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- Salvatore Ingrassia

Matrix-variate distributions are powerful tools for modeling three-way datasets that often arise in longitudinal and multidi-
mensional spatio-temporal studies. However, observations in these datasets can be missing or subject to some detection limits
because of the restriction of the experimental apparatus. Here, we develop an efficient EM-type algorithm for maximum like-
lihood estimation of parameters, in the context of interval-censored and/or missing data, utilizing the matrix-variate normal
distribution. This algorithm provides closed-form expressions that rely on truncated moments, offering a reliable approach to
parameter estimation under these conditions. Results obtained from the analysis of both simulated data and real case studies
concerning water quality monitoring are reported to demonstrate the effectiveness of the proposed method.
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1 Introduction

In numerous practical applications and experimental stud-
ies, data collection often involves interval censoring and
missing values. As concerns the first aspect, variables of
interest can be prone to specific threshold values, beyond
or below which measurements become unattainable; in other
terms, the observed values are restricted to specific inter-
vals. This scenario is notably prevalent in the examination
of human immunodeficiency virus (HIV) behavior, wherein
the quantification of HIV-1 RNA viral load is typically
assessed according to certain upper and lower detection
limits (see, e.g. De Gruttola and Lagakos,1989; Lachos et
al., 2011). Another illustrative example is evident in envi-
ronmental research, where concentration levels of chemical
substances are influenced by multiple detection limit val-
ues (see, e.g. Galarza et al., 2022). Regarding the second
aspect, missing values are often a commonplace occurrence,
stemming from various factors such as non-disclosure of
information, technical failures, data processing errors, or the
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researcher’s inability to procure a specific observation. These
circumstances have the potential to constrain or significantly
diminish the comprehensive understanding and analysis of
the phenomena of interest.

As well-known in the statistical literature (see, for exam-
ple, Acock, 2005; Helsel, 2011), the least advisable approach
in handling this kind of data is to omit or erase them. This
introduces a significant bias into subsequent estimates and
eliminates crucial information embedded within them. Like-
wise, imputing or substituting synthetic values, as if they
were genuinely measured, often introduces a set of inaccura-
cies. Indeed, an intrusive signal to the data can be added
which may either obscure the information present in the
actual measurements or, conversely, might introduce a sig-
nal that is not genuinely inherent in the data. It is easy
to understand that the analysis of data jointly containing
interval-censored and missing values poses even more signif-
icant challenges. Our work focuses on data simultaneously
presenting both characteristics.

In the univariate and multivariate literature, different
works have been recently introduced to jointly handle cen-
sored (not necessarily of interval nature) and missing data.
Some examples in this direction consists of the works of Lin
et al. (2018); Valeriano et al. (2021); Faucheux et al. (2021);
Galarza Morales etal. (2021); Bahari etal. (2021); de Alencar
etal. (2022) and Valeriano et al. (2023). Nevertheless, our aim
in this study is directed towards the examination of matrix-
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variate data. This kind of data originates from examining p
attributes in ¢ occasions across a set of n units. Examples
include spatial multivariate data, multivariate longitudinal
data, and spatio-temporal data. In all these instances, a p x g
matrix is observed for each statistical unit, signifying that
a sample of n matrices can be organized intoa p X g X n
three-way array.

The matrix-variate literature is gaining increasing atten-
tion, as evidenced by the growing number of contributions in
this field (refer to, for instance, Sarkar et al., 2020; Gallaugher
and McNicholas, 2020; Thompson et al., 2020; Tomarchio,
2024; Tomarchio et al., 2022; 2023). While there have been
efforts to address the missing data problem within this con-
text, as proposed by Triantafyllopoulos (2008); Allen and
Tibshirani (2010); Glanz and Carvalho (2018); Zhang and
Bandyopadhyay (2020), there is currently no work address-
ing the issue of censored data, to the best of the author’s
knowledge. Our paper introduces an approach designed to
simultaneously handle both interval-censored and missing
data within a matrix-variate framework, thus filling a gap
in the existing literature. More in detail, we propose an
approach based on the matrix-variate normal (MVN) distri-
bution which, among the matrix-variate distributions, plays
the same pivotal role as the multivariate normal distribution
in the family of multivariate distributions. In particular, a
fully likelihood-based approach is carried out, including the
implementation of an expectation-conditional maximization
(ECM) algorithm (Meng and Rubin 1993) for maximum like-
lihood (ML) parameter estimation. By using the properties
of the MVN distribution, we compute the truncated moments
required to obtain closed-form expressions for parameter
estimates. The interval censoring mechanism therein illus-
trated allows us to handle missing (at random) and censored
values simultaneously (de Alencar et al. 2022; Valeriano et al.
2023).

We assess the effectiveness of the suggested method
through analyses conducted on both simulated and real data.
In the simulated data analysis, we assess parameter recov-
ery outcomes across various scenarios and contrast them
with those obtained from an alternative method. In the real
data analysis, we focus on examining concentration levels
of chemical substances dissolved in water at the Chesapeake
Bay (see, Murphy et al., 2019). Specifically, our investiga-
tion targets the data collected at two monitoring stations,
each exhibiting a distinct combination of interval-censored
and missing data.

The paper is organized as follows. In Sect.2, we briefly
discuss some preliminary concepts related to the MVN dis-
tribution, its properties, and the advantages of using the
matrix-variate form factor over its vectorization. In Sect. 3,
we present the MVN model for interval-censored and miss-
ing data, including the ECM algorithm for ML estimation.
In Sect. 4, we illustrate the simulated and real data analyses.
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Finally, Sect. 5 concludes with some discussion and possible
directions for future research.

2 Preliminaries

In this section, we begin by providing some notation that
will be consistently employed throughout the manuscript.
Specifically, a random matrix of dimensions p x q is labeled
as X, and its observed realization is denoted as X'. Moreover,
arandom vector of dimension pq is identified as X, while its
observed realization is labeled as x.

Then, we present a concise overview of the MVN distri-
bution and its key features (Sect.2.1). Lastly, we revisit the
benefits associated with employing the matrix-variate form
as opposed to its vectorization (Sect.2.2).

2.1 Matrix-variate normal distribution

As introduced in Sect. 1, the MVN distribution is the most
well-known in the matrix-variate setting, particularly for its
properties and mathematical tractability (Gupta and Nagar
1999). An p x g random matrix X follows an MVN distri-
bution with mean parameter M and covariance matrices X
and ¥ of dimensions p x p and g X g, respectively, if its
probability density function (pdf) is

1
FXIM. 2. %) = (2m)Pa/2 | |P/2|X|4/2
xexp{—%tr[\ll_l()\,’—M)TZ_l(X—M)]}, )

where |A| and tr(A) denote the determinant and trace of
the matrix A, respectively. Notationally, we write X ~
NpxgM, X, W),

An equivalent definition specifies the MVN distribution as
a special case of the multivariate normal (MN) distribution.
Specifically,

X~ NpxgM, X, ¥) & vec(X)
=X ~ Npg(i = vec(M), A = ¥ @ %), )

where V), (+) denotes the MN distribution with mean p and
covariance matrix A, vec(-) is the vectorization operator, and
® denotes the Kronecker product. Lastly, it is worth mention-
ing the existence of an identifiability issue involving the two
covariance matrices. Indeed, ¥ @YX = V* QX *if ¥* =X
and W* = a~!W. Therefore, the two covariance matrices
are identifiable up to a multiplicative constant (Dutilleul
1999). In the matrix-variate literature, several approaches
have been proposed to address this problem. Herein, we adopt
the approach used in Melnykov and Zhu (2018); Sarkar et al.
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(2020); Tomarchio et al. (2022), which consists of imposing
the constraint |W| = 1.

2.2 Benefits over vectorization

From a theoretical point of view, the relationship in (2) is
often convenient for establishing and calculating quantities
of interest when working with MVN-based models (see, for
example, Viroli, 2011; 2012). Excluding these cases, when
conducting analyses, the matrix-variate formulation is pre-
ferred over its multivariate counterpart when data comes
in a matrix-variate form factor. Indeed, a potential strategy
involves the vectorization of the matrix-variate data, fol-
lowed by the application of multivariate models. However,
this data rearrangement presents several practical drawbacks,
as extensively discussed and shown in the matrix-variate
literature (see, for example, Allen and Tibshirani, 2010;
Anderlucci et al., 2014; Gallaugher and McNicholas, 2018;
Sarkar et al., 2020; Tomarchio et al., 2021). In the follow-
ing, we provide a summary of the issues induced by such an
approach.

1. Interpretability: the identification of the two sources of
variability, governed by X and ¥, would not be possible
if they were combined into a unique ¥ ® ¥ matrix. This
leads to a loss of interpretation of the data.

2. Parsimony: the number of free covariance parameters in
the matrix-variate settingis p(p+1)/2—q(g+1)/2—1.
When vectorizing, this number rises to pg(pg + 1)/2,
potentially resulting in an overparameterization of the
multivariate models.

3. Model selection: strictly connected to the previous prob-
lem, the increase in the number of parameters in the
multivariate setting can introduce challenges in model
selection. This is a consequence of the increased weight
assigned to the penalty term of widely used information
criteria.

3 Matrix-variate normal distribution for
interval-censored and missing data

Let X = {x, ..., &, ..., X} be a set of n matrices from
model (1). In this framework, we consider a similar approach
to that proposed by Valeriano et al. (2023) to model the
censored and missing multivariate responses. In detail, the
observed data for the ith subject are given by the matri-
ces (V, C;), where each element of the matrix V; represents
either the uncensored observations (V;jx = Vo;jk) or the
interval-censoring level (Vi € [V1;jk, Vaijk]), and C; is the
matrix of censoring indicators, satisfying

L if Vijjie < Xijk < Vaiji

Cirte = {0 if X,-j]k = V()ij-k " ©)
foralli e {I,...,n},j e {l,...,ptand k € {1,...,q}.
Thus, the observed data for a set of n matrices are given by
V=M,....Vi,....Vand C = {C1,....Ci,...,Cul.
In this case, (1) and (3) define the MVN interval-censored
model (hereafter, the MVNC model). To provide further elu-
cidation, the censoring structure results in truncation at both
the upper and lower bounds of the distribution’s support. This
is due to our knowledge being limited to the fact that the true
observation X; j is less than or equal to the observed quantity
V2ijk and also greater than or equal to the observed quantity
Viijk. Missing observations can be conveniently handled by
considering V1;jx = —oo and Vy;j; = +o00.

3.1 The likelihood function

For ease of calculation, we use the relationship in (2)
in this section. Specifically, let us consider vec(;Yv) =
X1, ..., X, ..., X}, Vec(]~)) = {vi,...,Vi,...,V,}, and
vec(CN) ={ey,...,¢, ..., c,}. Toobtain the likelihood func-
tion of the MVNC model, the first step is to partition each
subject as x; = (xfT, XfT)T, where the superscripts o and
c refer to the observed and censored parts, respectively.
Accordingly and after reordering, we have ¢; = (c:.’T, ch)T,

v = (VfT, VfT)T, with v§ = (v{;, v5;),

AYPAC
T ,,cT\T i i
=W mg), Ai=< > 4)
1 L A;,‘OA[C‘C
being the quantities in (4) the corresponding partitions of p;
and A;. The computation of the likelihood function involves
marginalization and conditioning of an MN distribution.
Thus, from the properties of MN distribution, we have that
X9 ~ N (B9, AZ), and X¢ | XY = x7 ~ Ny (17, AL),
where

. . -1
B = o+ ASAP) @ — ),
Algc.o — Algc _ AfO(Al-Oa)_lA?C. (5)

Now, let ®,(uj, uz;a,A) and ¢,(u; a, A) be the cdf
(computed at interval [ug, uz]) and pdf (computed at vector
u), respectively, of a p-variate MN distribution; in symbols,
Nj(a, A). From Valeriano et al. (2023) (see also, de Alencar
et al. 2022), the likelihood function of # = (u, A) given the
observed data is

€0 | vec(V), vec(C)) = > InL;, (6)

i=1
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where L; represents the likelihood function of @ for the ith
sample observation, given by

L; = f(V?i = Xic = Vgi | Xio, a)f(xo | 6)
Dy (¥ Ve % A (k0 il AL, (T)

Despite the observed log-likelihood function (6) can be
calculated without much computational burden, it involves
complex expressions and it is not convenient for ML param-
eter estimation. However, the estimation process can be
considerably simplified by the application of an EM-based
algorithm, as discussed in the subsequent section.

3.2 The ECM algorithm

We describe here an ECM algorithm, originally proposed by
Meng and Rubin (1993), for ML parameter estimation. The
ECM replaces the M-step with a sequence of conditional
maximization (CM) steps. This algorithm preserves the sta-
bility of the EM and has a typically faster convergence rate
than the original EM (McLachlan and Krishnan 2008).

For the application of the ECM algorithm, the set X is
viewed as incomplete and it is augmented with the sets
{\7, CN} to obtain the complete data S = {f, ]7, C~}. Hence,
the corresponding complete-data log-likelihood function is
L.(O) = Z;’zl £;ic(®), where ® = {M, X, ¥} and the indi-
vidual complete data log-likelihood is as follows

e(©) = — 2L 10g(2m) — glog(wn - gloguzn

2

_%u[\p—l(x,. “M)TE X — M)

=~ 10gm) — L 10g( %)) ~ L 10g(1Z)

—%tr[(‘l’ ® )" lvec(X; — Myvec(X; — M) 1.

Subsequently, the ECM algorithm for the MVNC model can
be summarized as follows:

E-step: Given the current estimate ©“ = [M®, T
\Il(k)} at the kth step of the algorithm, the E-step provides the
conditional expectation of the complete data log-likelihood

function, i.e.,

1-Yo®©8".

i=1

0©]8") =E[t.(0) | 7.0, 8"

where
0:(©6") = —”—jlog@n)—glog(wn —%loguzn

—%tr{(‘ll 23!
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X [(vec(é?(k)) — vec(M)) (vec(;\,’\i@)
—veeM)” + @]}, @®)

where vee(X") = Ex, [vee(X;)|Vi.C;. 0] and @ =

Covx,[vec(X;) | Vi, Ci, ©"].

CM-step 1: Conditionally maximizing Q(© | ®") with
respect to M and X, we obtain the following updates

~ | A
k+1) __ (k)
ME = § x®, )
o~ 1
T = § § B<k>\lr<“ B“”, (10)
i=1 j=I

where ﬁ;';) is a p x g matrix such that vec (ﬁ;';)) = f;k.) . Here
fi’;) is jth column of the pg x pg lower triangular matrix /IZE"),
obtained from the Cholesky decomposition of the matrix

A;k) (VCC(X(k)) VCC(M(kH))) (Vec(é?l.(k))
—VeC(M(k“))) _}_Q;k)’

such that A{” = f;k)fgm. Note that Z;k) is a symmetric
positive-definite matrix since it is the sum of two symmetric
positive-definite matrices.

CM-step 2: Conditionally maximizing Q (O | @(k)) with
respect to W, we get the last parameter update

n
~ —1 _
§ : § BW):“*” f’j an

tljl

A(k+1)

Note that, to satisfy the identifiability constraint |W| = 1
in the estimation process, the estimator of W in (11) is then
replaced by:

I~

Pq B(k)T"(Hl) B(k)
"(k+1) Z Z
v .
P9 pTSEEDT k) |1
| Zz 1 Z B )2 Bij | /4

12)

We stopped the algorithm when |£(/§(k+l)|V, (0] /2(70\(]{)|
V,C) — 1| < ¢, withe = 1076 , i.e., the algorithm stops
when the relative distance between two successive evalua-
tions of the log-likelihood is less than the tolerance.

3.3 Details for the steps in the ECM algorithm

The E-step reduces only to the computation of Vec(é’/(\i(k)) =

Ex,[vec(X)) V.G, 0] an = Couvy,[vec(X)) |

Vl, Cl, G)(k)] that is the first and second moments of a trun-

cated MN distribution. These can be determined in closed
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form, as a function of MN probabilities using a sequence of
simple transformations, for which we use the MomTrunc
package in R (Galarza et al. 2022). For more details on the
computation of these moments, refer to Vaida and Liu (2009);
Matos et al. (2013); Lachos et al. (2017) and Valeriano et al.
(2023).

The update in (9) follows from both (8) and the result
given, for instance, in Glanz and Carvalho (2018). To obtain
the forms in (10) and (11), first note that

oM, % w) | )
n n
=T— 7” log(|¥|) — 7q log(| %)

1 & e
-5 3w [(\1: ® E)’lLi.k)Li.k)T]
i=1
np nq
=T- > log(|¥[) — Tlog(lzl)
1 n
-5 Ztr I:L;k)T(‘I’ ® Z)_ILEI‘)]
i=1

n n
=7 - "Liogw)) — L iog(x))
2 2
1 n pq |
0T —17 k)
XX [Bwen ]
i=1 j=1
np nq
=T — —log(|¥]) — — log(|X])
2 2
1 n pq > Py
3203 [T @ 3y et
i=1 j=1
np ngq
=T — —log(|¥|) — — log(I1Z])
2 2
n  pq

1 —Ip® g, —1] T k)
_EZZ“[E B,V B ]

i=1 j=1

where we worked through known identities of the vec oper-
ator and Kronecker product (see, Glanz and Carvalho 2018,
Subsection2.1), after replacing M by its estimate in (9), and
T is a quantity that involves neither X nor W. This represen-
tation simplifies the matrix derivatives with respect to X and
W, leading to the forms given in (10) and (11), respectively
- see also Glanz and Carvalho (2018).

4 Numerical studies

In this section, we provide numerical studies based on both
simulated data (Sect.4.1) and real data concerning water
quality monitoring (Sect.4.2).

4.1 Simulated data

Firstly, we simulate data from an MVN distribution having
p = 3, q = 4, and the following parameters

3.00 6.00 3.00 6.00 1.50 0.60 0.24
M = |6.00 6.003.003.00 |, X ={0.601.500.60 |,
9.00 9.00 6.00 9.00 0.24 0.60 1.50
2.151.72 1.38 1.10
W — 1.72 2.15 1.72 1.38
1.38 1.72 2.15 1.72

1.10 1.38 1.72 2.15

Then, for each dataset, we randomly take a certain percentage
c of the pgn simulated values, where ¢ € {5%, 15%, 30%},
and replace them in a way to encompass the following s = 5
scenarios:

1. Only interval-censored values: for each selected value,
two numbers, namely a and b, are generated from a uni-
form distribution, such that ¢ € (a, b), and considered as
the lower and upper limit of the censoring interval.

2. Both missing and interval-censored values: 25% of
the selected values are replaced by using the strategy
described in point 5, and the remaining 75% are replaced
via the strategy reported in point 1;

3. Both missing and interval-censored values: 50% of
the selected values are replaced by using the strategy
described in point 5, and the remaining 50% are replaced
via the strategy reported in point 1;

4. Both missing and interval-censored values: 75% of
the selected values are replaced by using the strategy
described in point 5, and the remaining 25% are replaced
via the strategy reported in point 1.

5. Only missing values: the selected values are substituted
with +o00 (refer to Sect. 3);

We also consider three levels for the sample size, i.e. n €
{100, 200, 400}. Therefore, by combining the experimental
factors (c, s, and n), we obtain 3 x 5 x 3 = 45 data config-
urations. Note that, for each data configuration, we generate
100 datasets, resulting in a total of 4500 simulated datasets.

On each simulated dataset, we fit our MVNC model and
evaluate its capability to recover the true data-generating
parameters. To this aim, on each simulated dataset, we com-
pute the Frobenius norm for M as

M = [[M,, — M|,

and the following normalized loss functions for ¥ and W,

~ 1 —~
= — |27 2Z,, - )z ?||F and
JP "

@ Springer
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Fig.1 Box-plots of M over 100 simulated datasets for a given (c, n) pair and scenario

1y~ _
—q||\I' 1209, — w12,

Nz

where 1\7[,,1, fm, and @m are the corresponding estimates
from the mth dataset.

Given the absence of alternative models capable of
managing data with the above-mentioned characteristics in
the matrix-variate context (see Sect.1), we implement the
approach consisting of removing any observation presenting
these values as an alternative procedure. Consequently, after
cleaning each dataset, we proceed to fit the classical MVN
distribution.

V=

4.1.1 Results

Results are separately reported for each parameter using
box-plots from Figs. 1, 2 and 3, respectively. Each figure
illustrates the calculated differences for the MVNC and the
MVN approaches for each (c, n) pair over the five scenarios.
Specifically, for a given (c, n) pair and scenario, the box-plots
summarize the results over 100 simulated datasets.

The results across the three figures reveal important
insights. First, the MVNC model consistently outperforms
the MVN model across all scenarios and parameters. Impor-
tantly, this discrepancy widens as ¢ increases. As the propor-
tion of missing or censored data grows, the MVN model’s
performance deteriorates more sharply due to its reliance on
discarding incomplete observations, which reduces the effec-
tive sample size. In contrast, the MVNC model leverages all
available data, leading to more accurate estimates.

A second facet to highlight is that the performance gap
between the two models does not follow a uniform pattern
across scenarios. For a given (c, n) pair, the performance of

@ Springer

the MVN model remains relatively similar across the five
scenarios. However, for the MVNC model, the estimation
error is generally smaller in mixed scenarios (like Scenarios
2-4) than in scenarios with purely missing or censored data
(Scenarios 1 and 5). This indicates that the MVNC model is
particularly effective in dealing with a combination of miss-
ing and censored values, further boosting its advantage over
MVN in such cases.

Finally, the quantities under evaluation improve as n
increases, demonstrating the consistency of the estimators.
The MVNC model’s ability to incorporate incomplete data
allows it to capture the underlying structure better as the
sample size grows, whereas the MVN model suffers from
the reduction in effective sample size, leading to more vari-
ability and estimation errors, particularly when n is small.

4.2 Real data case studies

Here, we consider the dataCensored dataset contained in
R package baytrends (Murphy et al. 2023) and introduced
earlier in Murphy et al. (2019). Specifically, it contains water
quality variables for eight stations from the Chesapeake Bay
monitoring program. More in detail, at each station, p vari-
ables are measured at g layers on n occasions, thus producing
a p x g x n dataset. In this study, our attention is directed
toward two specific stations that exhibit interval-censored
and missing data, albeit in varying proportions. The objec-
tive is to explore two distinct real-data scenarios concerning
two stations labeled CB5.4 and EE2.1, respectively.

We begin our analysis with the CB5.4 station. For illus-
trative purposes, we consider the following p = 3 variables:
orthophosphorus (po4), dissolved inorganic nitrogen (din),
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Fig.3 Box-plots of W over 100 simulated datasets for a given (c, n) pair and scenario

and ammonium (nh4). These variables present the highest
levels of interval-censored and missing values in the dataset.
Specifically, po4 has 14.93% of missing values and 1.60% of
interval-censored values, totaling 16.56%. For din, the pro-
portions are 13.11% missing and 0.94% interval-censored,
resulting in a total of 14.05%. Lastly, nh4 shows propor-
tions of 7.80% missing and 0.72% interval-censored values,
totaling 8.52%. Overall, we easily note that the proportion of
missing values is far higher than that of interval-censored.
The variables are measured at ¢ = 4 layers: surface (S),
above-pycnocline (AP), below-pycnocline (BP), and bottom
(B). The resulting 3 x 4 matrices are then evaluated on n =

452 occasions. Thus, the final structure of the first dataset is
3 x 4 x 452.

Our second analysis concerns the EE2.1 station. Here,
we take into account the following p = 3 variables: po4,
total dissolved nitrogen (tdn), and total dissolved phospho-
rus (tdp). Similar to our earlier discussion, these variables
exhibit the highest levels of interval-censored and missing
values within this dataset. In detail, the variable po4 displays
1.81% missing values and 26.22% interval-censored values,
resulting in a combined percentage of 28.03%. For din, the
corresponding proportions are 5.21% missing and 7.39%
interval-censored, resulting in a total of 12.60%. Finally,
nh4 demonstrates proportions of 5.64% missing and 7.18%

@ Springer
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interval-censored values, yielding a cumulative percentage
of 12.82%. As it is evident, and in contrast to the preceding
dataset, the presence of interval-censored values is notably
higher than that of missing values.

These variables are measured across the same ¢ = 4 layers
previously outlined and are evaluated over n = 470 occa-
sions. Thus, the second dataset is a 3 x 4 x 470 array.

4.2.1 Results for the CB5.4 station

We start by presenting the results obtained by fitting the
MVNC model to the first dataset. In particular, the estimated
mean matrix M is

S AP BP B
po4 0.002 0.003 0.009 0.014
M= gin |:O.108 0.105 0.112 0.131i|-

nh4 L0.018 0.026 0.058 0.088

Notably, we observe a rise in the average values of both
po4 and nh4 as they are assessed from the surface to the
bottom. This trend could indicate that these substances are
either being produced or accumulating at lower depths. Pos-
sible explanations might involve biological processes, such
as the decomposition of organic matter or the release of these
compounds from sediments. The accumulation of these nutri-
ents at greater depths may influence biological productivity
and cause eutrophication (Wang et al. 2022).

For din, the trend is similar, with the exception that its
mean values decrease when moving from the surface to above
the pycnocline. The pycnocline is a layer of rapidly changing
density with depth in the ocean. The decrease in din above
the pycnocline could be due to processes such as biological
uptake by phytoplankton or other organisms in the upper
water column.

To understand the relationships between the variables and
among the different levels of depth, we now report the cor-
relation matrices R(-) related to ¥ and W, that is,

po4 din nh4
pod 1.000 0.375 0.567
R(¥) = gin [0.375 1.000 0.472} and
nh4 L0.567 0.472 1.000
S AP BP B
S r1.000 0.840 0.442 0.316
R(W) = AP |0.840 1.000 0555 0419 |
BP [0.442 0.555 1.000 0.821
B L0316 0.419 0.821 1.000

Starting with R(X), we note there is a positive corre-
lation between all the variables. To elaborate further, the
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positive correlation between po4 and din can be elucidated
by a shared origin, such as agricultural runoff or the decom-
position of organic matter. In the case of po4 and nh4,
the positive correlation indicates that processes enhancing
the availability of one nutrient may concurrently influence
the other. Notably, both are commonly associated with the
decomposition of organic matter and wastewater discharge.
Turning to the correlation between din and nh4, the posi-
tive value implies that elevated ammonium levels may lead to
increased microbial activity, consequently giving rise to the
production of various forms of dissolved inorganic nitrogen.
To sum up, the observed correlations can be rationalized by
the intricate interplay of biological and chemical processes in
aquatic ecosystems. Nutrient cycling, microbial activity, and
chemical reactions collectively contribute to the discernible
patterns in the correlation matrix. Understanding these rela-
tionships is paramount for the evaluation of water quality and
the overall health of ecosystems.

Now, considering R(¥), we note that the correlations sug-
gest varying degrees of influence and connection between
measurements at different lake depths. For example, sur-
face conditions (S) seem to strongly influence conditions
just above the pycnocline (AP), and to a lesser extent, con-
ditions below the pycnocline (BP) and at the bottom (B).
These results also apply when the other pairs of layers are
considered. Processes like vertical mixing, sedimentation,
and biological activity likely contribute to the observed cor-
relations.

To show the effectiveness of our proposal, we now
consider the alternative approach discussed in Sect.4.1,
consisting of removing any observation presenting interval-
censored and/or missing values. Specifically, once the dataset
is cleaned, the new sample size is n = 299. Thus, we would
lose one-third of the information in the data if our approach
would not be available. On this data, we fit the classical
MVN distribution, and we report the percentage change %¢(-)
between our and the parameters estimated using the classical
MVN, to assess potential differences in the results. Specifi-
cally, we obtain

S AP BP B
pod [—31.579 —20.728 —2.470 —3.982
%M) = gin |:—14.728 —15.092 -7.781 —6.617i|,
nh4 L—29.130 —19.123 —2916 —4.324
po4d din nh4
pod [ 0.000 —9282 —6.861
%(R(X)) = din |:—9.282 0.000 1.612:|,
nh4 L—-6.861 1.612 0.000
and %(R(W))
S AP BP B
S 1 0.000 —0.667 —10.454 —8.290
_ AP | —0.667  0.000  —2.832 —4.189
BP | —10.454 —2.832  0.000 3.399 |
B L-8290 —4.189  3.399 0.000
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As we note, there is a constant underestimation of the val-
ues in M, which is particularly high for the first two layers.
Regarding R(X), a negative and relatively higher underes-
timation is also noted in the correlations between po4 and
din, whereas there is a slight overestimation of the corre-
lation between din and nh4. Lastly, we note differences
spanning from —10.454 to 3.399 in the correlations between
the four layers in R(¥). Consequently, we can infer that if all
available data information had not been utilized, we would
have obtained relatively different estimates. This issue can be
circumvented by employing our methodology, which com-
prehensively incorporates all available data.

4.2.2 Results for the EE2.1 station

As concerns the second dataset, we start by providing the
estimated parameters by the MVNC model. In particular, the
estimated mean matrix M is

S AP BP B

po4 0.005 0.004 0.005 0.005
M= tan |:0.545 0.533  0.532 0.537j|-
tdp LO0.017 0.017 0.018 0.018

We note that, differently from the previous station, the mean
concentrations of po4 are relatively stable across all lay-
ers. Being this variable a key nutrient for aquatic organisms,
including algae and aquatic plants, the uniformity in concen-
trations may indicate a relatively steady supply and demand
for po4 in the studied ecosystem. The (overall) decreasing
trend in mean concentrations of tdn from the surface (S)
to the bottom (B), could be indicative of microbial nitrogen
transformations as water descends through different layers.
The variation in tdn concentrations could impact nutrient
availability and affect the overall nitrogen cycle in the aquatic
environment. Lastly, the slight increase in mean concentra-
tions of tdp from the surface to the bottom may be associated
with sediment interactions, where phosphorus is released
from the sediments or adsorbed onto particles settling to
the bottom. This could have implications for phosphorus
availability and cycling in the water column. Additionally,
biological processes such as phosphorus uptake by organ-
isms could contribute to the observed variations.

To understand the relationships between the variables and
among the different levels of depth, we now report the cor-
relation matrices related to X and W, that is,

pod tdn tdp
pod [1.000 0.073 0.204
R(Z) = tan [0.073 1.000 0.095} and
tdp L0.204 0.095 1.000

S AP BP B
S r1.000 0.885 0.817 0.793
R(W) = AP 0.885 1.000 0.858 0.827 |
BP | 0.817 0.858 1.000 0.872
B LO.793 0.827 0.872 1.000

Starting with R(X), we note there is a positive correla-
tion between all the variables. In detail, the weak positive
correlation between po4 and tdn implies a limited biologi-
cal association. Biological and chemical processes affecting
one of these nutrients may not strongly influence the other.
In the case of po4 and tdp, we note a moderate posi-
tive correlation. Common biological processes or sources
may contribute to the observed correlation, such as sediment
interactions or biological uptake. Regarding the correlation
between tdn and tdp, the weak positive correlation implies
that the factors influencing nitrogen and phosphorus concen-
trations may have limited overlap biologically.

Regarding R(¥), we note that, similarly to the previous
station, the correlations suggest varying degrees of influ-
ence and connection between measurements at different lake
depths. In particular, layers that are progressively more dis-
tant imply smaller correlations. However, the rate of decrease
between one layer and another is significantly lower at this
station than in the previous one. Thus, a stronger persis-
tence and similarities between the four water layers are here

observed.

Also at this station, we compare our parameter esti-
mates with those obtained by discarding observations having
interval-censored and/or missing values. The new sample has
a size of n = 270. Therefore, almost half of the information
in the data would be lost. On this data, the classical MVN
distribution is fitted and, as for the previous station, its esti-
mated parameters are compared (via the percentage change)
with those of our proposal to explore potential differences.
In detail, we obtain

S AP BP B
po4d —5.601 1.531 3.446 2.287
%M) = tdn |:—3.346 —3.723 —3.544 —3‘320:|,
tdp L—-17.771 —19.176  —18.508 —21.177
po4d tdn tdp
pod 0.000 33.430 69.178
%R(X)) = tdn |:33.430 0.000 —20.000]
tdp L69.178 —20.000 0.000
and %(R(W¥))
S AP BP B
S 0.000 —2.129 —=2.530 —1.644
_ AP | -—2.129 0.000 —5.067 —4.108
T BP |-2530 —5.067 0.000 —0.374 |
B L—1.644 —4.108 —0.374 0.000

We immediately note that there is a regular underes-
timation of the average tdn and tdp values in M. In
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particular, for the tdp variable, this negative difference is
constantly around 20%. Regarding R(X), we observed great
divergences among the two approaches, regardless of the
considered variable. Finally, we notice a constant underesti-
mation of the correlations in R(¥). To sum up, even at this
station, we appreciate the advantages of using our method-
ology, given that all the data information can be used. Much
of this information would be lost without the introduced
approach.

5 Conclusions

In this paper, we introduce an approach for modeling data
with interval-censored and missing values within a matrix-
variate framework. The current literature on matrix-variate
models lacks statistical approaches that simultaneously
address these two features. Thus, our proposed method intro-
duces a new avenue for modeling such data. We rely on
the matrix-variate normal distribution and its mathematical
properties to conceptualize and derive an ECM algorithm for
parameter estimation.

Simulated analyses demonstrate the reliability of our
approach in providing accurate parameter estimates across
various scenarios with different proportions of interval-
censored and missing values, as well as varying sample sizes.
Additionally, we compare our results with an alternative
method that involves excluding observations with these char-
acteristics. As it might be reasonable to expect, the alternative
method leads to parameter estimates with greater variability
and lower precision.

Furthermore, we apply our method to two real-data
datasets focusing on the concentrations of various chemi-
cal components in water at two measurement stations. Both
applications involve interval-censored and missing values,
though in different proportions. The results offer valuable
insights into the water quality features at the respective loca-
tions. When contrasted with the alternative approach used
in the simulation study, our method demonstrates the impor-
tance of considering all data characteristics. Excluding such
information leads to under/overestimation of parameters,
yielding different results compared to our comprehensive
approach.

The approach presented in this paper has the potential
for extension in various directions. One possible avenue
is exploring a model-based clustering method that accom-
modates the presence of latent clusters in data containing
interval-censored and missing values. Furthermore, there is
potential for extension in a regression setting, where con-
sideration is given to a response variable exhibiting the
aforementioned characteristics. Finally, to allow for time
dependence, an extension to the hidden Markov setting can
be considered.
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