minigap, which are symmetric in energy with
respect to the Fermi level. By introducing a magnetic term, we
find that the Lifshitz impurity disrupts Cooper pairs and can
induce a bound state within the minigap. For the Anderson
model, an additional magnetic term can break the energy

symmetry of the two bound states within the minigap. There-
fore, from the energy features of the LDOS within the
minigap, the nature of an impurity coupled to the electron
system of a short ballistic GJJ can be distinguished. We have
also studied the spatial structure of the density fluctuations
at a bound state within the minigap. We found that, except
for the Lifshitz nonmagnetic model, for fixed phase difference
and Fermi level, the LDOS exhibits a unique oscillating and
decreasing trend as one moves away from the impurity, re-
gardless of the nature of the impurity. For each spatial profile,
the corresponding Fourier analysis shows that the character-
istic wave vectors of the density oscillations are connected
to the momenta of the high-transmissive channels in ballistic
graphene, providing insight into the properties of normal-
phase graphene.
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APPENDIX A: CALCULATION OF THE ABS’S GREEN
FUNCTION WITH A SINGLE IMPURITY

In this Appendix, we show the details for the calculation of
the ABS’s Green’s function in the presence of a short-range
impurity. The approach described below is used for both the
Anderson model (see Sec. III) and the Lifshitz model (see
Sec. IV). In both cases, the ABS’s Green’s function is involved
in a Dyson series, see Eqs. (45)–(54), of the form

Ĝ(�) = Ĝ0(�) + Ĝ0(�)�̂(�)Ĝ(�),

where Ĝ0(�) is defined in Eq. (40) and

�̂(�) =
∑
ζ ,ζ ′

∑
j, j′

∑
k,k′

w
†
d,ζ , j,kX (�)wd,ζ ′, j′,k′ γ̂

†
ζ , j,k γ̂ζ ′, j′,k′ .

(A1)

For the Anderson model, we have the following correspon-
dence:

X (�) →
[

t2
0

�−(εd +εZ ) 0

0 t2
0

�+(εd −εZ )

]
, (A2)

which is equal to t2
0 Gd (�), defined in Eq. (52). Whereas, for

the Lifshitz model, we have

X (�) →
[

ud + uz 0
0 −ud + uz

]
, (A3)

which corresponds with Ud , defined in Eq. (55). By expanding
the ABS Green’s function as

Ĝ(�) =
∞∑

n=0

Ĝn(�), (A4)

where the nth term

Ĝn(�) = Ĝ0(�)[�̂(�)Ĝ0(�)]n, (A5)

for n > 0 it can be expressed as

Ĝn(�) =
∑
j, j′

∑
ζ ,ζ ′

∑
k,k′

1

� − jε(k, φ)
w

†
d, j,ζ ,kX (�)Y n−1

× (�)wd, j′,ζ ′,k′G0( j′, k′,�)γ̂ †
j,ζ ,k γ̂ j′,ζ ′,k′ , (A6)

where

Y (�) =
∑
ζ , j,k

wd,ζ , j,kw
†
d,ζ , j,k

� − jε(k, φ)
X (�). (A7)

It is convenient to write the ABS Green’s function as

Ĝ(�) = Ĝ0(�) +
∑
j, j′

∑
ζ ,ζ ′

∑
k,k′

1

� − jε(k, φ)
w

†
d,ζ , j,kX (�)

×
[ ∞∑

n=0

Y n(�)

]
wd,ζ ′, j′,k′

1

� − j′ε(k′, φ)
γ̂

†
j,ζ ,k γ̂ j′,ζ ′,k′ .

In the square brackets, we have isolated the geometric series
of ratio Y (�), which can be expressed in a closed form, and
Ĝ(�) can be written in the form

Ĝ(�) = Ĝ0(�) +
∑
ζ ,ζ ′

∑
j, j′

∑
k,k′

Fj,ζ ,k, j′,ζ ′,k′ (�)γ̂ †
j,ζ ,k γ̂ j′,ζ ′,k′ ,

(A8)

where

Fζ , j,k,ζ ′, j′,k′ (�) = 1

� − jε(k, φ)
w

†
d,ζ , j,kX (�)[1τ − Y (�)]−1

× wd,ζ ′, j′,k′
1

� − j′ε(k′, φ)
. (A9)

The result expressed in Eq. (A8) is formally valid for both
types of impurities, the differences from the Anderson model
and the Lifshitz model are generated by the form of the corre-
sponding matrix X (�); see Eqs. (A2) and (A3).

APPENDIX B: NUMERICAL FOURIER TRANSFORM

The discrete Fourier transform (DFT) is a mathematical
operation that converts a finite sequence of discrete complex
values {zn} into another sequence {z̃ j}, according to the defi-
nition

z̃ j =
N−1∑
n=0

e−i2π jn/N zn, (B1)

and the inverse operation (IDFT) is defined as

zn = 1

N

N−1∑
j=0

ei2π jn/N z̃ j . (B2)

Both of these can be calculated rapidly using the FFT [61].
We demonstrate how IDFT has been used to calculate the
4×4 matrix Ḡ0(r, r′,�). According to Eq. (42), each entry of
Ḡ0(r, r′,�) is an inverse Fourier transform from the k domain
to the y domain, i.e.,

f (y) =
∑

k

eiky f̃ (k). (B3)

In the case of a wide GJJ (W � L, ξ ), the summation over k
can be replaced by an integration:

f (y) = W

2π

∫ ∞

−∞
dkeiky f̃ (k). (B4)

Now, we take f̃ (k) in the range [−kmax, kmax] and select the
finite sequence f̃ j = f (k j − kmax), with k j = 2kmax j/N and
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j = 0, . . . , N − 1. Using the definition of IDFT, we have the
following:

fn = 1

N

N−1∑
j=0

eiynk j f̃ (k j − kmax), (B5)

where yn = πn/kmax. So, the resolution in the y domain
is �y = π/kmax and the spatial range is [−πN/(2kmax),
πN/(2kmax)]. When kmax is kept constant, the discrete values
obtained by the IDFT approach the following expression in
the limit of large N � 1:

fn = 1

2kmax

∫ kmax

−kmax

dkeikyn f̃ (k). (B6)

Comparing with Eq. (B4), we can see that

f (yn) = lim
kmax→∞

lim
N→∞

kmaxW

π
fn. (B7)

To calculate Ḡ0(r, r′,�), we have taken the expression above
with the finite values of N = 23062 and kmax = 100/L.
According to this approximation, the function f (y) is cal-
culated over the spatial range [−ymax, ymax], where ymax =
362.2L. To calculate numerically the partial Fourier transform
ρ̃�(k; x,�), defined in Eq. (57), we have used an analogous
approach. For a given pair of x and �, ρ̃�(k; x,�) has a form
of the type below:

g̃(k) =
∫ ∞

−∞
dye−ikyg(y). (B8)

We consider the function g(y) in the interval [−ymax, ymax]
and select a finite sequence gn = g(yn − ymax), where yn =
2ymax(n/N ) and n = 0, . . . , N − 1. Keeping fixed ymax, in the
limit N → ∞ the discrete values obtained by the DFT of
Eq. (B1) tend to be

g̃ j = N

2ymax

∫ ymax

−ymax

dye−ik j yg(y), (B9)

with k j = π j/ymax, comparing it with Eq. (B8), we find
g̃(k j ) = limymax→∞ limN→∞

2ymax

N g̃ j . To calculate ρ̃�(k; x,�),
we have used an approximation of the limit above, taking the
finite values of N = 23062 and ymax = 362.2L. This enabled
us to compute the partial Fourier transform in the range of
[−100/L, 100/L].

FIG. 9. Discriminant D(�) defined in Eq. (C3), in units of ρ∗2

where ρ∗ = 1/(h̄vDW ), as a function of the energy � within the
minigap δ(φ) = mink[ε(k, φ)]. Black lines refer to μ0 = 5h̄vD/L
and red lines refer to μ0 = 8h̄vD/L. There are three values of the
phase difference: φ = 3π/4 (solid lines), φ = 0.1π (dashed lines),
and φ = 0.9π (dashed-dotted lines). In all cases, we have a finite
short junction length L/ξ = π/20 and the impurity is placed in the
middle of the normal phase stripe at rd = (0, 0).

APPENDIX C: IMPOSSIBILITY OF A BOUND STATE
GENERATED BY A NONMAGNETIC LIFSHITZ IMPURITY

In this Appendix, we show that a single nonmagnetic Lif-
shitz impurity cannot create a bound state in the subgap energy
range |E | < �. For a given phase difference φ, within the
subgap energy window, the only region in which a generic
impurity can create a bound state (with infinite lifetime)
is within the minigap, δ(φ) = mink[ε(k, φ)]. In particular,
the occurrence of a pole of the function Fζ , j,k,ζ ′, j′,k′ (�), see
Eq. (A9), indicates the emergence of a bound state due to
the hybridization of ABSs and the single impurity [64]. This
is possible if there is an energy � that solves the following
condition:

Det[1τ − Y (�)] = 0, (C1)

where the form of Y (�) depends on the specific nature of
the impurity (see Appendix A). Here, we focus on the case
of a single nonmagnetic Lifshitz. Using Eqs. (50) and (56),
after simple algebraic manipulations, below we report an
equivalent equation to Eq. (C1) in terms of the 4×4 matrix
Ḡ0(r, r′,�), defined in Eq. (42), i.e.,

Det

[
1

ud Ac
− Ḡ0(rd , rd ,�)11 − Ḡ0(rd , rd ,�)22 Ḡ0(rd , rd ,�)13 + Ḡ0(rd , rd ,�0)24

Ḡ0(rd , rd ,�)31 + Ḡ0(rd , rd ,�)42 − 1
ud Ac

− Ḡ0(rd , rd ,�)33 − Ḡ0(rd , rd ,�)44

]
= 0. (C2)

Conversely, we see that for any energy � within the minigap |�| < δ(φ), Eq. (C2) is an algebraic quadratic equation where the
unknown variable is 1/(ud Ac). This algebraic equation has at least one real solution only if its associated discriminant D(�) is
non-negative, D(�) � 0, where

D(�) = [Ḡ0(rd , rd ,�)11 + Ḡ0(rd , rd ,�)22 + Ḡ0(rd , rd ,�)33 + Ḡ0(rd , rd ,�)44]2

− 4[Ḡ0(rd , rd ,�)13 + Ḡ0(rd , rd ,�)24][Ḡ0(rd , rd ,�)31 + Ḡ0(rd , rd ,�)42]. (C3)
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Figure 9 illustrates the discriminant D(�) as a function
of the energy � within the minigap δ(φ) for three dif-
ferent values of the phase difference: φ = 3π/4 (solid
lines), φ = 0.1π (dashed lines), and φ = 0.9π (dashed-dotted
lines), and two values of the Fermi level: μ0 = 5h̄vD/L
(black lines) and μ0 = 8h̄vD/L (red lines). In all the cases

presented, we have a finite short junction length L/ξ = π/20,
and the impurity is placed in the middle of the normal
phase stripe rd = (0, 0). Here, the discriminant D(�) is al-
ways negative, which confirms that a nonmagnetic Lifshitz
single impurity cannot generate a bound state within the
minigap.
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