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Introduction

Understanding defects in wide band gap semiconductors has become in-
creasingly important for applications in quantum technologies and high-
power devices. Silicon carbide (SiC) has emerged as a leading third-
generation semiconductor and a promising host material for solid-state
spin qubits. Its well-studied polytypes, such as 4H, 6H, and 3C, sup-
port color centers like silicon vacancies and divacancies that exhibit long
coherence times and room-temperature spin control, making them attrac-
tive for quantum technologies. However, controlling the formation, sta-
bility, and dynamics of such defects remains a major challenge, as their
formation mechanisms are still incompletely understood. Investigating
how these defects are created, migrate, and interact under different con-
ditions is therefore of both fundamental and applied significance, and
has attracted considerable attention from researchers worldwide. Recent
experimental and theoretical studies have demonstrated the existence of
optically addressable spin defects in SiC, such as the divacancy and the
carbon antisite-vacancy (CAV) complex, which share similarities with the
well-studied nitrogen-vacancy center in diamond. Considerable progress
has been made in characterizing their optical and spin coherence proper-
ties, and their formation, stabilization, and reorientation have also been
reported [1]. In addition, electronic structure calculations based on den-
sity functional theory, as well as enhanced sampling methods coupled
with first-principles molecular dynamics, have been employed to investi-
gate these defects [2]. Parallel to this, extensive work has focused on un-

9



10 CAPITOLO 1. INTRODUCTION

derstanding defect production in SiC under ion implantation and irradia-
tion, given its role in power electronics and radiation hard devices[3), 4} 5].
However, while experiments provide valuable insights, they are often li-
mited by spatial resolution and the difficulty of probing defect dynamics
on ultra fast timescales. In this thesis, I employ atomistic simulations,
in particular molecular dynamics (MD), to investigate the formation and
evolution mechanisms of defects in SiC. The work is focused on three
related aspects:

1. Formation key defects in silicon carbide and respective energies,

2. the damage production and relaxation mechanisms during ion im-
plantation, and

3. the diffusivity of key defect species and related energetics, calcula-
ted using both the mean square displacement (MSD) method and
the Einstein—Brownian relation.

These studies aim to provide a theoretical complement to experimen-
tal observations and to clarify atomistic mechanisms that are challenging
to access experimentally. Overall our results contribute to understan-
ding both the microscopic origin of color centers and the broader picture
of defect dynamics in irradiated SiC.The thesis is organized as follows.
Chapter 2| reviews relevant experimental and computational studies on
spin defects in SiC. Chapter 3| introduces the theoretical background and
simulation methods employed in this work. Chapter [ presents the mole-
cular dynamics results on defect formation and stability, focusing mainly
on the static aspects of the study (excluding diffusion), including the cal-
culation of formation energies and migration barriers. Chapter |5 reports
the simulations of ion implantation and examines the mechanisms of da-
mage evolution. Chapter [f| discusses the diffusivity of key defect species
using two statistical approaches, evaluates their validity, and proposes
the most suitable method for defect studies. An Appendix is provided to
support and complement the discussions presented in the thesis.
Although the simulations presented in this thesis are primarily based
on classical physics, the behavior of atoms and defects in solids cannot
be fully understood without reference to quantum mechanics. In Chapter
I introduce the theoretical framework by starting with a brief quantum
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mechanical description of lattice vibrations and defect energetics, and
then show how classical mechanics can be derived as a limiting case. On
this basis, I describe in detail the classical molecular dynamics methods
employed to model defect formation, migration, and evolution in SiC.

It is now well established that several point defects in SiC are both
spin-active and optically addressable. Examples include silicon vacancies
(Vsi), nitrogen-vacancy (NV) related centers, antisite-vacancy complexes
(e.g. CsiVc), and divacancies (VcVs;, often written as VV). Among the-
se, divacancies are particularly promising because they combine optical
spin initialization and readout with long coherence times and near in-
frared spin photon interfaces [6] 7, 8, 9]. These properties have motiva-
ted intensive experimental and theoretical work exploring their electronic
structure and spin dynamics [10, 11]. However, the atomistic mechani-
sms that control the selective formation, stabilization, and reorientation
of these centers during processing and irradiation remain incompletely
understood a gap that this thesis addresses by studying defect formation
and diffusion in SiC using atomistic simulations. Simulations provide a
complementary route to experiments for probing defect formation and
dynamics in SiC, because they can access atomistic processes that are
difficult to measure directly. We combine classical molecular dynamics
with targeted DFT benchmarking to probe atomistic defect formation and
diffusion in SiC, validating MD derived energetics and kinetics against
first-principles calculations and experiments where possible.

Despite extensive research on the properties of color centers, much
less is understood about their formation and evolution processes. Spin
defects, including divacancies, are typically generated through ion im-
plantation, irradiation (e.g. pulsed laser), and subsequent annealing. An-
nealing plays a crucial role in initializing defect mobility, which is key for
VV formation. Several methods, such as electron paramagnetic resonan-
ce (EPR), photoluminescence (PL), and deep level transient spectroscopy,
have been employed to monitor the formation and spatial localization
[12] of these defects [13] 14} 10, 15, [16, 17]. Recent advancements have
reported progress in controlling the charge state [18] and production of
spin-bearing defect complexes with ion implantation and thermal annea-
ling [19]. However, the conversion-yield of mono vacancies to VV remains
low, and spatial localization of VV during annealing remains a challenge.
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Moreover, the entire process (placement and formation) is strongly corre-
lated with the initial conditions such as lattice temperature, pre-existing
defect concentrations, and the presence of impurity atoms, particularly
the spatial distribution of defects. Such challenges necessitates the use of
predictive simulation methods, which provide theoretical framework to
reproduce experimental environment under controlled conditions. One
optimize the computation to access very small time and length scales,
thus come up with findings that act as guiding tool priory to experiments.

The evolution of defect complexes presents significant challenges for
computational methods. Elevated activation energies, often reaching se-
veral electron volts, pose considerable difficulties for ab initio methods
such as First-Principles Molecular Dynamics (FPMD), thus limiting their
applicability. The reason is linked with high activation barrier correspond
to rare events in phase space. Simulating such events or better accessing
them require intense simulation for extremely long times. Since FPMD
is computationally expensive thus limited to the picoseconds timescales
and relatively small system sizes it becomes impractical to capture these
rare phenomenons directly.

As a result, extensive theoretical investigations have concentrated on
the energetics of point defects and the calculation of migration barriers
thus skipping the crucial dynamical part. Notable work by Galli[1] has
addressed the dynamics of vacancies, offering valuable insights by calcu-
lating the kinetics of divacancy formation, divacancy reorientation, and
associated migration barriers. Their research was further expanded th-
rough the application of ab initio methods to explore the electronic struc-
ture of VV and predict the optimal annealing temperature [2]. A lot of
work has also been performed in simulating ion implantation using H
ion, He ion, Dual ion [20, 21} 22| 4] and subsequent annealing by imple-
menting molecular dynamics [20, 23]]. Despite a massive body of research
on spin defects their understanding at atomistic level is not completely
understood. Especially, dynamics of VV, condition for VV stabilization in
the lattice and intermediate process involved.

Our contribution to this ongoing research represents a modest yet
meaningful advancement, focusing specifically on the detailed investi-
gation of divacancy (VV) formation and the associated mechanisms. We
aim to study the diffusion behavior of point defects using both the mean
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square displacement (MSD) method and the frequency rule approach, in
order to establish the most suitable methodology for future investigations.

These studies are conducted in a real time atomistic simulation envi-
ronment, implemented using molecular dynamics (MD) techniques, and
further refined through statistical post-processing for desired calculation
and trajectory analysis.

Our research begins by replicating and building upon existing studies,
then extends these efforts to explore the complex dynamics of critical de-
fect species. This involved scrutinizing force field potentials, reproducing
previously established results(Lattice information, Defect formation ener-
gies, melting point study). A key objective of this work is to identify and
understand the factors that impede divacancy formation as well as the
conditions that could promote higher mono vacancy to divacancy con-
version yields. Specifically, defect mobility controlled by the diffusivity of
vacancies and interstitial is critical factor to induce defect recombination
and spin-complex formation. We conduct systematic atomistic simula-
tions to study the diffusivity of these defects and how they participate to
enhance or suppress V'V formation.

To quantify defect diffusivity, we employed two complementary ap-
proaches: the mean square displacement method (Dysp) and the frequen-
cy based method (Dfrequency)- While both methods capture the same un-
derlying diffusion processes, discrepancies were observed between their
estimates. To investigate this, we simulated a second nearest neighbor
random walk in cubic silicon carbide (3C-SiC). Our analysis revealed that
ensemble averaged diffusivity values, obtained by averaging over many
independent trajectories, consistently converge to Dtrequency- In contrast,
diffusivity extracted from a single trajectory often deviates significantly,
reflecting statistical fluctuations and limited sampling.

By accurately calculating the diffusion coefficients of major defects, we
have investigated essential processes involved in ion implantation and ir-
radiation that potentially contribute to VV formation. We have verified
the diffusion of Vi towards Vg; leading to the formation of a stable VV
complex, as well as the potential recombination of I and V¢, which re-
sults in an energy gain of approximately 5 eV. In the latter part of our
study, we extended our investigation to the simulation of ion implanta-
tion in 3C-SiC, focusing on the real time observation of defect generation
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under non equilibrium conditions. This phase of the research provided
valuable insight into the dynamic damage mechanisms initiated by ion
collisions and subsequent annealing/relaxation processes. The use of di-
rect molecular dynamics simulation allowed us to monitor the evolution
of divacancy (VV) formation with enhanced temporal and spatial reso-
lution, enabling precise control over initial implantation conditions and
post-implantation thermal treatments.

This methodology provided a more detailed characterization of VV
formation mechanisms. In particular, it enabled us to resolve spatial lo-
calization during annealing by tracking defect migration on a jump-to-
jump basis using the frequency rule method. Furthermore, by combining
mean-square displacement (MSD) analysis with potential energy evolu-
tion, we could directly correlate decreases in system energy with specific
MSD signatures, thereby identifying the onset of V'V formation and di-
stinguishing it from other metastable trapping events.By adopting a con-
tinuous viscous damping strategy for cooling the system, instead of using
phase-separated annealing stages, we obtained a more gradual and consi-
stent removal of excess kinetic energy. Compared to stepwise annealing,
this approach reduced artificial thermal fluctuations and avoided abrupt
changes in temperature, thereby giving a closer approximation to reali-
stic thermal relaxation. These improvements facilitate a clean strategy
and great connection between implantation energy, defect clustering, and
annealing efficiency.

Based on the efficiency of statistical sampling, we generally fixed the
simulation time to 100 ns for most diffusivity calculations. However, this
time scale was extended up to 600 ns when necessary to reach the requi-
red number of jump events (at least 70). These measures were adopted
to enhance the reliability of the diffusivity estimates and the robustness
of defect yield predictions. Our findings provide a predictive framework
that may serve experimentalists in optimizing implantation protocols and
annealing schedules to control defect formation in SiC and similar mate-
rials. The overall objective was to move beyond static defect energetics
and gain atomistic insight into intermediate kinetic processes that govern
defect mobility, recombination, and divacancy stabilization under realistic
non equilibrium conditions.
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State of the Art

In the introduction chapter, we highlight the importance of spin defects
in emerging technologies. The extensive potential applications of these
defects have garnered the attention of numerous researchers worldwide,
leading to substantial contributions from both theoretical and experimen-
tal studies. Here we will review the literature to establish the basis of this
work and also provide the theoretical support.

2.1 Experimental Work

Quantum information is physical [24]. Solid-state defect spins are pro-
mising candidates for realizing the fundamental unit of quantum infor-
mation the quantum bit [10]. Among the most studied systems are the
nitrogen-vacancy (NV) center in diamond [25],vacancy center in silicon
carbide [7] single rare earth ion qubit [26]and the phosphorus (P) donor
in silicon [27]. These defects represent opposite behavior in the electronic
structure spectrum, while the P-donor in silicon can be modeled as a hy-
drogenic impurity within the effective mass approximation [28], the NV
center in diamond features a strongly localized deep-level state within
the bandgap [25]. In addition to these, color centers in silicon [29] and
defect complexes in gallium nitride (GaN) [30] are also being explored
for their potential in quantum photonics and optoelectronic applications.
Several techniques have been developed to engineer spin defects in solid-

15
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state systems, each offering different levels of precision, scalability, and
material compatibility. Ion implantation is one of the most widely used
methods, allowing controlled introduction of impurity atoms such as ni-
trogen into diamond [31} 32]. This technique is often followed by thermal
annealing to mobilize vacancies and facilitate defect complex formation
and widely been used to engineer point defects such as nitrogen-vacancy
(NV) centers in diamond [25], color centers in silicon [29], and defect
complexes in gallium nitride (GaN) [30], which are critical for quantum
technologies and optoelectronic devices. Alternatively, spin defects can
be incorporated during crystal growth using methods such as chemical
vapor deposition (CVD), which enables the creation of high purity dia-
mond with in-situ nitrogen doping for NV center formation [33, 34]. Fo-
cused ion beam (FIB) and laser writing techniques have also emerged as
promising methods for spatially precise defect generation [35, 36]. Each
fabrication method influences the defect’s coherence properties, charge
state stability, and optical characteristics parameters that are critical for
their use in quantum technologies.

Characterizing spin defects is essential to understanding their electro-
nic structure, coherence properties, and suitability for quantum applica-
tions. Optically detected magnetic resonance (ODMR) is one of the mo-
st powerful techniques, enabling the detection of spin transitions throu-
gh changes in fluorescence intensity under microwave excitation [37] 38].
Photoluminescence (PL) spectroscopy is widely used to probe the optical
properties of defects, revealing zero-phonon lines and vibronic sidebands
that help identify specific defect types [39]. Electron paramagnetic re-
sonance (EPR), including pulsed and continuous-wave modes, provides
direct information on the spin Hamiltonian, hyperfine interactions, and
local symmetry of the defect [40]. More advanced methods like spin echo
and Hahn echo are employed to extract coherence times (T7) and spin re-
laxation times (T7) [41]. Additionally, techniques such as scanning probe
microscopy and confocal fluorescence microscopy offer spatial resolution
and enable single defect addressability [42]. Together, these tools form
a comprehensive toolkit for evaluating spin defects in solid-state plat-
forms.Pavunny employed a mask less focused ion beam technique using
Lit ions. The fabricated defects were characterized using scanning con-
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focal fluorescence microscopy, with a focus on sharp zero-phonon lines
(ZPLs) [32]. Several other techniques have also been utilized to investiga-
te defect formation and spatial localization. For instance, Gray Wolfowicz
measured photoluminescence under near ultraviolet excitation and deve-
loped persistent spatial patterning of defect populations [43]. Similarly,
R. Karsthof used proton irradiation for defect generation and performed
deep level transient spectroscopy (DLTS) coupled with photoluminescen-
ce spectroscopy to characterize the charge states of the defects [15]. David
M. Toyli utilized secondary ion mass spectrometry (SIMS) to study the
depth profiling of implanted ions, providing detailed three-dimensional
spatial profiles of the defects under investigation [12].

2.2 Electronic structure of Defect, Spin states

Color centers are typically intrinsic or extrinsic point defects in wide
bandgap semiconductors whose electronic states are optically addressa-
ble and spin active [44] [11]. These defects are found in materials such as
diamond, silicon carbide (5iC), and gallium nitride (GaN), and can inclu-
de vacancies, interstitials, and complex configurations like divacancies or
carbon antisite vacancy pairs [45] 46]. The Bloch theorem describes how
electronic wavefunctions behave in a perfectly periodic crystal lattice, lea-
ding to the formation of continuous energy bands [47, 48]. It explains
that in such periodic systems, electrons adopt delocalized wavefunctions
known as Bloch states, which extend throughout the crystal and obey the
translational symmetry of the lattice. However, the introduction of defec-
ts breaks this translational symmetry and disrupts the periodic potential.
As a result, localized electronic states can form within the band gap states
that no longer satisfy the Bloch solutions[49]. When both the ground and
excited states of a defect lie inside the band gap, the system behaves like
an isolated two-level quantum system, which can be coherently addres-
sed using sub-bandgap optical or microwave frequencies. The emission
spectrum may include a zero phonon line (ZPL), characterized by a nar-
row Lorentzian peak, which occurs without phonon contributions. Addi-
tionally, a phonon sideband may arise from transitions to other vibronic
levels of the ground state. Color centers are capable of emitting single
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photons even at cryogenic temperatures, making them excellent candida-
tes for photonic applications. Understanding spin-dependent energy le-
vels, i.e., how electronic states split due to spin-orbit coupling or magnetic
interactions is essential for interpreting the fine structure observed in op-
tical spectra. Equal important is understanding the symmetry properties
of these defect states, as the persistence or breaking of specific symme-
tries (such as inversion or mirror symmetry) governs the selection rules
and transition intensities in photoluminescence and absorption measure-
ments. Hybrid Density Functional Theory (DFT) provides an excellent
framework for studying the spin states of color centers. For example,
carbon-vacancy, carbon antisite, vacancy complexes, such as divacancies
(VV), VcCsiVe, and [VcCs;Ve]n, have been studied using hybrid DFT
[50, 1], and their structures are presented in Figure The [VcCs;iVe]n
complex represents a configuration in which two carbon vacancies are se-
parated by N = 3 lattice sites in silicon carbide (5iC), with a silicon atom
in between. These complexes introduce localized electronic states wi-
thin the band gap, primarily originating from the dangling bonds of the
atoms adjacent to the vacancies. When two carbon atoms are removed,
each contributes four valence electrons, and the surrounding atoms adjust
their bonding, leaving behind a total of six unpaired electrons associated
with the defect. The interaction between these electrons leads to a spin
configuration, and due to exchange interactions and defect symmetry, the
ground state preferentially stabilizes as a spin triplet (S = 1). This beha-
vior is analogous to the nitrogen-vacancy (NV) center in diamond, where
unpaired electrons from the nitrogen and the adjacent vacancy similarly
form a stable triplet ground state [25]. Likewise, divacancies in SiC are al-
so known to exhibit triplet ground states due to unpaired electrons from
adjacent dangling bonds [1].

From the figure one can observe that the ground-state spin density
of VcCs; Vi is more delocalized than that of VV. A spatial delocalization
is strongly influenced by the fact that the two vacancies are separated by
an antisite. Another similarity between VV and V(Cg;V( is the presen-
ce of unoccupied defect states near the conduction band [51]], suggesting
that VcCg; V¢ is also a spin defect similar to VV. These defects are gene-
rally created during ion implantation, but annealing at optimal tempera-
tures facilitates the conversion of V-Cg;Vc to VV, leading to an eventual
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dominant VV concentration [52, 53].

2.3 Diffusion Mechanisms and Energetics

Numerous researchers have explored the implementation of theoretical
methods, primarily First Principles calculations within the framework of
Density Functional Theory (DFT), to study types of defects in silicon car-
bide (SiC) poly types and to calculate corresponding formation energies.
Additionally, Molecular Dynamics (MD) and Kinetic Monte Carlo (KMC)
methods have been employed to investigate diffusion pathways and to
calculate migration barriers.

M. Bockstedte et. al. [54] conducted a theoretical investigation of de-
fect energetics in the 4H-SiC polytype using DFT. They examined a range
of microscopic defect structures, including V¢, Vs;, VcCg;, Ic, and Ig; in
4H-SiC. A detailed description of the energetics as a function of the Fermi
level is presented in Figure 2.2l They also considered the defect migration
mechanisms of interstitials and vacancies, examining how these mecha-
nisms are influenced by doping conditions. For Ig;, they reported two
key configurations and corresponding migration mechanisms: (1) kick-
out migration via split-interstitials and (2) migration via Tetrahedral Si
interstitial. These mechanisms are illustrated in Figure

M. Bockstedte et. al. [55] also simulated the annealing mechanisms in
4H-SiC and established an associated hierarchy. The principal processes
are as follows:

1. Recombination of vacancies and interstitials: (a) Recombination of
carbon split interstitial with a carbon vacancy, including first neighbor
and second neighbor interactions. (b) Recombination of silicon vacancy
with silicon split interstitial or Frenkel pair recombination (limited to n-
type conditions).

2. Diffusion to the surface.

3. Diffusion to a sink: Formation of stable complexes, e.g., transfor-
mation of Vg; into the V-Cg; complex.

A similar ab initio based study was conducted by Xiaopeng Wang
et al. to describe the equilibrium concentration and annealing mechani-
sms based on silicon vacancy diffusion and relevant migration pathways.
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They also investigated the effects of charge states, annealing temperature,
and crystal orientation [56]. Rurali further explored the migration path-
ways for Ve and Vg;, suggesting that although Vs; has a lower migration
barrier than V, its migration efficiency is reduced by parallel indirect
diffusion pathways, making V- diffusion the most direct event [57]."

R. K. Defo et al. [58] combined Molecular Dynamics (MD), Kinetic
Monte Carlo (KMC), and Density Functional Theory (DFT) simulations
to investigate the thermodynamics and kinetics of the Vs; color center
in 4H-SiC. They calculated formation energies for different charge sta-
tes and subsequently simulated their creation through ion implantation
using MD. The annealing process at high temperatures was simulated
using KMC to study the diffusion of the produced defects, their conver-
sion into carbon antisite-vacancies (CAV), and recombination. The calcu-
lated diffusion barriers are presented in Figures and Their stu-
dy showed excellent correspondence between the produced defects and
the relevant formation energies, highlighting a monotonic increase in the
diffusion barrier with increasing charge state.

Recently, Giulia Galli et al. [1] conducted an outstanding study on
spin defects and defect complexes by coupling First-Principles Molecular
Dynamics (FPMD) with a neural network-based enhanced sampling me-
thod, commonly known as the umbrella sampling method [59} [60]. This
approach allows for efficient exploration of the phase space and precise
calculation of the free energy landscape, which in turn helps to determi-
ne the migration barrier and the stability of defects and defect complexes.
The calculated migration barriers are presented in Figure

They also performed classical MD simulations to model larger system
sizes and longer time scales. This enabled them to calculate defect den-
sities at various temperatures and assess the effect of annealing tempera-
ture on defect stabilization, with a particular focus on the formation and
stabilization of VV. A summary of defect energetics, including classical
MD free energy and enhanced FPMD for different defect structures, is
provided in Table 2.1

Based on previously implemented Enhanced sampling FPMD method
and DFT method Galli et.al. (2023)[2] further extended her work to delve
in the thermodynamics of defect and defect complex formation proces-
ses. They considered number of possible pathways for VV formation that
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Process Initial  Final Classical MD FPMD free
state state free energy energy diffe-
barrier, for- rence (final -
ward (eV) initial  state),
(eV)
Vc migration Ve Ve’ 2.5 0
Vsi migration Vsi Vs’ 3.5 3.9
Vacancy- VSi CsivCe 1.3 -0.6
antisite con-
version
VV dissociation VV Vs 2.2 1.3
via VC VC
VV dissociation VV Vs - 3.0
via Vs; migra- VC
tion
\'A% reorien- VV \A'A 1.7 0
tation via V¢
migration
\'A% reorien- VV A4 - 3.1
tation via Vg;
migration

Tabella 2.1: Comparison of various energy barriers and free energy diffe-
rences in MD and FPMD simulations. [1]
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are presented in figure Expanding their study across different tem-
peratures, they computed defect formation energies (Ey), effective energy
barriers (Ey, EEFF), Gibbs free energy barriers (Gp), entropy differences
(VS), and activation temperatures (T;). Additionally, they employed the
DFT-based nudged elastic band (NEB) method to calculate internal ener-
gy changes, utilizing the DDH functional to obtain EPPH. Moreover, they
calculated the effective barrier EEFF for a diffusion event, instead of the
simple barrier E,. Considering shifts in charge or spin states at elevated
temperatures, the effective barrier calculation takes into account the char-
ge (¢) and spin (s) states of defects during a transformation [61)} [62]. For
the dissociation of CAV, since it involves multiple steps, EE" is given by
the following equation [2]:

EEFF(CAV migration) = AE £+ max{Ey gpr(Vs; migration),
Epppr(Vsi — CAV)} (2.1)

While VE; = E¢(Vs;) — Ef(CAV). Moreover, if VE; < 0 eV, then Vg;
is more stable. In that case, equation 2.1]is revised as follows:

EEFF(CAV migration) = max{E b ErF(Vsi migration), Ep grr(Vsi)}  (2.2)

A significant amount of work has also been conducted to simulate the
implantation process and study defect damage. Antoine Jay et al. [63]
performed an in depth statistical analysis of the implantation cascade by
bombarding a Si atom into bulk silicon. They began by devising a com-
prehensive approach for studying damage creation and evolution. By
comparing their results with neutron damage and repeating the experi-
ment at different energies, they identified employing 1-10 keV Si atoms
as the optimal implantation process .

They further extended their work [64] and investigated the displace-
ment damage produced by Primary Knock-on Atoms (PKA). This was
achieved by coupling Molecular Dynamics (MD) with a two temperatu-
re model (TTM), followed by the Kinetic Atomic Relaxation Technique
(k-ART). The TTM model accounted for electron stopping power, whi-
le k-ART permitted studying relaxation of the damaged configuration



2.3. DIFFUSION MECHANISMS AND ENERGETICS 23

over extended timescales (from nanoseconds in MD to in kinetic monte
Carlo), thus simulating real time experimental conditions. As a result,
they identified possible stable configurations, including divacancies and
tri-interstitials. Identified defect geometries were further studied using
first-principles methods [65].
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Figura 2.1: Electronic structures of the neutral divacancy (VVY) and
antisite-vacancy complexes, as identified from MD simulations of VV dis-
sociation, are presented. The defect structures (top) and corresponding
defect energy-level diagrams (bottom) are shown for (a) VV, (b) VcCg; V¢,
and (c) [Cs;Ve + Velu=3. For the [Cg;Ve + V] defect, the two carbon
vacancies are separated by at least n = 3 atoms. The lowest electronic
configuration for each defect is a triplet state. Shaded gray areas indi-
cate energy levels below the valence band (VB) and above the conduc-
tion band (CB). The spin-majority (spin-minority) channel is denoted by
upward- (downward-) pointing arrows.(figure obtained from [1])
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Figura 2.2: Formation energy of the Vs; and VCg; for 3C-SiC and 4H
-SiC. The experimental band edges of 3C- and 4H-SiC are indicated by

vertical bars(figure obtained from [54]).
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Figura 2.3: The energy barriers for selected transitions between defect
states. The term "stag." refers to staggered, and "eclip." refers to eclipsed
configurations, as depicted in Fig. 3. The transition is considered in-
plane and eclipsed when neither eclipsed nor staggered is specified for a
transition between the same defect species. The lattice sites for the initial
and final states in the transition are identified as either hexagonal (h) or
cubic (k). The forward (reverse) barriers are represented by solid (open)
symbols. Reverse barriers are omitted for differences less than 5 percent.
Black indicates neutral charge, purple and red signify +1 charge, and blue
and maroon represent +2 charge.
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Reaction Coordinate

Figura 2.4: The barriers for the conversion Vs; — Cg;V for the charge
states —1 (red) and +2 (blue)
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Figura 2.5: Free-energy landscapes of thermally activated (> 1.3
eV)vacancy conversion processes for VV and Vg; Potentials of mean force
(PMFs) were calculated using enhanced sampling simulations with FP-
MD. carbon atom migrating toward a vacancy site (a, d), VV reorienta-
tion (b, e), and Vg; to Cg; V¢ conversion processes (c, f). Panels a—c display
2D-PMFs showing free-energy surfaces of vacancy conversion processes
at 1500 K, with the minimum free-energy pathways indicated by white
dotted lines. Panels d—f show free-energy profiles revealing intermediate
states (M;) and transition states (T;) along the reaction coordinates. The
gray shaded regions denote the error in the PMF determined by block
averaging.Figure and caption obtained from
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Figura 2.6: Investigated atomic pathways in 3C-SiC. a Mono-vacancy dy-
namics, including carbon (V) and silicon (Vs;) vacancy migration, as well
as the inter-conversion between Vs; and carbon antisite vacancy complex
(CAV). b Pairing of second (V-V,) and third (V-V3) neighbors V¢ and Vg;
vacancies to form a divacancy (VV). Only V-V pairs up to third neigh-
bors were considered due to the size limitations of our super-cells. ¢ VV
migration path with the lowest barrier, where steps 1 to 3 are illustrated.
The VcCs;iVe complex in step 3 is denoted as V-V. Figure and caption
obtained form
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Capitolo 3

Introduction to the atomistic
simulation methods applied in this
work

In this chapter, we present a comprehensive overview of the theoretical
and computational methods employed in this study to investigate ato-
mistic processes. We begin with an introduction to ab initio methods
and the treatment of quantum many body problems, followed by the
Born-Oppenheimer approximation in its original formulation and subse-
quent refinements. The discussion then progresses to phase space repre-
sentations of physical systems, including the statistical ensembles com-
monly used in molecular simulations. We further describe the principles
of classical molecular dynamics, with emphasis on interatomic poten-
tials, force fields, and integration schemes. Particular attention is given
to the Tersoff and EDIP potentials, which play a central role in modeling
covalent systems. Methods for exploring potential energy surfaces and
searching minimum energy pathways, such as the nudged elastic band
approach, are also introduced. In addition, we examine stochastic models
of Brownian motion, Einstein’s derivations of diffusion, and their modern
relevance to transport phenomena. Finally, we address statistical theo-
ries of atomic transitions and the simulation of non-equilibrium proces-
ses relevant to defect generation and evolution. Together, these sections
establish the methodological foundation for the atomistic simulations

31
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performed in this work.

3.1 Ab initio methods

Ab initio methods can be defined as follows: “Methods based on the solu-
tion of the microscopic Hamiltonian, including all interparticle interaction terms
[66]”.Also known as first-principles methods, ab initio methods aim to
describe the properties of materials and molecules by solving the funda-
mental quantum mechanical equations that govern their constituent elec-
trons and nuclei, without relying on empirical parameters. The starting
point is the time-independent, non relativistic Hamiltonian for a many-
body system of interacting electrons and nuclei, given (in atomic units)

by

. o, o,
H=-Y) an —Z—v
n
e2Z; 1 e2Z1Z;

2m,
4n80§‘r, ]-‘ 4ns02|r Ry| 4ns01<]‘RI—R]|

(3.1)

Here, the first and second terms represent the kinetic energy of nu-
clei (with positions R; and masses M) and electrons (with positions 7;
and mass m1,), respectively. The third term corresponds to the Coulomb
interaction between electrons, the fourth term accounts for the attractive
interaction between electrons and nuclei, and the fifth term represents the
repulsion between nuclei. This Hamiltonian does not include relativistic
or spin-dependent effects and forms the foundational basis for electronic
structure methods such as Hartree-Fock and density functional theory
(DFT). These methods do not rely on empirical fitting parameters and are
primarily based on physical constants and calculated results.



3.2. QUANTUM MANY BODY PROBLEMS BORN APPROXIMATION33

3.2 Quantum Many Body problems Born Appro-
ximation

Studying large systems poses significant computational challenges since
one need to address 6N degrees of freedom, where N refers to number
of particles. Consequently, an exponential divergence in the magnitu-
de of the problem defines an inherent drawback. At larger atomic and
molecular scales, the computational cost of capturing correlated electron
dynamics increases rapidly, necessitating compromises in both temporal
resolution and the treatment of many-body correlation effects. This sec-
tion seeks to delineate the connection between ab-initio and semi classical
approaches .

3.3 Born-Oppenheimer Method as Originally De-
rived (1927)

In their seminal 1927 paper On the Quantum Theory of Molecules, Born
and Oppenheimer introduced a systematic perturbative treatment of the
molecular Schrodinger equation, exploiting the large mass disparity bet-
ween nuclei and electrons. In this section, we provide a concise summary
of their original reasoning, complete details can be found in the English
translation by Blinder (2000) [67]. To enhance accessibility, we re deri-
ve the essential steps here, retaining their conceptual framework while
adopting modern operator notation for clarity. This approach serves both
as historical context and as a self-contained reference for the reader.

The Born-Oppenheimer approximation formalizes an intuitive phy-
sical idea: because electrons are much lighter than nuclei, they adjust
almost instantaneously to nuclear displacements. Since nuclei are appro-
ximately three orders of magnitude heavier than electrons, their motion
is significantly slower. This separation of time scales permits the mole-
cular wavefunction to be expressed as a product of an electronic com-
ponent (depending parametrically on nuclear positions) and a nuclear
component. At leading order, one solves the electronic Schrodinger equa-
tion with fixed nuclei to obtain a potential energy surface (PES). The nu-
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clei then undergo vibrations and rotations on this surface. Higher-order
terms in the perturbative expansion provide systematic corrections, cap-
turing couplings between electronic and nuclear motion. The outcome is
a hierarchical structure of molecular energies: electronic, vibrational, and
rotational.

3.3.1 Definition of Coordinates and General Setup

We denote the electronic mass and coordinates by lowercase symbols

m, (X, Yk Zk),
and the nuclear masses and coordinates by uppercase symbols
Ml/ (Xl/Yl/ Zl)

Let M be a representative average of the nuclear masses { M, }. The small
parameter for perturbation theory is

K = (%)1/4, (3.2)

which is typically of order 10~!-10~2.
The full Coulomb interaction U(x, X) defines the molecular potential.
The kinetic energy operators are

Tp = — i \ (3.3)
E= Tom 'Y '
o, K4,
In =531 Vx = ~Zp V& (3.4)
The total Hamiltonian is
H = Hy+x*Hy, (3.5)
with
Hy(x,9y; X) = Tg + U(x, X), (3.6)
hZ
Hy(9x) = =52 Vi (3.7)

2M,
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Here Hy is the clamped-nuclei Hamiltonian, while x*H; accounts for
nuclear kinetic energy.

Transforming nuclear coordinates to (¢;, 6;), where ¢; are internal coor-
dinates and 6; describe overall translation/rotation, one finds

Hy = Hgg + Hgg + Hyg. (3.8)
The stationary Schrodinger equation is
(Ho +«x*Hy — W) ¥(x,X) = 0. (3.9)

3.3.2 Electronic Motion for Stationary Nuclei: Potential
Energy Surfaces

Setting ¥ = 0 (frozen nuclei), we obtain the electronic eigenvalue problem

H()(x, ax; CI 9) lp” (x; é/ 9) = Vﬂ (C) lp” (x; Cr 9)/ (3-10)

where V,,(¢) defines the potential energy surface (PES) on which the nuclei
move.

Expansion about equilibrium. For small nuclear displacements

Gi = Ci +
the eigenvalue expands as
Va(E+x) = Vn(o) + KVTSD + KZV,,EZ) +e, (3.11)
with
Vit = 2552% (3.12)

v = INEF S (313)
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3.3.3 Expansion of Hamiltonian and Wavefunction

The Hamiltonian and wavefunction admit similar expansions:

H=H9 4 «xHV 4 >H® 1 ..., (3.14)
¥, =¥ 4y 292 (3.15)

Higher-order corrections take the form

v =Y ul) w0 (3.16)
n/
where uflrn), are polynomials of degree r in the displacements . For
instance,
@ ©|_9 40
w o« Y il <‘I’n, agag-\y” > (3.17)
ij 195]

Substituting the expansions into the electronic eigenvalue equation,

multiplying by ‘I’,g()))* and integrating over x yields

ubd (VY = vy 4 (HDY 0 = ViV 6 = 0, (3.18)
ui(”l%/l)o(vrg(())) - VH(O)) + (H(Z))ﬂno + (H(l))ﬂno - V11(2)(5nn0 - O/ (319)

and so on. These recursive relations generate successive perturbative
corrections.

Expansion of the Nuclear Hamiltonian Using 9; = k!9, the nuclear
Hamiltonian expands as
— 20 4 30 (1) 4(7(0) (1) (2)
Hy = x°Hy, +1°(Hyy + Hy') +x*(Hpy + Hpg +H') +--- . (3.20)
Combining with the electronic expansion gives the full operator
H = H(O) + KH(l) + KZ (H(z) + Hég))
+(HO® + 1Y) + HY)
+r(H® + HY) + HY + HD) 4 (3.21)
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Expanding the total energy and wavefunction as

W=Y KW, F=Y k),
r=0 r=0

and matching powers of x yields

(HO —w©) g0 —, (3.22)
(HO —wO)yy@®) — (w® — gy y(0), (3.23)
(H(O) ~WOYyy® — (W@ — g _ Hé(g))qf(o) + W - H(l))\}f(l)’
(3.24)
(HO — w@)¢@ — (Wb — g6 _ Hég) _ Hg%)) vO 4., (325
(HO —w@)yy® — (w) — g® _ H(gg) _ Hg%) _ Hé?)‘l’(o) 4
(3.26)

These recursive relations demonstrate how corrections to the molecular
wavefunction and energy can be obtained order by order. In practice,
the Born Oppenheimer approximation corresponds to truncating this ex-
pansion at leading order, with systematic higher order terms providing
a controlled framework for including non adiabatic couplings between
nuclear and electronic motion. Thus vibrational contributions appear
at O(x?), rotational contributions at O(x*), and higher-order couplings
encode nonadiabatic effects.

3.4 Phase space representation of systems

Part of the results of thesis focuses on classical description of the evo-
lution of classical system composed by many particles. This field is tra-
ditionally described by statistical mechanics. Here we review the main
concepts relevant for the work addressed in thesis. An important point
in this regard is the notion of phase space [68]. Here every degree of free-
dom of system under study (position and momentum) is described by the
axis of multidimensional space. While the system is represented by point
in space whose evolution is given by a line in space. So number of di-
mensions in phase space (I' space) is linked with number of particles (N).
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If we have N number of particles we will expect 6N dimensional I' space.
The instantaneous value of any observable A will be function of phase
space given as A(T'). This system state evolve over time . To get the time
evolution of the observable we need to find the average value Apjcro Of
instantaneous A(I') over long time making sure that system have reached
to equilibrium. mathematically,
1 fobs
Anicro = lim — A(T(t))dt (3.27)
tops—00 Lops JO

One can expect that such long time averaged state represent actual state
of the system. This process is called time averaging. This is a gene-
ral way of approaching system state. Specifically while applying stati-
stical mechanics approach the system is studied in more rigorous way,
this demands introducing concept of thermodynamic ensemble. Given
the impracticality of accessing all micro states under specific macroscopic
conditions, thermodynamic ensembles establish particular thermodyna-
mic constraints to delineate the phase space. This delineation is achieved
through the utilization of a partition function, which partitions the pha-
se space with corresponding macroscopic restrictions. Suitable averages
are performed on the accessible states to obtain the actual micro-state.
The collection of micro states obtained using partition function is cal-
led thermodynamic ensemble[69]. We will discuss some commonly used
ensembles and they will also be implemented in our work as well.

3.4.1 Microcanonical (NVE) Ensemble

The microcanonical ensemble, often denoted as the NVE ensemble, re-
fers to a collection of microstates in which the Number of particles (N), the
Volume (V), and the total Energy (E) of the system remain constant. Hen-
ce, the acronym NVE. This ensemble describes an isolated system, i.e., one
that cannot exchange energy or matter with its surroundings. The system
is completely determined by the Hamiltonian H(qg, p, t), which depends
on generalized coordinates g, conjugate momenta p, and possibly on time
t. The Hamiltonian equation can be expressed as
dH(q,p,t) OoH., O0H_ 0H

T = a—qq + 3p p+ gt, (3.28)
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where § and p are generalized velocities.

Postulate of Equal A Priori Probability. The fundamental assumption
of the microcanonical ensemble is the postulate of equal a priori probability,
which states that:

All accessible microstates of an isolated system with fixed N, V, and
E are equally probable.

This means the system does not prefer one microstate over another, pro-

vided that they are consistent with the conservation laws. This postulate

forms the statistical foundation for deriving thermodynamic properties.
The microcanonical partition function is defined as

11
QNVE = 77 73% / 5(H(q, p) — E) dqdp, (3.29)

where § is Planck’s constant and ¢ is the Dirac delta function, ensuring
that only states with energy E contribute. The factor of 1/N! accounts
for the indistinguishability of identical particles, while the factor of h3N
arises from quantum mechanics: the phase space volume element must be
normalized in units of 1® per particle to avoid overcounting microstates.

The corresponding thermodynamic potential of the microcanonical
ensemble is the entropy S, given by the Boltzmann formula:

S = kpIn QnvE, (3.30)

where kp is the Boltzmann constant. According to Boltzmann [70], an
isolated system evolves toward the macrostate with the largest entropy,
i.e., the largest number of accessible microstates. This principle underlies
the statistical interpretation of the second law of thermodynamics [71].

3.4.2 Canonical (NVT) Ensemble

In the canonical ensemble, the system is in thermal contact with a heat
bath at a fixed temperature T. Thus, while the number of particles (N)
and the volume (V) remain constant, the system energy (E) is allowed
to fluctuate due to heat exchange with the reservoir. The probability



40CAPITOLO 3. INTRODUCTION TO THE ATOMISTIC SIMULATION METHODS APPLI]

distribution of microstates follows the Boltzmann factor. The canonical
partition function is given by

11
QNvT = 151738 / exp (—BH(q,p)) dqdp, (3.31)

where H(qg, p) is the Hamiltonian, / is Planck’s constant, and f is defined

as
1

P= T
Here kp is the Boltzmann constant,and kzT has dimensions of energy,
B has dimensions of energy—!. The thermodynamic potential associated
with the canonical ensemble is the Helmholtz free energy A, related to
the partition function as

(3.32)

A= —kBTll’l QNVT/ (333)

or equivalently,
pA = —InQnvr. (3.34)
The Helmholtz free energy is defined as

A=U-TS, (3.35)

where U is the internal energy and S is the entropy. At equilibrium, the
canonical ensemble minimizes A.

In this work, we employed NVT simulations extensively to study the
defect evolution in silicon carbide, since they accurately reproduce the
effect of a thermal reservoir on the system.

3.4.3 Isothermal Isobaric (NPT) Ensemble

Isothermal Isobaric ensemble refers to conducting experiments on a sy-
stem with fixed temperature and pressure. This resembles to NVT en-
semble except we also consider fluctuating volume of system as well.
The partition function for NPT Ensemble can be given as

111
Quer = jpn Ty, | P —A(H(q,p) + PV)dpdady (3.36)
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here 8 correspond to statistical temperature, while Vj point out the fixed
reference volume. Thermodynamic potential associated with NPT ensem-
ble is Gibbs free energy. Conversely NPT equilibrium refers to minimum
value of Gibbs free energy G = U + PV — TS.

3.4.4 Grand Canonical Ensemble

Grand canonical Ensemble describes a statistical system in thermal equi-
librium that can exchange both energy and number of particles. Average
number of particles is determined by the external conditions of the sy-
stem. Such ensemble is useful for studying system with varying number
of particles e.g. liquid and plasma. The <y space for grand canonical
ensemble involves N average number of particles with positions g and
momenta p. we refereed average number of particles since in practical
situation exact number of particles, for a macroscopic system are never
precisely known. Density function (o(p,q, N)) describes the distribution
of points in the 7y space and is given by following equation

N1
Qv = Y NijaN P BN / exp —B(H(p,q))dpdq (3.37)

Grand thermodynamic potential is referred as grand potential that does
not describe a particular thermodynamic function. It is given by product
of pressure and volume

—pPV =InQuvr (3.38)

3.4.5 Exploration of phase space and Ergodicity

As already mentioned phase space refers to position momentum (p,q)
space where N particle physical system has 6N dimensions (3p + 39).
Time evolution of the physical system can be described as trajectory in
such space given that every point refers to one micro state of the system.
Usually system passes through each point along trajectory just once, this
property is called ergodicity and such systems are called ergodic. whe-
never you talk of statistics, averaging is one of it’s crucial part. It is
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Expectation value of quantity to be measured over all possible micro states of the
system. Mathematically

O()e PRI gr
(o) = ! f(e—)ﬁ’l-l(l") ar

(3.39)

Here I' represents micro state of the system or it refers to the I' space. So
if one decide to calculate the average of a function with position and mo-
mentum of many body system, one can compute using time Averaging
(Molecular Dynamics) equation or can do ensemble averaging (Mon-
te Carlo) equation [3.39 Moreover it is not required to sample the whole
space for the calculation of a well localized quantity in phase space.

3.5 Classical Molecular Dynamics

What molecular Dynamics does, it generate a sample of micro states that
represent equilibrium trajectory of system in phase space. Desired pro-
perties can be calculated by time average over the generated sample and
implying equation By Definition Molecular dynamics (MD) is a
computational technique to model the time evolution of a system of inte-
racting particles by solving Newton’s equations of motion. Molecular dy-
namics update atomic positions and velocities with time thus provides in-
sights into dynamic processes such as melting of a crystal or implantation
in the material and relevant formations.

3.5.1 Key Principles

1. Newton’s Second Law: The motion of each atom i is given by:

d%r;
Fi = nm;a; = mid—tzl, (340)
Here F; is the force, m; is the mass, a; is the acceleration, and r; is
the position of atom i.

2. Force from Potential Energy: Forces are derived from a potential
energy function U(r):
F, = —V;U(r). (3.41)
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The potential had bonded and non-bonded interaction terms. A
generic potential form can be described as:

u= 1y, %(r—ro)er Y %(9—90)2
cp (97 () 2] o

pairs

representing harmonic bond/angle terms, Lennard-Jones, and Cou-
lomb interactions. This is a general Potential defining all the terms.
In our specific case we will use Tersoff and EDIP potential to re-
present the forces among silicon carbide atom. They have more
parametrization to given by the respective authors that fits perfec-
tly to model atomic forces in silicon carbide. The details of these
potentials are described in section [3.5.6/and 3.5.7]

3. Numerical Integration: Positions and velocities are updated by
integrating equation of motion and using algorithms like Velocity
Verlet:

Fi(t)

1;(t+ At) = 1(t) + vi(t)At + W(At)z, (3.43)

Here At ~ 1fs describes the time step or the time after which al-

gorithm should update positions and velocities. Velocity Verlet is
briefly discussed in the section [3.5.8

4. Thermodynamic Properties: Trajectories yield macroscopic proper-
ties, e.g., temperature:

(T) = 31\},(3 Y mi(v7), (3.44)

i

where N is the number of atoms and kg is Boltzmann’s constant.
Similarly desired thermodynamic properties can be calculated. This
is definition of ergodicity as discussed in section [3.4.5|

5. Applications: MD elucidates systems intractable to experiments,
such as drug target binding or nano scale material behavior, by
quantifying metrics like root-mean-square deviation and other ther-
modynamic properties.
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This framework enables the study of atomic scale dynamics with high
precision, e.g. Defect complex formations , particle diffusion.

3.5.2 Limitations

Classical framework at atomistic scale While implementing Newtonian
equations of motion at the atomic level, a natural question arises: given
that atomic systems are more accurately described by quantum mecha-
nics rather than classical physics, why are we relying upon simple but
rather less accurate classical framework ? why not use the Schrodinger
equation instead? The simplest answer is that quantum effects become
significant in systems at sufficiently low temperatures. An example of
measurable quantum effect in solids is the drop in specific heat capacity
of a crystal below the Debye temperature. MD results should be analy-
zed carefully in these regions. Moreover classical approximations can be
valid under certain conditions, which are determined by the de Broglie
thermal wavelength (A).

De Broglie Thermal Wavelength

The de Broglie thermal wavelength is defined as:

A~ 27th?
MkgT

where M is the atomic mass while T is temperature, 7 is the reduced
Planck constant, and kg is the Maxwell Boltzmann constant.

We can postulate about validity of classical mechanics in the limit
when A is quite smaller than atomic separation. Mathematically A < a
refers to a localized particle means, when De Broglie wavelength is smal-
ler, particles are more localized and easily be treated by classical mecha-
nics. An example is for liquids at triple point. A = 0.1a for light element
and it decrease for heavier elements, thus making classical approximation
less valid for light element systems e.g Hj, He, Li.
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3.5.3 Choice of Potential

In molecular dynamics (MD) simulations, the reliability of predicted ma-
terial behavior strongly depends on the quality of the interatomic poten-
tial employed. Atoms interact and change their relative positions, resul-
ting in varying forces that dictate structural stability, phase behavior, and
defect evolution. A simulation is therefore realistic only to the extent that
the chosen interatomic forces resemble those experienced by real atoms
in the material under investigation.

Several empirical force fields have been developed for SiC, including
the Tersoff family of potentials [72 73], the modified embedded atom
method (MEAM) [74], and the environment dependent interatomic po-
tential (EDIP) [75]. The Tersoff formulation has been widely applied to
covalent systems and reproduces many bulk and surface properties of
SiC, however, it tends to overestimate melting temperatures and often
fails to capture defect energetics with sufficient accuracy [76]. MEAM,
on the other hand, provides a more transferable description of bonding
environments, but its computational cost is higher and reported accuracy
for point defect migration barriers in SiC remains limited [77].

The EDIP potential was specifically designed to incorporate environ-
ment dependent coordination effects, making it well suited for studying
defect formation and diffusion processes in covalent systems. Previous
benchmarking studies have demonstrated that EDIP accurately repro-
duces structural and thermodynamic properties of SiC, including latti-
ce parameters, elastic constants, and defect energetics, while maintaining
computational efficiency [75, [1]. In particular, EDIP provides a melting
point prediction (T), ~ 2620 K) in close agreement with experimental va-
lues (T), ~ 2818 K) [78], whereas Tersoff significantly overestimates this
temperature (above 3500 K).

For these reasons, EDIP was selected as the interatomic potential for
this work. A more detailed description of its formalism is provided
in Section 3.5.5, and its performance is validated in Chapter [ against
structural and thermodynamic benchmarks.
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3.5.4 Periodic boundary conditions

Generally, a potential is infinite ranged, but for practical purposes, it is
customary to add a cutoff radius R¢ and disregard interactions beyond
a certain distance. This might cause issues otherwise, imagine a particle
pair crossing the cutoff distance. There will be a minute jump in energy,
and many such events can spoil energy conservation. These effects of
potential truncation are approximated by imposing periodic boundary
conditions or treating the system as uniform beyond the cutoff.

Additionally, the simulated system shouldn’t simply terminate at the
boundary, otherwise, atoms at the boundary will have fewer neighbors
than those inside. Moreover, since the number of atoms in a simulation
box is much smaller than in real/macroscopic matter (10?%), the ratio of
surface atoms to the total number of atoms will be much larger, resulting
in more dominant surface effects.

Periodic boundary conditions (PBC) solve this problem by replicating
the box infinitely through rigid translation in all three directions. For
example, having a particle within it actually represents an infinite number
of particles located at distances r given by:

r+la+mb+nc (I,mn= —co,00) (3.45)

Here [, m, n are numbers while g, b, c represent the X, y and z length of cell
box. With this assume infite number of particles all moving togeather and
there are interbox interactions. Thus, inter particle interactions can go th-
rough box boundaries, effectively eliminating surface effects. Meanwhile,
the translation of particles relative to particles leaves forces unchanged,
this means box boundaries have no effect. Note: one might consider that
replicating infinitely might increase the interaction pairs infinitely, but
this is not true since the potential usually has a short interaction range.
This is governed by what is commonly known as the minimum image
criterion. considering a particle i interacting with j, minimum image cri-
terion means means among all the possible images of j, select the nearest
and threw away all others.
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3.5.5 Force fields and Force calculation among atoms

The time evolution of an ensemble can be described by the Newtonian
equations of motion, which are governed by the system’s Hamiltonian.
Hamiltonian provides a comprehensive framework for describing the dy-
namics of the system. For instance, the Hamiltonian of a water molecule
in the harmonic approximation is expressed as:

A=Y 000 ¥ kb2 +5 L k(0007
;<M bonds angles
12 6
eie]- 0'1']' 0'1']'
Z47re T Z4W (r_> B (r_> , (346)
i>j 0% i>j ij ij

This Hamiltonian includes terms accounting for both bonded interac-
tions (kinetic and potential energy) and non bonded interactions (elec-
trostatic and dispersion forces). By applying the Hamiltonian framework
from Equation ??, the time evolution of the system can be systematically
analyzed.

dp; . dqi _ pi

The first equation points out that force is evaluated as the negative gra-
dient of potential (interatomic potential in our case), while the second
establishes a connection among position, momentum, and velocities. Thus,
force can be evaluated based on atomic distances. For N atoms, there is
an evaluation of ;[N(N — 1)] atomic distances for force calculation. This
is, by far, the most computationally intensive task in molecular dynamics
(MD), as it scales quadratically. Methods have been proposed to address
this problem. Thanks to schemes like "using neighbor lists," the pro-
blem is mitigated by separating long range and short range interactions,
thereby optimizing scaling to N.

3.5.6 Tersoff Force Field

The Tersoff potential [79][72][73] models the total energy E of a system
as a sum of pair like interactions, modulated by a bond order term that
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depends on the local atomic environment. The total energy is given by:
1
E= 5 Z Z Vi, (3.48)
i jFi
where the pair potential V;; between atoms i and j at distance r;; (denoted
r in the parameters) is:

Vij = fe(ri) [Ve(rif) = bijVa(ry)] - (3.49)

Cutoff Function

The cutoff function fc(r;;) limits the interaction range:

]_, 7'1] < R - D/
) ii—R
felry) = {3 =4sin (557 ), R-D<ry<R+D,  (350)
O, 7’1']‘ > R+ D/

where R (e.g., To,;j) and D define the cutoff range.

Repulsive and Attractive Terms

The repulsive term is:
VR(TZ‘]‘) = Aei/\lr’j, (3.51)

and the attractive term is:
Va(rij) = Be "2, (3.52)

where A, B, A1 (possibly A4 ), and A, (possibly A4 ;) are parameters.

Bond-Order Term

The bond-order term b;; accounts for the local environment:

)1/(2") (3.53)

b= (1+B"C)
where:

Gij= Y fo(ri)g(By)e 30, (3.54)
ki
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and the angular term is:

2 2

o c
d?>  d?>+ (h—cosb)?’

with B, n, ¢, d, h, and A3 as parameters, and Oijk (possibly related to Cyjk)
as the angle between bonds i —j and i — k.

Parameters

The potential includes parameters such as Hj, Z;;, Y;, Vik, 1c,17, and
To,jk, Which define energy scales, decay rates, and cutoff distances. The
details of paramterization is provided in Appendix section

3.5.7 EDIP force field

The Environment dependent interatomic potential [80] (EDIP) potential
is a many body potential used to model interactions among atoms in
materials. It consists of two main parts given as, a two body interaction
term and a three body interaction term. The total energy E; of an atom i
is given by:

Ei =Y ¢2(Rij, Zi) + Y Y ¢3(Rij, Rix, Z;)

j#i jFik>]
Two Body Interaction Term

The two body interaction term is given by:

pir)=a((7) =) ow (:55)

where 7 is the distance between two atoms, Z is the embedding function,
and A, B, p, B, 0, and a are material specific constants.

Three Body Interaction Term

The three body interaction term is given by:

2 r
(PS(Rijr Rikz Zi) = exp (Rl']' — a) exp <R1’k — El) h(COS Qijk/ Zl')
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where R;; and Ry are the distances between atoms i and j, and i and k

respectively, 0;j is the angle between the vectors f{ij and Rik, and h is
defined as:

h(l,Z) = A [(1 - e—Q<Z><l+T<Z>>2) +170Q(Z)(1+ T(Z)ﬂ

with Q(Z) = Qoe™"* and T(Z) = uy + up(uze™ "% — e~24%).

Embedding Function

The embedding function Z; is given by:

Zi= Z f(Rim)
m#£i

where f is a cutoff function defined as:

1 ifr<c
f(r) =< exp (1—(?/(:)3) ifc<r<a
0 ifr>a

Here, c and a are cutoff radii, and « is a parameter that controls the
smoothness of the cutoff. The details of parameterization can be accessed
in Appendix section

3.5.8 Integrating Equation of Motion (Dynamics)

Once forces among atoms are determined, numerical integration for the
newton equation of motion can be performed, that should give the up-
dated positions and momenta. Basically, knowing positions and some of
their time derivative at a given time, integrator give us the same quan-
tities at a later time At. These iterations can be expanded to long ti-
mes. Generally integrator are based on finite difference methods whe-
re time At is discretized on a finite grid. Various integrator are sugge-
sted for this purpose generally a good integrator should have following
characteristics.

* Robust and memory efficient.
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* Provide capability of implementing long integration time step (At).
Since integration step is our choice, a larger time step allows less
evaluation of forces and less integration step for the a given trajec-
tory, making simulation fast. This choice is limited by the variation
of DOF, a smart choice of time step shouldn’t miss important DOF.
This upper bound is imposed by the high temperature and smaller
mass.

¢ Conservation laws of energy and momentum should be followed. It
should also respect time reversibility. Energy conservation is stron-
gly linked with another property commonly referred as "symplec-
tic". This tells that integrator should preserve the volume in phase
space.

Most common algorithm used for MD is Known as "Velocity Verlet Al-
gorithm" which is updated form of "Verlet" Algorithm. Here is the com-
putational frame work of velocity Verlet. The position update uses the
current position, velocity, and acceleration to estimate the new position
after a small time step At

R(t+ At) = R(E) + v(£)AL + %a(t)AtZ (3.56)

The velocity update (in two steps) first uses the current acceleration to

estimate the velocity at an intermediate time <t + %)

v <t + %) — () + %a(t)At (357)

After updating the position, the force is recalculated to update the acce-
leration:

a(t+Af) = —%VV(R(tJrAt)) (3.58)
Finally, the velocity is updated to the next full time step (t + At)
At 1
v(t+At)=v (t + 7) + Ea(t + At)At (3.59)

so we need 9N memory locations to save this 3N information. Further,
Predictor corrector algorithms offers another class of methods to integrate
equation of motion.
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3.6 Searching Minimum Energy Path (MEP)

3.6.1 Introduction

A significant challenge in theoretical chemistry and condensed matter
physics is identifying the lowest energy path for rearranging a group of
atoms from one stable configuration to another. This path is often ter-
med the minimum energy path (MEP) and is crucial for defining a reaction
coordinate for various transitions such as chemical reactions, molecular
conformation changes, or diffusion processes in solids. The Minimum
Energy Path (MEP) between two local minima is crucial for understan-
ding reaction mechanisms. Various methods are used in computational
chemistry to find the MEP. The MEP’s potential energy maximum, known
as the saddle point energy, provides the activation energy barrier, which
is essential for estimating transition rates within harmonic transition state
theory [81].

Numerous methods have been developed to locate reaction paths and
identify saddle points, which are critical for understanding reaction me-
chanisms. A common class of algorithms initiates at a local minimum
on the potential energy surface (PES) corresponding to the reactant state
and traces the path of steepest or slowest ascent in a sequential, stepwise
manner [82, 83, 84]. However, such approaches do not always converge
to a true saddle point. This limitation often arises because the PES is
effectively frozen during the path following procedure that is, the algo-
rithm neglects dynamic coupling to orthogonal degrees of freedom and
local anharmonicity. As a result, the traced trajectory may veer off the
minimum energy reaction path and terminate at a non stationary region
or fail to approach a first-order saddle point.

A common approach involves calculating the normal modes of a local
harmonic approximation of the potential energy surface and following
each mode until a saddle point is found. Each step requires the evaluation
and diagonalization of the second derivative matrix, limiting this method
to small systems where second derivatives are readily available.

Another family of methods that will be the focus of our interest utilize
a two point boundary condition, specifying both initial and final configu-
rations for the transition. These configurations are typically two local
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minima on the multidimensional potential energy surface, often obtained
through finite temperature molecular dynamics or Monte Carlo simula-
ted annealing methods. The discussed methods require first derivatives
of the potential energy, such as the drag method or the reaction coordinate
method. These methods define a progress variable through linear inter-
polation between the initial and final configurations, incrementing this
variable stepwise to minimize the remaining degrees of freedom [85, 86].

While these methods can work well in simple cases, they may fail in
more complex scenarios where the path generated can be discontinuous.
Additionally, atomic coordinates may slip near the saddle point region,
potentially missing the saddle point configuration. Even when the initial
straight line interpolation is close to the saddle point, relaxation of the
remaining degrees of freedom can yield results far from the MEP. For
certain values of the drag coordinate, there may be two minima, further
complicating the process.

3.6.2 Chain of States class of methods and their criticali-
ties

The earliest method for finding MEPs involves connecting several ima-
ges to trace the path or what is commonly known as the Plain Elastic
Band(PEB) and it belongs to the class of cain of states approaches. In this
method, a chain of replicas (states/images) of the system is generated
between initial and final configurations. All intermediate images are con-
nected with springs of zero natural length and minimized simultaneously
with a suitable minimization procedure. This should result in a discrete
distribution of images that form the MEP. Generally the distribution of
intermediate image is twice as high in energy than the end point replicas.
The path is a minimum energy path if the forces are oriented directly
along the path, i.e,, F = —VV and the force in the initial and final con-
figurations is zero. This is commonly known as Plain Elastic Band(PEB)
method. Theoretically, this method involves minimizing the energy of
objective function between the initial and final images with respect to the
intermediate images, while the initial and final images Ry and Rp will
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remain fixed.

P
S"EB(Ry,...,Rp_1) = Y_V(R)) +
i=0 i

Pk
— (Ri = Rji_1)? (3.60)

™~

Il
—_

An example is presented in figure

We will explain the method by by posing an example problem where
an atom B can form bonds with either one of two fixed atoms A or C, and
the latter is coupled with a harmonic potential to another atom D. The
whole system is represented by what we generally refer as LEPS potential
[87]. The force felt by an image i is given by the following equation.

Fi=—VV(R)+F; (3.61)

here
i =kin (Riﬂ - Ri) — ki (ﬁi - Ri—l) : (3.62)

Results of 2D LEPS potential, for two spring constants k = 1.0 and k =
0.1, can be represented as contour plots of the potential energy surface as
shown in figure The AB distance rAB is presented on x-axis, while the
BC distance 7BC is represented on the y-axis. When the spring constant
is high the elastic band is too stiff, it cuts the corner and MEP miss the
saddle point. On the other hand, if the spring constant is very small, now
the MEP come close to saddle point but slide down the path to avoid
the barrier point again thus skipping the most critical part of MED, this
problem has been discussed previously [89].

To solve this problem we can define a continuum limit where the num-
ber of images, P tends to infinity, and the spring constants k(P) can be
linked with the number of images P. By increasing the number of images
p, % obtains a finite value and we get a stiff elastic band. This becomes
a potential reason of corner cutting. It has been observed that even P

k(P)

becomes large, conversely, making 5~ zero, the corner cutting problem

still persists.
dR|"
) (3.63)

dr

SPEB — P/dA <V(T<(A)) + %

where:
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Figura 3.1: Figure represents the contour plot of the potential energy
surface for the discussed 3 atoms (A, B, C) problem represented by LEPS
potential [87]. *AB and rBC gives the inter atomic distances for given
atoms. Solid line represents the MEP obtained by standard NEB in both
figures. while the solid line with filled curves gives the orientation of
MEP as obtained by plain of states method. Figure a and b overviews the
respective problems with plain of states method on extremely small and
large value of spring constant k. Figure is used form [88]
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* P is the number of images representing the path.

* A is a parameter varying from O to 1 along the path.

V(R(A)) is the potential energy along the path.

k(P) is the spring constant, potentially dependent on P.

°
U
!

212
ﬁ‘ represents the deviation from a straight path.

Here are key additions from this objective function that make it different
from the simpler functions.

¢ Including a term that penalizes deviations from a straight path.

¢ Handling large P by adjusting the stiffness of the band.

3.6.3 Nudging

The problem with chain of states method is solved in a simple way after
diagnosing the reason of it. Off course one has to used sufficient number
of images while finding the MEP. Since the images are pulled perpen-
dicularly downward and avoid saddle region in corner cutting, we can
avoid this by skipping the perpendicular component of harmonic force
among images. Similarly problem with skidding down and skipping cri-
tical region can be avoided by skipping the parallel component of True
force AV(R;) in the direction of MEP. Strategically both partial compo-
nents balance each other and guide the MEP follow through the critical
regions. We will redefine the force as,

—;0 — — - ~ A
Fi=-VV(R) +F %1 (3.64)

Where 7 is the unit vector along the path [90, 91, 92]. This projection
of just the perpendicular component of true spring potential and parallel
component of spring force accurately decouple the dynamics of path from
the distribution of images . Thus images are relaxed staying independent
from spring force and helps to follow the correct MEP, This procedure is



3.6. SEARCHING MINIMUM ENERGY PATH (MEP) 57

) \
i 5 1 15%\2\ 25 3

-2

0 35
Figura 3.2: The initial and final configuration of NEB with 16 images
is presented. Dashed lines with small circles represent the straight line
interpolation between initial and final configuration. Solid line with big
circles represent the path closer to MEP obtained after minimization of
all images. Spring constant of k = 0.5 was implemented closer to the
end points and and k = 1.0 at the middle to magnify the critical central
region. Figure is used from reference [88].
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commonly referred as nudging so the term Nudged Elastic Band method
is introduced.

The choice of spring constant is crucial as it controls the distribution
of images within the path. If too high, it adds an extra potential, causing
the path to miss the real transition state. If too low, the images tend to
slide downhill, avoiding the barrier region.

Climbing Nudged Elastic Band method refers to a modification of the
NEB method where a particular image with the highest energy is forced
to climb to the saddle point while keeping the spring force unaffected
[90].

F = _VE(Rin1ax) - ZVE(Rﬂmax)

The objective function in the NEB method is designed to balance the mini-
mization of potential energy with the requirement for a straight path. By
carefully tuning the spring constant and using the path deviation term,
the NEB method effectively finds the MEP between two states on a po-
tential energy surface. This makes it a powerful tool for studying reaction
mechanisms and phase transitions in materials science and chemistry.
Despite optimization of the spring constant and careful preparation of
initial and final configurations, the NEB result still exhibits non physical
artifacts such as unexpected energy dips and irregular curvature. Below
are several possible reasons for the failure of the NEB path in this case:

Umax

1. Inaccurate Tangent Estimation: NEB relies on the estimation of lo-
cal tangents to project forces. Poor tangent estimates, especially in
regions of high curvature, can cause incorrect projection of spring
and true forces, leading to deviation from the MEP.

2. Corner Cutting and Path Kinking: If spring forces dominate or are
not properly orthogonalized, images may cut corners of the true
MEP, producing artificially low energy segments or non physical
transitions. This is a known issue in basic implementations of NEB.
I couldn’t test it in LAMMPS.

3. Inadequate Initial Path Interpolation: Linear interpolation between
initial and final states may produce geometrically unrealistic inter-
mediate configurations, especially in complex defect systems. This
can result in high energy artifacts or false minima.
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4. Inaccurate End State Geometries: While endpoint energies have
been separately verified, the geometries(carbon antisite or Silicon
antisite) themselves might correspond to local, not global, mini-
ma. This can mislead the path optimization and create nonphysical
intermediate states.

5. Limitations of the Empirical Potential: The empirical interatomic
potential (Tersoff, EDIP) used may not accurately capture defect
energetics for transition states. This can lead to qualitatively in-
correct energy profiles along the NEB path.

3.7 Stochastic Modeling of Brownian Motion

Einstein’s pioneering theoretical study of Brownian particles is the fir-
st example of statistical mechanics approaches to establish a connection
between the microscopic diffusion coefficient and macroscopic physical
quantities, such as mobility. Specifically, by using a probabilistic me-
thod, he defined a connection between average value of squared displa-
cement traveled by Brownian particle r(t) in a time interval t and diffusion
coefficient D [93] 94].

Einstein’s hypothesis was based on the observation that suspended
particles in a liquid, which differ from molecules solely in size, must still
obey the diffusion equation that governs the chaotic thermal motion of
molecules within the liquid.

3.7.1 From Discrete Steps to Continuous Diffusion, Ein-
stein’s Convolution Derivation

Einstein’s theoretical treatment of Brownian motion is founded on the
assumption that each particle undergoes random, uncorrelated displace-
ments over time. These displacements are statistically independent both
of the motions of other particles and of previous motions of the same
particle, provided that the time interval t is not infinitesimally small. For
analytical tractability, the model is reduced to a one dimensional scenario.
In the following section we will derive Einstein equation of brownian mo-
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tion and prove it exactly taking the form of diffusion equation. Consider
a particle undergoing to N discrete displacement steps, each of spatial si-
ze ¢, within a time interval 7. We define the probability density function
f=(&) such that:

fx(&)d¢ = dWN, or equivalently, dN = Nf;({)d¢ (3.65)

Note that since d¢ has units of length [L], the probability density

el dg =

must be dimensionless. Hence

[fe(@)] = [d¢] " =17,

so that f;({) d¢ correctly matches the unitless fraction dN/N.

The function f;(&) represents the likelihood of a displacement ¢ oc-
curring in the interval 7, and due to symmetry in the absence of drift, we
require:

f(8) = fx(=8) (3.66)

This condition reflects the fact that forward and backward steps are equal-
ly probable.

Let p(x, t) be the particles” density at position x and time ¢. The change
in density after an interval T can be written as:

+o00

plt+7) = [ plx—&tfe(e)de (3.67)

—0o0

Note that the right-hand side is precisely the convolution

(ee]

(ox ) t) = [ plr—8,b) (@) de (3.68)

Physically, this convolution “collects” at each point x all particles that
were at x — ¢ at time t, each weighted by the probability f(¢) of jumping
distance ¢ in the interval .
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This expression accounts for particles arriving at position x from di-
splacements ¢ in both directions. Expanding both sides of Equation (3.67)
in a Taylor series yields: Left-hand side (LHS):

do T20?
p(x,t+7) =p(x,t)+7T a—i—i—ga—g—i- - (3.69)

Right-hand side (RHS):

| et -enfi@as =ptn) [ @) a2 [ afe) g
2
b b [2r@dce- )

Given the properties:

[ r@ac=1, [ er@dc=o,
we simplify Equation to:

2
o(x, +%%/ Efo(E) dE+ - - (3.71)

Equating the leading-order terms from Equations (3.69) and (3.71),
and neglecting higher-order terms, we arrive at the d1ffus1on equation:

o 0%
o Pae

where the diffusion coefficient D is related to the second moment of the
step size distribution:

(3.72)

g N GL 673)

This result is derived under the key assumption that f-(¢) depends
only on the current displacement ¢ and is independent of the parti-
cle’s trajectory history. Such a process is now termed a Markov process
in stochastic theory. Einstein’s treatment thus forms a cornerstone of
the mathematical theory of random processes and stochastic differential
equations [93, 95].
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3.7.2 Connection to Fick’s Law and the continuity equa-
tion

The concept of flux is central to the description of diffusive transport. In
one dimension, the flux J(x,t) is defined as the amount of substance (e.g.,
particles or mass) crossing a unit area per unit time at position x and time
t. It has physical units of [quantity - length ™2 - time !].

Building on this, Fick’s First Law provides a phenomenological rela-
tionship between the particle flux and the concentration gradient. First
proposed by Adolf Fick in 1855 [96], the law states that:

dp(x, t)
=—-D 74
where:
* J(x,t) is the particle flux,
e p(x,t) is the particle concentration (or number density),

e D is the diffusion coefficient (assumed constant here),

¢ The negative sign reflects that diffusion occurs from regions of high
concentration to low concentration.

To derive the diffusion equation, we apply the principle of local con-
servation of mass, which is encoded in the one dimensional continuity
equation:

dp(x,t) n aJ(x,t)
ot ox
Substituting Equation (3.74) into the continuity equation (3.75), we
obtain:

—0. (3.75)

ot axz '
which is the classical diffusion equation governing the time evolution
of the concentration field p(x, t). This equation forms the theoretical foun-
dation for a wide range of transport phenomena in physics, chemistry,
and biology.

dp(x,t) _ op(xt) (3.76)
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3.7.3 Mean Square displacement and estimation of Arrhe-
nius type Energy Barrier

We can easily verify that the solution of the diffusion equation (3.72) with
the initial condition p(x,0) = é(x) is the Gaussian distribution:

1 x? )
x,t) = exp | —— 3.77
pst) =~ exp (~ 1 677)
This solution maintains normalization and describes the spreading of par-
ticles” probability over time. The profile is initially a Dirac delta function
at the origin and gradually broadens with time, while conserving the total
probability:
/ p(x,t)dx =1
Furthermore, the mean square displacement can be computed as:

(2(8)) = / °; ¥o(x,t) dx = 2Dt (3.78)

or

(3.79)

which quantifies the average spread of the particle cloud and provides
experimental access to the diffusion coefficient D.

Einstein’s elegant formulation not only describes the microscopic ba-
sis for macroscopic diffusion but also introduces the idea of random pro-
cesses and sets the stage for modern probability theory and stochastic
calculus. Using the familiar result of gaussian integrals one can check
that solution is properly normalized. Gaussian integrals are presented in
Appendix section [D]

3.8 Einstein’s Derivation and Its Modern Rele-
vance

Einstein’s 1905 theory of Brownian motion provides a probabilistic mo-
del for the motion of suspended particles, introducing a fundamental link
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between microscopic particle dynamics and macroscopic diffusion. The
derivation starts from the convolution of probability distributions for di-
screte random steps, leading to a Gaussian distribution in the limit of
continuous motion This yields a relationship between the mean square
displacement (MSD) and the diffusion coefficient:

(r?(t)) = 2nDt (3.80)
where 1 is the spatial dimension. The diffusion coefficient D is related
to the particle’s mobility y by the Einstein Smoluchowski relation:

T
D = ukpT = kBT (3.81)

Diffusion of Charged Particles Einstein Smoluchowski Relation

In systems involving charged particles, such as ions in a solution or elec-
trons in a semiconductor, the diffusion process is often influenced by ex-
ternal electric fields. In such cases, the particles not only undergo random
thermal motion but also drift in response to the field.
The drift velocity vy of a charged particle under an electric field E is
given by:
vg = uE (3.82)

where y is the particle’s mobility, defined as the ratio of drift velocity to
the applied field.

Albert Einstein originally derived a relationship between this mo-
bility and the diffusion coefficient D, which was later extended to in-
clude charged species. The resulting expression is known as the Ein-
stein-Smoluchowski relation:

D = ukgT (3.83)

where D is the diffusion coefficient, u is the electrical mobility of the
particle, kg is the Boltzmann constant, and T is the absolute temperatu-
re. This relation links thermally driven diffusion to field driven trans-
port and is particularly important in describing ionic conduction in elec-
trolytes, electrophoretic mobility, and charge transport in semiconductor
materials.
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Diffusion in Viscous Media Stokes—Einstein-Sutherland Equation

When particles diffuse in a viscous medium (e.g., colloids in water, pro-
teins in cytoplasm, or nanoparticles in polymers), hydrodynamic interac-
tions and viscous drag must be accounted for. This leads to a modifica-
tion of the diffusion coefficient that includes the effects of the medium’s
viscosity.

Assuming a spherical particle moving in a continuum fluid at low
Reynolds number, the hydrodynamic drag force is described by Stokes’
law:

Fyrag = 6717 Rv (3.84)

where 7 is the dynamic viscosity of the medium, R is the hydrodyna-
mic radius of the spherical particle and v is the velocity of the particle.
Combining this with Einstein’s fluctuation dissipation concept yields the
Stokes—Einstein—-Sutherland equation:

kT

D= SR (3.85)

This equation highlights how diffusion is inversely proportional to the
viscosity of the medium and the size of the diffusing particle. It plays
a fundamental role in characterizing diffusion in soft matter systems,
biological fluids, and nanomaterials.

It is important to note that this relation is derived under the assump-
tions of spherical symmetry. Deviations from these assumptions may
require modified or generalized models.

In this study, we use LAMMPS to perform classical molecular dyna-
mics (MD) simulations and track the motion of particles over time.

First, denote by r;(f) the position vector of particle i at time f. For any
time lag At, its displacement is

Ari(t; At) = ].‘i(t + At) - I‘i(t). (386)

We choose many starting times ¢ along a total simulation of length t;, so
that the number of intervals is Np; = tiot — At + 1. Summing the squa-
red displacements over all N particles and averaging over those intervals
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yields the total mean-squared displacement (TMSD):

N tiot— At

NAt t; | ae (£ A1) (3.87)

TMSD(At) =

Dividing by N gives the per—particle MSD,

TMSD(At)
—N
In the long-time (diffusive) regime, MSD grows linearly with At, so

MSD(At) = (3.88)

MSD(At) ~ 2dD At, (3.89)

and we extract the diffusion coefficient D from the slope of MSD vs. At.
Here d is the dimensionality (e.g. d = 3). which quantifies the collective
mobility over the interval At. During an MD run of total duration i,
multiple (Np;) such intervals of length At are available, each starting at
a different time t (with At < ty). Since particle displacement over At
reflects mobility, the total mean squared displacement (TMSD) across all
mobile particles is given by:

TMSD(At) = 3 A 0)?) = - ] ttOt§At +A 2
t) =Y ([r(At) — 1 =y — ri(t+ At) —1;(H)]),
( ) = <[ ( ) ( )] > = NAt = [ ( ) ( )]

(3.90)
where the angle brackets denote time averaging over all Nj; segmen-
ts. This temporal ensemble averaging improves statistical reliability and
accuracy in estimating diffusional properties.

The mean squared displacement (MSD) per ion, used to estimate dif-
tusivity, is obtained by normalizing TMSD by the number of mobile
particles:

1
MSD e ion (At) = - TMSD(At), (3.91)

where N denotes the number of diffusing particles.

Generally, the MSD exhibits a linear dependence on At when sufficient
diffusive motion is captured. The atomic diffusivity D is then extracted
from the slope of the MSD curve using the Einstein relation:

MSD(At)

D ==

+D offsets (3 -92)
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where d is the dimensionality of the diffusion process, and D,get ac-
counts for potential systematic deviations or finite size corrections. For
completeness, the Nernst Einstein relation links D to ionic conductivity ¢
by
_ ng’D
77 kT
but we do not compute ¢ directly in our MD runs. Instead, we report D
values and discuss conductivity qualitatively.

(3.93)

Arrhenius Behavior and Transition State Theory in Diffusion

In solid-state diffusion (e.g., vacancy migration in SiC), transition state
theory (TST) provides a microscopic foundation for the Arrhenius rate
law. Under conditions of thermal equilibrium and classical over barrier
hopping, the defect jump rate follows

k = L

e (),
where E; is the activation energy (the energy barrier or migration enthal-
py required to form the activated complex at the saddle point) and v is
the Arrhenius prefactor (attempt frequency) [97]. TST assumes a quasi-
equilibrium between the initial state and the activated complex, and that,
once the system has crossed the saddle point, it proceeds to the new si-
te without recrossing . The prefactor v reflects the vibrational attempt
frequency of the diffusing atom and can be calculated via the harmo-
nic TST (Vineyard) formula as the ratio of the product of normal mode
frequencies in the initial state to that in the transition state (excluding
the imaginary frequency) [97]. This classical TST picture is widely ap-
plicable and enables the prediction of diffusion parameters in solids, for
example, first-principles studies of defects in SiC using harmonic TST
yield both activation energies and diffusion pre factor in agreement with
experimentally measured diffusivities [98].

The temperature dependence of diffusion processes in solids is com-
monly described by an Arrhenius type expression, which originates from
the framework of Transition State Theory (TST). The diffusion coefficient
D is then expressed as:
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D = Dgexp (_%) (3.94)

Here,D is the diffusion coefficient at temperature T,Dy is the pre ex-
ponential (or attempt frequency) factor,E 4 is the activation energy barrier
for diffusion and kp is the Boltzmann constant. The logarithmic form of
Eq. is often used for data fitting:

Ea
InD =InDy — —— .
n n Dy KT (3.95)
In the present study, the diffusion coefficient D is determined from
the time evolution of the mean square displacement (MSD), defined in
d-dimensional space as:

(r*(1))
D= I (3.96)
By computing D at multiple temperatures, one can fit the data to the
Arrhenius relation (Eq. using a least squares regression. This pro-
cedure enables the estimation of both the activation energy E4 and the
pre exponential factor Dy, providing insight into the thermally activated
nature of the diffusion mechanism.
This method has been widely employed in molecular dynamics simu-
lations and experimental studies of diffusion processes [99].

Correction of Dysp for Single-Defect Diffusion

In the standard Einstein relation for diffusion, the mean squared displa-
cement (MSD) is averaged over all diffusing particles in the system. This
is appropriate when many particles are mobile and contribute equally to
the overall displacement. However, in our case, we consider a single mo-
bile defect embedded in a crystalline lattice of N — 1 atoms that primarily
vibrate around their equilibrium positions.

When using LAMMPS to compute the MSD, the default calculation
averages the squared displacements over all atoms in the simulation su-
percell. For our 6 x 6 X 6 cubic supercell (N = 1728 atoms in the pristine
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case), this means that the contribution of the single mobile defect is divi-
ded by N. As a result, the reported MSD is underestimated by a factor of
N compared to the true MSD of the defect.

Physically, this underestimation arises because only one atom (the de-
fect species) exhibits long range diffusive motion, while the remaining
atoms perform localized thermal vibrations that average to zero over ti-
me. The MSD from vibrations adds a small background but does not
grow linearly with time, so the defect’s contribution is effectively diluted.

Let the MSD reported by LAMMPS be:

N

1
MSDLamwps = 5 Y (Ar?). (3.97)
i=1

If only one atom (the defect) contributes significantly to diffusion, then:

<Arglefect> ~ N x MSDpammps. (3.98)

The Einstein relation for the defect then reads:

1d 1d
Dgefect = ﬁ%<Aréefect> = 537 [N x MSDpammrs) , (3.99)

where d is the dimensionality of the system (e.g., d = 3 in our case).

In our simulations, the total number of atoms is N = 1727 for the
vacancy case (Vc) and N = 1729 for the interstitial case (Ic). Without
the N-factor correction, the diffusion coefficient obtained from LAMMPS
output would be underestimated by this same factor.

It is critical to note that only the linear region of the MSD time plot
corresponds to the diffusive regime and should be used for fitting. We
extract Dgefect by applying a least squares fit (LSF) to this linear segment.

3.9 Statistical Theory of Atomic Transitions for
the Study of Defect Evolution

While the previous derivation of the diffusion coefficient from the mean
square displacement (MSD) using the Brownian motion formalism pro-
vides a direct link to Fick’s second law, it assumes an isotropic and ho-
mogeneous medium. In real crystalline solids particularly those with
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complex crystal structures, anisotropic environments, and discrete de-
fect sites atomic migration is better described within a statistical kinetic
framework.

At this stage, our aim is to derive Fick’s laws of diffusion starting from
the transition probability formalism, which offers a more general and mi-
croscopic perspective. Re deriving Fick’s law in this context is impor-
tant because it explicitly connects the continuum description of diffusion
to the underlying stochastic jump processes, ensuring that the macro-
scopic transport equation naturally emerges from the atomistic picture.
This is particularly valuable for systems where anisotropy, complex lat-
tice geometries, or correlated jumps can modify the effective transport
behavior.

Within the transition probability method, the diffusion coefficient D
is shown to be proportional to the mean square atomic displacement per
unit time. For a defect undergoing random jumps between equivalent
lattice sites, this displacement can be directly expressed in terms of the
jump frequency. This leads naturally to the so called frequency rule, in
which the diffusion coefficient is determined directly from the atomic
jump rate.

The treatment presented here is restricted to relatively simple model
systems, but the methodology is sufficiently general to illustrate the stati-
stical mechanical principles underlying defect diffusion in both isotropic
and anisotropic crystalline environments.

3.9.1 Derivation of Fick’s Laws with Isotropic Transition
Probability

Let us consider a volume element d°r (units: m>) whose position vector is
r (units: m) at the center of any medium. We want to estimate diffusion
from this volume element, represented by the number of particles passing
through d°r per unit time. We define the conditional transition probability
density per unit time A(r | R). By definition,

A(r | R)d®Rdt

is the probability (dimensionless) that a particle located at r will travel
by a displacement vector R (units: m) into a displacement space volume
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element d°R (units: m3) in a time interval dt (units: s). Because this
probability must be dimensionless, the units of A are:

[A] =m3s7L

Let C(r,t) denote the particle concentration (units: m~2). The number
of particles in d°r is

C(r,t)d®r (units: particles).

The number of particles leaving d°r in time dt is obtained by multiply-
ing the number of particles in d°r by the probability of moving in any
displacement direction. Mathematically,

/ C(r,t)dr A(r | R)d*Rdt (3.100)
R
Here:

[Cd®r] = particles, [Ad°’Rdt] = dimensionless probability.

Now, to estimate the number of particles entering d°r, consider parti-
cles located at r — R that jump by R into r. The number of such particles
coming from a displacement volume d°R in time dt is

C(r—R,t)dr A(r — R | R) d°R dt (3.101)

Integrating equation (3.101) over all R gives the total number of particles
entering d°r per time interval dt.

/m C(r — R,H)A(r — R|R)drdRdt (3.102)

The difference between and should give the added num-
ber of particles in dr in time dt, since the difference is nothing else the
difference of particles moving out of dr and number of particles moving
into dr. Dividing the difference by dr and dt gives the rate of increase
in particle concentration at position r and time ¢t. Mathematically this is
given as,

%_f _ /]R[C(r “R,O)A(r — R|R) — C(r, ) A(r|R)]dR (3.103)
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Considering that transition probability is quite smaller for big R in
comparison to the diffusion distance. This would be the case where dif-
fusoin jumps are of the order of atomic dimensions. Similarly its true
for the liquids and gases where R is equivalent to mean free path. We
can drive Fick’s law by implying where we apply Taylor series to
expand first two terms and retain it up to the second order. We will get
following,

C(r—R,t)A(r—R) = C(r,t)A(r|R) — A(r|[R)R - VC + %A(r|R)(R -V)2C
(3.104)

Let’s consider cases where transition probability is independent of
position vector r we can substitue [3.104] into |3.103| and obtain

%—f — —/ A(r|R)R - VCdR+2/ (F[R)(R-V)2CdR  (3.105)
R

We can ignore the first integral in 3.105} mbecause, concentration are ge-
nerally measured at r and they are independent of R. Moreover, we have
already assumed transitional probabilities as independent of position and
we can take them same for R and —R thus killing the first integral.

at = / (r|R)(R - V)2CdR (3.106)

Let’s assume the components of R and r in a Cartesian coordinate
system is given by (X1, Xy, X3) and (x1, x2, x3), respectively. Then

(R-V)*C = 1 i X;X; C (3.107)
N 2 iji=1 ! ]axiax]- )
We can rewrite equation (3.106) as
oC 1¢ 92C
=1 ]
where
X, X; = / X;X; A(r | R)d°R (3.109)
]R3

Units of each term:
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* X, X;j are components of the displacement vector R, each with units
m.

e A(r | R) has units m3s~ 1.
e 43R has units m?.
Therefore, in equation (3.109):

[(XiX;] - [A] - @R =m?> m3s71.m?=m?s .

Thus X;X; represents the mean quadratic displacement per unit time,
with the correct physical units of m?/s.

Equation (3.108) is therefore dimensionally consistent:

dC -3 .-1
|:§:| =m s 7, [XlX]] .

=m?/s-m>°=m3s L
axian

By comparing with equation (3.109), we identify the components of

the diffusion tensor: .

D,s = 5 X Xs (3.110)
Since X, X; has units m?/s, it follows immediately that [D,s] = m?/s, the
standard units of a diffusion coefficient.
Remark: The factor 1/2 in equation (3.110) is dimensionless. The nu-
merical prefactor does not alter the units, it only rescales the physical
magnitude. Thus, D,s is not a dimensionless number it is a transport
coefficient with physical units m?/s, directly proportional to the mean
square displacement of particles per unit time.

3.9.2 Relationship Between Diffusion Coefficient and Mean
Square Displacement
If one only choose the principal axes of diffusion as coordinate axes, then

only the diagonal terms in [3.110|are nonzero and equation 3.108| takes the
following form.
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1 3
= =3 2 ff (3.111)

D; = =X? (3.112)

Thus, 3.111] establishes a fundamental connection between the diffu-
sion coefficient and the mean square displacement per unit time. From
this study we can also develop the understanding of microscopic diffu-
sion coefficient in terms of atomic mechanisms.

If all D; are equal (e.g. in isotropic crystals), [3.111 becomes

aa—(tj = X2V?2C (3.113)

Here, X2 = X_% = X_% = X_§ And the diffusion coefficient can be

expressed in terms of R2 instead of X2. This is because,
RZ=X3+X3+X3 (3.114)
For cubic medium, since they are isotropic we have,

R2 = 3X2 (3.115)
and equation (3.113| can be rewritten as,

9C _ pvec (3.116)
ot
where
]__
D= R (3.117)

Comparison of |3.116[to the equation of continuity gives the The statistical
meanings of Fick’s first law. So for cubic case we immediately obtain,

] =—-DVC (3.118)
with D given by
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An important point to recall is the very strong assumption that is
made when deriving these results. It tells that conditions probability is
anyways isotropic and it is independent of particle positions. Without
this assumption, we may not be able to derive Fick’s laws. So the rele-
vant physical implications must be considered. An isotropic transition
probability forces the elimination of any external fields and temperatu-
re gradients. Moreover, the transition probability is also unaffected by
concentration changes.

3.9.3 Frequency rule for Diffusion Coefficient

The diffusion coefficient D relates the mean square particle displace-
ment per unit time to the diffusion process. In isotropic or cubic media,
the diffusion coefficient can be expressed in terms of the mean square
displacement:
_ 1%
D= gR

Atomic diffusion in crystalline systems takes place as discrete atomic
hope from site to site unlike fluid flow in liquid phase. An example could
be a vacancy or interstitial defect in silicon carbide crystal. Generally in
such system the diffusing species spend most of the time executing small
vibrations across the mean position until momentum added by local ther-
mal fluctuations surpasses the respective migration barrier. This result in
diffusion jump to the first nearest neighbor thus defect adopts a tortuous
path inside crystal consisting of a large number of random jumps. The
studied vacancy diffusion in our case, had close relevance with the ex-
plained phenomenon. For carbon vacancy diffusion carbon atom diffuse
to the nearest carbon cite or second nearest neighbor traveling a diffusion
jump of 3.08 angstrom. For the interstitial case the Diffusion distance is
even shorter. For all atomic diffusion the length of total displacement R
is the sum of all elementary jump distances r that are of the same lengths.
Thus R would be,

r
R=)r (3.119)
i=1
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Here r; is the elementary jump distance for the jump i while T’ is the
jump frequency.

Since diffusion coefficient D is proportional to r* and We have to
square equation to satisfy this condition.

r
=) 1 (3.120)
ij=1

Further simplification is performed by pairing out the similar terms
or the terms with i = j:

r
RP=Yr7+) rr (3.121)
i=1 i=j

We will rewrite the second term on the right as partial sums.

Zrl rj=2 Z Y Y 1+2 Z Y Yo+ . (3.122)
i#]

The factor of 2 came since the sum is taken on both i and j seperately.
Substituting [3.122|in [3.121| we get .

Zr +2Z Z I T (3.123)

i=1 j=i+1

The expression is further simplified by restricting our approach to the
cubic monoatomic crystals. For such crystals all the jump vectors have
same length thus converting first term into 72 times I'. The second term
can makes the following form.

Y- Yiyj = 7’2 CcOoSs 9i,i+j (3.124)

Here 0;;, ; is the angle between mentioned ith and the (i + j)th jump.
Equation 3.123| will take the following form.

—1T—j
R? = Tr? + 27 Z Y cosbj (3.125)
j=11i=1
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Here R defines the magnitude of jump displacement for a single atom
in a unit time. To get the value of mean square displacement for transition
probability theory, it’s required to make an average over many atoms that
are doing I' jumps in unit time. Thus

R2 =T1%f (3.126)
where
2 I'—-1 r_]
f=1+5) ) cosbiiy (3.127)
j=1i=1

Here f is the correlation factor. It is worth mentioning that this kind of
treatment is solely for our special case of solid state diffusion. Moreover
f can be given as:

_1+4q _14cosb
[ =171 e
As can be seen correlation factor is linked with crystal structure thus
strongly correlated with diffusion mechanism. Estimation of f is difficult
in general but for simple diffusion mechanisms as our case it is constantly
unity. For example in the case of interstitial diffusion in cubic crystal
environment, clearly cosf = 0. The reason lie in the fact that Every
possible jump in a given direction will be countered by another jump in
the opposite direction thus f = 1. This kind of diffusion is defined as
uncorrelated random flight of impurity that is interstitial in present case.
One key understanding from this aspect is that sequential jumps by the
impurity atoms have no physical correlation.

(3.128)

2

D = fd% (3.129)
This is a simplified approximation for calculation of D in the particu-
lar case of point defects. As mentioned before I is the jump frequency
while A signifies the diffusion jump distance. Our approach yields di-
stinct advantages by focusing exclusively on the study of diffusing spe-
cies at varying temperatures. Thus, enabling the precise calculation of the

diffusion coefficient(D) .
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Capitolo 4

Configurations and Energetics of
Point Defects in 3C-5iC with
Optimization Methods

This chapter presents a systematic study aimed at validating the com-
putational methodology and establishing initial benchmarks for 3C-SiC,
primarily within static and quasi-static simulation frameworks. The ove-
rarching goal is to define a robust and reliable computational protocol
that will serve as the foundation for subsequent dynamic simulations and
defect evolution studies.

We begin by reproducing selected reference results from the literature,
including lattice constants, elastic constants, melting points, and defect
formation energies, using molecular dynamics simulations with Tersoff
and Environment Dependent Interatomic Potentials (EDIP) implemented
in LAMMPS. The comparison of these results allows for the critical as-
sessment of interatomic potentials, ultimately leading to the selection of
EDIP for subsequent defect energetics investigations.

Following the potential selection, we investigate migration energy bar-
riers for key single-vacancy-type defects carbon vacancy (V¢), silicon va-
cancy (Vs;), carbon antisite-vacancy complex (Cg; V), and silicon antisi-
te vacancy complex (SicVs;) using the Nudged Elastic Band (NEB) me-
thod. In particular, we employ the NEB implementation available in the

79
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LAMMPS computational package [100, 101} 102 103]. For implementa-
tion details, see the LAMMPS NEB documentation at https://docs.
lammps.org/neb.html.

4.1 Computational Methodology and benchmar-
king

The selection of an appropriate interatomic potential is a critical first step
in molecular dynamics studies, as it directly affects the accuracy of simu-
lated material properties. Each potential embodies a specific functional
form and set of empirical parameters, which must be evaluated for the
material under investigation. For silicon carbide (SiC), several interatomic
potential models are available , including Tersoff [72],[73],[79], Vashish-
ta [104], EDIP [80],[75] and various others. To assess the validity and
reliability of these potential models, we embarked on a bench marking
process, involving the reproduction of results from prior studies as pro-
vided by the respective authors. Furthermore, a validation was under-
taken by comparing these potentials results with results obtained from
ab initio calculations and experimental investigations. The initial stage of
this convergence test involved the determination of structural parameters
and the calculation of defect formation energies in three key poly types of
silicon carbide, namely 3C-5iC, 4H-SiC, and 6H-SiC. The study was then
extended to reproduce migration barriers for key defect complexes and
melting point for cubic silicon carbide.

Based on the prescribed theoretical framework in chapter 3, formation
energies were calculated following full geometry optimization as imple-
mented in LAMMPS. A conjugate gradient minimization algorithm was
employed, with box relaxation performed prior to atomic position mini-
mization. The convergence criterion for energy minimization was set to
1077 eV.

Calculations were carried out for a series of point defects, including
silicon vacancies (Vs;), carbon vacancies (Vc), and carbon antisites (Cg;).
Each analysis was repeated using three interatomic potentials: the Environment-
Dependent Interatomic Potential (EDIP) [80, 75], the Tersoff potential
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[79, 72], and the Tersoff potential with the Ziegler-Biersack-Littmark
(ZBL) correction [105, 106].

Once defect structures were validated, migration pathways were inve-
stigated using the Nudged Elastic Band (NEB) method. The initial NEB
calculations employed ten intermediate replicas generated from DFT opti-
mized initial and final geometries, without considering the displacement
of neighboring atoms. The procedure was then refined in three correction
stages (corl—cor3) by: (1) increasing the number of replicas, (2) tightening
the minimization convergence criteria on the extreme geometries, and (3)
considering the neighbor atom displacement while generating replicas to
avoid nonphysical configuration.

For the final NEB results, we employed 20 intermediate images to
model migration pathways. The first nearest neighbor jump (2.0 A) was
considered for Cg;Vc and SicVg; defects, while the second nearest nei-
ghbor jump (3.4 A) was studied for Vc and V; defects. The initial and
final states were energy minimized to a tolerance of 107> eV prior to
interpolation.

To account for the influence of neighboring atoms during pathway
generation, interpolation was applied not only to the diffusing atom but
also to its nearest neighbors. NEB replicas are connected via a spring
potential that constraints them aginest deviation from the transition path.
With the fact that spring constant is an external imposed potential one
needs to optimize it prior to implementation to ensure numerical stabi-
lity and physical accuracy. A systematic study of the harmonic spring
constant revealed that a value of 3 eV provided stable convergence with
negligible effect on the calculated migration barriers (see Figure and

C.2).

4.2 Elastic Properties of Ideal and Defective Con-
figurations

We first analyzed the structural characteristics of ideal SiC polytypes by
calculating bond lengths, bond angles, and lattice parameters using the
EDIP and Tersoff interatomic potentials. In all cases, the Si—-C bond length
remains approximately 1.9 A, while the tetrahedral bond angle is close to
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Bong angel of 109.419°
Bond length of 1.89A
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Figura 4.1: Optimized geometric parameters of SiC polytypes. In all ca-
ses, the Si-C bond length is 1.89 A and the tetrahedral bond angle is
109.4°. For 3C-SiC (cubic), the lattice constant is 2 = 4.38 A. For 4H-SiC
(hexagonal), the lattice parameters are a = b = 3.94 A, ¢ = 10.127 A, with
o = B =90° v = 120°. For 6H-SiC (hexagonal), the lattice parameters
area =b=3.08A, c =15.12 A, with & = f = 90°, ¢ = 120°.

109.5°. However, the lattice constants differ between polytypes due to
their distinct crystal systems:

¢ 3C-SiC (cubic, zincblende): Lattice constant a =~ 4.379 A.

e 4H-SiC (hexagonal): two lattice constants, 2 ~ 3.07A and ¢ ~
10.127 A.

e 6H-SiC (hexagonal): two lattice constants, 2 ~ 3.08A and ¢ ~
15.12A.

The differences in c reflect the stacking sequence of Si—C bilayers along
the [0001] axis. A schematic comparison of the 3C, 4H, and 6H unit cells

is shown in Fig.
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4.3 Formation Energies of Point Defects

The defect formation energy (DFE) can be precisely defined as the aggre-
gate energy requirement for introducing a specific type of defect into a
given crystal structure. In the context of classical molecular dynamics,
DFEs for vacancies and interstitials can be calculated using the following
expressions:

form .
Evacancy - Ehost + vacancy (Ehost - Eatom removed)/ (4-1)
form _
interstitial — Ehost + interstitial — (Ehost + Eatom added)- (4-2)

Validation of Methodology Before investigating complex defects, our
methodology was validated by reproducing key results from the origi-
nal parameterizations of the interatomic potentials. Table compares
stoichiometric defect complex energies, lattice constants, and elastic con-
stants obtained with the Tersoff potential against the values reported in
the original study. The close agreement underscores the consistency of
our implementation.

Stoichiometric Defect Complexes in 3C-SiC (eV)

Tersoff [72] Our results
Vsi + Ve 74 7.4
Csi + Sic 7.2 6.76
Lattice constant (A) and Elastic constants (Mbar)
Tersoff [72] Our results
a 4.32 4.32
C11 4.2 4.26
C12 1.2 1.10
Caq 2.6 2.53

Tabella 4.1: Validation of the Tersoff potential in 3C-SiC by reproducing
defect complex formation energies, lattice constant, and elastic constants
reported in the original publication.

To strengthen this validation, Table 4.2 compares elastic constants and
moduli across multiple empirical potentials (Tersoff, EDIP, Vashishta, and
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Tersoff/ZBL) and ab initio data. The agreement with literature values
confirms that both Tersoff and EDIP are suitable candidates for defect
studies in SiC.

Ab-

Tersoff EDIP Vashishta Tersoff/ZBL initio [107]

Bulk Modu-

s (GPa) 21498 22587 22510  204.48 22848
Shear Modu-

b1 (CPa 254 17047 13693 20781 189.00
Shear Modu-

Mo (CPa) 19798 12825 12375 14992 187.00
Eglsson 5T 020 0.26 0.26 021 0.13
1 42562  396.89  390.11  404.39 420.00
1 109.67 14036 14261 10454 132.00
Cus 25254 17047 13694  207.81 267.00

Tabella 4.2: Comparison of elastic constants and moduli of 3C-SiC obtai-
ned using empirical potentials and ab-initio data. The close agreement
validates the quality of the potentials.

Benchmarking Defect Energetics in 3C-SiC Having validated the me-
thodology, we next computed the formation energies of key point de-
fects in 3C-SiC using Tersoff and EDIP potentials. Table summari-
zes these results, covering single vacancies, antisite-vacancy complexes,
divacancies, and diinterstitials.
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Tabella 4.3: Formation energies (E¢ym,) and corresponding optimized su-
percell energies (Eqptimized sc) for point defects in 3C-SiC, calculated with
EDIP and Tersoff potentials. Bold values highlight the highest formation
energy within each set. All energies are given in eV.

EDIP Potential Tersoff Potential
Defect Type
Eform (eV) Eoptimized SC Eform (eV) Eoptimized SC

Ve 9.27 -10942.12 11.44 -10637.76
Vg; 5.33 -10942.11 11.99 -10641.25
Cs; Ve 3.95 -10943.50 13.86 -10639.39
VV (Ve + Vsi) 20.98 -10934.31 21.68 -10631.58
II (Ic + I) 2.92 -10954.31 2.92 -10954.31

Extension to Polytypes To assess the transferability of the potentials,
the study was extended to other SiC polytypes. Table reports the
formation energies of carbon and silicon vacancies in 3C-, 4H-, and 6H-
SiC using Tersoff, Tersoff/ZBL, and EDIP potentials. The results show
consistent trends across polytypes, while highlighting systematic shifts
depending on the choice of potential.

Polytype | Defect Type | Tersoff (eV) | Tersoff/ZBL (eV) | EDIP (eV)
sesc | e Yo i | s
HSC |yt Ume | am | s
ssc |t e w6 | e

Tabella 4.4: Defect formation energies (eV) for V- and Vs; in the three
main polytypes of SiC, calculated using Tersoff, Tersoff/ZBL, and EDIP
potentials. Results are grouped by polytype for clarity.
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4.4 Study of melting point for 3C-SiC and vali-
dation of interatomic potentials

The provided analysis holds true under the condition that the system re-
mains in an equilibrium state. This consideration demands a study of
melting point behavior to confine the prescribed analysis to a limit far
below the melting point and avoid the phase change complexities. To
perform this test, MD calculations were conducted using the NPT ensem-
ble and considering the Tersoff along with EDIP potential. Calculated
results for EDIP can be examined in Figure [4.2|This figure presents an
overview of the solid to liquid phase transition (melting) for SiC, charac-
terized by a sharp expansion in volume. The transition is captured by
20 ns MD simulations under an NPT ensemble at 1 atm, employing the
EDIP empirical potential. One can observe a sudden expansion in volume
at 2620K (after waiting 20ns), indicating a phase transition from solid to
liquid, thus setting a limit for stopping analysis before 2600K. Moreover,
the calculated melting point aligns well with experimental results [78]],
unlike the Tersoff value, which estimated a melting point above 3500K.
This also establishes the validity of EDIP over Tersoff and supports its se-
lection particularly for diffusion studies. Our results are consistent with
a recent study of Galli[l]] et. al who performed a complete benchmark
of potentials’ predictive features by studying the density of SiC with a
variety of potentials and a temperature range from 0 to 3500K. By means
of comparisons with experimental data they pointed out the EDIP is the
optimal choice for defects evolution study in SiC, especially when high
temperatures are considered. An example of their results are presented
in figure Results of the Galli’s team were reproduced successfully by
us for further confirmation of the methodology reliability. The agreement
can be demonstrated comparing figure obtained by our simulations,
and figure [4.3| of ref. [1]].

4.5 Migration Energy Barriers study using NEB

The Nudged Elastic Band (NEB) approach, formally introduced in Sec.
is regarded as a state of the art method for estimating the energetics asso-
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Figura 4.2: Volume of 3C-SiC as a function of temperature during 20 ns
molecular dynamics simulations in the NPT ensemble at 1 atm, using the
EDIP empirical potential. The data show a sharp increase in volume at
~2650 K, indicating the solid liquid phase transition. Two regimes are
visible: rapid melting within < 2 ns above the transition temperature,
and slower melting over ~20 ns below it. For comparison, melting point
estimates from density functional theory (2620 K) and experiments (2818
K) are indicated.
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Figura 4.3: Empirical inter atomic potential benchmark study figure reu-
sed from nature communication [1]: Density study for 3C-SiC at a given
temperature was performed from a 1 ns long classical MD simulation
in the NPT ensemble at 1 atm using 4096 atom cells. A bench of em-
pirical force fields were employed : “T89” (in purple) for the Tersoff
potential [72, 73], “T-ZBL” (in green) for the Tersoff potential with the
Ziegler-Biersack-Littmark (ZBL) screened nuclear repulsion [105], “EA05”
(in light blue) for the Erhart-Albe potential [77], “GAO01” (in orange) for
the Gao-Weber potential [76], “GW-ZBL" (in yellow) for the Gao-Weber
potential with the ZBL screened nuclear repulsion [108], “MEAM” (in
dark blue) for the modified embedded atom method [74], and “EDIP”
(in red) for the environment-dependent interatomic potential [75], while
black line correspond to experimental work from [109]. EDIP was picked
for the study form all the potentials considering its reasonable agreement
with experimental data for temperature-dependent density up to 2200 K
and the Melting temperature, e.g., T;;, 2620 K using EDIP and 2818 K from
experiments [78].
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Figura 4.4: This figure illustrates the study of decomposition temperatu-
re as determined by classical molecular dynamics simulations using the
EDIP [75] parameterization and an NPT ensemble with a 1728-atom su-
percell. The density decreases with increasing temperature up to 2620 K,
where a sudden drop in density, associated with decomposition, is obser-
ved.
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ciated with metastable states and saddle point configurations in physical
and chemical processes. It enables tracing a reaction pathway and cal-
culating the minimum energy configurational profile along that path. In
this work, we applied the NEB method to determine the energy barriers
required for the formation of defect structures. Several representative ca-
ses are discussed individually. For benchmarking purposes, the barriers
were calculated using two empirical interatomic potentials, namely Ter-
soff and EDIP, as previously defined. The analysis is presented for both
potentials.

In the following subsections, we present the results of Nudged Elastic
Band (NEB) calculations for selected defect configurations in 3C-SiC, fo-
cusing on the carbon antisite vacancy (Cs;V(), silicon antisite vacancy
(SicVs;), silicon vacancy (Vs;), and carbon vacancy (V). These defects
were chosen due to their relevance for the formation of spin-bearing de-
fect complexes in implantation processes. For each defect type, both EDIP
and Tersoff interatomic potentials were employed to evaluate migration
barriers, to enable comparison with values reported in the literature. The
results highlight key challenges in accurately capturing defect energetics,
including discrepancies between potentials, unexpected barrier heights,
and their sensitivity to local relaxation effects.

Carbon Antisite Vacancy ( Cg; V)

Carbon Anti-site Vacancy (CAV) can be described as a composed defect
made by a carbon atom in a silicon-like lattice location Cg; (anti-site de-
fect) and a carbon vacancy V(- as the nearest neighbor. A silicon vacancy
can trigger the formation of this defect trough the displacement of one
of four C atoms present in its nearest neighbor shell, Vs; — Cs;Vc. The
calculated barrier from both potentials is shown in figure Carbon
antisite is a stable configuration it is even more stable than silicon va-
cancy [1].The NEB results calculated from LAMMPS pertaining to the
carbon antisite exhibit certain ambiguities. It is difficult to accept that
two distinct configurations (initial and final)would yield precisely the sa-
me energy. Furthermore, the observation of an exceptionally high energy
barrier of 9.6 eV, in contrast to the established literature value of approxi-
mately 1.4 eV [1], is perplexing. Rodrick Defo calculated a forward energy
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barrier of 2.5 eV and reverse energy barrier of 3.5 eV [58].To address this
issue, various corrections were systematically explored to identify and
rectify potential calculation errors originating from the user’s side. These
corrections, denoted as corrl, corr2, and corr3 in figure as presented
in Appendix , were applied and examined. None of these corrections
produced a significant alteration in the obtained results.

Silicon Antisite Vacancy(SicVs;)

In line with our investigation of carbon antisite vacancy, a similar effort
was made to analyze silicon antisite. Silicon antisite is the formation of
silicon antisite with silicon vacancy as nearest neighbor (SAV defect). Ju-
st as in the case of carbon antisite, we exercised the same precautions
due to the inherent calculation challenges. However, the results obtained
proved to be notably ambiguous, rendering it challenging to draw mea-
ningful conclusions. One can’t expect lower energy configurations in the
NEB path as produce by Tersoff. EDIP exhibited very unstable final con-
figuration. Furthermore, there is a dearth of support within the existing
literature regarding the difficulties in the formation of silicon antisite with
a silicon vacancy as suggested by Bokstedte et.al [54]. The origin of this
difficulty lies in the size effect. Both silicon and silicon antisite undergo
massive outward relaxation. In the case of the antisite, this relaxation is
followed by the optimization of the Si-Si bond to the neighboring atoms,
striving to achieve the ideal Si-Si value. This results in strained bonds.
Moreover, the vacancy provides additional space, allowing the antisite
to relax more towards it. It is possible that the energy of the dangling
bond towards the carbon vacancy is reduced by its interaction with other
carbon atoms, which might result in a diminishing barrier towards va-
cancy [110] as depicted in Figure These circumstances have limited
our ability to make definitive assertions regarding the evolution of silicon
antisite. The NEB results for silicon antisite using Tersoff and EDIP are

given in figure
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Carbon vacancy V¢

The migration of a carbon vacancy involves interactions with next nea-
rest neighbors, i.e. the second neighbors shell where two equivalent V-
configurations can be present in the 3C-SiC lattice, while we already pre-
sented in the NEB analysis of first nearest neighbor displacements,
which leads to the formation of SAV defect. We determined a migration
(diffusion) barrier of 4.5 eV using the Tersoff potential and a barrier of 2.5
eV using the EDIP potential. Giulia Galli et. al [1] arrived at the same
value of 2.5 eV using the classical MD and the same EDIP potential and
further conducted first principles molecular dynamics simulations to re-
fine the calculation, obtaining a value of 3.9 €V [1]. The barrier calculated
using the Tersoff potential is presented in figure 4.5/ and aligns well with
the findings in literature[17]. Unlike carbon antisite vacancy and silicon
antisite vacancy, carbon vacancy produced reliable results showing relia-
ble literature correspondence. The reason why vacancy diffusion barriers
in our runs are roughly symmetric while antisite (Si<+C) barriers are not
is not yet fully clear. Several plausible explanations can be given: antisite
motion changes the local chemistry and bonding environment (an atom of
a different species sits on a lattice site), which breaks the simple inversion
symmetry of a vacancy hop and can produce intrinsically asymmetric
energy landscapes, empirical force fields may treat cross species bonds
and charge transfer poorly, giving asymmetric energetics that are an arti-
fact of the potential, and practical setup issues (bad image interpolation)
can further distort the computed profile. Because these possibilities have
very different implications, the problem should be treated as unresolved
until checked.g., by manually interpolating replicas, including more local
atoms in the NEB group, testing different potentials, or validating select
points with DFT.

Silicon vacancy Vs;

Similarly to the V silicon vacancy next nearest neighbor displacements or
Vsi — Vs; could allow effective migration, while next neighbor displace-
ments is constrained by the antisite transformation given as Vs; — Cg;Vc
. It is important to note that the silicon vacancy represents a meta sta-
ble configuration in the latter transformation process, ultimately leading
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Figura 4.5: Energy profile for carbon vacancy (V) diffusion in 3C-SiC ob-
tained from Nudged Elastic Band (NEB) calculations using Tersoff (left)
and EDIP (right) interatomic potentials. The horizontal axis represents
the reaction coordinate along the migration path, while the vertical axis
shows the relative energy (eV). The initial configuration corresponds to a
carbon vacancy located at its original lattice site, and the final configura-
tion corresponds to the vacancy occupying the nearest neighbor carbon
site after migration. The calculated migration barriers are 4.7 eV for Ter-
soff and 2.7 eV for EDIP.
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Figura 4.6: Energy profile for silicon vacancy (Vs;) diffusion in 3C-SiC
from Nudged Elastic Band (NEB) calculations using the Tersoff (left) and
EDIP (right) interatomic potentials. The reaction coordinate on the hori-
zontal axis traces the migration pathway, while the vertical axis shows the
relative energy in eV. The initial state corresponds to a silicon vacancy at
its original lattice position, and the final state corresponds to the vacancy
relocated to the nearest neighbor silicon site. Migration barriers are 4.3
eV for Tersoff and 5.2 eV for EDIP.

to the creation of a CAV defects. Calculated barrier for Vg; transition is
illustrated in It is notably higher than the value reported in existing
literature, which is 3.5 eV as determined through ab initio calculations
[54, 58] . A similar energy barrier of 3.0 eV is obtained using FPMD [1].
A comparative analysis of calculated results with corresponding lite-
rature [1] can be obtained from table It is noteworthy, that energy
barrier associate with silicon vacancy is symmetric unlike carbon and
silicon antisite with the reason stated in subsection carbon vacancy.

4.6 Summary

In summary, the quasi static analysis reproduced key static properties of
3C-5iC, including lattice constants and defect formation energies, in good
agreement with literature values. Among the tested potentials, EDIP ex-
hibited the best overall correspondence with both classical molecular dy-
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Defect Ty- Forward Eggrier (€V)  AEFina—initiai(eV) Literature
pe

Tersoff EDIP Tersoff EDIP

Ve 4.8 2.6 - - 3.5 [54],2.5
[1],4.10
[111]]

Vs; 4.5 6.4 - - 3.0-3.5
[1]],2.35
[T11]

VcCs; 9.6 9.3 1.8 -1.6 1.9-24
[54],1.3 [1]

Vs Sic 17 18 13 14 _

Tabella 4.5: Comparative assessment of diffusion barriers determined via
the Nudged Elastic Band (NEB) method and compared against data ex-
tracted from the literature.

namics and ab initio results, and uniquely reproduced the experimental
melting point of silicon carbide a critical validation point. This finding
is further reinforced by recent work by Giulia Galli and co workers, pu-
blished in Nature Communications, which also adopted the EDIP potential
for modeling SiC [1]].

A noted limitation of EDIP is its relatively poor estimation of migra-
tion barriers when using the Nudged Elastic Band (NEB) method. Ho-
wever, this shortcoming is not unique to EDIP, the Tersoff potential also
failed to provide complete agreement with reference barrier values. Gi-
ven that activation energies for diffusion will ultimately be determined
via the Arrhenius equation in the dynamic simulations, this limitation is
acceptable for the scope of this work.

Overall, the quasi static framework proved effective for validating sta-
tic properties but less suited for accurately capturing energetics of saddle
point configurations and migration pathways. Building on these findings,
the next chapter will focus on the diffusion of defects in 3C-5iC using the
EDIP potential, enabling a comprehensive assessment of defect mobility
under realistic thermal conditions.
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Capitolo 5

Simulation of Non Equilibrium
Processes and Defect Generation

5.1 Introduction

Ion implantation is a key non equilibrium process for introducing dopan-
ts and defects in SiC. High energy ions penetrating the lattice create ca-
scades of atomic displacements (Frenkel pairs: vacancies and interstitials)
and complex defects. Such irradiation can degrade device performance
in high radiation environments, so understanding defect generation and
evolution is critical [112, 113 4].

5.2 Simulation of Non Equilibrium Processes and
Defect Generation Using BCA

The binary collision approximation (BCA) is the traditional Monte Carlo
method for simulating ion implantation. In BCA, each dopant ion is trac-
ked as it undergoes successive two body collisions with target atoms in a
(typically static) crystal lattice [112].

Popular process simulators implement BCA to predict dopant range,
damage, and activation. For example, Synopsys Sentaurus Process is an
industry standard TCAD tool that supports all processing steps on sili-

97
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con carbide substrates: it recognizes multiple SiC polytypes (2H, 4H, 6H,
3C) and can perform Monte Carlo implantation (using its Taurus MC en-
gine or the integrated Crystal TRIM). Crystal TRIM (sometimes referred
to as TRICAD TRIM) is an extension of the well known SRIM/TRIM co-
de that incorporates crystalline lattice geometry and channeling effects,
in contrast to the amorphous only approximation of the original TRIM.
Sentaurus also supports subsequent steps such as dopant diffusion and
oxidation [114].

Similarly, Silvaco Victory Process is a commercial TCAD suite that mo-
dels ion implantation and annealing, including advanced dopant activa-
tion for SiC (Victory provides specialized models for high concentration
acceptor activation in SiC [115]]). General purpose multiphysics solvers
such as COMSOL can, in principle, be used to model diffusion or stress
fields after implantation, but they lack built in BCA physics for ion pe-
netration and channeling. In such cases, COMSOL must be manually
scripted or coupled to external BCA data.

Academic and open source BCA codes also exist. Crystal TRIM [116]
is a Monte Carlo engine that explicitly includes the crystal lattice for chan-
neling simulations (Sentaurus Process can use Crystal TRIM under the
hood [114]). scat-GUI (from Hosei University) is a graphical BCA code
tailored for ion channeling and scattering, it implements advanced stop-
ping models (e.g., Firsov and Oen-Robinson) and even includes a many
body electronic stopping option. For example, recent releases of scat-GUI
include SiC specific parameters (the electronic stopping  was set to 0.45
for SiC) [117] to improve accuracy for wide bandgap targets. The open
source SIIMPL code[118] is a MATLAB/C implementation of BCA for
crystalline targets, developed specifically for SiC. MulSKIPS, by contrast,
is not a BCA code for implantation but a kinetic Monte Carlo super lat-
tice simulator for epitaxial growth and defect kinetics in SiC and related
materials [119]. We include MulSKIPS here because it is part of the recent
MUNDFAB consortium tools for SiC device fabrication, it handles doping
and defect evolution during growth rather than ballistic implantation.

Each of these BCA tools can generate dopant depth profiles and esti-
mate damage. For example, Sentaurus Process provides parameter sets
and an “Advanced Calibration 4H-SiC” option for specific dopants (B,
Al, N) with [0001] orientation [114]. In Victory Process, new impurity
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activation models for SiC also account for doping saturation [115]. scat-
GUI and SIIMPL explicitly model crystallographic effects (channeling) by
positioning lattice atoms and allowing off axis collisions.

BCA simulators efficiently compute dopant ranges and preliminary
damage and can easily handle large numbers of ions at keV-MeV ener-
gies. However, they assume a static or thermally broadened lattice, so
channeling behavior is approximated. Damage and defect generation are
estimated via empirical formulas (e.g., Kinchin—Pease) and thus do not
capture intra cascade recombination or dynamic annealing. These limita-
tions are particularly critical in wide bandgap materials like SiC, where
calibration is required [114, 115].

5.3 BCA simulation of ion implantation in Wide
Band Gap semiconductors

Wide bandgap semiconductors (e.g. 4H-SiC, GaN, AIN, Gay0O3, diamond)
are typically doped by ion implantation because diffusion is limited. Bi-
nary collision approximation (BCA) Monte Carlo simulators (both com-
mercial and open source) are widely used to predict implanted dopant
and damage profiles. In these codes, an energetic ion is tracked throu-
gh successive two body collisions against lattice atoms, nuclear collisions
above a displacement threshold create vacancies/interstitials (damage),
while energy loss via electronic stopping is modeled by empirical formu-
las. Modern BCA tools remain indispensable for implantation studies.
They can quickly explore process windows (ion species, energies, angles,
dose, penetration depth) and give first order estimates of dopant distri-
butions and damage. Here I will review some of the work where BCA
based implantation is used to fabricate defects in the crystals.

Silicon carbide (5iC) is a widely studied wide bandgap (WBG) ma-
terial with numerous applications in electronics. Linnarsson et al. [120]
implanted °'V* ions at 50-300 keV into 4H-SiC(0001) at room tempera-
ture (and up to 500 °C) along various tilt angles (0-17° off the [0001]
axis) with fluences in the range of ~ 10'2-10* cm?. Using the SIIM-
PL Monte Carlo BCA code, they found that channeling dominates. Even
small tilts could not eliminate deep penetration. In three-dimensional si-
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mulations, SIIMPL predicted that “ions will be steered into the [0001] and
(1123) directions and therefore penetrate deep into the sample.” Elevated
temperature (up to 500 °C) increased lattice vibrations and dechanneling,
slightly reducing penetration depth. Measured SIMS dopant profiles con-
tirmed these simulations, showing that implanted V formed long channe-
ling “tails” deep in the wafer.Similarly, Linnarsson et al. [120] examined
the channeling effect in 4H-SiC by implanting 100 keV Al* and 50 keV B
ions along the [0001] direction at 600 K. They observed that channeling
implants produced much deeper penetration profiles than random im-
plants. Moreover, the penetration depth for Al decreased with increasing
temperature. The channeling effect was successfully captured and explai-
ned by SIIMPL simulations. In another study, Muting et al. [121] (2020)
used the Synopsys Sentaurus process to perform BCA-based implantation
simulations of 180 keV Al* ions in 4H-SiC at 500 °C with doses ranging
from 5 x 10'3 to 5 x 10!® cm™?. These simulations successfully tracked
point defects such as vacancies and interstitials, and showed that defect
concentration increases with dose and saturates at the maximum dose. In
summary, BCA tools vary in fidelity. Commercial tools and SRIM are con-
venient but often assume amorphous substrates by default. Open tools
like SIIMPL and scatGUI explicitly include the crystal geometry, enabling
channeling studies. All these BCA codes generate vacancy/interstitial
counts (often via a Kinchin Pease or NRT model) to produce defect depth
profiles, but none inherently simulate post implantation annealing or de-
fect clustering. Past studies have highlighted that not only ion irradiation
but also epitaxial growth processes can introduce significant numbers of
intrinsic defects in wide bandgap semiconductors. Awschalom et al. [8]
reported the incorporation of open volume point defects (OVPDs) during
the growth of 4H-SiC, with densities on the order of 10'> cm™3. Building
on this evidence, La Magna et al. (2025) [122] extended the investigation
to both planar and three dimensional 3C-SiC substrates. Using a super-
lattice kinetic Monte Carlo (SIKMC) framework implemented within the
MulSKIPS code.They modeled epitaxial growth under non equilibrium
conditions. These simulations account for a diverse set of point defects,
including carbon and silicon vacancies (V¢, Vs;), antisites (Sic, Cg;), va-
cancy antisite complexes (SAVs, CAVs), divacancies, and stacking faults
arising from polytype instability. The SIKMC-based modeling predicts
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that OVPDs are not only generated but also redistributed near the surfa-
ce region of the 3C-SiC substrate. Two notable implications emerge from
these findings: first, epitaxial growth alone can generate high densities of
point defects particularly V- and Vs;without any subsequent processing
(e.g., implantation or irradiation). Second, by tuning fixed process para-
meters during growth, it may be possible to manipulate the abundance
or depletion of near surface point defects, opening pathways for defect
engineering.

5.3.1 Limitations

Despite their utility, BCA methods suffer from several limitations. It is
understood that BCA approach treats the lattice as static during implan-
tation simulations, thereby neglecting generic in situ defect evolution pro-
cesses such as recombination and migration. As a result, all created defect
cascades (vacancies and interstitials) remain in the lattice and do not re-
combine. In reality, however, most defects recombine almost instantly,
especially at elevated temperatures, leading to an overestimation of da-
mage creation. In such cases, molecular dynamics (MD) approaches are
more appropriate.

Similarly, crystal based BCA tools (e.g., SIIMPL, scatGUI, Sentaurus
with crystal options) can model channeling, but their accuracy depends
strongly on the choice of scattering potentials and the treatment of ther-
mal vibrations. Simplifications, such as neglecting multi atom collision
cascades, may lead to mispredictions of channeling peaks. Linnarsson et
al. [123] reported that fast BCA simulations predicted channeling peaks
closer to the surface than observed experimentally, indicating an unde-
restimation of deep channeling. They achieved improved agreement by
enabling the full cascade option (tracking all recoils), though at a signifi-
cantly higher computational cost. By contrast, simpler amorphous codes
such as SRIM completely miss channeling effects. Nishimura et al. [124]
demonstrated that SRIM profiles differed considerably from experimental
data, whereas the crystal aware scatGUI reproduced the measurements
more accurately.

Another limitation is the reliance on the Kinchin Pease or NRT models
with fixed displacement thresholds in BCA codes. Recent studies have
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shown that near threshold collisions may be incorrectly counted as va-
cancies by SRIM, whereas the actual defect production could be smaller.
Thus, none of the BCA codes can naturally predict defect clustering, hi-
ghlighting the need for atomistic simulations or experimental validation
[125].

5.4 Simulation of Non-Equilibrium Processes and
Defect Generation using Molecular Dynamics

Classical molecular dynamics (MD) has become an important tool for
this, allowing atomistic modeling of collision cascades in 3C-, 4H-, and
6H-SiC. These simulations typically use bond order potentials (e.g., Ter-
soff) with short-range Ziegler—Biersack-Littmark (ZBL) corrections to mo-
del high-energy collisions [126]. Systems are equilibrated (often by NPT)
and then cascade events are run under NVE, some studies also include
electronic stopping (e.g., via a friction term) to account for energy loss
to electrons [127]. Simulations are performed at various temperatures
(often 100-450 K) and implantation geometries (normal vs. glancing in-
cidence) to capture thermal effects on defect creation [5, 126]. In this
section, we investigate the ion implantation as non-equilibrium mecha-
nism responsible for the generation, migration, and evolution of defects
in silicon carbide (S5iC). These processes, which deviate significantly from
thermodynamic equilibrium, often lead to the formation of metastable
defect configurations, complex defect clusters, and kinetic pathways that
are not accessible under equilibrium conditions. Such phenomena play a
critical role in determining the material’s micro structural integrity and
functional properties, particularly in high radiation and high temperature
environments.

5.4.1 Defect Evolution During the Ballistic Cascade(initial
Picosecond scale damage)

During the ballistic cascade stage (microcanonical, NVE), the implanted
ion transfers its kinetic energy through a series of two body collisions,
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generating Frenkel pairs (vacancy-interstitial) and small defect clusters
along its path. In MD simulations, the defect count rises sharply as the
primary knock on atom (PKA) slows down, peaking once its kinetic ener-
gy is fully dissipated. This trend is also evident in our results (Fig. 5.2).
This behavior is also strongly supported in the literature. For instance,
Chen et al. (2023) [3] reported that the Frenkel pair population peaks
within 20 ps for keV scale Si PKAs in 6H-SiC. Likewise, Bonny et al.
(2020)[128] reported that a 1-100 keV Si PKA in 3C-SiC generates rou-
ghly 10-1000 Frenkel pairs, with the final defect numbers agreeing within
about a factor of two with predictions from the binary collision approxi-
mation (BCA) models, such as TRIM (Transport of Ions in Matter) and the
Norgett-Robinson-Torrens (NRT) model. Once the PKA stops, the Fren-
kel count stabilizes and any remaining recombination begins (the “ther-
mal spike” cools). In Chen’s simulations the defect count drops slightly
after 21 ps as the cascade thermalizes, then levels off to the stable dama-
ge state [128,3].MD cascades create all primary SiC defect species: Si and
C vacancies (Vs;, V), interstitials (Ig;, Ic) and antisites (Sic, Cg;). Because
carbon atoms are lighter and have a lower displacement threshold, mo-
re C vacancies/interstitials form than Si ones. Bonny et al. observed in
3C-SiC that the C:Si ratio of both vacancies and interstitials is significan-
tly >1 (i.e. cascades eject more C than Si atoms)[128]. The cascade briefly
heats the local lattice (up to 10<sup>3</sup> K), enabling partial an-
nealing. However, much of the ballistic damage persists. Notably, higher-
energy cascades exhibit lower Frenkel-pair recombination fractions: Chen
et al. show the recombination rate drops as PKA energy rises[3] . Thus
very energetic ions leave more lasting damage in the first few ps. (Subse-
quent annealing or diffusion at longer times can heal many of the smaller
defects, but the primary damage topology is set by this microsecond to
nanosecond cascade.)

5.4.2 Post ballistic defect evolution

MD simulations of SiC cascades consistently report formation of all point
defect types. The primary Frenkel pairs are carbon and silicon vacan-
cies (V¢, Vs;) paired with carbon and silicon interstitials (I¢, Is;). Due
to the binary lattice, irradiation also produces antisite defects (Cs; and
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Sic). Several studies highlight that vacancies and antisites dominate clu-
ster formation, while interstitials tend to remain isolated. For example,
Fung et al. (2018) simulated high energy irradiation of 3C-SiC and ob-
served that many interstitials scatter broadly through the lattice, whereas
the less mobile vacancies congregate into clusters [127]. Antisite defects
(Sic and Cg;) appear in many cascades: in Chen’s 6H-SiC study these
were counted alongside vacancies [113]. In Si, high energy implanta-
tion creates tri-interstitial clusters (W-centers) used as quantum emitters.
Gennetidis et al. showed Ga implantation in Si generates increasing Si
tri-interstitial (W-center) clusters with energy, and that annealing preser-
ves these clusters while removing other defects [5]. As implantation dose
increases, defects accumulate and clusters grow. Fan et al. (2023) perfor-
med MD of Xe implantation in 4H-SiC (coupled with Raman experimen-
ts) and found a roughly linear increase in V and I counts with dose up to
2 x 10™ions/cm?, beyond that, the growth rate slows and defects begin to
saturate [4].This indicates that repeated cascades eventually create over-
lap of cascades and amorphous zones. Fan et al. also noted that heavy Xe
ions penetrate deeply, causing severe internal damage: their MD showed
that Si vacancies could not form as perfect isolated centers (we can say
the lattice is too much disrupted) [4].By contrast, lighter ions (H, He) tend
to create shallower damage and allow point defects to survive. Similarly
Chen et.al also examined how temperature and geometry affect the de-
fect creation in 6H-SiC lattice. They found linear relation between Frankel
pair counts and temperature. We can argue that atoms with warm lattice
are easy to displace [113]. They also found that implant incident at 45
degree yields the fewest of total defects, this yield increases by lowering
incidence.

Annealing and Defects diffusion After implantation, subsequent diffu-
sion and annealing can change defect populations. MD (often combined
with thermal spike models) has been used to study dynamic recovery.
Notably, Backman et al. (2013) used a thermal spike MD model for swift
heavy ion (electronic energy) irradiation of 3C-SiC. They found that the
localized heating can anneal pre existing damage. Point defects were
significantly healed and amorphous regions partly recrystallized at in-
terfaces [129]. We can correspond strong self electronic excitation with
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annealing as well. On the annealing side, Wu et al. (2021) simulated
3C-SiC after Al implantation with subsequent thermal annealing. They
observed recrystallization proceeding from the crystalline interface into
the damaged region. Compressive stress built up at the amorphous/-
crystal interface and new dislocations formed there [126]. Importantly,
Wau et al. reported that annealing (especially after high temperature im-
plants) tends to leave behind carbon vacancies: their MD predicted that
C vacancies are especially likely to remain after annealing of high tem-
perature implanted samples [126]. In 6H-SiC, Chen et al. noted that
raising temperature increased Frenkel pair recombination up to a point,
but very high local heating could also create larger cascades (over 1000 K
peaks) that again promote defect recombination [113].This complex beha-
vior shows that MD can capture non linear recovery after damage. mode-
st heating helps recombine defects (increase in recombination “centers”),
while too much heating generates new local cascades that eventually an-
neal again [113]. As summarized in Table the Binary Collision Ap-

Aspect BCA (Monte Carlo) MD (Atomistic)

AccuracyApproximate, empirical, High fidelity, captures ca-
misses cascade dynamics scades, annealing, mobili-
[126) 58] ty [58, [126]

MaterialBroad, calibrated for Si, Limited by potentials,
extended for SiC (Sentau- mainly Si, SiC, some
rus, Victory) [114} [115] WBGs

Opennesdlostly commercial, some Mostly open-source
open codes exist (SIIMPL, (LAMMPS, custom MD)
scat-GUI) [112, 117]

Use Process-level TCAD, do- Fundamental damage, de-

Cases  pant profiles, dose calibra- fect dynamics, annealing
tion [114] [4], 58]

Tabella 5.1: Comparison of BCA and MD methods for ion implantation
in Si/SiC.

proximation (BCA) remains useful for rapid, processflevel implantation
studies, particularly in Technology ComputerfAided Design (TCAD) fra-
meworks where dopant depth profiles and dose calibration are required
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[114, 115]. However, its approximate, empirical nature inherently ne-
glects cascade dynamics, defect recombination, and annealing processes
that are critical in widefbandgap semiconductors. In contrast, Molecu-
lar Dynamics (MD) simulations, despite being computationally more de-
manding and limited by the accuracy of interatomic potentials, provide
a highffidelity atomistic description of ion-solid interactions. MD cap-
tures collision cascades, defect mobility, and dynamic annealing events
in real time, enabling direct insight into defect generation and evolution
at the atomic scale [58, 126, 4]. These advantages make MD a superior
choice when the research objective is to understand fundamental damage
mechanisms and defect formation in Si, SiC, and other wide band gap
materials, positioning it as a necessary complement to or refinement of
BCA based approaches.

5.5 Molecular Dynamics Simulation Results

Having established the theoretical background and methodological fra-
mework for ion implantation and non equilibrium defect dynamics in
SiC in previous sections, we now present the molecular dynamics results
obtained for a 13,825-atom supercell subjected to implantation energies
ranging from 0.1 to 100 keV. These simulations track both the ballistic ge-
neration of defects and their subsequent evolution during annealing, al-
lowing us to resolve the dependence of defect accumulation and recovery
on implantation energy and thermal treatment.

5.5.1 Simulation Setup

In practice, MD simulations of ion implantation in SiC use large super-
cells (periodic or with free surfaces) and impart a chosen kinetic energy
to a primary knock-on atom (PKA) to initiate a cascade.

To establish the methodology for simulating ion implantation proces-
ses, we performed a series of preliminary molecular dynamics (MD) cal-
culations. A 13824 (12 x 12 x 12) atom supercell of silicon carbide was
constructed as the simulation domain. An external silicon (5i) atom was
selected as the implanted ion (totaling 13825 atoms) , introduced with
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a relatively low implantation energy range (100 eV,130 ev,140 ev,155 ev)
to coap the smaller box size. Impinging silicon atom was initialized at
a zero incidence angel to the (001) plane normal. The integration time
step for the simulations was set to 0.1 fs to ensure accurate resolution of
high-energy collision dynamics. Thus direction of implantation was ali-
gned perpendicular to the xy-plane to mimic vertical ion bombardment.
To model energy dissipation and ensure physical boundary conditions,
the supercell was partitioned into three distinct regions:

1. Newtonian region: Located centrally, this region was evolved under
Newtonian dynamics (microcanonical ensemble, NVE) to conserve
the momentum of the implanted ion and accurately capture its inte-
ractions with the host lattice. Implant atom was also simulated with
microcanonical ensemble.

2. Thermostat region: Surrounding the Newtonian zone, this region
was coupled to a Nose Hoover thermostat to facilitate heat dis-
sipation and stabilize local temperature variations caused by ion
impacts.

3. Boundary region: The outermost layer of the supercell was fixed
or weakly coupled to maintain structural integrity and suppress
spurious reflections of phonons.

The implanted silicon ion was initially coupled to a canonical ensem-
ble (NVT) to control its thermal energy during the early stages of pene-
tration. Following ion insertion, a 0.1 ps simulation was conducted under
the NVE ensemble to capture non equilibrium momentum transfer and
defect formation that lies within the ballistic collision regime of 0.1-0.4
ps [130]. System was subsequently followed by a 10 ps annealing pha-
se using the NVT ensemble to allow the system to relax and facilitate
defect recombination, migration, or clustering. Defect populations were
analyzed using the Wigner-Seitz cell method, as implemented in OVITO,
by comparing atomic positions against a reference perfect lattice. This
enabled the reliable identification of point defects, including vacancies,
interstitials, antisites, and divacancies.
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These preliminary simulations serve as the foundation for systema-
tic investigations of defect formation under controlled non equilibrium
conditions.

5.5.2 Ballistic Regime

In order to resolve the short time dynamics of defect generation at lower
recoil energy, we simulated a 155 eV implantation event in the 12 x 12 x 12
SiC supercell for 5 ps. The results, shown in Figure exhibit the cha-
racteristic initial spike in defect production immediately following the ion
impact. A transient burst of vacancies and interstitials is observed within
the first picoseconds, accompanied by the formation of bi vacancies. As
the cascade dilutes, the overall defect count decreases, reflecting partial
recombination and defect annihilation processes. These results highlight
the fast, highly non equilibrium nature of defect formation and early sta-
ge recovery in the ballistic regime. Such trends are consistent with pre-
vious reports by Bonny et al. (2020) [128] and Chen et al. (2023) [3]], as
discussed in Section

155ev implantation Phase

20 1 ===« \acancy
2 == BiVacancy
1= Interstitial
3101+ T Ny e oAt ety Anusite
o ‘
0.000 0.001 0.002 0.003 0.004 0.005
Time (ns)

Figura 5.1: Defect evolution during the ballistic regime of a 155 eV im-
plantation in a 13825 atoms SiC supercell over 5 ps. An initial spike in
vacancies and interstitials is observed, along with the formation of bi va-
cancies. Subsequent dilution of the cascade leads to a gradual reduction
in the total defect population due to recombination and defect annihila-
tion.
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The results also got support from literature. Gennetidis et al. (2024) si-
mulated Ga ion cascades in Si and found that Si tri interstitial clusters (W-
center defects) form more readily at higher ion energies [5].They showed
a linear increase in number and extention depth with energy.

5.5.3 Energy Dependent Defect Accumulation

To investigate the defect generation and evolution in silicon carbide (SiC)
under non equilibrium conditions, we employed molecular dynamics si-
mulations using a 12 x 12 x 12 cubic supercell consisting of 13,825 atoms.
A single silicon ion implantation event was simulated, with ion kinetic
energies varied between 100 eV and 155 €V in order to assess the de-
pendence of defect production on implantation energy. The simulation
protocol was structured into distinct phases to capture dynamic thermal
effects, and computational details are reported in Section The re-
sults show a clear correlation between implantation energy and defect
production. At 100 €V, the defect count rapidly increases during the first
few picoseconds before stabilizing to approximately four vacancies and
interstitials, accompanied by one divacancy and one antisite. At 130 eV,
the system initially produces around Ten defects, which stabilize to six
to seven vacancies and interstitials, along with two divacancies and two
antisites. At 150 €V, the steady state defect population consists of eight to
nine vacancies and interstitials, with two divacancies and two antisites.
At the highest energy studied (155 eV), the system exhibits a sharp ini-
tial rise to nearly 20 vacancies and interstitials, which gradually decrease
and stabilize to about 11, together with two divacancies and more than
two antisites. These observations demonstrate a clear trend of increasing
defect generation with implantation energy, while also highlighting the
transient surge in defect populations during the very early picoseconds
of the simulation (see Fig.[5.2).

5.5.4 Temprature dependent Annealing Study

Following the ballistic implantation stage, the system was equilibrated
using the NVT ensemble at the target temperatures of 1500 K, 1900 K,
2100 K, and 2300 K to investigate the effect of annealing temperature on
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Figura 5.2: Defect evolution in SiC under ion implantation at different
energies (100-155 eV). The plots show the time dependent populations of
vacancies, interstitials, divacancies, and antisites obtained using the Wi-
gner—Seitz cell method. A pronounced transient increase in defect count
is observed during the initial picoseconds, followed by stabilization at
energy dependent steady state values. Higher implantation energies yield

larger defect populations, with the most significant damage observed at
155 eV.
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defect evolution. The defect populations were analyzed up to 10 ps using
the Wigner-Seitz method, allowing for the identification of vacancies,
interstitials, antisites, and divacancies.

Across all temperatures, the simulations reveal a pronounced tran-
sient increase in defect populations during the very early picoseconds,
followed by a progressive decrease as recombination and annihilation
processes set in. Interstitials exhibit the highest mobility and rapidly
recombine or escape from cascades, while vacancies and antisites display
greater persistence, often forming small clusters. Consequently, both va-
cancy and interstitial counts decrease with time, with the reduction being
more pronounced at elevated temperatures.

Temperature elevation generally enhances recombination efficiency
(dynamic annealing), accelerating the reduction of Frenkel pairs. Ho-
wever, higher temperatures also promote more initial defect formation
due to increased atomic mobility and localized thermal spikes, a featu-
re particularly evident in the 2100 K and 2300 K cases. This dual role
of temperature initially amplifying damage production but subsequently
enhancing defect recovery highlights the complex balance between defect
generation and healing under thermal treatment.

These observations are consistent with molecular dynamics trends re-
ported in the literature, where heavy ions have been shown to produce
transient thermal spikes that can heal part of the damage, while simul-
taneously driving deeper amorphization when implantation energies are
sufficiently high. Compared with the ballistic regime, the annealing simu-
lations clearly demonstrate the critical role of temperature in moderating
the long term survival and stability of point defects in SiC.

5.5.5 Effect of Annealing Duration on Structural Recovery
at 1500 K

To further explore the temporal evolution of defects during thermal an-
nealing, the 155 eV implantation case was extended to 0.5, 1.0, and 1.5 ns
at 1500 K. The defect populations, presented in Figure show clear si-
gnatures of dynamic recombination and defect restructuring beyond the
ballistic regime.
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Figura 5.3: Defect evolution during post implantation annealing in SiC at
1500-2300 K following a 155 €V recoil. The initial ballistic phase produ-
ces a transient surge in vacancies, interstitials, divacancies, and antisites,
which rapidly evolve within the first few Interstitials recombine or
escape due to their high mobility, while vacancies and antisites persist
and partially cluster. Elevated annealing temperatures enhance recombi-
nation efficiency (dynamic annealing), leading to a progressive reduction
in surviving Frenkel pairs, although higher temperatures also generate
larger initial defect populations.



5.6. CONCLUSIONS 113

At 0.5 ns, both vacancies and interstitials remain present at moderate
levels, with occasional divacancy formation events and a small popula-
tion of antisites (~2). By 1.0 ns, the system undergoes a marked reduction
in Frenkel pairs, with vacancy-interstitial annihilation occurring around
0.9 ns, leading to a noticeable decrease in surviving defects. During this
period, divacancies exhibit transient stability, forming and dissolving in-
termittently, while the antisite population gradually increases. By 1.5 ns,
the recombination of vacancies and interstitials continues, leaving fewer
Frenkel pairs, whereas antisites further increase from two to approxi-
mately four, indicating progressive lattice reconfiguration. Meanwhile,
divacancies persist as dynamic entities, fluctuating between presence and
annihilation.

Overall, these observations suggest that at 1500 K the annealing pro-
cess is dominated by vacancy interstitial recombination, while antisites
emerge as more stable long lived defects. Divacancy dynamics highlight
the transient clustering tendency of point defects, although their stability
is limited within the 1.5 ns timeframe. These results emphasize the in-
terplay between annihilation and defect transformation, underscoring the
importance of annealing timescales in determining the surviving defect
populations.

5.6 Conclusions

In this work, molecular dynamics simulations were carried out to in-
vestigate ion implantation and defect evolution in 3C-SiC using a 12 x
12 x 12 supercell comprising 13,825 atoms. Implantation energies ranging
from 100 ev to 155 eV were explored, providing a comprehensive pictu-
re of ballistic damage creation and subsequent defect evolution during
annealing.

The ballistic phase of implantation was found to generate a large num-
ber of vacancy-interstitial pairs, with the peak defect population occur-
ring within the first picoseconds as the primary knock on atom dissipated
its kinetic energy. At low recoil energies (50 eV), the resulting cascades
created only a handful of Frenkel pairs and small complexes, which quic-
kly recombined during annealing. At higher recoil energies (150-200 eV),
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cascades produced substantially larger damage zones, resulting in persi-
stent populations of vacancies, interstitials, and antisites even after long
annealing runs. The nonlinear increase in defect retention with implan-
tation energy highlights the sensitivity of residual disorder to ion energy,
consistent with previous computational and experimental studies.

Thermal annealing strongly influenced the post implantation defect
landscape. Both phase separated annealing (heating, equilibration, coo-
ling) and viscous damping approaches demonstrated significant dynamic
recovery, with defect counts decreasing over nanosecond timescales. Ho-
wever, complete recombination was not achieved, and stable antisites and
a reduced number of Frenkel pairs remained in the lattice. This persi-
stence of antisites supports earlier reports that antisite formation provi-
des a low energy pathway for interstitials, particularly in SiC where such
configurations are relatively stable.

Overall, these simulations provide atomistic insight into the interplay
of implantation energy, cascade dynamics, and annealing protocols in
governing the stability of irradiation induced defects in SiC. The findings
corroborate literature trends regarding energy dependent defect yields,
the role of antisites as stable end products of interstitial activity, and
the critical influence of temperature on recombination kinetics. Future
work should extend these studies to larger supercells, longer annealing
times, and inclusion of electronic stopping effects to bridge closer to ex-
perimental implantation conditions. Such simulations will be crucial for
predicting long term radiation resilience of SiC in advanced nuclear and
electronic applications.
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Figura 5.4: Defect evolution during annealing at 1500 K following a 155 eV
implantation in a 12 x 12 x 12 SiC supercell. Results are shown for 0.5, 1.0,
and 1.5 ns. Vacancy-interstitial recombination becomes evident around
0.9 ns, leading to a reduction in Frenkel pairs. Antisites increase pro-
gressively from two to four over the simulation time, while divacancies
exhibit dynamic formation and dissolution.
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Capitolo 6

Diffusion of point defects in
3C-SiC

6.1 Introduction

In the previous chapter, research efforts were undertaken to test and esta-
blish a computational framework upon which the core analysis of atomic
scale defect diffusion, associated pathways, formation mechanisms, and
corresponding energetics can be built. In this chapter, we aim to ensure
the robustness of established framework by extending the defect energe-
tics analysis to include the evaluation of diffusion coefficients through the
study of mean square displacement and center of mass motion(frequency
rule method). The estimated diffusivity D is subsequently used to de-
termine the migration energy barrier via Arrhenius plots. Comparison
of results from both methods suggested that frequency rule method pro-
vides a more stable estimate of diffusivity. The formation of divacancy
(VV) complexes and the annihilation processes involving V¢ and I are
presented as key diffusion outcomes.
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6.2 Diffusion Mechanisms of Point Defects in
SiC

We begin with a brief discussion of the various types of intrinsic defects
reported in silicon carbide. These include the carbon vacancy (V), silicon
vacancy (Vs;), carbon interstitial (Ic), silicon interstitial (Is;), antisites, and
their complexes with respective vacancies (Cg;V, SicVe;). First principles
studies have mapped out the dominant migration pathways and energy
barriers for these defects. In general, vacancies migrate by atom vacancy
exchange within their own sublattices, whereas interstitials move via split
interstitial and kick out mechanisms [54]. We next discuss the respective
migration mechanisms.

Carbon vacancy migration. Carbon vacancy diffusion occurs within the
carbon sub lattice through a second nearest neighbor hop. The migration
barrier is reported to be approximately 4.0 eV in the literature and is con-
firmed by our NEB calculations, as presented in Section[4.5] This indicates
that the carbon vacancy remains relatively immobile at low temperatures
until a substantial increase in temperature activates the hopping mechani-
sm. Bathen et al. (2019) explicitly report an activation energy of ~ 4.0 eV
for V¢ migration in 3C-SiC [17], consistent with earlier DFT studies. In
MD simulations and doped material calculations, even when Si vacancies
are created, a neighboring carbon atom often hops into the site, effective-
ly converting the defect into carbon vacancy and carbon antisite complex.
This observation supports the conclusion that V¢ rather than Vg; is the
dominant migrating vacancy species under typical annealing conditions
[54]. The detailed description of mono and divacancy migration pathways
can be obtained from figure

Silicon vacancy migration Silicon vacancies (Vs;) diffuse within the sili-
con sublattice following a similar pattern to carbon vacancies, but with a
somewhat lower migration barrier. Despite the lower barrier of approxi-
mately (3) eV compared to V¢, Vg; is less likely to participate in diffusion
because it is metastable [1]. Bockstedte et al. explained that the stability
of Vg; is hindered by its rapid conversion into a carbon antisite vacancy
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Figura 6.1: Formation of a dumbbell shaped diinterstitial complex: The
introduction of an interstitial carbon atom induces the displacement of a
lattice carbon atom, generating a carbon vacancy. This facilitates the for-
mation of a stable dumbbell shaped diinterstitial complex, which exhibits
mobility and diffuses through the crystal lattice.

(CAV) complex, thereby immobilizing the vacancy [54].
Vei — Ve + Cgi (a CAV complex).

Even under extreme n-type conditions, the formation of this complex sup-
presses silicon vacancy migration. The conversion is also confirmed my
our Molecular Dynamics simulation results.

Carbon interstitials Carbon interstitials (Ic) exist as split interstitial pairs,
forming a dumbbell shaped rotating as we expressed in figure[6.1} Calcu-
lations suggest a migration barrier of approximately 0.7 eV for the long-
range diffusion of Ic [131]. Such a low barrier implies rapid diffusion
during annealing, as will be discussed in Section This observation is
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consistent with the hypothesis proposed by Bockstedte et al., who argued
that split interstitials diffuse significantly faster than [54].
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Figura 6.2: Migration of silicon interstitials: (a) kick out migration of
Sitc via the split interstitial Sisp<110~ , (b) migration via the tetrahedral
interstitial sites Sitc and Sits; , and (c) jumps between adjacent Sisp<110>
configurations(figure obtained from [54]).

Silicon Interstitials Silicon interstitials (Ig;) also migrate relatively easi-
ly, although their diffusion involves more complex pathways (e.g., transi-
tions between tetrahedral and split interstitial configurations). Zhao et al.
report a comparable migration barrier of approximately 0.73 eV for Ig;
during long range diffusion [131]. Similar to Ic, these values are much
smaller than vacancy migration barriers, indicating that Ig; can diffuse
readily when present. However, silicon interstitials generally possess hi-
gher formation energies in equilibrium, making them less prevalent than
Ic under intrinsic or lightly doped conditions.

Interstitial defects in SiC are inherently complex because a single de-
fect can potentially occupy several nonequivalent interstitial sites within
the lattice. However, our analysis indicates that among these possibilities,
only one configuration is energetically stable. In this configuration, the
carbon interstitial pairs with a displaced lattice carbon atom as its nearest
neighbor, forming a characteristic dumbbell shaped structure. The two
carbon atoms rotate around their common axis, a behavior that can be
clearly visualized in Figure

Is; — Sic + V¢ (a SAV complex).
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Figura 6.3: Initial and final configurations extracted from the molecular
dynamics trajectory, showing the transformation of a silicon interstitial
(Is;) into a silicon antisite (Sic) accompanied by the creation of a dumbbell
shaped carbon interstitial (Ic). The specific region of the supercell where
the transformation occurs is highlighted with a circle for clarity.

We also find indirect computational evidence in the literature that sup-
ports this argument. Lento et al. (2004) [132] reported that the silicon
interstitial (Ig;) has a relatively high formation energy (~6 eV) compared
to antisite defects, implying that antisite formation is thermodynamical-
ly more favorable once appropriate pathways are accessible. In addition,
Zheng et al. (2013) [133], through ab initio calculations of various intersti-
tial antisite recombination processes in 3C-SiC, explicitly demonstrated
that Is; can transform into antisites and associated interstitials. Taken
together, these findings suggest that the conversion of Is; into antisites
represents a likely fate of silicon interstitials under dynamic conditions.
This so called kick-out mechanism is presented in figure 6.3| that we ex-
tracted from our simulation video. The evolution of defects during the
simulation at 1600 K was also analyzed by tracking the defect counts as a
function of time. Initially, the introduction of a silicon interstitial results
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Figura 6.4: Time evolution of defect counts at 1600 K illustrating the tran-
sformation of a silicon interstitial (Is;) into a silicon antisite (Sic) accom-
panied by a carbon interstitial (Ic). In the early stage of the simulation,
two interstitials and one vacancy coexist with a fluctuating antisite confi-
guration. After approximately 0.12 ns, the system relaxes to a stable state
characterized by one antisite and a single interstitial. The appearance of
a vacancy whenever two interstitials are present highlights the dumbell
formation.

in the transient formation of two interstitials, one vacancy, and a fluc-
tuating antisite. After approximately 0.12 ns, the system stabilizes into a
configuration consisting of a single antisite and one interstitial. The cor-
relation between the presence of two interstitials and the appearance of
a vacancy indicates that the interstitialcy mechanism is functional, where
the Is; displaces a lattice carbon atom, producing a Sic antisite and a mo-
bile carbon interstitial. This dynamic is clearly visible in the defect count
evolution as shown in figure This dumbbell configuration demon-
strates well defined diffusion behavior, consistent with the expected mo-
bility of carbon interstitials. In other words, the system naturally evolves
so that the displaced carbon continues to diffuse in a dumbbell configu-
ration, effectively mirroring the intrinsic carbon interstitial mechanism.
Such a dumbbell type configuration has also been proposed by Gao et al.
[111] based on atomistic simulations of interstitial defects in SiC, which
provides additional support for the validity of our observations. The sta-
bility and reproducibility of this structure, along with its recurring role in
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both intrinsic and interstitialcy mediated processes, underscore its central
importance to diffusion in SiC.

Antisites and antisite-vacancy complexes Carbon antisite (Cg;) and si-
licon antisite (Sic) defects are substitutional in nature and, by themselves,
do not migrate. More relevant are their antisite-vacancy complexes. The
CAV complex (a carbon vacancy adjacent to a carbon-on-silicon antisite)
corresponds to the V¢ — Cg; configuration that forms when a Vg tran-
sforms [54]. First principles free energy calculations reveal that the barrier
for the conversion of Vg; into a Cg;Vc complex (~ 1.3 eV) is comparable
to that for divacancy (VV) formation (~ 1.5 eV)[1]. Moreover, the activa-
tion energy for the formation of Cg;Vc from Vg; is lower than that for the
migration of Vg; (barrier ~ 3.0 eV). Thus, the formation of the Cg; V- com-
plex is more likely than long range silicon vacancy migration. Notably,
the free energy of Cg;V is lower than that of Vg; by approximately 1.3 eV
at 1500 K [1]]. Rodrick Defo further calculated a forward energy barrier of
2.5 eV and a reverse energy barrier of 3.5 eV for this transformation [58].
Our NEB estimation of the CAV complex did not yield results sufficient
to characterize antisite diffusion. Thus, we suggest that such complexes
remain relatively immobile unless they undergo dissociation. Similarly,
a hypothetical silicon antisite vacancy pair (often referred to as SAV, i.e.,
Vsi + Sic) would represent the analogous defect on the silicon sub lattice
however, Vg; typically does not persist long enough. Thus the barrier as-
sociated with SAV exhibit strange barrier shape as shown in section 4.5 In
summary, antisite vacancy pairs are energetically unfavorable to migrate
and thus contribute negligibly to diffusion during annealing process.
Taken together, both the literature and our simulation results indica-
te that interstitial mediated diffusion dominates self diffusion in 3C-SiC.
Vacancies migrate only slowly, and Vs; is often deactivated by transfor-
ming into a CAV [54]. In contrast, carbon interstitials (Ic) with migration
barriers of approximately 0.7 eV [131] and carbon vacancies (V) with
barriers near 4.0 eV [54] are the primary defects driving diffusion under
typical annealing conditions. At sufficiently high temperatures, even the
comparatively slow Vc defects become mobile, whereas silicon-related
defects remain largely immobile or convert into C-containing complexes.
Our molecular dynamics simulations consistently show that any Vg; in-
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troduced will rapidly capture a neighboring carbon atom, leading to the
formation of a carbon vacancy and thereby establishing V¢ diffusion as
the dominant vacancy mechanism.

Therefore, the overall conclusion is that only carbon interstitials (I¢)
and carbon vacancies (V) govern the evolution of the defect population
during post implantation or annealing in 3C-SiC. All other intrinsic defec-
ts either migrate too slowly or transform into these carbon based defects,
in agreement with DFT-NEB results reported in the literature.

6.3 Methodology for diffusion studies

The Einstein hypothesis of Brownian motion of particles establishes a for-
malism to calculate the macroscopic quantity of the diffusion coefficient
from the microscopic quantity of mean square displacement. Complete
theory is discussed in Section

Current understanding of point defect diffusion in solids relies on
Einstein’s theory, which is a classical diffusion model. This model por-
trays defect transport as the hopping of individual point defects from one
lattice site to another through interconnected diffusion pathways in the
crystal structure. The crystal lattice determines the energy landscape of
point defect migration. During defect diffusion, a mobile point defect
traverses this energy landscape, with the highest energy point along the
diffusion path defining the activation energy E, of point defect diffusion.
Achieving high defect diffusion ¢ necessitates a low activation energy E,

and a high concentration n. of mobile defect carriers (such as vacancies

or interstitials), which is proportional to n. - exp (— kEB“T> at temperature

T.

6.3.1 Exploring Diffusion Coefficient through Mean Squa-
re Displacement (MSD)

The diffusion coefficient can generally be measured by appropriately fit-
ting the mean square displacement against time, as given by the Einstein

relation
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diffusion coefficient for a given diffusion event at various temperature
one can generate a plot correlating D with temperature (T). Subsequently
implementation of a suitable fitting procedure enables to determine the
unknown coefficients in Arrhenius equation[3.94]. This approach has been
previously employed for the diffusion study[99] . We employed two stati-
stical approaches to calculate the diffusion coefficient, taking into account
the respective pros and cons. First one relays on collecting MSDs while
second one is based on following COM movement and it is discussed in
section The mean square displacement (MSD) provides a measure
of the average atomic displacement over time and is commonly used to
estimate diffusion coefficients. A detailed derivation of the Einstein rela-
tion and its connection to diffusion is given in Section We will add a
correction by multiplying MSD with factor N to get the diffusion solely
from the effective mobile species, details are described in section

To collect the Mean Square Displacement (MSD) data, 2 ns NPT calcu-
lation was carried out followed by long NVT simulation. A time step of
0.1 fs was considered for all calculations. NPT calculation is important to
perform the volume correction that will ensure correct MSD calculation.
NVT calculations were conducted over a time span ranging from 50 ns
to 100 ns, covering temperatures from 1300 K to 2400 K. The choice of
temperature and duration is linked to the specific defect type, with a cor-
relation based on the defect activation energy (V¢ exhibiting a higher ac-
tivation energy, approximately 4 eV, necessitating simulations at elevated
temperatures to ensure statistical significance). Specifically, a temperatu-
re range of 1200 K to 1450 K was selected for Cpyterstitia;, While a broader
temperature range (1600 K to 2350 K) was utilized for V. The simulation
duration was adjusted to capture diffusion jump statistics within the ran-
ge of 70 to more than 100 jumps. Complete details of NVT simulation and
corresponding Diffusion results for Ve and Cryterstitiar at respective tempe-
rature can be found in table [6.1| One significant advantage of employing
Mean Square Displacement (MSD) methods is their inherent simplicity
in analysis. With MSD, individual diffusion events can be readily captu-
red without the need to delve into the specifics of each jump event, as
required in the Center of Mass (COM) technique, where counting indi-
vidual jumps is necessary. The MSD method involves plotting the Mean
Square Displacement and applying least square fitting procedure, which
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effectively characterizes the diffusion process. This approach streamlines
the analysis process and provides valuable insights into the dynamics of
particle movement within the material system.

6.3.2 Defect evolution study using frequency rule method
(implying COM)

An accurate and comprehensive description of atomic diffusion can be
obtained by tracking the movement of specific defects over time and spa-
ce. We conducted a similar statistical analysis based on MSD in the pre-
vious section The MSD method offers a straightforward and rapid
analysis while also capturing individual diffusion events, however, MSD
calculations are inherently collective. A more precise and detailed de-
scription can be achieved by monitoring the center of mass (COM) mo-
tion, which accurately correlates with the evolution of individual defects
within 3C-SiC. The complete theoretical framework for this description
is detailed in section 3.9]. One can utilize equation to calculate the
diffusion coefficient [134] as explained in section Thus it is straight-
forward to measure the number of jumps per unit time or jump frequency
T for a given fixed distance A = 3.06 x 10~8 cm to estimate D eventually.
The details for running simulation are explained in section To
determine the jump frequency, the COM coordinates were extracted th-
roughout the simulation by implementing the COM computation.

Void —Volume analysis for vacancy defects

To identify and monitor the positions of vacancy defects, Voronoi cells
around each atom in a bulk crystal was constructed using VORO++- [135,
136]. The position of the vacancy defect was defined by the centeroid of
an empty Voronoi cell after aligning the atoms in the bulk crystal with
those in the MD snapshot. 3D void volume at the vacancy defect site was
determined by computing the distribution of voids on a discretized 3D
grid with a resolution of 0.15 A x 0.15 A x 0.15 A. The excluded volume
for each atom was approximated as a sphere with a radius R (1.6 A for
carbon and 2.0 A for silicon), where the ratio of the C and Si radii was
consistent with the ratio of their respective Vander Waals radii. Voronoi
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Figura 6.5: Zoomed 3D view of vacancy evolution in bulk SiC at 1750 K.
The blue dots represent the crystal lattice structure, while the color bar in-
dicates the temporal progression of carbon vacancies through inter lattice
jumps. The representation of defect evolution shows a strong correlation
with the center of mass (COM) dynamics as depicted in figure and
the mean squared displacement (MSD) oevolu’cion in figure Each edge
of the SiC simulation box measures 25 A, with a small portion magnified
for enhanced visibility.



128 CAPITOLO 6. DIFFUSION OF POINT DEFECTS IN 3C-SIC

compute per atom volume data that can be utilized for the calculation
of desired defects and this is already implemented in LAMMPS. This
data can also be utilized to provide a fantastic visualization of vacancy
evolution in time that can be inspected by a 2D plot or a 3D animation.
A snip of voronoi result in presented in figure |6.5 for just one case.

Jump Count analysis

Post-processing of COM data can be performed to count jumps and de-
termine the jump frequency 7. The center of mass (COM) evolution in
the total space is directly linked with defect movement in space. Due to
the planar geometry of defect evolution in an FCC lattice, one can observe
changes in just two axes (e.g., x and y, y and z, or z and x) at a time to
define a jump. Visual inspection can be used to count the jumps within a
given time frame.

The Rupture package [137] can be employed to perform this task ef-
fectively. It facilitates the offline detection of multiple change points in
multivariate time series data. The detection algorithm relies on three key
components: a cost function, a search method, and an external complexi-
ty penalty/constraint denoted as pen(-) (P2). We used the PELT method
to perform segmentation analysis, introducing a penalty to balance the
goodness-of-fit. The selection of the complexity penalty is crucial for de-
termining the amplitude of changes to be detected. If the penalty is too
low compared to the goodness-of-fit, numerous change points, including
those resulting from noise, are detected. Conversely, if the penalty is too
high, only the most significant changes, or potentially none, are identi-
fied. We optimized the penalty parameter and chose penalty = 10 for our
study.

Rupture provides excellent functionality for counting jumps and sa-
ving respective times data. The time data was used to count inter jump
intervals and study the distribution trend of jump data by fitting stati-
stical distributions (Poisson, exponential). This will be discussed further
in coming section. Rupture also offers excellent visual inspection tools
to check for errors. One rupture result for V¢ evolution during a 50ns
NVT simulation at a temperature of 1800 K is shown in Figure Each
jump event is associated with a change in color, which aids in analysis
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Figura 6.6: The three figures, arranged from top to bottom, illustrate the
center of mass movement along the x, Y, and z axes, respectively associa-
ted with V¢ diffusion at 1800K during 50ns NVT simulation. The blue
lines denote the relative displacement of the center of mass associated
with the diffusion of vacancies (V) within the plane.It is notable that dif-
fusion events involve simultaneous movement along two axes while the
third axis remains unchanged, reflecting anisotropic diffusion characteri-
stics.

and reduces effort significantly. At low temperature simulation simple
visual inspection as shown in figure |6.8|is more optimal rather than rup-
ture study. Graphical representation of the center of mass (COM) over
time provides a clear depiction of the jump frequency. This can also be
corroborated by observing the evolution of vacancy coordinates by voro-
noi analysis or video recording of the simulation for further validation
and studying the kinetics of defects. Furthermore, center of mass coordi-
nates can be re scaled to illustrate real time jumps in the crystal environ-
ment. Thus statistical theory of atomic transition allows specific tracking
of each vacancy jump, and provide a simple way to study the nano (ti-
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me and length) scale processes. One can see how interesting defects like
divacancy can form as we will ply this for further analysis.

Calculation of statistical error in D

Most physical quantities typically cannot be estimated through a sole di-
rect measurement but instead require a two step procedure. Initially, we
measure one or more directly observable quantities from which the desi-
red quantity can be calculated. Subsequently, we use the measured values
of these quantities to compute the desired quantity. For instance, to de-
termine the area of a rectangle, one measures its length (I) and height (h),
then calculates the area (A) as A = [ x h. A little reflection reveals that al-
most all meaningful measurements involve these two distinct steps: direct
measurement followed by calculation. In such cases of two step measu-
rement, the estimation of uncertainties also involves a two-step process.
First, we must estimate the uncertainties in the directly measured quanti-
ties. Then, we determine how these uncertainties propagate through the
calculations to produce an uncertainty in the final result.

Depending on how the final result is obtained from the primary mea-
surements (sum, difference, product, quotient), we use different formulas
to determine the propagation of uncertainties. For the sum and difference
of any number of quantities, the uncertainties in those quantities simply
add.

Conversely, when we multiply or divide two measured quantities, x
and y, the fractional uncertainty in the result can be calculated by sum-
ming the fractional uncertainties in x and y. In other words, when two
quantities are multiplied or divided, their fractional uncertainties are
added. For example, if g = 7, then the uncertainty will be

B _ o o
q x u

Equation applies to our case of the Einstein formula for the
calculation of the diffusion coefficient, allowing us to propagate the un-
certainty in time to calculate the uncertainty in the diffusion coefficient

No.ofjumps in the

o A2 .. : —
D = f;7~z here Gamma is jump frequency is I' = —_ "
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following way
AD _ At
D ¢
This requires us to find the uncertainty in jump times given by At

(6.2)

Estimation of Uncertainty in Hopping Times A t

Estimating the uncertainty in the diffusion coefficient D necessitates un-
derstanding the uncertainty in jump time statistics. The diffusion of de-
fects or hops is a stochastic process, and uncertainties in such processes
are termed random errors since all sources of uncertainty are inherently
random. Uncertainty in random processes can be acquired by repeating
measurements 7 times, a process commonly referred to as determining
the mean or average (sd), which provides the most probable value. Con-
sider measuring a quantity x, N times using the same equipment and
procedures, resulting in N values x1, x2,x3,...,xN. The best estimate of
the measurement is given by the mean:

_— Zfi1 Xi

X==0 (6.3)
Given that we have calculated the best measure value, the next question
arise about how a particular measure value i is deviated from the best
measured value x. This is given by difference or deviation d; = x; — x. To
measure the reliability of N measurement x1, x3, x3, ..., x5y one use the con-
cept of deviation for calculation of what commonly known as Standard
Deviation(SD) denoted by oy. SD can be described as

Ly — X)2 6.4
NZ(XI_X) ()

i=1

Oy =

To determine the SD in jump times, we need to extract the inter jump
times between all consecutive hops. We can calculate the mean of the
inter jump times data and use equation [6.4/ to measure the uncertainty in
the jump times calculations.

At
AD = D— (6.5)
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Prescribed analysis is performed and the results are presented in table
as well as in figure [6.14]

Displaying Data as Histogram/Distribution

For measurements repeated multiple times, one of the key challenges is
displaying or handling the obtained results appropriately. Utilizing a
distribution or histogram is one of the convenient solutions. Since the
mean/average can be given by Equation it can be rewritten as:

Yk XMk

X = N

(6.6)

Moreover,

Y =N (6.7)

=

Similar to summing over all values in Equation here we again sum
over all obtained values, multiplying each value by the number of times it
occurred, or its respective frequency. This type of summation is referred
to as a weighted sum, as each value x; is weighted by the number n; of
times it occurred.

This can be further simplified by introducing the notion of fraction.
We can define the fraction as:

N
F = — 6.8
K= (6.8)

This describes the fraction of N measurements that result in x;. Equation
6.6] can be rewritten in terms of the fractional sum as:

X = ZFkxk (6.9)
k

Each value x; in the mean is weighted by the fraction of time F; it occur-
red in the total results. Using Equation [6.7| we can write:

Y F=1 (6.10)
k

This indicates that the sum of all fractions for all possible results x; should
be equal to 1. Equation is also known as the normalization condition.
An example of a bin histogram from the results is shown in Figure
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This is referred to as a bin histogram since the distribution of calcula-
ted data is represented as vertical bins above the measured values x;. The
fraction of measurements in each bin is equal to the area of the rectangle
drawn above the bin. When the number of measurements increases, the
histogram begins to take on a definite simple shape that can be represen-
ted as a continuous curve, commonly known as the limiting distribution.
This curve is a theoretical construct that cannot be measured exactly, only
by increasing the number of measurements infinitely can one make the
histogram approximate the limiting distribution. This limiting distribu-
tion defines a function f(x) whose value at any interval (x, x + dx) can
be obtained by integrating f(x)dx between the respective limits.

Another more appropriate way to define this is following, f(x)dx is
the probability that a single measurement will yield a result between x
and (x + dx). Here is the conclusion of the discussion and the ultimate
goal of this estimation: If one knows the limiting distribution f(x) of
a measured quantity x, then the probability of obtaining x within any
interval 2 < x < b can be determined.. Total probability of obtaining an
answer between infinite bounds must be equal to unity. This argument
impose an important condition to the limiting distribution given as

/ Y fx)dx =1 6.11)

In the present study, the limiting distribution of jump time data was ob-
tained from molecular dynamics simulations and represented using hi-
stograms. These histograms were then fitted to theoretical models to
assess the underlying statistical process. Specifically, the Poisson distri-
bution was employed to describe the probability of observing discrete
jump counts within a given interval, while the corresponding waiting ti-
me statistics were analyzed using the exponential distribution. The close
agreement between the simulation data and these theoretical fits valida-
tes the assumption that diffusion jumps follow a memoryless Poisson
process, with exponentially distributed waiting times.
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6.4 2000 K Case Study: Carbon Vacancy Diffu-
sion

In this section, we outline the methodology used to obtain dynamical sta-
tistics at a reference temperature of 2000 K, which serves as the model
case. The same workflow is later extended to other temperatures and
defect types. The analysis begins with the evaluation of the mean squa-
red displacement (MSD), which is employed to estimate the diffusion
coefficient of the system. In parallel, the center-of-mass (COM) trajecto-
ries of the defect are tracked to extract inter jump times, from which the
corresponding jump frequency can be determined. These quantities pro-
vide a microscopic understanding of defect migration. Furthermore, the
distribution of jump times is statistically analyzed by fitting to both ex-
ponential and Poisson models, allowing us to characterize the stochastic
nature of the diffusion process and validate its agreement with random
walk behavior. Estimated diffusion coefficient will further be utilized in
Arrhenius equation to measure energy barrier and methods evaluation .

6.4.1 Setting up molecular dynamics

All the calculations were conducted through LAMMPS[138]] and imply-
ing EDIP Force field. We started simulation by choosing a cubic super
cell housing 1728 atoms to model bulk 3C-SiC lattice with one carbon va-
cancy (V¢). 3D periodic boundary conditions were employed as well. At
tirst energy minimization was performed with a minimization criteria of
e~% eV. This provided a stable geometry to start. Equilibration of bulk 3C-
SiC structure was achieved at target temperature(T) of 2000 K and 1 atm
pressure in the NPT ensemble over 2 ns and utilizing time step of 1.0 fs.
This provided volume correction to super cell. soon after further 2 ns of
relaxation was performed with NVT ensemble. Nose Hoover thermostat
and barostate was utilized to regulate the temperature and pressure re-
spectively. After this 100 ns long production run was performed to collect
the MSD data, COM data and voronoi [135,136] data for prescribed super
cell with (1) mono vacancy, (2) mono interstitial. The next step involved
post processing on gathered data for further analysis.
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6.4.2 Processing of mean square displacement (MSD) data

The mean squared displacement (MSD) analysis provides a fundamental
approach to quantify defect mobility in crystalline systems. For the car-
bon vacancy (V) case, the MSD trajectory was computed over the entire
simulation window and plotted as a function of time. A linear square fit
(LSF) was applied to the MSD curve using the Brownian diffusion model,
enabling the extraction of the diffusion coefficient via the Einstein rela-
tion. The fitting methodology is discussed in detail in Section and
a correction for the systematic underestimation of MSD-based diffusion
was introduced following the approach outlined in Section The fi-
nal diffusion coefficient for the vacancy system is presented in Figure
providing a reference point for comparison with interstitial diffusion.

6.4.3 Processing Center of Mass (COM) data

The evolution of the defect’s center of mass (COM) provides a robust way
to identify individual migration events and to quantify the associated
jump statistics. For the carbon vacancy (V) system, the COM trajectory
was monitored throughout the production run. Each discrete shift in
the COM position corresponds to a vacancy migration event, and the
number of such jumps can be extracted directly from the trajectory. This
information is then used to estimate the jump frequency, which, in turn,
allows the diffusion coefficient to be calculated through Equation ??.

To automate the detection of jumps, the rupture package [137] was
employed to segment the COM data and identify discontinuities corre-
sponding to migration events. In parallel, a simpler visual inspection
of the COM plot was also performed for validation. The processed jump
statistics provide a complementary measure of vacancy diffusion, and the
results obtained using rupture are reported in Figure we processed
the data in chunks while analyzing with rupture, this is because ruptu-
re requirement for random access memory(RAM) increases linearly with
data magnitude. Rupture results can be plotted for further validation
of jumps frequency as presented in figure Using A = 3.06e 8cm ,we
estimated a D value of 2.67¢~"cm? /sec with COM evaluation. COM along
with MSD for this simulation are presented in figure. [6.16]
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Figura 6.7: Mean squared displacement (MSD) as a function of time for
carbon interstitial diffusion at 1200 K, obtained from 100 ns NVT mo-
lecular dynamics simulations. The linear region of the MSD indicates
diffusive behavior, and the diffusion coefficient is determined from the
slope using the Einstein relation, yielding D &~ 1.91 x 1078 cm?/s.
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Figura 6.8: The three figures, arranged from top to bottom, illustrate
the center of mass movement along the x, y, and z axes, respectively
associated with V- diffusion at 2000K during 100ns NVT simulation. The
blue, red and green plot denote the relative displacement of the center
of mass associated with the diffusion of vacancy (V) within the plane.It
is notable that diffusion events involve simultaneous movement along
two axes while the third axis remains unchanged, reflecting anisotropic
diffusion characteristics.
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6.4.4 Fitting of jump time data with Poisson distribution

To statistically characterize the migration behavior of carbon vacancies
(Vc), the time intervals between successive jumps were analyzed. A
Poisson process provides a natural framework for describing random,
independent events occurring at a constant average rate. The probabili-
ty of observing N jumps in a total time T can therefore be modeled by
the Poisson distribution, provided that the jump rate per unit time, «,
remains constant.

To implement this, the total simulation time T was divided into a
large number of intervals, N = % > 1, where in each interval At, a jump
event occurs with probability p = aAt. The probability of no event is
then 1 — aAt, while the likelihood of more than one event in At remains
negligible.

Since in practice the distribution of vacancy jump times is continuous
rather than discrete, the analysis was extended by considering the waiting-
time distribution, which corresponds to an exponential probability distri-
bution. This formulation provides a more accurate description of the tem-
poral statistics of vacancy migration events and enables direct comparison
of simulation results with theoretical random walk models.

6.4.5 Fitting of jump time data with waiting time/expo-
nential distribution for V.

The exponential distribution is widely employed to describe the time in-
terval until a random event occurs and is therefore often referred to as
the waiting time distribution. A key assumption of this model is the
memoryless property, namely that the expected future waiting time is
independent of the past. The probability density function is expressed as:

T T

F(E) = L exp <—3> , (6.12)

where T represents the expected waiting time and ¢ is the observed
inter jump interval. In this model, 7 is the only fitting parameter, obtained
as the average of all measured waiting times. For the present vacancy
study, we determined T to be 3.28 x 10710 s
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Figura 6.9: Analysis of time intervals between diffusion jumps at 2000K,
based on statistical data collected over a 100 ns simulation. The inter jump
times are fitted to an appropriate distribution, with results indicating that
the data closely follows an exponential distribution. Additionally, the
estimated standard deviation is provided for further statistical insight.

To quantify the distribution of inter jump times, the COM trajectories
were analyzed to identify 170 vacancy migration events within a 100 ns
simulation at 2000 K. Subtracting consecutive jump times yielded a to-
tal of 168 waiting time intervals. These intervals were assembled into a
histogram and subsequently fitted with the exponential function, as sho-
wn in Figure The results demonstrate close agreement between the
simulation data and the exponential model, with the variance providing
an estimate of statistical uncertainty. This approach not only characteri-
zes the stochastic temporal behavior of vacancy jumps but also enables
direct comparison with the Poisson process framework discussed earlier.
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The analysis confirms that vacancy migration in 3C-SiC at 2000 K can be
reliably modeled as a memoryless random process.

6.4.6 Energy Barrier estimation

The diffusion properties of point defects are strongly correlated with their
respective activation energies. We will utilize the Arrhenius equation,

D = Dyex —£4) o determine the activation barrier. The theory un-
P\ %T y

derlying this approach is explained with details in Section Since the
activation barrier is estimated by considering diffusion parameters over a
range of temperatures, we will elaborate on this estimation process in the
subsequent sections.

6.5 1200 K Case Study: Carbon Interstitial Dif-
fusion

In this part of the study, we focus on the behavior of carbon interstitials
(Cr) in the 3C-SiC lattice at 1200 K. The introduction of an additional
carbon atom as a point defect significantly alters the local atomic envi-
ronment and diffusion characteristics, making it an essential counterpart
to the vacancy case. To capture the underlying transport mechanisms,
the molecular dynamics trajectories were analyzed by extracting mean
squared displacement (MSD) and center of mass (COM) data, which we-
re further employed to evaluate defect jump times. The resulting statistics
were subsequently modeled using Poisson and exponential distributions
to provide a quantitative framework for describing the stochastic nature
of interstitial migration. The diffusion coefficient was further utilized in
Arrhenius equation for barrier estimation.

6.5.1 Setting up Molecular dynamics simulation

All simulations were carried out using LAMMPS[138] with the EDIP po-
tential. The system was initialized with a cubic supercell containing 1727
atoms to represent bulk 3C-SiC, into which a single carbon interstitial
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(Cr) was introduced as an additional impurity atom. Periodic boundary
conditions were imposed along all three dimensions. An initial energy
minimization was performed with a convergence criterion of 1076 eV,
ensuring a well-relaxed starting configuration.

Subsequently, equilibration of the bulk 3C-5SiC structure was conduc-
ted at a target temperature of 2000 K and ambient pressure (1 atm) within
the NPT ensemble for 2 ns, using a time step of 1.0 fs. This stage allo-
wed the supercell volume to adjust to equilibrium. Following this, an
additional 2 ns relaxation run was performed under the NVT ensemble.
Temperature and pressure control were maintained using Nose-Hoover
thermostat and barostat algorithms, respectively.

A production run of 100 ns was then executed to accumulate mean
squared displacement (MSD), center-of-mass (COM), and Voronoi data
[135,136] for the defected supercell containing (1) a monovacancy and (2)
a mono-interstitial defect.

The collected data were subsequently processed for detailed analysis.

6.5.2 Processing of mean square displacement (MSD) data

The mean squared displacement (MSD) provides a direct measure of ato-
mic mobility and is widely used to evaluate diffusion properties. In our
analysis, the MSD data were plotted as a function of time, and a linear
square fit (LSF) was applied to the data points using the Brownian diffu-
sion model. The slope of this fit was then used to extract the diffusion
coefficient according to the Einstein relation. Details of the fitting pro-
cedure are given in Section while a correction for systematic unde-
restimation was applied following the method described in Section
The resulting diffusion coefficient for the present case study is reported
in Figure .

6.5.3 Processing of center of mass (COM) data

In the case of the carbon interstitial (Cj), the center of mass (COM) trajec-
tory was analyzed to capture defect migration dynamics. Here, a sudden
displacement in the COM trace corresponds to an interstitial jump bet-
ween neighboring sites. By counting these events, the jump frequency
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Figura 6.10: Mean squared displacement (MSD) as a function of time for
carbon interstitial diffusion at 1200 K, obtained from 100 ns NVT mo-
lecular dynamics simulations. The linear region of the MSD indicates

diffusive behavior, and the diffusion coefficient is determined from the
slope using the Einstein relation, yielding D ~ 1.91 x 10~ cm?/s.
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Figura 6.11: Center of mass trajectories along the x, y, and z directions
for carbon interstitial diffusion at 1200 K, obtained from 100 ns NVT mo-
lecular dynamics simulations. The blue, red, and green curves represent
displacement along the respective axes. The plots reveal that diffusion
events typically involve correlated motion along two axes while the third
axis remains nearly unchanged, indicating anisotropic diffusion behavior.

was determined and subsequently used to compute the diffusion coeffi-
cient through Equation ??. As with the vacancy case, the rupture pac-
kage was utilized to detect discontinuities in the COM time series,
enabling a reliable estimate of the number of interstitial jumps. Visual
inspection of the COM trajectory was also performed to cross check the
automated results. The extracted jump statistics provide insight into the
stochastic migration of interstitials, and the outcomes of this analysis are
summarized in Figure
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6.5.4 Fitting of jump-time data with Poisson distribution

To statistically characterize the migration behavior of carbon interstitials
(Ic), the time intervals between successive jumps were analyzed. A Pois-
son process provides a natural framework for representing random, in-
dependent events occurring at a constant average rate. The probability of
observing N jumps within a total time T can be described by the Poisson
distribution, provided the jump rate per unit time, «, remains constant.

For implementation, the simulation time T was divided into a large
number of intervals, N = % > 1, where in each interval At, a jump event
occurs with probability p = aAt. The probability of no event is 1 — aAt,
while the likelihood of multiple events within At is negligible.

Because the actual distribution of interstitial jump times is continuous,
the analysis was extended to the waiting time distribution, corresponding
to an exponential probability distribution. This approach provides an
accurate description of the temporal statistics of interstitial migration and
enables direct comparison with theoretical random walk models.

6.5.5 Fitting of jump time data with waiting time/expo-
nential distribution for C;

For the carbon interstitial (C;) system, the time intervals between succes-
sive migration events were also analyzed using the exponential (waiting
time) distribution. This distribution is well suited for describing random
processes where the probability of an event occurring in the next time in-
terval is independent of its past history. The probability density function
is defined as:

T T

F(E) = L exp <—i> , (6.13)

with T denoting the mean waiting time and ¢ the observed inter-jump
interval. The parameter T was determined directly as the average of the
measured jump intervals. As before, the total time T was partitioned into
N = T/At > 1 intervals, with the probability of a single jump in At given
by p = aAt. The probability of observing no event is 1 — aAt, while the
chance of multiple jumps in the same interval is negligible.
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Figura 6.12: Distribution of time intervals between successive diffusion
jumps for carbon interstitials at 1200 K, obtained from a 100 ns NVT mo-
lecular dynamics simulation. The data are fitted to an exponential distri-
bution, and the corresponding standard deviation is reported to quantify
the statistical spread.

However, since interstitial jump times are not strictly discrete and in-
stead exhibit continuous variability, the waiting time formulation of the
Poisson process was employed. This version is calledexponential distribu-
tion, which accurately captures the temporal statistics of interstitial migra-
tion and provides a consistent framework for extracting jump frequency
parameters from the molecular dynamics trajectories. From the COM tra-
jectory analysis, a total of N interstitial jumps were detected within the
100 ns simulation at 1200 K, yielding (N — 2) independent waiting-time
intervals. These intervals were binned into a histogram and subsequently
fitted to the exponential distribution. An example of this fit is presen-
ted in figure [6.12) where the simulation data exhibit excellent agreement
with the theoretical exponential model.

The results confirm that interstitial migration in 3C-SiC follows a sto-
chastic process consistent with memoryless exponential behavior, provi-
ding a solid statistical foundation for estimating jump frequencies and
diffusion coefficients.
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Figura 6.13: Mean squared displacement (MSD) versus time for carbon
vacancy diffusion at 1950 K, obtained from 30 ns NVT molecular dyna-
mics simulations. The linear region of the MSD is used to extract the
diffusion coefficient according to D = ;—d% with d = 3 for bulk diffu-
sion.

6.6 MSD Results

A detailed analysis of diffusion events for point defects has been conduc-
ted using the discussed method for defects such as V-, Vg;, and I¢c. Our
observations indicate that these defects diffuse as independent single spe-
cies, with respective diffusion coefficients provided in Table Below, 1
present a sample result for V¢ diffusion at 1950 K (Figure [6.13).

The MSD evolution is depicted smoothly, with each diffusion event
indicated by a step on the graph. The inter jump time can be inferred
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Temperatur e Dcarbon Vacancy Temperature Dcarbon Interstitial

K cm? /s K cm? /s
1600 1.85 x 108 1150 1.3178 x 108
1700 5.88 x 10~8 1175 3.4811 x 108
1800 1.28 x 10~7 1200 1.9070 x 10~8
1850 147 x 10~7 1230 43312 x 108
1900 2.78 x 10~7 1250 9.1275 x 108
1950 4.07 x 1077 1275 1.0720 x 10~7
2000 2.65 x 10~7 1300 1.0463 x 10~7
2050 7.48 x 10~7 1350 1.8350 x 107
2100 2.73 x 1077 1375 1.9958 x 10~7
2150 1.12 x 10~° 1400 2.2938 x 107
2200 1.64 x 10~° 1430 3.0062 x 1077

Tabella 6.1: Comparison of diffusion coefficients (D) for carbon vacancies
and interstitials over their respective optimal temperature ranges. The
temperature ranges are chosen based on different diffusion barriers, for
example, the range of 1600-2200 K is selected for carbon interstitials (C;)
due to the lower diffusion barrier and enhanced diffusion rates.

from the smooth line segments between consecutive steps. This analy-
sis was repeated over a temperature range of 1600 to 2350 K to obtain
comprehensive statistics.

Similar calculations of Mean Square Displacement (MSD) were perfor-
med for Ciyterstitiar, and the diffusion coefficient was analyzed using the
Einstein formula

The scope of the analysis was extended to a temperature range from
1150 to 1400 K, in intervals of 50 K. In the MSD plot, diffusion even-
ts are clearly indicated by steps in MSD. Consecutive jumps appear as
significant steps. The complete range of analysis is presented in table

At higher temperature e.g. 2500K for V¢, system might loose equili-
brium, we can expect a massive contribution from lattice vibrations and
other thermodynamics factors. That argues stopping analysis below ele-
vated temperature and also necessitated the melting point study that has
been displayed in bench marking potential study in section 4.1|and figure
Here are suggestions to be considered while doing this analysis.
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¢ Simulation should be large enough to capture a large number of
diffusion events. One can relate simulated time with diffusion coef-
ficient to fulfill this requirement.

* Least square Fitting to the Einstein relation should be limited to the
linear region of MSD vs At plot

6.7 Diffusion Energetic

In this work, we systematically test and establish the procedures to ob-
tain the diffusion properties and their statistical variances from Classical
MD simulations. Statistical variance of diffusivity is directly linked with
total number of ion hops during simulation.On this basis, MD simula-
tions should be long enough to collect sufficient number of defect hopes.
A minimum diffusivity of approximately 10~7 cm?/s is necessary for a
material to be accessible by MD simulations, and a diffusivity of around
10~° cm? /s may allow for a more precise calculation of D). Additionally
this is also crucial to include the statistical error bound for each diffu-
sivity point while fitting to Arrhenius relation/equation as explained in
section The error bound to D should be incorporated as weight to
linear fitting of log(D) vs. 1 as can be seen in figure In the following
sections we will present in detail estimation of diffusion energetics with
respective barriers.

Energy Barrier Estimation for V

Certainly, it was ascertained that the migration of carbon vacancies occurs
through second nearest neighbor jumps. systematic tests were performed
to establish the procedure for obtaining the diffusion properties and re-
spective statistical variance from said methodology and MD simulations.
Employing the designated methodology, estimation of the diffusion coef-
ficient (D) was undertaken for carbon vacancies across an extensive range
of temperatures. Detailed insights of this study are presented in table
6.2l The resulting dataset was subsequently utilized within the Arrhenius
equation to derive the energy barrier of diffusion and the pre exponential
factor.
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Tabella 6.2: Computational results for V¢ diffusion in SiC across a tempe-
rature range. The table summarizes simulation times, number of jumps,
average jump times, diffusion coefficients, standard deviation of jump ti-

mes, and associated errors in diffusion coefficients.
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Temperatimeulation No. of Average Diffusion SD_time Error_D
(K) Time (s) Jumps  Jump Ti- Coefficient (s)
me (s) (cm?/s)
1600  600.0 x 71 6.77 x 1.08x1077  7.05 1.26
10~° 10~° 10~° 10~°
1700  600.0 x 226 2.78 X 343x1077 259 1.48
107° 10~° 10~? 10~?
1800 100.0 x 81 5.47 x 737x1077 594 438
10~° 1010 1010 10~°
1850  100.0 x 106 5.05 X 964x1077 516 498
10~? 1010 1010 10~°
1900 100.0 x 170 2.20 x 155x107® 263 4.06
10~? 1010 1010 10~°
1950  100.0 x 257 1.94 x 234x107° 179 418
10~? 1010 1010 10~?
2000 1000 x 375 2.53 x 341x107°  3.00 1.02
107? 1010 1010 108
2050 1000 x 484 2.08 x 440x107° 218 9.60
10~? 1010 1010 107°
2100 1000 x 600 1.71 x 546x10° 177 9.66
107? 1010 1010 10~?
2150 1000 x 716 6.94 X 651x10°° 685 4.46
10~? 10~11 10~11 107°
2200 1000 x 1,054 484 X 959x107® 5.2 481
107° 10~11 10~11 107?
2250 1000 x 1,216 4.19 x 111x107>  4.83 5.34
107° 10-11 10-11 10~°
2300 1000 x 1,440 3.47 x 131x107° 342 448
107° 1011 10-11 107°
2350  50.0 X 901 2.77 x 1.64x107° 273 8.95
107° 1011 10-11 107°
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The graphical representation of the Arrhenius plot for carbon vacan-
cies can be observed in Statistical error can be studied in the form
of error bar for each D value. Extending the scope of this analysis to en-
compass a broad temperature range and timescales spanning up to 100
ns facilitates the capture of significant diffusion events (a minimum of
70) and substantiates the accuracy of our barrier measurements. For two
particular cases of 1600 K and 1700 K, simulation time was enhanced up
to 600 ns. The detailed description of result statistics is presented in table
Similar analysis is performed by collecting the diffusion coefficient
data from MSD at respective temperatures. The details of data can be
found in table 6.1} and visual presentation is given in figure Polyno-
mial fitting was performed using SciPy, resulting in an activation energy
value of 2.06 eV for the energy barrier associated with carbon vacancies in
3C-SiC. The outcomes of this calculation are visually represented in [.14]

Energy barrier estimation for interstitial defects

Interstitial defects are inherently intricate due to the potential existence
of multiple interstitial sites for a given defect. After analyzing the results,
it was discerned that there is existence of only one stable configuration.
In this configuration a carbon interstitial is bonded to another displa-
ced carbon atom as first neighbor and form a rotating dumbbell shaped
structure, that can be observed from figure

This dumbbell configuration exhibits clear diffusion behavior. Remar-
kably, introduction of silicon interstitial immediately kicks out a carbon
giving rise to SiC antisite, while the carbon continues to rotate in dumb-
bell shape arrangement. Thus, it also follows the same carbon interstitial
behaviour. This kind of Dumbbell shape is also suggested by Gao [111]
for interstitial, this further reinforce the validity of our findings. The con-
tiguration is also displayed in figure and discussed ins section
Energy barrier determination was conducted following the methodolo-
gy outlined in Section This process involved performing Molecular
Dynamics (MD) simulations using the NVT ensemble. The simulation
covered a range of 11 distinct temperatures, spanning from 1150 to 1430
Kelvin. This temperature range differs from that of V¢ due to the com-
paratively smaller diffusion barrier and larger diffusion coefficient. The
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Figura 6.14: Plot of V- diffusion coefficient versus temperature, used for
energy barrier estimation based on the Arrhenius behavior of the D vs.
Temperature relationship. The diffusion coefficient (D) is derived from
the analysis of defect jump events over a 100 ns simulation period. Error
bars represent the calculated statistical uncertainties in the diffusion coef-
ficient at each corresponding temperature point.
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details of diffusion, along with error estimation, are presented in Table

6.3l
Temp.Simulation No.  Average Diffusion  Error Error in
(K) Time (s) of Jump Coefficient in Time D (relati-
Jumps Time (s)  (cm?/sec) (SD)(s)  ve error)
1150 100.0 x 107 4.27 X 2.68 X 8.00 x 2.14 X
107° 107° 107 10?2 108
1175 100.0 x 122 332 x 3.05 X 666 x 203 X
10~° 107° 107 107° 108
1200 100.0 x 136 331 x 340 X 6.65 X 226 X
107° 107° 107 107° 108
1230 100.0 x 165 251 x 413 X 474 x 196 x
10~° 107° 107 107° 108
1250 100.0 x 198 186 x 495 X 373 x 185 X
107° 107° 107 107° 108
1275 100.0 x 232 177 x 580 X 354 x 205 X
107° 107° 107 107° 108
1300 100.0 x 278 149 x 695 X 274 x 190 x
10~? 10~° 1077 10~° 108
1350 100.0 x 301 1.04 x 753 X 198 x 149 x
1077 1010 107 1010 1077
1375 100.0 x 368 101 x 920 X 1.78 x 1.64 x
1077 10~° 107 10~° 108
1400 100.0 x 403 929 x 101 X 1.67 x 1.68 x
10~° 1010 10—° 10~° 108
1430 100.0 x 440 721 x 110 X 126 x 138 x
10~° 1010 10—° 10~? 108

Tabella 6.3: Computational details for interstitial defect diffusion across
different temperatures, showing simulation time, number of jumps, ave-
rage jump time, diffusion coefficient, and errors in time (SD) and diffu-
sion coefficient (relative error).

Calculations were accomplished using a time step of 0.0001 ps and
cumulative time for MD simulation amounted to 25-30 ns. Analysis at
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elevated temperatures specifically in the range above 1430 K was omitted.
Given that in the vicinity of melting point, it is less likelihood for system
to display uniform behavior. Consequently, the computed energy barrier
was given as 1.12 eV. The graphical representation of diffusion statistics
along with uncertainty can be perceived in figure .

6.8 Comparison of Methods, Einstein Diffusion
formula (MSD) and frequency rule method
(COM)

A comparative analysis of two statistical methods is presented to eluci-
date their respective diffusion validation approaches. The Mean Square
Displacement (MSD) method, detailed in Section involves estimating
MSD over time to derive the diffusion coefficient. In contrast, the fre-
quency rule method, discussed in Section is grounded in statistical
kinetic theory and offers more precise control over atomic jump even-
ts. It relates the diffusion coefficient (D) to the mean square of atomic
jump displacements per unit time. Although both methods are designed
to yield the same diffusivity D, based on the alignment between center
of mass (COM) jumps (which reflect diffusion events) and mean square
displacement (MSD) steps, discrepancies emerge in practice. A pictorial
comparison of defect dynamics using the frequency-rule method versus
the MSD based approach is shown in Figure for Ic diffusion. A na-
tural correspondence between the rise in MSD and COM jumps can be
observed, as theoretically expected.

However, a clear mismatch for diffusion coefficient arises for both
cases, as illustrated in Figure likely due to unidentified factors.

6.8.1 Factors Affecting Diffusivity Estimates

This section outlines key factors influencing diffusivity estimates within
their respective theoretical frameworks.
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Figura 6.15: Diffusion coefficient for Ic as a function of temperature, illu-
strating the energy barrier estimation for C-Interstitial diffusion following
the Arrhenius trend of D vs. Temperature. The diffusion coefficient (D)
is computed by analyzing atomic displacement events over a 100 ns si-
mulation. The associated statistical uncertainties in D are shown as error
bars at each respective temperature measurement.
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Figura 6.16: Figure make a comparison of MSD vs COM evolution for 100
ns simulation. I¢ Diffusion jumps can be correlated in both figures.
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Figura 6.17: Temperature dependence of diffusion coefficients (D) estima-
ted using two approaches: the frequency jump count model ("Frequency
Rule") and the Einstein relation derived from mean squared displacement
(MSD) for carbon vacancy and carbon interstitial diffusion. Both methods
show increasing D with temperature , consistent with thermally activated
diffusion. However, a marked divergence appears at higher temperatures
for carbon vacancy diffusion (> 2100 K), where the frequency-based esti-
mates significantly exceed those from the MSD approach, and overall for
carbon interstitial suggesting methodological sensitivity to jump statistics
or non-equilibrium effects.
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6.8.2 Frequency Rule Method Potential Issues

Jump Counting Errors : Inaccurate identification of the number of jumps
(I') due to algorithmic thresholding or sampling frequency can directly
affect Dfrequency- To mitigate this, all estimated jumps were manually
verified via visual inspection. Although the error carries low statistical
weight, it has been rigorously handled using the ruptures package.

Inconsistent Jump Lengths: Variability in jump lengths (¢) for exam-
ple, due to non uniform spacing between interstitial or vacancy sites can
introduce inaccuracies. However, this effect is minimal in the context of
vacancy diffusion within a periodic lattice.

6.8.3 MSD Method Potential Issues

Non Random Jumps/back-jumps: Correlated or oscillatory motions re-
duce net displacement, leading to slower MSD growth. Consequently,
Dyisp underestimates diffusion even when jump activity is high. In con-
trast, Dfrequency Still counts these events as valid contributions. This is a
hypothesis but a detailed voronoi analysis suggested no evidence of bac-
k/correlated jumps thus giving no physical grounds to this hypothesis.

Ensemble vs. Global Averaging: MSD is typically computed via en-
semble or time averaging, whereas the frequency rule method employs
a global average over all detected jumps. This methodological difference
can result in varying levels of statistical noise.

Diffusion estimation using the MSD method is elaborated in Section[6.3]
while the frequency rule approach is described in Section [6.3.2]

To assess overall drift or collective motion, we compute:

N
MSD(t) = (Jr(t) — €(0)12), Reom(t) = %; (1(5) — £:(0))

and visualize both:

« MSD(t)
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* |Rcom(t)]

to compare net diffusion and drift (Figure|6.18). Distinct intervals of non-
increasing MSD alongside COM fluctuations suggest local rather than net
diffusive motion.
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Figura 6.18: Comparison of mean squared displacement (MSD) and
center-of-mass (COM) motion over time. MSD plateause.g., at 10 ns, 25
ns, 68 ns, and 85 ns indicate phases of negligible net displacement. Howe-

ver, concurrent COM displacements imply localized jumps, not captured
by MSD, emphasizing the need for complementary diffusivity measures.

To remind MSD analysis includes a correction to account for collective
averaging. Since MSD is calculated across all atoms, contributions from
non diffusing atoms dilute the signal. Consequently, Dysp underestima-
tes the true diffusivity by a factor of N. This is corrected by multiplying
with correction factor N, as outlined in Section A comparison of
corrected and uncorrected values is shown in Table[6.4] and Table 6.5
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Temperature (K)  Dgrequency (cm?/s) Dwsp (cm?/s)

1600 1.08 x 1077 1.77 x 1077
1700 343 x 1077 419 x 1077
1800 7.37 x 1077 7.98 x 1077
1850 9.64 x 1077 1.29 x 107
1900 1.55 x 10~ 2.57 x 1077
1950 2.34 x 107° 343 x 1077
2000 341 x10°° 4.04 x 1077
2050 440 x 10~° 6.11 x 107
2100 5.46 x 107° 2.04 x 1077
2150 6.51 x 107° 1.14 x 10~
2200 9.59 x 10° 1.41 x 10~
2250 1.11 x 107° 3.11 x 107°
2300 131 x 107° 2.34 x 107°
2350 1.64 x 107° 3.35 x 10~°

Tabella 6.4: Comparison of diffusion coefficients (D) for carbon vacancy
(Ve) diffusion in 3C-SiC, estimated using two approaches: the frequen-
cy rule method (Dpr) based on jump statistics , and the Einstein relation
derived from mean squared displacement (Dysp). The values highlight
methodological agreement at lower temperatures and reveal increasing
divergence at higher temperatures, indicating sensitivity of the MSD me-
thod to dynamic averaging, noise, or non equilibrium effects. This com-
parison underscores the importance of method selection when characte-
rizing diffusion processes across a broad temperature range.
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Despite corrections, discrepancies in D for V- diffusion necessitate
deeper methodological justification, as discussed in Section [6.8.4]

Temperature (K)  Dfrequency (cm?/s) Dysp (cm?/s)

1150 2.68 x 107 132 x 1078
1175 3.05 x 1077 3.48 x 1078
1200 3.40 x 107 1.91 x 108
1230 413 x 1077 433 x 1078
1250 495 x 10~7 9.13 x 108
1275 5.80 x 10~7 1.07 x 107
1300 6.95 x 1077 1.05 x 1077
1350 7.53 x 1077 1.84 x 107
1375 9.20 x 107 2.00 x 1077
1400 1.01 x 10~ 2.29 x 1077
1430 1.10 x 10~ 3.01 x 1077

Tabella 6.5: Diffusion coefficients of carbon interstitial in 3C-SiC at
1150-1430 K, obtained from the frequency rule (Dgequency) and mean
squared displacement method (Dysp).

6.8.4 Evaluation of Diffusivity Estimation Methods

To evaluate the variability in diffusivity estimates, we performed a large
scale ensemble simulation of second-neighbor random walks in a 3C-SiC
lattice using a Python based model. The simulation incorporated 10,000
independent trajectories, each with 2,000 jumps, and used a fixed mean
waiting time (Atmean = dt ns) extracted from previous MD simulations.
Diffusivity (D;) was computed for each trajectory under four stochastic
models: (i) exponential waiting times without directional memory, (ii)
Gaussian waiting times without memory, (iii) exponential times with di-
rectional back-jump bias, and (iv) Gaussian times with memory. This se-
tup allowed a statistical comparison of MSD derived diffusivities against
the theoretical prediction from the frequency rule.

Each simulation used the MD-extracted mean jump interval Atmean,
and ensemble trajectories (10,000) of 2,000 jumps were generated to esti-
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mate D; from MSD. (iii) and (iv) test our proposed hypothesis of possible
back jumps making the walk non random. This Analysis enabled sta-
tistical quantification of variability in Dysp and comparison against the
theoretical Dgg.

We demonstrate how the calculated diffusion coefficient D, derived
from mean-square displacement (MSD), varies with changes in the ave-
rage time step dt_mean or, equivalently, temperature T. Although the
ensemble-averaged diffusivity (D) converges to the expected theoretical
value given a large number of trajectories, individual molecular dynamics
(MD) simulations often yield significant deviations due to finite sampling
noise and the inherent randomness of atomic scale diffusion. Even under
fixed simulation settings, single trajectory estimates can diverge notably
from the mean, especially for short simulations or limited jump statistics.
This highlights the necessity of averaging over many independent runs
to obtain reliable diffusivity estimates. Our findings also clarify discre-
pancies between diffusivities derived via the frequency rule and those
from the Einstein relation, offering a framework to quantify variability
and assess uncertainty in computational diffusion analyses.

Our findings suggest that frequency based estimation is robust and ac-
curate, especially under moderate temperatures. At elevated temperatu-
res, increased jump frequency and data noise make jump counting more
difficult, though still feasible. In contrast, MSD based estimation pro-
vides microscopic insight but suffers from variability across trajectories.
While ensemble averaging can recover expected values, individual runs
often deviate widely especially when temperature dependent dt_mean
introduces uncertainty.
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Figura 6.19
walks in 3C-5iC (T = 1700 K, Atmean = 2.78 ns). Each panel shows 10,000
trajectories under different stochastic models: (a) Exponential waiting ti-
mes (unbiased), (b) Gaussian waiting times (unbiased), (c) Exponential
with directional memory, (d) Gaussian with directional memory. Green
dashed lines show theoretical Dgg, black dashed lines show (D). Direc-

tional memory alters the effective diffusivity.
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* Jump counting statistics generally offer more accurate and robust
diffusivity estimates, particularly at moderate temperatures.

* MSD based estimation is sensitive to statistical fluctuations and may
show large deviations in single run simulations.
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¢ Appendix results confirm that variability in MSD based diffusivity
is intrinsic even when dt_mean is accurately known.

Based on these conclusions, we prioritize the frequency rule approach
for primary diffusivity estimates, supported by MSD data as a secondary
validation strategy.

6.9 Stabilization of defects systems, annihilation
and complex formations

6.9.1 Generation of Divacancy

Among the many point defect complexes in SiC with potential qubit acti-
vity, two are of particular interest, the divacancy (V¢ Vs;, often abbreviated
as VV) and the carbon antisite vacancy pair (Cg;Vc). Several recent stu-
dies both experimental and theoretical have hinted that VV centers may
emerge almost naturally during the dynamical evolution of irradiated or
annealed SiC lattices [2, [1].

Here, the focus is not on forced defect creation but rather on whe-
ther such complexes can form incidentally under realistic thermodynamic
conditions conditions similar to those experienced during post irradia-
tion annealing. Two representative processes are examined: (i) the spon-
taneous formation of divacancies and (ii) the annihilation of interstitial
vacancy pairs.

6.9.2 Divacancy (VV) Formation

To get a clearer sense of how VV complexes actually form, we set up
molecular dynamics simulations in which two independent vacancies a
carbon vacancy (V) and a silicon vacancy were introduced into the same
supercell, about 6.3 A apart. The temperature was fixed at 1600 K, not
arbitrarily, but because it sits in an interesting window: high enough to
allow noticeable defect motion, yet not so high that the lattice loses struc-
tural integrity. Below roughly 1400 K, most defects barely move, above



164 CAPITOLO 6. DIFFUSION OF POINT DEFECTS IN 3C-SIC

1800 K, things become too chaotic, with clustering and even partial subli-
mation of carbon atoms. At 1600 K, diffusion is active but still disciplined
an ideal regime for observing defect interactions in something resembling
thermal equilibrium.

At this temperature, the defects do not all move equally. Silicon va-
cancies (Vs;) remain stubbornly immobile due to their large migration
barriers, often beyond 3 eV. Carbon vacancies (V(), by contrast, show mo-
derate mobility, typically requiring 2.0-2.2 eV to hop between sites. Car-
bon interstitials (Ic) are in a league of their own fast and restless, with
barriers well below 1 €V, they can creep through the lattice even around
1200 K. Silicon interstitials fall somewhere in between. This mobility hie-
rarchy Ic > Is; > V¢ > Vs; naturally makes Vi the main actor in the
eventual VV formation, drifting toward the relatively anchored Vs;.

Figure shows how this process unfolds. For quite some time,
the system’s total potential energy barely changes. The vacancies move,
but not because they are being “pulled” by any strong force instead, the
motion appears to be a random, thermally driven wandering through a
nearly flat energy landscape. In this regime, migration seems mostly en-
tropic, more about temperature induced agitation than about an energetic
incentive. Only when the two vacancies get within a few lattice spacings
does the system suddenly take into account their mutual presence. The
energy then drops, modestly but clearly, marking the formation of a more
stable VV complex. The mean square displacement (MSD) rises sharply
around the same moment, signaling the successful encounter. The final
energy gain, about 1.2 eV, indicates that once the two vacancies are close
enough, combining into a divacancy is indeed energetically favorable.

The same trend is captured in Figure which tracks defect counts
over time. The system starts with two well separated vacancies, confir-
med by 3D visualization. After roughly 8 ns, a single divacancy signal
emerges. Interestingly, this formation time is longer than what a simple
diffusion estimate (based on the Einstein relation) would suggest rou-
ghly 0.5 ns for a direct 6.3 A hop. The reason, as the trajectory plots
later reveal, is that diffusion in a real lattice rarely follows a straight li-
ne. The carbon vacancy performs several detours, short jumps, and even
partial reversals before finally settling next to Vs;, lengthening the overall
timescale of coalescence.
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Figura 6.20: Time evolution of defect counts at 1600 K during divacan-
cy (VV) formation. Initially, two independent vacancies (V- and Vg;) are
present in the supercell. Around 8 ns, the appearance of a VV complex
is detected (black line), while the total number of vacancies remains con-
stant since aggregation conserves the overall count.

The 3D trajectory mapping in Figure tells the story even mo-
re clearly. The carbon vacancy meanders across the lattice, occasionally
pausing or looping back, while the silicon vacancy stays rooted in place.
There’s something almost hesitant in the way V- approaches Vg; as if the
system explores several microstates before settling into the energetically
preferred configuration. Notably, the energy landscape remains largely
flat until the very end, the lattice doesn’t “push” the vacancies together.
Instead, thermal agitation does the work until proximity triggers a local
stabilization event. This behavior supports earlier DFT studies that pro-
posed VV centers as energetically stable configurations [2, [1]. What our
molecular dynamics approach adds is the kinetic narrative: how long it
takes, how indirect the path can be, and how much temperature governs
the balance between mobility and recombination. At lower temperatu-
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Figura 6.21: Energy and mean square displacement (MSD) profiles du-
ring VV formation at 1600 K. The MSD jump corresponds to V- migration
toward Vs;. The subsequent energy decrease reflects the thermodynami-
cally favorable bonding of the two vacancies. The absence of early energy
loss confirms that diffusion proceeds without a net driving force until re-
combination occurs.
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17 o

Figura 6.22: Three dimensional visualization of the VV formation process
at 1600 K. (a) Initial configuration showing two vacancies separated by
6.3 A. (b) Final configuration after coalescence. The color scale tracks si-
mulation time, outlining the migration path of the carbon vacancy toward
the stationary silicon vacancy.

res, these same defects would likely remain isolated indefinitely, at much
higher ones, they might over diffuse and annihilate with interstitials in-
stead. The chosen 1600 K, then, is not just a convenient midpoint but a
kind of “sweet spot” where migration is visible yet controlled.

In the next subsection, we turn to the complementary mechanism in-
terstitial-vacancy annihilation to see how these two processes, formation
and recombination, jointly dictate the stabilization of the SiC lattice under
thermal treatment.

6.9.3 Annihilation of Interstitial Carbon and Carbon Va-
cancy

The previous sections have shown that defect mobility in 3C-SiC depends
strongly on both temperature and defect type. Among these, carbon in-
terstitials (Ic) and carbon vacancies (V) stand out for their contrasting
behaviors: one restless, the other almost inert. The interstitials, with com-
paratively low migration barriers, roam easily through the lattice, while
vacancies move sluggishly, often remaining pinned unless temperature
provides sufficient activation. This contrast becomes particularly signifi-
cant at elevated temperatures, where diffusion does not merely drive ag-
gregation or divacancy (VV) formation but can also lead to spontaneous
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annihilation a process by which complementary defects meet and restore
local crystalline order. The present study focuses on such an event, the an-
nihilation of a carbon interstitial with a carbon vacancy, and how thermal
energy facilitates this seemingly simple yet physically rich process.

The choice of 1400 K was deliberate. At lower temperatures (below
~1200 K), I¢ diffusion is still possible but slow, and V- mobility is almo-
st entirely frozen, making defect encounters improbable on nanosecond
timescales. Raising the temperature much beyond 1600 K, however, intro-
duces competing mechanisms: defect clustering, antisite formation, and
even partial graphitization of carbon layers in some cases. 1400 K the-
refore represents a balanced regime high enough for interstitial motion
to become statistically meaningful, yet moderate enough to prevent large
scale lattice disorder. At this temperature, diffusion events can be obser-
ved clearly without the system drifting into uncontrolled defect dynamics
or melting like behavior.

It is useful to recall the hierarchy of migration barriers that define de-
fect mobility in SiC. Carbon interstitials (Ic) typically migrate with bar-
riers around 0.8 eV, while silicon interstitials (Ig;) require nearly twice that
energy (~1.6 eV). Vacancies, in contrast, are far more sluggish, V has a
migration barrier of roughly 2.0-2.2 eV, and Vs; often exceeds 3 eV [55,58].
This order of mobility I > Is; > V¢ > Vg; implies that at moderate to
high temperatures, diffusion in SiC is almost entirely governed by inter-
stitial dynamics. Vacancies mostly serve as static traps, waiting for mobile
counterparts to find them.

To explore this, the simulation cell was initialized with a single Ic-V¢
pair separated by 7.85 A. During the initial few nanoseconds, the total
potential energy of the system remained nearly constant (Figure [6.23),
even as the MSD indicated steady motion of the interstitial. This steady
energy level is telling: it means that diffusion itself is not driven by an
energetic gradient. The system neither gains nor loses potential energy
as the interstitial wanders, motion occurs purely through thermal agita-
tion. In other words, there is no long range “force” pulling the interstitial
toward the vacancy only stochastic atomic vibrations enabling local hops
through a mostly flat energy landscape.
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Figura 6.23: Correlation between potential energy and mean square di-
splacement (MSD) during the recombination of I and V¢ at 1400 K. The
interstitial’s migration produces a gradual MSD increase until ~3 ns, fol-
lowed by a sharp jump and simultaneous energy drop that mark the
annihilation event.

Once the I happens to enter the capture radius of the V-, however, the
situation changes abruptly. Around 3 ns, both the MSD and the energy
curves show synchronized transitions: the MSD spikes sharply as the
interstitial jumps into the vacancy site, and the potential energy drops
by about 5 €V. That discontinuity represents the system’s shift from a
metastable defect configuration to a relaxed, nearly perfect lattice. The
recombination is both kinetically accessible and energetically favorable.

Figure confirms this interpretation, one interstitial and one va-
cancy exist independently at t = 0, then both vanish from the defect in-
ventory near 3 ns. The lattice, in effect, repairs itself. The energy released
during this single annihilation event (roughly 5 €V) is substantially larger
than that observed for divacancy formation (~1.2 eV), emphasizing how
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Figura 6.24: Temporal evolution of defect counts during I-—V( recom-
bination at 1400 K. Initially, one interstitial and one vacancy exist inde-
pendently. Around 3 ns, the two defects annihilate, releasing ~5 eV and
restoring lattice integrity.

recombination acts as a much stronger stabilization mechanism. This also
explains why, at temperatures where both V- and I are mobile, annihi-
lation dominates over complex formation the kinetics simply favor the
faster moving species finding and eliminating their slower counterparts.

Three dimensional trajectory mapping of this process (Figure
provides a vivid view of the mechanism. The carbon interstitial executes
several short range hops, briefly stabilizing at metastable sites before ma-
king a final jump into the vacancy. The path is not direct rather, it appears
diffusive and somewhat hesitant, suggesting a rugged potential landsca-
pe where the atom must navigate multiple local minima. The vacancy,
on the other hand, remains nearly static throughout, as expected given
its high migration barrier. The moment of recombination corresponds to
a distinct lattice relaxation, visible as a local contraction and a smooth
energy descent.
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Figura 6.25: Three dimensional trajectory of I-—V recombination at
1400 K. The color scale denotes simulation time. The interstitial under-
goes multiple local hops before finally merging with the vacancy site,
after which the lattice regains near perfect order.

From a broader perspective, these observations reinforce that defect
mobility and annihilation in SiC are governed less by directional driving
forces and more by probabilistic encounters. Diffusion supplies the op-
portunity, energy minimization follows only once two complementary
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Figura 6.26: Temporal and spatial evolution of Ic to aggregate with V
resulting in an energy gain of 5 eV. The temporal progress is represented
by a color bar. Thus complete picture of annihilation process can be ana-
lyzed.

defects meet. The process, while stochastic in nature, plays a vital role in
the material’s long term stability, high temperature diffusion is not purely
destructive but also the mechanism through which SiC self heals.

For simulations of radiation damage or post irradiation annealing, this
balance between mobility and stability is crucial. The present results hi-
ghlight that while vacancy clusters and divacancies may form under cer-
tain conditions (as discussed in Section [6.9.2), annihilation events such
as Ic-V¢ recombination often dominate the late stage recovery process.
Together, these insights outline how defects in wide bandgap semicon-
ductors evolve, compete, and eventually restore structural integrity under
thermal treatment.

Conclusion

The formation and evolution of defects in SiC were investigated using
molecular dynamics simulations with an environment dependent intera-
tomic potential. Our findings highlight the probability and pathways for
the aggregation of point defects, driven by their respective diffusion coef-
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ficients, which can lead to the formation of spin bearing defect complexes
relevant for quantum and electronic applications.

The discrepancy between Dysp and Dgrequency €Stimates motivated
further investigation using random walk simulations in the 3C-SiC lat-
tice. These studies suggest that intrinsic noise, stochastic fluctuations
contribute to the observed mismatch. While individual trajectory based
diffusion estimates can diverge significantly, averaging over many trajec-
tories yields convergence towards Dfrequency- Non Markovian back jumps
could also lead to different diffusivity estimates. However, this more com-
plex mechanism has not clearly been evidenced in our analyses, and its
eventual occurrence needs additional studies aimed at analyzing possible
kinetic asymmetries of the free energy basin during the hopping.

The extracted diffusion coefficients were incorporated into the Arrhe-
nius relation (Eq. to estimate migration barriers. Results show that
the carbon interstitial (I-) exhibits a lower migration barrier compared to
the carbon vacancy (V¢), consistent with its higher diffusivity. Further-
more, key defect processes were identified, including I-—V annihilation
and divacancy (V-Vs;) formation, which dominate the defect evolution
under non equilibrium conditions.

Outlook and Future Directions

This study provides fundamental insights into defect dynamics in SiC
under irradiation and implantation conditions. The combined use of
atomistic simulations, statistical analysis, and trajectory based diffusion
measurements establishes a framework for connecting microscopic defect
motion with macroscopic transport properties. Nevertheless, several op-
portunities remain for improvement. Larger supercell sizes and longer
simulation times would reduce finite size effects and better capture ra-
re events such as extended defect formation. The role of charge states,
electronic excitations also warrant future exploration.

From a broader perspective, understanding defect migration and re-
combination pathways in SiC has direct implications for improving the
performance of power electronics and quantum devices, where radiation
tolerance and defect engineering are critical. Future work integrating
molecular dynamics with machine learning potentials could revolutioni-
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ze this field by offering predictive capability for technologically relevant
conditions. Specifically, this study can be extended by investigating ther-
modynamic parameters (e.g., optimal temperature favoring spin defect
formation) using a combination of MD and DFT, thereby refining pre-
dictions for experimental validation by engineers. These predictions can
be tested through in-situ implantation simulations. Other spin defects,
such as the negatively charged boron vacancy (V) in hBN, are also ac-
tively studied, and the present methodology can be replicated for these
candidate materials. Moreover, the diffusion study can be extended to
applications in energy storage devices, such as electrode materials.
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Appendice

Parameterization for Force fields

Tabella A.1: Comparison of Tersoff potential parameters for C and Si as
given in LAMMPS and in Tersoft’s formulations.

Parameter LAMMPS(C) LAMMPS (Si) Tersoff[73] (CCC) Tersoff[73] (SiSiSi)

m 0 0 3 3

0% - - 1 1

A3 0 0 0 0

c 3.8049 x 10*  1.0039 x 10° 38049 100390
d 4.3841 1.6217 x 10! 4.3484 16.217
cos - - -0.57058 -0.59825
n 7.2751 x 1071 7.8734 x 107! 0.72751 0.78734
B 1.5724 x 1077 1.1000 x 107¢  1.5724 x 107 1.1 x 107°
Ay (1/A) - - 2.2119 1.73222
B (eV) 3.467 x 107 4.7118 x 10? 346.7 471.18
R (A) 1.8 2.7 1.95 2.85
D (A) - - 0.15 0.15
A (1/A) 3.4879 2.4799 3.4879 2.4799
A (eV) 1.3936 x 10> 1.8308 x 103 1393.6 1830.8
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Tabella A.2: Comparison of EDIP potential parameters for C and Si sy-
stems as implemented in LAMMPS.

Parameter C(LAMMPS) CCC[75] SiSiSi[75] SiCCl[75]

A (eV) 7.982173 10.222599  5.488043 7.535967
B (A) 1.5075463 0.959814 1.446435 1.177019
Cutoff a 3.121382 2.212263 2.941586 2.534972

Cutoff ¢ 2.5609104 1.741598 2.540193 1.973974

x 3.1083847 1.962090 3.066580 2.507738
B 0.0070975 0.025661 0.008593 0.015347
/] 0.2523244 0.275605 0.589390 0.432497
0% 1.1247945 1.084183 1.135256 1.191567
A 1.4533108 3.633621 2417497 3.025559
U 0.6966326 0.594236 0.629131 0.611684
T - 2.827634 1.343679 2.061835
o 0.5774108 0.536561 0.298443 0.423863
Qo 312.1341346  289.305617 208.924548 249.115082
U -0.165799 -0.165799  -0.165799  -0.165799
Uy 32.557 32.557 32.557 32.557
us 0.286198 0.286198 0.286198 0.286198
Uy 0.66 0.66 0.66 0.66




Appendice B

Tersoft Validity test by
Comparison of results with DFT

Elastic constants comparison

Experimental[139] | DFT[107] Tersoff
cll 501 534 505.78
cl2 111 96 86.113
cl3 52 50 44.485
c33 553 574 546.796
c44 163 171 188.94
c66 195 219 209.83

Tabella B.1: Quantitative comparison of elastic parameters calculated
using the Tersoff potential, DFT, and experimental data. This table de-
monstrates the agreement between theoretical and experimental results.
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Appendice C

Nudged Elastic Band Results

C.1 Spring Constant Optimization for NEB Cal-
culations

The spring constant in the NEB method controls the artificial harmonic
force between neighboring replicas, ensuring a smooth distribution along
the reaction pathway. To assess the sensitivity of migration barrier calcu-
lations to this parameter, we performed systematic tests using both the
EDIP and Tersoff potentials for the Cg;V defect in 3C-SiC. In each case,
20 intermediate images were used, and spring constants ranging from
1eV/A? to 7 éV/A? were applied. Figure|C.1| presents the energy profiles
for Vs; — VcCsj migration in cubic SiC, obtained from NEB calculations
using the EDIP potential for different spring constants (1, 3, 5, 7, and 9
eV/A2). The initial state (Vg;) and final state (VCg;) are labeled along the
reaction coordinate. While very low spring constants (e.g., 1 eV/A?) pro-
duce a smoother path but under sample the barrier region, excessively
high values (e.g., 9 €V/A?) can result in excessive image crowding and
nonphysical oscillations in the energy profile due to numerical stiffness.
Based on this analysis, intermediate spring constants (3-5 eV/A2) pro-
vide a good compromise between stability and resolution of the energy
barrier. For the EDIP potential, the energy profiles.

In the case of the Tersoff potential, the spring constant variation (Fi-
gure results in negligible differences in the computed barrier height.
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Figura C.1: Effect of varying spring constant on the NEB energy profile
for the Cg;V defect in 3C-SiC using the EDIP potential. Spring constants
from 1 eV/A2? to 7 eV/A? were tested with 20 intermediate images. The
migration barrier shows negligible dependence on the spring constant.

However, at very low spring constants (< 1 eV/A?), a slight unevenness
in image distribution can be observed, potentially leading to less accurate
interpolation of the transition state geometry. Increasing the spring con-
stant to around 3 eV/A? or higher produces consistently smooth energy
profiles without over constraining the path, confirming this as a robust
choice for subsequent NEB calculations.
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Figura C.2: Effect of varying spring constant on the NEB energy profi-
le for the Cg;Vc defect in 3C-SiC using the Tersoff potential. While the
barrier height remains stable across the tested range, a spring constant of
around 3 eV/A? yields the smoothest and most evenly distributed images
along the path.
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C.2 Carbon Antisite Vacancy
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Figura C.3: NEB energy profile for the Cg;V; transformation, contrasting
the results computed with the Tersoff (left) and EDIP (right) potentials.
The corrections labeled as corrl, corr2, and corr3 pertain to the metho-
dology adjustments, including the use of forcefield optimized initial and
tinal states, accounting for the displacement of neighboring atoms during
replica generation, and the adoption of an optimized spring constant.
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C.3 Silicon Antisite Vacancy
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Figura C.4: NEB energy landscape for the SicVs; conversion, comparing
results obtained using the Tersoff (left) and EDIP (right) potentials. The

terms corrl, corr2, and corr3 refer to the corrections applied to the metho-
dology, as discussed in the text.
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Appendice D

Gaussian Integral Results

For completeness, we summarize the standard Gaussian integrals used
throughout the analysis:

/ e dx = /7T, (D.1)
o a2 7T
/_oo x%e™ ™ dy = T\/g—/z, (D.2)

/oo et HD)? gy \/g. (D.3)
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Appendice

StepShiftDetect : Quantifying
Jumps in Ditfusive Motion via
Change Point Analysis

import pandas as pd
import numpy as np
import ruptures as rpt
import os

import time

# Function to get user input for parameters
def get_user_input () :
Temp = input ("Enter_the temperature_(e.g.,_ ,2100):_")

tme input ("Enter_the_time_  (e.g.,_100ns):_")

cut int (input ("Enter_the cut_value (e.g.,_,10):_ "))

chunk_size = int (input ("Enter_the_ chunk_size_(e.g.,_500):

model = input ("Enter_the _model (e.g.,_rbf): ")
cs = input ("Enter_the_cs value (e.g.,_cs5h):")
return Temp, tme, cut, chunk_size, model, cs

# Get user input for parameters
Temp, tme, cut, chunk_size, model, cs = get_user_input ()

# Start time
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S_time = time.time ()

# Load your center of mass data

try:
data = pd.read_csv(f’cent_mass_{Temp}_c.dat.{tme}’, skipg
print (data)

except FileNotFoundError:
print (f"File_ /'cent_mass_{Temp}_c.dat.{tme}’ not_found._P
exit ()

# Perform change point detection using Pelt algorithm
all_results = np.empty ((0, 3)) # Create an empty array to 4§
com = datal[['x", '"y', "z"]].to_numpy ()

# Specify the file name
file_path = f’result.rpt.{Temp}.{tme}.chunks.cut{cut}.{cs}’
print ("File_Path:", file_path)

# Check if the file exists before removing it
if os.path.exists(file_path):

os.remove (file_path)

print (£"01d_file  {file_path}’ ,removed.")

for start in range (0, len(com), chunk_size):
end = min(start + chunk_size, len(com))

chunk_data = com[start:end] # Extracting the current ch
algo = rpt.Pelt (model=model) .fit (chunk_data) # Fit the
result = algo.predict (pen=cut)
if len(chunk_data) in result: # To miss the start and g
result[-1] = np.nan
else:
continue
result = [value for value in result if not np.isnan(valu
# Apply chunk_index x chunk_size to each element in resy
chunk_index = start // chunk_size
result = [value + chunk_index x chunk_size for value in

df = pd.DataFrame (result)
try:

USIVE MOTION

rows=30, skip

lease_check t

ppend the cal

unk of data
model on the

nd point nois

e)]
1t

result]
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df.to_csv (file_path, mode="a’, header=False,
# Write to the file
except Exception as e:

print ("Error occurred_while writing to file:'

# End time

e_time = time.time ()

t_time = (e_time - s_time) / 60

print (£’ Total ,computation_time is_{t_time} _minutes’)

201
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Appendice F

Sampling Error Analysis of MSD
Derived Diffusivity

FE1 Introduction

In this appendix, we illustrate how estimates of the diffusion coefficient
D, calculated from the mean square displacement (MSD), fluctuate as the
mean time step dt_mean (or, equivalently, the temperature T) is varied.
While the ensemble averaged diffusivity (D) converges reliably to the
theoretical value in the limit of many trajectories, individual simulation
runs can exhibit substantial deviations. This variability reflects both the
intrinsic statistical noise inherent to finite sampling and the stochastic
character of diffusion processes at the atomic scale.

Notably, even when all simulation parameters are held constant, esti-
mates of D obtained from single molecular dynamics (MD) trajectories
often differ appreciably from the ensemble mean. Such fluctuations be-
come more pronounced at shorter simulation times or when fewer jump
events are sampled. This analysis underscores the importance of ave-
raging over a sufficiently large number of independent realizations to
achieve accurate and reproducible estimates of diffusivity.

The results presented here help to clarify the origin of the discrepan-
cies observed between diffusivity values derived from the frequency rule
method and those obtained using the Einstein relation. By systematically
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quantifying the degree of variation across multiple runs, we provide an
independent framework for interpreting these differences and for asses-
sing the uncertainty associated with diffusion estimates in computational
studies.

F1.1 Simulation Protocol

* Model system: 3C-SiC, second-nearest-neighbor random walk.

¢ Algorithm: At each step, choose one of the 12 second-nearest sites
uniformly at random, integrate positions and compute MSD.

¢ Parameters:

— dt_mean € {6.77, 2.78, 54.7, 50.5, 22.0, 19.4} ns. dt_mean is
mean waiting time, estimated from real time MD simulation
and it relates the respective temperature value.

— Number of trajectories per dt_mean: traj = 10000

— Number of steps per trajectory: 2000

¢ Data collection: For each trajectory i, estimated

1 d
D; = 2 E<72(t)>

using r2(t). and fixed value of D—frequency

F1.2 Statistical average

For each dt_mean, we collect the ensemble {Di}f\i ; and compute:

1M 1 M
(D) = M ;Dz’/ 9D =\ V1 Y (D; —(D))>2.

i=1
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F1.3 Results and Figures

1e7 exponential gaussian

1)

= D (normal waiting times) | | (b)
[ outline (2% bins)
——- D (frequency rule)
—--- Mean D

EEm D (exponential waiting times)
[ outline (2x bins)

——- D (frequency rule)

—--- Mean D

D (normal WT + back-jumps)
I outline (2x bins)

——- D (frequency rule)

=== MeanD

Il D (exp WT + back-jumps)
1 outline (2x bins)

——- D (frequency rule)

=== MeanD
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
D [cm?/s] le-7 D [cm?/s] le-7

Figura F.1: Distribution of diffusivity values (D) obtained from ensem-
ble simulations of second-neighbor random walks on a 3C-SiC lattice for
a mean jump interval Afmean = 6.77 ns at temperature T = 1600 K .
Each subplot shows histograms of D calculated from 10,000 independent
trajectories of 2,000 jumps, using different stochastic time models: (a) ex-
ponential waiting times without directional bias, (b) Gaussian-distributed
waiting times without directional bias, (c) exponential waiting times with
directional memory (biased inverse jump), and (d) Gaussian waiting ti-
mes with directional memory. Vertical dashed green lines indicate the
theoretical diffusivity Dgeq = A*/(6(At)), while black dashed lines show
the ensemble-averaged diffusivity (D) for each case. The directional me-
mory bias introduces asymmetry in the random walk, altering the effec-
tive diffusivity. .
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Figura F.2: Distribution of diffusivity values (D) obtained from ensemble
simulations of second-neighbor random walks on a 3C-SiC lattice with
a mean jump interval Atmean = 2.78 ns at temperature T = 1700 K.
Each subplot presents histograms of D computed from 10,000 indepen-
dent trajectories of 2,000 jumps, employing different stochastic time mo-
dels: (a) exponential waiting times without directional bias, (b) Gaussian-
distributed waiting times without directional bias, (c) exponential waiting
times with directional memory (biased inverse jump), and (d) Gaussian
waiting times with directional memory. Vertical dashed green lines deno-
te the theoretical diffusivity Deq = A*/(6(At)), while black dashed lines
indicate the ensemble-averaged diffusivity (D) for each case. The direc-
tional memory bias introduces asymmetry into the random walk, thereby
altering the effective diffusivity.
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1e8 exponential gaussian

(a)
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Figura E.3: Distribution of diffusivity values (D) obtained from ensemble
simulations of second-neighbor random walks on a 3C-SiC lattice, with a
mean jump interval Atmean = 54.7 ns at temperature T = 1800 K. Each
subplot displays histograms of D computed from 10,000 independent tra-
jectories comprising 2,000 jumps, using four different stochastic time mo-
dels: (a) exponential waiting times without directional bias, (b) Gaussian-
distributed waiting times without directional bias, (c) exponential waiting
times with directional memory (biased inverse jumps), and (d) Gaussian
waiting times with directional memory. Vertical dashed green lines mark
the theoretical diffusivity Dgeq = A/ (6(At)), while black dashed lines
indicate the ensemble-averaged diffusivity (D). Incorporating directional
memory introduces asymmetry in the random walk and modifies the ef-
fective diffusivity.
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Figura F4: Histogram distributions of diffusivity values (D) obtained
from ensemble simulations of second-neighbor random walks on a 3C-
SiC lattice. Simulations were conducted using a mean jump interval of
Atmean = 50.5 ns at a temperature of T = 1850 K. Each subplot pre-
sents results from 10,000 independent trajectories, each comprising 2,000
jumps, evaluated under four distinct stochastic timing models: (a) expo-
nential waiting times without directional bias, (b) Gaussian waiting times
without directional bias, (c) exponential waiting times incorporating di-
rectional memory (biased inverse jumps), and (d) Gaussian waiting times
with directional memory. Vertical dashed green lines denote the theore-
tical diffusivity Dgeq = A/ (6(At)), whereas black dashed lines indicate
the ensemble-averaged diffusivity (D) for each case. Directional memory
introduces asymmetry in the trajectories, thereby modifying the effective
diffusivity.
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Figura F.5: Histogram distributions of diffusivity values (D) derived from
ensemble simulations of second-neighbor random walks on a 3C-5SiC lat-
tice. The simulations employed a mean jump interval of Atmean = 50.5 ns
at a temperature of T = 1850 K. Each panel illustrates results from 10,000
independent trajectories, each consisting of 2,000 jumps, analyzed under
four different stochastic time models: (a) exponential waiting times wi-
thout directional bias, (b) Gaussian waiting times without directional bias,
(c) exponential waiting times incorporating directional memory (biased
toward inverse jumps), and (d) Gaussian waiting times with directional
memory. The vertical dashed green lines mark the theoretical diffusivity
Direq = A%/ (6(At)), while the black dashed lines represent the mean dif-
fusivity (D) computed across the ensemble. The presence of directional
memory alters trajectory symmetry, thereby influencing the observed ef-
fective diffusivity.
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Figura F.6: Histogram distributions of diffusivity values (D) obtained
from ensemble simulations of second-neighbor random walks on a 3C-
SiC lattice, performed with a mean jump interval of Atpean = 19.4 ns at
a temperature of T = 1950 K. Each panel presents results from 10,000
trajectories comprising 2,000 jumps, evaluated across four stochastic ti-
me models: (a) exponential waiting times without directional bias, (b)
Gaussian waiting times without bias, (c) exponential waiting times incor-
porating directional memory (favoring inverse jumps), and (d) Gaussian
waiting times with directional memory. Vertical dashed green lines repre-
sent the theoretical diffusivity Dgeq = A*/(6(At)), while black dashed
lines indicate the ensemble-averaged diffusivity (D). The introduction of
directional memory induces asymmetry in the walks, thereby influencing
the effective diffusivity.
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F1.4 Summary Table

Tabella F.1: Computed diffusivity values corresponding to each average
jump interval and temperature. The columns, in order from left to right,
represent: (1) the mean waiting time obtained from molecular dynamics
simulations, dtpean (in nanoseconds), (2) the temperature T (in Kelvin),
(3) the analytical diffusivity estimated using the frequency-based formu-
la, Dfreq = 107°,A%/(6, (At)) (in cm?/s), (4) the ensemble-averaged diffu-
sivity derived from mean squared displacement (MSD) using exponential
sampling, (Dye5) (in cm?/s), and (5) the ensemble-averaged MSD dif-
fusivity using normal sampling, (DNY™) (in cm?/s).

dt_mean (ns) Temp (K) (Dfreq) (cm?/s) (D;ﬁggl> (cm?/s) (DY) (cm?/s)

6.77 16 00 2.329 x ¢ 08 2.329 x ¢ 08 2.329 x ¢ 08
2.78 1700 5.672 x ¢ 08 5.739 x ¢ 08 5.739 x ¢ 08
54.7 1800 2.888 x ¢ 2.862 x ¢~ 2.863 x ¢
50.5 1850 3122 x ¢ 3.240 x ¢~ % 3.240 x ¢~
22.0 1900 7.167 x e~ % 7171 x e~ % 7.168 x ¢~

19.4 1950 8.128 x ¢~ 8.130 x ¢~ 8.127 x ¢~
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Tabella F2: Calculated diffusivities for each mean jump interval and
temperature when one-step directional memory is included. Columns,
from left to right, are the MD-derived mean waiting time dt_mean
(ns), temperature T (K), analytical frequency-based diffusivity Dgeq =

107° A2/ (6(At)) (cm?/s), ensemble-averaged MSD diffusivity with expo-

nential sampling <D§/)[(ggn> (cm?/s), and ensemble-averaged MSD diffusi-

vity with normal sampling (DNY™) (cm?/s) under a back-jump probabi-

lity of Pback = 1/12 + dprp-

dt_mean (ns) Temp (K) (Dfeq) (cm?/s) (D%Z‘g) (cm?/s) (DY) (cm?/s)

6.77 16 00 2.329 x ¢ 08 1.499 x ¢ 98 1.499 x ¢ 98
2.78 1700 5.672 x ¢ 08 3.662 x ¢ 08 3.660 x ¢ 08
54.7 1800 2.888 x ¢~ 1.871 x ¢~ 1.870 x ¢~
50.5 1850 3122 x ¢ 1.990 x ¢~ 99 1.989 x ¢ 9
22.0 1900 7.167 x e~ % 4505 x ¢~ 4503 x ¢~
19.4 1950 8.128 x ¢~ 5.279 x ¢~ 5278 x ¢~

F2 Generating 2nn random walk in 3C-SiC and
measuring D_i over multiple dt_mean

START TIMER tO

// 1. SET UP PARAMETERS
set lattice_constant a <- 0.435 // nm
compute Jjump_length lambda <- a / sgrt(2)

© e N Ul e W N e

set attempt_frequency Gamma <- lel2 // unused here

set n_traj <- 10000 // number of independent walks
set n_Jjumps <- 2000 // max Jjumps per walk

set mean_wait dt_mean <- 19.4 // ns

// Precompute jump vectors for 12 second-neighbor directions
build array jump_vectors[l2] from lattice geometry
build inverse_index array inv_jump[1l2]

// Compute maximum simulation time (unused later)
max_time <- n_jumps x dt_mean x le-9 // s
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// Frequency-rule diffusivity in cm"2/s
D_freq <- le-5 % lambda”2 / (6 * dt_mean)

INITIALIZE arrays D_msd_arr, D_msd_arrl of length n_traj

// 2. ENSEMBLE OF TRAJECTORIES, NO MEMORY EFFECT
FOR each trajectory i = 1 to n_traj:

t_acc_exp <- 0

t_acc_gauss <- 0

pos_vector <- zero vector

REPEAT n_jumps times:
// draw waiting times
dt_exp <- random exponential with mean dt_mean
dt_gauss <- random normal with mean dt_mean

// accumulate time
t_acc_exp <- t_acc_exp + dt_exp
t_acc_gauss <- t_acc_gauss + dt_gauss

// perform a random Jjump
choose random index k in [0..11]
pos_vector <- pos_vector + jump_vectorsl[k]

// compute squared displacement
msd <- dot (pos_vector, pos_vector)

// compute MSD-based D in cm"2/s

D_msd_arr[i] <- le-5 x msd / (6 * t_acc_exp)

D_msd_arrl[i] <- le-5 » msd / (6 » t_acc_gauss)
END FOR

// Compute summary statistics of these distributions
compute D_msd_av <- mean (D_msd_arr)

compute D_msd_avl <- mean(D_msd_arrl)

compute Dmin, Dmax from both arrays

// 3. ADD MEMORY ("back—-jump") EFFECT

set back_jump_probability increment dprp <- 0.2
compute phigh <- 1/12 + dprp

compute plow <- (1 - phigh) / 11

INITIALIZE arrays D_msd_arr2, D_msd_arr3 of length n_traj
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pick initial direction ndir <- random 0..11
set inv_dir <- inv_jump[ndir]
initialize random number generator rng

FOR each trajectory 1 = 1 to n_traj:
t_acc_exp <= 0
t_acc_gauss <- 0
pos_vector <- zero vector

REPEAT n_jumps times:
// draw waiting times
dt_exp <- random exponential with mean dt_mean
dt_gauss<- random normal with mean dt_mean

// accumulate time
t_acc_exp <— t_acc_exp + dt_exp
t_acc_gauss <—- t_acc_gauss + dt_gauss

// build jump-probability array
set all 12 entries of pjump to plow
set pjump[inv_dir] to phigh

// select new direction according to pjump

generate uniform prand in [0,1)

ndir <- smallest index where cumulative sum(pjump)
prand

inv_dir <- inv_jump[ndir]

// perform Jjump
pos_vector <- pos_vector + jump_vectors[ndir]

// compute squared displacement
msd <- dot (pos_vector, pos_vector)

// compute D with back-jumps

D_msd_arr2[i] <- le-5 % msd / (6 * t_acc_exp)

D_msd_arr3[i] <- le-5 » msd / (6 % t_acc_gauss)
END FOR

// Update global min/max if needed

update Dmin, Dmax from D_msd_arr2 and D_msd_arr3
compute D_msd_av2 <- mean (D_msd_arr2)

compute D_msd_av3 <- mean (D_msd_arr3)

>=
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// 4. PLOT HISTOGRAMS
create 2x2 subplot grid
for each of the four D arrays (no-memory vsS memory X exp Vs
gauss) :
plot histogram over [Dmin, Dmax]
overlay outline histogram (double bins)
draw vertical line at D_freqg (frequency rule)
draw vertical line at corresponding mean D

label subplots, axes, legends, annotations (a), (b),
adjust layout, save figures as PNG and PDF
// 5. FINISH

stop timer tfin <- time.time ()
print CPU time tfin - tO

Listing F.1: Pseudocode for ensemble diffusion simulation

import numpy as np

import os

from tgdm import tgdm

import matplotlib.pyplot as plt

import time

t0 = time.time ()

# Parameters

lambda_Jjump = a/np.sqrt(2) # Second-neighbor distance

Gamma = lel2 # it has no meaning for our scope
n_traj = 10000 # we will simulate ensemble or many independd
n_jumps = 2000 # Max jumps per traj, we will use many indepd

#if we want uniform jumps we can use fix time for each jump,
# Build the 12 s e ¢ o n d neighbor jump vectors thanks to n

nt trajectori
ndent walks a

no need rate
p.roll functi

jump_vectors = np.array([np.roll([sl, s2, 0], i) for i in rqnge(B) for sl

in [1,-1] for s2 in [1,-1]11) * (a/2) ## raw verctors givé magnitude of sq

inv_jump = np.array([3, 2, 1, 0, 7, 6, 5, 4, 11, 10, 9, 8],
#print (jump_vectors[inv_jump [0]])

#print (inv_ jump)

dt_mean=1.# ns this should be the value estimated by MD
max_time = n_Jjumps * dt_mean *1.e-9 # we multiply total_step

D_freq = 1.e-5 *lambda_jump 2 / (dt_mean * 6) # Diffusivity

dtype=int)

s and avg-tim
le-5 factor t
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fig, axs = plt.subplots(2, 2,sharex=True, sharey=True)

D_msd_arr=np.zeros(n_traj)
D_msd_arrl=np.zeros (n_traj)
for itraj in range(n_traj)

t_acc = 0.

t_accl= 0.

pos = 0.

for ijump in range (n_jumps):
dt = np.random.exponential (dt_mean)
dtl = np.random.normal (dt_mean)

t_acc= t_acc + dt
t_accl= t_accl + dtl
pos += jump_vectors[np.random.randint (12) ]
msd=np.dot (pos, pos)
D _msd=1l.e-5% msd/ (6.*t_acc)
D _msdl=1.e-5% msd/ (6.*t_accl)
D_msd_arr[itrajl=D_msd
D_msd_arrl[itraj]l=D_msdl
Dmax=np.max (D_msd_arr)
Dmin=np.min (D_msd_arr)
Dmax_n=np.max (D_msd_arrl)
if (Dmax_n>Dmax) :Dmax=Dmax_n #updating D_max from new calculg
Dmin_n=np.min (D_msd_arrl)
if (Dmin_n<Dmax) :Dmin=Dmin_n
D_msd_av=np.mean (D_msd_arr)
#D_msd_av=np.mean (D_msd_arr)
D_msd_avl=np.mean (D_msd_arrl)
#D_msd_avl=np.mean (D_msd_arrl)
print (' standard’,’D_freqg=',D_freq,’'D_msd_exp=',D_msd_av, 'D_n

dprp = 0.2
if(1./12.+dprp > 1):
print (' too_high_,jump probability’)
quit ()
phigh = 1./12. + dprp
plow = (1. - phigh)/11.
ndir=np.random.randint (12) # initialization

ted D

sd_gau=’',D_msd_avl)
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inv_dir=inv_jump[ndir]
rng=np.random.default_rng/()

D_msd_arr2=np.zeros (n_traj)
D_msd_arr3=np.zeros (n_traj)
for itraj in range(n_traj)

#

Dmax_n=np.max (D_msd_arr?2)
if (Dmax_n>Dmax) :Dmax=Dmax_n
Dmin_n=np.min (D_msd_arr2)
if (Dmin_n<Dmax) :Dmin=Dmin_n
Dmax_n=np.max (D_msd_arr3)
if (Dmax_n>Dmax) :Dmax=Dmax_n
Dmin_n=np.min (D_msd_arr3)

pos = 0.

t_acc=0.

t_accl=0.

for ijump in range (n_jumps) :
dt = np.random.exponential (dt_mean)
dtl = np.random.normal (dt_mean)

t_acc= t_acc + dt
t_accl= t_accl + dtl
pjump=np.full ((12),plow) # uniform low probability
pjump[inv_dir]=phigh # high probability in inver
ndir=0 # select jump direction according pjump
prand=rng.random ()
pcurr=pjump[0]
while (pcurr < prand):
ndir+=1
pcurr=pcurr+pjump [ndir]
# print (ndir) # check if works for high dprp positid
pos += Jjump_vectors[ndir]
inv_dir=inv_Jjump[ndir]
msd=np.dot (pos, pos)
D_msd2=le-5xmsd/ (6.*t_acc)
D _msd3=le-5*msd/ (6.*t_accl)
D_msd_arr2[itraj]=D_msd2 #collecting many D_exponential
D_msd_arr3[itrajl=D_msd3 #collection many D_normal
ndir=0

se direction

n oscillation
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F2. GENERATING 2NN RANDOM WALK IN 3C-SIC AND MEASURING D_1 OVER MULTIPLE DT

if (Dmin_n<Dmax) :Dmin=Dmin_n
D_msd_av2=np.mean (D_msd_arr2)
D_msd_av3=np.mean (D_msd_arr3)

.hist (D_msd_arr, nbin, range=(Dmin,Dmax),

(
.hist (D_msd_arr, nbinx2, range=(Dmin,Dmax),
.hist (D_msd_arrl, nbin, range=(Dmin,Dmax),

.hist (D_msd_arrl, nbin=*2, range=(Dmin,Dmax)

density=Ty

density=s
density=T
, density

[0, O]

[0, O]

[0, 1]

[0, 1]
axs[0, 0].axvline (x=D_freq, color='green’, linestyle=’'--")
axs[0, 1].axvline (x=D_freq, color="green’, linestyle=’'--")
axs[0, 0].axvline (x=D_msd_av, color='black’, linestyle='--'
axs[0, 1].axvline (x=D_msd_avl, color="black’, linestyle=’-—-
axs[l, O0].hist (D_msd_arr2, nbin,range=(Dmin,Dmax), density=T
axs[l, 0].hist (D_msd_arr2, nbinx2,range=(Dmin,Dmax), density
axs[l, 1].hist (D_msd_arr3, nbin,range=(Dmin,Dmax), density=T
axs[1l, 1].hist (D_msd_arr3, nbinx2, range= (Dmin,Dmax), density
axs[l, 0].axvline (x=D_freq, color="green’, linestyle=’'--")
axs[l, 1].axvline (x=D_freq, color=’"green’, linestyle=’'--")
axs[1l, 0].axvline (x=D_msd_av2, color='black’, linestyle=’'-—+
axs[l, 1].axvline (x=D_msd_av3, color="black’, linestyle=’-—+

[0, O]

.set_title(’exponential’)

—
o

~
[

.set_title(’gaussian’)

in axs.flat:

.set (xlabel=r’'D_[$cm"2_,/_.sS$]1’, ylabel="a.u.’)
# Hide
for in axs.flat:
ax.label outer ()

subplots_adjust (wspace=0.05)

ax

fig.
fig.
fig.
fig.show ()

tfin time.time ()
print ("tCPU_=",tfin-t0)

(memory’,’'D_freg=",D_freq,’'D_msd_exp=",D_msd_

av2,’D_mg

x labels and tick labels for top plots and y ticks fg

savefig ('Dnt’ +str(n_traj)+'nj’+str(n_jumps)+’ .png’)
savefig ('Dnt’+str(n_traj)+'nj’+str(n_jumps)+’ .pdf’)

ue, facecolor='r’, a

True, histtype='step
rue, facecolor='r’,

=True, histtype=’ste

)
")

rue, facecolor='b’,
=True, histtype=’ste
rue, facecolor='b’,

=True, histtype=’ste

d_gau=’',D_msd_av3)

r right plots.
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#p jmup=np. full

# (Save

‘results ' to file or use it to make the above plots.|)
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