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Introduction 

The reduction of greenhouse gases is still a serious problem that is faced by all 

industrialized countries and partly by emerging ones. In this regard, the transport sector 

is one of the main responsible for CO2 emissions, which must be subjected to substantial 

improvements regarding environmental efficiency. 

The electrification of vehicles is considered as the main choice for achieving this 

objective; in fact, the most promising technology, from the point of view of 

competitiveness, is that of hybrid/electric vehicles. In recent years, some changes in the 

automotive industry are increasingly pushing scientific research into finding innovative 

technical solutions to improve existing hybrid vehicle technology. 

Even the European Commission, in addressing the problem of the use of energy and 

greenhouse gas emissions, has acknowledged that to improve efficiency and energy 

savings it is necessary to adopt appropriate strategies in the transport sector. To this end, 

the European Commission has recently published two packages related to road transport: 

"Europe on the move" (proposal for clean, competitive and connected mobility, May 2017 

[1]) and "Guide to clean mobility" (proposal to strengthen global EU leadership in clean 

vehicles, November 2017 [2]). In both proposals, the European Commission indicates 

CO2 emission reductions, in particular, both for cars and vans, average CO2 emissions 

must be 30% lower in 2030, compared to 2021. Targets set for 2030 they are not only 

meant to provide less polluting vehicles, but also to provide long-term stability to 

producers' investments, as the new CO2 standards will have a significant impact on the 

research and development expenditure of European vehicle manufacturers. In the US, 

such an effort is driven by Vehicle Technologies Office of the Department of Energy. 

The latest regulation issued by the European Parliament "COM (2017) 676" [3], 

examines the types of light commercial vehicles (Light Duty Vehicles - LDV) to 

accelerate the production of low-emission vehicles, since these are responsible for 

approximately 15% of total EU CO2 emissions. To reach these emission levels it is 

necessary to increase the level of electrification within the propulsion unit, i.e., by 

developing increasingly electric hybrid engines. The specifications required for electrical 

units are demanding in terms of power density, temperature, efficiency, fault tolerance, 

material recycling and related cost. The electrification of the vehicle requires an 

integrated approach, including the advanced design of electronic power converters, 

coupled with the development of appropriate control algorithms to overcome the current 

technological barriers. 

Limited space, efficiency and thermal requirements also influence the electric drive 

design. In this regard, Wide Band Gap (WBG) devices are a very promising technology 

[4]. The use of gallium nitride (GaN) or silicon carbide (SiC) devices, thanks to higher 

switching frequencies (>> 100 kHz) and junction temperature (> 150 ° C), compared to 

silicon technology (Si), they allow the use of reduced cooling systems and increasingly 

smaller filters, maintaining the highest possible levels of efficiency even for medium 

power drives. 

In Figures 1 and 2, market trends and invested capital related to Wide Band Gap 

technologies (SiC and GaN) are presented; while, in Figure 3, the market segments that 

the WBG semiconductor devices will occupy compared to the existing silicon (Si) 

technology are presented: 
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Figure 1 Market analysis conducted by research firm IHS Markit Technology which shows earnings 

estimates from sales of GaN devices in the coming years [5]. 

 
Figure 2 Market forecast on SiC (Yole Developpement) devices [5]. 

 

Figure 3 Market slices occupied by WBG and Si technologies in terms of frequency and power 

(Rensselaer Polytechnic Institute) [6]. 
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Currently, both the Department of Energy (U.S.) and the European Commission are 

providing significant funding for the development of WBG technology in automotive 

applications [7]-[8]. 

Another important aspect concerning the electrification of the vehicle is related to the 

energy saving and the reduction of greenhouse gases is obtained by using also high-

performance electric machines. 

Electric machines in electric vehicles (EVs) are expected to be high efficiency, have 

high rated torque, high starting torque, wide speed range, high overload capacity, high 

power at cruising speeds, high constant power speed range, high specific power and 

power density, fast dynamic response, good flux weakening capability at high speeds, 

high reliability, and good fault tolerance characteristics. These important requirements 

are essential regardless of machine type. However, the topology and principle of 

operation of the machine dictates the design and control measures that are needed to meet 

these requirements. The machine that meets all these requirements must be at a cost that 

is acceptable. Table 1 shows the specification parameters of recent vehicles, gleaned from 

various sources. Even if some insight can be obtained, putting these data side by side, it 

is difficult to compare these values without putting the vehicle traction drive system 

architecture and/or hybridization strategy in perspective. Even then, the machines are 

different in several respects including the fact that some vehicles use two machines while 

others use one. It is therefore difficult to compare these machines in any meaningful way, 

however, it is informative to see some trends including moving away from induction 

machines (IMs) toward the use of permanent magnet (PM) machines for most of the 

traction applications. However, there are a lot more machine types that can be potentially 

applied in electric vehicles [10]. 

Table 1 Traction machine specifications [10]. 

Model Year 
Motor 

Type 

Peak 

Power 

kWp 

Peak 

Torque 

Nm 

Max 

Speed 

rpm 

Poles 

Peak 

Specific 

Power 

kW/kg 

Peak 

Power 

Density 

kW/L 

Roadster 2008 IM 215 370 14000 4 4.05 - 

Tesla 

S60 
2013 IM 225 430 14800 4 - - 

Model 3 2017 PM 192 410 18000 6 - - 

Prius 2004 PM 50 400 6000 8 1.1 3 

Prius 2010 PM 60 207 13500 8 1.6 4.8 

Prius 2017 PM 53 163 17000 8 1.7 3.35 

Accord 2006 PM 12 136 6000 16 0.53 2.83 

Accord 2014 PM 124 - 14000 8 2.9 2.93 

Spark 2014 PM 105 540 4500 12 - - 

Volt 2016 PM 111 370 12000 12 - - 

Bolt 2017 PM 150 360 8810 8 - - 

Leaf 2012 PM 80 280 10390 8 1.4 4.2 

Leaf 2017 PM 80 280 10390 8 1.4 4.2 

Camry 2007 PM 70 270 14000 8 1.7 5.9 

Camry 2013 PM 70 270 14000 8 1.7 5.9 

Lexus 2008 PM 110 300 10230 8 2.5 6.6 

Sonata 2011 PM 30 205 6000 16 1.1 3.0 

BMW i3 2016 PM 125 250 11400 12 3 9.1 
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Figure 4 shows the potential motor types and possible choices for EV applications. 

The basic types of machines used in electric vehicles are: induction machines, permanent 

magnet synchronous machines, switched reluctance machines and synchronous 

reluctance machines. In most recent vehicles, three classes of machines have been applied 

including induction machines, synchronous machines, permanent magnet machines and 

reluctance machines. Various configurations of machines have been used or are potential 

motors to be used, including radial flux and axial flux permanent magnet synchronous 

machines, induction machines, switched reluctance machines and flux switching 

machines [10]. 

 

Figure 4 Motor types aviable for electric vehicles/hybrid electric vehicles (EV/HEVs) [10]. 

In this new general context, the vector controls in the electric drives are used to save 

electric energy and increase the productivity in variable-output work process of all new 

and well-established industries such as: digital information gadgets, digital home 

appliances, automotive and robotic electric actuators, pump compressors, hybrid and 

electric vehicles, industrial processes, and distributed and renewable energy system 

electric generators. With power levels that go from less then 1W to 100MW, VSDs have 

become in the last 20 years a very dynamic worldwide industry/market [9].  

Vector controls represents a very robust way to control electrical machines in 

alternating current (AC), in fact it are generally used in all those systems that require high 

dynamics in terms of torque and speed and in particular in automotive systems. The basic 

idea that guarantees a decoupled control of the magnetic flux and electromagnetic torque. 

Vector controls are used on AC electrical machines, both asynchronous and 

synchronous and in both cases, it is necessary to measure or estimate the rotor flux 

position, but in any case, it is necessary the rotor position measurement. 

Then, when we talk about sensored control, we will indicate a vector control where it 

exploits the position sensors to measure the rotor position. This type of control has been 

widely used in electric drives for more than 20 years. 

In recent decades, sensorless control techniques have been developed as well. The 

latter are used a wide application as they don't require mechanical sensors to measure the 

rotor position and therefore allow to realize electrical drives with high dynamic 
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performance but with reduced costs and sensors data transmission cables. Obviously, 

since vector control relies on knowing the rotor position is necessary, sensorless controls 

need an algorithm that allows to estimate the position of the rotor flux. 

The advantages of a sensorless control allow to realize electric drives with good 

dynamic performance, comparable with the sensored ones, or lower costs and high 

reliability; on the contrary, the disadvantages are related to the type of the rotor position 

estimation algorithm; in fact, many rotor position estimation algorithms donôt guarantee 

a good operating work in the whole operating range of the drive; moreover, many rotor 

position estimation algorithms are sensitive to parametric variation and other limits are 

related to the signal-to-noise ratio (SNR).  

In most applications, where high dynamic performances are required, the measurement 

of the rotor position is essential.  For example, in automotive applications, such as: 

electric vehicles, avionics or marine applications, or aerospace applications, etc., for 

safety reasons, the presence of the position sensor is necessary; while the sensorless 

algorithms are mostly used when the position sensor fails; in fact, in order to maintain the 

same performance of the drive, the control unit start the sensorless algorithm when a fault 

in the position sensor is detect. Obviously, the control unit recommends replacing the 

faulty position sensor, as it is necessary for safety reasons. 

Also widespread are those applications in which it is necessary to vary the speed of 

the drive; in fact, variable speed drives (VSDs) are widespread in many sectors, from 

household appliances to large compressors, pumps and fans, wherever speed control is 

required for energy saving or process control. Speed control requires speed feedback; on 

the other hand, position feedback is mandatory for field orientation in frequency 

converters, for switching in BLDC drives and for any application that requires position 

control. Due to cost, reliability and space constraints, the only motion sensor used in 

VSDs is the position sensor: the speed must be estimated from the position measurement.  

Recently a particular interest in low-cost sensors has been considered, for instance, 

high resolution linear and magnetoresistive Hall effect sensors [11] ï [14]. The main 

concern with these technologies is their limited accuracy, in fact several methods have 

been proposed to improve it [13]. In other cases, it has focused on the effect of low-

resolution binary Hall effect sensors. 

The main concern is related to quantization noise present in the measurement and ways 

to reduce it have been investigated. Although it is known that when the resolution of the 

position sensor decreases the speed estimate deteriorates, however, a complete 

understanding of the effects of position sensor resolution in VSDs has yet to be achieved. 

A fundamental but open problem is: how does a specific resolution of the position sensor 

affect the performance of the drive in the event of periodic torque disturbances? Such 

knowledge would be of great help to a technician when selecting the resolution of the 

position sensor, in order to minimize costs while at the same time achieve the desired 

command tracking and the required disturbance rejection. 

The main of this thesis are to contribute to the improvement of performances of electric 

drives, by reducing the costs, reducing the assessment volume, increasing energy 

efficiency and improving the dynamic performance both with low resolution position 

sensors and also sensorless algorithms and at the same time guaranteeing some key 

aspects related to the reliability of AC motor drives such as fault tolerant, overheating 

protection, rotor position sensor failure and unexpected shutdowns. These objectives are 

achieved by exploiting the presence of thermistors for thermal monitoring of the AC 

motor for the development of sensorless algorithms able of replacing the position sensor, 

but also by reducing costs on the position sensor by selecting its resolution based on the 

application and desired dynamic performance. Furthermore, the combination between the 
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multilevel converter topologies and open-end winding motors allows to achieve fault 

tolerant solutions, increasing the energy efficiency and improving the power quality. 

 

The thesis is composed of five chapters: 

 

1. The chapter 1 deals with a review on state of art existing sensorless algorithms, 

examining the history of sensorless algorithms and focusing on one kind of 

sensorless algorithm based on back-EMF which will be used in the chapter 2; 

2. The chapter 2 deals an alternative way to  estimate the rotor position in AC motors, 

exploiting the wiring of thermistor embedded in the stator winding for 

temperature monitoring purposes.  Specifically, thermistor wirings embedded in 

the stator winding are suitably modified in order to turn them in a set of search 

coils.  Since these coils can be connected to the drive control system exploiting 

existing Thermistor cablings, only a minimal departure from a standard machine 

design is required. A suitable rotor position estimation technique fully 

independent from motor parameters will be presented by using the obtained set of 

search coils. Such a technique can be used alone or to improve the performance 

of conventional Back-EMF based sensorless techniques. In the proposed approach 

as well as the compatibility between rotor position estimation and temperature 

monitoring have been assessed. 

3. The chapter 3 introduces the different technologies of the position sensors and 

their properties; in particular, the chapter involves the development of 

mathematical models through spatial Fourier approach to descript the effects of a 

finite resolution in a position sensor. Since in most applications it is preferred to 

estimate the speed from the measurement of the rotor position, chapter 3 will 

continue with the introduction of the main speed estimation algorithms used both 

electric drives with position sensors and electric drives with sensorless algorithms. 

4. In those applications where safety comes first, the use of the position sensor is 

essential. In this chapter 4, the main contribution was to provide guidelines for the 

best selection of the position sensor based on the specifications and dynamic 

performance required for the drive. These guidelines will be addressed for two 

different types of speed estimation algorithms. 

5. Finally, the chapter 5 summarizes the other research activities developed to 

improve the energy efficiency, power quality and fault tolerant capability of 

electric drives. In particular, the research activities focused on the investigation of 

technical solutions for double three-phase winding motors and/or open-end 

winding motors solutions, by using multilevel power conversion topologies. 

These solutions allowed to increase the energy efficiency, the power quality 

improvement and the fault tolerant ability of the drive. 
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1 Chapter 1. Sensorless Techniques for 

Synchronous Motor Drives 

1.1 Introduction  

Today, permanent magnet (PM) synchronous motors are the dominant technologies 

for many applications: industrial applications, household appliances, electric traction, 

marine propulsion, aerospace, elevators and wind power generation [1]. The high 

efficiency, high torque density, high overload capability, fast dynamic response and 

desirable wide speed range performance of these motors have made the technology 

popular with manufacturers [2] - [4]. PM materials are the most important elements of 

PMSMs. Two commonly applicable PM materials for PMSMs are neodymium iron-

boron (Nd-Fe-B) and samarium-cobalt (Sm-Co), both of which contain rare earth 

elements [5] - [6]. 

Although the excellent performance and high efficiencies of PMSMs have already 

conquered much of the power application market, the dramatic rise and fall in the price 

of permanent magnets has directed research towards rare earth-free machines to [7] - [8]. 

Reliability issues in PMSM due to possible magnet failures are also considered. 

The rotor design of the SynchRel sets it apart from IM and PMSM. Compared to those 

conventional motors, the SynchRel achieves higher reliability and easier maintenance 

(due to the very low temperature of the winding and bearing, and also missing the cage 

rotor structure or PM) [9] - [10], lower cost (due to lack of PM than PMSMs), faster 

dynamic response (due to smaller size in the same power range and lower moment of 

inertia), higher speed range (due to wide operation at constant power compared to IM) 

[11] and higher efficiency in the same power range with the same size (due to cold rotor 

operation compared to IM) [12] - [18], and higher power density and higher torque per 

ampere with respect to IM [19] - [23]. In this sense, SynchRel offers the high performance 

of a PMSM, while it can be as cheap, simple and easy to service as the IM. Therefore, the 

attention paid to these motors in high-speed applications has seen a continuous growth in 

the literature which has convinced electric vehicle (EV) and hybrid electric vehicle (HEV) 

manufacturers to apply SynchRel as an alternative to PMSM [24] - [25]. That said, the 

ability to drive with the same VSDs for IM and PMSM in various newly designed VSDs 

has provided a solid development base for SynchRel [26]. Mainly, the high efficiency of 

SynchRel versus IM has attracted attention for applications such as pumps and fans. 

Furthermore, the ability to operate at high performance and particularly wide speeds with 

consideration of the lack of rare earth PMs compared to PMSMs prompted researchers to 

study these motors for traction applications. It is worth mentioning that in some 

applications such as pumps, fans and conveyors, IMs are the dominant motors, which can 

be designed to be replaced by SynchRels. 

Although SynchRel avoids PM in its structures, it sacrifices the efficiency, power 

factor and torque density of PM motors. The torque produced by the SynchRel is purely 

reluctance torque due to the salience and anisotropy of the rotor. This contributes to the 

high saturation of this engine, which limits the flux density The addiction of ferrite PM 

to the rotor of the SynchRel allow to define a new synchronous motor type the Permanent 
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Magnet Assisted Reluctance Synchronous Machine (PMSynchRel) that exploits 

simultaneously the unique rotor characteristics of the SynchRel and the high performance 

of the PMSM, as shown in [63]. These motors have desirable performance at above basic 

speeds while meeting the requirements of the constant power speed range [27] - [28]. The 

currents for the same pair are decreased in the PMSynchRel. As a result, losses also 

decrease, especially for the partial load. A significant variation of the power factor 

increases of about 10% for low currents and 6% for high currents is achieved. On the 

other hand, in terms of maintenance, production and assembly, SynchRel and IM are 

superior to PMSynchRel. Also, similar to SynchRels, PMSynchRels suffer from higher 

torque ripple [29]. 

Nowadays, VSDs have been applied in many industries for efficient, high 

performance, robust and precise control of electric motors. In particular, as discussed 

above, these performances can be guaranteed by different synchronous motor topologies 

(PMSM, SynchRel and PMSynchRel). Without taking into account the strengths and 

weaknesses of each synchronous motor technology, vector control is able to guarantee 

the high performance discussed above. 

There are several algorithms that are recognized as vector control methods, addressed 

in the literature, and implemented in many industrial VSDs; among them we classify them 

as: field-oriented control (FOC), direct torque control (DTC) and predictive control (PC) 

methods, including model-based DTC (MPDTC) and model-based predictive control 

(MPCC). The use of electric drives for alternating current motors exploiting vector 

controls are widely used in various applications: industrial automation, transport sector, 

automotive, electric traction and in the household appliances sector. Many of these 

applications require a position or speed or torque control with high dynamic performance, 

sturdiness and reliability are, in fact, guaranteed by vector control. However, in various 

applications where cost reduction, space reduction and greater robustness are required 

with respect to position sensor failures, sensorless algorithms represent the most suitable 

solution more than 20 years.  

Meanwhile, sensorless controls (also known as self-sensing) are becoming more and 

more popular in many industrial but also domestic applications, presenting some 

advantages in synchronous motors (PMSM, SynchRel or PMSynchRel) due to cost 

reduction, scaling system and reliability. As shown in Fig. 1.1.1, an enormous effort has 

been made in the last 20 years to develop sensorless control techniques for a wide range 

of speeds: from low speeds to high speeds.  

INFORM

Rotating Signal Injection

1996

1998

Pulsating Sinusoidal Injection

2000

Extended EMF

2003

2006

ZVCD

Active Flux

2008

Square-Wave Injection

2011

Arbitrary Injection

2013

To Be 

Continued  
Figure 1.1.1 Time Line of Sensorless Control on PMSM Motor Drives. 

Sensorless control schemes can be classified into two main categories: 

¶ Model based sensorless (applied in medium-high-speed range) 

¶ Saliency based sensorless (applied in the low-speed range) 
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Figure 1.1.2 Classification of Sensorless Control for Synchronous Motor Drives. 

The model-based method can be implemented using the electromotive force (EMF) or 

the flux associated with the fundamental excitation [30] - [50] and can be divided into 

open-loop and closed-loop methods. The first category are derived from the integration 

of the back-EMF of the machine without any correction term; while the latter makes use 

of the error between some estimated and measured quantities as feedback to increase their 

performance. Although model-based methods are first proposed and commercialized, 

they fail in the low-speed range due to low signal-to-noise ratio caused by model 

uncertainty, inverter non-linearities, etc. To expand control sensorless for low speed or 

zero speed, the method based on saliency monitoring has been developed, including 

methods based on additional high frequency magnetic field [51] - [67] and excitation-

based methods by PWM (FPE) [68] - [77]. 

Due to the growing expansion of sensorless control applications in PMSM drives, this 

first chapter will describe some of the most known sensorless algorithms. In particular, 

the one based on the estimation of the back-EMF will be described in more details as a 

model-based sensorless algorithm; instead, the injection-based method will be described 

in more details as a sensorless algorithm based on saliency. 

1.2 Model-Based Sensorless Control Methods 

Model-based sensorless controls can be easily derived from the fundamental wave 

mathematical models of electrical machines they are used in various applications where 

the drives are operated at medium-high speeds. 

In general, in model-based sensorless methods, the rotor flux position estimation 

procedure is conventionally divided into two parts, Fig.1.2.1, state filter or observer for 

EMF estimation and position/velocity observer for estimating the position of the rotor 

flux and mechanical speed: 

EMF or Flux 

Estimation

vabcs

iabcs

EMF or Flux Position/Speed 

Observer

qre

wrm

 
Figure 1.2.1 General Structure of Model Bases Sensorless Algorithm. 

EMF or the flux associated can be implemented using open loop methods and closed 

loop methods. Generally closed-loop methods are the most used and are preferred for 

their strong robustness and high precision. The estimate of the EMF or the Active Flux 

can be achieved by exploiting the mathematical models of the synchronous machines 

expressed in the stationary reference ab or in a synchronous reference qd.  
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1.3 Synchronous Machine Model 

The study of model-based sensorless controls it require the knowledge of the 

mathematical models of the various synchronous machines. In general, it is possible to 

consider the mathematical model of an interior permanent magnet synchronous machine 

as a reference model [78]. Therefore, the set of voltage and flux equations are given 

respectively in (1.3.1) and (1.3.2): 

ê
é
é
è

ú
ù
ù
øva

vb

vc

 = Rs 

ê
é
é
è

ú
ù
ù
øia

ib

ic

 + 
d

dt
 

ê
é
é
è

ú
ù
ù
øla

lb

lc

 (1.3.1) 

 

ê
é
é
è

ú
ù
ù
øla

lb

lc

 = Ls(qre) 

ê
é
é
è

ú
ù
ù
øia

ib

ic

 + Lpm (1.3.2) 

 

where Rs, Lpm e Ls(qre) are the stator resistance matrix, the permanent magnet vector 

and the inductance coefficients matrix respectively: 

Rs = 

ê
é
é
è

ú
ù
ù
øRs 0 0

0 Rs 0

0 0 Rs

  Lpm = lpm 

ê
é
é
è

ú
ù
ù
øsin(qre)

sin(qre - 2p/3)

sin(qre + 2p/3)

 

Ls(qre) = 

ê
é
è

ú
ù
øLls+LA-LBcos(2qre) -0.5LA-LBcos(2qre-2p/3) -0.5LA-LBcos(2qre+2p/3)

-0.5LA-LBcos(2qre-2p/3) Lls+LA-LBcos(2qre-4p/3) -0.5LA-LBcos(qre+2p)

-0.5LA-LBcos(2qre+2p/3) -0.5LA-LBcos(2qre+2p) Lls+LA-LBcos(2qre+4p/3)

 

 

where LA is the magnetizing synchronous inductance and LB is the saliency inductance: 

LA = 
Lmd + Lmq

3
   LB = 

Lmd - Lmq

3
 

The electromagnetic torque expression and the mechanical system equation are 

defined in (1.3.3) and (1.3.4), respectively: 

Te = pp 

íî
ì
îë

ýî
ü
îû

[ia ib ic] 
dLpm

dqre
 + 

1

2
 [ia ib ic] 

dLs(qre)

dqre
 

ê
é
é
è

ú
ù
ù
øia

ib

ic

 (1.3.3) 

 

íî
ì
îëTe = TL + J 

dwrm

dt
+ Fwrm

wrm = 
dqrm

dt

 (1.3.4) 

 

Equations (1.3.1) - (1.3.4) define the mathematical model of an IPMSM, neglecting 

the effects of magnetic saturation, magnetic hysteresis, and cross saturation. In general, 

in PMSM, the q-axis inductance is greater than the d-axis inductance, i.e., Lq > Ld (or LB 

< 0) this is due to the high reluctance of the magnetic material in the d-axis. 

When a synchronous machine with surface mounted permanent magnets SPMSM is 

considered, i.e., an isotropic synchronous machine, the inductances of axis q and axis d 
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are identical, Ld = Lq simplifying the matrix of inductances Ls and eliminating the 

dependence with the position of rotor: 

 

LA = 
2

3
 Lms  LB = 0  Ls = 

ê
é
è

ú
ù
øLls+LA -0.5LA -0.5LA

-0.5LA Lls+LA -0.5LA

-0.5LA -0.5LA Lls+LA

 

 

This simplification will have repercussions in (1.3.3) heading to an electromagnetic 

torque dependent only on the flux vector of the permanent magnet Lpm. 

Finally, if we consider a synchronous reluctance machine (SynchRel), there are not 

permanent magnets, i.e., lpm = 0, and d-axis inductance is greater than the q-axis 

inductance, Ld > Lq, and thus LB >0. This implies that the equation (1.3.3) of the 

electromagnetic torque is depending only on the magnetic saliency of the machine and 

therefore on dLs(qre)/dqre, being Lpm = 0. 

1.4 Back-EMF State Filter 

After having defined the mathematical models of the synchronous machines, now it is 

possible to refer these models in a synchronous reference frame with the rotor flux 

position (qd) to build the back-EMF estimator; suitable reference frame transformation 

matrices are required (1.4.1): 

 

Kqd = 
2

3
 
ê
é
è

ú
ù
øcos(qre)  cos(qre-2p/3)  cos(qre+2p/3)

 sin(qre)  sin(qre-2p/3)  sin(qre+2p/3)
  

 (1.4.1) 

[Kqd]
-1 = 

ê
é
è

ú
ù
øcos(qre) sin(qre)

cos(qre-2p/3) sin(qre-2p/3)

cos(qre+2p/3) sin(qre+2p/3)

  

 

It is possible to define the mathematical model of an IPMSM in the synchronous 

reference frame with the rotor flux position: 
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øRs 0
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ê
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è

ú
ù
øiq

id
 + 
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dt
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ú
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øwreld 0
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 (1.4.2) 
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øLq 0

0 Ld
 
ê
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ù
øiq

id
 + 
ê
é
è

ú
ù
ø0

lpm
  

By appropriate manipulations of (1.4.2) and writing the derivative operator with p = 

d/dt, obtain: 

 

ê
é
è

ú
ù
øvq

vd
= 
ê
é
è

ú
ù
øRs 0

0 Rs
 
ê
é
è

ú
ù
øiq

id
 + 
ê
é
è

ú
ù
øpLq wreLd

-wreLq pLd
 
ê
é
è

ú
ù
øiq

id
 + 
ê
é
è

ú
ù
øwrelpm

0
 (1.4.3) 

 

Note that in the mathematical model of PMSM the cross-saturation phenomena has 

been neglected and then the qd incremental inductances have been not considered in 

(1.4.3) and in the following analysis. 
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In order to compute the back-EMF, (1.4.3) is rewritten as: 
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(1.4.4) 

 

From the inductance matrix decomposition, the mathematical model of the electrical 

machine can be rewritten as: 

 

ê
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ù
øvq

vd
= 
ê
é
è

ú
ù
øRs 0

0 Rs
 
ê
é
è

ú
ù
øiq

id
 + 
ê
é
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ú
ù
øpLd wreLq
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ê
é
è

ú
ù
øiq

id
 + 
ê
é
è

ú
ù
øwrelpm + (Lq - Ld)(wreid - piq)

0
  (1.4.5) 

 

where Eemf is the extended back-EMF linked both permanent magnet flux and saliency: 

 

Eemf = wrelpm + (Lq - Ld)(wreid - piq)   (1.4.6) 

 

By applying the reference frame transform matrices Rqd-ab (1.4.7) and (1.4.8), the 

previous model can be referred to an orthogonal stationary reference frame (ab): 
 

Kab = 
2

3
 

ê
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è
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ù
ù
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1

2
 -

1

2

0  -
3

2
 

3

2

                 [Kab] -1 = 

ê
é
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ú
ù
ù
ø

1 0
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2
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3

2

-
1

2

3

2

 (1.4.7) 

 

Rqd-ab = Kqd [Kab]
-1 = 
ê
é
è

ú
ù
øcos(qre) -sin(qre)

sin(qre) cos(qre)
  

 (1.4.8) 

[Rqd-ab]
-1 = Kab [Kqd]

-1 = 
ê
é
è

ú
ù
øcos(qre) sin(qre)

-sin(qre) cos(qre)
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ê
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Then, by rearranging the above set of equations, the mathematical model is rewritten as: 
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 (1.4.9) 

 

Starting from the IPMSM model in a stationary reference frame, it is possible to build 

the a-axis and b-axis block diagrams of the state filter in order to estimate the a-axis and 

b-axis back-EMF, as shown in Fig. 1.4.1(a) and 1.4.1(b), respectively: 
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îŬ

îŬ
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(b) (c) 
Figure 1.4.1 Back-EMF State Filter: (a) a-axis and (b) b-axis and (c) stationary reference frame ab. 

This state filter, allows to compute the back-EMF written in (1.4.5); the state filter 

defined in Fig. 1.4.1 is valid for IPMSM motor drive, but can be exploited for SPMSM 

or SynchRel motor drives; in those cases, the equivalent models are (1.4.10) and (1.4.11), 

respectively: 
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 (1.4.10) 
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In order to simplify the mathematical expressions, the reference frames models (1.4.5) 

and (1.4.9) can be rewritten in complex notation; in fact by placing fxy = fx ï jfy (with xy 

= qd in synchronous reference frame cases; with xy = ab in stationary reference frame 

cases, then the models defined in (1.4.5) can be rewritten as: 

 

vqd = Rs iqd + Ld piqd + jwre Lq iqd+Eemf e j0 (1.4.12) 

 

while the (1.4.9) can be rewritten as: 

 

vab = Rs iab + Ld piab + jwre (Ld - Lq) iab + Eemf e -jqre (1.4.13) 
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Figure 1.4.2 Complex Vector Back-EMF State Filter 

In this way the complex vector equation system (1.4.13) allow to replicate the block 

diagrams shown in Fig. 1.4.1 in an only complex vector block diagram shown in Fig. 

1.4.2, where Eab = Eemf e -jqre is the back-EMF complex vector. 

Even the transform matrices defined in (1.4.8) can be rewritten in complex vector 

mode: 

 

Rqd-ab = e jqre     [Rqd-ab]
-1 = e -jqre (1.4.14) 

1.5 Saliency-Based Sensorless Control Methods 

Sensorless control schemes based on flux position estimation, known as model-based 

methods, generally compute the position of the rotor flux through an integration of the 

back EMF. Such an approach is very simple, but effective only at a sufficiently high 

speed. The back-EMF is, in fact, generally very small under 10% of the rated speed [51], 

[79], leading to incorrect estimations of the flux position, due to stator resistance 

variations, or simply measurement noises, and preventing continuous stable low, or zero 

speed, operations.  Moreover, a generally accepted Safety Sensorless Operating Area 

(SSOA) has been defined to identify the speed and torque ranges where stable sensorless 

operations are guaranteed [51]. Signal injection-based sensorless control is widely 

adopted to obtain the position by tracking the saliency at low-speed region for PMSM 

drives [51]-[67]. According to the injection reference frame, the mainstream HF signal 

injection can be roughly categorized into rotating and pulsating signal injection methods. 

And pulsating injection can be further subdivided into pulsating sinusoidal injection and 

pulsating square-wave injection schemes. An intuitive comparison of different HF signal 

injection schemes is shown in Fig. 1.5.1. 
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(c) 

Figure 1.5.1 Comparison of different HF signal injection behaviour principle: (a) rotating signal 

injection method, (b) pulsating sinusoidal injection method, (c) pulsating square-wave injection method. 
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Figure 1.5.2 High Frequency current response and its envelope. 

Although the high frequency signals injection methods are effective to estimate the 

rotor position of IPMSMs, a high frequency signal is injected and extra observers for 

signal processing are required to achieve accurate position tracking. Then, Fundamental 

PWM Excitation (FPE) based sensorless control methods was introduced to simplify the 

sensorless control structure [68] - [77]. 

The FPE-based sensorless control methods estimate the rotor flux position by 

measurement of the current or voltage response of a sequence of test voltage vectors 

applied in the PWM inverter and by calculating the leakage inductance which varies due 

to the main path and leakage saturation. The main concept is based on modified slightly 

the fundamental PWM signals switching by extending the duration of selected inherent 

switching vectors. 

In this thesis the operating principle of the pulsating sinusoidal signal injection will be 

mentioned in the next paragraph. 

1.6 High Frequency Pulsating Sinusoidal Signal Injection Method 

Starting from the synchronous reference frame model of a IPMSM defined in (1.4.3) 

the analytical basis of the HF pulsating sinusoidal signal injection method can be 

developed in this paragraph. 

Since the injection angular frequency wh is much higher than the operation speed, the 

voltage drops on the stator resistance and the term associated with the electrical rotor 

speed wre are assumed negligible. Then the HF-model IPMSM at low-speed region can 

be obtained in synchronous reference frame (1.6.1) with the rotor position qre and in 

stationary reference frame (1.6.2): 
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ú
ù
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  (1.6.2) 

 

where the subscript ñhò indicates HF component. 

The HF pulsating sinusoidal injection voltage vector vqd_inj, with angular frequency wh, 

is injected in qd-axis reference voltages: 

 

vqd_inj = 
ê
é
è

ú
ù
øvqh_inj

vdh_inj
 = Vh cos(wh t) 

ê
é
è

ú
ù
ø1

0
    (1.6.3) 

 

where Vh is the injected HF voltage amplitude. In order to ensure a good shape of the 

sinusoidal signal of injected voltages, the injection angular frequency cannot be set to 

high (usually lower than one-tenth of the PWM switching frequency). 

wrm
^

iabc
abc

ab
BPF

Demodulation Observer qre
^

e jqre
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Vector 
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Product

Unit Vector

iab
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Figure 1.6.1 Block Diagram of the demodulation algorithm. 

Transforming the injection voltage vector vqd_inj to the stationary reference frame with 

the estimated rotor position q  ̂ re, obtain: 

 

vab_inj = 
ê
é
è

ú
ù
øvah

vbh
 = Vh cos(wh t) 

ê
é
é
è

ú
ù
ù
øcos( )q ^re

- sin( )q ^re

    (1.6.4) 

 

By substituting (1.6.4) in (1.6.2), the HF measured currents, in stationary reference 

frame, under HF voltage injection can be obtained in (1.6.5): 

 

ê
é
è

ú
ù
øiah

ibh
 = sin(wh t) 

ê
é
é
è

ú
ù
ù
øIA cos( )q ^re  - IB cos( )2qre - q ^re

- IA sin( )q ^re  + IB sin( )2qre - q ^re

  (1.6.5) 

 

where the currents amplitudes IA and IB are defined as follow expressions: 

 

IA = 
Vh

wh
 

LA

L2
A - L2

B
  IA = 

Vh

wh
 

LB

L2
A - L2

B
  (1.6.6) 

 

Finally, the d-axis component of the high frequency current in synchronous reference 

frame with the estimated rotor position is given by: 
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i ^dh = iah sin( )q ^re  + ibh cos( )q ^re  = IB sin(wh t) sin[ ]2( )qre - q ^re   (1.6.7) 

 

From (1.6.7) it is possible to extract the rotor position error between the actual rotor 

position and estimated rotor position. By using a band-pass digital filter and by 

demodulation process will be provided a signal proportional to the position error and then 

this error should be processed into an observer in order to estimate the rotor position by 

forcing the position error to zero. 

Typically, in the HF signal injection methods a Vector Tracking Observer (VTO) is 

often used as an observer, in order to guarantee high rotor position estimation reliability 

and better dynamic performance. 

1.7 Estimation of Rotor Position and Angular Speed 

Once the back-EMF estimation has been obtained by means of the state filter of Fig. 

1.4.2, it is possible to estimate the rotor position of a rotating vector by considering 

different methods [80]: 

¶ By using the function arctangent. 

¶ By using a PLL algorithm . 

¶ By using state observers. 

Rotor position estimation by arctangent, Fig.1.7.1, allows to obtain the angular 

position q  ̂ re in a very simple way; obviously, the speed estimation w ^re will have to be 

done by an observer or directly by PLL. Therefore, the presence of noise on the measured 

signals results in noisy position estimates when using direct calculation methods such as 

the arctangent. To reduce the noise problem, filters have been applied to either the 

estimated position or the inputs signals, adding lag to the estimate [80]. 

Back-EMF

Estimator
atan2

EaEb
^ ^

qre
^

PLL
wre
^

Vabc

iabc

 
Figure 1.7.1 Rotor Position Estimation through Arctangent method. 

The accuracy of the position/speed estimation can be improved by considering a state 

filter or observer. The position error signal is an input of the algorithm, which could be 

extracted through a vector cross product. Therefore, the PI type phase locking loop (PLL), 

Fig. 1.7.2, or the PID type Luenberger observer, Fig. 1.7.3, can be used to force the 

position error signal to zero and extract the position and speed information [80]. 
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Figure 1.7.2 Rotor Position Estimation through Phase Locked Loop (PLL) 

Compared to the PLL, the Luenberger observer although the moment of inertia is 

required, can provide better dynamic performance. One type of state observer used is the 

so-called Vector Tracking Observer (VTO), Fig. 1.7.3, which is obtained starting from a 

non-linear Luenberger observer structure. 
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Figure 1.7.3 Rotor Position Estimation through Vector Tracking Observer (VTO). 
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2 Chapter 2. Rotor Position Estimation 

Through Search Coils 

2.1 Introduction  

Today, the most common sensorless control techniques are those based on measurement 

of fundamental component of stator voltages and currents, estimating the rotor flux actual 

position through a mathematical model of the machine [1]-[4].  These techniques generally 

provide an effective estimation of the rotor position when correct values of motor electrical 

parameters are used in the model [5]-[8].  For instance, errors in estimating the winding 

resistance may strongly affect the performance of the sensorless control in the low speed 

region, especially at high load.  Moreover, a similar effect may occur at high speeds due to 

errors in setting the inductance values.  In order to improve the control performances in motor 

drives by reducing the effects of parameter and model uncertainties, different nonlinear 

control methods have been adopted, e.g., robust controls, sliding-mode controls (SMC), 

adaptive controls, predictive controls, intelligent controls, and so on [9]-[12].  However, the 

complexity of these approaches may remarkably increase the computational burden of control 

algorithms, making unpractical their implementation. 

These techniques however must cope with the effects of magnetic saturation and cross-

coupling, temperature variation and inverter nonlinearities. Indeed, this leads in many cases 

to a heavy computational burden, the need of self-commissioning procedures and/or accurate 

finite element analysis [1]-[4], [13]-[17]. 

For this reason, the basic concept, for the development of new sensorless algorithms 

is to be able to eliminate the effects related to saturation and non-linearity phenomena. 

Search Coils (SC) represent a viable solution to perform a direct measurement of stator flux 

amplitude and angular position.  SC have been investigated since the ó70s as a mean to 

improve the performance of direct field-oriented control techniques on sensorless or self-

sensing induction motor drives [18]-[20].  Subsequently, they have been also successfully 

exploited on sensorless permanent synchronous motor drives (PMSMs) [21].  Search coils 

make possible the estimation of the rotor flux position through a direct evaluation of the stator 

flux amplitude and angular position, free from effects of stator resistance voltage drops and 

inverter non-linearities [22], [23].  However, SC are actually additional devices, normally not 

present on standard machines.  Their introduction requires some departures from 

conventional AC motor designs, as well as changes in the coil winding process, thus 

increasing the drive complexity.  Moreover, their introduction is in contrast with a basic goal 

of sensorless control techniques, which consists in removing from motor drives as many 

components as possible, in order to increase the reliability and reduce the cost [24].  SC 

became thus unpopular at the end of ó80s, and large efforts were instead spent to develop 

sensorless control algorithms based on the mathematical model of the electrical machines, or 

on the injection of additional high frequency signals [25]-[34], which provide a satisfactory 

behavior in a wide operating range, while avoiding any modification of the conventional 

machine design. 

A key aspect of AC motor drives reliability deals with overheating protection, to prevent 

failures and unexpected shutdowns, while extending the machine lifetime [35]-[43].  

Temperature monitoring is thus accomplished through Thermistors, which are 
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semiconductor-based temperature transducers, normally installed in the end turns of the 

motor stator winding.  On three phase AC motors a set of three Thermistors (Ta, Tb, Tc) is 

generally used, each one allocated in a phase winding and connected to the drive control 

system by external cables.  Thermistors can be wired either in series, or according to a 

common lead circuit, as shown in Fig. 2.1.1. 

Ta Tb Tc

 

Ta Tb Tc

 

(a) (b) 

Figure 2.1.1 Thermistors connection: (a) series and (b) common lead. 

In the first case, only an average stator winding temperature is obtained, while in the 
second case the temperature of each phase winding can be individually determined.  The 
exploitation of Thermistor wirings to build up search coils for rotor position estimation and 
existing cables to connect them to the drive control system is investigated in this work.  More 
precisely, search coils can be obtained by modifying the shape of Thermistor wirings. These 
search coils can be connected to the drive control system exploiting only existing cables if 
Thermistor are connected according to a common lead configuration.  If Thermistors are 
instead series connected a single additional cable is required.  According to such an approach, 
the realization of a set of SC should require a very small extra cost, therefore, a rotor position 
tracking technique has been developed exploiting the voltages induced in the obtained search 
coils.  Such a technique is fully independent from motor parameters and overcomes some 
typical drawbacks of sensorless position estimation techniques based on the manipulation of 
fundamental components of stator voltages and currents, such as those related to inverter non-
linearities and stator resistance voltage drops.  Moreover, effects of magnetic saturation and 
cross-coupling effects are quite reduced, as verified by experimental testing.   

Although of general use, the proposed technique is applied to a Surface Permanent Magnet 
Synchronous Motor (SPMSM) and Synchronous Reluctance Motor (SynchRel) drives. A 
theoretical analysis of the technique is first provided, followed by an exhaustive experimental 
validation.  

2.2 Model of the Synchronous Machine with Search Coils (SCs) 

A set of search coils can be obtained by modifying the wiring of three Thermistors 

featuring a common lead configuration placed on the stator winding of a three phase 

SynchRel, as shown in Fig. 2.2.1. 
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Figure 2.2.1 Modified common lead thermistor installation. 

The Thermistors must be supplied with a DC current to monitor the temperature, by actual 
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resistance measurement. On the other hand, the voltage across at least two of the three search 
coils must be sampled to detect the rotor flux position.  Thus, flux sensing can be easily made 
fully unaffected by temperature monitoring and vice-versa, by using in turn one of the three 
Thermistors for temperature monitoring, and the search coils connected to the other two 
Thermistors to estimate the rotor flux position. When the Thermistors are not supplied, the 
current flowing into the search coils is ideally null, due to the very high input impedance of 
the acquisition system used to sample the voltage at cabling terminals.  Hence, the voltage 
drop caused by the Thermistors can be neglected for flux sensing purposes.  On the other 
hand, AC voltages induced in the search coils can be eliminated through a low-pass filter for 
temperature monitoring purposes.  

If the three Thermistors are series connected, or if only two Thermistors are used, two 
search coils can be obtained, according to Fig. 2.2.2. 

Rs

va

ia

vx

Rs
vb

ib

vy

Rs

vc

ic

Ta

Tc

Tb

A

B

D

 

(a) 

Rs

va

ia

vx

Rs
vb

ib

vy

Rs

vc

ic

Ta

Tb

A

B

D

 

(b) 

Figure 2.2.2 (a) Modified series thermistors installation and (b) two thermistors arrangement. 

In this case, if not present, an additional cable is required to independently measure the 
voltages induced into the two search coils.  Temperature measurement is accomplished at 
regular time intervals, whose length is suitably computed as function of the machine thermal 
time constant, in order to prevent dangerous overheating.  When performing a temperature 
measurement, a straightforward procedure can be adopted to sample the voltage induced into 
the search coils.  More precisely, alternatively the voltage of one of the search coils is turn 
sampled while the current flowing through the Thermistor, or the two Thermistors, connected 
in series to the other search coil is measured.  This makes possible an independent measure 
of the temperature and the voltages induced in to the search coils, although the last is 
accomplished asynchronously.  However, if the voltage sampling time is sufficiently high, 
the delay introduced does not affect the rotor position estimation, at least in the low and 
medium speed operational range.  For the sake of clarity, Fig. 2.2.3 shows the results achieved 
by simulating the Thermistors configuration of Fig. 2.2.2a in which a 5V DC supply voltage 
is applied to the voltage loops including the Thermistors and the SCs.  The voltages v1 and v2 
measuring the connection between SCs and Thermistors are sampled and sequentially 
acquired at 20kHz, and then a high pass filter followed by a stationary reference frame 
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transformation qd/ab are used to extract only the AC components exploited to estimate the 
rotor position, as will be discussed in the next paragraphs.  Low pass filters are instead used 
to isolate the DC voltage components allowing to estimate the Thermistor values. 
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Figure 2.2.3 Voltages at the terminal of the series connection of thermistors and SCs, AC and DC 

voltage components. 

A modified common lead installation is considered, where the Thermistors wirings are 

wound around the stator teeth. The spatial distribution of the main winding 

magnetomotive force is unmodified, as shown in Fig. 2.2.4. 
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A typical thermistor installation An example of modified thermistor installation

x+ x- x+

Main Winding
Search Coil

 
Figure 2.2.4 Search coil installation utilized in this study. 

Thermistors feature very small size and mass and a medium impedance, hence the 

wires connecting the motor and the thermistor can be of inexpensive light gauge.  

Thermistors are physically placed inside the machine to sense the temperature of likely 

hot spots, whose location depends on the motor design.  In some cases, the optimum 

location of these sensors may have to be determined from test experience. 

In order to introduce the theoretical study on the proposed sensorless algorithms based 

on the SCs, it is useful to generalize the mathematical model with an IPMSM where the 

additional SC winding, characterized by a very low number of coils, has been included in 

the stator cave. In general, under the hypotheses that the SCs are operated at zero current 

(ixyz=0), the mathematical model of the machine including the set of search coils is given in 

the a,b,c stationary reference frame by the following equations, [44]: 
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where va, vb, vc; ia, ib, ic e la, lb, lc are the phase voltages, phase currents and phase 

fluxes of the main winding, respectively; while vx, vy, vz; ix, iy, iz e lx, ly, lz are the phase 

voltages, phase currents and phase fluxes of the SCs winding, respectively. The stator 

resistance matrix Rs, inductance matrix Ls(qre) and the permanent magnet flux vector Lpm 

are identical to those defined in paragraph 1.3, Ms(qre) is the inductance matrix of the SC 

set, which deals only with the magnetic coupling between the SCs and the main stator 

winding, as the current flowing through the search coils is supposed null and LpmSC is the 

permanent magnet flux linkage vector induced in the Search Coils, depending by the 

product between Lpm and the ratio between the number of coils of the main windings Ns 

and the number of coils of the SCs NsSC  

For the same reason, the voltage drop across the Thermistors is neglected. 
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where MA is the synchronous mutual inductance coefficient and MB is the saliency 

mutual inductance coefficient, between the main windings and the Search Coils: 

 

MA = 
Mmd + Mmq

3
   MB = 

Mmd - Mmq

3
 

 

where Mmq and Mmd are the qd-axis mutual inductance coefficients, respectively. In 

particular, the synchronous and saliency inductances, MA and MB respectively, have been 

evaluated by considering the measurement system setup presented in [55] (Fig. 1). 

Voltages induced in the SCs, defined in (2.2.1) and (2.2.2), encompass a component 

which is function of the phase currents and a component related to the anisotropy of the 

machine, thus preventing a direct measurement of the rotor position from the last one.  

The previous model can be also referred to an orthogonal reference frame qd 

synchronous with the electrical rotor position qre and at electrical speed wre, with d-axis 

aligned with the rotor flux vector. By exploiting the transformation matrix defined in 

(1.4.8), the equations of the mathematical model (2.2.1) - (2.2.2) can be rewritten: 
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 (2.2.5) 

By developing the computation of the above relationships, the model of synchronous 

machine with Search Coils is considered in qd-axis: 
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where lpmSC is the permanent magnet flux linkage amplitude in the SCs: 

lpmSC = 
NsSC

Ns
lpm 

As already described above, the SCs phase currents are in steady state conditions null; 

therefore, the electromagnetic torque will depend by the main winding currents only; by 

using the generic expression of the electromagnetic torque defined in paragraph 1.3 and 

by applying the synchronous reference frame transformation, the electromagnetic torque 

in qd-axis for a generic IPMSM is given by: 

 

Te = 
3

2
 pp [lpm iq1 + (Ld - Lq) iq1 id1]  (2.2.8) 

 

The equivalent circuit of the IPMSM including SCs in the synchronous reference 

frame is shown in Fig. 2.2.5: 
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Figure 2.2.5 Equivalent circuit of the IPMSM in the synchronous reference frame. 
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2.3 Rotor Flux Position Estimation 

After having described the mathematical model of the IPMSM including the SCs, both 

in a stationary reference frame (abc), and in orthogonal reference frame synchronous to 

the rotor flux position (qd), it is now necessary to find a way to estimate the rotor flux 

position through the direct measurement of the induced voltages on the SCs. 

Referring to Fig. 2.3.1, it is possible to define several synchronous reference frame 

systems: 

a

b

c

q

d

qre

IS

qre

eq

qg
dg

Kqd Kqd Kqdg

wre

g
VS

 
Figure 2.3.1 Considered Synchronous reference frames 

- Synchronous reference frame aligned to rotor flux position qre, i.e., qd-axes 

reference frame. 

- Synchronous reference frame aligned to the estimated rotor flux position q  ^re, i. 

e., qd ^ -axes reference frame. 

- Synchronous reference frame aligned to the angular position q  ̂ re - g, i.e., qdg
  ̂

-axes 

reference frame. 

Where g is the angular phase shift between the stator current vector Is and the estimated 

q-axis, i.e. q ^. By defining with eq, the rotor position estimation error, it can be written: 

qre = q  ̂ re + eq     (2.3.1) 

 

Henceforth the mathematical model of the IPMSM machine, defined in (2.2.6) ï 

(2.2.7), will be analyzed step by step in order to find the most suitable reference frame 

system to estimate the rotor flux position. In any case, the following hypotheses will be 

considered: 

- First hypothesis: the currents flowing in the stator winding are considered in steady 

state condition. 

- Second hypothesis: (g = constant). 

Furthermore, by supposing that the estimation error eq is constant or slowly variable, we 

can approximate the estimate electrical rotor speed w ^re with the real electrical rotor speed wre: 

 

w ^re å wre     (2.3.2) 
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2.3.1 IPMSM Mathematical Model in qd-axes Reference Frame 

When a synchronous reference frame with the real rotor flux position qre is considered 

the transformation matrix Kqd and its inverse matrix [Kqd]
-1, are already defined in the 

paragraph 1.3, are given: 
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2

3
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In fact, the IPMSM mathematical model in qd-axis reference frame is already defined 

in (2.2.6) and (2.2.7).  By considering the above first hypothesis the currents flowing in 

the stator winding can be expressed as: 

 

ia = Is cos(qre-g)        ib = Is cos(qre-g-2p/3)        ic = Is cos(qre-g+2p/3) (2.3.4) 

 

The expressions (2.3.4) can be rewritten in qd-axis reference frame, as: 
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Geometrically, the current vector can be decomposed along the qd-axis by means the 

following Fig. 2.3.2: 
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Figure 2.3.2 Main Winding Stator Current Vector in qd Synchronous Reference Frame 

In these conditions and under the second hypothesis (g = constant), the qd-axes 

currents and its derivatives can be computed in (2.3.6): 

 

iq1 = Is cos(g)        id1 = Is sin(g)        piq1 = 0         pid1 = 0 (2.3.6) 

 

By substituting the expressions (2.3.6) in the (2.2.6) and (2.2.7), the IPMSM 

mathematical model in qd-axis reference frame can be rewritten as: 

í
ì
ëvq1 = Rs Is cos(g) + wre Ld Is sin(g) + wre lpm

vd1 = Rs Is sin(g) - wre Lq Is cos(g)
 (2.3.7) 
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í
ì
ëvq2 = wre Mmd Is sin(g) + wre lpmSC

vd2 = - wre Mmq Is cos(g)
 (2.3.8) 

 

From the equations systems (2.3.8), the induced voltages in the SCs, expressed in the 

synchronous reference frame with the real rotor flux position, are very simple but 

impractical for the angular rotor position estimation, because in a generic sensorless 

control algorithm the rotor flux position must be estimated and thus the analytical 

approach should be change as well as in the next sub-paragraph. 

2.3.2 IPMSM Mathematical Model in ▲▀-axis Reference Frame 

For this reason, starting from the mathematical model (2.2.1) and (2.2.2) it is necessary 

to consider a model of the machine in a synchronous reference frame aligned to the 

estimated rotor flux position, i.e. K ^qd and its inverse matrix [ K ^qd]
-1; furthermore, since it 

is a sensorless algorithm, the rotor position must be estimated and therefore the 

transformation angle used in vector control is precisely the estimated angular rotor position 

q  ̂ re. 
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The IPMSM mathematical model in qd ^ -axis reference frame is obtained by applying the 

transformation matrices (2.3.9) in (2.2.1) and (2.2.2): 
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where v ^qd1, i ^qd1 and l ^qd1 are the main winding voltages, currents and fluxes in the 

estimated synchronous reference frame qd ^ , respectively; while v ^qd2 and l ^qd2 are the SCs 

voltages and currents in the estimated synchronous reference frame qd ^ . 

By manipulating the expressions (2.3.11) and (2.3.12), the following results are 

obtained: 
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By further mathematical manipulations, the final expressions of the main winding 

voltages and SCs voltages in the estimated synchronous reference frame qd ^  are: 
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(2.3.16) 

 

where, the position error eq  is given: 

eq =  qre - q  ̂ re (2.3.17) 

 



30 

 

From the expressions (2.3.15) e (2.3.16) it is evident that the resulting model is quite 

complex, and it is difficult to extract any information on the angular position. 

However, even in the follow estimated synchronous reference frame qd ^ -axes it is 

possible to assume that the stator currents, in steady state conditions, are written as: 

ia = Is cos(q  ^re-g)       ib = Is cos(q  ^re-g-2p/3)       ic = Is cos(q  ^re-g+2p/3) (2.3.18) 

 

In this case, the expressions of the stator current (2.3.18) are depending by the estimate 

rotor position q  ̂ re. Even in this case the follow results are given: 
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Geometrically, the current vector can be decomposed along the qd ^ -axes by means the 

following Fig. 2.3.3: 
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Figure 2.3.3 Main winding current vector in estimated qd Synchronous Reference Frame 

By considering the second hypothesis, g = constant, the qd ^ -axes currents and its 

derivatives can be computed in (2.3.20): 

 

i ^q1 = Is cos(g)        i ^d1 = Is sin(g)        p i ^q1 = 0         p i ^d1 = 0 (2.3.20) 

 

By substituting the conditions (2.3.19) and (2.3.20) in the expressions (2.3.15) and 

(2.3.16), the equations became: 

í
ì
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3

2
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 (2.3.21) 
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v ^d2 = - 
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2
 wre Is [ ]MA cos(g)-MB cos(2eq + g)  -wre lpmSC sin(eq)

 (2.3.22) 

 

Considering the expressions (2.3.22) related to the inducted voltages on the SCs, it is 

easy to observe that the magnitude of v̂qd2 depends on the mutual inductance coefficients 

MA, MB and by the permanent magnet flux linkage on the SCs, lpmSC. 

Through this estimated synchronous reference frame it is not possible to directly detect 

the rotor flux position independently from the parameters MA, MB ed lpmSC, both for 

SPMSM and SynchRel motor drives. 
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2.3.3 ,IPMSM Mathematical Model in ▲▀♬-axis Reference Frame 

In order to obtain a direct information on the estimated rotor flux position completely 

independent of the motor parameters, it is necessary to consider a further reference frame 

synchronous to q  ̂ re - g  which is denoted by qdg
  ̂

-axes. 

Starting from the transformation matrices K
 ^

qdg and its inverse matric [ K
 ^

qdg]
-1 (2.3.23) 
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it is possible to obtain the following equations: 
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where v ^qd1g, i ^qd1g and l ^qd1g are the main winding voltages, currents and fluxes 

respectively, in the new estimated reference frame qdg
  ̂

; while v ^qd2g and l ^qd2g are the 

voltages and fluxes of the SCs in the new estimated reference frame qdg
  ̂

. 
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By considering the appropriate substitutions, the final voltages expressions of the main 

winding and SCs, in the qdg
  ̂

  reference frame, are given respectively: 
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Also in this case, based on the expressions (2.3.29) and (2.3.30), the mathematical 

model obtained in the qdg
  ̂

  reference frame is quite complex and it is very difficult to see 

the possibility of being able to extract some information on the rotor flux position. 

Considering steady state conditions, the qd-axis currents in the new reference frame qdg
  ̂

, 

can be written: 
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In this case, from (2.3.31), the decomposition of the current vector along the new 

estimated synchronous reference frame qdg
  ̂

 with the angular position q  ̂ re - g, provides that 

the current vector Is is aligned with the axis qg ^ , therefore the q-axis current i
  ̂

q1g  is equal to 

the current vector amplitude Is.  Geometrically can be represented by the following Fig. 

2.3.4: 
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Figure 2.3.4 Main Winding Stator Current Vector in qdg-estimated Synchronous Reference Frame 

By considering the hypotheses on steady state conditions and g = constant, the 

equations systems (2.3.30) and (2.3.31) can be rewritten as (2.3.32) and (2.3.33): 

íî
ì
îë v ^q1g = Rs Is+

3

2
 wre Is LB sin(2eq+2g)+wre lpm cos(eq+g)

v ^d1g = -
3

2
 wre Is [ ](Lls+LA)-LB cos(2eq+2g)  -wre lpm sin(eq+g)

 (2.3.32) 
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3

2
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 (2.3.33) 

 

The final expressions obtained in (2.3.33) allow to derive the induced voltages on the 

SCs through the new reference frame qdg
  ̂

. In particular, (2.3.32) and (2.3.33) are valid in 

the generic case of an IPMSM; in this type of synchronous machine is more difficult to extract 

the information on the rotor flux position by using the induced voltages on the SCs. Similar 

expressions can be obtained for a SPMSM, where the saliency coefficients are null and the 

current vector angle is null (g = 0) because the d-axis current is null (id1 = 0): 

 

í
ì
ë v ^q1g = Rs Is+wre lpm cos(eq)

v ^d1g = - wre Is Ls-wre lpm sin(eq)
 (2.3.34) 

  

í
ì
ë v ^q2g = wre lpmSC cos(eq)

v ^d2g = - wre Is Mms-wre lpmSC sin(eq)
 (2.3.35) 

 

From the expressions (2.3.35), as will be seen below, it is very easy to extract the 

information on the rotor flux position by using the induced voltages on the SCs. It should 

be noted that the self-inductive and mutual inductive coefficients have been grouped into 

two simple coefficients: Ls=3/2(Lls+LA) is the main winding self-inductive coefficient 

and Mms=3/2MA is the SCs mutual inductive coefficient. 

Similar simplification can be considered in case of SynchRel, where the permanent 

magnet is null: 

íî
ì
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3

2
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2
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 (2.3.36) 
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In the following paragraphs the sensorless algorithms will be developed for the last 

two synchronous machine types: SPMSM and SynchRel, where the expressions (2.3.35) 

and (2.3.37) are suitably manipulated to extract the rotor flux position. 

In particular, in this study, new sensorless algorithms implemented for SPMSM and 

SynchRel, are carried out on a classic filed-oriented control where the induced voltages 

on the SCs are first acquired by an appropriate conditioning circuit and subsequently 

processed by the microcontroller for the realization of the aforementioned algorithms.  

2.4 Rotor Flux Position Estimation Through SCs for SPMSMs 

According to the expression (2.3.35), in a SPMSM motor drive, the estimated rotor 

position can be computed by both qd-axis voltage components v ^qd2g  proposed again in 

(2.4.1) and (2.4.2): 

v ^q2g = wre lpmSC cos(eq)    (2.4.1) 

 

v ^d2g = - wre Is Mms - wre lpmSC sin(eq)   (2.4.2) 

 

In general, for a SPMSM motor drive the control structure including the signals 

acquisition of the induced voltages on the SCs, is shown in Fig. 2.4.1: 
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Figure 2.4.1 Block diagram of the sensorless SPMSM motor drive including the SCs. 

 

In Fig. 2.4.1 the block named ñTracking Algorithm based on SCsò represents one of 

the generic rotor flux position estimation algorithm used for a SPMSM motor drive and 
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that they will be described in the following sub-paragraphs. In particular, the estimation 

algorithms exploit the two expressions (2.4.1) and (2.4.2) to estimate the rotor position. 

The rotor position estimation algorithms have been validated by preliminary 

simulations as well.  The results are referred to a SPMSM motor drive whose 

characteristics are shown in Tab. II.  The control algorithm shown in Fig. 2.4.1 has been 

implemented in Simulink, where the SPMSM mathematical model and the power 

conversion has been executed with a sampling time Ts = 1ms. 
The rotor position estimation algorithms have been validated experimentally by steady 

state and dynamic tests accomplished on a test rig, which, according to Fig. 2.4.2, consists 

of a SMPMSM, whose data are listed in Tab. II, mechanically coupled to a 2.6 kW IPM 

synchronous motor drive to emulate the mechanical load.  The two IGBT-based three phase 

Voltage Source Inverters (VSIs) are operated with a standard space-vector pulse width 

modulation (SVPWM) method at 200V DC bus voltage and 10 kHz switching frequency. The 

control system schematized in Fig. 2.3.5 is implemented on a dSPACE DS1103 DSP board, 

where the execution times of the current loop and speed loop are Tsi = 100ms and Tsw = 200ms 

respectively.  Technical specifications of the search coils and embedded thermistors are 

listed in Tab. III.  A torque transducer is placed in the mechanical coupling between the two 

electrical machines and two 2048 ppr encoders are exploited to measure the rotor positions of 

both motors. 
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Figure 2.4.2 Experimental Setup: SPM motor under test, IPM mechanical load. 

 
Table II  SPMSM Motor Data 

Parameter Value 

Rated torque 5 Nm 

Rated speed 6000 rpm 

Inertia 0.0025 kg m2 

Pole pairs 3 

Rated voltage 565 V 

Rated current 5 A 

Rs 0.84 ɋ 

Ls 4.7 mH 

 
Table III  Technical specification of the Search Coils and Thermistors. 

Parameter Value 

Search Coils Mutual inductance Mms 0.2 mH 
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Thermistor resistance value at 25 °C  R25 210 kɋ 

 

A signal conditioning circuit is used to process the voltage induced on each SC, vx, vy 

and vz, respectively, in order to remove the PWM high frequency components in each SC, 

by using a filtering stage cascaded connected to a buffer and a further filter for level 

adaption, vxf, vyf and vzf, respectively.  The electric scheme of the signal conditioning 

system is shown in Fig. 2.4.3, while an example of the signal waveforms sampled in 

different testing points are shown in Fig. 2.4.4. The deviation of the rotor position 

estimation from the measured one, due to the signal conditioning circuit, is mitigated by an 

off-line generated look-up table.  
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Figure 2.4.3 Signal conditioning circuit used for SCs voltages acquisition and temperature 

monitoring.  switch SW1: (0) SC is used for rotor position estimation, (1) SC is used for temperature 

monitoring. 
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Figure 2.4.4 Signal conditioning system waveforms for each SC stage. Test performed at 50 rad/s and 

100% of rated torque. 

In order to assess the consistence of the proposed sensorless position estimation technique, 

some steady state tests have been performed at different rotational speeds and load conditions, 

as shown in Figs. 2.4.5 - 2.4.7. 
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Figure 2.4.5 Steady state tests: q and d axis SCs voltages in estimated synchronous reference frame 

measured at wrm = 10 rad/s and at different load conditions. 
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Figure 2.4.6 Steady state tests: q and d axis SCs voltages in estimated synchronous reference frame 

measured at wrm = 40 rad/s and at different load conditions. 
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Figure 2.4.7 Steady state tests: q and d axis SCs voltages in estimated synchronous reference frame 

measured at wrm = 70 rad/s and at different load conditions. 

Obtained results confirm that the rotor flux position error is null when by considering the 

equation (2.4.2) we obtain (v̂d2g + w ^re Mms Is) is null, and when by considering the equation 

(2.4.1) v ^q2g is maximum.  By tracking these two conditions it is possible to obtain an 

estimation of the rotor flux position theoretically independent from motor parameters. 

Below are the simulations and experimental results regarding the various tracking 

algorithms. 

2.4.1 Rotor Position and Speed Estimation via a Maximum Point Tracking Algorithm 

A first possible implementation has been tested and shown in Fig. 2.4.8, in which a PI 

controller is used to process the error between the reference and measured induced voltage 

on the SCs v ^q2g  along the estimated axis. Integration of the output of the PI controller 

provides the estimated rotor position. 
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ί
 

+
+

ɤre
^ ɚpmSC 1/pp
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Figure 2.4.8 Block Diagram of the SPMSM Rotor Position and Speed Estimation Algorithm 

exploiting a PI-based maximum point tracking. 

The proposed approach, Fig. 2.4.1, allows to estimate the rotor position and rotor speed 

by mathematical manipulation of the v ^q2g  defined in (2.4.1): 
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v ^q2g - wre lpmSC = wre lpmSC [ ]cos(eq)-1  (2.4.3) 

The induced voltage v ^q2g  provides a straightforward information about the estimation 

error; in fact, eq can be driven to zero by tracking the maximum value of v ^q2g . The voltage 

v ^q2g  has to be forced to zero, by using a PI controller, in order to drive the estimation error 

eq  to zero. In fact, if the estimation error eq  is force to zero by the PI controller, then the 

cosinusoidal term cos(eq) would tend to one.  

This first solution is quite easy implementation but is sensitive to the permanent magnet 

flux lpmSC variations; in fact, a slight variation of the permanent magnet flux could 

compromise the stability of the sensorless control system. 

This sensorless control based on Maximum Point Tracking Algorithm has been 

validated by Matlab/Simulink environment, according to the schematic of the control 

algorithms shown in Fig. 2.4.8. Figs. 2.4.9-2.4.10 deal with the dynamic response of 

SPMSM drive to a sequence of torque and speed variations when the drive is current 

controlled. 

In particular, Figs.2.4.9 and 2.4.10 display the rotational speed wrm, the 

electromagnetic torque Te, the currents iq1, id1, the rotor position error eq and v ^q2g for the 

sensorless implementation in a SPMSM drive.  Note that on the drive the tracking 

algorithm shown in Fig. 2.4.8 is able to keep quite low the estimation error, either at 

steady state and during transients. 
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(b) 

Figure 2.4.9 Simulation Results: torque and speed transients for SPMSM drive, (a) mechanical speed 

wrm and electromagnetic torque Te, (b) qd-axes currents iq1 and id1. 



40 

 

6
8

10
12
14
16
18
20

vq2g [V]

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
time [s]

^

 
(a) 

-10
-5
0
5

10
15
20
25
30

[deg]eq

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
time [s]

 
(b) 

Figure 2.4.10 Simulation Results: torque and speed transients for SPMSM drive, (a) q-axis voltage 

induced on SCs in estimated reference frame (b) position error. 

In Fig. 2.4.11 an experimental test is shown, where the SPMSM is driven according to 

the classical vector control shown in Fig. 2.4.1 while performing a speed transient. A 

quite satisfactory dynamic behavior is obtained in sensorless mode, with small estimation 

errors. 
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ɗre

iq

 

eq1.5° 

2 A 50 ms

360° 

wrm

^

 
Figure 2.4.11 SPMSM: speed transient from wrm = 30 rad/s to wrm = 80 rad/s. 

2.4.2 Rotor Position and Speed Estimation Based on Zero Crossing Tracking 

Algorithm 

A second way to carry out the rotor position information relies on exploiting a zero crossing 

tracking algorithm, as the one shown in Fig. 2.4.12, to process the quantity (v̂d2g + w ^re Mms Is) 

which according to (2.4.4), is directly related to the sine of the estimation error eq.  Speed 

estimation algorithm based on phase locked loop has been used to estimate the electrical rotor 

speed [45], [46].  

 

v ^d2g + wre Is Mms = -wre lpmSC sin(eq) (2.4.4) 
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Figure 2.4.12 Block Diagram of the SPMSM Rotor Position and Speed Estimation based on Zero 

Crossing Algorithm. 

This method is insensitive to stator resistance variations and thus giving a robust rotor 

position estimation at low speed and high loads. Moreover, satisfactory dynamic performance 

is achieved with small computational efforts.   

Initially, in order to validate the rotor position estimation algorithm based on the zero-

crossing tracking algorithm, has been implemented in Simulink by considering the control 

structure of Fig. 2.4.1.  

Figs. 2.4.13a and 2.4.13b deal with the dynamic response of the sensorless SMPMSM 

algorithm in which the switch SW has been selected to 0. 
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(b) 

Figure 2.4.13 SW = 0: speed step at 1s and torque step at 2s: (a) reference and estimated rotor speed, 

reference and measured torque component of the stator current vector, electromagnetic torque; (b) 

control variable, rotor position and speed errors. 

In particular, a sequence of torque and speed variations have been applied to the speed 

controlled drive.  The machine is operated at wrm = 50rad/s and 100% of the rated torque. 

You can note limited rotor position estimation error eq and rotor speed estimation error ew, 
during both transient conditions, whose entity is related to the dynamic of the tracking 

algorithm.  In this test it has been assumed a perfect match between the estimated and motor 

parameters. 

Fig. 2.4.14 highlights the effect of parameters variations on the rotor position estimation.  In 

particular, a sequence of parameters variations has been imposed to the motor model and the 

estimation errors on the rotor position and speed have been computed.  Note that a significant 

variation of the magnetizing inductance Ls (-50%) yield to a rotor position error of eq = 10deg, 

while the same percentage variation (+50%) on the stator resistance does not produce 

estimation errors [35] and [53]. 
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Figure 2.4.14 Steady state test: at the instant t1 a variation of Ls is imposed to the model (-50%), at 

the instant t2 the initial value of Ls, is restored, and finally at instant t3 Rs is changed of +50%. 

The effectivity of the proposed rotor position estimation method has been evaluated 

through experimental tests.  In particular, the test shown in Fig. 2.4.15 deals with a step 

from no load to rated load. The tested motor drive was torque controlled, while the IPM 

motor drive held a constant rotational speed wrm = 50 rad/s.  Only negligible estimation 

errors were recorded.  
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Figure 2.4.15 Torque transient from no-load condition to rated torque at wrm = 50 rad/s. 

The test of Fig. 2.4.15 highlights the dynamic behavior of the sensorless control during 

a speed variation from wrm = 10 rad/s to wrm = 50 rad/s at rated load.  In this case the 

tested motor drive was speed controlled while the IPM motor drive set a step load 

variation.  Also in this test a quite small estimation error was observed.  
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Figure 2.4.16 Speed transient from wrm = 10 rad/s to wrm = 50 rad/s at rated torque. 

2.4.3 Combined Zero Crossing Tracking Sensorless Control Approach with MVPT 

Position Error Estimation Tracking Algorithm 

However, the rotor position estimation is affected by the variation of the mutual 

inductance Mms. This can be mitigated by tracking the maximum of the voltage v ^q2g , (2.4.1), 

which coincides with a zero-estimation error eq = 0, independently from motor parameters 

variations.  Hence, a maximum voltage point tracking (MVPT) based on the perturb and 

observe (P&O) algorithm has been integrated into the zero crossing tracking algorithm, [47], 

[48].   
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Figure 2.4.17 MVPT based on P&O algorithm for position error estimation. 

In Fig. 2.4.17 is shown the MVPT for position error estimation e ^q used in this study. 

The classical two-point P&O block diagram is composed of three stages: the first stage is 

a comparator between the actual v ^q2g  sample and its previous sample, the second stage is 

an if statement, and finally the third stage is a counter. Obviously, the estimated position 

error eq depend on the clock frequency fCLK used for triggered the P&O algorithm.  
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In this way the MVPT processes v ^q2g  and provides the estimation of the position error 

e ^q between the estimated q ^re and the its correction by updating the rotor position estimation 

q
 ~

re. 

q
 ~

re = q ^re + e ^q     (2.4.3) 

 

Also in this case a similar control block diagram has been adopted in Fig.2.4.18 , where 

both rotor position estimation algorithms provided from the equations (2.4.1) and (2.4.2) 

are combined: 
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Figure 2.4.18 Combined Zero-Crossing Tracking Sensorless Control Approach with MVPT position 

error estimation. 

The MVPT is of simple implementation, but is characterized by a low dynamic, thus it is 

used to compensate the parameters mismatching in the rotor position tracking algorithm of 

Fig. 2.4.18.  Specifically, the MVPT can be exploited to build suitable compensation maps 

(2D ï look up tables) with a small set of data, to provide a fast correction of the rotor position 

estimation.  The MVPT may also continuously performed to update the compensation maps. 

Fig. 2.4.19 shows the results achieved by selecting SW=1 in the estimation algorithm of 

Fig. 2.4.18, where the estimation error carried out by the MPVT algorithm is added to the 

estimated angle q  ̂ re.  The drive is initially working at wrm = 80rad/s and 100% of the rated, 

SW=0, and a perfect match between the estimated and motor parameters is assumed.  At the 

instant t1 a step variation of Ls is imposed to the motor model yielding to an error eq.  At the 

instant t2 the P&O based MVPT sensorless algorithm is active nullifying the estimation error.   

A sequence of torque and speed transients is applied at the instants t3 and t4, respectively.  

Finally, a further step variation of Ls is imposed in the motor model.   

It is worth noting that when both tracking implementations are active the estimation error is 

always kept below a few degrees.  Alternative technical solutions are under investigations in 

order to improve the dynamic of the tracking method. 
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Figure 2.4.19 SPMSM motor drive dynamic behaviours during combined zero tracking cross 

algorithm sensorless approach with MVTP position error correction at different torque load conditions, 

speed conditions and with Ls steps variation. 

A remarkably smaller estimation error is obtained with the proposed approach in sub-

paragraph 2.4.2, even at high load. A quite large variation of the mutual inductance Mms 

with the load has been purposely included in the algorithm of Fig. 2.4.18 to assess the 

operation of the additional MVPT tracking loop.  In Fig. 2.4.20 a load step is first set with 

SW=0. At time t* the switch SW is set to 1 and the error eq is added to q  ̂ re, driving the 

estimation error to zero. 
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Figure 2.4.20 Activation of the MVPT algorithm on the estimated rotor position at the instant t*. 

2.5 Rotor Flux Position Estimation Through SCs for SynchRel 

Drives 

The detection of the Search Coils electromotive force related to the PM flux linkage 

has been implemented in case of Surface Permanent Magnet Synchronous Motors 

(SPMSM) as well explained in the previously paragraph 2.4. 

Conversely, in this paragraph will be explained how it will be straightforward to 

extract the Search Coils electromotive force associated to the salient magnetic structure 

in Synchronous Reluctance motors (SynchRel). 

In general, for a SynchRel motor drive the control structure including the signals 

acquisition of the induced voltages on the SCs, is shown in Fig. 2.5.1, where also in this 

case the block named ñTracking Algorithm based on SCsò represents the generic rotor 

flux position estimation algorithm used for SynchRel motor drive. 
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Figure 2.5.1 Block diagram of the sensorless SynchRel motor drive with including the SCs. 

According to the theoretical studies developed in the sub-paragraph 2.3.3 the estimated 

rotor position in SynchRel motor drive with including SCs can be computed by exploit 

the qd-axis voltage components v ^qd2g , equations (2.5.1) and (2.5.2).  
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v ^q2g = 
3

2
 wre Is MB sin(2eq+2g)   (2.5.1) 

 

v ^d2g = - 
3

2
 wre Is [ ]MA-MB cos(2eq+2g)    (2.5.2) 

 

Compared to the rotor position estimation algorithm by using SCs for SPMSM in this 

case only the q-axis component (2.5.1) will be used to implement the rotor position 

estimation algorithm. 

Initially, the rotor position estimation algorithms have been validated by preliminary 

simulations.  The results are referred to a SynchRel motor drive whose characteristics are 

shown in Tab. IV.  The control algorithm shown in Fig. 2.5.1 has been implemented in 

Simulink, where the SynchRel mathematical model and the power conversion has been 

executed with a sampling time Ts = 1ms. 
A specific test bench, tailored around a SynchRel motor drive, has been realized to 

accomplish a practical evaluation of the proposed approach.  The block diagram of the 

experimental setup is shown in Fig. 2.5.2.   
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Figure 2.5.2 Experimental Setup: SynchRel motor under test. DC motor mechanical load. 

The SynchRel machine is driven according to a quite conventional maximum torque 

per ampere (MTPA) strategy, based on setting the ratio of d and q axes components of 

the stator current in order to minimize the magnitude of the current required to generate 

a given motor torque value.  Specifically, a constant g = 55 deg current vector phase angle 

has been set for experimental tests.  Technical specifications of the SyncRel machine, 

search coils and embedded thermistors are listed in Tab. IV, Tab. V and Tab. VI, 

respectively.   
Table IV  SynchRel Motor Technical Specifications 

Parameter Value 

Rated torque 5 Nm 

Rated speed 1500 rpm 

Inertia 0.0045 kg m2 

Pole pairs 4 

Rated voltage 400 V 
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Rated current 8 A 

Rs 1. 4 ɋ 

Lq 11 mH 

Ld 57 mH 

 
Table V Search Coils Technical Specifications 

Parameter Value 

Mq 2.3 mH 

Md 11.5 mH 

Coil Resistance 0.2 W 

Cable diameter 1 mm 

Number of turns 5 

 
Table VI  Thermistors Technical Specifications 

Parameter Value 

Max. Power (at 25°C) P25 60 mW 

Temperature tolerance (0é70 ÁC)  DT ±0.2 

Rated Temperature TR 25 °C 

Heat Capacity  Cth 22.5 mJ/K 

Resistance value at 25 °C  R25 30 kW 

 

The experimental rig includes a three-phase 0.75 kW SyncRel motor, which is supplied 

by a two-level PWM inverter connected on the DC side to a 500V/5A power supply.   The 

current vector control system features a fsw = 10 kHz sampling frequency and is 

implemented on a dSPACE DS1104 DSP board.  The AD converters used to acquire the 

SCs voltages feature a 12 bits resolution with input voltages between -10V and 10V.  The 

SyncRel motor is mechanically coupled to a DC motor drive used as controllable 

mechanical load, whose inertia is 0.021 kg m2. 

A 1024 ppr encoder is used to compare the estimated and measured mechanical quantities.  

The thermistor wirings have been modified according to Fig. 2.5.3 in order to obtain a set of 

three SCs. The search coils have been located before placing the main winding, in the 

bottom stator winding.  Original external cables were retained for connection to the control 

unit.  Moreover, a further single SC not connected to any thermistor has been introduced in the 

machine for testing purposes, as well as a conventionally wired thermistor.  

Each SC voltage is acquired by using the signal conditioning circuit shown in Fig. 2.5.3, 

identically to Fig. 2.4.3. 
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Figure 2.5.3 Signal conditioning circuit used for SCs voltages acquisition and temperature 

monitoring. Switch SW1: (0) SC is used for rotor position estimation, (1) SC is used for temperature 

monitoring. 

It encompasses a front-end section including a PWM filter, a high impedance voltage divider 

and AD converters.  The filter suppresses the high frequency components caused by PWM 

operation, while the voltage divider suitably reduces the voltages of the SCs.  The output 

section is composed of a buffer stage and an analog Butterworth low-pass filter with a corner 

frequency of 300Hz to improve the signal to noise ratio.   

The rotor position estimation mode, or the temperature monitoring mode, can be 

selected by acting on the switch SW1.  Fig. 2.5.4 displays some signal waveforms 

acquired in different points of the conditioning circuit, while Fig. 2.5.5 shows the filtered 

SCs voltage signals vxyzf. 
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Figure 2.5.4 Signal conditioning circuit waveforms with the drive running at wrm = 50 rad/s and TL = 

60% of the rated torque. 
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Figure 2.5.5 Voltages induced in the SCs at the search coils terminals of the SynchRel and after the 

filtering process, with the drive running at wrm = 50 rad/s and TL = 60% of the rated torque. 

The consistence of the sensorless position estimation approach has been then assessed 

through steady state tests, dealing with different values of the rotational speed and load.  Some 

results are shown in Figs. 2.5.6, 2.5.7 and 2.5.8, which confirm that the rotor flux position 

error is null when v ^q2g is approaching to zero, independently from operating conditions. 
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Figure 2.5.6 Steady state qd axis SCs voltages in estimated reference frame at wrm = 10 rad/s and 

different load conditions. 
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Figure 2.5.7 Steady state qd axis SCs voltages in estimated reference frame at wrm = 50 rad/s and 

different load conditions. 
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Figure 2.5.8 Steady state qd axis SCs voltages in estimated reference frame at wrm = 100 rad/s and 

different load conditions. 

Previous experimental tests were accomplished according to the MTPA technique.  In 

order to assess the effect of magnetic cross-coupling in suboptimal operation some tests 

were performed modifying the angle g.  According to results shown in Figs. 2.5.9-2.5.11 

a constant rotor position estimation error is detected compared to the MTPA operations 

of Figs. 2.5.6-2.5.8.  Since this error is only related to the current vector orientation, which 

is known, it can be easily compensated through a look-up table (LUT). 
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Figure 2.5.9 Steady state qd axis SCs voltages in estimated reference frame at wrm = 10 rad/s and 

different load and current vector orientation conditions. 
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Figure 2.5.10 Steady state qd axis SCs voltages in estimated reference frame at wrm = 50 rad/s and 

different load and current vector orientation conditions. 
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Figure 2.5.11 Steady state qd axis SCs voltages in estimated reference frame at wrm = 100 rad/s and 

different load and current vector orientation conditions. 

2.5.1 Rotor Position and Speed Estimation exploiting a Zero Crossing Tracking 

Algorithm 

According to (2.5.1) the q-axis induced voltage v ^q2g  is proportional to sin(2e+2g).  This 

suggests a straightforward approach to track the actual rotor position, taking into account 

that the MTPA angle g is known. 
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Figure 2.5.12 Block Diagram of the rotor position and speed estimation for SynchRel Motor Drive. 

In fact, by assuming IsÍ0 and wreÍ0, when forcing v ^q2g to zero, the estimation error eq 

becomes equal to the known quantity -g.  Such an approach can be easily integrated in a 

standard current control vector (CVC) algorithm, as illustrated in Fig. 2.5.1.  In practice, g is 

first computed from q ^re and the angular position of the stator current vector in the abc 

stationary reference frame. The voltage induced in the search coils are then processed through 

the reference frame transformation qdg  ̂  to obtain v ^q2g.  A PI regulator finally forces v ^q2g to 

zero by adjusting the estimated rotor position q ^re.  Such a regulator acts as a digital PLL 

system, as those used in some well-known sensorless control strategies [49], [50]. 

A low pass filter is applied to the estimated speed estimation in order to obtain an 

appropriate speed feedback signal for the sensorless drive [51], [52].  
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According to the proposed approach, the rotor position is tracked simply by driving v ̂ q2g 

to zero, thus no motor parameter estimation is required.  

Experimental results shown in Fig. 2.5.13 deal with a test in which the drive operates in 

torque control, being the rotational speed held at 10rad/s by the DC drive.  The SyncRel 

motor is tasked to increase the torque from 60% to 120% of the rated value.  A satisfactory 

dynamic behavior is observed with a quite small speed estimation error ew. 
 

200 ms

2 V
vq2g

10 rad/s

wrm

10 rad/s

1

2

3

Dwrm 

 
Figure 2.5.13 Torque step from 60% to 120% of rated torque, at 10 rad/s. 

A direct comparison between the behavior of the proposed approach and that of a well 

known back-EMF based sensorless control technique [54], defined in chapter 1, is provided 

in Fig. 2.5.14.  The drive in the two cases is tasked to perform a speed transient from wrm=50 

rad/s to wrm=10 rad/s at no load.  While the control is lost below 10 rad/s using the back-

EMF based solution, the proposed approach stably works even approaching the zero speed, 

featuring an almost negligible estimation error 
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Figure 2.5.14 Comparisons between back-EMF based (a) and SCs-based (b) sensorless techniques: 

Speed variation from 50 rad/s to 10 rad/s, at no load condition. 

A speed transient from 20 to 100 rad/s is shown in Fig. 2.5.15, confirming the ability 

of the proposed approach to properly operate at high rotational speeds.   
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Figure 2.5.15 Speed variation from 20 rad/s to 100 rad/s at 60% of the rated torque. 

2.5.2 Combined Back-EMF Sensorless Control Approach with Zero Crossing 

Tracking Error Estimation Algorithm 

The proposed approach could be also integrated in model-based observers to correct the 

rotor position estimation, thus avoiding any kind of on-line motor parameters adjustment.  A 

combination of the proposed approach and a back EMF based sensorless algorithm is shown 

in Fig. 2.5.16: 
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Figure 2.5.16 Combined sensorless control approach. 
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In this case, the estimation provided by the model-based estimator/observer is 

continuously corrected till v ̂ q2g is forced to zero. 

The effectiveness of such a combined approach is confirmed in Fig. 2.5.17.  In this 

low-speed test the rotor angular position provided by the back-EMF sensorless technique 

is first used.  At t=t1 the load is suddenly increased from 40% to 80% of the rated torque, 

resulting in an increment of the rotor position estimation error e.  At t=t2 the proposed 

approach is successfully exploited to correct the rotor position estimation. 
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Figure 2.5.17 Load transient from 40% to 80% of the rated torque, at wrm = 20 rad/s. 

2.6 Temperature Monitoring Experimental Results 

Finally, the temperature monitoring by using the Search Coils has been experimentally 

developed both for SPMSM and for SynchRel. The signal conditioning circuit described 

in paragraphs 2.4 and 2.5 has been used to acquire each SC voltages in order to implement 

the rotor position estimation algorithms when the switch SW1 = 0 and the temperature 

monitoring when the switch SW1 = 1. 

The influence of thermistors on the induced voltages on the SCs has been initially 

addressed, by evaluating the induced voltage on an additional SCs which is not connected 

with the thermistors. 

According to Figs. 2.8.1 and 2.8.2, no appreciable variation due to the presence of the 

additional resistor or with a thermistor is observed in the amplitude and phase of the voltage 

induced in the SCs. 
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Figure 2.6.1 Voltage at the terminals of the series of the SC and the additional resistor. 
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Figure 2.6.2 Voltage at the terminals of a SCs with and without Thermistor. 

In particular, Fig. 2.8.1 shows the voltage measured at the terminals of the series 

connection of SCs an additional resistors Radd; Fig. 2.8.2 shows the voltage measured at 

the terminal of the SC without and when a thermistor is connected in series with the SC. 

No appreciable variation in the amplitude and phase of the voltage induced in the SCs is 

observed in the range of resistance of commercially available thermistors. 

Finally, the temperature estimated according to Fig. 2.8.3a has been compared with that 

carried out by exploiting the classical Ohmôs law, supplying the thermistor with a constant 

DC voltage and measuring both voltage and current, Fig. 2.8.3b.   
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Figure 2.6.3 Temperature monitoring in the synchronous motor drive (SPMSM and SynchRel) via: (a) 

DC supply of the series connection of the thermistor and SC; (b) typical temperature measurement by 

exploiting a DC supply voltage. 

In Figs. 2.8.4 - 2.8.5 the comparison has been executed in case of both synchronous motors 

(SPMSM or SynchRel) initially operated at no load and wrm=50 rad/s; soon after, a step 

torque is applied and the temperature periodically estimated with both methods shown in Fig. 

2.8.3. 
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Figure 2.6.4 Temperature measurement through a simple Thermistor and an SC embedded 

Thermistor in SPMSM motor drive, at wrm = 50 rad/s and 100% of the rated torque load. 
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Figure 2.6.5 Temperature measurement through a simple Thermistor and an SC embedded 

Thermistor in SynchRel motor drive, at wrm = 50 rad/s and 80% of the rated torque load. 

It is worth noting that the measurement error is quite small, lower than 1C° at steady state. 

After having evaluated the effectiveness of the rotor position estimation algorithm, some 

further tests have been performed to investigate possible influence of the voltages induced in 

the search coils to temperature monitoring. According to the conventional technique for 

temperature measurement through a thermistor, an additional DC voltage E is exploited to 

detect the resistance of the thermistor through measurement of the voltage v1 at the terminals 

of a search coil, as shown in Fig. 2.8.3a.  The actual thermistor resistance thus is given by: 

RT = 
Rr

 
E

g v1f
 - 1

 
(2.8.1) 

Where g is the gain of the signal conditioning circuit.  Since only the DC component 

of the voltage should be taken into account, AC components due to the voltage induced 

in the SC must be wiped out. This can be accomplished by computing the mean value of 

v1.  The same signal condition circuit is used to carry out this measure, by selecting the 

switch SW1=1.  A low pass filter (LPF) is also required to cancel high frequency 

components of v1 caused by PWM. 

Fig. 2.8.6 shows the voltage v1f acquired by the control unit during a step torque while the 

drive is operating under sensorless control.  It is possible to note that the tracking algorithm 

is still working properly. 
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Figure 2.6.6 q axis SCs voltage in estimated reference frame, vc, vxf and iq1 measured according to 

Figure 56(a), with the drive operating in sensorless mode. 

2.7 Conclusions 

The contribution of my research in this topic regard an alternative way to sensorless 

estimate the rotor position in AC motors, exploiting the wiring of Thermistor embedded 

in the stator winding for temperature monitoring purposes.  

Specifically, thermistor wirings embedded in the stator winding are suitably modified 

in order to turn them in a set of search coils. Since these coils can be connected to the 

drive control system exploiting existing thermistor cablings, only a minimal departure 

from a standard machine design is required. 

 A several suitable rotor position estimation techniques fully independent from motor 

parameters have been then developed using the obtained set of search coils. Such a 

techniques can be used alone or to improve the performance of conventional Back-EMF 

based sensorless techniques. The consistence of the proposed approaches, as well as the 

compatibility between rotor position estimation and temperature monitoring have been 

assessed by experimental tests.   

The proposed techniques have been successfully applied on a Synchronous Reluctance 

motor drive and Surface Mounted Permanent Magnet Synchronous Machine motor drive 

however, it is of general use being exploitable on any kind of AC motor drive. 

On the other hand, the proposed SCs based sensorless methods needs the placement of 

some additional coils in the stator winding, which could be an issue for small and very 

compact motors.  

Moreover, even if the proposed methods requires only low-power and cheap circuitry 

to acquire the SCs voltages, in low cost applications the cost of these circuits could 

negatively affect the cost of the whole drive. Finally, the proposed approaches cannot be 

exploited on already assembled machines. 
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3 Chapter 3. Speed Estimation 

Algorithms for AC Motor Drives 

3.1 Introduction  

AC servo drives require a rotor position feedback transducer to implement field 

orientation and thus produce a decoupled torque and flux control, in a manner analogous 

to DC machines [1], guaranteeing optimal dynamic performances. 

In addition, velocity transducer is both costly and mechanically difficult, most drive 

developers prefer to estimate velocity from the position measurement. Hence, one 

feedback transducer is enough for both the field-oriented electromagnetic machine 

control and for the electro-mechanical velocity and position feedback control loops [1]. 

The usefulness of this approach is generally limited by the accuracy and quantization 

limits of the velocity estimation approach. This occurs because the velocity loop is the 

innermost state loop, and its performance must generally be better than outer state loops. 

Such performance implies that the state feedback gains for the velocity loop are higher 

than for the position and integrated position error loops and that the errors the velocity 

loop producers are not generally correctable by the lower performance position and 

integrated position error loops [1]. 

The higher gain requirement for the velocity loop will cause velocity quantization to 

appear directly as a larger (and unnecessary) variation (with significant RMS values) in 

the torque producing current component command. This is especially critical for ac drives 

because of the need for high current loop bandwidths to achieve proper instantaneous 

field orientation of the flux and current vectors [1]. 

This chapter will describe the different rotor position sensors technologies used in 

electrical motor drives.  In addition, the main metrics of a position sensor are identified 

and finally the main techniques for estimating angular speed will be discussed. 

3.2 Position Sensor Technologies 

Different technologies exist for position measurement, Fig. 3.2.1, e. g. electromagnetic 

resolvers, optical encoders, Hall-effect sensors, magnetoresistive sensors, proximity 

switches [2]. 
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Figure 3.2.1 Different Optical Encoder Technologies [3] . 

Regardless of the specific technology, the quality of position measurement is fully 

assessed by three independent metrics: resolution, absolute accuracy and differential 

accuracy, [4].  Resolution is defined as the smallest sensed position increment.  It can be 

indicated in angular units, in number of pulses per revolution, in number of bits or in the 

number of discrete states of the sensorôs interface, NDS. 

r = qideal(i) - qideal(i-1) (3.2.1) 

Equivalently, it can be defined as the number of different angles the encoder can 

distinguish between each other. Fig. 3.2.2 shows an encoder that can distinguish 8 

different positions within a complete revolution; the resolution is therefore 45° or 3 bits 

(23 = 8). 
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Figure 3.2.2 Resolution, absolute accuracy and differential accuracy for encoders [3] . 

Only the resolution is not sufficient to describe the performance of the position sensors 

because it gives no information regarding the correctness of the measured angle. For 

example, Fig. 3.2.2 shows two cases for the 3-bit encoder; in both cases the ideal rotor 

position shown by the encoder is different from the real rotor position, sensed on the 

shafted of the rotor. Absolute accuracy is defined as the ratio of the maximum error 

between the ideal and real position over the: 

a = 
max|qreal(i) - qideal(i-1)|

r
 (3.2.2) 
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According to the above definition the encoder on the left of Fig. 3.2.2 has a good 

absolute accuracy compared to the encoder on the right; it is therefore better suited for 

commutation or for position feedback in a position loop.  

However, this encoder is not useful in a speed control loop because the distance 

between the consecutive real angles is much variable in a whole revolution.  

Average speed calculation would therefore produce evident errors even when the shaft 

is rotating at a constant speed, causing inevitable steady state speed ripple. On the 

contrary, the encoder on the right would produce a good average speed measurement 

because the variation in the distance between consecutive angles is smaller then as the 

left configuration shaft rotates. Differential accuracy is defined as the p.u. maximum 

deviation between an actual position increment and the resolution of the encoder: 

a' = 
max|qreal(i) - qreal(i-1)| - r

r
 (3.2.3) 

All three metrics have an impact on the quality of motion control, on the torque ripple 

produced by the motor and on the efficiency of the drive. As recognized in [3], [5], a high 

absolute accuracy is the key for precise position control, while a high differential accuracy 

is very important for precise speed control.  Resolution affects both position and speed 

control in VSDs. In other words, the resolution not only does it have an impact on position 

controls, for example in terms of maximum position error at zero-speed, but also on speed 

control, since it affects the quality of speed estimation. 

3.2.1 Optical Encoders 

Optical rotary encoders use a glass disk with a pattern of lines deposited on it, a metal 

or plastic disk with slots Light from a LED shines through the disk or strip onto one or 

more photodetectors as shown in Fig. 3.2.3, which produce the encoderôs output. This is 

one of the most common technologies used in electric drives.  

 
Figure 3.2.3 Basic Operating Principle of ñGeometricalò Angular Optical Encoders 

Rotary encoders can be absolute or incremental. The incremental encoder detects 

movement relative to a reference point. As a result a reference signal is usually supplied 

by the encoder at a fixed position in order to define a reference position. The current 

position is then incremented (or decremented) as appropriate. Unfortunately, a loss of 

count may not be detected until a reference point is reached. Furthermore, reading errors 

may accumulate. On the other hand, absolute encoders produce a set of binary signals 
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from which the absolute position can be deduced without the knowledge of the previous 

motion history. The current position is known right from powering-on. In the case of 

absolute rotary encoders, single and multiturn devices are available. 

A fixed LED source is aimed at a rotating transparent disc coupled to the shaft, upon 

which opaque areas have been created around itôs circumference. These areas may also 

be coded in some particular fashion. The number of variations in transmittance on a 

circumferential path is called ñthe number of linesò. Behind the rotating disc there is a 

fixed grating which acts as an magnifier and creates magnified fringe patterns which 

move one fringe pitch for every ñlineò of angular motion. Arc segment planar photodiodes 

are placed behind the moiré grating in order to catch the fringe patterns and produce 

smooth, almost sinusoidal analog signals in response to the discôs rotation. Usually these 

signals are two and are in quadrature. The grating is important for encoders with a 

significant number of lines because without it the photodiodes wouldnôt be able to resolve 

the line spacing. 

The presence of coding on the rotating disc determines whether the encoder is 

incremental or absolute. In the first case the lines on the disc are not disposed in a coded 

fashion, but opaque areas are simply alternated with transparent areas, as shown in Fig. 

3.2.4; the encoder detects incremental angular motion, but is not able to measure the 

absolute angular shaft position. A very common digital interface for the sinusoidal 

outputs in incremental encoders is the so-called A quad B interface: the signals are fed to 

zero crossing detectors which convert them to square wave type signals, as shown in Fig. 

3.2.4. This interface is very cheap but the downside is a greatly reduced resolution. Fig. 

3.2.4 shows that by using both A and B signals it is possible to obtain a maximum 

resolution equal to 4 times the number of lines of the encoder. Differential accuracy can 

often become an issue in average speed calculation due to phase errors between A and B; 

when this is the case the entire line period must be used as the angular increment, so the 

resolution then equals the number of lines. Direction of rotation is known by checking 

whether the A channel signal leads or lags the B channel signal. 
Ch. A

Ch. B

AquadB output

 
Figure 3.2.4 Incremental Optical Encoder Disk Pattern and Output Signals. 

Absolute encoders overcome these problems since the coded lines on the disc, as 

shown in Fig. 3.2.5, allow absolute position measurement. The coding is sensed by the 

arc segment detectors and additional signal conditioning electronics transform the signal 

into a digital word which contains the absolute measurement of the particular angle that 

is being crossed by the shaft.  
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Figure 3.2.5 Absolute Optical Encoder Disk with Gray Code Pattern. 

The Gray code is generally used on the disk: the Gray code notoriously provides the 

least uncertainty in case of wrong transmission because only 1 bit changes state for each 

line transition; however, it requires a special interface to be read by the microprocessor. 

To overcome this problem, most manufacturers include hardware interfaces within the 

encoder housing, which transform Gray code into pure binary or decimal binary code 

(BCD) signals; in this way the user can choose from a selection of three different types 

of encoding, the one that best suits their interface. Analog sine quadrature signals are 

sometimes also available as outputs. In this case, the resolution can be significantly 

increased. 

Another aspect that must be taken into consideration is the relative lack of robustness 

of optical encoders. Temperature, humidity and electromagnetic interference can affect 

the signal conditioning electronics and mechanical shocks and vibrations can damage the 

discs. Many manufacturers offer extra-rugged encoders for operation in harsh 

environments. 

3.2.2 Electromagnetics Resolver 

The resolver is a rotating transformer consisting of a fixed part the stator and a rotating 

part the rotor, whose output voltages are related to the rotation angle of the shaft. 

Resolvers, in the past available with brushes and rotating collectors, are now of the 

brushless type. The stator houses three windings: a coil wound on a lamination, which is 

practically the primary winding of the rotating transformer and is used to excite the rotor, 

and two other windings fixed at right angles to each other. The rotor can have two or three 

windings: one is the secondary coil of the rotating transformer, also wound on a sheet, 

and the others are coupled to the two-phase windings on the stator. The basic resolvers 

have two poles, so the angular information is the mechanical angle of the rotor; these 

resolvers can reach an accuracy of up to 5 arc minutes. Multipole resolvers are also 

available that can provide better accuracy for mechanical angle measurement or be used 

for commutation purposes with multipolar brushless motors [5]. 

There are two main ways to obtain information on the position of the shafted rotor from 

resolvers. The first way, shown in Fig. 3.2.7, consists in energizing the two-phase stator 

windings (S1-S3 and S2-S4) with sinusoidal voltages in phase quadrature in order to 

obtain an induced voltage at the primary winding of the rotating transformer (R1 -R2) 

whose phase varies with the angle of the shaft. In this case, the following equations are 

valid where K is the transformation ratio of the rotating transformer: 

 

VS1-S3 = V sin(wet)    (3.2.4) 
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VS2-S4 = V cos(wet)    (3.2.5) 

 

VR1-R3 = K VS1-S3 cos(q) - K VS2-S4 sin(q) = K V sin(wet - q)  (3.2.6) 
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Figure 3.2.6 Stator Winding Excited Resolver. 

A variant of resolver with excited stator winding is the one shown in Fig. 3.2.8 in 

which the secondary winding is not on the rotor but is also placed on the stator. The rotor 

is shaped in such a way that spatial information is conveyed to the secondary winding 

thanks to the variation of the reluctance of the magnetic circuit. The equations describing 

this variant are identical to those described in (3.2.4) - (3.2.6). 
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Figure 3.2.7 Stator Windings Excited Resolver Variant. 

The second way, shown in Figure 3.2.9, consists in energizing the primary winding of 

the rotating transformer (R1-R2) with a sinusoidal voltage in order to obtain two voltages 

from the two-phase windings (S1-S3 and S2-S4) whose amplitudes vary with the angle 

of the tree. In this case, the following equations hold, with K previously defined: 

 

VR1-R2 = V sin(wet)     (3.2.7) 

 

VS1-S3 = K VR1-R2 cos(q)    (3.2.8) 

 

VS2-S4 = K VR1-R2 sin(q)    (3.2.9) 
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Figure 3.2.8 Rotor Winding Excited Resolver. 

Having obtained voltages that contain position information in the phase or amplitude, 

it is necessary to extract this information and convert it from the analog domain to the 

digital one using ADC (Analog Digital Converter) converters which are now widespread 

in the market. 

The main advantage of choosing resolvers as position sensors is that the position 

measurement is absolute and is readily available at start-up: this is the main reason for its 

widespread use in electric traction applications. Another reason is that the mechanical 

structure of the resolvers is relatively robust and immune to environmental contamination. 

Many ADCs offer high immunity to disturbances thanks to the double integration of the 

error signal; noise rejection is further enhanced by the detector rejection of any signal not 

at the excitation frequency such as wideband noise. 

Important disadvantages are both technical and economic. The performance of the 

ADCs is limited by the sampling frequency of the demodulator which must be sampled 

at the excitation frequency of the rotor; this means that the dynamic content must be below 

half the excitation frequency. Also, the different excitation mode is not synchronized with 

the speed control sample rate. The resolver is a complex structure and therefore is destined 

to be more expensive than other technologies. 

3.2.3 Hall Effect Sensors 

Hall-effect sensors are among the most widely used kinds of sensors: they are cheap, 

rugged, practically maintenance free and easily integrated into virtually any kind of 

application design [6]. Typical examples of Hall-effect sensing applications can be found 

in crankshaft position or speed sensors, proximity sensors, office machine (copiers, fax 

machines, printers) sensors, anti-skid sensors, door interlock sensors, etc. Hall-effect 

plays an important role also in the electric drive industry: it is found as the sensing 

principle in high bandwidth linear current sensors and both in binary (digital) and linear 

position sensors. 

It is known that when a current-carrying conductor is placed into a magnetic field, a 

voltage will be generated perpendicular to both the current and the field. This principle is 

known as the Hall effect. Fig. 3.2.9 illustrates the basic principle of the Hall effect. It 

shows a thin sheet of semiconducting material (Hall element) through which a current is 

passed. 
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I

VH = 0

 
Figure 3.2.9 Hall effect principle, no magnetic field. 

i

VH  θiB

B  
Figure 3.2.10 Hall effect principle, magnetic field present. 

The output connections are perpendicular to the direction of current. When no 

magnetic field is present, Fig. 3.2.10, current distribution is uniform and the potential 

difference across the output is not observed. When a perpendicular magnetic field is 

present, as shown in Fig. 3.2.11, a Lorentz force is exerted on the current. This force 

disturbs the current distribution, resulting in a potential difference (voltage) across the 

output. This voltage is the Hall voltage VH.   

Hall effect sensors can be applied in many types of sensing devices.  If the quantity 

(parameter) to be sensed incorporates or can incorporate a magnetic field, a Hall sensor 

will perform the task. The Hall voltage is proportional to the vector cross product of the 

current i and the flux density B.  

The Hall voltage is a low-level signal on the order of VH = 30 mV in the presence of a 

flux density B = 100mT. This low-level output requires an amplifier with low noise, high 

input impedance and moderate gain. A differential amplifier is used to amplify the Hall 

voltage in order to make the output usable for most applications. In order to manage both 

positive and negative flux densities without requiring two power supplies, the amplifier 

is biased positively. The Hall voltage is also proportional to the input current, so a 

regulator is needed to maintain this current constant and maintain the output voltage only 

proportional to the external magnetic field. A basic analog sensor is shown in Fig. 3.2.12. 
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Figure 3.2.11 Analog output Hall-effect sensor with internal regulator. 

Digital or binary output Hall-effect sensors have an output that is just one of two states: 

ON or OFF. An example of a binary Hall sensor configuration is shown in Fig. 3.2.13, 

where a Schmidt trigger compares the output of the differential amplifier to a set reference 

voltage in order to produce the binary output: when the amplifier output is greater than 

the reference, the trigger turns on, on the contrary it turns off. Furthermore, most general 

purpose digital Hall-effect ICs have an internal regulator. Hysteresis, of the Schmidt 

trigger, is used to avoid false triggering caused by noise in the input. As any digital circuit, 

the binary Hall-effect sensor has a large immunity to noise. The trade off is quite heavy 

and consists in having a 1 bit resolution, as the name ñbinaryò implies. 

Regulator

Hall 

Element

+

-

i

VH

VCC

Vout

GND  
Figure 3.2.12 Binary output Hall-effect sensor. 

Position encoders can be obtained by using Hall-effect sensors. A typical example of 

a binary sensor position encoder for a PM machine is shown in Fig. 3.2.14. This low 

resolution encoder is classically used to provide commutation for BLDC drives. 
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Figure 3.2.13 Binary Hall-effect sensor shaft position encoder. 

Three sensors are placed around the periphery of the stator, 120° electrical degrees 

from each other, so that an encoder with a resolution equal to 6 is achieved. The sensors 

are typically glued onto the stator with epoxy resin or mounted on external supports. In 

general, the position encoder will be displaced by an angle ȹɗH with respect to the a-axis 

reference; this angle must be compensated for in the control software. The accuracy of 

this encoder is dependent on many factors: the way the sensors are mounted, the type of 

PM machine that is being used, the number of pole pairs, the type of magnets etc. For 

example, it is more difficult to space sensors correctly on slotless machines than it is on 

slotted machines because there are no teeth that can help as an angular reference. Another 

difficulty arises in high pole number machines because the mechanical angle at which the 

sensors must be spaced decreases proportionally to the number of pole pairs. Even if the 

sensors are correctly spaced there is no guarantee on the accuracy of the measurements: 

variations in magnet flux levels between adjacent magnets or due to temperature effects 

or variations in hysteresis levels between sensors will decrease the accuracy of the 

encoder. In addition, the armature reaction can be strong enough to cause an error in the 

measurement that is dependent on the current density that is circulating in the stator 

windings. 

3.2.4 Capacitive Encoders 

A capacitive encoder uses the change in capacitance value of a capacitor as a means 

to measure displacement [7]. Typically, the capacitive sensorôs principal elements are 

arranged so that the capacitance changes as a moving elements displace relative to the 

stationary plates of the capacitor. Capacitive encoders is a relatively new introduction, 

there are only a handful of vendors for capacitive encoders, but their suitability for 

applications requiring high precision and durability make them a good choice. 

Transmitter Disk Reciver

Rotor

 
Figure 3.2.14 Capacitive Encoder. 
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Capacitive encoders work by transmitting a high-frequency signal through a rotor that 

is etched with a sinusoidal pattern [8]. As the rotor moves, this pattern modulates the 

signal in a predictable way. The receiver reads the modulations, and on-board electronics 

translate them into increments of rotary motion. 

Optical Capacitive  
Figure 3.2.15 Optical and Capacitive discs. 

Optical encoders cannot work in harsh environments like those with dust, moisture, 

frequent mechanical vibrations, and high temperature, because the optical disc inside the 

encoder is easily affected and damaged by ambient factors [9]. Furthermore, optical 

encoders have only a light beam focused at a certain point on optical disc, instead the 

whole area of a capacitive encoder board contributes to the output signal. This makes 

capacitive versions more robust, less susceptible to contamination and less influenced by 

temperature variations than optical encoders are. And with no LED to burn out, capacitive 

encoders can achieve a much longer life than optical versions. They are also more 

efficient, with current consumption typically less than 10 mA as compared to the 20 mA 

or higher consumption of an optical encoder. 

3.2.5 Magnetic Encoders 

Magnetic encoders are inherently rugged and operate reliably under shock and 

vibration and high temperature. Magnetic pollution can degrade rotary magnetic encoder 

performance, but other contaminants do not. Therefore, rotary magnetic encoders are 

often used instead of optical encoders [10]. Passive variable reluctance or magnetized 

strips on a rotating code rotor, wheel, or band are sensed by either a Hall-effect or 

magnetoresistive sensor. Motor speed and position accuracy dictate which of the two is 

better suited for an application.  

Among magnetic encoders we can distinguish several technologies which are using 

this principle to convert magnetic field into a physical quantity useful in electronic 

devices (typically current or tension). The most common are inductive encoder, magneto-

resistive encoder and Hall effect encoder [11]. 

Based on the geometrical aspect of the magnetic encoder, it is possible to distinguish 

two kinds of encoders:  

1. On-axis encoders: an encoder that is located on the rotation axis of a generic rotor. 

2. Off-axis encoder: an encoder that is located outside of the rotation axis of the 

rotor. 

When the motor shaft rotates, the magnetic field created by the ring magnet rotates. A 

Hall element placed next to the ring magnet receives a magnetic field whose strength and 

direction change simultaneously [12]. The Hall element detects this change in magnetic 

field distribution and converts it into an electrical signal. The Hall element is a magnetic 

sensor that can only detect the strength of a magnetic field in a single direction. Therefore, 

in order to detect the rotational position, Hall elements are required to detect the magnetic 
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field strengths of the X-axis component (Bx) and the Y-axis component (By) of the 

rotating surface. 

 
Figure 3.2.16 On axis configuration magnetic encoder and magnetic flux density strength detected by 

Hall element [12]. 

 
Figure 3.2.17 Magnetic density field input to Hall element in Off-Axis configuration [12]. 

3.3 Mathematical Formulations of the Quantized Rotor Position 

and Angular Speed 

Recently, particular interest has arisen for low-cost position sensors.  For example, 

magneto-resistive and linear Hall-effect sensors have been investigated in [13]-[16].  The 

main concern of these technologies is their limited accuracy and ways to improve it have 

been proposed in [15].  Other contributions have focused on low-resolution binary Hall-

effect sensors, [17]-[22]. In these contributions the main concern is the quantization noise 

present in the measurement and ways to reduce it have been investigated. 

Although it is known that as the sensor resolution decreases speed estimation 

deteriorates, [23]-[24], a complete understanding of the effects of position sensor 

resolution in VSDs has yet to be obtained. One fundamental, yet open issue is: how does 

a specific sensor resolution impact the performance of the drive under periodic torque 

disturbances? Such knowledge would be of great help to an engineer when selecting the 

resolution of the position sensor, in order to minimize the cost and achieve the required 

disturbance rejection at the same time. Some studies have analyzed the torque ripple 

induced by the resolution of the rotor position sensor, [25]-[28].  However, the main 

limitation in these papers is that the effect of finite resolution is modeled as an error in 

the rotor position measurement; this approach doesnôt allow to distinguish accuracy from 

resolution and therefore gives limited insight into the effects of resolution alone.  

Conversely, a much more insightful way to model resolution is via spatial Fourier analysis 

of the rotor position space vector, [17] and [29].  Although it is known that these so-called 

spatial quantization harmonics generate ripple in the speed estimation, no direct 

theoretical connection has ever been derived. 
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These contribution intends to complete the spatial Fourier approach by deriving the 

missing link between the spatial quantization harmonics in the measured rotor position 

and the time harmonic ripple in the estimated speed.  It is shown that this link resides in 

a new concept, i.e. the instantaneous quantized speed, which constitutes the effective 

input to any speed estimation algorithm. Time harmonic expressions for both quantized 

position and instantaneous quantized speed that are valid under periodic torque 

disturbances are also derived.  Numerically verified analytic expressions are provided for 

a well-known observer structure to quantify its filtering action on the instantaneous 

quantized speed.   

The measured, spatially quantized rotor electrical angle qre
(q) can be interpreted as a 

quasi-rotating space vector Qab(q)(qre) in the stationary reference plane, where qre is the 

instantaneous rotor electrical angle.  Its locus corresponds to the vertices of a regular 

polygon with NDS sides. As an example, Fig. 3.3.1 depicts the Qab(q)(qre) loci for two 

different resolutions.  

a

b

a

b
Qab

(q) Qab
(q)

NDS=6 NDs=32
 

Figure 3.3.1 Qab(q)(qre) loci for NDS = 6 and NDS = 32. 

Such a spatial representation is valid for any NDS and its analytical formulation, in 

terms of a spatial Fourier series, was derived in [29] and is reported in (3.3.1), where qre 

is the instantaneous rotor position. In addition to the fundamental space vector, which 

would be the only vector present for an infinitely high resolution, there are positively and 

negatively rotating quantization harmonic vectors produced by the finite resolution of the 

position sensor interface. The harmonic order and amplitude of these vectors both depend 

on NDS. 
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3.3.1 Formulations Under Constant Speed 

In general, any temporal formulation of (3.3.1) is obtained by specifying how qre 

depends on time.  The simplest case is for a constant electrical angular frequency 

wre0=2pfre0, i.e. a constant speed of rotation.  The mathematical formulation of Qab(q)(t) 

in this case is given by (3.3.2), by substituting qre=wre0t.   
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Though straightforward, this models an ideal scenario since it implies the absence of 

any torque disturbance on the shaft. 

Fig. 2 shows the harmonic spectrum of Qab(q)(t) for NDS = 6 and wre0 = 2p10 rad/s.  The 

only physically meaningful harmonic containing the sought-after position information is 

the fundamental, shown in red.  All the other harmonics are an undesired effect of the 

finite resolution of the position sensor interface.  In Fig. 3.3.2 the first order quantization 

harmonic vectors (k = 1) are the negatively rotating fifth and positively rotating seventh.  

Each harmonic vector is separated by NDS times the fundamental frequency, i.e. six times 

in this case. 
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Figure 3.3.2 Harmonic spectra of Qab(q) for wre0 = 2p5 rad/s and NDS = 6. 

As an alternative to the space vector formulation, the quantized electrical rotor angle 

qre
(q)(t), i.e. the phase angle of Qab(q)(t), is equal to: 

qre
(q)(t) = wre0t + ä

k=1

+¤

 
2

NDS k
 sin(NDSkwre0t) (3.3.3) 

It should be noted that (3.3.3) is not a Fourier series representation of qre
(q) since the 

term wre0t is not periodic, [30]. 

While the rotor rotates continuously at a constant speed, Qab(q) rotates discontinuously 

around its locus in the complex plane, like the ticking of a clock hand.  Its speed, 

henceforth named instantaneous quantized speed wre
(q)(t), is defined as the time derivative 

of qre
(q)(t): 

wre
(q)(t) = 

dqre
(q)(t)

dt
 (3.3.4) 

wre
(q)(t) is highly discontinuous and jumps between zero and infinity at each variation 

in the position measurement.  For the case of constant speed of rotation, wre
(q)(t) is 

obtained by differentiating (3.3.3): 

wre
(q)(t) = wre0 + ä

k=1

+¤

 2wre0 cos(NDSkwre0t) (3.3.5) 

The above is a Fourier series, indicating that wre
(q)(t) is a periodic waveform in these 

operating conditions.  An example, a reconstructed wre
(q)(t) waveform with kmax = 100 is 

shown in Fig. 3.3.3a, for the same resolution and operating conditions of Fig. 3.3.2; wre0 

is also shown as a dashed line.  As expected, wre
(q)(t) features significant impulses every 
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time the position measurement changes.  Fig. 3.3.3b shows its harmonic spectrum, which 

has an infinite number of equally spaced quantization harmonics at kNDSwre0, with 

amplitude 2wre0; the only physically meaningful harmonic, i.e. the dc component, is 

shown in red. 

Due to the speed dependent nature of the harmonic frequencies, the quantization 

harmonics are spaced further apart from each other as speed increases. 
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(b) 

Figure 3.3.3 Instantaneous quantized speed wre
(q) for NDS = 6 and wre0 = 2p10 rad/s. (a) 

reconstructed waveform for kmax = 100. (b) corresponding harmonic spectrum. 

3.3.2 Formulations Under Single Sinusoidal Disturbance 

So as to model a more realistic condition, it is now assumed that a single sinusoidal 

torque disturbance Td acts on the shaft, while it is spinning at an average speed 

corresponding to an electrical angular frequency wre0.  In this case, the instantaneous 

electrical speed includes a co-sinusoidal oscillation with an amplitude Dwre, a frequency 

wd=2pfd, and a phase jd: 

wre(t) = wre0 + Dwrecos(wdt+jd) (3.3.6) 
Its integral provides the instantaneous rotor position: 
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qre(t) = ôò
0

t

wre(l)dl = wre0t + 
Dwre
wd

sin(wdt+jd) (3.3.7) 

By substituting (3.3.7) into (3.3.1), a novel expression for Qab(q)(t) is obtained, (3.3.8), 

in which a sinusoidal term is present in the phase angle of each harmonic space vector:  

Qab(q) undergoes a process of phase modulation for each harmonic space vector, just like 

in the renowned telecommunications technique, [31].  Applying the Jacobi-Anger 

expansion to each harmonic space vector in (3.3.8) leads to the Fourier series in (3.3.9), 

where Jn is the n-th order Bessel function of the first kind and its argument 

(NDSk±1)Dwre/wd is the k-th order modulation index.   
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(3.3.9) 

To gain more insight into this phenomenon, Fig. 3.3.4 shows the harmonic spectrum 

of Qab(q) for NDS = 6, assuming that the rotor is rotating at wre0 = 2p10 rad/s and is 

subjected to a single sinusoidal torque disturbance at fd = 11 Hz, which induces a speed 

oscillation with amplitude Dwre = 2p rad/s.   
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Figure 3.3.4 Harmonic spectrum of Qab(q) for wre0 = 2p10 rad/s, Dwre = 2p rad/s, jd = 0 rad and wd 

= 2p11 rad/s. (a) NDS = 6. 

Compared to Fig. 3.3.1, additional harmonics are visible at fre0 ± fd, -(NDS-1) fre0 ± fd, 

(NDS+1) fre0 ± fd, etc.  All of these can be explained by a term-by-term examination of 

(3.3.9), as done in the following. 

The Jacobi-Anger expansion of the fundamental space vector produces an infinite 

number of harmonics at frequencies fre0+nfd, with n varying in the range ì-¤, +¤ü. Each 

harmonic has an amplitude Jn, which depends on the order n of the Bessel function and 
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on Dwre/wd, i.e. the modulation index for k = 0.  In the event of a torque disturbance with 

a small amplitude and/or a high frequency, Dwre/wd << 1, the only significant harmonics 

produced by the modulation of the fundamental space vector are at fre0 and at fre0 ± fd, 

with amplitudes J0(Dwre/wd) and J1(Dwre/wd), respectively.  This effect is known as 

narrow-band modulation.  The modulation index for k = 0 is equal to  0.0833 for the 

spectrum in Fig. 3, confirming narrow-band modulation; this explains the presence of 

harmonics at fre0 and at fre0 ± fd in both spectra.  Conversely, whenever Dwre/wd >> 1, i.e. 

in the event of a torque disturbance with a large amplitude and/or a low frequency, upper 

and lower sidebands will appear around fre0, giving rise to wide-band modulation.  By 

extending this analysis to the higher order space vectors, narrow-band and wide-band 

modulation will occur depending on whether the respective modulation indices, 

(kNDS±1)Dwre/wd, are much smaller or much greater than unity.  In Fig. 3.3.4, the two 

modulation indices for k = 1 are still small, thereby explaining the presence of harmonics 

at -(NDS-1) fre0 ± fd and at (NDS+1) fre0 ± fd.  For higher order harmonic space vectors, the 

modulation becomes wide-band and the harmonics spread out. 

For the same operating conditions, the scalar form of the quantized electrical rotor 

angle is given in (3.3.10) and its Bessel function equivalent representation is provided in 

(3.3.11). The resulting wre
(q)(t) is reported in (3.3.12) and is obtained by differentiating 

(3.3.11) with respect to time. 

qre
(q)(t) = wre0t + 

Dwre
wd

sin(wdt+jd) + ä
k=1

+¤

 
2

NDS k
sin
ç
å

÷
õNDSkç

å
÷
õwre0t + 

Dwre
wd

sin(wdt+jd)  (3.3.10) 

qre
(q)(t) = wre0t + 

Dwre
wd

sin(wdt+jd)+ä
k=1

+¤

2

NDS kä
n=-¤

+¤

Jnç
å

÷
õNDSkDwre

wd
 sin((NDSkwre0+nwd)t+njd) (3.3.11) 

wre
(q)(t) = wre0 + Dwrecos(wdt+jd) + ä

k=1

+¤

 
2

NDS k
 ä
n=-¤

+¤

Jn( )NDSkDwre

wd
 (NDSkwre0+nwd) cos((NDSkwre0+nwd)t+njd)          (3.3.12) 

Fig. 3.3.5 shows the spectrum of wre
(q).  Compared to the case of constant speed, a 

significant number of additional harmonics appear, featuring amplitudes comparable to 

the average speed wre0. For instance, significant harmonics are now found at frequencies 

NDS fre0-fd and NDS fre0+fd.  In such a case it would be practically impossible to estimate the 

actual speed alone, i.e. the red harmonics, without introducing a non-negligible amount of 

quantization harmonics into the estimate. 
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Figure 3.3.5 Harmonic spectrum of wre

(q), using kmax = 100 and nmax = 28, for  

wre0 = 2p10 rad/s, Dwel = 2p rad/s, fd = 11 Hz, jd = 0 rad and NDS = 6 

Resolution plays a key role in the spectral distribution of wre
(q): by increasing NDS, all 

the quantization harmonics move to higher frequencies, facilitating their filtering by 

means of a speed estimation algorithm.  This is confirmed in the harmonic spectra of wre
(q) 

shown in Fig. 3.3.6, which have been calculated for values of NDS ranging from 32 to 1024, 

under the same torque disturbance as in Fig. 3.3.5.  Carsonôs rule, [32], can be used to 

predict the approximate bandwidth occupied by each harmonic sideband, BWk: 

BWk º 2fd 
ç
æ
å

÷
ö
õNDSkDwel

wd
 + 1  (3.3.13) 

Applying (3.3.13) for k = 1 gives BW1 = 86 Hz for the bandwidth of the sideband shown 

in Fig. 3.3.6a, BW1 = 534 Hz for Fig. 3.3.6b and BW1 = 2070 Hz for Fig. 3.3.6c.  Good 

agreement between the predicted and actual bandwidths can be observed. 
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Figure 3.3.6 Harmonic spectra of wre
(q), for wre0 = 2p10 rad/s, Dwre = 2p rad/s,  

fd = 11 Hz, jd = 0 rad. (a) NDS = 32. (b) NDS = 256.  (c) NDS = 1024. 

3.3.3 Formulations Under Periodic Disturbance 

The previous case can be extended to the case of a generic periodic torque disturbance 

composed of h harmonic components.  Analytical expressions for Qab(q)(t) and wre
(q)(t) 

are obtained by following the same procedure as above, i.e. by integrating the 

instantaneous electrical frequency wre(t) to obtain qre(t).  Substitution of the resulting 

qre(t) into (3.3.1) and application of Jacobi-Anger expansions leads to (3.3.14).  

Differentiating (3.3.14) with respect to time results in the expression for wre
(q)(t) shown 

in (3.3.15).   
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(3.3.15) 

As an example, Fig. 3.3.7 displays the harmonic spectrum of wre
(q) for wre0 = 2p10 

rad/s and NDS = 6, with the shaft subjected to a periodic disturbance consisting of two 

harmonic components, leading to speed oscillations having Dwre1 = 2p rad/s, fd1 = 7 Hz, 

jd1 = 0 rad, and Dwre2= 2p rad/s, fd2 = 12 Hz, jd2 = 0 rad.  Compared to Fig.3.3.5, a 

significant increase in the number of harmonics is clearly visible, as result of the 

interaction between the two disturbance harmonics and the spatial quantization 

harmonics. 
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Figure 3.3.7 Harmonic spectrum of wre

(q), for wre0 = 2p10 rad/s, Dwre1 = 2p rad/s, fd1 = 7 Hz, jd1 = 0 

rad, Dwre2 = 2p rad/s, fd2 = 12 Hz, jd2 = 0 rad and NDS = 6. 

3.3.4 Extension to Non-Periodic Disturbance 

As demonstrated above, analytical expressions of wre
(q)(t) can be obtained by 

differentiation of qre
(q)(t) with respect to time, provided that the quantized position can be 

expressed in closed form.  When this is not possible, for example in the event of 

nonperiodic torque disturbances, wre
(q)(t) can still be calculated via numerical 

differentiation if qre
(q)(t) is available from measurement or from simulation.  Fig.3.3.8 

shows this for the case of two successive torque disturbance pulses which cause the rotor 

speed to increase and then decrease linearly.  The instantaneous quantized speed is 

calculated using the forward Euler method: 

wre
(q)(t) º 

qre
(q)[(k+1)Ts]-qre

(q)[kTs]

 Ts
 (3.3.16) 

with Ts equal to the sampling period of qre
(q)(t). 
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Figure 3.3.8 wre(t), qre
(q)(t) and wre

(q)(t) for the case of a nonperiodic torque disturbance with NDS = 6 

and Ts = 1ms. 

3.4 Speed Estimation Techniques 

In an electric drive, rotor position measurement is required to ensure high dynamic 

performances. In many applications, where the speed feedback is required, such as in 

VSDs (Variable Speed Drives) widespread in many industries: manufacturing industry, 

automotive, naval, aerospace, etc. wherever speed control is required for energy saving 

or for process control.  

The position transducer is considered the best compromise in terms of preference and 

costs for speed controlled drives.  The position transducer is sufficient both to realize the 

vector control of the electric machine and to realize the speed and position control loops. 

Different techniques can be exploited to estimate the angular speed, starting from the 

measurement of the rotor position; the choice of one technique rather than another may 

depend on various factors, such as the position sensor technology, position sensor 

resolution, minimum and maximum speed, etc.  

Regardless of the factors of choice the estimation techniques can be classified into 

model-based and non-model-based methods, [33]. 

3.5 Model Based Speed Estimation Techniques 

Among the former group, which require knowledge of the mechanical model of the 

load, one can mention vector tracking observers and Kalman filters, [1], [34]-[35].  The 

main advantages of model-based methods are their performance and design flexibility.  

Disadvantages arise for particular applications in which the mechanical proprieties of the 

load are unknown. For these, it is quite common to use non-model-based methods, which 

donôt require any additional information other than the position measurement. 
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3.5.1 Luenberger Observer 

Knowledge of the system's state is necessary to solve several control systems 

problems; in the most feedback control systems is not possible to measure the system's 

state directly, for instance the rotor speed estimation in electric drives; or even when, 

although it is possible to measure the system's state the measurement errors is greater than 

the errors computed by system's state estimation, for instance when the rotor angular 

position measurement is carried out by low resolution sensors. 

If the system's state estimation to be possible, it is necessary that the system must be 

observable. In this way it is possible to reconstruct the system's state from the system's 

output observation. The observer characterization depends on its convergence velocity.  

In control theory, the so-called Luenberger observer, is a dynamic system that allows 

to estimate the state evolution of the observable system. 

Typically, when the characterization depends on the convergence velocity a 

deterministic observer, such as Luenberger observer, is defined; when the 

characterization depends on the uncertainty of measurement, a non-deterministic 

observer, such as the Kalman filter, is defined. 

Fig. 3.5.1 shows a typical control structure that uses a state observer: 

Controller Process

Luenberger 

Observer

r*(t) y(t)

x(t)^

u(t)

 
Figure 3.5.1 Typical control system structure with an observer. 

Given a linear time invariant dynamic system (LTI), it is characterized by the 

following equations of state: 

í
ì
ë

x
.
(t) = A x(t) + B u(t)

y(t) = C x(t) + D u(t)
 (3.5.1) 

In Fig. 3.5.2 a general Luenberger observer structure is presented: 
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ί
 

 
Figure 3.5.2 Luenberger Observer: Typical Structure. 

From Fig. 3.5.2 it is possible to compute the derivative of the estimate state x(t): 

x̂
.
(t) = A x̂(t) + B u(t) + L ( )y(t) - ŷ(t)   

(3.5.2) 

Starting from the definition (3.5.3) of the asymptotic observability of the systemôs state: 

tŸÐ
lim ||x(t) - x̂(t)|| = 0  (3.5.3) 
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This limit (3.5.3) is also valid for the derivative of the estimated state: 

tŸÐ
lim ||x

.
(t) - x̂

.
(t)|| = 0  (3.5.4) 

Therefore: 

x̂(t) - x̂
.
(t) = (A - L C) ( )y(t) - ŷ(t)   

(3.5.5) 

A necessary and sufficient condition for (3.5.3) is that all eigenvalues of the matrix AO 

= (A ï L C) have a negative real part. This matrix is called the state matrix of the dynamic 

system of the (3.5.1) with included Luenberger observer. The Luenberger gains matrix L 

exits if and only if the system is completely observable. A necessary and sufficient 

condition for an LTI dynamic system to be completely observable is that the observability 

matrix O has maximum rank. 

O = 

ê
é
è

ú
ù
ø
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C A

.

.

C An-1

  (3.5.6) 

Since it is necessary to estimate the rotor speed of an electric motor, the mechanical 

system to be considered is: 

íî
ì
îëTe - TL= J 

dwrm

dt
 + F wrm

wrm = 
dqrm

dt

 (3.5.7) 

By rewriting the (3.5.7) in matrix form: 

d

dt
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In (3.5.9) can be summarize the matrices related to the above model (3.5.8). 
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1 0

        B = 
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The observability condition is computed and verified in (3.5.10): 

O = 
ê
é
è
ú
ù
øC

C A
 = 
ê
é
è
ú
ù
ø01

10
      det(O) Í 0 (3.5.10) 

Starting from (3.5.10) the state matrix of the dynamic system with included the 

Luenberger observer is given: 

AO = A - L C = 

ê
é
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ù
ù
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F

J
 -l1
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 (3.5.11) 
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(3.5.12) 

From (3.5.12) it is possible to choosing appropriately the desired eigenvalues desired 

l1,2 from choosing the Luenberger matrix L gains l1 e l2. 

Finally, the control speed structure with estimated speed by Luenberger observer is 

shown in Fig.3.5.3: 
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Figure 3.5.3 Control System with the Luenberger Observer 

3.5.2 Vector Tracking Observer 

The Vector Tracking Observer (VTO) is a non-linear adaptation of a Luenberger 

observer, in which vector cross-product phase detection is used, similar to that used in a 

PLL (phase locked loop). Typically, this observer is used in several areas concerning the 

position sensorless control of AC machines. 

Fig. 3.5.4 shows the continuous-time block diagram of a VTO: the observer is 

estimating a generic rotating vector Qab and produces estimates of the angular position, 

or phase, and of the input speed. Four constructive parts of the VTO are highlighted: the 

phase detector of the vector cross product, a controller, a physical system model and a 

vector model. 
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Figure 3.5.4 Non-Linear Vector Tracking Observer (VTO) block diagram. 

The vector cross-product is responsible for the observer's non-linearity and its nature 

of vector tracking, which makes it extremely similar to a PLL. The controller is essentially 

a proportional, integral and derivative regulator (PID) and is present to force the 

convergence of the estimated vector towards the input vector; the estimated vector is 

formed using the estimate of the outermost state in combination with an appropriate 

vector model: in Fig. 3.5.4 the vector model was formed by assuming an input vector in 

continuous rotation. Finally, a physical system model must also be present because an 
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adequately trained observer should produce consistent estimates of the physical states: in 

Fig. 3.5.4 the physical system is assumed to be a rigidly coupled mechanical system, with 

zero damping, where pp is the number of polar pairs of the machine and J  ̂  is the 

estimated total inertia of the system. A feedforward input can also be recognized in the 

physical system: a correct feedforward helps to maintain good tracking properties above 

the observer's bandwidth. In addition, the controller output can be used as a limited 

bandwidth noise estimate, as shown in Fig 3.5.4. The quality of the noise estimate 

depends on many factors, including the quality of the feedforward signal, the bandwidth 

of the observer and also the feedback vector model. If the feedforward input is not present, 

the structure becomes that of a state filter and will have reduced tracking properties above 

the filter bandwidth. 

An alternative structure which avoids the unrealizable derivative present in Fig. 3.5.4 

is shown for this particular physical system model in Fig. 3.5.5. 
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Figure 3.5.5 Alternative Structure of a VTO. 

The general input/output characteristics remain unchanged, however there are two 

important internal changes. The first is that, since the derivative action is shifted to the 

speed state, the output of the PI controller cannot be considered a coherent disturbance 

estimate. Secondly, two speed estimates are now available, one that comes directly from 

the state integrator and is referred to as the "unenhanced" estimate, the other that also 

contains the term of the derivative action and is therefore an "enhanced" estimate ". Both 

estimates can be used, although the ñunenhancedò version is not consistent with the 

estimated position and the two signals have different dynamic properties. In particular, 

since the enhanced signal is the same as the speed estimated in Fig 3.5.5, it has the same 

properties in terms of noise rejection; the ñunenhancedò signal instead has reduced noise 

rejection properties because it is formed without the contribution of the derivative action 

of the controller. 

The analysis of the operating point of the VTO was performed for the first time in [38]. 

The operating point model is obtained using a first order Taylor series approximation 

around a specific equilibrium point; this requires taking the partial derivative of each state 

with respect to all the states and inputs of the system.  

Assuming the both input vector and the estimated vector have unit amplitude, and 

defining eq as: 

eq = qre - q
  ̂

re (3.5.13) 

the result of the vector cross-product at the VTO input is: 

|Qab ×  Q ^ab| = sin( )qre ×  q  ̂ re  = sin(eq) (3.5.14) 

The open loop transfer function is: 
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So the estimated position, i. e. phase of the estimated vector, q  ̂ re is obtained as: 

q  ̂ re = C(s) sin(eq) = 
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(3.5.16) 

By considering the position error defined in (3.5.13) the expression (3.5.16) can be 

rewritten as: 

 

ba pp

J  ̂
 

s2 + 
ksa

ba
s + 

kia

ba

s3  sin(eq) = qre - eq 
(3.5.17) 

By applying the derivative in (3.5.17) and rearranging this equation obtain: 
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(3.5.18) 

If the acceleration is assumed constant, the right part of (3.5.18) is zero and by 

transforming the equation (3.5.19) into the time domain yields: 
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This is the global non-linear differential equation for the VTO as a function of the 

position estimation error eq. 
The only partial derivatives that differ from the observer's actual gains are those 

relating to the result of the vector product (3.5.14). These partial derivatives are: 

‬3sin(eq)

 ‬t3 |qre0, q ^re0  = cos( )qre0 - q
  ̂

re0     (3.5.20) 

‬3sin(eq)

 ‬t3 |qre0, q ^re0  = - cos( )qre0 - q
  ̂

re0     (3.5.21) 

where qre0 and q  ̂ re0 are the rotor position and estimated rotor position values in an operating 

point condition, respectively. 

In Fig. 3.5.6 shows the resulting small signal model, formed using the equations 

(3.5.20) and (3.5.21): 
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Figure 3.5.6 Small Signal Model of VTO. 
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Starting from the small signal model of VTO it is possible to define the closed loop 

transfer function, defined as a ratio between the estimated rotor position q  ̂ re0 and input 

measured rotor position qre0: 

 

WVTO(s) = 
q  ̂ re0(s)

qre0(s)
 = 

k1 s
2 + k2 s + k3

s3 + k1 s
2 + k2 s + k3

   (3.5.21) 

 

However, as the estimated speed, carried out of the VTO, is required in closed loop 

speed control it is possible to rewrite the VTO closed loop transfer function as: 

 

WVTO(s) = 
q  ̂ re0(s)

qre0(s)
 = 
w ^re0(s)

wre0(s)
 = 

k1 s
2 + k2 s + k3

s3 + k1 s
2 + k2 s + k3

  (3.5.22) 

 

Since the VTO provides two different estimated speed it is necessary to write two 

different closed loop transfer function. By considering the transfer function (3.5.22) it 

would be noted that the estimate speed w ^re0 coincides with the enhanced estimated speed 

w ^re_enh0: 

 

WVTOenh(s) = 
w ^re_enh0(s)

wre0(s)
 = 

k1 s
2 + k2 s + k3

s3 + k1 s
2 + k2 s + k3

   (3.5.23) 

 

while the transfer function related to the unenhanced estimated speed is given by: 

 

WVTOunenh(s) = 
w ^re_unenh0(s)

wre0(s)
 = 

k2 s + k3

s3 + k1 s
2 + k2 s + k3

   (3.5.24) 

 

In Fig. 3.5.7 the step time responses are shown of the both enhanced and un enhanced 

closed loop transfer functions of the VTO. 
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Figure 3.5.7 Step Time Response of the VTO closed loop transfer functions. 

It can be noted that the enhanced estimated speed has a better dynamic transient then 

the unenhanced estimated speed considering the same VTO model parameters and 

controller gains. 
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By exploiting the small signal model of the VTO, it is possible to tune the observer 

and choose its dynamic performance and position estimation, speed enhanced and 

unenhanced. The tuning procedure of the VTO will be fully described in the next chapter. 

3.6 Non-Model Based Speed Estimation Techniques 

When the mechanical load is unknown, it is often convenient to use non-model based 

methods. In general, in these models, the signals coming from the position sensor are 

processed to estimate the speed. 

Several algorithms have been presented in literature, based on the Taylor series 

expansion [24], [33], [37]-[41], the backward difference expansion [33], [42] and the 

least-squares fit [1], [33], [41]. 

Non-model-based algorithms can be classified into two broad types of velocity 

estimators, according to how time and position information is acquired. 

An encoder typically produces two square waves in quadrature. Each transition of both 

waves is detected as an encoder line, so it is possible to count the number of encoder lines 

in a given period or the to measure the time between two lines of the encoder. In both 

cases, only one variable is measured and the other variable is assumed to be constant, 

which leads to a class definition of the speed estimator. Speed estimators implementing a 

"fixed time method" (FTM), those in which the time between successive samples is 

known (at least approximately) and the distance traveled in this fixed time interval is 

measured by counting the encoder lines. In case of ñfixed position methodò (FPM) speed 

estimators, the estimate is based on measuring the time required to travel two fixed lines 

of the encoder.  

QEPA

QEPB

Tw

N
 

Figure 3.6.1 Speed Estimation from Encoder Pulses and with FTM. 
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Figure 3.6.2 Speed Estimation from Encoder Pulses and with FPM. 

Any numerical method that calculates a derivative from discrete position data as a 

function of time can be used for a velocity estimator. 

The simplest speed estimator is based on the first order approximation, i.e., 

incremental ratio [33]; in fact, by considering with Dqre = qre(k) - qre(k-1) the different 

between two rotor position instant counted in time interval Dt = t(k)-t(k-1), the speed 

estimate for the k-th interval is wre(k)= Dqre/Dt. The speed estimators with FTM and with 

FPM are mathematically equivalent, although (at first glance) these estimators appear to 

be different. The speed estimates are Dqre/Dt for both methods, with constant Dqre for the 
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FPM and constant Dt for the FTM. Assuming accurate data measurements, both of these 

methods provide an estimate of the rate for the current sample that corresponds to the 

average rate in the sampling interval. During a speed transient, the "true" speed at the 

sampling instant will be different from the average speed; this speed difference is 

equivalent to a time delay that can degrade the performance of a control system and can 

lead to instability. In general, the addition of higher-order terms should improve the 

transient response [33]. For velocity estimators, higher-order approximations than the 

derivative are obtained by combining the present and previous velocity estimates. 

3.6.1 Taylor Series Expansion (TSE) Speed Estimator Method 

Speed estimation methods introduced previously (FPM and FTM) are based on the 

first order approximation of an extensive formulation that will be described below. It is 

possible to estimate the velocity using Taylor series expansion of velocity [43]. The 

estimated speed w ^re(k) at the instant time tk can be estimated by the TSE from the 

estimated average speed w ^re0, during the most recently measured sampling interval, at the 

instant time t0: 

w ^re(k) = w ^re0 + ä
j = 0

+¤

 
1

j!
 
d(j)w ^re0

dt(k)  (tk - t0) 
j  (3.6.1) 

The estimated average speed w ^re0 is estimated to occur at the center of the sampling 

interval then: 

w ^re0 å 
Dqre(k)

Dt(k)
              (tk - t0) å 

Dt(k)

2
   (3.6.2) 

If the TSE is truncated after the first term, the estimated speed w ^re(k) is given: 

w ^re(k) å 
Dqre(k)

Dt(k)
     (3.6.3) 

Note that the estimated speed in (3.6.3) is the same as the reciprocal-time estimator for 

fixed position method data and is the same as the lines-per-period estimator for fixed time 

method data. A comparison between the rotor shaft measured speed and the estimated 

speed with first order approximation of the TSE is shown in Fig. 3.6.3: 
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Figure 3.6.3 First order approximation of the TSE speed estimation with NDS = 32. 
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When w ^re(k) is estimated from the k-th period as (3.6.3) and w ^re(k-1) is estimated from 

(k-1)-th period as Dqre(k-1)/Dt(k-1), the first derivative of the velocity at the middle of the 

k-th period can be approximated by: 

dw ^re0(k)

dt
 å 
Dw ^re

Dt
 å 
w ^re0(k) - w ^re0(k-1)

Dt(k)
   (3.6.4) 

Higher order derivatives of w ^re0(k) are also approximated in a similar expression of the 

(3.6.4) by: 

d (j)w ^re0(k)

dt (j)
 å 
Dw ^re

(j-1)

Dt
 å 
w ^re0

(j-1)(k) - w ^re0
(j-1)(k-1)

Dt(k)
   (3.6.5) 

Some simple examples of the different TSE order approximation are presented below. 

The first order approximation is already presented in (3.6.3), then the second order TSE 

approximation is computed in (3.6.6): 

w ^re(k) = w ^re0 + 
1

1!
 
dw ^re0

dt
 (tk - t0)   (3.6.6) 

Starting from the approximations defined in (3.6.2) it is possible to define the second order 

TSE approximation of the estimated speed at the instant t(k): 

w ^re(k) å 
Dqre(k)

Dt(k)
 + 
Dt(k)

2
 
ç
æ
å

÷
ö
õDqre(k)

Dt(k)
 - 
Dqre(k-1)

Dt(k-1)
   (3.6.7) 

The estimated speed in (3.6.7) when the fixed position method data are considered, i. 

e. the rotor position is constant during the position sensor signal acquisition Dqre(k) = 

Dqre = constant, is given: 

w ^re(k) å Dqre 
ê
é
è

ú
ù
ø1

Dt(k)
 + 

1

2
 
ç
æ
å

÷
ö
õ1

Dt(k)
 - 

1

Dt(k-1)
   (3.6.8) 

The estimated speed in (3.6.7) when the fixed time method data are considered, i.e., 

the time period is constant Dt(k) = Tw = constant, is given by: 

w ^re(k) å 
1

Tw
 
ê
é
è

ú
ù
ø

Dqre(k) + 
1

2
 ( )Dqre(k) - Dqre(k-1)   (3.6.9) 

In Fig. 3.6.4 is shown the estimated speed with second order approximation of the TSE 

compared with rotor shaft measured speed: 

 

0

10

20

30

40

50

60

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

[rad/s]

real speed

estimated speed

Time [s]
 

Figure 3.6.4 Second order approximation of the TSE speed estimation NDS = 32. 

The third order TSE approximation of the estimated speed is computed at the instant 

t(k); in particular, the third order approximation with FPM is presented in (3.6.10) is 
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presented the third order approximation when FPM is considered, while the third order 

approximation with FTM is considered in (3.6.11): 

w ^re(k) å Dqre 
ê
é
é
è

ú
ù
ù
ø

1

Dt(k)
 + 

1

2
 
ç
å

÷
õ1

Dt(k)
 - 

1

Dt(k-1)
 + 
Dt(k)

8
 
ç
æ
æ
å

÷
ö
ö
õ1

Dt(k)
 - 

1

Dt(k-1)

Dt(k)
 - 

1

Dt(k-1)
 - 

1

Dt(k-2)

Dt(k-1)
  (3.6.10) 

 

w ^re(k) å 
1

Tw
 
ê
è

ú
øDqre(k) + 

1

2
 ( )Dqre(k) - Dqre(k-1)  + 

1

8
 ( )Dqre(k) - 2Dqre(k-1) + Dqre(k-2)   (3.6.11) 

 

In Fig. 3.6.5 is shown the comparisons between the rotor shaft measured speed and the 

third order TSE approximation speed estimation: 
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Figure 3.6.5 Third order approximation of the TSE speed estimation NDS = 32. 

Finally, a comparison between the average speed value and the estimated speeds with 

the three different TSE approximations defined above is shown in Fig. 3.6.6. Although 

the higher order of the TSE approximation slightly increases the dynamic performance of 

the estimated speed, such as shown in Figs. 3.6.3-3.6.5, the speed ripples increase with 

the TSE order approximation increasement. 
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Figure 3.6.6 TSE speed estimator comparisons 
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3.6.2 Backward Difference Expansion (BSE) Speed Estimator Method [44] 

The BDE method for obtaining the derivative of the function t(qre(k)) or qre(t(k)) is 

developed by assuming that the actual function can be replaced by an interpolating 

polynomial that exactly fits the data points. The first and higher order derivatives of the 

function are obtained in terms of the appropriate finite difference approximations for the 

derivatives of the approximating polynomial. For fixed position method data, the backward 

difference equation is obtained by expanding the function t(k-1) in Taylor series around t(k) 

and then solving for dt(k)/dqre: 

t(k-j) = t(k) + ä
j = 1

+¤

 
(-j) j

j!
 
d(j)t(k)

dqre
(k)    (3.6.12) 

The first order BDE for is obtained by expanding t(k-1) using (3.6.12) and then truncating 

the expansion after the first term on the right-hand side, as shown in (3.6.13): 

dt(k)

dqre
= ( )t(k) - t(k-1)  + ä

j = 2

+¤

 
(-j) j

j!
 
d(j)t(k)

dqre
(k)   (3.6.13) 

Then the estimated speed can be computed by the following expression: 

w ^re(k) = 
dqre

dt(k)
 = 

1

( )t(k) - t(k-1)  + ä
j = 2

+¤

 
(-j) j

j!
 
d(j)t(k)

dqre
(k)

   (3.6.14) 

 

The first order BDE is identical to the first order TSE, then the FPM and FTM 

approximation are the same: 

 

w ^re(k) å 
Dqre(k)

( )t(k) - t(k-1)
 = 
Dqre(k)

Dt(k)
   (3.6.15) 

 

The second order BDE is obtained when both t(k-1) and t(k-2) are expanded in the Taylor 

series of (3.6.12), and the resulting two equations are solved for both dt(k-1)/dqre and dt2(k-

1)/dqre
2 with third order derivative terms neglected. Then, the second order BDE 

approximation for FPM and FTM are presented in (3.6.16) and (3.6.17) respectively: 

 

w ^re(k) å 
Dqre

Dt(k) + 
1

2
 ( )Dt(k) - Dt(k-1)

    (3.6.16) 

 

w ^re(k) å 

Dqre(k) + 
1

2
 ( )Dqre(k) - Dqre(k)

Tw
   (3.6.17) 

 

In Fig. 3.6.7 is shown the estimated speed with second order approximation of the 

BDE compared with rotor shaft measured speed: 
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Figure 3.6.7 Second order approximation of the BDE speed estimation NDS = 32. 

 

This procedure is continued to include terms containing t(k-3). Then the third order BDE 

approximation for FPM and FTM are (3.6.18) and (3.6.19) respectively: 

 

w ^re(k) å 
Dqre

Dt(k) + 
1

2
 ( )Dt(k) - Dt(k-1)  + 

1

3
 ( )Dt(k) - 2Dt(k-1) + Dt(k-2)

 (3.6.18) 

 

w ^re(k) å 

Dqre(k) + 
1

2
 ( )Dqre(k) - Dqre(k)  + 

1

3
 ( )Dqre(k) - 2Dqre(k-1) + Dqre(k-2)

Tw
  (3.6.19) 

 

In Fig. 3.6.8 is shown the comparisons between the rotor shaft measured speed and the 

third order BDE approximation speed estimation: 
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Figure 3.6.8 Third order approximation of the BDE speed estimation NDS = 32. 

Although when the BDE order approximation increase the dynamic performance slightly 

increases, as well as for TSE approximations. The speed ripples increase with the BDE order 

approximation increasement, but they are bigger then the respective speed ripples obtained 

with the TSE approximations. 
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Figure 3.6.9 BDE speed estimator comparisons 

3.7 Conclusions 

In this chapter the contributions of my research regard the paragraph 3.3 relating on 

the Mathematical Formulations of the Quantized Rotor Position and Angular Speed. The 

theory developed in this paragraph completes the spatial Fourier approach to the modeling 

of position sensor resolution by connecting the spatial quantization harmonics to the time 

harmonic ripple in speed estimation. At the heart of the theory lies the concept of 

instantaneous quantized speed, defined as the time derivative of the quantized electrical 

rotor angle. This quantity plays a key role in the performance of any position-

measurement-based speed estimation algorithm since it constitutes its effective speed 

input. 

In particular, at a constant speed of rotation, the instantaneous quantized speed 

contains quantization time harmonics at multiples of NDSfre0; while, when the drive is 

subjected to periodic torque disturbances, the interaction between these and the 

quantization space harmonics produces additional time harmonics in both the measured 

position and in the instantaneous quantized speed, the amplitude of which can be obtained 

from phase modulation theory. 

3.8 References 

[1] R.D. Lorenz and K. Van Patten, ñHigh-resolution velocity estimation for all-digital, 

ac servo drives,ò IEEE Trans. Ind. Appl., vol. 27, no. 4, pp. 701 ï 705, Jul./Aug. 1991. 

[2] J. Fraden, Handbook of Modern Sensors: Physics, Designs and Applications, 5th ed., 

New York: Springer, 2015. 

[3] P. Drabarek and R. M. Kennel Fiet, "Are interferometric encoders a reasonable 

alternative in servo drive applications?," 2008 4th IET Conference on Power 

Electronics, Machines and Drives, 2008, pp. 149-153. 

[4] R.M. Kennel, ñEncoders for simultaneous sensing of position and speed in electrical 

drives with digital control,ò IEEE Trans. Ind. Appl., vol. 43, no. 6, pp. 1572 ï 1577, 

Nov./Dec. 2007. 

[5] J. Fraden, Handbook of Modern Sensors: Physics, Designs and Applications, 5th ed., 

New York: Springer, 2015. 



100 

 

[6] H. Inc, ñHall Effect Sensing and Application,ò [Online]. Available: 

https://www.honeywell.com. 

[7] C. Motion. [Online]. Available: https://www.celeramotion.com/zettlex/what-is-a-

capacitive-encoder/. 

[8] D. Collins, ñWhat are capacitive encoders and where are they suitable?,ò October 29, 
2015. [Online]. Available: www.motioncontroltips.com. 

[9] D. Zheng, S. Zhang, S. Wang, C. Hu and X. Zhao, ñA Capacitive Rotary Encoder 

Based on Quadrature Modulation and Demodulation,ò January 2015. 

[10] Machinedesign, ñOverview and update: Rotary encoders,ò Oct 01, 2012. [Online]. 

Available: www.machinedesign.com. 

[11] Exxelia, ñContactless Position Sensors - General Technical data,ò Version 05/16. 

[12] Asahi Kasei Microdevices (AKM), ñKnowledge of Encoder - Magnetic encoder 

configuration,ò [Online]. Available: www.akm.com. 

[13] C.W. Secrest, J.S. Pointer, M.R. Buehner, and R.D. Lorenz, ñImproving position 

sensor accuracy through spatial harmonic decoupling, and sensor scaling, offset, and 

orthogonality correction using self-commissioning MRAS methods,ò IEEE Trans. 

Ind. Appl., vol. 51, no. 6, pp. 4492 ï 4504, Nov./Dec. 2015. 

[14] L. Masisi, and P. Pillay, ñHigh-resolution low-cost position sensor for traction 

applications,ò in Proc. of IEEE IECON, Oct. 2017, pp. 1971-1976. 

[15] D. Reigosa, D. Fernandez, C. Gonzalez, S.-B. Lee, and F. Briz, ñPermanent 

magnet synchronous machine drive control using analog Hall-effect sensors,ò IEEE 

Trans. Ind. Appl., vol. 54, no. 3, pp. 2358 ï 2369, May/Jun. 2018. 

[16] R. Raja, T. Sebastian, M. Wang, A. Gebregergis, and M.S. Islam, ñEffect of 

position sensor error on the performance of permanent magnet machine drives,ò IEEE 

Trans. Ind. Appl., vol. 53, no. 6, pp. 5518 ï 5526, Nov./Dec. 2017. 

[17] M.C. Harke, G. De Donato, F. Giulii Capponi, T.R. Tesch, and R.D. Lorenz, 

ñImplementation issues and performance evaluation of sinusoidal, surface-mounted 

PM machine drives with Hall-effect position sensors and a vector-tracking observer,ò 

IEEE Trans. Ind. Appl., vol. 44, no. 1, pp. 161 ï 173, Jan./Feb. 2008. 

[18] A. Yoo, S.-K. Sul, D.-C. Lee, and C.-S. Jun, ñNovel speed and rotor position 

estimation strategy using a dual observer for low-resolution position sensors,ò IEEE 

Trans. Power Electron., vol. 24, no. 12, pp. 2897-2906, Dec. 2009. 

[19] G. Scelba, G. De Donato, G. Scarcella, F. Giulii Capponi, and F. Bonaccorso, 

ñFault-tolerant rotor position and velocity estimation using binary Hall-effect sensors 

for low-cost vector control drives,ò IEEE Trans. Ind. Appl., vol. 50, no. 5, pp. 3404-

3413, Sep./Oct. 2014. 

[20] G. Scelba, G. De Donato, G. Scarcella, M. Pulvirenti and F. Giulii Capponi, ñHall-

effect sensor fault detection, identification and compensation in brushless DC drives,ò 

IEEE Trans. Ind. Appl., vol. 52, no. 2, pp. 1542-1554, Mar./Apr. 2016. 

[21] L. Dong, Y. Huang, J. Jatskevich, and L. Liu, ñImproved fault-tolerant control for 

brushless permanet magnet motor drivs with defective Hall sensors,ò IEEE Trans. 

Energy Convers., vol. 31, no. 2, pp. 789-799, Jun. 2016. 

[22] G. De Donato, G. Scelba, M. Pulvirenti, G. Scarcella, and F. Giulii Capponi, 

ñLow-cost, high-resolution, fault-robust position and speed estimation for PMSM 

drives operating in safety-critical systems,ò IEEE Trans. Power Electron., vol. 34, no. 

1, pp. 550-564, Jan. 2019. 

[23] G. Liu, A. Kurnia, R. De Larminat, and S.J. Rotter, ñPosition sensor error analysis 

for EPS motor drive,ò in Proc. of IEEE IEMDC, Jun. 2003, pp. 249-254. 

https://www.honeywell.com/
http://www.machinedesign.com/
http://www.akm.com/


101 

 

[24] R. Petrella, M. Tursini, L. Peretti and M. Zigliotto, ñSpeed measurement 

algorithms for low-resolution incremental encoder equipped drives: a comparative 

analysis,ò in Proc. of IEEE ACEMP, Sep. 2007, pp. 780-787. 

[25] S. Chen, C. Namuduri, and S. Mir, ñController-induced parasitic torque ripples in 

a PM synchronous motor, ò IEEE Trans. Ind. Appl., vol. 38, no. 5, pp. 1273 ï 1281, 

Sep./Oct. 2002. 

[26] K.-Y. Cho, Y.-K. Lee, H. Mok, H.-W. Kim, B.-H. Jun, and Y. Cho, ñTorque 

Ripple Reduction of a PM Synchronous Motor for Electric Power Steering using a 

Low Resolution Position Sensor,ò Journal of Power Electron., vol. 10, no. 6, pp. 709 

ï 716, Nov. 2010. 

[27] T. Shi, Z. Wang, and C. Xia, ñSpeed Measurement Error Suppression for PMSM 

Control System Using Self-Adaption Kalman Observer,ò IEEE Trans. Ind. Electr., 

vol. 62, no. 5, pp. 2753 ï 2763, May 2015. 

[28] J. Lara, J. Xu, and A. Chandra, ñEffects of Rotor Position Error in the Performance 

of Field-Oriented-Controlled PMSM Drives for Electric Vehicle Traction 

Applicationsò, IEEE Trans. Ind. Electr., vol. 63, no. 8, pp. 4738 ï 4751, Aug. 2016. 

[29] T.R. Tesch and R.D. Lorenz, ñDisturbance torque and motion state estimation 

with low resolution position interfaces using heterodyning observers,ò IEEE Trans. 

Ind. Appl., vol. 44, no.1, pp. 124-134, Jan./Feb. 2008. 

[30] N.M. Blachman, ñThe intermodulation and distortion due to quantization of 

sinusoids,ò IEEE Trans. Acoust., Speech, Signal Process., vol. 33, no. 6, pp. 1417 ï 

1426, Dec. 1985. 

[31] L.J. Giacoletto, ñGeneralized theory of multitone amplitude and frequency 

modulation,ò Proc. IRE, vol. 35, no. 7, pp 680 ï 693, Jul. 1947. 

[32] J.R. Carson, ñNotes on the theory of modulation,ò Proc. IRE, vol. 10, no. 1, pp. 

57-64, Feb. 1922. 

[33] R. H. Brown, S. C. Schneider and M. G. Mulligan, "Analysis of algorithms for 

velocity estimation from discrete position versus time data," in IEEE Transactions on 

Industrial Electronics, vol. 39, no. 1, pp. 11-19, Feb. 1992 

[34] Belanger, P. Dobrovolny, A. Helmy, and X. Zhang, ñEstimation of angular 

velocity and acceleration from shaft-encoder measurements,ò Int. J. Robot. Res., vol. 

17, no. 11, pp. 1225ï1230, 1998. 

[35] Heui-Wook Kim and Seung-Ki Sul, "A new motor speed estimator using Kalman 

filter in low-speed range," in IEEE Transactions on Industrial Electronics, vol. 43, no. 

4, pp. 498-504, Aug. 1996. 

[36] M.W. Degner, ñFlux, Velocity and Position Estimation in AC Machines Usin 

Carrier Signal Injectionò, Ph.D. Dissertation, University of Wisconsin-Madison, 

Madison, WI, USA, 1998. 

[37] L. Bascetta, G. Magnani and P. Rocco, "Velocity Estimation: Assessing the 

Performance of Non-Model-Based Techniques," in IEEE Transactions on Control 

Systems Technology, vol. 17, no. 2, pp. 424-433, March 2009. 

[38] F. Briz, J. A. Cancelas and A. Diez, "Speed measurement using rotary encoders 

for high performance AC drives," Proceedings of IECON'94 - 20th Annual 

Conference of IEEE Industrial Electronics, 1994, pp. 538-542 vol.1. 

[39] F. Brugnano, C. Concari, E. Imamovic, F. Savi, A. Toscani and R. Zanichelli, "A 

simple and accurate algorithm for speed measurement in electric drives using 

incremental encoder," IECON 2017 - 43rd Annual Conference of the IEEE Industrial 

Electronics Society, 2017, pp. 8551-8556. 



102 

 

[40] A. Anuchin, A. Dianov and F. Briz, "Synchronous Constant Elapsed Time Speed 

Estimation Using Incremental Encoders," in IEEE/ASME Transactions on 

Mechatronics, vol. 24, no. 4, pp. 1893-1901, Aug. 2019. 

[41] S. M. Phillips and M. S. Branicky, "Velocity estimation using quantized 

measurements," 42nd IEEE International Conference on Decision and Control (IEEE 

Cat. No.03CH37475), 2003, pp. 4847-4852 Vol.5. 

[42] M. Lemkin, P. H. Yang, A. C. Huang, J. Jones and D. M. Auslander, "Velocity 

estimation from widely spaced encoder pulses," Proceedings of 1995 American 

Control Conference - ACC'95, 1995, pp. 998-1002 vol.1. 

[43] R. H. Brown and S. C. Schneider, ñVelocity observations from discrete position 

encodersò, in Prod. IECONô 87, Thirteenth Annu. IEEE Industrial Electronics Society 

Conf., Boston, MA, Nov., 1987, pp. 1111-1118. 

[44] C. F. Gerald, Applied Numerical Analysis. New York: Addison-Wesley, 1970. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



103 

 

4 Chapter 4. Selection of Rotor Position 

Sensor Resolution in AC Motor Drives 

Variable Speed Drives (VSDs) are popular in many industries applications, wherever 

speed control is required for energy saving or process control. Closed loop speed control 

requires speed feedback, although position feedback is also mandatory for field 

orientation in AC inverters and for switching in BLDC drives. Due to cost, reliability and 

space constraints, the only motion sensor used in VSDs is the position sensor, so the speed 

must be estimated from the position measurement, [1]-[2]. Although speed estimation is 

known to deteriorate as sensor resolution decreases, [3]-[4], there is a lack of methods in 

the literature for correct selection of position sensor resolution. These should allow the 

designer to choose the position sensor based on the drive performance specifications, with 

the aim of minimizing the cost. The following research intends to fill this gap. The idea 

is to approach allows to identify the minimum rotor position sensor resolution NDS starting 

from the analysis of the filtering action provided by any speed estimation algorithm on 

the quantized instantaneous speed input. Appropriate system modeling is derived to link 

the minimum rotor position sensor resolution with the required performance of the drive 

which could be expressed in terms of maximum allowed speed ripple at minimum 

operating speed, speed control bandwidth and robustness of the drive expressed by means 

of the phase margin. 

The procedure adopted to select the resolution of the rotor position sensor will be 

applied for two types of speed estimation algorithms: the first is a model-based algorithm, 

the VTO; the second concerns a non-model-based method, the FPM. 

This chapter is composed as follows: a first paragraph defines the desired dynamic 

performances for a VSD; then the selection of the bandwidth and the robustness by means 

of phase margin; second, third and fourth paragraphs will introduces the tuning of the 

current loop (the innermost), the speed loop (the outermost) and the speed estimator, 

respectively; a fifth  paragraph will introduce the impact of the resolution on the quantized 

position measurement and in the speed estimation algorithms, for a model-based speed 

estimation algorithm; finally sixth and seventh paragraphs will show the selection 

procedures of the minimum rotor position resolution that guarantees the desired designed 

performance. 

4.1 Desired Performance in a Variable Speed Drive 

In control system design it is necessary to define some desired specifications, these 

can be expressed in terms of time domain specifications or through frequency domain 

specifications, or by means the roots locus specifications [5]-[6]. Whatever is the type of 

specification they considered guarantee specific dynamic performances in terms of 

command tracking and robustness; for example, the rise time (time domain specific) is 

related to the bandwidth (frequency domain specific) which is also related to the natural 

pulsation (roots locus specific), while the overshoot (time domain specific) is related to 

the phase margin (frequency domain specific) which is also related to the damping (roots 
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locus specific). A summary the three ways to define the desired specifications for the 

control systems design. 

4.1.1 Time-Domain Specifications 

The closed loop control system design specifications for the design often involve 

certain requirements associated with the response time of the system. The requirements 

for a step response are expressed in terms of standard quantities shown in Fig. 4.1.1: 
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Figure 4.1.1 Generic time response of a closed loop control system. 

where, the rise time tr is the time required for the output to pass from 10% to 90% of the 

final value; the overshoot Mp is the maximum amount that the system overshoots its final 

value divided by its final value (and often expressed in percentage); the settling time ts is 

the time required for the output to remain within ±1% of the final value. 

4.1.2 Frequency-Domain Specifications 

Generally, the time domain specifications defined in sub-paragraph 4.1.1 can be 

referred to frequency domain specifications and used for closed loop control systems 

design and for stability and robustness analysis. 

A natural specification for system performance in terms of frequency response is the 

bandwidth fBW, defined as the maximum frequency at which the output of a system will 

track an input sinusoid in a satisfactory manner [5]. By convention, for the system shown 

in Fig. 4.1.2 with sinusoidal input r(t), the bandwidth is the frequency of r(t) at which the 

output y(t) is attenuated by a factor 1/ 2 å 0.707 times the input (or -3dB). Fig. 4.1.3 

graphically illustrates the idea for the frequency response of the closed-loop transfer 

function defined by equation (4.1.1): 

W(s) = 
F(s)

1+F(s)
 (4.1.1) 
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Figure 4.1.2 A graphical representation of a Closed Loop System. 
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Figure 4.1.3 Definitions of bandwidth fBW. 

In addition to the bandwidth, another specification to be defined in the frequency 

domain concerns the concept of stability. In general, referring to Fig. 4.1.2, if the closed-

loop transfer function W(s) is known, the stability of the system can be determined simply 

by inspecting the poles of the closed loop transfer function: if the closed loop poles values 

are all with negative real part the system W(s) is stable (Rooth- Hurwitz Criterion). 

However, a rigorous way to evaluate the stability condition of the closed loop function is 

the evaluation of the frequency response of the open loop transfer function based on the 

Nyquist Criterion which it is possible to measure the stability margins directly from two 

quantities defined as gain margin Mg and phase margin mj. 

In general, the frequency domain specifications of a control system are the closed loop 

bandwidth and the gain and phase stability margins; in particular, these stability margins 

can be defined by means of a single vector stability margin. 

4.1.3 Robustness 

The robustness indicates the ability of a control system to guarantee stability and 

precision even in the presence of unknown variations of system model parameters [] -[] . 

The unknow variations are usually divided into two groups: 

Å Structured uncertainties 

Å Unstructured uncertainties 

The structured uncertainties are due to parameters well-defined within the model, an 

example, for an electric motor, are the stator resistance and the magnetizing inductance. 

Unstructured uncertainties are perturbations due to non-modeled phenomena; in case 

of an electric motor, saturation, cross-saturation, non-linearity can be included among 

these types of phenomena that are often not modeled to simplify the dynamic analysis of 

the system. 
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Therefore, the robust stability of the closed-loop system provides both the stability of 

the system under normal conditions and the stability when perturbations are present in 

the open-loop function also. 

There are several methods to provide an indication on the stability margins and 

robustness, but techniques of a graphic nature such as the Nyquist criterion or the roots 

locus provide some simple relationships. 

4.1.4 Robustness by Nyquist Theory 

A robustness metric is defined by the so-called vector stability margin (4.1.2) which 

represent the distance between the curve represented in Fig. 4.1.4, relative to the system 

of Fig. 4.1.2, and the critical point of coordinates (-1, j0): 

d = min|1+F(jw)| (4.1.2) 

-2 -1 0 1 2 3 4 5
-4

-3

-2

-1

0

1

Real Axis

Im
a

g
in

a
ry

 A
x
is

F(jw)

2

|1+F(jw)|
d

 
Figure 4.1.4 Vector Margin Stability Condition. 

The vector stability margin gives a numerical value 0 <d <1, where 0 is an unstable 

system. Engineers familiar with the classic stability margin, gain margin and phase 

margin metrics can be easily derived from the Nyquist diagram, Fig. 4.1.5: 
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Figure 4.1.5 Gain Margin and Phase Margin Definitions. 
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¶ Gain Margin, Mg: is the maximum tolerable perturbation on the magnitude of 

the open loop transfer function before the closed loop system becomes 

unstable: 

Mg = 
1

|F(jwp)|
 (4.1.3) 

¶ Phase Margin, mj: is the maximum tolerable perturbation on the phase of the 

open-loop transfer function before the closed-loop system becomes unstable: 

mj = ÏF(jwc)+180° (4) 

where wp is the angular frequency at the point ÏF(jwp) = 180°; while wc is the angular 

crossover frequency, when the magnitude of the open loop function is unity |F(jwc)| = 1. 

Once these quantities have been defined, it is possible to write the stability margins in 

terms of gain margin and phase margin. 

When the gain margin is considered: 

¶ If  Mg > 1 the closed loop system is stable. 

¶ If  Mg < 1 the closed loop system is unstable. 

When the phase margin is considered: 

¶ If  mj > 0 the closed loop system is stable. 

¶ If  mj < 0 the closed loop system is unstable. 

The same stability condition provided above can be evaluated by means of the Bode 

plot. 

The conditions provided by the phase and gain margins are of a point nature, i.e.  they 

concern the behavior of F(jw) only in two points of its frequency response (wp e wc). The 

fulfillment of the requirements on the phase and gain margins does not generally 

guarantee that the Nyquist plot of F(jw) remains between the frequencies wp and wc 

"sufficiently far" from the critical point (-1, j0); for this reason is necessary to define the 

safety margins. 

Considering the closed loop transfer function of the system model Fm(s) and suppose 

that it is affected by uncertainty DF(s), such that the effective open loop function F(s), 

defined in Fig. 4.1.2, is written: 

F(s) = Fm(s) + DF(s) (4.1.5) 

Fm(s)

ȹF(s)

F(s)

 
Figure 4.1.6 Uncertainty on the open loop transfer function. 

Generally, the uncertainty function DF(s) is unknown but from some identification 

procedures itôs possibly know its nature: 

DF(s): |Fm(jw)| Ò g(jw) Ò g (4.1.6) 

Since the information on the phase of the DF(s) is not generally available, the generic 

point in the Nyquist plot of F(jw*), at the frequency w*, is transformed into a circle 

centered in Fm(jw*) and with radius g(jw*), Fig. 4.1.7: 
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Figure 4.1.7 Generic frequency point in Nyquist plot and uncertain circle. 

The corresponding point to F(jw*) can lie in any points inside on the circle with center 

Fm(jw*) and radius g(jw*). In this way the Nyquist plot is transformed into an circles 

envelope: 
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Figure 4.1.8 Uncertain in Nyquist plot. 

The system is robust when the condition on the vector stability margin is: 

|1 + Fm(jw*)| > g(jw*) (4.1.7) 

Therefore, itôs possible to define the so-called sensitivity function Sm(s) whose 

magnitude is: 

|Sm(jw*)| = 
1

|1 + Fm(jw*)|
 <  

1

g(jw*)
 (4.1.8) 

By defining with Sp the resonance peak of the sensitivity function Sm(jw*), then the 

resonance peak Sp represent a measure of the robust stability of the system. A low 

resonance peak Sp value, corresponding to a higher uncertainty rejection capability of the 

system: 
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Sp = <  
1

g
 (4.1.9) 

However, the uncertainty is located in the transfer function of the plant system P(s), 

Fig. 4.1.9, since the controller C(s) chosen and implemented by the designer is assumed 

to be free of uncertainties. 

+

-
P(s)

r(t) y(t)
C(s)

F(s)

 
Figure 4.1.9 Closed Loop Block Diagram: Controller and Plant. 

There are two rapresentation of uncertainty on plant P(s): additive uncertainty and 

multiplicative uncertainty. In both cases, a transfer function of the plant model Pm(s) is 

represented, while the uncertainty effects are represented by the function DP(s). 

 

 

¶ Additive Uncertainty Model 

 

The additive uncertainty, Fig. 11, is represented by means the follow expression: 

 

P(s) = Pm(s) + DP(s)        with        |DP(jw)| Ò gA(jw) Ò gA (4.1.10) 

 

Pm(s)

ȹP(s)

 
Figure 4.1.10 Additive uncertainty model. 

In this way the open loop transfer function become: 

 

F(s) = C(s)P(s) =C(s)[Pm(s) + DP(s)] (4.1.11) 

 

The robust stability is given by the following expression: 

 

|1 + Fm(jw*)| > g(jw*) (4.1.12) 

 

|1 + Fm(jw*)| > |C(jw*)|gA(jw*) (4.1.13) 

 

Where the sensitivity function is given: 

 

|Sm(jw*)| = 
1

|1 + Fm(jw*)|
 <  

1

|C(jw*)|gA(jw*)
 (4.1.14) 

 

Also in this case, with a low resonance peak, of the sensitivity function magnitude, 

wider stability margins are obtained. 

¶ Multiplicative Uncertainty Model 
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The multiplicative uncertainty, Fig. 4.1.11, is represented by means the follow 

expression: 

 

P(s) = Pm(s)[1+DP(s)]        with        |DP(jw)| Ò gM(jw) Ò gM (4.1.15) 

 

Pm(s)

ȹP(s)

 
Figure 4.1.11 Multiplicative Uncertainty Model. 

 

F(s) = C(s)P(s) =C(s)Pm(s)[1+DP(s)] (4.1.16) 

 

The robust stability is given by the following expression: 

 

|1 + Fm(jw*)| > g(jw*) (4.1.17) 

 

|1 + Fm(jw*)| > |C(jw*)Pm(jw*)|gM(jw*) = |Fm(jw*)|gM(jw*) (4.1.18) 

 

From (4.1.18) the transfer function obtained is coincident with the closed loop function 

relating to the Fm(jw*): 

 

|Wm(jw*)| = 
|Fm(jw*)|

|1 + Fm(jw*)|
 <  

1

gM(jw*)
 (4.1.19) 

 

Also in this case, the resonance peak Wp, of the closed loop transfer function Wm(jw), 

is a measure of the robust stability of the system. A low resonance peak Wp value, 

corresponding to a higher rejection capability to multiplicative uncertainty from control 

system 

 

 

¶ Safety Stability Margins 

 

Starting from the vector stability margin it is possible to define the relationships of the 

gain margin and phase margin, [7]. 

For additive uncertainty the stability margins (4.1.21) are linked to resonance peak of 

the sensitivity function Sm(s): 

 

Sm(s) = 
1

1 + Fm(s)
      with      Sp Ò 

1

gA
 = Smax (4.1.20) 

 

Mg Ó 
Smax

Smax - 1
                    mj Ó 2arcsin

ç
æ
å

÷
ö
õ1

2Smax
 (4.1.21) 

 

While, for multiplicative uncertainty the stability margins (4.1.23) are linked to 

resonance peak of the closed loop function Wm(s): 

 

Wm(s) = 
Fm(s)

1 + Fm(s)
      with      Wp Ò 

1

gM
 = Wmax (4.1.22) 
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Mg Ó 1 + 
1

Wmax
                    mj Ó 2arcsin

ç
æ
å

÷
ö
õ1

2Wmax
 (4.1.23) 

 

From these conditions, (4.1.22) and (4.1.23), it is possible to define a general condition 

on the robust stability margins in terms of gain margin and phase margin, in order to take 

into account simultaneously the additive and multiplicative uncertainty requirements: 

Mg Ó max
ç
æ
å

÷
ö
õSmax

Smax - 1
; 1 + 

1

Wmax
 (4.1.24) 

 

mj Ó max
ç
æ
å

÷
ö
õ

2arcsin
ç
æ
å

÷
ö
õ1

2Smax
; 2arcsin

ç
æ
å

÷
ö
õ1

2Wmax
 (4.1.25) 

4.1.5 Robustness by Root Locus 

The roots locus is a particularly effective tool in the controller design when the 

specifications of the control system can be expressed directly by means the position of 

the closed-loop poles. The constraints of the poles position are: 

¶ Damping Constraint x = x  ̄

It allows to impose the closed loop poles in a particular region of the complex plane 

Fig. 4.1.12: 

Im

ᴙ

arcsin(˅)

 
Figure 4.1.12 Damping constraint in complex plane. 

The step time response of a stable continuous-time system can have oscillations 

depending on the damping value of the dominant poles. Furthermore, in a closed loop 

system, the damping value of the dominant poles is strongly related to the phase margin 

and therefore to the robust stability of the system. In fact, if the poles move along the 

negative real axis, i.e. x = 1 or arcsin(x) = 0, higher robustness of the system is achieved, 

i.e. higher phase margin and less oscillations are presented in the step response time [5]. 

By requiring that the damping value x be higher than a certain value x ,̄ is equivalent to 

requiring that the transients of the system do not persist excessive oscillations before 

reaching the steady state condition.  

Therefore, it is a constraint on the robustness and dynamic precision of the system. A 

typical damping value that guarantees robustness and dynamic precision is x = 0.6 which 

corresponds, for a second order system, at phase margin of about mj = 60°. 
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¶ Natural Angular Frequency Constraint wn = w ¯n 

The constraint on the natural angular frequency corresponds to impose the closed loop 

poles outside of the circle of radius w ¯n and center of the origin, Fig. 4.1.13: 
Im

ᴙ

jʖn

-jʖn

ʖn

 
Figure 4.1.13 Natural Angular Frequency Constraint in complex plane. 

In a closed loop system, the natural angular frequency of the dominant poles is 

approximately equal to the crossover angular frequency of the open loop system [5]-[6]. 

It is therefore strictly connected to the fBW closed loop system bandwidth [5]-[6]. By 

requiring that the natural angular frequency value wn be higher than an assigned value w ¯n

, is equivalent to requiring that the bandwidth of the system has an upper limit.  

Therefore, it is a constraint on the response speed of the system and is linked to the 

rise time and the bandwidth 

¶ Maximum Settling Time Constraint -s Ò -s  ̄

This constraint allow to imposing the real part of the absolute value of the closed loop 

poles is higher then an assigned value of the negative real axis s .̄ This constraint 

corresponds to place the poles in the follow plane s < -s ,̄ Fig. 15. 
Im

ᴙ-ʎ 

 
Figure 4.1.14 Maximum Settling Time Constraint in complex plane. 

This condition is strictly linked to the settling time of the system and therefore to the 

steady-state error. Also, in this case it is a constraint on the speed of the system to reach 

the steady state condition. 

4.1.6 Performances and Specifications of a Variable Speed Drive 

Regarding an electric drive, in order to guarantees specific dynamic performances, by 

means of a vector control, the controllers used in the current, speed and position control 

loops must be properly designed [7]. 
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Two of the main concerns when designing the controllers used in the various control 

loops of an electric drive are the dynamics and robustness of the closed loop systems 

which depend on the kind of application and operating point conditions. Generally, the 

controllers used in most motor drive applications are proportional-integral (PI) 

controllers, as their versatility and simplicity of design allows them to be used in the most 

motor drive applications. 

In the speed controlled drives the only control loops to be designs are the current loop 

and the speed loop Fig. 4.1.15.  
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Figure 4.1.15 Typical nested control structure: speed loop and current loop of a generic motor drive.  

As the current loop is intrinsically related to a faster dynamic due to the simplified 

ohmic-inductive equivalent circuit of a generic electric motor [8]-[9], Fig. 4.1.15, a higher 

current loop bandwidth is selected, generally ten times larger than the speed loop which 

is instead correlated to a slower dynamic related to the friction-inertial mechanical 

system, Fig. 4.1.15. 

4.2 Current Control Loop Design 

The torque control loop is the innermost loop of the electric drives. This control loop 

allows the motor to produce an electromagnetic torque that closely follows the torque 

reference that comes from the outermost motion control loops. In most drives, torque 

control is obtained indirectly from the current control. This paragraph will describe the 

calibration of the current loop using the zero-pole cancellation method and will be 

described in both continuous time domain and discrete time domain; in addition, it will 

be necessary to dedicate a sub-paragraph to the so-called decoupling of cross-coupling, 

which plays a key role in the calibration of the current loop using the zero-pole 

cancellation method. 

Before introducing the current control loop design methodologies, it is necessary to 

define the mathematical model in qd-axes regarding the current loop for a generic IPM 

synchronous motor (4.2.1), from the block diagram of Fig.4.2.1. 
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Figure 4.2.1 Current Control Loop Block Diagram for an IPM Motor Drive. 

4.2.1 Decoupling of the Cross-Coupling 

The so-called decoupling of cross-coupling is often performed in order to make the 

action of the current loop PI controllers more efficient in a synchronous reference frame, 

Ciq(s) and Cid(s) for the qd-axes currents respectively. The decoupling action of cross-

coupling is carried out starting from the knowledge of the terms of cross-coupling related 

to the fluxes of qd-axes: 
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 (4.2.2) 

 

As it is difficult and very expensive to carried out a direct measurement of the stator 

fluxes, often the voltage cross-coupling are computed as: w ^re( )L̂d id+ l ^pm  and w ^reL̂q iq, for 

q-axis and d-axis respectively; therefore it is necessary to know the inductive coefficients and 

the permanent magnet flux, which in general must be estimated. Applying the decoupling of 

the cross-coupling, as shown in Fig. 4.2.1, at the equation system (4.2.1) and by assuming 

that the estimated speed is approximately equal to the real speed w ^re å wre, the mathematical 

model of a IPM with the decoupling of the cross-coupling is given by: 
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 (4.2.3) 

 

Based on the equation system (4.2.3), obtained by decoupling the cross-coupling, it 

shows that if the estimate of the parameters L̂q, L̂d, l ^pm are very similar to the actual values 

(4.2.4): 

 

L̂q å Lq      L̂d å Ld      l ^pm å lpm (4.2.4) 

 

Then it can be considered that the cross-coupling terms are canceled by the decoupling 

terms, and therefore the equations system (4.2.3) becomes: 
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 (4.2.5) 

 

The equation system (4.2.5) shows that whenever the decoupling of the cross-coupling 

is carried out correctly, it is possible to consider a simple ohmic-inductive circuit for qd-

axes, this allows to simplify the design of the current loop. 

4.2.2 Continuous Time Current Control Loop Design 

Starting from the equation system (4.2.5) referred to the block diagram of Fig. 4.2.1, 

it is possible to easily compute the Laplace transformation by replacing the derivative 

coefficient p = d/dt with the Laplace coefficient s: 
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 (4.2.6) 

 

From (4.2.6) it is possible to write the transfer functions of the current plant for each 

qd axes separately, as the effects of cross-coupling have been neglected as explained in 

sub-paragraph 4.2.1: 

 

Pq(s) = 
Iq(s)

Vd(s)
 = 

1

sLq + Rs
             Pd(s) = 

Id(s)

Vd(s)
 = 

1

sLd + Rs
 (4.2.7) 

 

Since the current plant transfer functions have the same shape for both axes, then in 

the subsequent analysis a generic ohmic-inductive circuit will be used as an example 

(4.2.8): 

 

Pi(s) = 
I(s)

V(s)
 = 

1

sL + R
 (4.2.8) 

 

One of the most used methods for the PI controller design for the current loop control 

of an electric drive is the zero-pole cancellation method [8]-[9]. Although the zero-pole 

cancellation method simplify the closed-loop transfer function to a first order system, 

practically the position of the pole to be cancelled is not exactly known and furthermore, 

even assuming to know this pole precisely, it is not assured that the zero of the controller 

designs is exactly in the same position of the plant pole. In both cases, therefore, the zero-

pole cancellation is not exactly perfect. If the zero-pole cancellation, as often happens, 

does not occur perfectly, ways are introduced in the time response of the closed-loop 

system that can worse the dynamic behavior of the system. 

Fig. 4.2.2 shows the block diagram of a current control loop with a generic plant 

defined in (4.2.8) 
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Figure 4.2.2 Current Closed Loop Control. 

where Ci(s) is the PI controller transfer function and kpi, kii are the proportional and 

integral gains of the PI controller respectively: 

 

Ci(s) = 
kpis + kii

s
 (4.2.9) 

 

Fi(s) = Ci(s)Pi(s) = 
kpis + kii

s
 

1

sL + R
 = 

kii

sR
 

kpi

kii
s + 1

L

R
s + 1

 (4.2.10) 

 

Starting from the open loop transfer function Fi(s) and rewritten in Bode forms (4.2.10) 

and (4.2.11) it is possible to cancel the pole of the plant Pi(s) by means the controller zero 

Ci(s): 

 
kpi

kii
 = 

L

R
 (4.2.11) 

 

In this way the open loop transfer function can be rewritten as: 

 

Fi(s) = Ci(s)Pi(s) = 
kii

sR
 (4.2.12) 

 

By computing the closed loop transfer function (4.2.13) it is possible to note that the 

zero-pole cancellation method allow to simplify the closed loop transfer function Wi(s) at 

a first order system, where the current loop bandwidth is selected in (4.2.14). 

 

Wi(s) = 
Fi(s)

1 + Fi(s)
 = 

kii

R

s + 
kii

R

 (4.2.13) 

 
kii

R
 = 2pfBWi (4.2.14) 

 

In conclusion, by imposing the current loop bandwidth in (4.2.14) and exploiting the 

zero-pole cancellation condition of (4.2.11), the PI controller gains are: 

 

kii = 2pfBWiR        kpi = 2pfBWiL (4.2.15) 
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The step response of the closed-loop transfer function Wi(s) is shown in Fig. 4.2.3, 

where 500Hz current loop bandwidth is selected with the corresponded ohmic-inductive 

circuit parameters R = 0.84W and L = 4.7mH. If during the current loop calibration, a 

correct decoupling of the cross-coupling phenomena is guaranteed and if the zero-pole 

cancellation method is performed correctly the closed loop step-time response coincides 

with a step-time response of a first order system, Fig. 4.2.3. 
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Figure 4.2.3 Step Response of the current closed loop transfer function. 

The zero-pole map of the open and closed loop transfer functions is shown in Fig. 

4.2.4, where it is possible to noted that the pole of the open loop function is well cancelled 

from the zero of the controller, i.e., the zero of the open loop function. 

In fact, the closed loop function (4.2.13) is characterized by one pole associated to the 

desired closed loop bandwidth. 
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Figure 4.2.4 Zero-Pole Map of the Current Loop. 

4.2.3 Discrete Time Current Control Loop Design 

Fig. 4.2.5 shows the discrete time implementation of the current loop control. Inside 

the PI regulator, the continuous time integrator has been replaced by a simple 

accumulator. A latched voltage interface is present to model the effect of the digital 

control system on the motor voltage supply. 
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Figure 4.2.5 Discrete Time Current Loop Control Block Diagram. 

As shown in Fig. 4.2.5 the plant Pi(s) is a continuous time system but its information 

is acquired by the microcontroller, therefore it is necessary to transform the transfer 

function Pi(s) in discrete time domain with a sampling time Ts by using the Z-transform. 

The unilateral Z-transform is the Laplace transform of an ideally sampled signal with the 

following substitution: 

 

z = e sTs (4.2.16) 

 

where Ts is the acquisition time of the microcontroller. 

There are several ways to approximate the Z-transform defined in (4.2.16): such as the 

Euler Forward, Euler Backward and the Tustin or Bilinear approximations [6], but when 

a physical signal is acquired by means of an ADC (analog digital converter), generally 

the continuous time information is sampled every Ts and is acquired by the 

microcontroller. Since the sample is acquired at each step, this type of acquisition is called 

Zero Order Hold (ZOH) and the impulse response transfer function is defined: 

 

fl (ZOH) = 
1 - e -sTs

s
 = 

1 - z -1

s
 (4.2.17) 

 

where z -1 = e -sTs is defined as delay. 

A generic transfer function H(s) that include the ZOH is given: 

 

H(z) = (1-z -1) ׁש 
ê
è

ú
øH(s)

s
 (4.2.18) 

 

Applying the (4.2.18) in (4.2.8) and placing t = R/L obtain: 

 

Pi(z) = 
(1 - e -Ts/t) z -1

R (1 - e -Ts/t z -1)
 = 

(1 - e -Ts/t)

R (z - e -Ts/t)
 (4.2.19) 

 

While the transfer function of the PI controller can be rewritten as: 

 

Ci(z) = kpi + 
kii Ts

1 - z -1 = (kpi + kii Ts) 

z - 
kpi

kpi + kii Ts

z - 1
 = Ki 

z - di

z - 1
 

(4.2.20) 

 

where the controller gains are defined as: 

 

Ki = (kpi + kii Ts)           di = 
kpi

kpi + kii Ts
 (4.2.21) 
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Now, it is possible to compute the open loop transfer function Fi(z): 

 

Fi(z) = Ci(z) Pi(z) = 
Ki (1 - e -Ts/t)

R(z - 1)
 

z - di

z - e -Ts/t (4.2.22) 

 

By cancelling the pole of the plant system Pi(z) through the zero of the controller Ci(z) 

this equation (4.2.23) is obtained: 

 

di = eTs/t (4.2.23) 

 

Starting from the zero-pole cancellation condition (4.2.23) the open loop transfer 

function can be semplified in (4.2.24): 

 

Fi(z) = Ci(z) Pi(z) = 
Ki (1 - e -Ts/t)

R(1 - z)
 (4.2.24) 

 

Then, the closed loop transfer function Wi(z) is given: 

 

Wi(z) = 
Fi(z)

1 + Fi(z)
 = 

Ki (1 - e -Ts/t)

R(1 - z) + Ki (1 - e -Ts/t)
 (4.2.25) 

 

Starting from the first order closed loop transfer function (4.2.25) it is possible to 

impose the bandwidth: 

 

1 - 
Ki (1 - e -Ts/t)

R
 = e -2pfBWiTs (4.2.26) 

Finally, in according to the zero-pole cancellation condition (4.2.23) and the 

bandwidth condition (4.2.26), the PI controller gains are obtained: 

 

kpi = R 
e -Ts/t

1 - e -Ts/t ( )1 - e -2pfBWiTs           kii = 
R

Ts
 ( )1 - e -2pfBWiTs  (4.2.27) 

 

Generally, both the continuous time and discrete time designing, a rule of thumb is to 

select the current loop bandwidth between 100 Hz e 1000 Hz [10]-[11]. 

In Figs. 4.2.6 and 4.2.7 the step time response of the current closed loop transfer 

function Wi(z) and its discrete time zero-pole map. 

Time [ms]

0

0.2

0.4

0.6

0.8

1

1.2

0 0.5 1 1.5 2 2.5 3

Continuous Time Step Response

Discrete Time Step Response

 
Figure 4.2.6 Step Time Response Comparison between the Continuous Time and Discrete Time closed 

loop transfer function. 
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Figure 4.2.7 Discrete Time Zero-Pole Map. 

4.3 Speed Control Loop Design 

In those electric drives where speed control is required a speed control loop is present 

outermost than the current loop, that allow to maintain the reference speed value whatever 

the load torque. The electric drives that provide speed control are called Variable Speed 

Drives (VSD) or Variable Frequency Drives (VFD), where the Maximum-Torque-per-

Ampere (MTPA) and Flux Weakening (FW) algorithms are typically implemented. 

However, both in MTPA (until rated speed) and in FW (until allowed maximum speed) 

a good dynamic performance and allowed torque load rejection must be provided by the 

speed control loop [12]-[13]. 

This paragraph will describe the speed control loop tuning using two methods: the 

pole-placement method and the Nyquist stability theory. In particular, the pole-placement 

method will be defined in both continuous and discrete time domain, while the tuning 

according to Nyquist theory will be done only in continuous time domain. 

In Fig. 4.1.15 a generic speed control loop structure is shown, where the nested current 

control loop can be neglected by assuming the follow ñmechatronic assumptionò: the 

current loop bandwidth fBWi is much larger with respect to the speed loop bandwidth fBWw, 

generally fBWi = 10 fBWw; therefore, it is possible to neglect the dynamics of the current 

loop as it is much faster than the dynamic of the speed loop, Fig. 4.3.1: 
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Figure 4.3.1 Speed Closed Loop Control 

In this analysis it is assumed that the physical system is a rigidly coupled mechanical 

system, thus zero damping. 
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íî
ì
îëTe - TL= J 

dwrm

dt

wrm = 
dqrm

dt

 (4.3.1) 

 

Another aspect that cannot be neglected in Fig. 4.3.1 is that the control system includes 

the speed estimator. Generally, the presence of the estimator, as we will see in the 

following paragraphs, modified the speed closed loop control transfer function and 

introduces a delay on the estimated speed that leads to a worsen dynamic performance of 

the speed loop. The effects due to the presence of the speed estimator will be analyzed in 

the following paragraph. 

4.3.1 Continuous Time Speed Control Loop Design with Pole Placement 

Based on the above hypotheses, the speed control loop block diagram, with includes 

the speed controller Cw(s) and the mechanical system Pw(s), as shown in Fig. 4.3.2: 
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Figure 4.3.2 Continuous Time Speed Control Loop 

 

Pw(s) = 
1

sJ
 (4.3.2) 

 

Cw(s) = 
kpw s + kiw

s
 (4.3.3) 

 

where kpw and kiw are the proportional and integral gains of the speed controller 

respectively. The open loop and closed loop transfer functions Fw(s) are given: 

 

Fw(s) = Cw(s)Pw(s) = 
kpw s + kiw

s2J
 (4.3.4) 

 

Ww(s) = 
Fw(s)

1 + Fw(s)
 = 

kpw s + kiw

s2J + kpw s + kiw
  (4.3.5) 

 

Starting from the denominator of (4.3.5), the poles can be placed in order to all have a 

real negative part. In particular, as it is a second-degree polynomial, two poles will be 

positioned. The poles placement must be done, as seen in sub-paragraph 4.1.5, trying to 

avoid unwanted oscillations during the step response, to avoid this it is good practice to 

position the poles directly on the real negative axis (therefore with unitary damping) in 

order to obtain a step response as overdamped as possible [5]-[6]; moreover, if the farthest 

pole p1w, which is related to fast dynamics, is ten times larger than the closest pole p2w, 
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which is related to slow dynamics, an excellent command tracking performance and 

stability margin, with a phase margin roughly equal to 85 ° [5]-[6]. 

As the frequency of the farthest pole is approximately equal to the closed loop 

bandwidth, then we can define: 

 

p1w = 2pfBWw          p2w = 
p1w

10
 (4.3.6) 

 

s2 + 
kpw

J
 s + 

kpw

J
 = s2 + (p1w + p2w) s + p1w p2w  (4.3.7) 

 

Starting from (3.4.7) is very easy to extract the speed controller gains. 

 

kpw = (p1w + p2w) J            kiw = p1w p2w J (4.3.8) 

 

In Fig. 4.3.3 is shown the step time response of the closed speed loop transfer function 

Ww(s), where 20Hz speed loop bandwidth is selected with the corresponded mechanical 

inertia J = 0.0021kgm2.  It can be noted that from the conditions defined in (4.3.6), a step 

response equivalent to that of an overdamped second order system is obtained, 

characterized by a response time that depends on the chosen bandwidth and by a limited 

overshoot. 
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Figure 4.3.3 Speed Loop Step Response. 

In Fig. 4.2.4 is shown the zero-pole map of the open and closed speed loop transfer 

functions, where the closed loop fastest pole is roughly near to the closed loop bandwidth 

while the closed loop slower pole is a quite near to the zero, in fact, the step-time response 

of the Fig. 4.3.3 it is similar to a first order step-time response. 
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Figure 4.3.4 Continuous Time Zero-Pole Map 

4.3.2 Continuous Time Speed Control Loop Design with Nyquist Theory 

Another way to tune the control speed closed loop is based on the Nyquist stability 

theory, defined in the sub-paragraph 4.14. 

Starting from the control speed closed loop system of Fig. 4.3.2 it is possible to define 

the specifications on the open loop transfer function Fw(s) in order to guarantee stability 

and robustness on the closed loop transfer function Ww(s). 

As already defined in sub-paragraph 4.1.6, the dynamic performances of a closed loop 

system are provided by the follow specifications: the closed loop bandwidth, which is 

linked to the quick response of the closed loop system, and the phase margin, which 

represents one of the many robustness metrics of the system. 

Generally, the bandwidth of the speed control loop fBWw can be selected from 10 to 100 

Hz [10]-[11]; the phase margin will be chosen by means on the desired dynamic 

performance of the closed loop time step response, in terms of overshoot and transient 

oscillations [5]-[6]; typically, a good robustness performance is guaranteed by a phase 

margin mj Ó 60°; in order to obtain excellent robustness and to cancel the transient 

oscillations, it is good practice to place the closed loop poles of Ww(s) on the negative real 

axis, that is equivalent to impose the phase margin mj Ó 75° [5]-[6]. 

According to the Nyquist's theory, the stability conditions of the closed-loop function 

Ww(s) with unitary feedback can be done by studying the open-loop function Fw(s) [5]-

[6]; therefore, after defining the desired speed loop specifications, it is possible to write 

the relationships (4.3.9) that allow to determine the PI speed controller gains [5]-[6], [14]. 

 

|Fw(jwc)| = 1            ÏFw(jwc) = mj - 180° (4.3.9) 

 

where wc is the crossover frequency of the open loop function Fw(s). It is shown that for 

a second order system the crossover frequency is approximately equivalent to the closed 

loop bandwidth frequency [5]-[6]: 

 

fBW å fc (4.3.10) 

 

therefore, by setting the speed closed loop bandwidth fBWw and the phase margin mj: 
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|Fw(jwc)| = 
w 2

BWw k
 2

pw + k 2
iw

 w 2
BWw J

 = 1

ÏFw(jwc) = atan 
ç
æ
å

÷
ö
õwBWw kpw

kiw
 - 180° = mj - 180° 

(4.3.11) 

 

Starting from the previously expressions (4.3.11), the PI speed controller gains are 

given: 

 

kiw = 
w 2

BWw J

w 2
BWw t 2iw + 1

              kpw = kiw tiw               tiw = 
tan (mj)

wBWw
 (4.3.12) 

 

where tiw is the integral constant time of the PI speed controller. 

In Fig. 28 the time step response of the closed-loop transfer function Ww(s) is shown 

with the same closed loop bandwidth and mechanical inertia used in sub-paragraph 4.3.1. 

A comparison between the closed loop function obtained by pole-placement method and 

by choosing a phase margin of 85 ° is equivalent to choosing the two poles of Ww(s) one 

decade distant from each other (4.3.6). 
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Figure 4.3.5 Time Step Response of the Closed Speed Loop Transfer Function 
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Figure 4.3.6 Zero-Pole Maps of the Speed Loop Control System 
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4.3.3 Discrete Time Speed Control Loop Design with Pole Placement 

The block diagram of the speed control loop is shown in Fig. 4.3.7, where the speed 

controller is modeled in discrete time domain and the mechanical plant in continuous time 

domain. In order to model the effect of the digital control on the mechanical system, the 

speed controller will be connected to the mechanical system through a "latched" torque 

interface. 
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Figure 4.3.7 Discrete Time Speed Loop Control Block Diagram. 

The discrete time domain transfer function of the mechanical system is given by 

(4.3.13): 

 

Pw(z) = 
Ts

J
 

1

z - 1
 (4.3.13) 

 

while, the integral part of the PI controller is modeled as a discrete accumulator: 

 

Cw(z) = kpw + 
kiw Ts z

z - 1
 = Kw 

z - dw
z - 1

 (4.3.14) 

where: 

 

Kw = (kpw + kiw Ts)           dw = 
kpw

kpw + kiw Ts
 (4.3.15) 

 

The discrete time domain open loop Fw(z) and closed loop Ww(z) transfer functions are 

given by: 

 

Fw(z) = Cw(z) Pw(z) = 
Ts

J
 
Kw (z - dw)

(z - 1)2  = 
K'w (z - dw)

(z - 1)2  (4.3.16) 

with K'w = 
Ts

J
 Kw 

Ww(z) = 
Fw(z)

1 + Fw(z)
 = 

K'w (z - dw)

z 2 + (K'w - 2) z+ (1 - K'w dw)
 (4.3.17) 

 

According to the pole-placement method it is possible to place the closed loop poles 

by fixing the fastest pole p1w as the closest to the closed loop bandwidth and the slowest 

pole p2w with a frequency ten times smaller than the frequency of p1w: 

 

p1w = e -2 p fBWw Ts              p2w = e -(2 p fBWw Ts)/10 (4.3.18) 

 

In this way the Cw(z) speed controller gains are obtained: 
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kpw = 
J

Ts
 (1 - p1w p2w)          kiw = 

J

T 2
s
 (2 - p1w - p2w) - 

kpw

Ts
 (4.3.19) 

 

In Figs. 4.3.8-4.3.9 the time step responses of the continuous time and discrete time 

closed loop transfer function and the zero-pole map are shown, respectively. 

Time [s]

0

0.2

0.4

0.6

0.8

1

1.2

0 0.05 0.1 0.15 0.2 0.25 0.3

Continuous Time Step Response

Discrete Time Step Response

 
Figure 4.3.8 Step Time Response Comparison between the Continuous Time and Discrete Time closed 

loop transfer function. 

 
Figure 4.3.9 Discrete Time Domain Zero-Pole Map. 

 

 

 

 

 

 

 

 

 

 










































































































































































































































































