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The influence of shear deformation in the dynamics of beam-like problems is usually studied by means of a First
order Shear Deformation Theory (FSDT) due to the original Timoshenko formulation. In comparison to higher
order theories, the FSDT is able to embed additional concentrated flexibilities due to the presence of cracks by
making use of the principle of the fracture mechanics. Precisely, flexural and shear concentrated flexibilities due
to the first and second mode of the crack growth, respectively, can be included in the latter model. Despite
various procedures suggested in the literature, the formulation of closed form solutions of free vibrations of
multi-cracked Timoshenko beams is available for the case of concentrated flexural flexibilities only. In this work
an original distributional model, to account for both flexural and shear concentrated flexibilities due to multiple
cracks, is presented. New governing equations of the Timoshenko beam, enriched by suitable distributional
terms, over a single integration domain are formulated. An integration procedure of the governing equations by
making use of the generalised function theory is presented and an original closed form solution of vibration
modes and frequency equation is obtained. The closed form solution allows a parametric study to discuss the

influence of the concentrated shear and flexural stiffness decay due to the presence of multiple cracks.

1. Introduction

Appearance of cracks along the axis of beam-like structural elements
has a local effect on the beam flexibility as well as a global influence in
terms of degradation of the vibratory features of the beam in comparison
to the intact undamaged configuration. For the latter reason the free
vibrations of multi-cracked beams have been given quite significant
attention in the literature. In particular, studies of the latter problem aim
at providing convenient analytical treatments for a prompt and reliable
assessment of the influence of multiple cracks on modal parameters. In
order to proceed with an accurate and extensive parametric investiga-
tion with respect to different relevant damage parameters, exact explicit
closed form solutions are desirable in comparison to approximate or
even numerical solutions. The latter goal has been successfully obtained
for Euler-Bernoulli beam model in terms of vibration mode shapes
(Caddemi and Calio, 2009) while formulation of closed form solutions
for the case of shear deformable beams has been only partially addressed
(Khiem and Hung, 2017).

While a review of cracked Euler-Bernoulli beams is outside of the
scope of this work, the intention of the authors is rather to highlight the
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aspects that have not been object of explicit formulation for shear
deformable beams, as outlined in the following, and submit a proposal to
fulfill the gap.

Double-edge concentrated damage, such as cracks, can be thought of
as abrupt changes in geometry, for example realized by removing the
material in a limited portion of the beam as in the case of the notches.
When cracks are not subjected to growth or propagation or the opening/
closing switching/breathing phenomena, the analysis is restricted to an
elastic range and suitable crack models have to be embedded in the
dynamic governing equations. It has been proved that the energy
functional of damaged beams in presence of cracks tends to the energy
functional of a beam with a concentrated flexibility in the damaged
section (Caddemi and Morassi, 2013). The latter statement justifies the
use of localised flexibility models of crack, implying the adoption of
internal springs at cracked cross sections (Irwin, 1957a, 1957b;
Dimarogonas et al., 2013; Chondros and Dimarogonas, 1989; Chondros
et al., 2001; Thomson, 1959; Rizos et al., 1990).

Localised flexibility models usually account for concentrated
reduction of the flexural stiffness due to the crack mode growth referred
to as “crack mode I”. However, in addition to a concentrated bending

Received 27 February 2023; Received in revised form 16 May 2023; Accepted 30 May 2023

Available online 5 June 2023
0997-7538/© 2023 Elsevier Masson SAS. All rights reserved.


mailto:francesco.cannizzaro@unict.it
www.sciencedirect.com/science/journal/09977538
https://www.elsevier.com/locate/ejmsol
https://doi.org/10.1016/j.euromechsol.2023.105039
https://doi.org/10.1016/j.euromechsol.2023.105039
https://doi.org/10.1016/j.euromechsol.2023.105039

F. Cannizzaro et al.

flexibility causing a rotational discontinuity at cracked cross sections, a
concentrated shear flexibility, responsible of the appearance of trans-
versal displacement discontinuity, should be accounted for and usually
referred to as “crack mode II” (Tada et al., 1973; Tharp, 1987; Krawczuk
et al., 2003).

Studies addressing the problem of vibrations of shear deformable
beams in presence of cracks are usually conducted by making use of the
First order Shear Deformation Theory (FSDT) due to Timoshenko.
However, the relevant studies on the subject do not always include the
effect of the concentrated shear flexibility being the modeling limited
solely to the presence of the localised bending flexibility due to cracks
(Khiem and Hung, 2017) (Khaji et al., 2009; Lee et al., 2003; Shafiei and
Khaji, 2011; Li, 2003; Aydin, 2007; Zheng and Fan, 2001; ZhengF, 2001;
Fan and Zheng, 2003; Mei et al., 2006; Arboleda-Monsalve et al., 2007).

Among the latter contributions, limited to the presence of the
localised bending flexibility only, the work proposed by Khiem and
Hung (2017) stands out for the formulation of an explicit closed form
solution of the free vibration modes of the multi-cracked Timoshenko
beam. The closed form expression therein proposed relies on the intui-
tion of the particular integral of the solution satisfying the governing
equations formulated for the various beam segments between cracks
connected to each other with the discontinuity conditions at the cracked
cross sections.

On the other hand, the studies that include the localised shear flex-
ibility in the multi-cracked Timoshenko beam model have been devel-
oped by making use of different methodologies that can be summarized
as follows. Classically, the standard way to treat concentrated flexibil-
ities, causing the occurrence of rotation and displacement discontinu-
ities, is developed upon imposition of continuity and discontinuity
conditions at the cracked cross sections (Krawczuk et al., 2003; Loya
et al., 2006, 2022). The latter procedure requires the introduction of
additional integration constants with regard to those related to the
standard boundary conditions making the problem computationally
disadvantageous. Alternatively, a widely accepted procedure aiming at
treating the problem in an effective, although approximate, manner
relies on a finite element discretisation of the undamaged and damaged
segments of the beam (Viola et al., 2001, 2002; Zheng and Kessissoglou,
2004; Kim and Kim, 2000). Finite element discretisation accounting for
concentrated shear flexibilities allows the treatment of complex cracked
beam-like structures leading, however, to numerical solutions. A sub-
stantial improvement of the discretisation by means of finite element
consists in the formulation of the dynamic stiffness matrices of the un-
damaged beam segments and special elements including the cracked
cross section (Viola et al., 2007; Su and Banerjie, 2013; Sun, 2021). The
formulation of a frequency dependent dynamic stiffness matrix provides
an exact evaluation of the dynamic response, however, upon assemblage
of the various elements, the discretized structure will be affected by a
number of degrees of freedom dependent on the number of cracks. A
robust, although approximate, numerical method that can be employed
to structures with discontinuities is the Differential Quadrature Element
Method (DQEM) that was also applied for studying the non-uniform
multi-cracked Timoshenko beams (Torabi et al., 2014).

A convenient way to treat multiple cracked shear deformable beams
by accounting for the localised shear deformability due to the presence
of cracks consists in the application of the so-called transfer matrix
method (Takahashi, 1999; Zhang et al., 2014; Han et al., 2020). The
method is based on the knowledge of the fundamental solution of each
beam segment comprised between cracks allowing the formulation of
the vibrational response at the right end of a beam segment in terms of
the response at left end. In view of the transition conditions dependent
on the discontinuities at the cracked cross sections, the transfer matrix
can be formulated by expressing the integration constants of the generic
beam segment as function of those appertaining to the first beam
segment. Repeated application of the latter relationship leads to the
formulation of the free vibration response of the multi-cracked Timo-
shenko beam in terms of the integration constants of the first beam
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segment. The transfer matrix method avoids the size increment of the
problem with the number of cracks by maintaining the integration
constants as the undamaged beam.

Another way to include localised shear flexibilities into the Timo-
shenko beam model has been devised in (Caddemi et al., 2013; Dona
et al., 2015). In the latter works convenient two node beam elements in
presence of localised flexibilities have been formulated by making use of
the Schwartz theory of distributions either as a singular bending and
shear stiffness reduction or, alternatively, a singular increment of the
bending and shear flexibility distributions. Although the latter elements
allow a convenient vibrational analysis of discontinuous Timoshenko
beams and frames, their formulation is based on the definition of a
consistent mass matrix obtained by the adoption of static displacement
shape functions, and for that reason provides approximate solutions.

Even though the insertion of the localised shear flexibility at the
cracked cross sections to study the vibrations of Timoshenko beams has
been considered in the literature by means of the above models, none of
the proposed procedures leads to formulation of the relevant governing
equations over a unique integration domain embedding the effect of the
multiple cracks. As a consequence, no exact explicit closed form solution
of the problem at hand is available.

This work introduces both the localised bending and shear effect of
multiple cracks into the free vibration governing equations of the Tim-
oshenko beam model. The first original aspect of the work is the
formulation of the governing equations over a unique integration
domain along the beam axis. The above goal is achieved by means of the
introduction of additional distributional terms into the standard gov-
erning equations. The standard conception based on multiple formula-
tion of the governing equations pertinent beam segments between
cracks is overcome. No transition conditions at the cracked cross sec-
tions are required at all since they are implicitly satisfied by the adopted
distributional model. The second novelty is the integration procedure
able to deal with distributional terms appearing in the governing
equations. Finally, an explicit closed form solution of the free vibration
modes of the multi-cracked Timoshenko beam is proposed. The solution
depends on the boundary conditions only, as usually formulated for
undamaged beams, by making the size of the problem independent of
the number of cracks.

Based on the expressions of the vibration modes, the frequency
equation is inferred for different boundary conditions.

Timoshenko cracked beams, considering the combined localised ef-
fects of bending and shear flexibilities into the proposed closed form
solution are analysed and validated by comparing the results with a
refined finite element discretisation procedure. Cases of cracked Timo-
shenko beams, already studied in the literature in absence of localised
shear flexibility, are also analysed by means of the proposed solution in
terms of natural frequencies for the sake of a comparison between exact
models. The effect of localised shear flexibility is investigated to study
the influence on the frequency decay. Additional cases are also consid-
ered to provide a parametric analysis in terms of crack intensity, position
and number.

2. The free vibration equations of the multi-cracked Timoshenko
beam

The differential equations governing the in plane free vibrations of a
multi-cracked Timoshenko beam are presented in this section. In com-
parison to the standard continuous undamaged beam, they are enriched
by additional singular terms representing the effect of the concentrated
flexural and shear flexibilities due to the cracks. The above additional
terms are introduced by making use of generalised functions and allow a
formulation over a continuous domain spanning from the left to the right
end of the beam.

The considered beam, with length L, depicted in Fig. 1, characterised
by the presence of n double-edge cracks at cross sections &;,i = 1,...,n,
where ¢ € [0, 1] denotes the dimensionless abscissa along the beam axis,
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Fig. 1. The multi-cracked Timoshenko beam.

will be treated in accordance with the Timoshenko model. The formu-
lation is devoted to the range of vibration amplitude such that the cracks
are always open, thus any source of nonlinearity due to the opening/
closing (either switching or breathing crack phenomenon) is avoided.

The kinematics of the beam, at a generic time instant t, involves the
following components: the transversal displacement u,(¢,t), the rotation
of the centroidal axis ¢(¢&, t), the shear strain y(&,t) and the bending
curvature y(¢,t). The internal forces, shear force and bending moment
are denoted as T(&,t) and M(¢&, t), respectively. The sign convention of
the kinematic components, as well as of internal shear force T(&,t) and
bending moment M(&, t) is also reported in Fig. 1.

The cracks are treated by means of the localised flexibility approach.
Accordingly, if the first and second mode of the crack growth are
included in the model, the presence of discontinuities Aug;(t) and Ag;(t)
of both transversal displacement and rotation, respectively, must be
considered in the kinematics of the beam. Here, in view of the above
discontinuous kinematic field, a generalised function approach for the
shear strain y(&, t) and the bending curvature y(&,t), to embed both types
of discontinuities in the Timoshenko beam model, is proposed as fol-
lows:

(& 1) =7(

Z Au, &) (1a)

2(&1) Z Ag,(15(& — &) (1b)

As formulated in Eq. (1a,b), the shear strain y(&,t) and the curvature
function y(¢&,t) are intended as generalised functions each characterised
by n occurrences of Dirac’s deltas 5(¢ — &;), centred at the cracked cross
sections, over a continuous field denoted with a superimposed bar.

The generalised components of the shear strain and the curvature
function appearing in Eq. (1a,b) due to the cracks (where the multiplier
1/L derives from the adoption of the dimensionless along axis abscissa)
are responsible of the validity of the following kinematic constraints,
here formulated in terms of generalised functions, formally equal to the
undamaged Timoshenko beam:

H6,0) = (E0) + 9l 1,261 = 10 (600 @

where the Roman numbers in apexes indicate distributional derivatives
with respect to &.

On the other hand, the continuous fields of the shear strain 7(¢, t) and
the curvature function y(,t) are those involved in the linear elastic
constitutive relationships with the shear force T(,t) and bending
moment M(, t) by means of the shear stiffness GA and flexural stiffness
EI, respectively, as follows:
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T(§7 t) = KGA7(§7 t) (3a)
M(év t) = EI}?(& t) (Sb)

where E is the Young’s modulus of the material, G is the tangential
modulus, I and A are the moment of inertia and the area of the cross
section and « is the shear factor depending on the shape of the cross
section.

On the above ground and by accounting for the natural coupling of
bending moment and shear force, as usually described by the standard
dynamic transversal and moment equilibrium, and accounting for the
kinematic constraints in Eq. (2) and for the constitutive equations (3a-
b), the following second order governing equations of the free vibrations
of the multi-cracked Timoshenko beam, in terms of transversal
displacement u, (&, t) and rotation ¢(¢,t), are here proposed:

ZAu..

u§1(57 +L(ﬂ 57 51 é él) - (57 ) (4a)

EI
kGAL

~@%¢o—iA@m#@faﬂ+
(4b)

{(&t)JrL(/uft)—ZAu oe—8) | =i

where m denotes the distributed mass, I. = pI being p the mass density
and the superimposed dot denotes the derivative with respect to time.

Eq. (4a,b) represent the ‘exact distributional governing equations of
the free vibrations of multiple weakened Timoshenko beam’ and have
never been proposed in the literature. This generalised version of the
undamaged Timoshenko free vibration equations is especially devised to
include the transversal and bending localised effect of multiple
concentrated damage. The introduction of additional distributional
terms, by making appropriate use of the Dirac’s delta generalised
function, retains the definition of the governing differential equations
over the entire beam span domain ¢ € [0, 1].

The non-dimensional spatial coordinate ¢ and the time variable t in
Eq. (4a,b) can be separated by expressing the transversal displacement
u,(¢,t) and rotation ¢(&,t) as the following products of two functions:

u(&,1) = ¢ (E)y(1) = p.(E)sin(wr)

(&1) = 6, (E)¥(0) = b, (E)sin(ar) ®)

where ¢,(¢) and ¢,(¢) represent the transversal displacement and
rotation mode shapes, while the time dependency has been represented
by the harmonic function sin wt, with frequency w. It is worth noting that
the same separation of variables applies to the remaining response
variables. For the latter, however, for convenience, the symbols adopted
to denote the spatial coordinate dependent response functions are left
unaltered, with respect to the original time dependent functions, in what
follows.

Substitution of Eq. (5) into Eq. (4a,b) and elimination of the
dependence on time t lead to the following mode shape governing
equations of the multi-cracked Timoshenko beam:

P (&) + Ly, (&) + W' . ( Emﬁua’s £)=0 (6a)

PLALE) — LY. A, 5 (& — &)+
i=1 (6b)

—PLE) — L, (&) + Y _ AP, S(E— &) +u'p’Le, (&) =0
i=1

where the frequency parameter 4* = ™2 and the parameters p? = el
—= 2 have been introduced and Ag,,and Ad,,;

the i-th cracked section of the relevant transversal displacement ¢,(¢)

and 52

are the jumps at
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and rotation function ¢, (¢) mode shapes, respectively.
By application of convenient differentiation to Eq. (6a,b), aiming at

decoupling the equations with respect to the unknown functions ¢,(¢),

¢,(£), and after some algebra, the two free vibration governing differ-
ential equations of the multi-cracked Timoshenko beam are given by the
following fourth order compact form:

&y (&) + Ki¢l(E) + Kagp,, (€) =

_ Z [Aw,ié’”(f — &)+ B (- &)+
i=1

+Coibl (6 — &) + Duid(E— &) with w =2,

)
where:
K =pt(p* + 1), Kz = pi* (u'nPp* — 1) (82)
Ay=Ap., B,=—-A¢p, L, C.,=u"p*Ad.., D.;=0
¢, B, Dy =W p AP, D 8b)
1
Ayi=Ad,;, B,i=0, C,i=u'nAp,;, D, =—u'A¢, (89

L

Once the free vibration governing equations have been duly formulated
over the entire beam span domain, within the generalised function space
as in Eq. (7), the relevant expressions of the jumps A¢, . and A¢,,; at the
cracked sections based on the localised flexibility model have to be
introduced.

Precisely, cracks introduce localised transversal and rotation flexi-
bilities c;; and c, ; at each cracked section hence transversal and rotation
discontinuities A¢, . and Ag,,; can be formulated, in view of Egs.(3), as
follows:

A(/)zj = Cgi KGA?( i)

A¢w’ = Cpii Ely(& 9

Expressions of suitable localised transversal and rotation flexibilities
due to cracks, in accordance with the fracture mechanics theory, are

(s° + Ki8),(0) + (* + K1), (0)+

1 11
bols) = (1 Kis? 4 k)| PO FAO
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where the normalised parameters 4,; = %cm— and 4,; = %cw-, depen-
dent on the localised flexibilities c,;,c, ;, have been introduced.

The peculiarity of the problem at hand consists in the contemporary
appearance of transversal and rotation discontinuities in the mode
shapes due to the presence of cracks. Precisely, in view of the adoption of
the transversal and rotation discontinuities as reported in Eq. (10), the
two governing equations reported in Eq. (7) are still coupled and closed
form integration is not trivial. The above coupling makes the mathe-
matical problem different, not only from the undamaged beam, but also
from the case of damaged Timoshenko beam where crack growth mode
I, implying rotation discontinuities only, in the localised flexibility
model is considered.

The way to treat the above unexpected dependency together with the
relevant procedure to infer the explicit closed form solution of Eq. (7) is
proposed in the next section.

3. Closed-form integration of the free vibration equations of the
multi-cracked beam

In order to take advantage of the formulation of the free vibration
governing equations of the multi-cracked Timoshenko beam over the
entire domain ¢ € [0, 1], the closed form explicit integration of Eq. (7), in
terms of transversal displacement and rotation mode shape, will be
presented in this section within the generalised function space.
Furthermore, the required boundary conditions to be imposed for the
evaluation of the integration constants appearing in the solution,
restricted to the left and right ends of the beam according to various
external constraints, will be formulated.

In order to deal with the derivatives of the transversal displacement
and rotation mode shape functions appearing in the free vibration
governing equations of the multi-cracked beam, the application of
Laplace transform ’{ e } to Eq. (7), proved to be extremely effective to
solve equations with distributional terms (Kreyszig, 1999; Wang and
Qiao, 2008; Yan et al., 2016; Burlon and Failla, 2022), is considered as
follows:

with w=1z¢ an

.
+> (Avis'e S 4 Biste b 4 Cyuse S 4 Dyye b)
i=1

based on formulation of the stress intensity factors to be inserted in the
evaluation of the elastic strain energy by accounting for the first and the
second crack growth mode (Krawczuk et al., 2003; Zheng and Kessis-
soglou, 2004; Loya et al., 2006; Tharp, 1987; Tada et al., 1973; Chondros
et al., 1998; Gudmundson, 1983).

The expressions of the discontinuities A¢, ; and A¢,, ;, proposed as in
Eq. (9), are dependent on the values of the shear strain 7(¢;) and cur-
vature (&;) of the continuous fields to be extracted from the relevant
generalised functions. The contribution of the continuous response
functions can be simply determined by purging the singular terms and
this is achieved by selecting the values of the generalised response
functions at &, i.e. at the left of the cracked cross section. On this
ground, and in view of the kinematic constraints given by Eq. (2), Eq. (9)
can be given the following form:

Aoy =tei [92(67) + 14, (8) ]

3 10)
A, = Aypi (/’é, (5,‘ )

where ¢,,(s) = Z{¢, () } and s represents the complex frequency vari-
able introduced to perform the Laplace transform.

The fourth order polynomial p(s; u*) = s* + K;s% + K, appearing in
Eq. (11) may be written in terms of its roots a;,j = 1, ..., 4 as follows:

plsnt) =] - ) a2

13)

The inverse Laplace transforms -2~ '{ e} of Eq. (11) can now be
evaluated, in view of Egs. 12 and 13, providing the following expression
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for the transversal displacement and rotation of the mode shape
function:

@ +Ka; 4 2 +K,

(t/g J ¢ ol 0 +
e +2K,a; $(0)+ Z4a}+21<1a,e $.(0)

4 ) 4
9

1
+3 L %P (0) 4+ ———— % P (0)+
‘/:214(1?4-21(]0@ #.(0) ;401;—&-21(,0@ ¢ () 14)

Ma +B,ia; 2 +C,0+ D,y

S y(E— ¢
b =

n 4 A
+Z;

i=1
with w=z,¢

Substitution of Eq. (8b,c) into Eq. (14), and after some algebra, leads
to the following expressions of the transversal displacement and rotation
mode shapes:

4 n n
&)=Y RI(E) + Y Ab hi(6) =D Ap,hyi(8) (15a)
j=1 i=1 i=1
4 n n
B,(8) =D Sil(&) + Y A, hoi(€) = Y A, iy i(E) (15b)
i=1 i=1

J=1

where:
1
Ri=—s—
4a; +2K
1

{ (@ +K10)) 4.00)+ (e +K:)#(0) + " (0) + 4 (0) }

_ 3 ) 2 1
5= e (@ K1) 4,00+ (0K )50 +ad] 0)+4;0)
(16)
and
(&) = *
- _ 4 +,up J ,1/5 5,
h:.i(é)*;m ueE-¢)
i i GEDUE-¢g)
— 4a +2K]a/ an
4 —lﬂ“
Do =N"__L e _ £
hei(&) Z i 2K ¢ UE-¢)
~ 4 a +ﬂ 77 i o
hpi() =Y~ EHU(E - &)

= 4(1:] + 2K, q;

The expressions for the functions ¢,(£), ¢, (¢) as obtained in Eq. (15a,
b) are not fully explicit yet since they depend on the unknown trans-
versal displacement and rotation mode shape discontinuities. The latter,
in view of Eq. (10), by making use of Eq. (15a,b) and after some algebra,
are evaluated as follows:

4

Ad =1y Rigi(&) (18a)
=1
4

A¢¢.i = Api ZRJP/' ("5 ) (18b)
Jj=1

where the terms g(¢; ), pj(& ), j=1,...,
expressions:

4 are defined by the following

European Journal of Mechanics / A Solids 101 (2023) 105039
2 4.2
@ + '
-\l (g i
g](éi ) = hj (5:' ) T La
'j

i—1

+ 8 20y (&) [ (&) + Lhon(6)]

Liy(&)+

i—1 _
= X dons (&) [Fom (&) + Lo (& )] (19
+
pl(é:) = a L” rl +Zldﬂgj 'm 5! )+

= S hony () ()

It has to be pointed out that the discontinuities A¢,;, A¢,; given by
Eq. (18a,b) have been conveniently expressed as dependent on the pa-
rameters R;,j =1,...,4, only, since, by means of substitution of Eq. (15a,
b) into the governing Eq. (6a,b) the following relationship is obtained:

2 402
aj+,ul1R

S = — .
v Laj J

(20)
Finally, substitution of Eq. (18a,b) into Eq. (15a,b), in view of Egs. 19

and 20, provides the following explicit expression of the transversal
displacement and rotation mode shape function:

= ZRif:-j(‘f) (21a)

(21b)

£ = Zijw(f)

where the functions f;;(£).f,(£),j =1,...
expressions:

,4, are defined by the following

Z Ao, lp] ]7‘4/7-: (3]

£5(&) = hi(&) + iﬂz.fg,-(ff)ﬁz

fol®) = — S di (& Vi@

7
La/‘

2+ 4. 2 n N
GBI @+ gy (& )i —
i=1

(22)

The closed-form solution for the transversal displacement and rota-
tion mode shape of the multi-cracked Timoshenko beam presented in
Egs. 21 and 22, deriving from the formulation of the free vibration
governing equations over a unique integration domain as in Eq. (6a,b),
or equivalently in Eq. (7), does not require any enforcement of the
continuity conditions at the cracked sections. Therefore, the solution of
the multi-cracked beam can be always obtained by solving a system of
four algebraic equations, irrespectively of the number of cracks by
imposing the boundary conditions at the two end cross sections £,; = 0,
&,2 = 1 of the beam.

Each of the two end cross sections &,,,p =1,2, provides two
boundary conditions depending on the kinematic and mechanical con-
ditions of the restraint summarized in Table 1.

It has to be pointed out that, strictly speaking, the parameters R;,j =
1,...,4, appearing in Eq. (21a,b), in view of their definition given in Eq.
(16), do not represent proper integration constants and should rather be
considered as frequency dependent parameters. Proper integration
constants, within the philosophy of the Laplace transform integration
procedure, are instead the values of the derivatives of ¢, at £ = 0 of the
beam denoted as quD] (0), D indicating the order of the derivative D = 0,1,

..,III, appearing in Eq. (16). The latter are to be determined according to
specified boundary conditions dependent on the restraints acting on the
beam, as in Table 1, as better clarified in next section.
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Table 1
Clamped, hinged and free end boundary conditions.

Kinematic and natural boundary condition

Clamped p-th end u (‘fop: t) =0 = 4 (Eop) —o;

o(emt) =0 = ¢,(&p) =0

w(pt) =0 = 4(s) =0

M(épit) =0 = (&) =

T(ept) =0 = 4(p) + Loy (%) =0
M(Z_,‘op,t) =0 > ¢fﬁ(.§up) =0

Hinged p-th end

Free p-th end

4. Determination of the frequency equation

The values of the frequency parameter y* are solutions of the fourth-
order set of equations obtained by enforcing the boundary conditions
chosen, for the case at hand, as described in Table 1. The task is
accomplished by means of the formulation of the determinantal equa-
tion obtained by the relevant system matrix of the coefficients, collect-
ing all the terms depending on the frequency parameter u* separated
from the integration constants ¢[°/(0), D = 0,1, ..., Il

To this purpose, Eq. (21a,b) are conveniently rewritten in matrix
form as follows:

D (%) = ¥ (u) 4, (2.0
Dy Et) = 1" ()1, () (23)

where the (4 x 1) vectors r, f;, f,, collect the parameters R;(u*),j = 1,...,
4, and the functions f;(£,u*), f,j(é,u*).j = 1, ..., 4, respectively, and the
dependency on the frequency parameter y* has been explicitly reported.
Furthermore, in accordance to Eq. (16), the vector r(u*) can be given the
following form:

(i) = B() @, 24

where the four integration constants quD] (0), D =0,1,...,1II, have been
collected in the (4 x 1) vector ¢, while the contributions associated to
the frequency parameter u* have been collected in the (4 x 4) matrix
B(u*) whose j-th row, j = 1,...,4, is given as follows:

_ @ +Ka . @ +K B B 1
4(1!-3 +2Kya; 40(? +2K10; 4(1!3 +2Ka; 40(? +2K,q;
(25)

B

On account of Eq. (24), the closed form expression of the transversal
displacement and rotation mode shape, provided by Eq. (23) can now be
exploited to impose the boundary conditions at &,,,p=1,2, leading to
the following fourth-order set of equations:

A()B(u) ¢, =0 (26)

In Eq. (26) the vector collecting the integration constants ¢, and the
matrix product A (¢*)B(¢*) dependent on the frequency parameter y* are
duly separated. The matrix A(u*) resulting from the imposition of the
boundary conditions depends on the restraints at the two ends &,,,p =
1,2, as in Table 1. The first two rows of matrix A(u*) are associated to
the left end restraint (¢,; = 0), whilst the last two rows to the right end
restraint (£,, = 1).

The terms of the (4 x 4) matrix A(u*) appearing in Eq. (26),
dependent on the restraint type, are presented as follows:
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A _ny =f (&, 4
Clampedend{ e fd(é pﬂ) j=1..,4 p=1,2

Aoy = Fpi (& pr i)

Aoy =Fi(E i)

Pinned end =1,.,4 p=1,2 97
Agiap-nyy = Foi (&, o) @7
Ay = (60 o) L (& pott®)  j=1,.,4
Free end p .
Asiap1y; = £ 5(E0 5o 1t*) p=12

The frequency equation can be easily obtained by equating to zero
the determinant of the matrix product in Eq. (26) as follows:

det[A (4*) B (4*)] =0 28)

Eq. (28), dependent on the frequency parameter u* possesses a highly
nonlinear character, therefore must be numerically solved by employing
one of the algorithms available in the literature (e.g. the trust-region-
dogleg algorithm (Conn et al., 2000; Nocedal and Wright, 2006;
Powell, 1970)). Once the frequency parameter has been determined by
Eq. (28), the vector ¢, collecting the integration constants can be ob-
tained by solving the system according to Eq. (26).

5. Numerical applications

The numerical applications presented in this section aim at vali-
dating the proposed closed-form solution and show the advantages
when appropriately employed. The applications refer to both single and
multi-cracked beams. They have the purpose to validate the solution
through a comparison with a refined FEM analysis and to reproduce
results already available in the literature as well as to discuss new cases
to highlight the influence of the shear and flexural stiffness decay due to
the presence of multiple cracks.

In particular, the model is firstly validated with an application con-
cerning a multi-cracked beam with both transversal displacement and
rotation discontinuities. In the latter case the results are compared to
those obtained with a finite element approach, with an accurate dis-
cretisation, by using the well-known code SAP2000 (CSI, 2007) where
cracks have been modeled by means of equivalent transversal and
rotational springs.

As a further validation with an exact solution, an application relative
to single and multi-cracked beams treated in the literature by neglecting
the shear localised flexibility due to mode II of the crack (Khiem and
Hung, 2017; Chouiyakh et al., 2017) is considered. In the latter case, the
presented closed form solution allowed the extension of the study to
include the effect of the shear flexibility causing the appearance of
transversal displacement discontinuities.

Finally, some parametric analyses in terms of crack intensity, posi-
tion and number variation have been performed in order to show the
advantages of the proposed closed form solution allowing to consider
the coupled effect of shear and flexural concentrated flexibilities due to
cracks.

5.1. Validation of the proposed model against finite element model (FEM)

In this sub-section two novel applications regarding a pinned-pinned
and a clamped-clamped double cracked beam with rectangular cross
section are reported, both in terms of mode shapes and natural fre-
quencies, and compared to a refined finite element model. The geo-
metric and mechanical properties of the beam are reported in Table 2.

The two cracks have been supposed to be localised in two sections
placed at &, = 1/5and &, = 4/5 with respect to the left end of the beam,
and with intensity parameters A,; = 4,2 =0.0476 and 1,; = 4,2 =
0.4614 corresponding to a crack depth a; = az = 0.5h according to the
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Table 2
Modal frequencies comparison.

Proposed model FEM model A

Hz Hz %

Simply supported beam (SS)

Mode 1 266.56 266.55 0.0038
Mode 2 793.68 793.59 0.0113
Mode 3 1858.31 1857.96 0.0188
Mode 4 3512.35 3511.76 0.0168
Clamped-clamped beam (CC)
Mode 1 682.45 682.59 0.0205
Mode 2 1482.66 1482.49 0.0115
Mode 3 2398.23 2397.46 0.0321
Mode 4 3843.61 3842.31 0.0338

Beam parameters: E = 210 GPa; G = 80.77 GPa; p = 7850 kg/m>;
k=5/6;L=1m;b=0.1m; h=0.15m; a;/h = 0.5; a/h = 0.5; & = 1/5; &, = 4/5

expressions proposed in (Zheng and Kessissoglou, 2004).

Precisely, the cracks compliances have been inferred by the relations
Ao =Hc,, 2, = Gc,, reported after Eq. (10), in terms of the localised
flexural and shear flexibilities c,, ¢, according to the expression pro-
posed by Zheng and Kessissoglou in (Zheng and Kessissoglou, 2004):

_ (A =)(a/h) (1 =1*)L(a/h)
“ = B “TT B 9

where the functions I,(a/h) and I;(a/h) have the form:

Mode 1

0.4r 1
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-0.1F 1
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[—0.219628-10 “a / h+52.379034(a/h)*+

—130.248317(a/h)’ + 308.442769(a/h)* +

—602.445544(a/h)> + 939.044538(a/h)*+

—1310.650293(a/h)” + 1406.523682(a/h)"*+
L —1067.499820(a/h)’ + 391.536356(a/h)"

I,(a/h) = el/(1=a/h)

(30)
[—0.326018-10 % / h+ 1.454954(a/h)*+
—1.455784(a/h)’ — 0.421981(a/h)*+
—0.279522(a/h)’ + 0.455399(a/h)"+
—2.432830(a/h)’ + 5.427219(a/h)"+
L —6.643057(a/h)’ + 4.466758(a/h)"

L(a/h) = el/(1=a/h)

)
)
)
)

The analytical natural frequencies and modes of vibration have been
obtained by means of the proposed model and compared to the results
obtained by means of a refined FEM model using the software SAP2000
(CSI, 2007). Precisely, the FEM model consists in the beam discretisation
into 100 iso-lenght finite elements in order to better simulate the
adopted uniform mass and rotary inertia distribution. The first four
natural frequencies for the damaged configuration of the pinned-pinned
and clamped-clamped beams are shown in Table 2, whereas the first four
mode shapes are reported in terms of displacement in Figs. 2 and 3,
respectively. In the latter figures the results of the proposed model and of
the FEM are presented with solid black and grey lines, respectively, and
sharp slope changes together with discontinuities in the transversal
displacement mode shapes can be recognised as effect of bending and
shear localised flexibilities due to the cracks. It is worth noting that,
although not reported in the figures, the modal internal forces are
continuous also in accordance to Egs. (3a-b) in spite of the distribution

Mode 2

x [m]

Mode 4

0 0.2 04 0.6 0.8 1
x [m]

Proposed model ~ *  Crack

Fig. 2. Mode shapes of the double cracked pinned-pinned beam.
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Fig. 3. Mode shapes of the double cracked clamped-clamped beam.

terms included in their expressions.

The agreement between the proposed solution and the FEM models,
both in terms of frequency and mode shapes, is excellent. The subtle
differences might be due to the discretized approach of the FEM model
compared to the proposed exact continuous approach.

5.2. Comparison and extension of literature results for single and multi-
cracked beams

In this sub-section some applications regarding single and multi-
cracked Timoshenko beams with various restraints at the two ends are
reported. In particular, the results obtained with the localised flexural
flexibility only, due to the cracks, are compared to those reported in the
literature in (Khiem and Hung, 2017; Khaji et al., 2009; Chouiyakh et al.,
2017). Furthermore, the presented closed form solution is applied to
extend the literature results by including the influence of shear
flexibility.

First, a single cracked beam with rectangular cross section with
various restraints at the two ends is considered and the obtained results
are compared with those reported in (Khiem and Hung, 2017) and (Khaji
et al., 2009), where the localised shear flexibility of the crack is not
included in the model. The geometric and mechanical properties of the
beam are reported in Table 3, and different slenderness ratio values L/h
=3, 5,7 and 9 have been considered. The single crack, with depth a; =
0.35h, is located at the middle of the beam and has been modeled first by
neglecting the localised shear flexibility of the crack, thus setting 1, =
0, in order to reproduce the model reported in (Khiem and Hung, 2017)
and (Khaji et al., 2009), whilst the values of the crack intensity
parameter A, = 0.4150,0.2490,0.1778,0.1383 (for the considered
slenderness values, respectively) were assumed. The latter have been
inferred by the relation 4, = %c(,,, reported after Eq. (10), in terms of the

localised bending flexibility c, according to the expression proposed by
Chondros et al. (1998):
3D

c, =

6x(1 —1A)h, ra
B (E)
where the function I, (a/h) has the form:

1,(a/h) =0.6272(a/h)’ —1.04533(a/h)’ +4.5948(a/h)* —9.973(a/h)’ +
420.2948(a/h)’ —33.0351(a/h) +47.1063(a/h)® —40.7556(a/h)’+
+19.6(a/h)"

(32)

The first three natural frequencies f;,i=1,...,3 (Hz) for the single-
cracked beam for various slenderness values and boundary conditions
(simply supported, clamped-clamped and cantilever beam) are shown in
Table 3. In particular, the analytical frequencies obtained by means of
the proposed model have been compared to the analytical frequencies
obtained by means of the model proposed by Khiem and Hung and re-
ported in (Khiem and Hung, 2017) and by means of the model proposed
by Khaji et al. in (Khaji et al., 2009) and the percentage difference A%
has been also reported. The obtained results are in agreement with those
reported in (Khiem and Hung, 2017) (except in one specific case),
whereas slightly differ from those reported in (Khaji et al., 2009).

Additional new results have been obtained for the damaged config-
uration by means of the proposed model by inserting the localised shear
flexibility due to the crack, whose intensity parameters A, =
0.0490,0.0294,0.0210,0.0163 (for the considered slenderness values,
respectively) have been inferred according to the expression proposed in
(Zheng and Kessissoglou, 2004) (see Egs. (29),(30)). A further column
concerning the localised shear flexibility parameter 4, # 0, that applies
only to the proposed model, has been added in Table 3, showing a fre-
quency decay with respect to the configuration accounting for the
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Table 3
Comparison of natural frequencies (Hz) for beam with single crack in the middle of the beam for various slenderness (L/h) and various boundary conditions (SS, CC, CF-
beams).
Freq. L/h=3 L/h=5
No.
° Present Khiem and A Khaji et al., A Present Present Khiem and Hung, 2017 A Khaji et al., 2009 A Present
Uy =0) Hung, 2017 % 2009 % (1,50) (J; =0) % % (A,#0)
Simply supported beam (SS)
1 6908.92 6909.92 0.0 6781.80 1.9 6908.92 2919.19 2919.21 0.0 2877.30 1.5 2919.19
2 27316.17 27316.17 0.0 27316.20 0.0 26709.34 12222.26 12222.26 0.0 12222.20 0.0 12130.63
3 42978.90 42979.87 0.0 42718.80 0.6 42978.90 21132.19 21132.25 0.0 21006.40 0.6 21132.19
Clamped-clamped beam (CC)
1 13700.42 13700.28 0.0 13628.40 0.5 13700.42 6243.67 6244.02 0.0 6205.30 0.6 6243.66
2 31009.05 31009.05 0.0 31009.00 0.0 30544.52 15650.88 15650.89 0.0 15650.90 0.0 15543.29
3 44149.64 44150.76 0.0 43865.00 0.6 44149.64 23730.57 23731.61 0.0 23599.00 0.6 23730.58
Cantilever beam (CF)
1 3157.32 3157.30 0.0 3134.90 0.7 3149.01 1228.69 1228.70 0.0 1222.90 0.5 1227.84
2 12826.49 12826.60 0.0 12664.40 1.3 12816.65 5954.80 5954.80 0.0 5888.20 1.1 5953.85
3 33422.21 33422.20 0.0 33381.40 0.1 32696.11 16510.57 16510.60 0.0 16504.40 0.0 16367.96
Freq. L/h=7 L/h=9
No. Present Khiem and A Khaji et al., A Present Present Khiem and A Khaji et al., A Present
(1 =0) Hung, 2017 % 2009 % (2:#0) (1z=0) Hung, 2017 % 2009 % (4,#0)
Simply supported beam (SS)
1 1599.08 1599.09 0.0 1580.30 1.2 1599.08 1006.68 1006.68 0.0 996.90 1.0 1006.68
2 6803.30 6803.30 0.0 6803.30 0.0 6780.73 4293.28 4293.28 0.0 4293.30 0.0 4285.89
3 12504.55 12504.58 0.0 12430.60 0.6 12504.55 8223.81 8633.80 —-4.7 8177.00 0.6 8223.81
Clamped-clamped beam (CC)
1 3530.06 3530.10 0.0 3509.10 0.6 3530.06 2255.52 2255.50 0.0 2243.20 0.5 2255.52
2 9335.63 9335.63 0.0 9335.60 0.0 9302.17 6134.70 6134.70 0.0 6134.70 0.0 6122.14
3 14874.91 14875.08 0.0 14796.10 0.5 14874.91 10149.74 10149.80 0.0 10098.10 0.5 10149.74
Cantilever beam (CF)
1 645.18 645.20 0.0 642.90 0.4 645.00 395.95 396.00 0.0 394.90 0.3 395.90
2 3385.97 3386.00 0.0 3352.90 1.0 3385.78 2170.82 2170.80 0.0 2152.20 0.9 2170.76
3 9684.79 9684.80 0.0 9683.40 0.0 9643.73 6296.06 6296.10 0.0 6295.60 0.0 6281.32

Beam parameters: E = 210 GPa; G = 80,77 GPa; p = 7860 kg/m3;
k =5/6; b =12,5 mm; h = 25 mm; a;/h = 0.35; £, = 0.5

SS L::L
cc ;:1 “ /
CE 1

bending flexibility only at the cracked sections.

The proposed model is in accordance with the results available in the
literature for the considered cases. On the other hand, it is able to
highlight and properly quantify the frequency deviation due to the in-
fluence of the crack shear mode, even when its effect is minor.

A further case of damaged beam with rectangular cross section and
with four cracks and various restraints configurations at the two ends is
investigated and compared with the literature results reported in
(Chouiyakh et al., 2017), where the localised shear flexibility of the
crack is not included in the model (but localised axial flexibility of the
crack is considered). The geometric and mechanical properties of the
beam are reported in Table 4. The chosen values for the beam length and
the cross-section height correspond to slenderness L/h = 500, 50, 15,
and 10. The four cracks, all with crack depth a;=az=as=a4 = 0.20h, are
equally spaced and located at & =0.2; & =04; & =06; & =
0.8. As in the previous cases, they have been modeled first by neglecting
the localised shear flexibility of the crack, thus setting 4, = 0, whilst the
values of the crack intensity parameter Ap =
0.0008,0.0080,0.0268,0.0401 (for the considered slenderness values,

respectively) have been inferred to reproduce the localised bending
flexibility ¢, coherently with the expression proposed in (Vadillo et al.,
2012) also adopted in (Chouiyakh et al., 2017):

h  ra
< =g () 33)
where the function I,(2) has the form:
L(a/h) = 2 a/h_\*[5.93 —19.69a/h + 37.14(a/h)*+ 34
¢ 1—a/h) | —35.84(a/h)’ +13.12(a/h)"

The first three natural angular frequencies w;,i =1, ...,3 (rad/s) for
various slenderness values and boundary conditions (simply supported
beam, simply supported-clamped beam, clamped-clamped beam and
cantilever beam) are shown in Table 4. In particular, the frequencies
obtained by means of the proposed model have been compared to those
reported in (Chouiyakh et al., 2017), where an approximated numerical
strategy based on the Differential Quadrature Method (DQM) is
employed, and the percentage difference A % between the two has been
also reported.
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Table 4
Comparison of angular frequencies w for multi-cracked beam for various slenderness (L/h) and various boundary conditions (SS, SC, CC, CF-beams).
(1 2 @3
L/h Present Chouiyakh A Present Present Chouiyakh et al. A Present Present Chouiyakh A Present
(A;=0) etal., 2017 % (2,#0) (4 =0) (2017) % (1,:#0) (1z=0) et al., 2017 % (4:#0)
SS 500 2.3516 2.3562 -0.2 2.35 9.4060 9.4245 -0.2 9.41 21.1628 21.2043 -0.2 21.16
50 230.88 234.48 -1.5 230.88 921.72 936.00 -1.5 921.72 2067.09 2098.96 -1.5 2067.06
15 2442.08 2485.20 -1.7 2441.97 9577.89 9740.96 -1.7 9576.22 20896.15 21234.46 -1.6 20888.62
10 5298.37 5273.16 0.5 5297.61 20353.94 20256.85 0.5 20343.38 43159.92 42951.78 0.5 43117.04
SC 500 3.6757 3.6808 -0.1 3.68 11.9093 11.9277 -0.2 11.91 24.8419 24.8852 -0.2 24.84
50 362.45 366.41 -1.1 362.45 1169.45 1183.66 -1.2 1169.44 2425.61 2458.50 -1.3 2425.57
15 3848.59 3895.64 -1.2 3848.03 12080.39 12235.08 -1.3 12076.76 24152.71 24480.33 -1.3 24142.03
10 8328.43 8299.19 0.4 8324.66 25385.22 25285.57 0.4 25363.13 49043.28 48824.81 0.4 48986.74
CC 500 5.3365 5.3412 -0.1 5.34 14.7045 14.7225 -0.1 14.70 28.8133 28.8603 -0.2 28.81
50 528.00 531.65 -0.7 528.00 1445.36 1459.11 -0.9 1445.34 2808.69 2844.14 —-1.2 2808.64
15 5607.96 5649.38 -0.7 5606.52 14779.63 14918.55 -0.9 14773.47 27446.79 27774.57 —-1.2 27433.84
10 12065.16 12035.62 0.2 12055.68 30619.17 30517.15 0.3 30583.50 54733.22 54496.35 0.4 54669.55
CF 500 0.8383 0.8431 —-0.6 0.8383 5.2528 5.2660 -0.3 5.2528 14.7048 14.7335 -0.2 14.7048
50 82.86 83.69 -1.0 82.86 517.44 523.27 -1.1 517.43 1442.02 1460.14 —-1.2 1442.00
15 892.33 902.79 -1.2 892.30 5457.62 5525.85 -1.2 5456.63 14764.69 14959.76 -1.3 14759.40
10 1961.69 1955.30 0.3 1961.49 11718.58 11676.20 0.4 11712.02 30744.66 30619.76 0.4 30713.67
Beam parameters: E = 210 GPa; G = 80,77 GPa; p = 7860 kg/m>; E‘—,_\",:: :
= 5/6; b — 12,5 mm; h — 25 mm; ayh — 0.20i = 1, ...,4; SS yaN
§1=02;8,=0.4;83=06; £, =0.8 ”
sc B - —
Al )
CF T

An additional column referred to frequencies obtained with the
proposed model by adding the localised shear flexibility due to the
cracks (with the relevant parameters 1, = 9.32:107°,9.32.:10~*,0.0031,
0.0047 for the considered slenderness values, respectively, obtained in
accordance with (Zheng and Kessissoglou, 2004), see also Egs. (29),
(30)) is reported in Table 4.

Once again, the proposed model is in accordance with the results
available in the literature for the available cases, and the differences are
always lower than 1.7%. The observed discrepancies, which tend to
increase as the slenderness of the beam reduces, might be due to the
approximation of the DQM.

5.3. Assessment of the crack intensity influence

In this subsection a parametric study, considering a clamped-
clamped beam with a single crack with increasing intensity, is pre-
sented. The length of the beam is L = 1 m, the cross section is rectangular
with base b = 0.1 m and height h varying according to various slen-
derness L/h =5, 10 and 20. The mass density is equal to p = 7850 kg/m°,
whilst the Young’s modulus is E = 210000 MPa and the tangential
modulus G = 80769 MPa.

The crack depth/cross-section height ratio a;/h has been assumed
varying from O to 0.5, whilst two crack locations have been investigated,
£ = 0.3,0.5. The influence of the crack depth has been investigated
firstly by considering the effect of the localised bending flexibility only,
thus setting 4, = 0, and then by introducing the localised shear flexi-
bility (4, # 0). From now on, the relevant parameters A, and 4,,
dependent on the crack depth/cross-section height ratio a;/h, to be
accounted for in the proposed model have been inferred consistently to
the expressions proposed in (Zheng and Kessissoglou, 2004) (see also

10

Egs. 29 and 30).

In Fig. 4 the ratio y?/u2 of the frequency parameters of the damaged
and undamaged cases against the crack depth/cross-section height ratio
aj/h, for the first three vibration modes, is reported for the crack posi-
tion & = 0.3. In particular, the results for the considered slenderness
values L/h = 5, 10 and 20 and for the models with 1, = 0 (solid lines)
and 4, # 0 (dashed lines) are shown.

It can be observed that, besides the localised bending flexibility, the
additional insertion in the model of the localised shear flexibility
(4; # 0), due to the crack, affects the 1st and 3rd natural frequency
decay more significantly for low slenderness. On the other hand, in view
of the considered crack position, even frequencies, such as the 2nd, are
not further influenced by the localised shear flexibility since the crack
occurs around zero shear force cross section.

The same damaged to undamaded frequency ratio y2/u3 versus the
crack depth/cross-section height ratio a;/h is plotted in Fig. 5 for the
middle span crack location & = 0.5. The curves concerning the slen-
derness values L/h = 5, 10 and 20 and for the models without, 1, = 0
(solid lines), and in presence of localised shear flexibility, 1, # 0 (dashed
lines), are reported.

In this case, it has to be noted that only the odd frequencies are
affected by the bending flexibility of the crack located at £, = 0.5. In
fact, when the 2nd frequency is considered, the crack location corre-
sponds to a zero bending moment cross section. On the other hand, a
decay is encountered in the 2nd frequency when the localised shear
flexibility is accounted for (1, # 0) in the proposed model, particularly
for low slenderness ratios. The localised shear flexibility does not in-
fluence the odd frequencies since the crack occurs at the zero shear force
cross section.



F. Cannizzaro et al.

1
098
0.96

2, 209
g

European Journal of Mechanics / A Solids 101 (2023) 105039

Mode 2

272
g

0.92 1
09+ 1
0.88 1 1
0.86 ]
0.84 y ; : 0.84 . v v
0 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
a,/h a /h
Mode 3
1 e
098 | I ——
0.96 - 1
2,209+ 1
Tl ,
r
0921 1 [—ra=51=0 n
09l 1 |---Lm=5a20
—Lh=10 /\:=0
0.88 r 1 ——-- L= 10/\:#)
0386 | | Lh=20) =0
Lih=20 A 40
0.84 h : : . :
0 0.1 0.2 0.3 0.4 0.5
a 1/h
Fig. 4. First, second and third frequency parameter ratio versus crack depth/cross-section height ratio for crack location &£; = 0.3.
Mode 1 Mode 2
1 1
0.98 098 |
0.96 0.96 1
2, 2 094 2, 2 09 1
W /p,() 3 //L()
0.92 0.92 | 1
091 09 r g
0.88 | 0.88 | ]
0.86 0.86 1
0.84 . : : : 0.84 . : ‘ ‘
0 0.1 0.2 0.3 04 0.5 0 0.1 0.2 0.3 04 0.5
a I/h a,/h
1
0.98
0.96
2, 20941
/
H "“‘0 T
092 ¢ — Lh=5A-0 i
09} ----L/h=5/\:¢()
—LA=10A=0
0.88 L LA=10A%0
0.86 L/h=20)_=0
L/h=20 ) #0
0.84 ; ; ; : E

Fig. 5. First, second and third frequency parameter ratio versus grack depth/cross-section height ratio for crack location &,

0.1

02

a 1/h

0.3

0.4

0.5

=0.5.



F. Cannizzaro et al.
5.4. Influence of a variable crack location

In this sub-section a parametric study considering a variable position
of one crack along the axis of a clamped-clamped beam is presented.
Three values of the crack depth/cross-section height ratio a;/h are
considered as follows: a;/h = 0, 0.3, 0.5, whilst the crack position ranges
from O to 0.5 (from the left end to the middle of the beam). The length of
the beam is L = 1 m, the cross section is rectangular with base b = 0.1 m
and height h varying according to two slenderness L/h = 5 and 10. The
mass density is equal to p = 7850 kg/m>, whilst the Young’s modulus is
E = 210000 MPa and the tangential modulus G = 80769 MPa.

In Figs. 6-7 the variation of the damaged to undamaded frequency
ratio p?/u versus the crack location &, for the first three vibration
modes, is reported for the slenderness values L/h = 5 and 10, respec-
tively. In each Figure, solid lines provide the frequency variation due to
the localised bending flexibility only (i.e. 4, # 0,4, = 0); broken lines
give an account of the further contribution to the frequency decay due to
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the additional localised shear flexibility of the crack (i.e. 4, # 0,4, # 0).

The horizontal lines in Figs. 6-7, obtained for a;/h = 0, represent the
frequency of the undamaged beam, hence, the frequency decay due to
the crack should be evaluated as the difference of the relevant contin-
uous curve with respect to the latter value. From the above figures a
general decrease of the frequency parameter with respect to the un-
damaged case in presence of rotational discontinuity only is observed,
unless the crack occurs in correspondence of a zero modal bending
moment. With particular regard to the purpose of this work, as proved
by Figs. 6-7, it can be stated that the presence of transversal disconti-
nuity due to localised shear flexibility induces a higher reduction of the
frequency parameter ratio except in the case of a position of the crack in
correspondence of a zero modal shear force. Therefore, the figures
clearly show that there is no location where the frequencies are insen-
sitive to damage. However, this effect tends to be negligible as the beam
slenderness increases.

Mode 2
1 = | =
0.95 F 095 1/ h
D55 2,2
W //LO / I //1,0
09+ // 1 09
085 0851
0.8 0.8
4] 0.1 0.2 03 0.4 0.5 0 0.1 0.2 0.3 04 0.5
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Mode 3
1
0951
2 12 . .
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09 1 Il
—»
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2
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£l

Fig. 6. First, second and third frequency parameter ratio versus crack location for beam slenderness L/h = 5.
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Fig. 7. First, second and third frequency parameter ratio versus crack location for beam slenderness L/h = 10.

5.5. Influence of a variable crack number

In this subsection a parametric study considering the same clamped-
clamped beam of the previous application with increasing number of
cracks and with variable intensities is presented. The crack locations ¢;
and the crack depth/cross-section height ratios a;/h are summarized in
Table 5 as the number i of cracks increases from 0 to 7. It is worth noting
that the combination of crack depths and positions are chosen in order to
simulate a crack propagation from the middle of the beam.

The influence of the discontinuities on the frequencies has been

investigated firstly by analyzing the cracked beam with the presence of
rotation discontinuities only, thus setting 4, = 0, and then with the
presence of both transversal displacement and rotation discontinuities
4z # 0).

In Fig. 8 the variation of the damaged/undamaged frequency ratio
u?/u3 against the number of cracks, for the first three vibration modes, is
reported. In each figure, the results for slenderness values L/h=5, 10 and
20 and for the models with 4, = 0 (solid line) and 1, # 0 (dashed line)
are shown.

Table 5
Crack location &; and crack depth/cross-section height ratio a;/h for increasing number of cracks.
n & &2 &3 &4 &s 143 &7
0 —
1 0.50
3 0.49 0.50 0.51
5 0.48 0.49 0.50 0.51 0.52
7 0.47 0.48 0.49 0.50 0.51 0.52 0.53
n a;/h ay/h as/h ay/h as/h as/h ay/h
0 —
1 0.05
3 0.05 0.10 0.05
5 0.05 0.10 0.15 0.10 0.05
7 0.05 0.10 0.15 0.20 0.15 0.10 0.05
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Fig. 8. First, second and third frequency parameter ratio versus number of cracks and schematization of the location and depth of the cracks.

Also in this case, it has to be noted that only the odd frequencies are
affected by the bending flexibility of the cracks located at the middle of
the beam. In fact, when the 2nd frequency is considered, the crack lo-
cations correspond to a zero or almost zero bending moment cross sec-
tions. On the other hand, a decay is encountered in the 2nd frequency
when the localised shear flexibility is accounted for (1, # 0) in the
proposed model, particularly for low slenderness ratios. The localised
shear flexibility does not influence the odd frequencies since the crack
occurs at the zero or almost zero shear force cross sections. The results
obtained for modes 1 and 3 are very similar because all the cracks are
located around the midspan of the beam. This position of the damage
has about the same influence in the reduction of the frequency ratio for
the first two odd modes since it corresponds to the position in which the
maximum modal shape amplitude is reached. This result is also
confirmed by the parametric analysis reported in Fig. 5.

6. Conclusions

Free vibrations of multi-cracked shear deformable beams in accor-
dance with the First order Shear Deformation Theory (FSDT) due to
Timoshenko have been studied in this work. The cracks have been
modeled by considering localised effects on both the bending and shear
flexibility. An exact distributional model has been proposed to include in
the governing equations both rotational and transversal displacement
discontinuities due to the mentioned localised flexibilities. The first
novel achievement of the work, with respect to the literature results,
consists in the formulation of the governing equations over a unique
integration domain being the transition condition at the cracked cross
section implicitly satisfied. The second original contribution of the work
is represented by the exact closed form integration of the latter equa-
tions proposed together with the relevant explicit expressions of the free

14

vibration modes. Natural frequencies have been evaluated from the
relevant characteristic equations dependent on the boundary conditions
at hand. Validations of the proposed closed form solution against finite
elements results are presented. Further cases available from the litera-
ture, that consider the localised flexural flexibility only, are analysed
and then extended to include localised shear flexibility causing a further
frequency decay. Finally, a parametric study to highlight the influence
of number, position and intensity of the cracks on the model has been
presented. The presented approach, together with the proposed solu-
tion, represents a further contribution in terms of exact solutions of
multi-cracked shear deformable damaged frames. This solution can also
be used as benchmark for validating existing and new analytical as well
as numerical approaches for investigating shear deformable beams in
presence of concentrated damage.
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