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Helmholtz, Schrédinger, and the First Non-Euclidean Model

of Perceptual Color Space

Valentina Roberti

This paper explores the groundbreaking contributions of Hermann von
Helmholtz and Erwin Schrédinger to the geometry of color space -a 3D space
that correlates color distances with perceptual differences. Drawing upon his
expertise in non-Euclidean geometry, physics, and psychophysics, Helmholtz
introduced the first Riemannian line element in color space between 1891 and
1892, inaugurating a new line of research known as higher color metric, a
term coined by Schrédinger in 1920. During his tenure at the University of

sections have even been deleted from
the latest edition of the Helmholtz
Handbook of Physiological Optics.[!l On
one hand, Schrédinger acknowledged
Helmholtz’s idea of a Riemannian nature
of perceptual color space. On the other,
he highlighted certain critical aspects
that had eluded Helmholtz’s attention in
defining the line element. Schrédinger

Vienna, Schrédinger extensively worked on color theory and rediscovered
Helmholtz’s forgotten line element. In his 1920 papers titled “Grundlinien
einer Theorie der Farbmetrik im Tagessehen,” published in the Annalen der
Physik, Schrédinger elucidated certain shortcomings in Helmholtz’s model
and proposed his refined version of the Riemannian line element. This study
delves into this captivating chapter in the history of color science,
emphasizing the profound impact of Helmholtz’s and Schrodinger’s work on
subsequent research in color metrics up to the present day.

1. Introduction

A skilled experimenter and a profound expert in the latest de-
velopments of physiological optics, psychophysics, and non-
Euclidean geometry, the polymath Hermann von Helmbholtz
leveraged his transdisciplinary knowledge to define the first Rie-
mannian line element in color space between 1891 and 1892.
This paper explores the path that led to the establishment of the
field known as higher color metric, a term coined by one of the chief
architects of quantum mechanics, Erwin Schrédinger. In his
1920 papers on color theory, Schrédinger rescued Helmholtz’s
work on color metrics from obscurity. Schrédinger noted, a com-
putational error by Helmholtz, the discovery of which further
weakens the connection to experience, is probably the reason
why his intellectually interesting idea of a Riemann geometry of
color has not been appreciated, as far as I know. The relevant
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argued that the identification of these
shortcomings by Helmholtz’s pupils
might have led to the omission of crucial
excerpts related to the line element in
the third edition of Helmholtz’s “Hand-
buch der Physiologischen Optik”.l
Since Schrédinger’s rediscovery of
Helmbholtz’s 1892 paper, Helmholtz’s
treatment of the line element has formed
the foundation for all subsequent studies
on the geometry of color space, extending
to the present day. This work builds upon the author’s two more
extensive prior contributions,*l which can be consulted by read-
ers interested in the subject for a more in-depth exploration.

2. Helmholtz’s Color Theory: The Beginning

The foundation of modern color science was laid in the mid-
19th century when James Clerk Maxwell and Hermann von
Helmholtz provided the first comprehensive clarification of long-
debated topics within the field. This involved distinguishing be-
tween additive and subtractive color mixing, elucidating the cor-
rect mechanism underlying human color vision, and determin-
ing the number of primary colors. They were well aware of the
inherent connection between the science of color and subjec-
tive experience, which prompted them to perform experiments
to obtain quantitative expressions for color mixing. During the
same period, Hermann Giinther Grassmann introduced the for-
mal principles of affine geometry to address the characterization
of perceptual color space, laying the basis for modern colorime-
try. In doing so, these three scientists refined and redefined the
color theories of Isaac Newton and Thomas Young, which served
as the starting point for their groundbreaking research.
Helmholtz began systematically his research on color in 1849
when he was appointed professor of physiology in Koénigsberg
(now Kaliningrad). Years before, from 1838 to 1842, as a stu-
dent at the Royal Friedrich-Wilhelm Institute of Medicine and
Surgery in Berlin, he had encountered Johannes Peter Miiller,
who was at that time his professor of physiology. Inspired by the
work of Miiller, Helmholtz started to find connections between
physiology and physics, an aim that he pursued throughout
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Figure 1. Helmholtz's original sketch of the V-shaped slit experiment.l] In
(A), the V-shaped slit is depicted with its two arms, ab and bc, inclined at a
45° angle on both sides of the vertical. Image (B) illustrates the partial su-
perimposition of the two spectra: a, b, a, § represents the spectrum from
the slit ab, while ¢ b,y § refers to the spectrum from bc. Within the central
triangular field shared by both spectra, all color bands of one spectrum
intersect with those of the other. Reproduced with permission. Copyright
Archiv der Berlin-Brandenburgischen Akademie der Wissenschaften, NL
Helmholtz Nr. 573, p. 162.

his life and constituted the leitmotiv in his investigation in the
field of color. Drawing upon his expertise in physical optics,
Helmbholtz designed refined instruments for conducting novel
observations that significantly contributed to the advancement of
color science. The first two papers he published on color appeared
in the Annalen der Physik in 1852, under the titles “Uber Hrn.
D. Brewster’s neue Analyse des Sonnenlichts” (“On Sir David
Brewster's New Analysis of Solar Light”)!*] and “Uber die The-
orie der zusammengesetzten Farben” (“On the Theory of Com-
pound Colors”).’! In the former paper, Helmholtz expressed
his critique of the color theory proposed by another prominent
natural philosopher, David Brewster. Similar to Goethe, Brew-
ster postulated the existence of three primary colors: red, yel-
low, and blue.[®l Helmholtz replicated Brewster’s experiments
and demonstrated that the Scottish physicist had succumbed to
several subjective illusions regarding color. Moreover, he clari-
fied that the confusion surrounding color mixing, and thus Brew-
ster’s theory, arose from considering two distinct processes as
equivalent: additive and subtractive color mixing. In his second
contribution, Helmholtz provided a coherent and comprehensive
explanation of the differentiation between these two phenomena.
According to him, these processes belong to separate domains:
pigment mixing pertains to the physical domain, whereas light
composition falls within the physiological domain (a conclusion
shared by Maxwell). In this paper, Helmholtz also offered a de-
tailed account of an experimental device he designed to observe
binary combinations of spectral colors at various intensities. He
allowed sunlight to pass through a V-shaped slit inserted in a
dark screen before falling into a flint prism borrowed from his
colleague Franz Ernst Neumann in Konigsberg. This uniquely
shaped aperture produced two partially overlapping spectra, as
depicted in Figure 1. By observing the spectra produced through
the slit, Helmholtz could achieve all the combinations result-
ing from the optical mixing of two spectral colors. The intensity
of the two colors could be adjusted by altering the prism’s an-
gle from its original position, making it more or less oblique. A

Ann. Phys. (Berlin) 2024, 2300536 2300536 (2 of 7)

www.ann-phys.org

telescope, positioned at an appropriate distance from the prism,
was used to examine these combinations. Upon individually in-
specting each pair of superimposed spectral colors, Helmholtz
identified only one pair of complementary colors, namely, yellow
and indigo-blue. This finding contradicted Newton’s color mix-
ing theory, which envisaged the necessity of an infinite number
of pairs of complementary colors. Furthermore, when analyzing
the results, Helmholtz discovered that by mixing red and green,
as well as green and violet lights, he could not obtain colors as
saturated as spectral yellow and blue, respectively. Consequently,
he proposed that a minimum of five primary colors (red, yellow,
green, blue, and violet) was necessary to produce all the spec-
tral hues. However, this evidence was in opposition to Young’s
trichromatic theory, which postulated the existence of three types
of photoreceptors in the human retina, each sensitive to one of
the three primary colors: red, violet, and green. Within a few
years, Helmholtz reversed his position on Young’s theory, which
assumed a central role in all his subsequent investigations. He
officially embraced Young’s trichromatic theory after Maxwell’s
contributions between 1855 and 1860.”]

During the summer of 1854, Helmholtz submitted a third es-
say on color to the physicist and editor of Annalen der Physik
und Chemie, Johann Christian Poggendorff, entitled “Uber die
Zusammensetzung von Spectralfarben” (“On the Composition
of Spectral Colors”).[l Here, he proposed a new method that
allowed him to simultaneously cover only a small area with
two spectral colors, enabling the study of their mixture. The V-
shaped slit experiment posed challenges in achieving accurate
judgments of the mixtures, particularly the paler ones. This diffi-
culty arose because the individual colors occupied a considerable
area, even when observed through a telescope. Furthermore, nu-
merous other brilliant colors appeared in the field of view due
to contrast effects. To overcome these limitations, Helmholtz de-
signed the apparatus sketched in Figure 2.

He employed a refined color mixer with two adjustable slits,
manipulable both in position (for selecting specific wavelength
ranges within the spectrum) and in width (for controlling intensi-
ties). Helmholtz identified seven pairs of complementary colors,
which mixed together produced white, and measured the inten-
sity, i.e., the slit width, of the light for each complementary color.

His aim was to obtain a 2D representation of the space of
perceived colors. In 1853, Grassmann!'?l demonstrated that hu-
man color vision depends on three variables: hue (wavelength),
shade, and tint. Shortly afterward, Maxwell confirmed the three-
dimensional nature of color space, proposing red, green, and
blue as independent variables, in line with Young’s suggestions.
This marked the birth of the concept of color space as a three-
dimensional structure describing colors. Within the color space,
each color can be specified using three coordinates or param-
eters that define its position. The two-dimensional representa-
tion of the color space, with hue and tint as the two independent
variables while maintaining constant brightness, is commonly
kwon as a color diagram.'!) Figure 3, illustrating Helmholtz’s
2D color space (or color diagram), reveals that, during the mix-
ing of colored lights, distinct amounts (i.e., intensities) of the
two colors were necessary to produce white for each combina-
tion of complementary colors.'2l Helmholtz thus realized that
the shape of the color diagram was neither a circle, as proposed
by Newton in his “Opticks”,'3] nor an equilateral triangle, as
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Figure 2. Original drawing of Helmholtz’s color mixer. A heliostat allowed
sunlight to be reflected through a vertical slit into a dark room. The beam
of light passed through a prism and a lens, denoted by P and L;, respec-
tively, with a rectangular diaphragm, D, positioned between them. In the
focal plane of the lens L;, Helmholtz placed a screen S;, which contained
two vertical slits adjustable both in position and in width. Any two beams
of spectral colors, indicated by a and g, could thus be combined by an-
other achromatic lens, L;;, projecting an image on a second screen, Sj;.
The area on the second screen appeared colored by a uniform mixture of
the two lights. Reproduced with permission. Copyright Archiv der Berlin-
Brandenburgischen Akademie der Wissenschaften, NL Helmholtz Nr. 573,
p. 163.

Figure 3. Helmholtz's experimentally derived color diagram illustrating
color mixing at constant brightness.["]

envisaged by Young,'*) but rather a distinctly asymmetric curve:
a truncated hyperbola. Observing that equal distances did not
correspond to equal perceptual distances in his color diagram,
Helmholtz stated that the color space could not be uniform. This
was the first experimental evidence that prompted him to ex-
plore non-Euclidean geometry for defining a line element in color
space.

3. Helmholtz's Line Element

Precisely in physical optics, two examples were available to me of
other manifolds which can be portrayed spatially and are variable
in several respects. Namely, the color system, which Riemann
also cites, and the measuring out of the visual field by visual es-
timation. Both show certain fundamental differences from the
metrical system of geometry, and stimulated comparison.¢]

In 1868, Helmholtz published his memoir titled “Uber die Tat-
sachen, die der Geometrie zugrunde liegen” (“On the Facts Un-
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derlying Geometry”),['”! delving into the foundation of geome-
try — a topic highly debated during that period. In this context,
Helmholtz identified the color space as one of the few candi-
dates capable of providing empirical evidence for the existence
of geometries beyond the Euclidean framework, something al-
ready discussed by the eminent nineteenth-century mathemati-
cian Bernhard Riemann. Riemann, indeed, introduced the idea
of multidimensional manifolds in his seminal 1854 lecture “Uber
die Hypothesen, welche der Geometrie zu Grunde liegen” (“On
the Hypotheses that Lie at the Basis of Geometry”). In this work,
he pinpointed the space of color as the only example of a con-
tinuous manifold with several dimensions. Riemann’s lecture
was only published posthumously by Richard Dedekind in 1867,
and it appeared in the 13" volume of the Abhandlungen der
Kéniglichen Gesellschaft der Wissenschaften zu Gottingen.'8] Tt is
noteworthy to mention how Helmholtz became aware of Rie-
mann’s work. Only a few months before the publication of his
own memoir, Helmholtz corresponded with Ernst Schering, the
author of “Bernhard Riemann Gedichtnis” in 1867.11%1 On April
21, 1868, Helmholtz wrote to Schering: In thanking you for send-
ing me the two little notes about Riemann, there is one ques-
tion I should like to ask. In your notice of his life, I find it stated
that he gave a Habilitationsvorlesung on the Hypotheses of Ge-
ometry. I have myself been occupied with this subject for the
last two years in connection with my work in physiological op-
tics but have not yet completed or published the work because I
hoped to make certain points more general. [...] I venture to ask
you to let me know if Riemann'’s essay is already in print, or if
there is any prospect of its being published shortly, as it seems
to me most desirable; in the event of Riemann having taken the
same point of departure, my own work would become useless,
and I need not go on expending as much time and headache as it
has already cost me.[?%! Shortly after, Helmholtz acknowledged
Schering for sending a copy of Riemann’s work: I am much
obliged for the copy of Riemann’s Habilitationsschrift. Herewith
I send you a short account of the part of my own studies of
this subject which is not covered by Riemann’s work, begging
you to lay it before the Royal Society to be published in the Got-
tinger Anzeigen (Proceedings of the Society).[?!] The request was
promptly accepted. Helmholtz’s “On the Facts” was published in
June 1868.

While Riemann’s insight remained a conjecture, Helmholtz
took a step further by integrating his knowledge in non-Euclidean
geometry and experimental psychology to derive the line ele-
ment for the space of perceived colors. As the foundation for
his line-element derivation, Helmholtz considered the Weber-
Fechner law from the burgeoning field of psychophysics. The
Weber-Fechner law was presented in 1860 by the German physi-
cist and experimental psychologist Gustav Theodor Fechner,!??]
who extended the work carried out by his mentor and collab-
orator, the German physiologist and anatomist Ernst Heinrich
Weber. Fechner conducted experiments in which subjects were
asked to compare the intensity of sensations caused by two physi-
cal stimuli. One stimulus was kept constant, while one parameter
of the second stimulus was systematically varied. Fechner inves-
tigated various physical stimuli, such as light intensity, weight,
and temperature. Through these experiments, Fechner identified
the smallest amount of physical difference between stimuli that
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Figure 4. Kénig’' and Dieterici’s elementary curves for individuals with
trichromatic vision (normal eye: R, G, and V; eye affected by deficiencies:
dotted curves, and V). The abscissa displays Fraunhofer lines as reference
points.[?7]

produced a just noticeable difference in sensations. This relation-
ship is given by the following expression:

dp = k- 2 (1)

where dp represents the perceived difference in sensation inten-
sity, dS indicates the variation in stimulus intensity, S refers to
the intensity of the physical stimulus, and k denotes a constant.
Through integration, the following expression for sensation in-
tensity, p, can be obtained:

S
p = kln<5—0> @

where S, stands for the minimum value of the perceived stimu-
lus.

Thanks to the work conducted by his collaborators in Berlin,
Arthur Konig, Conrad Dieterici, and Eugen Brodhun, Helmholtz
succeeded in extending the one-dimensional Weber-Fechner law
to the three-dimensional color space. Drawing on the experimen-
tal findings collected and analyzed by his collaborators from 1883
onward, Helmholtz presented his line element in his 1892 paper
“Kiirzeste Linien im Farbensystem” (“The Shortest Lines in the
Color System”),[3] where it assumed the following form:

2 2 2
= () () + (59 g
x+a y+b z+c

In this equation, dE represents the Empfindungsunterschied
(difference in sensation), while x, y, and z denote the physiol-
ogische Urfarben (physiological primary colors), and a, b, and ¢
indicate self-light constants. The physiological primary colors
were expressed as linear homogeneous equations of R (red), G
(green), and V (violet), known as Elementarfarben or elementary
colors, whose sensitivity curves were experimentally derived by
Helmholtz’s assistants, Arthur Kénig and Conrad Dieterici.l?]
These were essentially the sensitivity curves of the three recep-
tors in the human retina,®! as depicted in Figure 4. The new set
of primary colors, the physiological primary colors (x, y, and 2),
was constrained to ensure that R, G, and V values for spectral
colors did not yield negative values.
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The three quadratic terms in Equation (3) differ only in the
magnitudes of the self-light constants, a difference that becomes
increasingly unimportant as the brightness increases. At such
high brightness levels, the line element predicts, for pure bright-
ness discrimination, that the Weber-Fechner fraction will have
the same value for all colors, according to Konig’ and Brodhun’s
experimental findings:[?%]

Ax_ Ay _ Az
x y z

“)

4. Schrodinger’s “Grundlinien”

Prominent space was dedicated to Helmholtz’s line-element
treatment in the second revised edition of the “Handbuch
der physiologischen Optik”.[28] However, both the mathematical
derivation and the underlying idea were omitted by Helmholtz’s
successors in the third edition, published in 1911, seventeen
years after Helmholtz’s death. This omission probably con-
tributed to making his outstanding work fall into oblivion for at
least a quarter century, until Erwin Schrédinger rediscovered its
precious value.

Before writing his well-known papers on wave mechanics,
Schrédinger extensively researched color theory. After complet-
ing his doctorate in 1910 at the University of Vienna, he be-
came an assistant to Franz Serafin Exner. Exner was exploring,
at the time, the implications of the Young-Maxwell-Helmholtz
color theory, a pursuit he continued until his death. Motivated by
Exner’s research, Schrodinger began delving into color metrics.
The outcomes of Schrodinger’s research in the field were sub-
mitted in 1920 to the Annalen der Physik, appearing as three sep-
arate contributions in the comprehensive work titled “Grundlin-
ien einer Theorie der Farbmetrik im Tagessehen” (“Outline
of a Theory of Color Measurement for Daylight Vision”).[?]
Schrédinger’s “Grundlinien” represented his major accomplish-
ment in color theory, earning him the prestigious Haitinger Prize
from the Austrian Academy of Sciences for his foundational con-
tributions to color theory. Schrédinger identified two categories
into which the efforts to quantify color fall: Their distinction lies
in the criterion used for the adjustment of two adjoining color
fields on an experimental device. Either a criterion of complete
identity is applied exclusively (indistinguishability), or other cri-
teria are applied (such as just-noticeable difference, maximum
similarity, or eventual maximum contrast). Measurement results
of the first kind do form a unified, internally consistent system
whose simple axiomatic rules have been formalized by Grass-
mann, which rules have been experimentally verified by Konig. I
believe that this system of rules — frequently known as the laws
of light mixture — may reasonably be called lower color metric,
to distinguish it from higher color metric, whose laws are much
more complicated and much less well understood.l*"] According
to Schrédinger’s definition, the pioneering color-matching exper-
iments carried out by Maxwell in the 1850s fell within the do-
main of lower color metric. Between 1855 and 1860, Maxwell
obtained the first color-matching equations using instruments
that enabled direct comparison, in both color and intensity, be-
tween white light and a combination of three spectral colors. This
process laid the foundation for his color diagram, an equilateral
triangle in the Euclidean plane, with the primary colors—red,
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green, and blue—positioned at the vertices (a precursor to the
RGB color diagram). In Maxwell’s diagram, distances between
colors were expressed in Euclidean terms. Lower color metric, as
noted by J. J. Vos, precisely describes the laws of color mixing
evident in these diagrams and their 3D extension. Helmholtz’s
work on the line element, on the other hand, dealt with the
smallest perceptual differences between colors. Helmholtz ex-
amined two initially indistinguishable adjacent color fields, ad-
justing the color of one field slightly (in terms of hue, shade, or
tint) until a just noticeable difference was identified. In line with
Schrodinger’s clarification, these experiments belong to the do-
main of higher color metric, “higher” in the sense that it builds
on the fundamentals of lower color metrics.[*! In this case, a Rie-
mannian space turned out to be essential for translating color dif-
ferences into distances within the three-dimensional color space.
This geometry, as noted by Moore, is of the same kind as that
used by Einstein in his general theory of relativity, albeit in a
three-dimensional color space rather than the four-dimensional
space-time.32] Tt is noteworthy that Schrédinger had previously
acquainted himself with Riemann geometry while working on is-
sues related to general relativity.[**] Undoubtedly, his comprehen-
sive understanding of the Riemannian formalism enabled him to
envision its application in the context of color theory.

In this work, we only focus on Part III of the “Grundlinien”
which is devoted to higher color metrics. Here, Schrédinger re-
sponded directly to Helmholtz’s hypothesis of a Riemannian line
element for color space. After critiquing the editors of the third
edition of the “Handbuch” for omitting the entire treatment of
Helmholtz’s line element, Schrédinger pointed out certain short-
comings in Helmholtz’s model. Itis noteworthy to mention some
of them. Schrodinger first observed that the primaries, x, y, and z,
chosen by Helmbholtz, had to be computed ad hoc to maintain the
line element for just distinguishable color pairs approximately
constant. In Helmholtz’s treatment, moreover, brightness was
not considered an additive property of color, contradicting the lat-
est results on photometry, particularly the experimental findings
of William De Wiveleslie Abney and Edward Robert Festing.[3]
Schrédinger also emphasized another significant aspect related
to the nature of color space. Although Helmholtz’s system was
Riemannian, the color space demonstrated to be isometric to the
Euclidean space. Indeed, neglecting the self-lights constant in
Equation (3), Helmholtz’s color space is Euclidean on a logarith-
mic basis. These deficiencies prompted Schrodinger to under-
take a comprehensive review of the entire metrical theory of color
perception, and his proposal for a new line element (ds), compat-
ible with both the additivity law and the Weber-Fechner law, took
shape:

adx?  a,dx?  a,dx?
ds? = 1 ~<1 1+22+33> 5)

a1%) + 0y%, + 03%; X X b

In Equation (5), a,, a,, and a, indicate constants, experimen-
tally derived by Exner, which correspond approximately to the
brightness of the three fundamental processes defined as x;, x,,
and x;, as experimentally determined by Helmholtz’s collabora-
tors Kénig and Dieterici in 1892.13°] Contrary to Helmholtz’s met-
ric, in Schrodinger’s formulation, the color space does not exhibit
isometry with Euclidean one. A highly significant application of
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Figure5. Schrodinger’s lines of constant hue inside Young's triangle (Red-
Blue-Green) showing the spectrum locus determined by Kénig and Di-
eterici (thicker black line with indication of wavelength in nm).[3¢]

Schrodinger’s line element was the derivation of the lines of con-
stant hue (wavelength) inside Young’s triangular color diagram,
as shown in Figure 5. These lines, as it turned out, were curved:
colors with constant hues lay on the geodesics between fully sat-
urated color and white. The derivation of the geodesic lines of
constant hue, now called isochromes, provided a crucial clue for
the non-Euclidean interpretation of the geometry of color space.

5. Conclusion

Following Helmholtz’s and Schrédinger’s pioneering contribu-
tions, numerous endeavors have been made to formulate line ele-
ments in color spacel*”] so that higher color metric started to con-
tribute a proper branch of color theory, as Turner pointed out.*®!
A variety of formulas for both line elements and color differences
were presented by the leading figures in the field of color science,
such as Johannes J. Vos and Pieter L. Walraven from the Institute
for Perception TNO of Soesterberg, during the Memorial Sympo-
sium on Color Metrics, dedicated to Helmholtz in commemora-
tion of the 150" anniversary of his birth.[*l The systematic explo-
ration of color space metrics remains at the forefront of current
scientific research, gaining significance due to its pivotal role in
various technological applications, notably in computer graphics,
color printing processes, and medical investigations. At present,
there is no universally accepted color space, and different mod-
els are employed based on specific applications. Helmholtz’s pio-
neering 1892 work on the line element has paved the way for con-
temporary inquiries into the Riemannian nature of color space.
However, it is worth emphasizing that the fundamental nature
of color space, whether Euclidean or non-Euclidean, remains an
open problem and continues to be one of the most debated topics
in colorimetry.[*0]
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