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Chapter 1

Introduction

1.1 The AMR Problem

Antimicrobial resistance (AMR) is defined as the ability of microorganisms
to survive or grow in the presence of antimicrobial drugs that would nor-
mally inhibit or kill them, and in particular, it refers to the ability of bac-
teria to survive after exposure to a specified concentration of antimicrobial
substances [37, 3, 67]. Surviving antibiotic effects is a normal bacterial
reaction, leading to the creation of a clone capable of resisting the antibi-
otic. Although resistance can be intrinsic, resulting from natural bacterial
physiology, it is of particular concern when acquired through genetic mu-
tations or horizontal gene transfer [58]. Resistant strains are classified by
genus, species, and antibiotic resistance phenotype [35]. This phenotype
is established by comparing the list of antibiotics active on the reference
strain with those the tested strain is resistant to, representing acquired re-
sistance. In the bacterial domain, where this thesis is focused, AMR often
leads to multidrug-resistant (MDR), extensively drug-resistant (XDR), or
pan-drug-resistant (PDR) phenotypes [74] that severely restrict therapeutic
options.

The global burden of AMR is substantial and has been recognized by the
World Health Organization (WHO) as one of the major threats to human
health in the 21st century [26, 84]. A landmark study [80] estimated that in
2019, 4.95 million deaths were associated with bacterial AMR, of which 1.27
million were directly attributable. More recent analyses [81] extended this
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evidence across the period 1990–2021 and provided forecasts suggesting that
the mortality burden of AMR will continue to rise in the coming decades.
These figures, while based on the best available modeling approaches, remain
subject to uncertainties due to incomplete surveillance data.

Clinicians have several reasons to be concerned about bacterial resis-
tance, as resistant bacteria, particularly Staphylococcus aureus, Enterococcus
spp., Klebsiella pneumoniae, and Pseudomonas aeruginosa, are becoming in-
creasingly prevalent in healthcare facilities [78, 39]: healthcare-associated
infections (HAIs) serve as a reservoir and breeding ground for resistant
bacteria [90, 65, 99]. These pathogens also appear in the 2024 revision of
the WHO Priority Pathogens List [49], where carbapenem-resistant Gram-
negative bacteria are classified as “critical” targets for research and devel-
opment. The inability to cure infectious diseases with antibiotics raises con-
cerns about the future of healthcare, leading to serious illnesses, prolonged
hospital stays, rising healthcare costs, and treatment failures [24].

In addition to the cost in health and human lives, AMR is also an
economic challenge. To have an idea, the Organisation for Economic Co-
operation and Development (OECD) estimated that resistant infections gen-
erate annual costs of approximately USD 66 billion across 34 high-income
countries [69], driven by longer hospital stays, higher medical expenses, and
productivity losses.

These data highlight that AMR represents both a global health crisis and
an economic challenge. For these reasons, new methodological approaches
are needed to improve our ability to describe, predict, and mitigate AMR,
particularly in hospital settings, where its consequences are most immediate
and severe.

1.2 Motivations

While AMR is widely recognized as one of the major health threats of our
time, most strategies to address it still rely on descriptive surveillance, an-
tibiotic stewardship, and infection control measures, which are necessary but
not sufficient. In fact, surveillance data are often fragmented, heterogeneous
across hospitals and countries, and not easily generalizable. Traditional sta-
tistical approaches, although useful for trend monitoring, typically fail to
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capture the nonlinear and multiscale dynamics that govern the emergence
and spread of resistance within complex healthcare environments [55].

Recent advances in computational methods provide new opportunities to
overcome these limitations. Machine Learning (ML) techniques have been
increasingly applied to clinical and microbiological datasets to predict resis-
tance patterns and guide empirical antibiotic therapy [97, 86]. In the hospi-
tal setting, predictive models have already demonstrated their potential to
anticipate resistance trends based on antibiotic consumption and historical
data [112]. At the same time, mathematical and population-based models
offer a complementary perspective, simulating transmission dynamics of re-
sistant pathogens across wards and healthcare networks [31]. However, sys-
tematic reviews highlight that these models often lack external validation,
rely on oversimplified assumptions, and remain underutilized in clinical or
policy decision-making [16].

Against this background, the motivation for this thesis is to contribute
to bridging these gaps by developing and applying engineering methods to
the study of AMR. In this context, the ability to predict AMR at the strain
level is essential for supporting timely and informed clinical decision-making.
Rapid and accurate prediction can improve empirical therapy, reduce the
misuse of broad-spectrum antibiotics, and ultimately slow down the selec-
tive pressure driving resistance. Yet, predictive power alone is insufficient if
the available data are incomplete or biased. Many genomic and phenotypic
AMR datasets suffer from missing values due to heterogeneous laboratory
protocols, selective testing, or incomplete sequencing. This motivates the in-
clusion of a dedicated analysis of data reconstruction, where ML is employed
to impute missing values and enhance the robustness and interpretability of
predictive models.

Beyond the data-driven perspective, a second motivation arises from the
need to understand the mechanisms underlying the spread of resistance in
healthcare environments. While ML can identify correlations, mechanistic
population models capture causal dynamics-how transmission, mobility, and
selective pressure interact to shape AMR patterns across wards. Developing
such models allows us to explore intervention scenarios, estimate epidemic
thresholds, and quantify the impact of control strategies.

In summary, the aim is to provide predictive and mechanistic insights
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that go beyond descriptive statistics, thus supporting more effective antimi-
crobial stewardship, infection control interventions, and ultimately patient
care.

1.3 Structure of the thesis

This thesis is organized into two main parts, each addressing a distinct
but complementary aspect of the work conducted during the doctoral re-
search. Together, they reflect the general goal of developing and applying
engineering-based methodologies to the study of AMR in hospital environ-
ments.

Part I – Methods based on Machine Learning for AMR Pre-
diction and Data Reconstruction

The first part focuses on data-driven approaches, exploring how ML tech-
niques can be applied to predict AMR phenotypes and reconstruct incom-
plete biological datasets. It begins with an introduction to the fundamental
principles of ML and their relevance in the biomedical context, followed by
an overview of the main algorithms employed for classification and regres-
sion tasks. Subsequently, the datasets used throughout the research are
described, including binary, continuous, and synthetic data derived from
genomic and phenotypic sources. A dedicated section presents the evalu-
ation metrics adopted to assess model performance, both for classification
and for imputation tasks. The experimental results are then organized into
two main applications: AMR prediction from genomic and phenotypic data,
and reconstruction of missing values in biological datasets. Each application
is examined through an analysis that includes specific preprocessing steps
(such as correlation analysis, data balancing, and feature handling), the def-
inition of model configurations, and a systematic comparison across multiple
machine learning methods. For AMR prediction, the results highlight how
different classifiers perform across heterogeneous datasets, while for missing
data reconstruction, the analysis quantifies the robustness of various im-
putation strategies under two different types of missing mechanisms. This
part concludes with a synthesis of the key findings and the methodological
insights gained from the ML analyses.
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Part II – Population Models

The second part of the thesis shifts from data-driven to mechanistic ap-
proaches, focusing on the mathematical modeling of AMR transmission in
hospital settings. It introduces the conceptual background of population
models, reviewing classical epidemic frameworks (such as SIS, SIR, and
SEIR) and their extensions to metapopulation and structured systems. The
theoretical framework of reproduction numbers and the Next Generation
Matrix is then developed, providing the analytical tools used in subsequent
chapters. Based on this formalism, a compartmental model, the XSR model,
is proposed to describe AMR dynamics at both single-ward and multi-ward
(metapopulation) levels. The analysis includes the derivation of equilibria,
stability conditions, and critical thresholds of transmission parameters. Fi-
nally, the same theoretical principles are extended to a new more complex
SIIS model, allowing the estimation of the basic and invasion reproduction
numbers and the exploration of coexistence scenarios between sensitive and
resistant strains. Numerical simulations, both deterministic and stochastic,
are used to validate the theoretical results and to investigate the system’s
behavior under varying epidemiological conditions. The part concludes by
highlighting the implications of these modeling approaches for understand-
ing AMR persistence and control within hospital networks.

The thesis concludes with a general discussion that connects the results of
the two parts, emphasizing how data-driven and theoretical modeling ap-
proaches can jointly enhance the understanding and management of AMR.
By integrating ML and population dynamics, the work aims to provide
methodological and conceptual contributions that may support future re-
search and inform decision-making in clinical and public health contexts.
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Part I

Methods based on Machine
Learning for AMR

Prediction and Data
Reconstruction
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Chapter 2

Introduction to Machine
Learning Methods for AMR
Prediction and Data
Reconstruction

As mentioned in the previous chapter, AMR is widely recognized as an
increasing threat to global public health. The inability to adequately treat
infectious diseases with available antibiotics leads to severe consequences, in-
cluding treatment failures, prolonged hospital admissions, increased health-
care costs, and ultimately higher morbidity and mortality [24]. The problem
is particularly acute for vulnerable patients undergoing medical treatments
that compromise the immune system, as well as for individuals with chronic
conditions such as diabetes, asthma, rheumatoid arthritis, or cystic fibrosis
[46, 70].

Timely and reliable identification of resistant bacterial strains is essen-
tial for guiding antibiotic prescription and reducing inappropriate drug use.
However, traditional diagnostic methods, including culturing and antimi-
crobial susceptibility testing, remain time-consuming and resource-intensive.
This limitation has motivated a growing interest in the use of ML techniques
to provide rapid and accurate predictions of antimicrobial resistance. Re-
cent studies highlight the effectiveness of ML algorithms in predicting AMR
across multiple bacterial species and resistance mechanisms [66], as we will
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discuss in more detail in the next section.

2.1 Machine Learning Approaches to AMR Pre-
diction

ML algorithms have shown very good performance in predicting AMR mech-
anisms such as efflux pumps, target modifications, and enzymatic inactiva-
tion [79, 82]. Classical supervised learning techniques, including support
vector machines, logistic regression, and random forests, have consistently
demonstrated high predictive accuracy. More recently, deep learning mod-
els have expanded the methodological toolkit, offering the capacity to cap-
ture nonlinear dependencies and high-dimensional genomic features. When
trained on whol genome sequencing (WGS) data, these models provide a
time-efficient alternative to traditional laboratory diagnostics.

Beyond the classification of resistant versus susceptible strains, ML ap-
proaches have also been successfully used in broader areas of AMR research.
For instance, they have been used to predict new resistance genes, antimi-
crobial peptides, and even candidate antibiotics, thus supporting both diag-
nostic applications and drug discovery pipelines [7, 105]. A comprehensive
overview of ML-driven solutions to the AMR challenge can be found in [32].

Recent literature highlights attempts to use ML algorithms to improve
prescribing practices, with promising results even when models are trained
on relatively small datasets [83, 17, 36]. In particular, these models often
outperform traditional logistic regression, underscoring the added value of
ML in antibiotic management. Complementary research has also explored
the application of ML to datasets obtained through mass spectrometry, fur-
ther broadening the scope of predictive methodologies [116].

The potential of ML for AMR prediction has been demonstrated across
several pathogens. Studies have targeted Escherichia coli to model resis-
tance against multiple antibiotics [94, 79], while others have focused on
Staphylococcus aureus [18, 115, 114] or Streptococcus pneumoniae [106]. In
our work, we focus our attention in particular on Klebsiella pneumoniae.
In the context of Klebsiella pneumoniae, ML analyses have been applied
to predict phenotypic polymyxin resistance [72], to identify resistance fea-
tures from single-nucleotide polymorphism (SNP) data [64], and to perform
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multilabel classification with missing labels [107]. These studies provide ev-
idence of the robustness and versatility of ML methods in handling various
AMR-related tasks.

2.2 The Challenge of Missing Data in AMR
Datasets

A persistent obstacle in AMR research is the problem of missing or incom-
plete data. AMR datasets often suffer from inconsistencies arising from in-
complete sequencing, experimental errors, or heterogeneous reporting stan-
dards. Missing data can introduce substantial bias, degrade statistical anal-
yses, and compromise the reliability of predictive models. Traditional strate-
gies for handling missing data, such as listwise deletion or mean imputation,
are simple but often inadequate, as they risk oversimplifying biological com-
plexity and discarding valuable information [63].

More advanced statistical techniques, including Multiple Imputation by
Chained Equations (MICE) [109, 8] and the Expectation-Maximization (EM)
algorithm [101], have been developed to provide probabilistic estimates of
missing values. However, these approaches still struggle with high-dimensio-
nal, heterogeneous data typical of AMR studies.

Machine learning has opened new opportunities for addressing this issue.
Algorithms such as k-nearest neighbors (KNN) [10], random forests (RF)
[11], and deep learning architectures like autoencoders and variational au-
toencoders (VAEs) [38] have demonstrated improved performance in imput-
ing missing values by recognizing complex, non-linear dependencies among
features. Generative frameworks such as Generative Adversarial Imputation
Nets (GAIN) extend this capability by reconstructing missing data while
preserving the overall distribution [121].

Although research specifically targeting missing data in AMR is still
limited, related work in biomedical contexts provides a valuable foundation.
Studies on electronic health records (EHRs) and genomic data analysis high-
light the advantages of ML-based imputation methods in preserving corre-
lations and improving predictive accuracy [59, 13]. Recent findings further
suggest that hybrid models, which combine multiple imputation techniques
or integrate statistical and ML approaches, may offer robust solutions under
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different missingness scenarios [98, 103].
The application of ML to missing data extends beyond classical impu-

tation. Ensemble-based strategies, such as Missing Imputation with Au-
toencoder and Ensemble Clustering (MIAEC) [120] or perturbation-driven
clustering models [113], have been shown to handle uncertainty and noise
effectively, particularly in large-scale, high-dimensional biological datasets.
Deep learning approaches, including recurrent neural networks such as Long
Short-Term Memory (LSTM) and Gated Recurrent Unit (GRU) models,
have demonstrated strong robustness in dealing with structured and lon-
gitudinal datasets characterized by non-random missingness [122]. Semi-
supervised frameworks, such as Iterative Robust Semi-Supervised Imputa-
tion (IRSSI), further extend these capabilities by leveraging both labeled
and unlabeled data to improve accuracy under high missingness rates [34].

These methodological advances represent promising directions for AMR
research, where incomplete and heterogeneous datasets are common. Nonethe-
less, challenges remain. Computational efficiency, model interpretability,
and the risk of introducing artificial patterns during imputation are signif-
icant concerns that must be carefully managed to ensure the reliability of
downstream analyses.

2.3 Limitations of ML in AMR Research

These advances illustrate the growing importance of ML in addressing the
multifaceted challenge of AMR. On one side, predictive algorithms accelerate
the identification of resistant strains from genomic data, offering a viable
complement to traditional laboratory diagnostics. On the other hand, ML-
based imputation strategies enhance the usability of incomplete datasets, a
critical step for enabling large-scale surveillance and integrative modeling.

Despite these promising developments, several practical and methodolog-
ical limitations still hinder the full integration of ML into clinical workflows.
First, AMR datasets are frequently affected by severe data imbalance, where
resistant and susceptible classes are unequally represented. This imbalance
can lead to biased learning and unreliable predictions, particularly for under-
represented resistance phenotypes. Second, there is no universally optimal
ML algorithm for AMR prediction. Model performance depends heavily
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on dataset size, feature composition, and biological context, meaning that
algorithm selection typically requires empirical comparison and extensive
tuning. Finally, although ML models can generate predictions in seconds
once trained, the upstream acquisition of genomic data through sequencing
and bioinformatic analysis remains relatively slow and resource-intensive.
This temporal bottleneck limits real-time clinical applicability, especially in
urgent treatment settings.

While substantial evidence supports the potential of ML in AMR pre-
diction, significant challenges remain, including the need for standardized
benchmarks, interpretability of models, and clinical validation across di-
verse healthcare contexts. Nonetheless, the field is evolving rapidly, and
ML-based frameworks are poised to play a central role in both the scien-
tific understanding and the clinical management of antimicrobial resistance.
Emerging solutions to mitigate current obstacles include the adoption of
faster and cheaper sequencing technologies, the use of federated learning to
integrate data from multiple institutions while preserving privacy, and the
development of interpretable AI systems capable of providing transparent
and clinically actionable predictions [100, 48, 60].

18



Chapter 3

AMR Dataset Description

In this chapter, we describe the datasets used in our studies on AMR predic-
tion and missing-data handling. We first introduce binary genomic datasets
focused on Klebsiella pneumoniae, including a proprietary clinical collection
(from the Biometec departement of the University of Catania), a publicly
available cohort [9], and a synthetic dataset generated to preserve key sta-
tistical properties of the real data. We then present a public continuous
dataset on environmental antibiotic resistance genes (ARGs) [119].

3.1 Binary Data

In our study, we use genomic data to predict the antibiotic resistance of
Klebsiella pneumoniae bacterium to different antimicrobial agents and to
demonstrate the effectiveness of techniques for binary data reconstruction,
in the context of AMR datasets.

In AMR prediction, the use of genomic data is fundamental. Genomic
sequences of bacteria, in fact, are essential for understanding the molec-
ular mechanisms underlying their resistance to antibiotics. In particular,
genomic data may include information about the DNA, genes involved in
resistance, and genetic mutations. The data encompass details regarding the
presence or absence of specific resistance determinants. Since our prediction
work focuses on Klebsiella pneumoniae, we pay particular attention to genes
that provide resistance to β-lactam antibiotics, such as carbapenemases and
extended-spectrum β-lactamases. This is essential in the clinical domain
due to the alarming rise in resistance, particularly in nosocomial settings,
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to several commonly used antibiotics [76]. The quest for genes responsible
for these resistances involves the use of whole genome sequencing through
Next Generation Sequencing (NGS) [92].

Here we consider two real datasets comprising the genomic data of Kleb-
siella pneumoniae strains, and a synthetic dataset, created from the char-
acteristics of real data. As for real datasets, the first contains the data
collected by a research group at the Department of Biomedical and Biotech-
nological Science (Biometec). For simplicity, we will refer to this dataset as
the Biometec dataset. This dataset was used only for the AMR prediction
study, due to its small size. The second is a public dataset, analyzed in
[9]. This dataset was used both for AMR prediction and to apply missing
data reconstruction techniques. Furthermore, the synthetic dataset, used
for missing data management, was constructed based on the characteristics
of this public dataset.

3.1.1 Biometec Data

The Biometec dataset contains the genomic data of 57 strains of Klebsiella
pneumoniae. For each strain, the dataset has information on the resistance/-
susceptibility to 15 antimicrobial agents and the presence/absence of 34 re-
sistance genes, divided into 9 categories as follows: β-lactamase, quinolones,
aminoglycosides, fosfomycin, sulfonamide, phenicols, macrolides, tetracicline
and others, as illustrated in Table 3.1. For the majority of the strains (50
out of 57), the data also contains information on virulence genes. Specif-
ically, the dataset includes information on the presence or absence of 78
virulence genes. The strains have different sources; in particular, we have
considered strains taken from blood, urine, respiratory tract, rectal swabs,
and one strain from a burn swab.

The samples included in the study were part of a strain collection of the
laboratory of Microbiology at Biometec (University of Catania). The strains
were collected in different hospitals located in South Italy during May 2020
and July 2023. For each patient, a single strain was included in the dataset.
Identification and antimicrobial susceptibility were previously performed by
the VITEK 2® system (bioMerieux, Marcy l’Etoile, France) at the hospi-
tals and re-confirmed by standard methods (EUCAST, 2024). VITEK 2® is
a fully automated system that performs bacterial identification and antibi-
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Type Genes

β-lactamase

blaSHV-28, blaSHV-106, blaSHV-187, blaSHV-205, blaSHV-212,
blaKPC-3, blaKPC-31, blaKPC-34, blaOXA-1, blaOXA-9,

blaTEM-181, blaCTX-M-15

Quinolones qnrB17

Aminoglycosides

aph(3”)-Ib, aph(3”)-Ib10, aph(6)-Id, aac(3)-IIe,
aac(6’)-Ib-cr6, aac(6’)-Ib10, aadA2, ant(2”)-Ia,

ant(3”)-IIa, armA

Fosfomycin fosA6

Sulfonamide sul1, sul2, dfrA12, dfrA14, dfrA17

Phenicols catB3, catI

Macrolides mphE

Tetraciclin tetA

Others qacEdelta1

Table 3.1: List of genes included in the Biometec dataset divided into nine
categories: β-lactamase, quinolones, aminoglycosides, fosfomycin, sulfon-
amide, phenicols, macrolides, tetracicline and ‘others’.

otic susceptibility testing. It uses Advanced Colorimetry™, an identification
technology that enables identification of routine clinical isolates. Advanced
Colorimetry provides high discrimination between species and low rate of
multiple choice and misidentified species. Breakpoints of antibiotics for the
interpretative criteria for clinical isolates were used according to the EU-
CAST v 14.0 (EUCAST, 2024).

The main features of the Biometec dataset are summarized in Table
3.2 where we have reported the resistant and susceptible strains for the
antimicrobial agents considered in our AMR prediction study.
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Antimicrobial

agent

Resistant

strains

Susceptible

strains

Type

AMC 57 0

β-lactamase

FEP 57 0

CAZ 57 0

IMI 41 16

AZT 55 2

CZA 43 14

MEM 44 13

MEM/VAB 16 41

CIP 57 0 Fluorochinolone

CN 54 3
Aminoglycoside

AK 45 12

COL 13 44 Colistin

FOS 40 17 Fosfomycin

SXT 39 18 Sulfonamide

Table 3.2: Summary of the main features of the Biometec dataset. The
following antimicrobial agents included in the dataset have been consid-
ered in our study: amoxicillin clavulanic acid (AMC), cefepime (FEP),
ceftazidime (CAZ), imipenem (IMI), aztreonam (AZT), ceftazidime/avibac-
tam (CZA), meropenem (MEM), meropenem/vaborbactam (MEM/VAB),
ciprofloxacin (CIP), gentamicin (CN), amikacin (AK), colistin (COL), fos-
momycin (FOS), trimethoprim-sulfamethoxazole (SXT). The total number
of strains is 57, divided between resistant and susceptible.
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Type Genes

β-lactamase blaSHV-1, blaTEM-1, blaCTX-M1, blaOXA-48

Quinolones qnrB

Aminoglycosides aac(6’)-Ib-cr, aadb

Sulfonamide sul1, sul2

Table 3.3: List of resistance genes included in the public dataset divided in
four categories: β-lactamase, quinolones, aminoglycosides and sulfonamide.

3.1.2 Public Data

The second binary dataset (i.e. the public one) contains the genomic data
of 127 Klebsiella pneumoniae strains taken from four different Catalonian
hospitals collected over six months in 2016. Also in this case, the strains are
divided into three different categories, based on the origin of the bacterium:
strains taken from blood, urine, and the respiratory tract. The dataset
includes the following information: resistance/susceptibility of each strain
to 12 antimicrobial agents; presence/absence of 9 resistance genes for each
strain, and presence/absence of 16 virulence genes for each strain.

In the study regarding the prediction of AMR, we mainly concentrated
on data pertaining to resistance genes. Specifically, the nine resistance genes
appearing in the dataset are reported in Table 3.3. In our analysis of missing
data, we will instead consider data relating to the presence or absence of
both virulence and resistance genes.

The main features of public datasets are summarized in Table 3.4, where
we have reported the resistant and susceptible strains for the antimicrobial
agents considered in our AMR prediction study.

3.1.3 Synthetic Data

The third binary dataset is a synthetic one. We used this dataset in our
missing data reconstruction work, and in particular, we created this dataset
to test the effectiveness of imputation methods on a larger dataset than the
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Antimicrobial

agent

Resistant

strains

Susceptible

strains

Type

AMC 50 77

β-lactamase

FEP 30 97

CAZ 47 80

IMI 14 113

AZT 37 90

CIP 52 75 Fluorochinolone

CN 21 106 Aminoglycoside

COL 2 125 Colistin

FOS 18 109 Fosfomycin

SXT 44 83 Sulfonamide

Table 3.4: Summary of the main features of the public dataset. The fol-
lowing antimicrobial agents included in the dataset have been considered in
our study: amoxicillin clavulanic acid (AMC), cefepime (FEP), ceftazidime
(CAZ), imipenem (IMI), aztreonam (AZT), ciprofloxacin (CIP), gentamicin
(CN), colistin (COL), fosfomycin (FOS), trimethoprim-sultamethoxazole
(SXT). The total number of strains is 127, divided between resistant and
susceptible.
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real datasets we have available.
To create the synthetic dataset, we start from the real public dataset

and generate new data with the same degree of correlation.In particular, to
calculate correlations, we used the Pearson correlation coefficient ρ, defined
as:

ρ(A, B) = 1
N − 1

N∑
i=1

(
Ai − µA

σA

)(
Bi − µB

σB

)
(3.1)

where µA and σA are the mean and standard deviation of the variable A,
respectively, and µB and σB are the mean and standard deviation of B. We
can also define the correlation coefficient in terms of the covariance of A and
B:

ρ(A, B) = cov(A, B)
σAσB

. (3.2)

Once the correlations were calculated, a new synthetic dataset was developed
using Python’s Copulas library. Using this library, it is possible to use copu-
las to learn the distribution of the given numerical data, allowing to generate
synthetic samples that retain the same statistical properties as the original
data. The first step in creating the synthetic dataset consists of removing
the columns with zero variance, as they do not provide useful information
and can interfere with the synthetic data generation process. A multivariate
Gaussian copula is then trained (using the Gaussian Multivariate class
from copulas. multivariate module of Python), particularly suitable for
effectively representing the dependence between the variables. Using the
trained copula, new synthetic samples are generated, which are then bina-
rized by means of a threshold. The threshold is calculated as the average of
the values of the column of the original dataset corresponding to the new
generated one, in order to maintain consistency with the real data. Finally,
the previously removed columns with zero variance, containing values con-
sistent with the reference dataset, are reinserted. In particular, we generated
a new dataset with 1000 samples and the same number of features as the
public one.

3.1.4 Comparability and experimental implications of binary
datasets

The two Klebsiella pneumoniae datasets differ in sampling frame (South
Italy, May 2020–July 2023, N=57 vs. Catalonia, 6 months in 2016, N=127),
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gene panels (Biometec: 34 resistance genes in 9 categories plus 78 viru-
lence genes available for 50/57 strains; Public: 9 resistance genes in 4 cat-
egories plus 16 virulence genes), and antibiotic panels. The two datasets
have ten common antimicrobial agents, which allow us to compare the re-
sults obtained from the work of predicting AMR. In particular, the com-
mon antimicrobial agents are the following: Amoxicillin/clavulanate (AMC),
Cefepime (FEP), Ceftazidime (CAZ), Imipenem (IMI), Aztreonam (AZT),
Ciprofloxacin (CIP), Gentamicin (CN), Colistin (COL), Fosfomycin (FOS),
Trimethoprim/sulfamethoxazole (SXT). However, given their clinical impor-
tance, in our study on the prediction of AMR, we have also considered four
other antimicrobial agents that are only present in the Biometec dataset.
These are: Ceftazidime/Avibactam (CZA), Meropenem (MEM), Meropen-
em/Vaborbactam (MEM/VAB) and Amikacin (AK). In fact, Ceftazidime, a
3rd generation cephalosporin, is an important antibiotic molecule used in
clinical practice. This antibiotic is used in combination with Avibactam, an
inhibitor of class A, C, and some class D β-lactamase. The antibacterial
spectrum of Ceftazidime-Avibactam covers >99% of enterobacteria, includ-
ing strains carrying extended-spectrum β-lactamase [77], such as Klebsiella
pneumoniae, under examination in this study. The other three antibiotics
play a prominent role in clinical practice, in particular Meropenem (MEM),
is a β-lactam antibiotic belonging to broad-spectrum carbapenems, only and
in combination with the β-lactamase inhibitor Vaborbactam (MEM/VAB)
and Amikacin (AK), a semi-syntetic aminoglycoside antibiotic used for most
resistant Gram-negative bacteria. Due to their activity against multidrug
resistant (MDR) pathogens, all aforementioned antibiotics should be consid-
ered as some of the most important molecules in case of infections supported
by MDR pathogens.

The synthetic dataset, as previously mentioned, was used only for the
work of reconstructing the missing data, along with the public dataset. In
this case, since the synthetic dataset is directly derived from the real one, the
two datasets are comparable, allowing us to see how the results are affected
by the size of the dataset under consideration.
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3.2 Continuous Data

In the study of reconstruction of missing data, ML techniques were applied
not only to binary data but also to continuous data. For this purpose, we
employed a public dataset [119] describing the abundance of environmental
antibiotic resistance genes (ARGs). The dataset represents one of the most
comprehensive resources currently available for investigating antimicrobial
resistance in natural ecosystems. It was compiled from 18 provinces across
China between 2013 and 2020 and encompasses five major habitats (soil
(SL), water (WT), sediment (SD), atmospheric particulate matter (PM),
and dust (DT)), covering a total of 653 sampling sites and 1403 bacterial
strains.

The study provides details on the spatiotemporal distribution of 290
ARG subtypes across 291,870 samples, along with the abundance of 30 mo-
bile genetic elements (MGEs), including transposases, plasmids, insertion
sequences, and integrases. Sampling and DNA extraction were standard-
ized to ensure reliability and comparability across sites. ARG abundance
was quantified through High-Throughput Quantitative Polymerase Chain
Reaction (HT-qPCR) using the SmartChip Real-Time PCR system, which
employed 414 primer pairs targeting ARGs, MGEs, and the 16S rRNA gene.
Relative gene abundance was determined as the ratio between ARG copies
and 16S rRNA copies, while absolute abundance was calculated by multi-
plying the absolute copy number of 16S rRNA by the relative abundance of
each ARG.

Each sample in the dataset includes categorical or discrete features, such
as gene subtype, resistance mechanism, and acquisition province, and con-
tinuous features, including relative and absolute abundance. The ARGs
identified confer resistance to 15 major antibiotic classes, such as β-lactams,
aminoglycosides, and fluoroquinolones, and were further grouped accord-
ing to six resistance mechanisms, including enzymatic antibiotic deactiva-
tion and reduced membrane permeability. Additionally, ARGs were cate-
gorized into four risk ranks according to their potential threat to human
health: Rank I, ARGs associated with ESKAPE pathogens (Enterococcus
faecium, Staphylococcus aureus, Klebsiella pneumoniae, Acinetobacter bau-
mannii, Pseudomonas aeruginosa, and Enterobacter); Rank II, ARGs not
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yet detected in pathogens; Rank III, ARGs associated with humans but not
with MGEs; and Rank IV, ARGs not associated with humans.

Starting from this original dataset, we extracted a derived dataset con-
taining information on the relative abundance of genes for each of the 1403
bacterial strains examined. In particular, 5 sub-datasets were then obtained,
each corresponding to a different habitat and containing continuous values
relating to the relative abundances of each gene within the bacterial strain.
These datasets were obtained by performing data segmentation and data
filtering operations on the original dataset, such as feature removal, sample
removal, and dataset transposition. The characteristics of the 5 datasets are
reported in Tab 3.5.

Habitat Samples Features

SL 691 50

WT 227 102

SD 70 68

PM 28 28

DT 117 32

Table 3.5: Number of samples (bacterial strains) and characteristics (relative
abundance of genes present) in the 5 ARG datasets with continuous values
of gene abundances for different habitats: soil (SL), water (WT), sediment
(SD), atmospheric particulate matter (PM), and dust (DT).
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Chapter 4

Machine Learning models

In this chapter, we introduce the fundamental principles of ML and its ap-
plication to the analysis of biological and biomedical data. We begin with
a general overview of ML, illustrating its main paradigms and the typical
workflow that underlies the construction, training, and validation of predic-
tive models. Subsequently, we focus on two specific applications relevant to
this study: the use of ML techniques for classification, aimed at assigning
samples to predefined categories, and for data imputation, intended to esti-
mate missing values and reconstruct incomplete datasets. For each task, the
most representative algorithms adopted in this work are presented, describ-
ing their theoretical foundations, main assumptions, and typical advantages
and limitations.

4.1 Prediction and Classification in Machine Learn-
ing

Depending on the availability of labeled data and on the learning objective,
ML algorithms can be grouped into different paradigms: supervised, unsu-
pervised, semi-supervised, and reinforcement learning [1, 118]. Supervised
and semi-supervised approaches are those most relevant to this study, as
they rely on partially or fully labeled datasets to infer mappings between
input features and output variables. Within supervised and semi-supervised
learning frameworks, machine learning tasks are commonly divided into two
principal categories: classification and prediction [123, 1, 118]. Although
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both involve learning from labeled data, they differ in the nature of the
target variable and in their intended purpose.

In classification, the goal is to assign input samples to one or more pre-
defined discrete categories. The target variable is therefore categorical, and
the algorithm learns a decision boundary that best separates the classes in
the feature space. In the AMR context, typical examples include the identi-
fication of bacterial species based on genomic features or the categorization
of samples as resistant or susceptible to a specific antibiotic. The perfor-
mance of classification models is usually evaluated through metrics such as
accuracy, precision, recall, F1-score, or the area under the receiver operating
characteristic curve (AUC).

Conversely, prediction tasks, also referred to as regression when the out-
put is continuous, aim to estimate a numerical value rather than a discrete
label. These models are used to predict quantitative traits, such as (in
the case of AMR datasets) the expression level of a gene, the minimum
inhibitory concentration (MIC) of an antibiotic, or a missing measurement
within a dataset. When prediction is applied to the estimation of missing
data points, as in the case discussed in this thesis, the process is often termed
imputation. In this context, ML algorithms learn the statistical relationships
among observed variables to infer plausible values for unobserved ones, thus
improving data completeness and preserving the multivariate structure of
the dataset.

While classification focuses on discrete decision-making and pattern dis-
crimination, prediction and imputation emphasize quantitative estimation
and reconstruction of underlying relationships. Both paradigms rely on the
same fundamental ML principles (training on representative data, general-
ization to unseen cases, and model evaluation) but differ in their objectives
and in the choice of algorithms and performance metrics appropriate to the
problem.

4.2 Machine Learning methods for classification

Machine learning algorithms for classification are designed to assign input
data to one or more predefined categories based on a set of descriptive
features. In supervised classification, the model learns from labeled examples
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(xi, yi), where xi represents the feature vector and yi the corresponding class
label. The goal is to approximate the underlying function f : x → y that
maps input features to output categories, minimizing classification error on
unseen data [50]. Classification models differ significantly in their underlying
assumptions, mathematical formulation, and interpretability. Broadly, they
can be grouped into four main families [117, 88]:

• Probabilistic models: derive class membership probabilities from the
statistical distribution of features within each class, typically based on
Bayes’ theorem (e.g., Naive Bayes classifiers).

• Linear models: define decision boundaries as linear combinations of
features and optimize parameters to separate classes according to a
discriminant function (e.g., Logistic Regression).

• Instance-based models: make predictions based on the similarity be-
tween new samples and stored examples, without learning explicit
global parameters (e.g., k-Nearest Neighbors and Radius Neighbors).

• Ensemble models: combine multiple base estimators to enhance pre-
dictive accuracy and robustness, either through parallel aggregation
(Bagging) or sequential boosting (Gradient Boosting).

Each family offers specific advantages depending on the data structure,
dimensionality, and class separability. Probabilistic and linear models tend
to be more interpretable and computationally efficient, while instance-based
and ensemble approaches are generally more flexible and capable of modeling
non-linear relationships.

In this thesis, we analyze six machine learning models: Gaussian Naive
Bayes, Logistic Regression, k-Nearest Neighbors, Radius Neighbors, Gradi-
ent Boosting, and Bagging Classifier [123]. A theoretical overview of each
method is reported below.

4.2.1 Gaussian Naive Bayes

Naive Bayes classifiers are probabilistic models based on Bayes’ theorem,
which describes the posterior probability of a class Ck given the observed
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features x = (x1, x2, . . . , xn) as:

P (Ck|x) = P (x|Ck)P (Ck)
P (x) (4.1)

The defining assumption of the Naive Bayes approach is the conditional
independence of the features given the class, i.e.:

P (x|Ck) =
∏

i

P (xi|Ck) (4.2)

Despite its simplicity, this assumption often performs surprisingly well
in high-dimensional problems. In the Gaussian Naive Bayes variant, each
feature is assumed to follow a Gaussian (normal) distribution within each
class, allowing analytical computation of the likelihood. The model is com-
putationally efficient, interpretable, and particularly effective when features
are approximately normally distributed and class boundaries are relatively
simple.

4.2.2 Logistic Regression

Logistic regression is a parametric model that estimates the probability of a
categorical outcome as a logistic (sigmoid) function of a linear combination
of input features. For a binary classification task, the model can be expressed
as:

P (y = 1|x) = 1
1 + e−(β0+βT x)

(4.3)

where β represents the vector of learned coefficients. The decision bound-
ary corresponds to the hyperplane where P (y = 1|x) = 0.5. Although
conceptually simple, logistic regression remains a powerful baseline due to
its interpretability, statistical robustness, and well-understood optimization
behavior. Extensions such as multinomial logistic regression generalize the
model to multi-class problems by estimating probabilities across several mu-
tually exclusive outcomes.

4.2.3 k-Nearest Neighbors

The k-Nearest Neighbors (KNN) algorithm is a non-parametric, instance-
based method that classifies a new sample based on the majority vote of its

32



k closest samples in the training set, according to a chosen distance metric
(typically Euclidean). Unlike parametric models, KNN makes no explicit
assumptions about the underlying data distribution; instead, it relies en-
tirely on the local structure of the feature space. Its performance is highly
dependent on the choice of distance metric, the value of k, and the scaling
of features. The algorithm is simple to implement and effective when the
decision boundaries are irregular, but it can become computationally ex-
pensive for large datasets, as the classification of each new instance requires
computing distances to all training samples.

4.2.4 Radius Neighbors Classifier

The Radius Neighbors Classifier is a variant of instance-based learning sim-
ilar to KNN. Rather than using a fixed number of neighbors, it classifies
each sample based on all training instances lying within a specified distance
(radius) r. This approach allows the local density of the data to influence
the classification: dense regions with many nearby points contribute more
evidence than sparse regions. In cases where no neighbors fall within the de-
fined radius, the model may abstain from classification or apply alternative
strategies. The method is well-suited to datasets with non-uniform sampling
density, where a fixed k might be inappropriate across different regions of
the feature space.

4.2.5 Bagging Classifier

Bootstrap Aggregating, or Bagging, is an ensemble technique designed to
reduce the variance of unstable models by combining multiple estimators
trained on random bootstrap subsets of the training data. Each base model
is trained independently, and the final prediction is obtained by averaging
(for regression) or voting (for classification) across all models. This ap-
proach increases robustness and generalization, particularly when the base
estimators are sensitive to small variations in the data (e.g., decision trees or
support vector machines). Bagging typically improves predictive accuracy
at the cost of increased computational complexity, as it requires training
multiple models.
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4.2.6 Gradient Boosting Classifier

Gradient Boosting is a sequential ensemble method that aims to reduce
both bias and variance by combining multiple weak learners, usually shallow
decision trees, into a single strong predictor. Each new model is trained to
minimize the residual error of the previous ensemble, effectively performing
a form of gradient descent in function space. The overall model can be
expressed as:

Fm(x) = Fm−1(x) + γmhm(x) (4.4)

where hm is the weak learner fitted to the residuals of the current model
and γm is a scaling factor controlling its contribution. Gradient Boosting
is particularly powerful for complex, non-linear classification problems, as
it adaptively focuses on difficult-to-classify samples. However, it requires
careful tuning to prevent overfitting, and its sequential nature leads to higher
computational cost compared to parallel ensemble methods such as Bagging.

4.3 Machine Learning methods for missing data
imputation

Missing data imputation encompasses a collection of statistical and compu-
tational techniques aimed at estimating and replacing missing values in a
dataset with plausible alternatives. The objective of these methods is to re-
construct the integrity of incomplete datasets by exploiting the relationships
and dependencies among observed variables, thus reducing information loss
and mitigating potential biases introduced by missingness [33]. Imputation
allows for the preservation of the entire data set, unlike listwise deletion
or case-wise removal approaches, which can significantly reduce sample size
and statistical power.

From a methodological point of view, imputation approaches can be
classified along multiple dimensions. Depending on the number of variables
considered in the estimation, it is possible to distinguish between univari-
ate methods, which impute missing values using information from the same
variable only, and multivariate methods, which leverage correlations among
several variables. Another important distinction is between single and mul-
tiple imputation. Single imputation fills each missing entry once, providing a
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complete dataset but underestimating uncertainty. Multiple imputation, by
contrast, generates several imputed datasets under slightly different assump-
tions and combines them to produce a more robust and unbiased estimate
of the missing values [57, 30].

A further categorization can be drawn between classical statistical and
machine learning-based imputation techniques. Classical methods, such as
mean or regression imputation, rely on simple distributional assumptions
and are computationally efficient but limited in their ability to capture non-
linear or high-order relationships among variables [51, 12]. ML-based tech-
niques, on the other hand, leverage flexible, data-driven models capable of
identifying complex multivariate dependencies. They often achieve supe-
rior accuracy and generalization, particularly in heterogeneous biomedical
datasets where missingness mechanisms are not purely random [61, 71].

Broadly, the main families of imputation methods can be summarized
as follows:

• Statistical (classical) methods: include simple techniques such as mean,
median, or mode substitution, regression-based imputation, and Last
Observation Carried Forward (LOCF). These are computationally ef-
ficient but may introduce bias or reduce data variability.

• Machine learning-based methods: exploit predictive models to esti-
mate missing values using available features. Examples include k-
Nearest Neighbors (KNN), Random Forest (RF), Multiple Imputation
by Chained Equations (MICE), and clustering-based methods such as
k-Means Imputation (KMI). These methods capture non-linear rela-
tionships and preserve multivariate structures, albeit at higher com-
putational cost.

The following sections describe the theoretical foundations and main
characteristics of the four ML-based methods used in this study.

4.3.1 k-Nearest Neighbors Imputation

The KNN algorithm imputes missing values by exploiting the similarity
between samples. For each instance containing missing entries, the algorithm
identifies the k most similar instances in the dataset, based on a chosen
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distance metric such as the Euclidean distance:

d(x, y) =

√√√√ n∑
i=1

(xi − yi)2 (4.5)

The missing value is then estimated as a weighted average of the cor-
responding feature values from these neighbors, with weights typically in-
versely proportional to distance. This approach assumes that similar sam-
ples exhibit similar feature values, thereby preserving the local structure of
the data.

KNN imputation is simple, non-parametric, and effective for datasets
with low to moderate dimensionality. However, it can be computationally
demanding for large datasets and is sensitive to the choice of k and the
distance metric. A small k captures local variability but may overfit noise,
whereas a large k yields smoother imputations at the cost of reduced sensi-
tivity to local structure.

4.3.2 Random Forest Imputation

RF imputation is based on an ensemble of decision trees, each trained on
bootstrap samples of the data. In this approach, missing values are esti-
mated by predicting them with a RF model that uses the observed features
as predictors. Each decision tree partitions the data recursively according to
feature thresholds, generating multiple independent estimates that are then
aggregated, typically by averaging (for continuous variables) or by major-
ity vote (for categorical variables). The ensemble nature of RF allows it to
capture complex, non-linear relationships between variables while reducing
the risk of overfitting compared to single-tree models.

RF imputation is particularly effective when variables exhibit strong
multivariate dependencies and heterogeneous data distributions. Its main
advantages include robustness to outliers, the ability to handle mixed-type
variables, and the preservation of variable interactions. However, it requires
substantial computational resources and can introduce bias if the number
of trees or their depth is not properly controlled.
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4.3.3 Multiple Imputation by Chained Equations

MICE is an iterative, model-based approach that performs multiple rounds
of imputation to approximate the joint distribution of the data [56, 102].
Each variable with missing values is modeled conditionally on all other vari-
ables through a sequence of regression models, forming a chain of equations.
At each iteration, the missing values for one variable are imputed based
on the most recent imputations of the others, and the process is repeated
cyclically until convergence.

MICE can employ different regression models depending on the type of
variable, for instance, linear regression for continuous data or logistic regres-
sion for categorical data. Its iterative nature allows it to capture complex
inter-variable dependencies and quantify uncertainty by generating multi-
ple imputed datasets. However, MICE assumes that the data are Missing
Completely at Random (MCAR) or Missing at Random (MAR), and its
computational cost can be high for large datasets or highly correlated vari-
ables.

4.3.4 k-Means Cluster Imputation

The KMI method relies on partitioning the dataset into clusters of similar
observations using the k-Means clustering algorithm. Once the data are
grouped, missing values are imputed using the statistics (typically the mean)
of the corresponding variable within each cluster. Formally, for a dataset
partitioned into nk clusters Ci with centroids µi, the within-cluster sum of
squared errors (SSE) is minimized:

SSE =
nk∑
i=1

∑
x∈Ci

∥x − µi∥2 (4.6)

The imputed value for a missing feature is thus derived from the mean
of that feature among the non-missing entries within the same cluster.

The effectiveness of KMI depends critically on the selection of the num-
ber of clusters nk and the distance metric used to define similarity. An inap-
propriate choice may result in over- or under-partitioning of the data and,
consequently, poor imputations. Despite this, KMI can efficiently capture
local group structures in high-dimensional data and is particularly suitable
when the dataset contains well-defined subpopulations.
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Together, these imputation algorithms provide complementary strategies
for handling missing data. Instance-based and clustering-based approaches
emphasize local data structure, ensemble methods capture complex non-
linear relationships, and iterative model-based algorithms offer statistically
grounded uncertainty estimation. In combination, they represent a com-
prehensive toolkit for addressing the pervasive issue of incomplete data in
biomedical and genomic analyses.
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Chapter 5

Performance Evaluation
Metrics

Depending on the nature of the task (classification or regression) different
metrics are employed to quantify the agreement between the predicted and
the true values. In this work, performance assessment was conducted for
both classification models (used for AMR prediction) and regression or re-
construction models (used for missing data imputation). In what follows, we
describe the evaluation metrics adopted in both contexts, distinguishing be-
tween those suitable for binary classification and those used for continuous-
valued data reconstruction.

5.1 Metrics for Binary Classification Tasks

Binary classification models, such as those applied to AMR prediction or
to binary gene presence/absence imputation, produce categorical outcomes
that can be summarized through a confusion matrix. Let TP (True Posi-
tives) denote the number of correctly predicted positive samples, TN (True
Negatives) the correctly predicted negatives, FP (False Positives) the in-
correctly predicted positives, and FN (False Negatives) the incorrectly pre-
dicted negatives. From these quantities, several performance indicators can
be derived, as reported in the following sections.
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5.1.1 Accuracy

Accuracy can be defined as the ratio of the number of correct predictions to
the total number of predictions:

Accuracy = Number of correct prediction
Total number of predictions (5.1)

Equivalently, the accuracy through the outcome of the model prediction
can also be computed as:

Accuracy = TP+TN
TP+TN+FP+FN (5.2)

This metric provides a general measure of overall correctness. However,
it can be misleading in the presence of class imbalance, since it does not
account for the relative distribution of false positives and false negatives.

5.1.2 Precision and Recall

To address this limitation, additional measures are employed to capture the
model’s behaviour with respect to specific error types. Precision quantifies
the proportion of true positives among all predicted positives:

Precision = TP
TP + FP (5.3)

while Recall (also known as Sensitivity or True Positive Rate) measures
the proportion of true positives that were correctly identified:

Recall = TP
TP + FN (5.4)

In biomedical contexts, such as AMR prediction, recall is particularly
relevant because false negatives (i.e., resistant bacteria incorrectly predicted
as susceptible) may have critical clinical implications.

5.1.3 F1-Score

To provide a single indicator that balances precision and recall, the F1-score
is computed as their harmonic mean:

F1-score = 2 × Precision × Recall
Precision + Recall (5.5)
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The F1-score is especially informative when dealing with imbalanced
data or when both types of errors (FP and FN) carry comparable impor-
tance.

5.1.4 Receiver Operating Characteristic (ROC) and Area
Under the Curve (AUC)

Another widely used approach to assess binary classifiers is the analysis
of the Receiver Operating Characteristic (ROC) curve, which plots the True
Positive Rate (TPR) against the False Positive Rate (FPR) at various classi-
fication thresholds. The Area Under the Curve (AUC) provides a threshold-
independent measure of the model’s discriminative ability:

AUC =
∫ 1

0
TPR(FPR) d(FPR) (5.6)

The AUC value ranges between 0 and 1, where 0.5 indicates random
performance, and 1.0 represents perfect discrimination between classes. A
higher AUC denotes a better capacity of the model to correctly distinguish
between positive and negative samples.

5.2 Metrics for Continuous-Valued Imputation Tasks

When the task involves reconstructing continuous values, such as the estima-
tion of missing entries in a dataset, the evaluation must rely on error-based
metrics comparing the predicted and the true numerical values. Given yi as
the true value and ŷi as the predicted (or imputed) value, the error metrics
reported below can be used.

Among the most commonly used error metrics are the Root Mean Square
Error (RMSE), the Mean Absolute Error (MAE), and the Mean Relative
Error (MRE), which quantify the deviation between observed and predicted
values in different ways.

RMSE =

√√√√ 1
n

n∑
i=1

(yi − ŷi)2 (5.7)

MAE = 1
n

n∑
i=1

|yi − ŷi| (5.8)
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MRE = 1
n

n∑
i=1

|yi − ŷi|
|yi|

(5.9)

RMSE penalizes large errors more heavily due to the quadratic term,
making it sensitive to outliers, whereas MAE provides a more robust mea-
sure of the average magnitude of the errors. The MRE, on the other hand,
expresses the average error relative to the true value, allowing an interpre-
tation in percentage terms. However, this metric can become unstable or
undefined when the true values approach zero.

While these metrics are informative, their absolute values depend on
the data scale, making cross-dataset comparisons difficult. Since raw error
magnitudes can depend on the scale of the data, it is often preferable to use
normalized versions of the previous metrics, such as the Normalized Root
Mean Square Error (NRMSE) and the Normalized Mean Absolute Error
(NMAE):

NRMSE =

√
1
n

∑n
i=1(yi − ŷi)2

ymax − ymin
(5.10)

NMAE = 1
n

∑n
i=1 |yi − ŷi|

ymax − ymin
(5.11)

Normalizing with respect to the data range makes these error measures
dimensionless and thus comparable across datasets characterized by different
scales or units. The NMAE was preferred over other relative error measures,
such as the MRE, due to its greater robustness and interpretability, espe-
cially in cases where true values may approach zero, potentially leading to
unstable or undefined MRE values.
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Chapter 6

AMR prediction

This chapter describes the methodological setting and the main results ob-
tained in the prediction of AMR in Klebsiella pneumoniae isolates, using ML
approaches. The analysis starts from the genomic characterization of bacte-
rial isolates and the generation of sequencing data, through DNA extraction
and Next Generation Sequencing, to the bioinformatic processing and anno-
tation of genomic features. The resulting datasets were subsequently prepro-
cessed to ensure data quality and relevance, including correlation analysis
and class balancing procedures. Different ML models were then designed,
trained, and optimized to predict resistance phenotypes based on genomic
information. Finally, we present and discuss the obtained results, highlight-
ing the main findings, the performance of the proposed models, and the
biological and methodological implications of the study.

For the AMR prediction analysis conducted in this chapter, only the two
real binary datasets (Biometec dataset and public dataset) were used.

Figure 6.1: Synthetic workflow for AMR prediction from genomic
datasets.
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6.1 Genomic analysis

Genomic analysis of bacteria is a complex and detailed process to identify
their genetic code. DNA sequencing was performed by means of a new
technology called Next-Generation Sequencing (NGS) [92]. This technol-
ogy allows large numbers of genes to be sequenced in short periods of time.
The process begins with the extraction of DNA from the bacterium of in-
terest, which can be done from bacterial cultures or samples. The extracted
DNA is then split into small segments which are then treated with different
techniques before moving to the sequencing phase. The sequencing phase
occurs in parallel and is done using techniques based on different principles.
In our case Illumina® (fluorescent sequencing, short reads) was used. The
sequences generated by NGS are then analyzed to search for genes with
specific characteristics, such as antibiotic resistance or virulence.

Genomic analysis was performed on strains collected at the laboratory
of Medical Molecular Microbiology and Antibiotic Resistance (MMAR) at
Biometec, according to the three steps that are discussed below.

Figure 6.2: Genomic analysis workflow.

6.1.1 DNA extraction

The first step is DNA extraction from the sample of interest. DNA extrac-
tion was carried out following the manufacturer’s instructions provided by
QIAGEN QIAamp® DNA Mini Kit (Ref. 51304, QIAGEN, 40724 Hilden,
Germany). DNA was quantified using both the Eppendorf BioPhotometer®

D30 and the fluorimeter Qubit dsDNA BR Assay Kit to evaluate purity and
quantity of the initial sample, respectively (Ref. 32850, Invitrogen, 92008
Carlsbad, CA, USA)[14].
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6.1.2 Next Generation Sequencing (NGS)

A concentration of 100ng of each sample was used for NGS. This step was
performed in the laboratory of Molecular Biology at the University of Cata-
nia on an Illumina® MiSeq platform according to the manufacturer’s in-
structions provided in Watchmaker DNA Library Prep kit with Fragmenta-
tion–Watchmaker Genomics® (Ref. 7K0013-024, 5744 Central Avenue, Suite
100 Boulder, CO 80301, USA). Indexes were provided with Twist Universal
Adapter System (16 Indexes, 16 Samples) (Ref. 101307, Twist Bioscience,
HQ 681 Gateway Blvd, South San Francisco, CA 94080FAQ). Libraries were
quantified and their quality was evaluated using both the fluorometric Qubit
dsDNA HS Assay Kit (Ref. Q32851, Invitrogen, Carlsbad, CA 92008, USA)
and the Agilent® High Sensitivity DNA Kit (Ref. 5067-4626). Denature and
dilute libraries were performed following the “Denature and Dilute Libraries
Guide” protocol provided by Illumina®, choosing 8,5 pM as the loading con-
centration. Finally, sequencing was performed using the MiSeq Reagent Kits
v3 (Ref. 15043895, Illumina, Inc., 92122, San Diego, CA, USA). The Sample
Sheet was created using the Local Run Manager v3 software, and following
the instructions in the Local Run Manager v3 Software Guide provided by
Illumina®.[14]

6.1.3 Bioinformatic analysis

Data were analyzed using the QIAGEN CLC Genomics Workbench software
and following the user manual for the CLC Microbial Genomics Module
23.0.2, released on July 7, 2023 (QIAGEN, Aarhus, 8000 Denmark), to assign
resistance gene, virulence and Multi-locus Sequence Type (MLST).

6.2 Preprocessing of the datasets

Before applying machine learning algorithms, it is essential to properly pre-
process the data in order to ensure the robustness and reliability of the
subsequent analysis. Preprocessing involves a series of operations designed
to remove redundant or irrelevant information, mitigate biases, and improve
data quality. In this section, we describe the procedures implemented prior
to the model training phase, with particular attention to the correlation
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analysis and the balancing of the dataset.

6.2.1 Correlation analysis

From the public database described in Section 3.1.2, we extracted a subset
of data through a preliminary correlation analysis. The objective of this
step was to identify which features (genes) are most relevant for predict-
ing antimicrobial resistance and to exclude those not contributing to the
classification task. In particular, virulence genes were discarded since they
do not provide informative patterns for resistance prediction, whereas re-
sistance genes are expected to be directly associated with the antimicrobial
phenotype.

To this aim, we calculated the Pearson correlation coefficient [54] us-
ing MATLAB®. The correlation coefficient measures the linear dependence
between two random variables. Assuming that each variable has N scalar
observations, the Pearson correlation coefficient ρ is defined as in equa-
tions 3.1–3.2. The Pearson correlation coefficient ρ has been used to evalu-
ate the correlation between the resistance to each antimicrobial agent and
the presence of each resistance or virulence gene. Following [43], values of
|ρ| > 0.8 were considered indicative of strong correlation, 0.4 < |ρ| < 0.8 of
moderate correlation, and 0 < |ρ| < 0.4 of weak correlation. The analysis
revealed no significant correlation between virulence genes and antimicrobial
resistance, whereas a strong to moderate correlation was observed between
resistance genes and specific antimicrobial agents (Fig. 6.3). Based on these
findings, only resistance genes were retained for the subsequent analysis.

6.2.2 Data balancing

A common issue in applying ML methods to biological datasets is class im-
balance, where one class (e.g., resistant strains) is overrepresented relative
to the other (e.g., susceptible strains). Such imbalance can bias the model,
leading it to favor the majority class during training and consequently re-
ducing its predictive power for the minority class. Balancing the dataset
mitigates this problem by ensuring that each class contributes equally to
the learning process.

Among the available approaches, oversampling techniques replicate or

46



Figure 6.3: Pearson correlation coefficient. Values of the Pearson cor-
relation coefficient ρ obtained for the public dataset. We find a strong cor-
relation (|ρ| > 0.8) between resistance genes (sul1, sul2, blaSHV-1, blaTEM-1,
blaCTX-M1, blaOXA-48, aac(6’)-Ib-cr, qnrB, aadb) and resistance to antimi-
crobial agents. Virulence genes are less correlated with resistance to an-
timicrobial agents, or at most, the correlation is negative (the presence of
the genes may imply non-resistance to antimicrobial agents). We also no-
tice a low correlation between the genes and the antimicrobial agent FOS.
Virulence genes ycfM, entB, and wabG are not reported because they are
present in all strains (all 1), which means that σ = 0, such that ρ cannot be
evaluated.

synthetically generate samples of the minority class to match the size of the
majority class. However, simple replication may cause overfitting; therefore,
data augmentation techniques that introduce variability among the gener-
ated samples are preferable.

In extreme cases, where all samples belong to a single class, the associ-
ated antibiotic was excluded from the analysis before model training. For
the remaining antibiotics, we applied the Synthetic Minority Oversampling
Technique (SMOTE) [20], which generates synthetic samples in the fea-
ture space by interpolating between existing minority class instances. This
method effectively reduces class imbalance and improves model generaliza-
tion without significantly increasing the risk of overfitting.
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6.3 Machine learning models setting

As mentioned in Section 4.2, in this work, we use supervised learning for
classification. In our research, the initial phase involves data preprocess-
ing (6.2). As already mentioned, for balancing data we used the SMOTE.
SMOTE is implemented in Python in the imbalanced-learn library, which
can be used in conjunction with scikit-learn. SMOTE is helpful in particular
because it balances the class distribution by creating synthetic samples for
the minority class by interpolating between samples of the minority class
that already exist.

Subsequently, we applied the ML methods described in Section 4.2. The
input sequences used for the AMR classification with ML consist of data
indicating the presence or absence of resistance genes in individual bacterial
strains. For each strain, we have data to define whether a specific gene was
present (denoted as 1) or absent (denoted as 0). As result of the training
step, we get the resistance, indicated as 1, or susceptibility, indicated as 0,
of the strains to each of the antimicrobial agents considered in our analysis.

The code used in our work is written in Python, in particular, we used
the scikit-learn Python pakage. For Gaussian Naive Bayes we use the
GaussianNB from the package sklearn.naive bayes of Python, with de-
fault parameters. The second model used is Logistic regression. The lo-
gistic regression is implemented in Python in LogisticRegression, from
sklearn.linear model. We use it in “multinomial” multi class and with
a maximum number of iterations equal to 3000. Regarding the neighbors-
based models, we used sklearn.neighbor, and in particular KNeighbors-

Classifier, that implements learning based on the k nearest neighbors
of each query point (k integer value), and RadiusNeighborsClassifier,
that implements learning based on the number of neighbors within a fixed
radius r of each training point (r floating-point value). In both cases we
test the models with different parameters and we choose the best solution
with the GridSearchCV function, located in sklearn.model selection. In
particular, for the KNeighborsClassifier we set n neighbors parameter
equal to 2,6 or 10, while for weight and algorithm parameters we tested
all the possible values (distance and uniform for the weight function used
in prediction, and auto, ball tree, kd tree and brute for the algorithm
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used to compute the nearest neighbors). For the other parameters we used
default values. For RadiusNeighborsClassifier we set the radius pa-
rameter in a range of 9, 30 or 1, while for the weight and algorithm pa-
rameters we tested the same values as in the previous case. The other
parameters are set by default. In order to compute the ensemble methods
we used the BaggingClassifier and GradientBoostingClassifier from
sklearn.ensamble. For BaggingClassifier we use SV C (from sklearn.-

svm) as base estimator. Then we set n estimator=10, max saples=0.8

and max fearures=0.8. As an example of the second family, we use the
GradientBoostingClassifier where we set the number of boosting stages
equal to n estimetors=75, validation fraction=0.2, n inter no change=5,
tol=0.01 and randm state=0.

6.4 Results

The first step of our analysis was to eliminate the antimicrobial agents asso-
ciated with bacterial strains that are all resistant or susceptible to a specific
antimicrobial agent. In the Biometec dataset (Table 3.2) we find that for
four antimicrobial agents only resistant strains are available: AMC, FEP,
CAZ and CIP. Since we cannot predict the resistance or susceptibility for
these antimicrobial agents, they have not been considered in the other steps
of our analysis.

We first consider the application of the ML methods to the original
unbalanced datasets. Using the original datasets, we find that for some
antimicrobial agents several of the methods of Section 4.2 fail to converge.
In other cases, even if the methods converge, the accuracy values are on
average around 10% less, with typically a large number of FP and FN. This
confirms the need of balancing for our data.

For this reason, we decided to use a technique for data balancing, in
particular SMOTE as discussed in Section 6.2. In this way, applying ML
methods to data, we ensure that learning is possible also for the minority
class, which also improves the values of precision, recall, and accuracy of the
predictions.

Next, we illustrate the results for the balanced data. We anticipate that,
comparing the results for all the ML methods of Section 4.2, the Gradient
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Boosting classifier and k-nearest neighbors classifier are generally the two
methods that better perform, i.e., the two which give the highest accuracy
in the prediction.

We begin with the analysis carried out on the public dataset. The
dataset, as described in Section 3.1.2, contains information on the suscep-
tibility or resistance of 127 bacterial strains of Klebsiella pneumoniae to
12 different antimicrobial agents. However, as previously discussed, we con-
sider the data only of the 10 antimicrobial agents that are present also in the
Biometec dataset. For these agents we apply the six ML methods described
in Section 4.2, and for each of these methods we evaluate the accuracy (5.2).
The results are illustrated in Table 6.1 and in Fig. 6.4, where they are also
compared with the same analysis carried out on a smaller number of strains.
In more detail, to test the viability of the method as a function of the size of
the analyzed sample, we have applied the same procedure used for the entire
dataset to a smaller subset of data. Specifically, we focused the analysis on
the 37 strains of the respiratory tract. For the respiratory tract, in fact,
all antimicrobial agents, with the only exception of COL, for which there is
a single resistant strain, have a sufficient number of resistant and sensitive
strains.

Table 6.1 shows that, in the case of the analysis of the whole dataset,
the values of accuracy are above 90%. It happens for all methods, with the
Gradient Boosting classifier performing better than the other techniques for
almost all antibacterial agents. The comparison (see also Fig. 6.4) with the
accuracy values obtained on the smaller dataset of respiratory strains shows
that no clear differences emerge when the whole dataset or a part of it is used
for the analysis. We conclude that predicting antimicrobial resistance from
genomic data is possible, even when a small number of strains is available,
e.g. the subset of the 37 strains related to the respiratory tract bacteria.

Next, we discuss the analysis of the Biometec dataset, which, as de-
scribed in Section 3.1.1, contains information on the resistance or suscepti-
bility to different antimicrobial agents of 57 bacterial strains. The results
are illustrated in Table 6.2. The highest accuracy values are obtained for
k-nearest neighbors ML model, with all other models also displaying good
performances (accuracy values greater than 83%).

We then compare the results obtained on the Biometec and the public
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Antimicrobial
Maximum value of accuracy

Whole dataset Respiratory data

AMC 0,936 1,000

FEP 0,949 0,944

CAZ 0,979 1,000

IMI 0,941 1,000

AZT 0,981 1,000

CIP 0,933 0,929

CN 0,953 1,000

COL 0,987 NA

FOS 0,682 0,905

SXT 0,980 1,000

Table 6.1: Maximum values of accuracy obtained from the six ML models for
the public dataset. Results are compared in the case when all 127 strains
of the dataset or only the 37 strains of the respiratory tract have been
considered. For the antimicrobial agent COL in the case of the respiratory
tract strains, the accuracy cannot be evaluated since a single resistant strain
is available in the dataset.

Antimicrobial Maximum value of accuracy

IMI 0,920

AZT 0,970

CN 1,000

COL 0,963

FOS 0,833

SXT 0,917

Table 6.2: Maximum values of accuracy obtained from the six ML models
for the Biometec dataset (57 strains).
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Figure 6.4: Accuracy values for the public dataset. Comparison of
the maximum values of accuracy obtained when using all data of the public
dataset or only those on bacterial strains taken from the respiratory tract.

dataset. In this case, the analysis is carried out on the six antimicrobial
agents (IMI, AZT, CN, COL, FOS, and SXT) that are shared by the two
datasets. The results are illustrated in Fig. 6.5, where, for each antimicro-
bial agent, we have reported the maximum value of accuracy obtained by
applying the six ML methods to the two datasets. We note a higher value
of accuracy for the FOS antimicrobial agent using the Biometec dataset,
while for SXT antimicrobial agent a higher value of accuracy is obtained
when the public dataset is used. For the other antimicrobial agents, similar
values of accuracy are obtained in the two datasets. We also notice that, for
all antimicrobial agents with the exception of FOS, the accuracy values are
close to one.

The result obtained for the FOS antimicrobial agent is particularly in-
teresting. The two datasets we have studied contain different genes. In
particular, while the public dataset does not contain any Fosfomycin-type
gene, the Biometec dataset includes one gene of this type. However, we
have found that the presence/absence of this single gene is not enough to
explain the different value of accuracy obtained for the two datasets. In
fact, removing this gene from the Biometec datasets and applying the six
ML methods to this reduced subset of data yields a very similar value of ac-
curacy (in both cases the accuracy is between 0.703 and 0.833, depending on
the method used). When Logistic regression, Gradient Boosting and Bag-
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Figure 6.5: Accuracy values for the public dataset and for the
Biometec ones. Comparison between the maximum value of accuracy
obtained in the two datasets for six different antimicrobial agents (for the
public dataset all 127 strains have been considered).

ging classifier are used, the same values of accuracy are obtained even if we
consider the reduced dataset without the Fosfomycin-type gene, e.g. 0.708
for Logistic regression, 0.833 for Gradient Boosting, 0.750 for Bagging clas-
sifier. Instead, the accuracy values obtained with the other three methods
differ slightly when we do not consider the Fosfomycin-type gene among the
genes, in particular with Gaussian Naive Bayes we obtained 0.708 and 0.750,
with k-nearest neighbors 0.833 and 0.708, with radius neighbors 0.750 and
0.792 respectively in the case of dataset with or without Fosfomycin-type
gene.

This shows that the analysis performed is far from trivial. The low
values of the Pearson correlation coefficient ρ observed for this antimicrobial
agent (see Fig. 6.3) also suggest that other genes may be needed to predict
resistance/susceptibility to this antimicrobial agent.

As discussed in Section 6.2, the analysis based on the Pearson correlation
coefficient reveals a weak correlation between virulence genes and resistance
to antimicrobial agents. For this reason, the analysis illustrated so far has
been carried out only considering the data related to resistance genes. Here,
we shortly comment on the results that are obtained by also including vir-
ulence genes in our analysis. The accuracy values obtained by considering
data on both resistance and virulence genes are reported respectively in Ta-
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Antimicrobial
Maximum values of accuracy

Resistance genes Resistance and virulence genes

AMC 0,936 0,936

FEP 0,949 0,949

CAZ 0,979 0,979

IMI 0,941 0,971

AZT 0,981 0,981

CIP 0,933 0,956

CN 0,953 0,984

COL 0,987 0,987

FOS 0,682 0,758

SXT 0,980 0,960

Table 6.3: Maximum values of accuracy for the public dataset when using
only resistance genes or when using both resistance and virulence genes.

ble 6.3 for the public dataset and in Table 6.4 for the Biometec dataset. We
observe that, although for some antimicrobial agents (e.g. FOS, SXT, CZA)
a higher value of accuracy is observed when data on the virulence genes are
also included in the analysis, this is not true for all antimicrobial agents
and there are several occurrences (e.g., AZT, COL, MEM, MEM/VAB, and
AK) where a slightly lower value of accuracy is obtained. Based on these
findings, a definitive answer to the question of whether or not the virulence
genes should also be considered cannot be given. However, using data re-
lated only to resistance genes generally gives satisfactory performance in
terms of values of accuracy that can be obtained.
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Antimicrobial
Maximum values of accuracy

Resistance genes Resistance and virulence genes

IMI 0,920 0,952

AZT 0,970 0,966

CN 1,000 NA

COL 0,963 0,957

FOS 0,833 0,900

SXT 0,917 1,000

CZA 0,846 1,000

MEM 0,889 0,870

MEM/VAB 0,920 0,905

AK 0,963 0,926

Table 6.4: Maximum values of accuracy for the Biometec dataset when using
only resistance genes or when using both resistance and virulence genes. The
results include the six antimicrobial agents common to the public dataset,
and the four antimicrobial agents present only in the Biometec dataset.

Lastly, a separate analysis was made for the following antimicrobial
agents: CZA, MEM, MEM/VAB and AK , which are present only in the
Biometec dataset. These are, in fact, important antimicrobial agents for the
clinical treatment of Klebsiella pneumoniae.

The results obtained by applying the six ML models of Section 4.2 to
these antimicrobial agents are illustrated in Table 6.5. The values of accu-
racy are in a range from 0.654 to 0.963. The best performance is obtained
with the use of logistic regression, k-nearest neighbors and bagging classi-
fiers.

6.5 Final remarks

In this chapter, we addressed the prediction of AMR in Klebsiella pneumo-
niae through the application of various ML methods to genomic data. Six
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ML Classifier

Drug
CZA MEM MEM/VAB AK

Gaussian Naive Bayes 0,654 0,704 0,920 0,926

Logistic Regression 0,846 0,815 0,840 0,963

k-nearest Neighbors 0,846 0,889 0,840 0,963

Radius Neighbors 0,654 0,852 0,760 0,704

Gradient Boosting 0,731 0,889 0,840 0,963

Bagging 0,846 0,741 0,840 0,963

Table 6.5: Values of accuracy obtained by using different ML classifiers.
The highest accuracy value(s) obtained for each antimicrobial agent are
highlighted in bold.

algorithms were employed for this purpose: Gaussian Naive Bayes, Logistic
Regression, k-Nearest Neighbors, Radius Neighbors, Gradient Boosting, and
Bagging Classifier. The performance of these models was evaluated using
two distinct datasets, the Biometec dataset and a public dataset, which dif-
fer in the number of K. pneumoniae strains, their biological sources (blood,
urine, respiratory tract), and the set of genes included as features. By com-
paring their performances, we aimed to assess the predictive capacity of
different genomic features and evaluate the robustness of ML approaches in
this context.

All six models demonstrated satisfactory predictive performance, even
when only resistance genes were considered, excluding virulence genes that
did not contribute meaningfully to classification accuracy. For the Biometec
dataset, the highest accuracy (above 90%) was achieved using the KNN algo-
rithm. Comparable performance was observed for most antibiotics common
to both datasets, with the exception of Fosfomycin (FOS), where discrep-
ancies were attributable to the presence or absence of the corresponding re-
sistance gene in each dataset. Notably, no direct one-to-one correspondence
between individual genes and specific antimicrobial resistances emerged, sug-
gesting that resistance patterns arise from complex, non-linear interactions
among multiple genomic factors, an area where ML methods prove particu-
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larly effective.
The ML models performed well in both datasets, despite substantial dif-

ferences in their structure. The public dataset, though containing a larger
number of strains (127) and a smaller number of resistance-associated genes
(9), yielded comparable results to the Biometec dataset (57 strains, 34
genes). This indicates that the models were capable of generalizing even
with a limited number of features or samples. Similarly, when the analy-
sis was restricted to specific subsets, such as strains from the respiratory
tract, the models maintained good predictive performance. These findings
highlight the robustness of the proposed ML approaches and their ability to
capture key genomic determinants of resistance across different data config-
urations.

Nevertheless, several limitations must be acknowledged. First, the rel-
atively small size of the available datasets may limit the models’ generaliz-
ability to unseen data, potentially increasing the risk of overfitting. Data
imbalance, observed in both datasets, represents another challenge: when
one class (e.g., resistant strains) predominates, models may become biased,
reducing their predictive accuracy for the minority class. Future studies
could employ advanced resampling techniques or expand the datasets to
mitigate these issues. Moreover, model performance varied across antibi-
otics, indicating that the optimal ML algorithm may depend on the specific
resistance mechanism under study.

Although computational times were negligible, practical constraints per-
sist. In particular, the acquisition of genomic data through sequencing and
subsequent bioinformatic processing remains time-consuming, limiting the
immediate clinical applicability of these predictive models. Nevertheless, the
present work provides a preliminary yet promising indication of the potential
of data-driven methods for AMR prediction.

From a broader perspective, the use of ML in AMR research offers sev-
eral advantages. It enables the efficient analysis of large genomic datasets
and the discovery of complex patterns that would be difficult to detect us-
ing conventional statistical approaches. Such models can support the early
identification of resistant strains, facilitating more informed antibiotic pre-
scription and contributing to the reduction of inappropriate antimicrobial
use. Furthermore, ML methods can aid in the discovery of novel antibi-
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otics by screening extensive chemical or genomic databases, as well as in
the personalization of antimicrobial therapies tailored to specific bacterial
or patient profiles.

As a future direction, the integration of phenotypic data (such as MIc
values) could improve model interpretability and accuracy. Since the re-
lationship between genotypic variations and phenotypic resistance is often
non-linear, combining both types of information would allow for a more
comprehensive understanding of resistance mechanisms. Additionally, in-
corporating contextual factors such as geographical origin, clinical setting
(e.g., hospital- vs. community-acquired infections), prior antibiotic expo-
sure, or other demographic information could further enhance predictive
performance.

In summary, these results demonstrate that ML approaches can effec-
tively predict antimicrobial resistance in K. pneumoniae using genomic data
alone, even in the presence of limited and heterogeneous datasets. While
further validation on larger and more diverse collections is required, these
results underscore the methodological and conceptual potential of ML as a
tool for advancing AMR surveillance and research.
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Chapter 7

Missing Data Reconstruction

This chapter describes the methodological framework and experimental re-
sults related to the reconstruction of missing data. The goal of this anal-
ysis is to assess the performance of different machine learning approaches
in recovering both binary and continuous values under various missingness
scenarios. We begin by briefly outlining the theoretical background of the
missing data problem, introducing the main types of missingness mecha-
nisms and their implications for data analysis and model reliability. Subse-
quently, we detail the preprocessing procedures applied to the datasets, in-
cluding the artificial generation of missing values according to both random
(MCAR) and structured non-random (MNAR) mechanisms. The following
sections describe the configuration of the machine learning models employed
for imputation and the evaluation metrics used to quantify reconstruction
accuracy. Results are then presented separately for binary and continuous
datasets, allowing a comparative interpretation of model performance across
data types.

7.1 Missing data problem

The term missing data or missing values refers to the absence in a dataset
of one or more values relating to an observed variable, e.g. in the case when
data have not been stored [51, 87]. This can happen for various reasons,
such as measurement errors, failures in acquisition systems, or human tran-
scription errors. This problem is often present in medical datasets, so it
is necessary to manage it as it could significantly complicate the statistical
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analysis and alter the results.
Missing data can be classified into three categories [96, 33, 73]:

• Missing Completely at Random (MCAR): describes a situation in which
the likelihood of missing data is entirely unrelated to the values of any
variables in the dataset, whether observed or unobserved. In other
words, every observation has the same probability of missing data, re-
gardless of its characteristics. This means that the missingness occurs
purely by chance, and not due to any underlying pattern or relation-
ship in the data. Because the mechanism causing the missing data
is unrelated to the data itself, analyzes performed on the subset of
complete cases will still yield unbiased and valid results. However, the
main drawback is the reduction in sample size, which can affect the
statistical analysis.

• Missing at Random (MAR): refers to a missing mechanism in which
the probability of a data point is related to the values of the observed
data, but not to the unobserved (missing) data itself. In other words,
the missingness is systematic but explainable using the information al-
ready available in the dataset. Under MAR, the missing data are not
random in the strictest sense: they are conditional on observed vari-
ables. As a result, simply ignoring missing data (e.g., via complete
case analysis) can introduce bias. However, with appropriate statis-
tical techniques, such as multiple imputation or maximum likelihood
estimation, the missingness can be properly accounted for, and valid
inferences can still be made.

• Missing Not a Random (MNAR): refers to situations where the prob-
ability that data are missing is systematically related to both the ob-
served and the unobserved values. In this case, the missingness de-
pends directly on the data that are themselves missing, meaning that
the absence of data is not random but instead driven by specific, of-
ten latent, characteristics of the data. This dependency introduces
significant challenges for analysis, as standard imputation or model-
ing techniques that assume randomness in the missingness mechanism
(e.g., MCAR or MAR) can lead to biased or misleading results. The
inherent difficulty with MNAR data lies in the fact that the causes of
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missingness cannot be inferred from the observed data alone, making
it challenging to model or correct for the missingness mechanism. As a
result, MNAR often requires specialized methods, strong assumptions,
or external data sources to handle appropriately.

It is also important to recognize and categorize patterns of missing data
within a dataset, as this can provide insights into the underlying mechanisms
and help guide the choice of appropriate imputation or analysis methods
[63, 95, 12]. Some commonly identified missing data patterns include (Fig.
7.1):

• univariate pattern: missing values occur only in a single variable, with
all other variables fully observed. There is no apparent relationship
between the missingness and the other variables in the dataset;

• multivariate pattern: missing values are present across multiple vari-
ables, but the pattern of missingness does not follow a specific se-
quence. The missingness may still be unrelated to the values of other
variables;

• monotone pattern: the missing data follow a structured sequence, often
observed in longitudinal or ordered data. For example, if a variable
is missing for a given observation, all subsequent variables (in order)
are also missing for that same observation. This often arises in studies
with dropout or time-series structures;

• general (or arbitrary) pattern: missing values occur without any appar-
ent order or structure. The missingness is scattered across the dataset,
and it may be random or not. This is the most complex scenario to
handle, especially if the mechanism is not MCAR;

• file-matching pattern: this occurs when the dataset results from merg-
ing two or more sources (e.g., datasets from different studies or insti-
tutions), where some variables are present in one dataset but missing
in another. As a result, missingness aligns with the origin of the data
rather than with individual measurements.

Understanding the structure of missing data is crucial for choosing suit-
able imputation techniques and ensuring that the analysis does not produce
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Figure 7.1: Different pattern of missing values: (a) univariate: only
one variable has missing values; all other variables are fully observed; (b)
multivariate: missing values in a number of variables; the pattern of miss-
ingness does not follow a particular order; (c) monotone: missing data with
a systematic pattern, frequently in ordered or longitudinal data; (d) gen-
eral: missing values occur without any apparent order or structure; (e)
file-matching: occurs when two or more sources are combined to create a
dataset; some variables are present in one dataset but not in another.

biased or invalid results.
Different approaches can be adopted to analyze data containing missing

data, such as eliminating the entire sample containing missing data from
the analysis (listwise deletion). However, such an approach is only possible
in the presence of MCAR-type missing data and if the dataset remains
consistent and significant even after eliminating such incomplete samples.
In the case in which this approach is not applicable, a possible solution is
to replace the missing data with estimated values, i.e., data imputation.

While MCAR reconstruction is an essential benchmark for assessing
the robustness of imputation algorithms, several AMR-specific studies have
shown that real-world AMR data rarely conform to this assumption. In large
surveillance or genomic datasets, data missingness often follows structured,
process-driven, or selection-dependent patterns. Some studies demonstrated
that public repositories, such as PATRIC, exhibit systematic missingness re-
sulting from unbalanced species representation, geographic bias, and incom-
plete phenotypic testing [91], and reported that multi-label genomic datasets
contain missing labels directly linked to laboratory test design, as suscep-
tibility is measured only for a subset of antibiotics [107]. A recent study
[108] further emphasized that the Pfizer ATLAS dataset includes MNAR
components, which combine multivariate dependencies, file matching incon-
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sistencies, and a fraction of random omissions. Therefore, while the evalu-
ation on MCAR data is crucial to ensure methodological reliability under
controlled conditions, a comprehensive analysis must also take into account
MNAR patterns, which more accurately reflect the mechanisms underlying
the generation of real-world AMR data. In this study, we therefore extend
the evaluation to MNAR scenarios, integrating experiments conducted on
MCAR data. In the following sections, some imputation techniques will be
explained in detail.

7.2 Preprocessing of the datasets

To evaluate the robustness and effectiveness of imputation strategies, it is
necessary to test them under controlled missing data conditions. Since the
datasets we used are complete or already preprocessed, we artificially intro-
duced missing values according to well-defined mechanisms. This allows a
systematic assessment of model performance under different missing data
scenarios, ensuring reproducibility and comparability of the results. In par-
ticular, two complementary approaches were implemented: the generation
of MCAR data, where the probability of a value being missing is indepen-
dent of any observed or unobserved variable, and the generation MNAR
data, where the missingness mechanism depends on the data structure it-
self, introducing non-random and potentially correlated patterns of absence.
The following subsections describe the methodologies and the corresponding
Python implementations adopted for each case.

7.2.1 Random value removal

In order to create missing data artificially, we chose to remove data, follow-
ing a completely random missing data mechanism, starting from complete
datasets. For this purpose, a function was implemented in Python, using
the pandas and NumPy libraries. This function has two input parameters:
the dataset from which we will remove some elements and the percentage of
elements to remove. A Boolean mask is then made by generating a Boolean
vector of false elements with the same size as the dataset, in which a num-
ber equal to the number of elements to remove is set to true, in random
positions. This vector is then reformatted to fit the shape of the dataset in
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order to set the values corresponding to the true values of the mask to NaN.
The function returns the new dataset with missing data and the applied
mask, in order to keep track of the changes and facilitate comparison with
the original dataset.

7.2.2 Not a random value removal

For MNAR data generation, we implemented a Python function to intro-
duce structured, non-random missingness patterns. The procedure leverages
the pandas and NumPy libraries, enabling precise control over the missing-
ness structure while maintaining a predefined global missing rate. Three
main types of patterns can be simulated: column-wise patterns, where miss-
ing values are generated along selected features according to a two-state
Markov process defined by transition probabilities; row-wise patterns, which
apply the same logic horizontally to simulate dependent missing segments
within observations; and block-shaped patterns, in which rectangular regions
of the dataset are removed to emulate file-matching or multi-source data
scenarios. A small proportion of random noise can also be introduced to re-
produce mixed MNAR-MCAR conditions. A fine-tuning step ensures that
the overall proportion of missing values precisely matches the target miss-
ing rate, while a safeguard prevents complete feature removal by enforcing a
minimum percentage of observed entries per column. The function outputs
both the dataset with missing values and the corresponding Boolean mask,
facilitating reproducible evaluation of imputation performance.

7.3 Machine Learning models setting

As reported in Section 4.3, we focus on four techniques: KNN, RF, MICE
and KMI. All of these algorithms were implemented using Python.

Starting from the first, KNN imputation has been used for both types of
datasets, binary and continuous. To implement the KNN imputation algo-
rithm, the KNNImputer class from the sklearn.impute module of Python’s
scikit-learn library was used. KNNImputer uses a multivariate imputation al-
gorithm, therefore it exploits the entire set of available features to estimate
missing values, unlike univariate imputation, in which one feature is consid-
ered at a time. Inside the Python function, the parameters n neighbors,
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weights and metric are specified. The n neighbors parameter is used to
determine the number of samples close to the sample to be imputed that
must be taken into account for the calculation of missing values, weights
establishes the weight that each sample must have in the calculation, and
metric chooses the distance metric to apply to identify the samples closest
to the one under consideration.

The major advantage of the KNN method is that it is simple, effective for
small datasets and preserves the local structure of the dataset. However, it
is computationally expensive for large datasets and is sensitive to the choice
of k.

The second method, RN, is used inside an iterative inputer, imple-
mented in Python using in this case the IterativeImputer class from the
sklearn.impute module of Python’s scikit-learn library. In the Python
function we need to specify the parameter estimator, which refers to the re-
gressor model to use to predict the missing data, in this case RandomForest

Regressor. In turn, the random forest regressor has specific parameters
that can be defined, such as the number of trees (n estimators) or a seed
(random state) to ensure reproducibility of the results.

The main advantages of the RF method are that it handles both nu-
merical and categorical data, captures complex interactions, and provides
robust imputations, while the main limitations it can be computationally
demanding and may overfit to noisy data.

In this work, the RF algorithm has been used only for the imputation of
binary data.

MICE model was implemented in Python using an IterativeImputer

with estimator= BayesianRidge for the binary dataset and estimator=

RandomForestRegressor for the continuous dataset. Although this algo-
rithm introduces significant improvements over traditional models, it can
be computationally demanding, especially with very large data sets. Fur-
thermore, as mentioned, it operates under the assumption that the missing
data are of the MAR or MCAR type.

Finally, in the case of datasets containing continuous values, the KMI
algorithm can be used to estimate missing data.

In Python, the algorithm was implemented using the KMeans class from
the sklearn.cluster module, on a copy of the dataset where missing val-
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ues were replaced with the mean of each feature. The elbow method was
implemented using the KneeLocator function from the kneed library.

7.4 Results

In this section, we present the results of our tests on the reconstruction of
missing data across some of the biological datasets described in Chapter
3. In particular, for this work we used the public (3.1.2) and the synthetic
(3.1.3) binary datasets, and the five continuous sub-datasets described in
Section 3.2. Each dataset was analyzed using appropriate evaluation metrics
based on the nature of the data, binary or continuous.

For binary datasets, which typically represent the presence or absence
of antimicrobial resistance traits or gene features, we assess reconstruction
performance using five standard classification metrics: accuracy, precision,
recall, F1-score and the AUC (5.1). In the case of continuous datasets,
such as those containing quantitative measurements or expression levels, we
evaluate the quality of the imputation using NRMSE and NMAE (5.2).

Together, these evaluation criteria provide a comprehensive view of how
well the proposed methods reconstruct missing values under varying data
types and conditions. The following subsections detail the experimental
outcomes, highlighting comparative performance across different imputation
approaches.

7.4.1 Binary Datasets

The first step in our workflow involved pre-processing the publicly available
dataset to extract only the information relevant to our study, specifically
the presence or absence of antimicrobial resistance and virulence genes in
different bacterial strains. This data cleaning and selection process allowed
us to isolate a focused subset of features suitable for evaluating missing data
reconstruction methods. From this curated dataset, a second dataset was
derived as explained in 3.1.3, which includes a synthetic variant used to
assess performance under controlled conditions.

Following the definition of the datasets, we established the procedure for
dividing them into training and test sets, which is necessary to evaluating
the performance of the imputation methods. To ensure robust and general-
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izable results, we employed a cross-validation strategy that involves multiple
repetitions on different train-test splits. This approach allows imputation
models to be trained and evaluated in various subsets of the data, mitigating
the risk of overfitting to a particular sample and enabling a more reliable
assessment of the performance of each method.

To ensure robust evaluation, we implemented cross-validation using the
KFold class from the sklearn.model selection module in Python. This
method partitions the dataset into K equally sized folds, and the imputation
process is repeated K times: at each iteration, one fold is used as the test
set while the remaining K − 1 folds serve as the training set. The choice of
K was guided by dataset size: for the smaller public dataset we set K = 5,
while for the larger synthetic dataset we used K = 11, ensuring sufficient
variability across splits.

This methodological framework allows for a statistically evaluation of
the imputation techniques across varying data configurations, improving
the reliability and reproducibility of our findings.

In addition to the K parameter, it is also necessary to set the param-
eters related to the individual imputation techniques for both datasets. In
particular, the parameters that guarantee the best imputation performance,
reducing the computational cost as much as possible, were chosen. For the
KNN method, the value of n neighbors was set to 5 for both datasets, be-
ing the value for which the mean square error (MSE) reaches its minimum
(≈ 0.01), while for weights and metrics we assigned a uniform weight to
all neighbors and used the Euclidean distance to determine them. For the
iterative imputation method with RF regressor, n estimators=5 (since it
guaranteed the greatest reduction in MSE) and max iter=6 (since increasing
further results in an average larger MSE) were set. Finally, for the MICE im-
putation, the key parameter is the number of imputations to be performed
and, consequently, the number of datasets generated. In our case, it was
set to max iter=6 for both datasets. These values were chosen to balance
computational efficiency and accuracy, as further increasing the number of
imputations yielded minimal improvement in performance.

Having discussed the experimental settings, we now proceed to analyze
the results obtained from the first dataset: the public binary dataset. This
dataset comprises 127 samples (representing bacterial strains) and 25 bi-
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nary features, corresponding to the presence or absence of virulence and
resistance genes. Given its relatively small size, the dataset is less prone to
overfitting and less affected by noise, which generally makes the imputation
task more manageable compared to larger, more complex datasets. In to-
tal, the dataset contains 3.175 values. Among these, 1.413 values (44.5%)
indicate the presence of a gene (encoded as 1), while 1.762 values (55.5%)
represent the absence of a gene (encoded as 0). These proportions suggest
that the dataset is reasonably balanced, with a slight prevalence of absent
genes.

The performance of the imputation algorithms is evaluated as the per-
centage of missing data increases. Table 7.1 summarizes the performance of
three imputation methods discussed in Section 7.3, KNN, RF, and MICE,
evaluated using accuracy and AUC on increasing levels of missing data (from
10% to 50%). These metrics allow us to assess how well the imputed data
reflect the original structure across different levels of the data incomplete-
ness.

The results reveal that MICE method consistently outperforms the other
two methods in terms of accuracy and AUC, across all missing data rate val-
ues, indicating its robustness in handling data sparsity. RF shows competi-
tive performance at lower missing rates (below 20%), but tends to degrade
more rapidly as missingness increases. KNN, while simple and computa-
tionally efficient, yields lower overall scores, especially in AUC, and is more
sensitive to the percentage of missing values. The comparison highlights the
importance of choosing advanced and model-aware imputation techniques
such as MICE, especially when working with datasets affected by moderate
to severe missingness.

For all experiments on both public and synthetic datasets, each imputa-
tion scenario was repeated over 10 independent simulation runs. The values
reported in all tables therefore represent the average performance across
these 10 iterations, providing a more stable and statistically reliable esti-
mate of the behaviour of each method.

To evaluate the effectiveness and scalability of the imputation methods
on larger datasets, we constructed a synthetic dataset derived from the struc-
ture of the original public dataset. The goal was to preserve the statistical
properties of the original data, and in particular, the correlation structure
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among features, which plays a crucial role in realistic data reconstruction
tasks. By preserving this correlation structure, the synthetic dataset repli-
cates the dependencies among features found in the real data, allowing us
to more accurately assess the generalizability of imputation strategies. The
resulting dataset contains 25.000 values, of which 12.162 (49%) indicate the
presence of genes (value 1) and 12.838 (51%) indicate the absence (value 0).
Thus, the dataset remains well balanced, similar to the original one.

The performance of the imputation methods applied to this larger, struc-
turally realistic dataset is summarized in Table 7.2, where accuracy and
AUC values are reported across varying levels of missing data. The table
highlights how each model handles the progressive degradation of data and
helps us evaluate their robustness and reliability. The MICE method con-
sistently achieves the highest accuracy and AUC values across all missing
data percentages. Its performance remains remarkably stable, particularly
up to 30% missing data, with only a moderate decline beyond that. This
demonstrates MICE’s strong ability to reconstruct missing values even un-
der challenging conditions. RF performs moderately well, ranking second
in most cases. Its results are relatively close to those of MICE up to 30%
missing data but show a slightly steeper decline at higher missing rates,
especially in AUC. KNN exhibits the lowest performance among the three
methods. Its accuracy and AUC steadily drop as the missing data rate in-
creases, suggesting that it is more sensitive to sparsity and less robust when
large portions of data are unavailable.

Accuracy and AUC generally follow the same trend for all methods, in-
dicating that both metrics are reliable indicators of imputation performance
in this context. AUC values are consistently slightly higher than the accu-
racy for all the methods, highlighting their ability to preserve class ranking
even when some fine-grained predictions might be incorrect.

We can remark that with missing data at 10%, MICE already leads
with 0.8340 accuracy and 0.8287 AUC, setting a strong baseline. Even with
missing data at 50%, MICE maintains 0.7692 accuracy and 0.7682 AUC,
outperforming the other two methods by a noticeable margin. The perfor-
mance gap between the MICE method and the other methods becomes more
pronounced as the missing percentage increases, underscoring its robustness
in more challenging scenarios.
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Beyond accuracy and AUC, the remaining evaluation metrics, precision,
recall, and F1-score, exhibit analogous behaviour. In both public and syn-
thetic datasets, MICE consistently achieves the best or near-best values
across all levels of missingness, while RF typically ranks second and KNN
remains the least effective method. These results, reported in Tables 7.1
and 7.2, confirm that the superiority of MICE is not limited to a specific
performance indicator but is reflected across all classification metrics.

When analyzing the MNAR scenario, reported in Tables 7.3 and 7.4, the
same overall trends are observed. MICE remains the most robust method
across all missing levels, maintaining high accuracy, precision, recall, F1-
score, and AUROC even as MNAR-induced missingness increases. RF de-
livers intermediate performance, while KNN is the most affected by MNAR
mechanisms, especially in high-dimensional datasets. These trends are also
clearly visible in Figs. 7.2-7.3 , which illustrate the trajectories of Accu-
racy, F1-score and AUC under MNAR missingness for both the public and
synthetic datasets.

7.4.2 Continuous datasets

Following the evaluation of the performance of imputation on binary datasets,
we extended our analysis to continuous datasets that capture the relative
abundance of ARGs across five distinct environmental habitats: soil, water,
sediment, particulate matter, and dust. These datasets differ significantly in
terms of sample size, feature dimensionality, and data distribution character-
istics, offering a more comprehensive and challenging testbed for imputation
algorithms. Each sub-dataset reflects real-world variability in environmental
sampling and sequencing, which is common in AMR surveillance studies.

As discussed in the previous section, for the evaluation of imputation
performance on continuous datasets, we employed two commonly used error-
based metrics: NMAE and NRMSE. Table 7.6 presents the imputation re-
sults for varying levels of missing data, ranging from 10% to 50%, across
three imputation algorithms: KNN, KMI, and MICE. This comparative
analysis allows us to assess each method’s robustness and accuracy as the
percentage of missing data increases, offering valuable insights into their
applicability to real-world environmental AMR datasets.

As with binary datasets, the application of imputation techniques to con-
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Missing (%) ML Model Accuracy Precision Recall F1-score AUC

10

KNN 0.886 278 0.871 068 0.813 480 0.861 156 0.881 204

RF 0.900 028 0.890 119 0.888 801 0.894 258 0.901 978

MICE 0.926 203 0.926 237 0.918 477 0.918 222 0.925 182

20

KNN 0.881 785 0.874 201 0.813 497 0.858 580 0.877 507

RF 0.907 508 0.893 881 0.885 577 0.893 916 0.907 625

MICE 0.923 108 0.937 696 0.886 188 0.910 771 0.919 401

30

KNN 0.873 989 0.881 614 0.797 163 0.850 773 0.868 675

RF 0.897 872 0.884 186 0.872 883 0.883 502 0.895 325

MICE 0.907 646 0.906 188 0.886 293 0.896 353 0.905 702

40

KNN 0.865 015 0.876 000 0.787 098 0.843 317 0.858 915

RF 0.889 708 0.879 264 0.862 744 0.874 886 0.887 636

MICE 0.898 815 0.909 192 0.861 212 0.884 581 0.894 725

50

KNN 0.849 821 0.858 519 0.766 754 0.823 785 0.843 616

RF 0.881 256 0.878 343 0.841 605 0.864 370 0.878 317

MICE 0.884 551 0.904 569 0.824 931 0.860 212 0.877 560

Table 7.1: Imputation performances metrics for different values of the per-
centage of missing values (MCAR) in the binary public dataset. For each
missing percentage, the best-performing method is highlighted in bold.

tinuous data also requires careful tuning of algorithm-specific parameters for
each dataset to optimize performance. In particular, for the KNN imputa-
tion method, three key parameters were configured: n neighbors, which
specifies the number of nearest samples to consider when imputing a miss-
ing value; weights, which determines how much influence each neighbor has
on the imputed value and can be set to ‘uniform’ (equal weight for all neigh-
bors) or ‘distance’ (neighbors closer in feature space have more influence);
metric, that defines the distance function used to identify the nearest neigh-
bors (e.g. Euclidean distance). The values of n neighbors were selected
individually for each dataset and are reported in Table 7.5. Regarding the
weights parameter, we adopted the criterion of assigning greater influence
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Missing (%) Method Accuracy Precision Recall F1-score AUC

10

KNN 0.791 649 0.802 452 0.737 394 0.773 427 0.790 291

RF 0.802 200 0.798 531 0.789 681 0.796 813 0.803 427

MICE 0.810 396 0.823 643 0.765 561 0.797 184 0.808 515

20

KNN 0.779 304 0.791 426 0.721 278 0.760 275 0.777 373

RF 0.795 000 0.788 399 0.773 721 0.784 869 0.793 937

MIC 0.800 449 0.801 992 0.767 461 0.788 866 0.799 814

30

KNN 0.759 327 0.782 620 0.686 676 0.734 406 0.757 348

RF 0.778 533 0.763 807 0.763 530 0.768 021 0.777 976

MICE 0.792 815 0.807 801 0.741 978 0.779 979 0.792 031

40

KNN 0.737 667 0.750 224 0.662 681 0.712 044 0.735 810

RF 0.761 350 0.748 920 0.750 744 0.752 058 0.761 097

MICE 0.778 545 0.787 393 0.732 351 0.761 577 0.777 141

50

KNN 0.705 937 0.707 828 0.625 200 0.670 592 0.702 787

RF 0.740 880 0.725 134 0.734 457 0.730 157 0.740 549

MICE 0.759 204 0.767 901 0.707 419 0.735 824 0.756 389

Table 7.2: Imputation performances metrics for different values of the per-
centage of missing values (MCAR) in the binary synthetic dataset. For each
missing percentage, the best-performing method is highlighted in bold.

to closer neighbors in the imputation process, under the assumption that
nearby instances in feature space carry more relevant information for esti-
mating missing values. This approach corresponds to setting the parameter
weights=‘‘distance" in the KNN imputer. Our experiments revealed that
this configuration led to marginally better performance (with improvements
ranging from approximately 1% to 2.5% in terms of NRMSE) for the par-
ticulate matter (PM) and sediment (SD) datasets. For the remaining three
datasets (soil, water, and dust), however, the choice between ‘uniform’ and
‘distance’ weighting showed no substantial impact on imputation accuracy.
These findings underscore the importance of dataset-specific parameter tun-
ing to maximize the effectiveness of imputation methods in heterogeneous
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Missing (%) Method Accuracy Precision Recall F1-score AUROC

10

KNN 0.902 630 0.881 357 0.865 527 0.878 170 0.897 934

RF 0.932 857 0.900 248 0.907 462 0.917 287 0.932 089

MICE 0.949 132 0.916 780 0.956 535 0.936 475 0.950 467

20

KNN 0.831 538 0.808 137 0.798 214 0.802 623 0.827 486

RF 0.896 523 0.862 133 0.900 879 0.891 196 0.897 697

MICE 0.928 400 0.911 300 0.932 164 0.925 521 0.929 009

30

KNN 0.838 462 0.843 747 0.758 052 0.806 622 0.830 970

RF 0.880 649 0.874 991 0.840 912 0.866 311 0.877 475

MICE 0.887 962 0.891 094 0.860 835 0.874 155 0.884 991

40

KNN 0.824 231 0.843 505 0.741 302 0.800 733 0.820 288

RF 0.841 000 0.848 614 0.810 804 0.825 913 0.839 443

MICE 0.860 754 0.869 762 0.824 599 0.843 757 0.857 972

50

KNN 0.815 692 0.834 476 0.702 269 0.778 510 0.808 153

RF 0.829 103 0.825 698 0.793 490 0.807 429 0.826 701

MICE 0.866 987 0.860 100 0.809 657 0.847 346 0.864 086

Table 7.3: Imputation performances metrics for different values of the per-
centage of missing values (MNAR) in the binary public dataset. For each
missing percentage, the best-performing method is highlighted in bold.

biological and environmental data contexts.

Dataset SL WT SD PM DT

k 8 10 2 5 4

Table 7.5: Number k of adjacent samples used for the imputation in the 5
datasets with continuous values.

For the KNN method, the metric parameter was set to nan euclidean,
which computes pairwise Euclidean distances while appropriately handling
missing values. This metric ensures that only the features observed in both
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Missing (%) Method Accuracy Precision Recall F1-score AUROC

10

KNN 0.740 784 0.691 907 0.547 619 0.611 845 0.701 824

RF 0.755 860 0.694 437 0.671 848 0.693 140 0.746 917

MICE 0.792 018 0.778 294 0.699 953 0.739 365 0.780 291

20

KNN 0.717 856 0.680 604 0.560 826 0.617 424 0.694 826

RF 0.723 758 0.678 521 0.658 990 0.677 446 0.717 113

MICE 0.762 857 0.760 307 0.669 454 0.715 400 0.754 588

30

KNN 0.722 454 0.693 891 0.582 271 0.645 256 0.708 390

RF 0.717 891 0.656 388 0.668 302 0.675 492 0.716 203

MICE 0.760 990 0.757 931 0.657 869 0.711 797 0.749 684

40

KNN 0.716 802 0.711 184 0.593 927 0.652 734 0.707 179

RF 0.726 593 0.683 165 0.692 972 0.703 135 0.726 087

MICE 0.772 308 0.772 853 0.689 257 0.736 052 0.768 059

50

KNN 0.688 224 0.671 752 0.567 395 0.628 464 0.681 732

RF 0.700 012 0.655 826 0.670 377 0.676 568 0.699 495

MICE 0.743 378 0.741 829 0.655 150 0.698 572 0.736 854

Table 7.4: Imputation performances metrics for different values of the per-
centage of missing values (MNAR)in the binary synthetic dataset. For each
missing percentage, the best-performing method is highlighted in bold.

samples contribute to the distance calculation, allowing for meaningful sim-
ilarity comparisons even when some data points are incomplete.

In the case of the MICE method, two key parameters must be configured,
one related to the underlying regression model (in our case, random forest)
and one specific to the imputation process itself. For the regression model,
the most relevant parameter is n estimators, which determines the number
of decision trees used in the RF. Through empirical testing, we found that
n estimators=10 provides a good balance between the accuracy of impu-
tation and computational efficiency. Increasing the number of trees beyond
this threshold did not significantly improve performance while substantially
increasing computation time.
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Figure 7.2: Imputation performance under MCAR missingness for
binary classification tasks: the plots report Accuracy, F1-score, and
AUC as a function of the percentage of missing data (10–50%) for three
imputation methods (KNN, RF, and MICE). Results are shown for (a) the
public dataset and (b) the synthetic dataset. Higher values indicate better
classification performance after imputation.

For the MICE algorithm itself, the parameter max iter controls the num-
ber of iterative cycles used to refine the imputed values. Consistent with
our approach in the binary data experiments, we set max iter=5 across all
continuous datasets. Additional iterations did not yield meaningful perfor-
mance gains and only prolonged the runtime, confirming this setting as an
efficient compromise.

As for the KMI, the main parameter of interest is the number of clus-
ters. This value was dynamically determined using the elbow method, as
described earlier. This automated selection ensures that the number of
clusters reflects the inherent structure of each dataset, helping to optimize
imputation quality without manual tuning.

The analysis of the continuous ARG datasets (SL, WT, SD, PM, and
DT), whose sizes range from 28 to 691 samples and from 28 to 102 features
(Table 3.5), shows that all three imputation approaches, KNN, KMI, and
MICE, achieve overall low reconstruction errors across all habitats. As re-
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Figure 7.3: Imputation performance under MNAR missingness for
binary classification tasks: the plots report Accuracy, F1-score, and
AUC as a function of the percentage of missing data (10–50%) for three
imputation methods (KNN, RF, and MICE). Results are shown for (a) the
public dataset and (b) the synthetic dataset. Higher values indicate better
classification performance after imputation.

ported in Tables 7.6–7.7, both NMAE and NRMSE values remain in a very
small numerical range for the SL, WT, and SD datasets, and only moder-
ately higher for the smaller PM and DT datasets. This indicates that the
underlying continuous structure of gene-abundance values is well preserved
even when a substantial fraction of entries is missing. Furthermore, the three
methods exhibit remarkably similar trends across missing-value levels, with
only modest differences between them. In particular, MICE often attains
the lowest error for several dataset–metric pairs, especially under MCAR
conditions, whereas KNN frequently provides competitive or slightly better
values on specific datasets. KMI typically performs close to the other two
methods but only rarely achieves the best score, suggesting a slightly inferior
robustness in this setting. Nevertheless, the magnitude of these differences
remains small, confirming that all methods provide a reliable reconstruction
of continuous ARG profiles.

A second important observation is the stability of the reconstruction er-
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ror with respect to the percentage of missing data. Error values vary only
minimally from 10% to 50% missingness, with no substantial degradation in
any dataset or metric. This consistent behavior across methods and habitats
indicates that the difficulty of the imputation task does not increase signif-
icantly even when half of the dataset is removed. Because of this strong
stability, it becomes meaningful to focus on a single representative missing-
ness level in order to analyze in greater detail how performance differs across
datasets of different sizes. For this reason, the subsequent bar-plot analysis
(Fig. 7.4 and 7.5) examines the 30% missingness scenario, highlighting how
the average reconstruction error changes with the number of samples and
features in each habitat. These figures confirm that larger datasets (e.g., SL
and WT) obtain the lowest imputation errors, whereas very small datasets
(PM, DT) naturally exhibit higher variability and larger min–max ranges
across methods, although still within a generally acceptable error margin.

Figure 7.4: Aggregated imputation performance at 30% missingness
across all continuous datasets, in case of MCAR missing data: for
each dataset, the bar indicates the mean error over the three imputation
methods, the whiskers show the min–max variability, and the overlaid mark-
ers represent the individual performances of KNN, KMI, and MICE. The
figure provides a compact comparative view of the variability and absolute
performance of the methods.
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Figure 7.5: Aggregated imputation performance at 30% missingness
across all continuous datasets, in case of MNAR missing data: for
each dataset, the bar indicates the mean error over the three imputation
methods, the whiskers show the min–max variability, and the overlaid mark-
ers represent the individual performances of KNN, KMI, and MICE. The
figure provides a compact comparative view of the variability and absolute
performance of the methods.

7.5 Final remarks

In this chapter, we systematically assessed the impact of different imputation
strategies on the reconstruction of missing data in both binary and contin-
uous AMR-related datasets, under MCAR and MNAR mechanisms and for
increasing levels of missingness (10–50%). For binary data, the comparative
analysis on the public and synthetic datasets showed a clear and consistent
hierarchy among methods. MICE emerged as the most robust approach
in almost all scenarios, achieving the highest accuracy, F1-score and AUC
even at high missing rates and under MNAR missingness, where the re-
construction task is intrinsically more challenging. RF generally provided
intermediate performance, remaining competitive at lower missing percent-
ages but degrading more markedly as missingness increased, whereas KNN
was systematically the least effective and the most sensitive to data spar-
sity. These results indicate that, when the goal is to preserve the structure
of binary resistance/virulence profiles, model-based and iterative procedures
such as MICE are preferable to simpler, purely distance-based imputers.
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For continuous ARG abundance datasets, MICE does not always main-
tain the best performances, despite continuing to give good results. Across
all five habitats and for both MCAR and MNAR mechanisms, KNN, KMI
and MICE yielded very low NMAE and NRMSE values, with only modest
differences between methods. Error levels remained remarkably stable as
the proportion of missing values increased, and the ranking among methods
was often dataset-dependent. MICE and KNN alternated as best performers
on different dataset–metric combinations, while KMI was typically close but
rarely optimal. These findings suggest that, in the presence of sufficiently
rich and structured continuous data, all three approaches are capable of
reconstructing quantitative ARG profiles with limited distortion, and the
practical choice among them may be driven more by computational consid-
erations and integration with downstream analyzes than by raw imputation
accuracy.
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Part II

Population models
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Chapter 8

Introduction to Epidemic
Models

Mathematical epidemic models are fundamental tools for describing and
predicting the dynamics of infectious diseases. Their strength lies in their
ability to translate biological processes into formal systems, enabling the
analysis of equilibrium states, stability properties, and the effects of inter-
vention strategies.

This chapter introduces the modeling frameworks that is used in the
second part of the thesis, with the aim of establishing a consistent method-
ological basis for subsequent applications to AMR. After a brief histori-
cal overview, we present elementary compartmental models (SI, SIR, SIS),
which constitute the minimum building blocks for more complex epidemi-
ological frameworks. We then consider multi-strain extensions, in which
competition between susceptible and resistant pathogens is explicitly repre-
sented, providing a direct mechanistic basis for analyses of AMR. Finally,
we discuss network-based and spatial formulations, showing how metapop-
ulation models incorporate heterogeneity in connectivity and mobility and
how these characteristics influence epidemic spread.
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8.1 Historical background and conceptual frame-
work

The origins of mathematical epidemiology date back to the nineteenth cen-
tury, when early attempts were made to quantify the spread of infectious
diseases using demographic and statistical observations. Daniel Bernoulli’s
model for smallpox (1760) is often considered the first analytical approach to
the dynamics of infection within a population, followed later by the works of
Ross on malaria (1911) and Hamer on measles (1906) [47]. These pioneering
studies laid the conceptual foundation for linking infection processes with
population-level dynamics, even if the models were still relatively simple and
lacked a general theoretical framework.

A decisive step forward was achieved with the work of Kermack and
McKendrick (1927) [53], who formulated the first general mathematical
model for epidemic propagation in a homogeneous population. Their sys-
tem of differential equations, known as the SIR model, introduced the idea
that an epidemic ends not because all susceptible individuals are infected,
but because the susceptible fraction falls below a critical threshold. This
threshold concept, together with the introduction of the basic reproduction
number R0, became the cornerstone of modern epidemiological modeling
[4, 47].

Subsequent decades witnessed a steady evolution of modeling approaches.
Deterministic compartmental models were extended to include demographic
processes, latency periods, waning immunity, and spatial or network struc-
tures. Stochastic formulations were developed to describe the inherent
randomness of infection events in finite populations. The metapopulation
framework emerged to account for heterogeneous mixing and spatial cou-
pling among subpopulations, while agent-based models provided an explicit
representation of individual behaviors and contact networks. Brauer (2017)
[15] provides a comprehensive overview of this historical trajectory, high-
lighting how advances in computational power and data availability have
continuously expanded the scope and realism of epidemic models.

The COVID-19 pandemic further underscored the importance of math-
ematical epidemiology as a decision-support tool. Models, ranging from
simple compartmental structures to high-resolution stochastic simulations,
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played a central role in estimating transmission parameters, evaluating in-
tervention scenarios, and informing public health policies [111, 44]. At the
same time, the crisis exposed the limitations of traditional homogeneous-
mixing models, highlighting the need for more flexible frameworks that in-
corporate heterogeneity, mobility, and behavioural feedback. Network and
mobility-based studies provided key evidence of how spatial structure and
travel patterns shaped epidemic trajectories [19, 40, 25].

8.2 Examples of standard models and approaches
to disease spreading

Mathematical epidemiology provides a broad family of models aimed at de-
scribing how infectious diseases spread through populations. Despite the
diversity of approaches, most models share the same fundamental structure:
they represent the movement of individuals between compartments corre-
sponding to distinct epidemiological states, such as susceptible, infectious,
recovered, or exposed. Depending on the level of description and the under-
lying assumptions, these models can be formulated either at the population
level or at the level of individual entities.

8.2.1 Classical compartmental models

The classical compartmental framework includes a series of well-established
models that describe the temporal evolution of epidemics in a homogeneous
population. The simplest one is the SIS model, where individuals move from
the susceptible state to the infectious one and return to susceptibility after
recovery. This structure is suitable for diseases that do not confer immunity,
such as certain bacterial infections.

The SIR model, introduced by Kermack and McKendrick (1927) [53],
adds a removed (or recovered) compartment, representing individuals who
have acquired immunity or are no longer infectious. It has become the
archetype of deterministic epidemic models and remains the foundation for
numerous generalizations. The SEIR model extends this structure by adding
an exposed compartment, accounting for a latent period between infection
and infectiousness. Other variants, such as SIRS, SEIRS, or models incor-
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porating births, deaths, and vaccination, have been developed to capture
different biological and demographic features [47, 15].

Although these models are often presented in deterministic, continuous-
time form, they can also be formulated as discrete-time systems or as stochas-
tic processes to reflect random effects in small populations. Their analytical
tractability makes them useful for studying epidemic thresholds, equilib-
rium states, and the effects of interventions such as vaccination or social
distancing.

8.2.2 Modeling disease spreading: population vs. individual
level

The previous section introduced population-level models, in which disease
dynamics are described through aggregated compartments. These models
assume homogeneous mixing within each group and are typically formulated
as systems of differential or difference equations. Their analytical tractabil-
ity enables the derivation of global epidemiological indicators, such as the ba-
sic reproduction number R0, epidemic thresholds, and the expected impact
of control measures, and includes both single-population and metapopula-
tion frameworks, the latter representing interacting subpopulations coupled
through mobility flows [4, 52].

When the assumption of homogeneous mixing is insufficient, a finer level
of description becomes necessary. Network-based models represent individ-
uals as nodes of a contact graph, where edges encode potentially infectious
interactions. In these settings, epidemic dynamics depend on the topol-
ogy of the network and on the statistical distribution of contacts [85]. A
further refinement is provided by agent-based models (ABMs), where each
individual is described explicitly together with behavioural rules, mobility
patterns, and stochastic interactions. These models offer a microscopic and
data-driven representation of epidemic spread and have become particularly
useful for simulating complex scenarios such as those observed during the
COVID-19 pandemic [52, 15].
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8.3 Metapopulation theory

Classical compartmental models assume a well-mixed population, where ev-
ery individual has the same probability of contacting any other. In real
systems, however, populations are often structured in space or divided into
distinct subgroups (such as cities, hospitals, farms, or social clusters) con-
nected through mobility or contact networks. The metapopulation frame-
work was introduced to capture this heterogeneity and to describe the cou-
pled dynamics of multiple interacting populations [42, 68, 52].

In a metapopulation model, each subpopulation (or patch) hosts its own
local epidemic dynamics, typically described by a compartmental model
such as SIS, SIR, or SEIR. Individuals (or pathogens) can move between
patches according to a connectivity structure, which may be represented
by a mobility matrix or a weighted network. This coupling enables the
study of how local outbreaks can trigger regional or global epidemics and
how spatial fragmentation or limited mobility can slow or prevent disease
invasion [23, 52].

This framework allows us to address a wide range of questions concerning
the spatial and structural dynamics of epidemics. In particular, it makes it
possible to determine under which conditions an infection can successfully
invade and persist across a network of interconnected subpopulations. It
also provides a means to evaluate how local interventions, such as vacci-
nation campaigns, quarantine policies, or travel restrictions, may alter the
global progression of the disease. Moreover, the metapopulation approach
highlights the role of heterogeneity: differences in population size, connec-
tivity, or mobility intensity can profoundly influence the epidemic threshold
and the long-term persistence of infection.

Metapopulation theory has been successfully applied to a variety of con-
texts, from childhood diseases in spatially structured populations [42] to the
modelling of global pandemic spread through air-transportation networks
[23].
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Chapter 9

Theoretical framework:
reproduction numbers and
Next Generation Matrix

9.1 Introduction

A central concept in mathematical epidemiology is the basic reproduction
number, commonly denoted as R0. It represents the expected number of
secondary infections generated by a single infectious individual introduced
into a fully susceptible population [4, 27]. This indicator provides a thresh-
old criterion for the potential spread of an infectious disease: if R0 > 1,
the infection can invade the population and possibly become endemic; con-
versely, if R0 < 1, the infection is expected to die out. Therefore, R0 serves
as a fundamental parameter for assessing the stability of the disease-free
equilibrium and for designing and evaluating control strategies.

From a biological point of view, R0 quantifies the average transmission
potential of an infection, integrating the combined effects of contact rate,
transmission probability, and duration of the infectious period. Despite
its apparent simplicity, the computation and interpretation of R0 depend
heavily on the structure of the underlying epidemiological model. In ho-
mogeneous models such as SIS or SIR, R0 can be derived analytically as a
simple ratio between transmission and recovery rates. However, in more re-
alistic settings, where heterogeneities in host population, contact patterns,
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or spatial structure are considered, the estimation of R0 requires a more
general and formal approach. To address this, the Next Generation Matrix
(NGM) framework was developed [110, 29]. This formalism provides a sys-
tematic method to compute reproduction numbers in models that include
multiple infectious compartments or interacting subpopulations. Within this
framework, the infection process is decomposed into two components: the
generation of new infections and the transitions of individuals between in-
fected classes. The resulting matrix representation allows R0 to be expressed
as the spectral radius (dominant eigenvalue) of the next generation matrix,
offering a mathematically rigorous and biologically interpretable definition.

In addition to R0, extended indicators have been proposed to capture the
invasion potential of a pathogen in structured systems. Among them, the
invasion reproduction number (Rinv) measures the ability of an infection or a
new strain to invade a population where another infection is already present
[45, 28]. This concept generalizes the idea of a threshold parameter, playing
a similar role in determining whether an invading pathogen can establish
itself.

The following sections introduce the theoretical background necessary to
derive R0 and related indicators. We first recall the formulation of simple
compartmental models such as SIS and SIR, where R0 can be obtained di-
rectly. We then extend the discussion to more complex systems, where the
Next Generation Matrix formalism provides a general and unifying theoret-
ical framework for computing reproduction numbers across a wide class of
epidemic models.

9.2 Calculation of R0 in simple models

The concept of the basic reproduction number can be first illustrated through
simple compartmental models, which provide an intuitive understanding of
how transmission and recovery processes determine whether an infection can
persist in a population. In this section, we consider two classical models: the
SIS and the SIR models. These simplified formulations serve as a starting
point for the generalization introduced later through the NGM framework.
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9.2.1 The SIS model

In the SIS (Susceptible–Infected–Susceptible) model, individuals move from
the susceptible class (S) to the infected class (I) upon contact with an in-
fected individual, and then return to the susceptible class after recovery. No
immunity is assumed, so recovered individuals are immediately susceptible
again. The total population size N is constant, and S + I = N .

If we consider the fraction of population in each compartment ρ, such
that ρS + ρI = 1, the model dynamics are described by

dρS

dt = −βρSρI + µρI ,

dρI

dt = βρSρI − µρI ,
(9.1)

where β is the transmission rate and µ the recovery rate.
At the disease-free equilibrium, where ρI ≈ 0, ρS ≈ 1, the stability of

the equilibrium is assessed by linearising the second equation around this
point:

dρI

dt
≈ (β − µ)ρI .

If the linearised system has a positive growth rate, i.e. if β > µ, the disease-
free equilibrium is unstable and an outbreak can occur. This motivates the
definition of the basic reproduction number:

R0 = β

µ
, (9.2)

which separates two regimes: when R0 > 1, the system admits a stable
endemic equilibrium; when R0 < 1, the disease-free equilibrium is stable,
and the infection cannot persist.

9.2.2 The SIR model

In the SIR (Susceptible–Infected–Removed) model, individuals who recover
move into a distinct compartment (R) and acquire permanent immunity. lso
in this case we can consider the fraction of population: ρS + ρI + ρR = 1.
The model equations are:

dρS

dt = −βρSρI ,

dρI

dt = βρSρI − µρI ,

dρR

dt = µρI .

(9.3)
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with the same definitions of β and µ as in the SIS case.
At the beginning of the epidemic, ρS ≈ 1, so the dynamics of the infected

class are well approximated by the linearised form:

dρI

dt
≈ (β − µ)ρI .

As in the SIS case, the infection initially grows if and only if β > µ, which
leads to the same threshold expression

R0 = β

µ
.

Although R0 has the same algebraic form as in the SIS model, the long-
term behaviour differs: in the SIR framework, immunity accumulates, re-
ducing the susceptible fraction and thus the effective transmission rate. The
epidemic peaks when ρS < 1/R0 and eventually dies out as immunity in-
creases.

Even in these simple models, R0 acts as a threshold parameter captur-
ing the combined effect of transmission, recovery, and population structure,
providing a unified criterion for disease invasion and control.

9.3 Extension to more complex models

While simple compartmental models such as SIS and SIR provide fundamen-
tal insights into infection dynamics, they rely on strong simplifying assump-
tions, most notably the homogeneity of the population. In real systems,
transmission processes are influenced by heterogeneities in contact patterns,
demographic structure, spatial distribution, and biological characteristics
of the host and pathogen. These heterogeneities can profoundly affect the
expression of the basic reproduction number R0.

9.3.1 Incorporating additional compartments

A natural way to refine compartmental models is to introduce additional
compartments that represent specific stages of the infection process. This
refinement can capture biologically relevant features but comes at the cost
of increasing the number of parameters, which may limit identifiability and,
in some cases, reduce the practical realism of the model. One of the most
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common extensions is the SEIR model, which includes an exposed class (E)
representing individuals who have been infected but are not yet infectious.
The model equations are typically written as:

dρS

dt = −βρSρI ,

dρE

dt = βρSρI − σρE ,

dρI

dt = σρE − µρI ,

dR
dt = µρI ,

(9.4)

where σ−1 represents the average latency period before an individual be-
comes infectious.

The presence of multiple infectious or partially infectious compartments
(e.g., asymptomatic, symptomatic, hospitalized) complicates the analytical
derivation of R0, since the contribution of each class to the generation of new
infections must be accounted for explicitly. In such cases, the intuitive ratio
β/µ used in simple models is no longer valid, and a more general formalism
is required.

9.3.2 Heterogeneity in population structure

In many epidemiological contexts, the assumption of a homogeneous popula-
tion is unrealistic. Differences in age, social behavior, or spatial distribution
often generate structured mixing patterns that significantly influence the
transmission dynamics of infectious diseases. In age-structured models, for
instance, the rate of infection depends on empirically derived contact matri-
ces that quantify interactions between individuals of different age groups [4].
These matrices capture heterogeneities in social behavior, such as school at-
tendance or occupational exposure, which play a crucial role in determining
transmission intensity across age classes.

Similarly, in metapopulation models, the host population is subdivided
into distinct subpopulations or patches, connected through processes such
as mobility, commuting, or migration [21]. In these systems, the spread
of an infection depends not only on local epidemiological parameters but
also on the connectivity structure linking different subpopulations, which
determines the rate and direction of pathogen dispersal.
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A further layer of complexity arises in multi-strain models, where multi-
ple pathogen variants coexist and compete within the same host population
[28]. In such cases, the invasion potential of a new strain depends on the
cross-immunity conferred by existing infections and on the ecological inter-
actions among competing strains. Altogether, these structured approaches
demonstrate how heterogeneity in contact patterns, spatial organization,
and pathogen diversity fundamentally shapes epidemic dynamics and chal-
lenges the straightforward computation of R0.

Such structured models require a systematic method to quantify how
infections are generated and transmitted across different compartments or
subpopulations. Linearizing these models around the disease-free equilib-
rium often leads to systems of equations that can be expressed in matrix
form, where each element represents the expected number of secondary in-
fections produced by one individual in a given compartment.

9.3.3 Towards a general formalism

To handle this complexity, a unified mathematical framework is needed to
compute the reproduction number across diverse model structures. This
need motivated the development of the NGM approach [29, 110, 28]. The
NGM formalism generalizes the concept of R0 to models with multiple in-
fectious compartments or heterogeneous mixing by expressing transmission
and transition processes in matrix form.

In the next section, we introduce the theoretical foundation of the NGM,
showing how it provides a rigorous and general definition of the basic repro-
duction number as the dominant eigenvalue of a matrix that encapsulates
the generation of new infections. This approach not only extends the appli-
cability of R0 but also offers a clear link between epidemiological mechanisms
and the dynamical stability of epidemic models.

9.4 The Next Generation Matrix

The NGM formalism provides a rigorous and general framework to compute
the basic reproduction number in epidemiological models that include multi-
ple infectious compartments or interacting subpopulations. It was originally
introduced by Diekmann, Heesterbeek, and Metz [29], and later formalized
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and generalized by van den Driessche and Watmough [110]. The method is
based on linearizing the infection dynamics around the disease-free equilib-
rium and quantifying the expected number of secondary infections generated
by each infectious compartment.

9.4.1 Conceptual basis

The central idea behind the NGM approach is to decompose the system of
differential (or difference) equations describing epidemic dynamics into two
distinct components: the new infection terms, which represent the appear-
ance of newly infected individuals in each compartment, and the transition
terms, which describe changes among existing infected classes, including pro-
gression, recovery, or removal. By isolating these two processes, the method
allows the infection subsystem to be represented as a set of coupled linear
equations that capture how infections propagate from one class to another
near the disease-free equilibrium.

Consider a model with n infectious compartments, collected in the vec-
tor x = (x1, x2, . . . , xn)T . In continuous time, the infection dynamics can
generally be expressed as:

dx
dt

= F(x) − V(x), (9.5)

where F(x) is the vector of rates at which new infections appear in each
compartment, and V(x) is the vector of rates describing transitions between
infectious compartments or exits due to recovery or death.

The Jacobian matrices of F(x) and V(x), evaluated at the disease-free
equilibrium x = 0, are denoted as F and V , respectively:

F =
[

∂Fi

∂xj
(0)
]

, V =
[

∂Vi

∂xj
(0)
]

. (9.6)

The NGM is then defined as:

K = FV −1. (9.7)

Each element Kij represents the expected number of new infections in com-
partment i caused by one individual initially introduced into compartment
j, during its entire infectious period. The basic reproduction number is
given by the spectral radius of this matrix:

R0 = ρ(K) = ρ(FV −1), (9.8)
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where ρ(·) denotes the dominant eigenvalue. The disease-free equilibrium is
stable if ρ(FV −1) < 1 and unstable otherwise.

The NGM theory can be equivalently formulated for systems evolving in
discrete time, which are often used when the infection process is represented
through agent-based models [28]. Let X(t) denote the vector of the infectious
compartments at time t. The evolution of the system near the disease-free
equilibrium can be linearized as:

X(t + 1) = (T + Σ)X(t), (9.9)

where T is the Transmission Matrix, describing the appearance of new infec-
tions, and Σ is the Transition Matrix, describing movements among existing
infected classes and recoveries.

Analogously to the continuous case, the NGM in discrete time is obtained
by:

K = T (I − Σ)−1, (9.10)

where I is the identity matrix. The term (I−Σ)−1 represents the cumulative
effect of successive transitions among infectious classes over discrete time
steps. The basic reproduction number is then computed as the spectral
radius of K:

R0 = ρ(K) = ρ
[
T (I − Σ)−1

]
. (9.11)

This discrete-time formulation is fully consistent with the continuous-
time version, and the two coincide in the limit of infinitesimally small time
steps. The choice between the two approaches depends on the temporal
structure of the model and on whether the underlying data or processes are
better represented as continuous flows or as discrete generations of infection.

9.5 Extensions and variations

The NGM formalism not only provides a rigorous definition of the basic
reproduction number R0, but it also enables the derivation of other related
indicators that describe more complex epidemic situations. Among these,
the most relevant generalization is the invasion reproduction number, de-
noted as Rinv, which quantifies the ability of a pathogen (or a strain) to
invade a population that is not entirely susceptible.
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9.5.1 The invasion reproduction number

The concept of Rinv arises naturally in models describing multiple host pop-
ulations, multiple strains of a pathogen, or multiple infectious agents com-
peting within the same system [45, 28]. While R0 is computed around the
disease-free equilibrium, Rinv is instead evaluated around an endemic equi-
librium in which one or more infections are already present.

Formally, the procedure parallels that used for R0. Let the system be de-
scribed by a set of equations representing the dynamics of several interacting
infections or populations. Assuming that one infection (or strain) is endemic
and another is initially rare, the next-generation approach can be applied
to the invading component. In continuous-time models, the corresponding
Jacobian matrices F and V for the invading subsystem are evaluated at the
endemic equilibrium of the resident system, yielding:

Rinv = ρ(FV −1)
∣∣∣∣
endemic

. (9.12)

For discrete-time systems, an analogous formulation can be written in
terms of the transmission and transition matrices, T and Σ, introduced
in Eq. (9.9). By linearizing the invading subsystem around the endemic
equilibrium, one obtains:

Rinv = ρ
[
T (I − Σ)−1

]
endemic

. (9.13)

In both cases, ρ(·) denotes the spectral radius, and the subscript “endemic”
indicates that the quantities are computed with respect to the equilibrium
conditions of the pre-existing infection.

In the case of pure competition, that is, if each strain competes for the
same susceptible population and there are no direct interactions, Rinv can
be determined simply from the two basic reproduction numbers of the two
infectious strains:

R(j|i) = R0,j

R0,i
(9.14)

where i is the resident strain and j is the invader.
Biologically, Rinv measures whether the invading pathogen can increase

when introduced in small numbers into a system already hosting a resident
strain. If Rinv > 1, the invader can successfully spread and potentially
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replace or coexist with the resident infection; if Rinv < 1, invasion fails
and the resident strain remains dominant. This threshold concept plays a
central role in evolutionary epidemiology and in the analysis of competition
and coexistence among pathogens.

9.5.2 Applications to structured and metapopulation models

In metapopulation frameworks, Rinv can describe the ability of a disease
to spread from a newly infected subpopulation into a system where other
subpopulations are already endemic. The NGM structure (expressed either
as K = FV −1 in continuous time or K = T (I −Σ)−1 in discrete time) allows
us to compute this value directly from the connectivity matrix describing
movement between patches and from local transmission parameters [21].
Similarly, in multi-host or vector-borne disease models, Rinv quantifies the
potential for a pathogen to invade a community where other host species or
competing parasites are already circulating.

In metapopulation models with multiple strains, it is often convenient
to express Rinv in a compact form that explicitly separates the effect of
the susceptible pool from the structure of the NGM. Consider two strains,
indexed by i (resident) and j (invader), spreading over a network of N

patches. Let Ki and Kj denote the NGMs of the two strains computed at
the disease-free equilibrium (i.e. in the absence of any other infection), and
let

S∗
i =

(
S∗

i,1, . . . , S∗
i,N

)T
be the vector of susceptible fractions at the endemic equilibrium of strain i.
We define the diagonal matrix

D(S∗
i ) = diag(S∗

i,1, . . . , S∗
i,N ).

Linearising the equations of the invading strain j around the endemic
equilibrium of strain i, the invasion reproduction number takes the form

R(j|i) = ρ
(
D(S∗

i ) Kj
)

(9.15)

In this formulation:

• Kj is the NGM of strain j at the disease-free equilibrium, capturing
the intrinsic transmission and mobility structure of strain j in a fully
susceptible metapopulation;

97



• D(S∗
i ) rescales the NGM by the fraction of susceptibles remaining at

the endemic equilibrium of strain i, thus encoding the depletion of
susceptibles induced by the resident infection.

The condition R(j|i) > 1 implies that strain j can increase when rare in a
system where strain i is already endemic, and therefore can invade; con-
versely, R(j|i) < 1 implies failure of invasion and persistence of the resident
strain.

9.5.3 Relationship between R0 and Rinv

Although R0 and Rinv share the same mathematical foundation, their in-
terpretations differ. The basic reproduction number R0 characterizes the
potential for disease emergence in a fully susceptible population, whereas
Rinv evaluates the ability of a new infection to establish itself in an already
structured or partially immune environment. In practice, R0 acts as a global
threshold for the onset of epidemics, while Rinv provides a local threshold
determining the outcome of invasion or competition processes.

From a theoretical standpoint, both indicators stem from the same spec-
tral condition (ρ(FV −1) > 1 in continuous time or ρ[T (I − Σ)−1] > 1
in discrete time) but differ in the equilibrium around which the system is
linearized. This highlights the flexibility of the NGM framework, which ac-
commodates a broad range of epidemiological contexts while maintaining
mathematical consistency and biological interpretability.

The concepts developed in this chapter form the foundation for the analyt-
ical and computational tools presented in the following sections, where the
theoretical framework of reproduction numbers is applied to more realistic
epidemic models and quantitative simulations.
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Chapter 10

A model for AMR in the
hospital setting: the XSR
model

In recent decades, the integration of metapopulation structures into epi-
demiological models has represented a substantial methodological advance.
As discussed in Section 8.3, these models partition the population into inter-
connected subgroups, such as geographic regions, hospital wards, or patient
pathways, thus capturing the impact of heterogeneous contact structures
and mobility-driven transmission dynamics. This framework has proven
particularly effective for healthcare-associated pathogens, whose spread is
strongly shaped by patient transfers, ward-specific practices, and localized
infection control interventions [22, 52].

Parallel to this, the study of interactions among multiple pathogen types
has gained increasing relevance. Empirical evidence shows that individuals
may carry or acquire distinct infectious agents, either sequentially or con-
currently, and that competition or facilitation between pathogens can alter
transmission patterns in ways that single-pathogen models fail to predict
[62]. Despite advances in both metapopulation and multipathogen model-
ing, their integration remains limited, especially in hospital settings where
spatial heterogeneity, mobility constraints, and structured patient pathways
are intrinsic.

AMR further complicates this landscape. Resistant and sensitive strains
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differ not only in transmissibility (often modulated by fitness costs) but
also in the selective pressures imposed by antibiotic use and by ward-level
infection control strategies [5]. Hospitals commonly enforce differentiated
isolation, cohorting, or transfer policies depending on colonization status,
generating mobility patterns that are inherently strain-dependent. A real-
istic model must therefore account simultaneously for strain competition,
selective pressures, the possibility of transitions from sensitivity to resis-
tance, and structured patient movement.

In this chapter, we introduce the XSR model, a metapopulation frame-
work specifically designed to capture the transmission and competition be-
tween antibiotic-sensitive and antibiotic-resistant strains in a spatially struc-
tured hospital environment. The model couples compartmental epidemio-
logical dynamics with ward-level mobility and strain-dependent transitions,
providing a theoretical basis for the analyses presented in the following chap-
ter.

10.1 Description of the model

We consider a closed population of hospital patients, whose infection status
with respect to a bacterial species is described by three epidemiological
classes:

• X: uninfected (or uncolonized) patients;

• S: patients infected with a strain that is susceptible to antibiotic A1;

• R: patients infected with a strain that is resistant to antibiotic A1.

In both infected classes (S and R), the pathogen is assumed to remain
susceptible to a second antibiotic A2. The model thus focuses on resistance
to a single antimicrobial agent, embedded in a treatment context where a
second agent remains effective.

Patients in S and R may recover either spontaneously or under antibiotic
treatment. We denote by γ the spontaneous recovery probability, and by τ1

and τ2 the recovery probabilities due to administration of A1 and A2, re-
spectively. The acquisition of resistance in previously susceptible infections
is modeled by a transition probability σ from S to R, typically small.
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Susceptible patients in class X may become infected through contact
with infected individuals. We denote by β1 the infection probability per time
step for acquisition of the susceptible strain, and by β2 the corresponding
probability for the resistant strain. Fitness costs associated with resistance
are incorporated by setting

β2 = β1(1 − c), c ∈ [0, 1], (10.1)

where c is the fitness cost of resistance [93, 6]. A larger c implies a more
pronounced reduction in the transmissibility of the resistant strain.

The compartmental structure of the XSR model is illustrated in Fig. 10.1.
Patients can move from X to S or R via infection, from S to R via acqui-
sition of resistance, and from both infected classes to X via spontaneous or
treatment-induced recovery.

Figure 10.1: XSR model: patients can be healthy (X), infected by a
susceptible strain (S) or infected by a resistant strain (R). Parameters
β1 and β2 denote the infection probabilities for the susceptible and resistant
strains, respectively; γ is the spontaneous recovery probability; τ1 and τ2 are
the recovery probabilities under antibiotics A1 and A2; σ is the probability
that a susceptible infection becomes resistant (typically very small).

10.1.1 Single-ward dynamics and stability analysis

We first consider the dynamics in a single, well-mixed ward, ignoring mo-
bility. Let S(t) and R(t) denote, respectively, the fractions of patients in
classes S and R at discrete time t; the fraction of susceptible (uninfected)
patients is then:

X(t) = 1 − S(t) − R(t). (10.2)
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The discrete-time evolution equations for the infected compartments are:

S(t + 1) = S(t) + β1S(t)X(t) − (γ + τ1 + τ2)S(t) − σS(t),

R(t + 1) = R(t) + β2R(t)X(t) + σS(t) − (γ + τ2)R(t).

(10.3)

The terms proportional to β1 and β2 describe infection events, those propor-
tional to γ, τ1, τ2 describe recovery, and the term proportional to σ describes
acquisition of resistance.

Imposing stationarity conditions S(t + 1) = S(t) = S∗ and R(t + 1) =
R(t) = R∗ in (10.3), and using X∗ = 1 − S∗ − R∗, we obtain:

S∗ [β1(1 − S∗ − R∗) − (γ + τ1 + τ2 + σ)] = 0,

R∗ [β2(1 − S∗ − R∗) − (γ + τ2)] + σS∗ = 0.

(10.4)

From (10.4) we identify four fixed points, corresponding to different epi-
demiological regimes:

1. Disease-free equilibrium:

(S∗, R∗) = (0, 0).

2. Endemic equilibrium with only the susceptible strain:

(S∗, R∗) =
(

1 − γ + τ1 + τ2 + σ

β1
, 0
)

,

provided that β1 > γ + τ1 + τ2 + σ.

3. Endemic equilibrium with only the resistant strain:

(S∗, R∗) =
(

0, 1 − γ + τ2
β2

)
,

provided that β2 > γ + τ2.

4. Endemic equilibrium with coexistence of both strains:

(S∗, R∗) such that S∗ ̸= 0 and R∗ ̸= 0. The explicit closed-form
expressions are algebraically cumbersome and are therefore reported
in Appendix A.1. Here, we focus on the conditions for the existence
of such a coexistence equilibrium.
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In practice, the parameter σ is often sufficiently small that it can be
approximated by zero. Under this assumption, the coexistence equilibrium
(S∗ ̸= 0, R∗ ̸= 0) exists only in the special case where:

γ + τ1 + τ2
β1

= γ + τ2
β2

, (10.5)

i.e. when the effective reproduction ratios of the two strains coincide. In
all other parameter regimes, the two infected states are in competition, and
one of the two strains eventually dominates.

To study the local stability of the equilibria, we compute the Jacobian
matrix of system (10.3) with respect to (S, R):

J(S, R) =

−2β1S + [1 + β1 − (γ + τ1 + τ2 + σ)] − β1R −β1S

−β2R + σ −2β2R + [1 + β2 − (γ + τ2)] − β2S

 .

(10.6)
For a discrete-time system, a fixed point is locally stable if all eigenvalues
of the Jacobian evaluated at that point have modulus strictly less than one.

As an example, consider the disease-free equilibrium (S∗, R∗) = (0, 0).
The Jacobian becomes:

J(0, 0) =

1 + β1 − (γ + τ1 + τ2 + σ) 0

σ 1 + β2 − (γ + τ2)

 . (10.7)

The corresponding eigenvalues are:

λ1 = 1 + β1 − (γ + τ1 + τ2 + σ),

λ2 = 1 + β2 − (γ + τ2).
(10.8)

The disease-free equilibrium is locally stable if |λ1| < 1 and |λ2| < 1. In
particular, the conditions:

β1 < γ + τ1 + τ2 + σ, β2 = β1(1 − c) < γ + τ2 (10.9)

are sufficient for stability. Equivalently, the disease-free state is stable if:

β1 < min
{

γ + τ1 + τ2 + σ,
γ + τ2
1 − c

}
. (10.10)
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From a biological point of view, these conditions express an intuitive
balance between transmission and recovery: if infection rates are sufficiently
low relative to the combined effects of spontaneous recovery and treatment,
then both strains die out, and the system converges to the disease-free equi-
librium. Conversely, when these inequalities are violated, one or both strains
can persist endemically.

Figure 10.2 illustrates the four qualitative dynamical regimes correspond-
ing to the four equilibrium scenarios described above.

Figure 10.2: System behaviour in the four equilibrium regimes: (a)
disease-free equilibrium, both S and R go to zero; (b) only the susceptible
strain persists; (c) only the resistant strain persists; (d) coexistence of sus-
ceptible and resistant infections.

10.2 Metapopulation implementation

We now extend the XSR model to a metapopulation framework in which the
hospital is represented as a network of N wards. Each ward i = 1, . . . , N

is a node in the network, hosting a subpopulation of patients, and edges
represent admissible patient transfers between wards.

We denote by ρS
i (t) and ρR

i (t) the fractions of patients in ward i at time
t who are infected with the susceptible and resistant strains, respectively.
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The fraction of uninfected patients in ward i is then:

ρX
i (t) = 1 − ρS

i (t) − ρR
i (t). (10.11)

The hospital mobility structure is encoded in a weighted adjacency matrix
W = (Wij), where Wij represents the weight of the connection from ward
i to ward j. Patient movements are governed by a diffusion probability
pd ∈ [0, 1].

We adopt the following notation:

• N : number of wards (nodes);

• ρS
i (t), ρR

i (t), ρX
i (t): fractions of patients in S, R, and X in node i at

time t;

• ni: population size associated with node i;

• nj→i: number of patients present in node i at time t who belong to
node j (including those who did not move when i = j);

• neff
i = ∑

j nj→i: effective population in node i after movement;

• Wij : weight of the connection from node i to node j;

• Rij = Wij∑
l Wil

: row-stochastic mobility matrix;

• pd: probability that a patient moves from its home node to a neigh-
bouring node.

The evolution equations for the infected fractions in node i generalize
system (10.3) and are given by:

ρS
i (t + 1) = [1 − (γ + τ1 + τ2 + σ)] ρS

i (t) +
[
1 − ρS

i (t) − ρR
i (t)

]
ΠX→S

i (t),

ρR
i (t + 1) = [1 − (γ + τ2)] ρR

i (t) + σρS
i (t) +

[
1 − ρS

i (t) − ρR
i (t)

]
ΠX→R

i (t),
(10.12)

where ΠX→S
i (t) and ΠX→R

i (t) denote the probabilities that a susceptible
patient associated with node i becomes infected with the susceptible or
resistant strain, respectively, during the time interval [t, t + 1].
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The recovery parameters must satisfy:

γ + τ1 + τ2 + σ ≤ 1, γ + τ2 ≤ 1, (10.13)

to ensure that the fractions remain well-defined (no more patients recover
than those present in the corresponding compartment).

The infection probabilities are given by:

ΠX→S
i (t) = (1 − pd)P S

i (t) + pd

N∑
j=1

Wij∑N
l=1 Wil

P S
j (t),

ΠX→R
i (t) = (1 − pd)P R

i (t) + pd

N∑
j=1

Wij∑N
l=1 Wil

P R
j (t),

(10.14)

where P S
i (t) and P R

i (t) are the probabilities that a susceptible patient
present in node i at time t becomes infected with the susceptible or resis-
tant strain due to contacts with infected patients in the same node. These
probabilities account for contributions from all origins j:

P S
i (t) = 1 −

N∏
j=1

[
1 − β1ρS

j (t)
]nj→i

,

P R
i (t) = 1 −

N∏
j=1

[
1 − β2ρR

j (t)
]nj→i

.

(10.15)

The quantities nj→i are given by:

nj→i = δij(1 − pd) ni + pd
Wji∑N

l=1 Wjl

nj , (10.16)

where δij is the Kronecker delta. For i = j, nj→i includes those patients
who remain in their home node; for i ̸= j, it counts patients who move from
node j to node i.

Equations (10.12)–(10.16) define the full metapopulation XSR model. A
schematic representation of the hospital network interpretation is shown in
Fig. 10.3.

106



Figure 10.3: Representation of the metapopulation model in a hos-
pital setting: on the left, hospital wards and their connections are shown.
Within each ward (yellow cubes), patients are partitioned into three com-
partments: healthy (X, blue), infected with the susceptible strain (S, yel-
low), and infected with the resistant strain (R, red). The right panel illus-
trates patient movement between connected wards, regulated by the mobility
parameter pd.

If mobility is absent (pd = 0), the system reduces to N independent
copies of the single-ward model (10.3), and the stability and equilibrium re-
sults discussed in Section 10.1.1 apply node-wise. In the following, we inves-
tigate how patient mobility modifies the threshold behaviour of the system,
using both the basic reproduction number R0 and the critical transmission
parameters.

10.3 Estimation of the basic reproduction number
R0

As discussed in Chapter 9, the basic reproduction number R0 provides a
threshold quantity that determines whether an infection can invade and
persist. For simple models, R0 can often be expressed as the ratio between
a transmission parameter and a recovery parameter. For more complex
systems, particularly in structured populations and multipathogen settings,
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it is convenient to use the NGM formalism [28, 2, 75], adapted to discrete-
time dynamics.

We first compute a local basic reproduction number R0i for each ward
considered in isolation (no mobility), and then derive the global reproduction
number R0 for the full metapopulation system with mobility.

10.3.1 Local R0

Setting pd = 0 decouples the wards, and the dynamics within ward i is gov-
erned by equations of the form (10.12), with a constant population ni. Lin-
earizing around the disease-free equilibrium and separating infection terms
(matrix Ti) from transition terms (matrix Σi), we obtain for each ward i:

Ti =

β1ni 0

0 β2ni

 , Σi =

1 − (γ + τ1 + τ2 + σ) 0

σ 1 − (γ + τ2)

 .

(10.17)
The NGM for ward i is then:

Ki = Ti(I − Σi)−1 =


β1ni

γ + τ1 + τ2 + σ
0

β2niσ

(γ + τ1 + τ2 + σ)(γ + τ2)
β2ni

γ + τ2

 . (10.18)

The local basic reproduction number for ward i is given by the spectral
radius of Ki:

R0i = max(λ1, λ2), (10.19)

where:
λ1 = β1ni

γ + τ1 + τ2 + σ
, λ2 = β2ni

γ + τ2
. (10.20)

The two eigenvalues correspond to the contributions of the susceptible and
resistant strains, respectively. Even though the two strains are coupled via
σ, the dominant eigenvalue still admits a clear interpretation in terms of
effective reproduction numbers.
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10.3.2 Global R0

We now consider the full metapopulation system with pd > 0. In this case,
the infected subsystem is described by the vector:

X(t) =
(

ρS
1 (t), . . . , ρS

N (t), ρR
1 (t), . . . , ρR

N (t)
)T

∈ R2N . (10.21)

Linearizing equations (10.12) around the disease-free equilibrium (ρS∗
i ≪ 1,

ρR∗
i ≪ 1) and keeping only linear terms in the infected fractions, we write

the system in the standard NGM form:

X(t + 1) = (T + Σ) X(t), (10.22)

where T collects new infection terms and Σ contains transition terms (re-
covery and progression).

As shown in Chapter 9, the NGM is given by Eq. 9.10,and the basic re-
production number is defined as in Eq. 9.11, where ρ(·) denotes the spectral
radius.

After linearization of the infection probabilities in equations (10.15)–
(10.16) and some algebraic manipulation (details in Appendix A.3), the
global transition matrix Σ takes the block form:

Σ =

IN (1 − (γ + τ1 + τ2 + σ)) ON

IN (σ) IN (1 − (γ + τ2))


2N×2N

, (10.23)

while the global transmission matrix T has the structure:

T =

 TS ON

ON TR


2N×2N

, (10.24)

where the (i, k)-th elements of TS and TR are:

(TS)ik = β1
[
(1−pd)nk→i+pdRikneff

k

]
, (TR)ik = β2

[
(1−pd)nk→i+pdRikneff

k

]
.

(10.25)
Using (9.10) and the block structure of T and Σ, the NGM K can be written
as:

K =

K11 ON

K21 K22

 , (10.26)
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with diagonal blocks given by:

K11 = β1
γ + τ1 + τ2 + σ

M, K22 = β2
γ + τ2

M, (10.27)

where the matrix M = (Mij) encodes the mobility-weighted connectivity:

Mij = (1 − pd)nj→i + pdRijneff
j . (10.28)

The off-diagonal block K21 contains terms proportional to σ and does not
affect the eigenvalues of K, because K is block lower triangular.

Since K is block lower triangular, its eigenvalues are the union of those
of K11 and K22 [89]. It follows that:

R0 = ρ(K) = λmax(M) max
{

β1
γ + τ1 + τ2 + σ

,
β2

γ + τ2

}
, (10.29)

where λmax(M) is the largest eigenvalue of M . Using β2 = (1 − c)β1, equa-
tion (10.29) can be rewritten as:

R0 = λmax(M) max
{ 1

γ + τ1 + τ2 + σ
,

1 − c

γ + τ2

}
β1. (10.30)

This expression highlights the interplay between hospital topology (via
λmax(M)), epidemiological parameters, and resistance fitness cost. In par-
ticular, for fixed recovery and mobility parameters, R0 grows linearly with
β1 and is modulated by both the structure of the hospital network and the
relative fitness of the resistant strain.

10.4 Critical value of the transmission parameter

An alternative and complementary way to characterize the threshold be-
haviour of the system is to analyze the critical values of the transmission
parameters β1 and β2 that separate disease-free from endemic regimes [41].
This approach is closely related to the NGM-based computation of R0, and
we show below that the two methods are consistent.

Near the epidemic threshold, the stationary fractions of infected indi-
viduals are small: ρS∗

i ≪ 1, ρR∗
i ≪ 1 for all i. Linearizing the infection

probabilities in (10.15) and using the definition of nj→i in (10.16), we can
express the infection terms in the form (A.2):

ΠX→S
i (t) ≈ β1(Mρ⃗S∗)i, ΠX→R

i (t) ≈ β2(Mρ⃗R∗)i, (10.31)
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where ρ⃗S∗, ρ⃗R∗ ∈ RN are the vectors of stationary infected fractions, and
M is the same mobility-weighted matrix as in (10.28). Substituting (10.31)
into the stationary version of the linearized system (10.12), we obtain:

(γ + τ1 + τ2 + σ) ρS∗
i ≈ β1(Mρ⃗S∗)i,

(γ + τ2) ρR∗
i − σρS∗

i ≈ β2(Mρ⃗R∗)i.

(10.32)

To identify the critical transmission values, we consider small perturba-
tions around the disease-free equilibrium of the form:

ρ⃗S∗ ≈ εv⃗S , ρ⃗R∗ ≈ εv⃗R, (10.33)

where ε ≪ 1 and v⃗S , v⃗R are eigenvectors of M associated with an eigen-
value λ. Neglecting the term proportional to σv⃗S in the second equation
(consistent with σ small), we obtain the scalar conditions:

(γ + τ1 + τ2 + σ) ≈ β1λ, (γ + τ2) ≈ β2λ. (10.34)

At the threshold, the relevant eigenvalue is λmax(M), and the critical trans-
mission parameters are therefore:

β1c = γ + τ1 + τ2 + σ

λmax(M) , β2c = γ + τ2
λmax(M) . (10.35)

Recalling that β2 = (1 − c)β1, we can rewrite β2c as:

β1c = γ + τ2
(1 − c)λmax(M) . (10.36)

The critical value of β1 is then given by:

β1c = min
{

γ + τ1 + τ2 + σ

λmax(M) ,
γ + τ2

(1 − c)λmax(M)

}
. (10.37)

In numerical simulations, the relevant threshold is almost always the second
expression in (10.37), which is associated with the resistant strain and the
fitness cost c.

Biologically, equations (10.35)–(10.37) show that the epidemic thresh-
old arises from the interaction between recovery and treatment rates at the
ward level, the fitness cost associated with resistance, and the structural
properties of the hospital network. In particular, the largest eigenvalue
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of the mobility-weighted matrix M quantifies how efficiently patient move-
ment couples the wards, thereby amplifying or attenuating the potential for
pathogen transmission. When mobility channels align with high local trans-
mission potential, the resulting increase in λmax(M) decreases the critical
value of β1, making it easier for both sensitive and resistant strains to invade.
Conversely, strong recovery or treatment rates, together with a substantial
fitness cost of resistance, shift the system toward higher critical thresholds,
limiting the ability of resistant strains to persist within the hospital network.

10.5 Connection between the two methods

We now make explicit the connection between the NGM-based computation
of R0 and the critical-transmission approach.

Starting from the expression of the NGM K in equation (10.26) and
using the block forms of K11 and K22 in (10.27), we obtained:

R0 = ρ(K) = λmax(M) max
{

β1
γ + τ1 + τ2 + σ

,
β2

γ + τ2

}
. (10.38)

Setting R0 = 1 and solving for β1 (A.4) yields:

β1c = 1
λmax(M) min

{
γ + τ1 + τ2 + σ,

γ + τ2
1 − c

}
, (10.39)

which is exactly the expression in (10.37).
Thus, the condition R0 = 1 and the condition β1 = β1c are mathemati-

cally equivalent.
The two approaches, one formulated in terms of an eigenvalue problem

for the NGM, the other in terms of critical transmission parameters derived
from the steady-state linearization, provide consistent and complementary
descriptions of the epidemic threshold.

From a modeling perspective, this equivalence shows that the epidemic
threshold is primarily shaped by the largest eigenvalue of the matrix M ,
which encodes the effective connectivity of the hospital network and quan-
tifies how strongly mobility patterns facilitate the spread of infection. As a
consequence, the system’s threshold behaviour can be modulated in two con-
ceptually distinct ways: by acting on local epidemiological parameters, such
as recovery probabilities, treatment policies, or the fitness cost of resistance,
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or by modifying mobility structures, for instance through adjustments in
patient transfer protocols. These two levers, acting respectively at the ward
and network scales, jointly determine whether resistant or sensitive strains
can successfully invade and persist.

10.6 Final remarks

The XSR model provides a mathematically consistent framework for de-
scribing the competition between antibiotic-sensitive and antibiotic-resistant
strains in a spatially structured hospital environment. By combining a
three-compartment structure (X, S, R) with a metapopulation represen-
tation of patient mobility, the model captures mechanisms that are essential
in real hospital settings: ward-specific contact patterns, strain-dependent
transmissibility, selective pressures induced by antibiotic use, and mobility
constraints imposed by infection control policies.

The local stability analysis of the single-ward system clarifies the con-
ditions under which the susceptible or the resistant strain dominates and
identifies the narrow parameter regime in which coexistence is possible.
Extending the model to a metapopulation system requires incorporating
patient mobility; this is achieved through the derivation of the basic repro-
duction number R0 via the NGM and through the identification of critical
transmission thresholds. Both approaches converge to the same condition,
showing that the epidemic threshold is governed by the largest eigenvalue
of the mobility-weighted connectivity matrix M .

The model introduced in this chapter is sufficiently general to be adapted
to different mobility patterns, antibiotic policies, and pathogen-specific dy-
namics. At the same time, it exposes structural limitations that must be
kept in mind: it assumes homogeneous mixing within wards, deterministic
dynamics, and does not explicitly model true co-colonization or stochastic
extinction events. These limitations motivate the more refined, data-driven
analyzes developed in the following chapters, where the XSR framework will
serve as a reference model for interpreting simulation results and guiding the
design of control strategies.
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Chapter 11

A metapopulation model
with two competitive strains

In this chapter, we present a discrete-time compartmental metapopulation
model that simultaneously tracks the spread of two infectious agents across
a network of interconnected subpopulations. The model accounts for both
single infections and coinfections, representing individuals in one of four
compartments: susceptible to both agents (SS), infected only by the first
agent (IS), infected only by the second agent (SI), or coinfected by both
agents (II). Pathogen interactions are incorporated through cost parameters
that modulate transmission and coinfection probabilities, while mobility re-
strictions are introduced in a compartment-specific way to mimic isolation
protocols or reduced mobility due to disease severity.

This model allows us to investigate how strain competition, penalties for
coinfection, and spatial mobility restrictions shape the long-term prevalence
of each infection class. Through numerical simulations and spectral analyses,
we explore the sensitivity of the dynamics to key epidemiological parameters,
including infection rates, recovery rates, interaction cost factors, and the
effectiveness of isolation policies. Although the model is general and can be
applied to different structured settings (such as cities or hospital networks),
we focus on an interpretation in the context of nosocomial transmission and
AMR.
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11.1 Model

The metapopulation structure underlying the model is based on a real mo-
bility network, in which each node represents a subpopulation and edges
encode the probability of movement between nodes. In particular, we con-
sider a network derived from recurrent mobility patterns in an urban set-
ting (specifically, commuting flows between districts of the city of Cali), as
in reaction–diffusion studies of epidemic spreading on networks [41]. The
resulting weighted adjacency matrix W = (Wij) describes the baseline con-
nectivity between nodes, while a row-stochastic matrix

Rij = Wij∑
k Wik

(11.1)

is used to model the probabilistic movement of individuals.
In the hospital interpretation adopted later in this chapter, each node

will represent a ward, and Rij will correspond to normalized patient transfer
probabilities between wards. The same network structure is used both in
the full SIIS model with coinfection and in the simplified two-strain model
employed for the analytical derivation of the threshold behaviour.

To describe the model we consider a population divided into N sub-
populations (nodes), each of which is internally well-mixed. Two infectious
agents, denoted A1 and A2, can circulate simultaneously. Each individual
belongs to exactly one of four compartments:

• SS: susceptible to both agents A1 and A2;

• IS: infected only by agent A1;

• SI: infected only by agent A2;

• II: coinfected by both A1 and A2.

Transmission occurs through direct or indirect contact with infected indi-
viduals in the same node and is governed by a baseline infection probability
λ and interaction cost factors q and ν: q ∈ [0, 1] modulates the transmis-
sibility of the second agent relative to the first (e.g. resistant vs. sensitive
strain), while ν is a parameter that regulate the possibility to have coopera-
tive disease (if ν > 1) or competitive diseases (ν ∈ [0, 1]) [104]. In our case,
we consider the second scenario: ν modulates the probability of acquiring a
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second infection given an existing single infection, i.e. a coinfection penalty.
Infected individuals may recover with probability µ per time step. Recovery
is modeled as a stepwise reduction of infectious load: individuals in com-
partment II can first move to IS or SI, and then to SS; no direct transitions
between IS and SI or between II and SS are assumed.

The model admits a natural interpretation in terms of nosocomial trans-
mission of bacteria, distinguishing between strains sensitive (S) and resistant
(R) to a given antimicrobial agent. In this framework, the compartment SS
corresponds to patients who are neither colonised nor infected, while IS de-
notes individuals infected with bacteria that remain sensitive to antibiotic
treatment. Conversely, the SI compartment represents patients colonised or
infected by a resistant strain, reflecting reduced efficacy of the antimicrobial
therapy. Finally, the II compartment accounts for mixed colonisation or
coinfection, in which both sensitive and resistant strains coexist within the
same host.

Healthy patients in SS can acquire a sensitive infection with probability
λ, or a resistant infection with probability qλ, where 0 < q < 1 reflects the
lower transmissibility typically associated with resistant strains. Patients
already infected with one strain (IS or SI) can acquire the other, moving to
II, with probability reduced by the factor ν.

Spontaneous or treatment-induced recovery is captured by a probability
µ, which governs partial or complete clearance of the infection. The absence
of direct transitions between IS and SI or between II and SS is consistent with
the assumption that recovery and loss of colonisation occur progressively.

The model is schematically represented in Fig. 11.1.
Starting from this model, we now move to a metapopulation structure.

As we mentioned before, the population is distributed over N nodes, which
may represent hospital wards or geographic areas. Individuals can move be-
tween nodes according to a mobility parameter p and compartment-specific
reduction factors.

Let ρSS
i (t), ρIS

i (t), ρSI
i (t) and ρII

i (t) denote the fractions of individuals
in node i at time t belonging to the four compartments, with

ρSS
i (t) + ρIS

i (t) + ρSI
i (t) + ρII

i (t) = 1. (11.2)

Mobility is implemented as follows:
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Figure 11.1: SIIS model: patients can be healthy (SS), infected by a
susceptible strain (IS), infected by a resistant strain (SI) or infected by
both strains (II).

• SS individuals move with baseline probability p;

• IS individuals move with reduced probability αp;

• SI individuals move with reduced probability βp;

• II individuals, being coinfected, are subject to cumulative restrictions
and move with probability αβp.

Here α, β ∈ [0, 1] quantify the strength of mobility reduction due to infection
or isolation policies. For instance, α < 1 may represent moderate contain-
ment measures for patients carrying the sensitive strain, while β < 1 may
represent more stringent isolation protocols for resistant carriers.

11.1.1 Model equations

We now write the discrete-time equations governing the evolution of the
infected compartments. For node i, the fractions of individuals in IS, SI,
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and II at time t + 1 are given by:

ρIS
i (t + 1) = ρIS

i (t)(1 − µ)
[
1 − ΠIS→II

i (t)
]

+ ρII
i (t)(1 − µ)µ+

+ ρSS
i (t) ΠSS→IS

i (t)
[
1 − ΠSS→SI

i (t)
]
,

ρSI
i (t + 1) = ρSI

i (t)(1 − µ)
[
1 − ΠSI→II

i (t)
]

+ ρII
i (t)(1 − µ)µ+

+ ρSS
i (t) ΠSS→SI

i (t)
[
1 − ΠSS→IS

i (t)
]
,

ρII
i (t + 1) = ρII

i (t)(1 − µ)2 + ρSI
i (t)(1 − µ) ΠSI→II

i (t)+

+ ρIS
i (t)(1 − µ) ΠIS→II

i (t),

(11.3)

where ΠA→B
i (t) denotes the probability that an individual associated with

node i and currently in compartment A moves to compartment B during the
time step [t, t+1]. The infection-related transition probabilities for residents
of node i at time t are:

ΠSS→IS
i (t) = (1 − p) P SS→IS

i (t) + p
N∑

j=1
RijP SS→IS

j (t),

ΠSS→SI
i (t) = (1 − p) P SS→SI

i (t) + p
N∑

j=1
RijP SS→SI

j (t),

ΠIS→II
i (t) = (1 − αp) P IS→II

i (t) + αp
N∑

j=1
RijP IS→II

j (t),

ΠSI→II
i (t) = (1 − βp) P SI→II

i (t) + βp
N∑

j=1
RijP SI→II

j (t).

(11.4)

Here, P A→B
i (t) denotes the probability that a susceptible individual

placed in node i at time t acquires infection A1 or A2 (or the second agent
in the case of coinfection), conditional on remaining in that node. These
probabilities depend on the number of infected individuals present in node
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i after mobility. Then:

P SS→IS
i (t) =

1 −
N∏

j=1
(1 − λ)nIS

j→i(t)+nII
j→i(t)(1 − qλ)nSI

j→i(t)+nII
j→i(t)

 fSS→IS(t),

P SS→SI
i (t) =

1 −
N∏

j=1
(1 − λ)nIS

j→i(t)+nII
j→i(t)(1 − qλ)nSI

j→i(t)+nII
j→i(t)

 fSS→SI(t),

P SI→II
i (t) = 1 −

N∏
j=1

(1 − νλ)nIS
j→i(t)+nII

j→i(t),

P IS→II
i (t) = 1 −

N∏
j=1

(1 − νqλ)nSI
j→i(t)+nII

j→i(t).

(11.5)
The functions fSS→IS(t) and fSS→SI(t) represent the probability that a

susceptible individual in node i first encounters an infective carrying agent
A1 or A2, respectively:

fSS→IS(t) = nIS,eff
i (t) + nII,eff

i (t)
nIS,eff

i (t) + nII,eff
i (t) + q

(
nSI,eff

i (t) + nII,eff
i (t)

) ,

fSS→SI(t) =
q
(
nSI,eff

i (t) + nII,eff
i (t)

)
nIS,eff

i (t) + nII,eff
i (t) + q

(
nSI,eff

i (t) + nII,eff
i (t)

) .
(11.6)

They depend on the effective number of infected individuals present
in node i. In particular, the number of individuals in compartment A ∈
{IS, SI, II} moving from node j to node i at time t is denoted by nA

j→i(t)
and is given by:

nIS
j→i(t) = δij

[
(1 − αp)ρIS

j (t)nj
]

+ Rji αp ρIS
j (t)nj ,

nSI
j→i(t) = δij

[
(1 − βp)ρSI

j (t)nj
]

+ Rji βp ρSI
j (t)nj ,

nII
j→i(t) = δij

[
(1 − αβp)ρII

j (t)nj
]

+ Rji αβp ρII
j (t)nj ,

(11.7)

where nj is the population size of node j and δij is the Kronecker delta.
The effective numbers of infected individuals present in node i at time t are
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then:

nIS,eff
i (t) = (1 − αp)ρIS

i (t)ni + αp
N∑

j=1
Rjiρ

IS
j (t)nj ,

nSI,eff
i (t) = (1 − βp)ρSI

i (t)ni + βp
N∑

j=1
Rjiρ

SI
j (t)nj ,

nII,eff
i (t) = (1 − αβp)ρII

i (t)ni + αβp
N∑

j=1
Rjiρ

II
j (t)nj .

(11.8)

where α and β are the mobility reduction parameters.
Equations (11.3)–(11.8) define the full SIIS metapopulation model, in-

cluding coinfection. In the next section, we focus on a simplified version
of the model (no coinfection) to derive explicit expressions for the epidemic
threshold and R0.

11.2 Estimation of R0 and critical transmission
values in the case ν = 0

As explained in Chapter 9, the basic reproduction number R0 provides a
threshold criterion for the persistence of infection. For complex structured
systems, R0 can be computed using the NGM method by separating new
infection terms from transition terms in the linearised dynamics around the
disease-free equilibrium.

To obtain tractable expressions, we consider a simplified version of the
SIIS model in which coinfection is not allowed, i.e. we set ν = 0 and ρII

i (t) ≡
0. The system then reduces to a two-strain metapopulation model with
compartments SS, IS, and SI.

In the absence of coinfection (ν = 0), the dynamics for IS and SI in node
i are:

ρIS
i (t + 1) = ρIS

i (t)(1 − µ) + ρSS
i (t) ΠSS→IS

i (t)
[
1 − ΠSS→SI

i (t)
]
,

ρSI
i (t + 1) = ρSI

i (t)(1 − µ) + ρSS
i (t) ΠSS→SI

i (t)
[
1 − ΠSS→IS

i (t)
]
,

(11.9)
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where the metapopulation infection probabilities are:

ΠSS→IS
i (t) = (1 − p) P SS→IS

i (t) + p
N∑

j=1
RijP SS→IS

j (t),

ΠSS→SI
i (t) = (1 − p) P SS→SI

i (t) + p
N∑

j=1
RijP SS→SI

j (t).

(11.10)

The local infection probabilities can be written in terms of the effec-
tive numbers nIS,eff

i and nSI,eff
i defined in (11.8). Assuming z potentially

infectious contacts per individual per time step, we have:

P SS→IS
i (t) =

[
1 − (1 − λ)znIS,eff

i (t)(1 − qλ)znSI,eff
i (t)

]
fSS→IS(t),

P SS→SI
i (t) =

[
1 − (1 − λ)znIS,eff

i (t)(1 − qλ)znSI,eff
i (t)

]
fSS→SI(t),

(11.11)

where, with ρII
i ≡ 0,

fSS→IS(t) = nIS,eff
i (t)

nIS,eff
i (t) + qnSI,eff

i (t)
,

fSS→SI(t) = qnSI,eff
i (t)

nIS,eff
i (t) + qnSI,eff

i (t)
.

(11.12)

The effective numbers in (11.8) reduce to:

nIS,eff
i (t) = (1 − αp)niρ

IS
i (t) + αp

N∑
j=1

RjinjρIS
j (t),

nSI,eff
i (t) = (1 − βp)niρ

SI
i (t) + βp

N∑
j=1

RjinjρSI
j (t).

(11.13)

We now linearise the simplified system around the disease-free equilib-
rium, where ρIS

i , ρSI
i ≪ 1 and ρSS

i ≈ 1. Let ρ∗IS
i and ρ∗SI

i denote the small
perturbations around the disease-free equilibrium in IS and SI, respectively.

Using the approximation (1 − a)x ≈ x log(1 − a) for small x, we obtain
from (11.11):

P SS→IS
i (t) ≈ −z log(1 − λ) nIS,eff

i (t),

P SS→SI
i (t) ≈ −z log(1 − qλ) nSI,eff

i (t),
(11.14)
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Substituting (11.14) into (11.10), the linearised metapopulation infection
probabilities become:

Π∗SS→IS
i ≈ −z log(1 − λ)

[
(1 − p)nIS,eff

i + p
N∑

j=1
RijnIS,eff

j

]
,

Π∗SS→SI
i ≈ −z log(1 − qλ)

[
(1 − p)nSI,eff

i + p
N∑

j=1
RijnSI,eff

j

]
.

(11.15)

Since ρSS
i ≈ 1 and terms of order ΠSS→IS

i ΠSS→SI
i are negligible, the

linearised version of (11.9) for the perturbations reads:

ρ∗IS
i ≈ ρ∗IS

i (1 − µ) + Π∗SS→IS
i ,

ρ∗SI
i ≈ ρ∗SI

i (1 − µ) + Π∗SS→SI
i .

(11.16)

To write the system in matrix form, we define the diagonal matrix N =
diag(n1, . . . , nN ) and the vectors ρIS = (ρIS

1 , . . . , ρIS
N )T , ρSI = (ρSI

1 , . . . , ρSI
N )T .

Using (11.13), we can express the effective populations as:

nIS,eff =
[
(1 − αp)N + αpRT N

]
ρIS ≡ A(α)(p) ρIS ,

nSI,eff =
[
(1 − βp)N + βpRT N

]
ρSI ≡ A(β)(p) ρSI .

(11.17)

Similarly, we define the mobility mixing matrix:

M(p) = (1 − p)IN + pR. (11.18)

Using (11.14) and (11.18), the vector of infection probabilities can be
written as:

PSS→IS ≈ −z log(1 − λ) nIS,eff ,

PSS→SI ≈ −z log(1 − qλ) nSI,eff ,
(11.19)

and the corresponding metapopulation transition probabilities as:

ΠSS→IS ≈ M(p) PSS→IS = −z log(1 − λ) M(p)A(α)(p) ρIS ,

ΠSS→SI ≈ M(p) PSS→SI = −z log(1 − qλ) M(p)A(β)(p) ρSI .
(11.20)

Substituting into the linearised dynamics (11.16) and writing in vector
form, we obtain:

ρ∗IS ≈ (1 − µ) ρ∗IS − z log(1 − λ) M(p)A(α)(p) ρ∗IS ,

ρ∗SI ≈ (1 − µ) ρ∗SI − z log(1 − qλ) M(p)A(β)(p) ρ∗SI .
(11.21)
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Comparing (11.21) with the general NGM form in discrete time

X(t + 1) = (T + Σ)X(t),

we derive, for each strain,

ΣIS = (1 − µ) IN , T IS = −z log(1 − λ) M(p)A(α)(p),

ΣSI = (1 − µ) IN , T SI = −z log(1 − qλ) M(p)A(β)(p).
(11.22)

The NGM blocks for the two strains are then:

KIS = T IS(IN − ΣIS)−1 = −z log(1 − λ)
µ

M(p)A(α)(p),

KSI = T SI(IN − ΣSI)−1 = −z log(1 − qλ)
µ

M(p)A(β)(p).
(11.23)

The full NGM is block diagonal in this simplified setting, with KIS and
KSI on the diagonal. The basic reproduction number is then given by the
spectral radius of the full matrix:

R0 = ρ(K) = max
{

ρ(KIS), ρ(KSI)
}

=

= max
{

−z log(1−λ)
µ ρ

(
M(p)A(α)(p)

)
, −z log(1−qλ)

µ ρ
(
M(p)A(β)(p)

)}
.

(11.24)
The epidemic threshold corresponds to the condition R0 = 1. From

equation (11.24), the critical transmission probabilities λα
c and λβ

c associated
with the two strains satisfy:

ρ
(
M(p)A(α)(p)

)
= − µ

z log(1 − λα
c ) ,

ρ
(
M(p)A(β)(p)

)
= − µ

z log(1 − qλβ
c )

.
(11.25)

Solving for λα
c and λβ

c yields:

λα
c = 1 − exp

(
− µ

z ρ
(
M(p)A(α)(p)

)) ,

λβ
c = 1

q

[
1 − exp

(
− µ

z ρ
(
M(p)A(β)(p)

))] .

(11.26)

The global critical value of λ is then given by:

λc = min{λα
c , λβ

c }, (11.27)
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which identifies the smallest transmission probability at which at least one
of the two strains is able to invade the metapopulation system.

The expression (11.24) makes explicit how the epidemic threshold de-
pends jointly on local epidemiological parameters (λ, q, µ), the mobility level
p, and the network structure encoded in M(p) and the mobility-restricted
matrices A(α)(p) and A(β)(p).

Finally, if we want to find the minimum value of the mobility p∗ that
minimizes R0, fixed λ, we have to calculate:

∂(R0)
∂p

∣∣∣∣
p∗

= 0 (11.28)

11.3 Estimation of the invasion reproduction
number Rinv in the case ν = 0

As discussed in Chapter 9, NGM formalism can be extended beyond the
basic reproduction number R0 to describe invasion phenomena in multi-
strain or multi-pathogen systems. While R0 is defined by linearising the
system around the disease-free equilibrium, Rinv is obtained by linearising
the dynamics of the invading strain around an endemic equilibrium of the
resident strain. In discrete time metapopulation models, this leads to Eq.
(9.15).

In the simplified SIIS model without coinfection, we have two strains:
the “sensitive” strain, associated with compartment IS, and the “resistant”
strain, associated with compartment SI. Their NGMs at the disease-free
equilibrium have been derived in Section 11.2 and are given by Eq. (11.23)
where M(p) encodes the baseline mobility pattern, while A(α)(p) and A(β)(p)
capture the effect of mobility reductions α and β on the two strains.

Let S∗
IS denote the vector of susceptible fractions at the endemic equi-

librium where only the sensitive strain (IS) is present, and analogously S∗
SI

the susceptible fractions at the endemic equilibrium where only the resistant
strain (SI) is present. In both cases, the endemic equilibrium is character-
ized by the balance between new infections and recoveries for the resident
strain, and satisfies the corresponding threshold condition:

ρ
(
D(S∗

IS) KIS) = 1, ρ
(
D(S∗

SI) KSI) = 1. (11.29)

124



Given these equilibrium susceptible profiles, the invasion reproduction
numbers for the two possible invasion scenarios are:

R(SI | IS) = ρ
(
D(S∗

IS) KSI),
R(IS | SI) = ρ

(
D(S∗

SI) KIS). (11.30)

Here R(SI | IS) measures the ability of the resistant strain (SI) to invade
a metapopulation where the sensitive strain (IS) has already reached its
endemic equilibrium, while R(IS | SI) measures the ability of the sensitive
strain (IS) to invade a metapopulation where the resistant strain (SI) is
endemic.

Biologically, R(SI | IS) > 1 indicates that the resistant strain can establish
itself in a hospital network where the sensitive strain is already circulating,
despite its reduced transmissibility (controlled by q) and possibly stronger
isolation (controlled by β). Conversely, R(SI | IS) < 1 implies that the com-
bination of fitness cost, recovery, and mobility restrictions is sufficient to
prevent the spread of resistance on the background of an endemic sensitive
strain. The symmetric interpretation holds for R(IS | SI).

From a modelling perspective, the pair

(
R(SI | IS), R(IS | SI)

)
provides a natural framework to classify the qualitative outcomes of compe-
tition between sensitive and resistant strains:

• if R(SI | IS) < 1 and R(IS | SI) > 1, only the sensitive strain can invade
and persist;

• if R(SI | IS) > 1 and R(IS | SI) < 1, the resistant strain excludes the
sensitive one;

• if both invasion reproduction numbers exceed one, mutual invasion is
possible and coexistence scenarios may arise, depending on nonlinear
feedbacks and initial conditions;

• if both are below one, neither strain can invade the endemic state
of the other, and the system exhibits strong priority effects (the first
established strain tends to persist).
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In the following section, these invasion criteria will be evaluated numeri-
cally for the SIIS metapopulation model, highlighting how infection param-
eters (λ, q, µ), mobility restrictions (α, β, p) and network structure jointly
shape the competitive balance between sensitive and resistant strains.

11.4 Derivation of R0 and Rinv in the case ν ̸= 0

Allowing transitions to the co-infected compartment II does not modify the
basic reproduction number R0. The reason is that, at the disease-free equi-
librium, co-infections satisfy ρII = O(ρISρSI) and therefore nII,eff

i = O(ε2)
for perturbations of size ε. All ν-dependent terms vanish in the linearisa-
tion of the system (O(ε2)), so the disease-free equilibrium Jacobian and its
leading eigenvalue are identical to the case ν = 0. Hence:

R0(λ, p) = max
{

τ(λ)
µ

ρ (M(p)Aα(p)) ,
τq(λ)

µ
ρ (M(p)Aβ(p))

}
, (11.31)

with τ(λ) = −z ln(1 − λ) and τq(λ) = −z ln(1 − qλ).
In contrast, ν does affect invasion. When one strain (say, IS) reaches

an endemic equilibrium, co-infections generated by the resident enter the
dynamics experienced by an invading strain (SI) introduced at very low
prevalence, and modify its linearised growth rate. Let:

x(t) =

 ρSI(t)

δρII(t)

 (11.32)

collect the state variables associated with the invading pathogen. Its lin-
earised dynamics around the resident equilibrium can be written as:

x(t + 1) = (Tinv(ν) + Σres(ν) ) x(t), (11.33)

where Σres(ν) denotes the transition matrix of the invading subsystem, eval-
uated at the resident equilibrium, and Tinv(ν) collects the corresponding
new-infection terms.

The invasion next-generation operator is:

Kinv(ν) = Tinv(ν) (I − Σres(ν))−1 . (11.34)

In analogy with case with ν = 0, the effect of the resident equilibrium en-
ters the invasion dynamics exclusively through the availability of susceptible
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individuals, which rescales the transmission terms but does not affect tran-
sitions among infected compartments. Accordingly, the linearised dynamics
of the invading pathogen can be written as:

x(t + 1) =
[
Σres(ν) + D

(
S∗

(res)

)
Tinv(ν)

]
x(t). (11.35)

This implies that the effective invasion operator is:

Keff
inv(ν) = D

(
S∗

(res)

)
Tinv(ν) (I − Σres(ν))−1 = D

(
S∗

(res)

)
Kinv(ν). (11.36)

For an invader introduced into the endemic equilibrium of the resident
strain, let S∗

(res) denote the susceptible fractions at that equilibrium, the
corresponding invasion reproduction number is given by:

Rinv(ν) = ρ
(
Keff

inv(ν)
)

. (11.37)

Explicitely, we can write:

R(SI | IS+II) = ρ
(
D
(
S∗

(IS+II)

)
KSI

inv(ν)
)

,

R(IS | SI+II) = ρ
(
D
(
S∗

(SI+II)

)
KIS

inv(ν)
)

,

(11.38)

These expressions are formally identical to the invasion criteria in two-
pathogen systems without co-infection. The novelty is entirely embedded in
Kinv(ν), whose blocks depend on ν through the resident equilibrium (IS+II)
or (SI + II) and through the transitions leading from single infection to
co-infection. In particular, ν enters the invasion operator both through
the probabilities of progression from single infection to co-infection (e.g.
P SI→II and P IS→II , which scale as τ(λ) and τq(λ)), and through the resi-
dent equilibrium itself: the background fields (ρIS∗, ρII∗, ρSS∗) depend on ν,
thereby modifying the epidemiological background in which the invading
strain grows.

11.5 Results

In this section, we analyze the dynamical behaviour of the SIIS metapopu-
lation model under a range of epidemiological and mobility conditions. Our
goal is to characterise how transmission probabilities, mobility patterns, in-
teraction costs and coinfection penalties shape the qualitative outcomes of
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competition between the two strains, and to assess the consistency between
deterministic (Markovian) simulations, stochastic agent-based Monte Carlo
simulations, and the analytical predictions derived from the reproduction
numbers R0 and Rinv.

First, we explore the dynamical regimes emerging from the discrete-time
Markov equations under systematic variation of the relevant parameters.
Second, we compare these results with stochastic simulations, highlighting
common features and divergences, especially in the presence of coinfection.
Finally, we focus on the invasion reproduction number Rinv and show how it
provides a mathematically precise prediction of a sharp threshold in mobility,
denoted p⋆, separating dominance of one strain from dominance of the other.

11.5.1 Deterministic Markov simulations

We begin by analyzing the deterministic behaviour of the SIIS metapopula-
tion model through the numerical integration of the discrete-time equations
presented in Section 11.1.1. For each parameter configuration, the system
is iterated until convergence, and the steady-state prevalence of each com-
partment is computed as a function of the infection rate λ and the mobility
parameter p. These two-dimensional heatmaps are arranged over grids in-
dexed by the fitness cost q and the coinfection penalty ν, thereby revealing
the qualitative structure of the model’s long-term dynamics.

Since the goal of this section is to characterise competition between the
two strains, we focus on the IS and SI compartments.

Asymmetric mobility: IS dominance (case α = 1, β = 0)

When IS individuals move freely and SI individuals cannot move, the IS
heatmaps exhibit a uniform structure across the entire (q, ν) parameter
space. In all scenarios, the sensitive strain maintains high prevalence with-
out any significant transitions or competing regimes.

Figure 11.2 shows a selection of heatmaps for this configuration. The
smooth gradients in λ and p, combined with the absence of sharp boundaries,
confirm that SI is unable to invade under any considered parameter values.
This is consistent with the dual disadvantage experienced by SI: reduced
transmissibility (q < 1) and complete loss of mobility (β = 0).
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Figure 11.2: Steady-state prevalence of IS for α = 1, β = 0 across
the (q, ν) grid. Each panel shows the heatmap over (p, λ). No transition
or SI invasion occurs in this mobility regime.

Asymmetric mobility: mobility-driven threshold (case α = 0, β =
1)

When mobility asymmetry is reversed, IS individuals cannot move while SI
individuals move freely. In this regime, for ν = 0 the qualitative behaviour
changes drastically. The IS heatmaps now display a sharp, nearly vertical
transition in the (p, λ) plane: for low mobility, IS persists; beyond a critical
threshold p⋆, IS collapses abruptly.

Fig. 11.3 shows the full grid of IS heatmaps for this configuration, while
Fig. 11.4 shows the complementary SI heatmaps. The two sets of transitions
are perfectly symmetric: SI remains absent for p < p⋆ but rapidly dominates
for p > p⋆. This structure is characteristic of pure competitive exclusion with
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no possibility of coexistence when ν = 0.

Figure 11.3: Steady-state prevalence of IS for α = 0, β = 1 across
the (q, ν) grid. A sharp transition at mobility p⋆ marks the collapse of IS
for ν = 0.
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Figure 11.4: Steady-state prevalence of SI for α = 0, β = 1 across
the (q, ν) grid. SI becomes dominant for p > p⋆, mirroring the collapse of
IS for ν = 0.

To provide a clearer illustration, Fig. 11.5 shows the individual IS and
SI heatmaps for q = 0.80 and ν = 0.
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Figure 11.5: Stationary densities ρIS (a) and ρSI (b) for q = 0.8, ν = 0.3
and asymmetric mobility (α = 0, β = 1). The collapse of IS occurs at
p ≈ p⋆, when SI becomes dominant.

This pair of heatmaps makes the competitive dynamics explicit: below
the mobility threshold, spatial confinement allows IS to remain endemic;
above it, the resistant strain fully invades despite its intrinsic fitness cost. No
coexistence region is observed, confirming the competitive-exclusion nature
of the ν = 0 dynamics.

The deterministic simulations highlight some structural features of the SIIS
dynamics. First, mobility asymmetry emerges as the principal determinant
of competitive outcomes. When only the sensitive strain is allowed to move,
the resistant strain systematically fails to invade; conversely, when mobility
is granted exclusively to the resistant strain, the sensitive strain collapses as
soon as the mobility parameter exceeds a critical value p⋆. In both cases, it
is the differential access to movement, and not the intrinsic transmissibility
parameters, that determines which strain colonises the metapopulation. A
second observation concerns the presence of a well-defined mobility thresh-
old p⋆, sharply separating the IS-dominated and SI-dominated regimes, when
the parameter ν is zero. This transition is rapid and remains clearly identi-
fiable across a wide range of q values. As shown in next Subsection 11.5.3,
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the analytically computed value of p⋆, obtained by solving the invasion con-
dition Rinv = 1, coincides with the location of the transition observed in the
deterministic simulations.

11.5.2 Monte Carlo agent-based simulations

To complement the deterministic analysis based on the discrete-time Markov
equations, we performed a set of Monte Carlo (MC) agent-based simula-
tions on the same metapopulation structure used throughout this chapter.
The purpose of this section is to assess the robustness of the deterministic
predictions when stochastic effects and finite-size fluctuations are explicitly
accounted for, and to verify to what extent the sharp transition between
dominance of the IS and SI compartments, observed in the Markov frame-
work for ν = 0, persists in a fully stochastic scenario.

Simulation setup

The MC simulations track the individual-level dynamics of 215 640 agents
distributed across the 22 nodes of the Cali mobility network, with initial
populations matching the empirical node sizes.

At each time step (out of a total of 500) the MC dynamics proceeds
through two sequential phases. In the first phase (mobility), each agent de-
cides whether to leave its current node. Individuals in state SS move with
probability p, those in IS with probability αp, those in SI with probabil-
ity βp, and agents in state II with probability αβp. Whenever movement
occurs, the destination node is selected according to the mobility weights
encoded in the matrix R. In the second phase (infection and recovery),
each agent interacts with a random fraction z of the individuals present in
its destination node. Transitions between epidemiological states follow the
same probabilistic rules used in the Markov model. An SS agent becomes
infected by the sensitive strain with probability λ upon contact with an IS or
II individual, and infected by the resistant strain with probability qλ upon
contact with an SI or II individual. Agents in IS (respectively SI) recover
with probability µ; if recovery does not occur, they may acquire the second
strain upon contact with SI or II (respectively IS or II) with probabilities
modulated by the parameter ν. Finally, agents in state II recover from one
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of the two strains with probability µ, transitioning back to either IS or SI.
For each parameter set, we ran 50 independent realisations, and results

were averaged across runs. This averaging procedure is sufficient for conver-
gence, given the large agent population, although some residual stochastic
variability remains visible in the time-series plots.

Heatmap analysis for ν = 0

We begin by analyzing the case α = 0, β = 1, q = 0.8, and ν = 0, which
represents the exact stochastic analogue of the deterministic scenario shown
in Section 11.5.1. In this regime, co-infection is suppressed, and the system
reduces to a competition between IS and SI, modulated by mobility and
by the fitness cost q. Figure 11.6 reports the heatmaps of the stationary
densities ρIS and ρSI obtained from the MC simulations.

In the agent-based simulations, the densities ρIS and ρSI are obtained
by counting how many agents occupy each epidemiological state. For each
patch i, if nA

i (t) denotes the number of agents in state A ∈ {SS, IS, SI, II}
at time t and ni the total population of that patch, the global fraction in
state A is computed simply as:

ρA(t) = 1
n

N∑
i=1

nA
i (t),

where n is the total number of agents in the system and N is the number
of nodes. Because single realisations are affected by stochastic fluctuations,
the stationary density reported in the heatmaps is the average over the
R = 50 independent runs. If ρA(r) denotes the stationary density from run r

(obtained by time-averaging ρA(t) over the final portion of the simulation),
the value shown is:

ρ̄A = 1
R

R∑
r=1

ρA(r).
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Figure 11.6: Monte Carlo stationary densities ρIS (a) and ρSI (b) for
q = 0.8, ν = 0.3 and asymmetric mobility (α = 0, β = 1)

The stochastic heatmaps reproduce the key qualitative feature already
observed in the Markov model: a sharp mobility-driven transition separating
a region where IS dominates (p below a critical threshold p⋆) from a region
where SI becomes the prevalent infection. The threshold is slightly blurred
by stochastic effects, but its location coincides remarkably well with the
deterministic prediction.

Effect of co-infection: comparison between ν = 0 and ν > 0

To evaluate the impact of co-infection on the dynamics, we performed ad-
ditional MC simulations for the same parameter set (α = 0, β = 1, q = 0.8)
but with ν = 0.3. Figure 11.7 shows the resulting heatmaps.
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Figure 11.7: Monte Carlo stationary densities ρIS (a) and ρSI (b) for
q = 0.8, ν = 0.3 and asymmetric mobility (α = 0, β = 1)

Figure 11.8: Markov stationary densities ρIS (a) and ρSI (b) for q = 0.8,
ν = 0.3 and asymmetric mobility (α = 0, β = 1)

In this case, the deterministic and stochastic models diverge more no-
ticeably. Two mechanisms offer a plausible interpretation of this discrep-
ancy. First, when ν > 0 the transitions involving acquisition of the sec-
ond strain (IS → II and SI → II) become comparatively rare events. In the
deterministic Markov equations, these transitions are treated as smooth,
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continuous fluxes, whereas in the agent-based system, they occur through
discrete, stochastic encounters. Second, the presence of the II compart-
ment introduces an additional source of variability: once agents enter II,
the sequence and timing of partial recoveries (II → IS or II → SI) depend
strongly on chance realizations. These stochastic asymmetries can momen-
tarily favour one strain over the other, effectively smoothing the competi-
tion boundary observed in the ν = 0 case. Even at the qualitative level, the
Markov predictions (shown in Fig. 11.8) display a more structured transi-
tion than the MC simulations, which tend to smooth out the competition
boundary and attenuate the sharp dominance observed at ν = 0.

The MC simulations confirm the deterministic results for ν = 0, while
revealing the limits of the Markov approximation once co-infection becomes
sufficiently frequent.

Temporal dynamics

To further compare deterministic and stochastic dynamics, we analyzed the
temporal evolution of the system for three representative parameter sets.
Figure 11.9 displays the average MC trajectories (thick lines with shaded
variability bands) overlaid with the corresponding Markov solutions (dashed
lines).

(a) (b) (c)

Figure 11.9: Temporal evolution of the SIIS model under three
representative parameter sets: (a) α = 0, β = 1, q = 0.8, ν = 0,
λ = 0.075, p = 0.2; (b) α = 0, β = 1, q = 0.8, ν = 0.3, λ = 0.09, p = 0; (c)
α = 0, β = 1, q = 0.8, ν = 0.3, λ = 0.09, p = 0.9.

For ν = 0, the agreement between MC and Markov trajectories is very
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good, in particular at stationarity. When ν > 0, however, the MC simu-
lations systematically drift away from the deterministic prediction. This
behaviour is consistent with the heatmap results: co-infection amplifies
stochastic fluctuations and weakens the deterministic separation between
the compartments, leading to broader stationary distributions.

11.5.3 Threshold analysis via the invasion reproduction num-
ber

The theoretical framework introduced in Section 9.5.1 provides a general
criterion to analyze competitive interactions between strains in structured
systems. In the SIIS model, the basic reproduction number R0 is not in-
formative for determining which strain dominates, since for the relevant
parameter ranges of interest, we obtain R0 > 1 for both IS and SI. In
this regime, the classical threshold interpretation of R0 breaks down: both
strains are capable of persisting in isolation, and the outcome of competition
is determined not by emergence but by invasion. For this reason, the appro-
priate indicator is the invasion reproduction number Rinv, which quantifies
whether one strain can invade when the other is already endemic.

As discussed in Sections 9.5.1 and in 11.3, Rinv is computed by linearising
the dynamics of the invading strain around the endemic equilibrium of the
resident strain. Invasion succeeds if Rinv > 1 and fails if Rinv < 1. When
Rinv = 1, the system lies precisely on an invasion threshold.

In particular, for our SIIS model, we focus on the regime with ν = 0,
where coexistence is structurally precluded by the absence of co-infection.
In this case, the system necessarily converges to either an IS-dominated
or SI-dominated state, and the transition between these two outcomes is
governed by a single critical mobility value p⋆. To determine this threshold
analytically, we compute the value of p such that the invasion criterion
Rinv = 1 is satisfied. The calculation is performed for fixed

λ = 0.16, µ = 0.25, β = 1, z = 0.01, ν = 0,

while varying between 0 and 1, the pair (α, q), which respectively control
mobility suppression and relative transmissibility of the IS strain.

First, we calculated the threshold value p⋆ from the model simulations
with the Markov equations. In this case, p⋆ corresponds to the value of p at
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which the transition from IS-type infected to SI-type infected occurs. Figure
11.10 reports the critical mobility values p⋆ obtained from deterministic
Markov simulations. White regions correspond to parameter combinations
for which IS always dominates (i.e., SI never invades), and no threshold can
be defined.

Figure 11.10: Critical mobility values p⋆ estimated from determinis-
tic Markov simulations, as a function of (α, q). White regions indicate
absence of an SI-to-IS transition.

The structure is monotonic: increasing q (i.e., increasing the effective
transmissibility of SI relative to IS) shifts the threshold toward lower values
of p, as expected. Similarly, increasing α increases the mobility of IS (and
therefore favors IS), raising the threshold relative to p⋆.

Then we calculated the value of p⋆ for the parameter pairs (α, q) using
the mathematical formulation of Rinv. Figure 11.11 displays the values of
p⋆ obtained by solving the condition Rinv = 1 under the same parameter
configuration.
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Figure 11.11: Critical mobility values p⋆ obtained by solving Rinv = 1.
The white regions correspond to the parameter pairs for which SI invasion
never occurs.

The agreement with the simulation-based heatmap is remarkably good.
Although the analytical threshold tends to slightly underestimate p⋆ in re-
gions where the deterministic dynamics exhibit a very sharp transition, the
qualitative structure is preserved and the quantitative discrepancy remains
small. This confirms that the invasion reproduction number captures the
fundamental mechanism underlying strain replacement in the SIIS model.

Furthermore, the consistency between Fig. 11.10 and 11.11 has two
main implications: the competition between IS and SI in the absence of
co-infection is governed by an invasion threshold, and the sign of Rinv − 1
provides a reliable predictor of the long-term outcome, even in a structured
metapopulation model with mobility heterogeneities.

For completeness, Table 11.1 summarises the relevant entries of the gen-
eral classification of multi-strain invasion scenarios. The SIIS model with
ν = 0 fits perfectly into the regime

R0,1 > 1, R0,2 > 1, (R12 > 1 > R21) or (R21 > 1 > R12),

corresponding to competitive exclusion: whichever strain can invade the
endemic equilibrium of the other ultimately dominates.
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Conditions Interpretation

R0,1 < 1, R0,2 < 1 Both strains go extinct

R0,1 > 1, R0,2 < 1 Strain 1 spreads (and vice versa)

R0,1 > 1, R0,2 > 1, R12 > 1 > R21 Strain 1 excludes strain 2

R0,1 > 1, R0,2 > 1, R21 > 1 > R12 Strain 2 excludes strain 1

R0,1 > 1, R0,2 > 1, R12 > 1, R21 > 1 Possible coexistence / bistability

Table 11.1: Relevant invasion regimes for two competing strains. The SIIS
model with ν = 0 belongs to the highlighted regime.
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Chapter 12

Conclusion

AMR remains one of the most challenging problems in contemporary health-
care, driven by the interplay between biological evolution, clinical practices,
and the structural organization of hospitals and communities. Its persistence
reflects the difficulty of capturing, within a single analytical framework, both
the complexity of microbial data and the dynamical mechanisms that govern
the spread and replacement of resistant strains.

This thesis approached the problem from two complementary perspec-
tives. The first part focused on data-driven methodologies, investigating
how ML techniques can be used to predict resistance phenotypes and recon-
struct incomplete AMR datasets. The second part adopted a mechanistic
point of view, developing and analysing mathematical models that describe
the transmission of sensitive and resistant strains in structured populations,
both at the ward level and across larger mobility networks.

The findings from Part I show that ML can extract predictive structure
from genomic and phenotypic data despite noise, imbalance, and missing-
ness, conditions that are typical of real AMR surveillance systems. Accurate
phenotype prediction demonstrates that resistance determinants often leave
identifiable signatures in genomic profiles, whereas the success of imputation
methods highlights the possibility of partially mitigating the incompleteness
of current datasets. At the same time, the analysis makes clear that ML
models are sensitive to the biological relevance and representativeness of the
available features: when determinants of resistance are weakly expressed in
the data or missing entirely, predictive reliability deteriorates. These results
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reinforce the idea that ML is a valuable component of AMR analysis, but one
that must operate in conjunction with domain knowledge and mechanistic
insight.

Part II examined AMR from a population-dynamical perspective. The
XSR and SIIS models developed in this thesis reveal how spatial heterogene-
ity, selective pressure, fitness costs, and mobility patterns shape the compe-
tition between sensitive and resistant strains. The analytical derivation of
reproduction numbers and invasion thresholds provides explicit conditions
under which resistance can emerge, persist, or be outcompeted, conditions
that depend not only on biological traits but also on the structure of hos-
pital wards and, in the case of the SIIS model, on mobility across urban
districts. These models show that resistance dynamics cannot be under-
stood purely from static data, but are the result of interactions between
local transmission, patient movement, and intervention strategies. In this
sense, the models offer mechanistic explanations for patterns that may be
observed empirically but are not directly inferable from data alone.

Furthermore, the introduction of the SIIS model represents an original
element of this thesis. By incorporating both spatial mobility and compet-
itive interactions between strains, it offers a flexible modelling framework
that extends beyond AMR and can be applied to a variety of multi-strain
epidemiological contexts.

The two parts of the thesis point toward an integrative framework in
which ML and mechanistic modelling reinforce each other. ML-derived pre-
dictions and imputed datasets can reduce uncertainty in parameter esti-
mation, inform the structure of transmission models, and identify hetero-
geneities that require explicit representation. Conversely, mechanistic mod-
els can guide the interpretation of ML outputs, highlight parameter regimes
where data-driven methods are likely to fail, and provide a theoretical basis
for designing new data collection strategies. This interplay suggests that
neither approach is sufficient on its own: the empirical breadth of ML and
the interpretative power of modelling must coexist to produce analyses that
are both accurate and epidemiologically meaningful.

The work also highlights several open challenges. On the data-driven
side, the main limitation remains the scarcity of large, standardised, bio-
logically rich datasets. Expanding genomic and phenotypic surveillance and
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incorporating measures of uncertainty into ML predictions will be crucial
for improving robustness. From the modelling perspective, the assumptions
of homogeneous mixing, deterministic updates, and simplified mobility may
overlook important sources of variability, calling for models that incorporate
stochasticity, behavioural heterogeneity, and more realistic data sources. A
deeper integration of the two approaches will require hybrid frameworks
capable of learning from data while respecting mechanistic constraints, po-
tentially through data assimilation, Bayesian inference, or ML-guided pa-
rameter estimation.

In conclusion, this thesis contributes both methodological tools and con-
ceptual insight into the analysis of AMR. It shows that combining data-
driven and mechanistic perspectives is not merely advantageous but neces-
sary to understand the multiscale processes that govern resistance dynam-
ics. In this sense, this work provides a foundation for future developments,
encouraging the design of analytical frameworks that are not only more pre-
dictive but also more interpretable and better aligned with the practical
needs of clinicians and public health practitioners, with the ultimate goal
of supporting more effective interventions against one of the most pressing
challenges of modern medicine.
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Appendix A

Mathematical Derivations for
the XSR Metapopulation
Model

This appendix provides the algebraic details omitted from Chapter 10 for
readability. All derivations are consistent with the notation introduced
therein. We report: (i) the explicit expression of the fourth equilibrium
point of the one-node XSR system; (ii) the full linearisation of the infec-
tion probabilities; (iii) the detailed construction of the transmission and
transition matrices for the NGM; (iv) the derivation connecting the global
reproduction number R0 to the critical transmission threshold β1.

A.1 Fixed points of the one-node XSR system

The discrete-time system describing the dynamics of the three-compartment
XSR model is:

S(t + 1) = S(t) + β1S(t)X(t) − (γ + τ1 + τ2)S(t) − σS(t),

R(t + 1) = R(t) + β2R(t)X(t) + σS(t) − (γ + τ2)R(t),

X(t) = 1 − S(t) − R(t),

(A.1)

with β2 = β1(1 − c).
At equilibrium we set S(t + 1) = S(t) = S and R(t + 1) = R(t) = R,
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which yields:

S [β1(1 − S − R) − (γ + τ1 + τ2 + σ)] = 0,

R [β2(1 − S − R) − (γ + τ2)] + σS = 0.
(A.2)

The first three equilibrium points follow immediately:

(S∗, R∗) = (0, 0),
(

1 − γ + τ1 + τ2 + σ

β1
, 0
)

,

(
0, 1 − γ + τ2

β2

)
.

The fourth equilibrium point, corresponding to the coexistence of S and
R, is obtained by solving system (A.2) under the condition S ̸= 0 and R ̸= 0.
The explicit closed-form expression is:

S∗ = (−β1 + γ + τ1 + τ2 + σ) [−β1(γ + τ2) + β2(γ + τ1 + τ2 + σ)]
β1 [−β1(γ + τ2 + σ) + β2(γ + τ1 + τ2 + σ)] ,

R∗ = σ(−β1 + γ + τ1 + τ2 + σ)
−β1(γ + τ2 + σ) + β2(γ + τ1 + τ2 + σ) .

(A.3)

As discussed in Chapter 10, when σ ≈ 0 coexistence occurs only in the
degenerate case:

γ + τ1 + τ2
β1

= γ + τ2
β2

.

A.2 Linearisation of infection probabilities

The infection events depend on the probabilities:

P S
i = 1 −

N∏
j=1

(1 − β1ρS
j )nj→i , P R

i = 1 −
N∏

j=1
(1 − β2ρR

j )nj→i , (A.4)

where nj→i is defined as in Eq. (2.13) of the main text.
Near the disease-free equilibrium, ρS

j , ρR
j ≪ 1 and we may use:

(1 − x)k ≈ 1 − kx for small x.

Thus:

P S
i ≈

N∑
j=1

β1 ρS
j nj→i, P R

i ≈
N∑

j=1
β2 ρR

j nj→i.

Substituting into the mobility-weighted transition terms:

ΠX→S
i = (1 − pd)P S

i + pd

N∑
j=1

RijP S
j ,
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we obtain:

ΠX→S
i ≈ (1 − pd)

N∑
j=1

β1ρS
j nj→i + pd

N∑
j=1

Rij

(
N∑

l=1
β1ρS

l nl→j

)
. (A.5)

The same calculation applies to ΠX→R
i .

To make the structure explicit, we substitute nj→i:

nj→i = δij(1 − pd)ni + pd Rjinj ,

which yields:

ΠX→S
i ≈ β1

N∑
j=1

[
(1 − pd)2δijnj + pd(1 − pd) nj (Rij + Rji) + p2

d nj(RRT )ij

]
ρS

j .

(A.6)

This motivates the definition of the matrix M :

Mij = (1 − pd)2 δijnj + pd(1 − pd) nj(Rij + Rji) + p2
d nj(RRT )ij . (A.7)

Thus:
ΠX→S

i ≈ β1(Mρ⃗S)i, ΠX→R
i ≈ β2(Mρ⃗R)i.

A.3 Derivation of the NGM matrices

The linearised subsystem for the infected variables at the disease-free equi-
librium may be written as:

X(t + 1) = (T + Σ)X(t).

From Eqs. (3.12)–(3.15) we obtain the local blocks:

Ti =

β1ni 0

0 β2ni

 , Σi =

1 − (γ + τ1 + τ2 + σ) 0

σ 1 − (γ + τ2)

 .

The global matrices are block-diagonal for Σ:

Σ =

IN (1 − (γ + τ1 + τ2 + σ)) ON

IN (σ) IN (1 − (γ + τ2))

 ,
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and block-structured for T :

T =


[
(1 − pd)β1nk→i + pdβ1Rikneff

k

]
ON

ON

[
(1 − pd)β2nk→i + pdβ2Rikneff

k

]
 .

The inverse needed for the NGM is:

(I − Σ)−1 =

 IN
1

γ+τ1+τ2+σ ON

IN
σ

(γ+τ2)(γ+τ1+τ2+σ) IN
1

γ+τ2

 .

Multiplying T (I − Σ)−1 yields the block-lower-triangular NGM:

K =

K11 ON

K21 K22

 ,

with:
K11,ij = β1

γ + τ1 + τ2 + σ

[
(1 − pd)nj→i + pdRijneff

j

]
,

K22,ij = β2
γ + τ2

[
(1 − pd)nj→i + pdRijneff

j

]
.

A.4 Equivalence between R0 and the critical trans-
mission threshold

Let λmax(M) be the spectral radius of the matrix M defined in Eq. (A.7).
From the NGM structure:

R0 = max {λmax(K11), λmax(K22)} .

Since K11 and K22 are proportional to M :

λmax(K11) = β1
γ + τ1 + τ2 + σ

λmax(M),

λmax(K22) = β2
γ + τ2

λmax(M),

and recalling β2 = (1 − c)β1, we obtain:

R0 = λmax(M) max
{

β1
γ + τ1 + τ2 + σ

,
(1 − c)β1

γ + τ2

}
.

Setting R0 = 1 and solving for β1 yields:

β1c = 1
λmax(M) min

{
γ + τ1 + τ2 + σ,

γ + τ2
1 − c

}
,

which matches the expression in Chapter 10.
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