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A new method is introduced for describing the collisional term in the framework of a par-
ticle scheme. The equations of motion of the particles contain an additional term which takes
into account the collisions. Numerical techniques are shown to compute this extra term and
to solve the equations. Exact results concerning stability and consistency of the schemes for
the diffusion equation are derived. Some numerical results for the one-dimensional case are
reported.  © 1990 Academic Press, Inc.

1. INTRODUCTION

Particle methods have been extensively used for solving a large variety of
problems in many different areas [1, 11]. There is an increasing interest in treating
collisional equations. In plasma physics the statistical effects of Coulomb collisions
among ionized particles is described by a Fokker—Planck operator which intro-
duces a “friction” and a “diffusion” in velocity space [7]. In semiconductor physics
the collisions between the carrier and the lattice are described by a linear integral
operator acting in the wave vector space [23]. Binary collisions in rarefied gas are
described by the Boltzmann equation, through a nonlinear integral collisional
operator [6].

The present particle schemes usually incorporate collisions by making a Monte
Carlo simulation of the collision process [5, 16]. This approach is quite general
and it reflects the physics of the process. The main drawback of the method is that
it introduces large statistical fluctuations and an extremely large number of particles
is required for an accurate simulation. Other more mathematical approaches have
been proposed by several authors [8, 10, 13, 19, 17]. In [19], for example, position
and velocity of the “macroparticle” satisfies the usual equation of motion of the
collisionless case and the collisions affect the “weight” of the particles transferring
mass from one particle to another.

Our approach is somehow different from the previous ones. The idea underlying
the method is the following: we approximate the initial distribution in the phase
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space with a set of equi-weighted particles for each species. Then we move the par-
ticles according to equations of motion which are the equations for the collisionless
case plus an additional term which is responsible for the change in the density
function due to collisions. The method is a Lagrangian description of the kinetic
equation and has the advantage of being deterministic and of automatically rezoning
the irregular grid which has been determined by the particles. In this respect the
technique has some resemblance with moving grid methods [2, 227 and moving
finite element method [15, 9, 14]. The other advantage is that the contribution of
the collisions is described by an additional term in the equations of motion that can
be added to an existent code which treats the collisionless case.

In these paper we illustrate the general features of the method and make some
applications to one-dimensional space homogenecus problems. In the case of the
diffusion equation we show some rigorous results on the stability and consistency
of the method. In a following paper, we shall treat multi-dimensional space
inhomogeneous case and make applications to a varicty of collisional operators.

The plan of the paper is the following: in Section 2 we describe the method and
derive the equations of motion. In Section 3 we describe the one-dimensional space-
homogeneous case and show how to treat boundary conditions and source terms
{particle “creation” and “annihilation”). In Section 4 we apply the method to the
one-dimensional heat equation and show some numerical results on the rate of
convergence of the scheme. In Section 5 we show some result on the stability and
consistency of the method applied to the diffusion equation. in Section 6 we apply
the method to simplified models of a Fokker-Planck equation, a linear integro-
differential equation (master equation) and a Boltzmann-like elquation {Kac
equation). Finally, in Section 7 we draw conclusions.

2. DERIVATION OF THE METHOD

We consider a generic kinetic equation for a single specie:

Z—{—Fv-foﬁ—F-va:I[f]s {2.1)

where f(x, v, 7} is the density function in the phase space, F is the acceleration field,
and /[ /] is a generic collisional operator.
We associate to the equation the initial condition:

(%, ¥, 0)= folx, v) (2.2)

The acceleration field F may be an external field or a functional of £. In the latter
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case we must supplement Eq. (2.1) with an equation relating F with /. In the
Vlasov—Maxwell case, for example, it is

F=2(E+vxB), (2.3)
m

and Eq. (2.1) is coupled with Maxwell’s equations for E and B.
In the collisionless case, Eq. (2.1) reduces to the Vlasov equation:

Z—J:+V-fo+F-va=O. (24)

It can be written in the “characteristic form,”

df
—=0. (2.5)

on the “characteristic lines” € defined by:

ax
ar
(2.6)
dv
—=F
dt
The solution of the Vlasov equation is given in a parametric form,
X’ v7 t) = Xo? vO)’
S Sol @7

x=x(x% v° 1), v=v(x% v’ 1),

where the expressions for x and v are obtained by integrating equations (2.6). With
particle methods one looks for a solution of Eq. (2.4) of the form:

N

f(N)(X, v, 1= w,6(x—x,)d(v—v,). (2.8)

i=1

This distribution is a weak solution of Eq. (2.4) provided x;(¢) and v,(r) satisfy the
characteristic equations (2.6). The initial conditions for equations (2.6) are the
points (x?, v?), which are determined by approximating the initial distribution (2.2)
in an “optimal” way. Equations (2.6) are then solved numerically and the field F
is evaluated self-consistently at each time step. The distribution of points x,(z), v,(),
interpreted as a discrete measure, is an approximation of the absolutely continuous
measure with density f(x, v, 1). There are rigorous estimates on the error between
the numerical discrete solution and the exact solution, which are based on a proper
metric in the space of measures [18, 12].
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The transformation (2.7), in particular, preserves integrals:

d
s dv=0 (2.
- L/m F(x, v, 1) dx dv =0, (2.9)

for any volume ¥~ in the phase space moving according to Egs. (2.6).

We shall use this property as a starting point for the derivation of our method.
Let us consider the full equation (2.1). We look for a transformation

x =x(x° v, 1),
(2.10)
v=v(x% v 1),

such that the property (2.9) is satisfied, for each volume ¥'(t) of points moving
according to (2.10), with constant (x°, v°).
By applying the transport theorem to (2.9) we obtain

0= J f(x,v,t)dx dv

¥ (1)

J F(x(x% v, 1), v(x°, ¥°, 1), 1) dx° dv°
“I(g

j [< 4V 2 +Vfa\\J+f Lz dv°
J,
J,

i

[ e
[ LV, < aa’t‘>+v -<f%§)]dxdv, 211

Il

where
d(x%, v)
= 212
‘I a(XO’ VO) (4 )
is the Jacobian of the transformation and
ox  [0x v [0v
—=|-—= —={= 13
at <at>XO.VO=COHS[, at <51>X0,V0:COﬂSt (2 )

The relation

dJ ox ov
E=J<Vx-—a;+vv"5;)
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has been used. From the arbitrariness of ¥~ it follows:

of ax ovy

E+Vx-<f5>+Vv-<fE)—0. (2.14)
Equation (2.1) can be written in the form

TNV, (F) =111 (2.15)

because V, -v=0, V,-F =0. Subtracting (2.14) from (2.15) we obtain

Vx-[(v—aa—);)f}+VV-[<F—%:—>f}=I[f]. (2.16)

The equations of motion are therefore

ox 1
—=V+— h 2.17
5 v+f(Vx><A+ ), ( )
v 1
—=F+—=(V,xB+k 2.18
5 =F 7 (V. xBHk), (218)
where A and B are arbitrary vectors and (h, k) satisfy the equations:
V,-h+V, - k= —I[f], (2.19)
V,xh=0, V, xk=0. (2.20)

Equations (2.19)-(2.20) do not define uniquely the two fields h and k. If the
operator I[ f] acts in velocity space (which is often the case) then a natural choice
is

h=0,

(2.21)
V. -k=-I[f]
Equations (2.17)~(2.18) define a transformation of the form (2.10) that has the
property (2.9). If such a transformation is computed then the function f(x, v, #) can
be reconstructed: from (2.11) it follows that

f(x, v, £) = f(x° v°, 0)/J(x° v°, 7). (2.22)

Such a transformation, of course, is not unique and this is expressed by the
arbitrary quantities in Eqs. (2.17)—(2.18). Making a particular choice for the fields
A, B, h, k merely means defining a particular parametrization of the solution (2.22).
This arbitrary nature could be used to make the more convenient choice in each
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particular case. A choice which appears to be natural is an irrotational flow given
by

A=0, B={, (2.23)

together with conditions (2.21).
If the case of no boundary in the velocity space equations (2.21) can be solved
in terms of Green’s functions of the Laplacian operator,

k= — J I(x, v, 1) dv’, (2.24)
1 I(x, v, t}{v—v")
e [ DXV DWWV (2.25
2an2 ]v_v/lz v, N }
! j v, 00 =v) 0 (2.26)
RJ

4n lv—v'|?
in the case, respectively, of one, two, and three dimensions in velocity space. Here
I{ /'] is considered a function of (x, v, 7).

Before considering the numerical discretization of the method let us make a
remark on the regularity of the transformation (2.10). Suppose that f{(x,v, 1) is
defined in a set @ x [0, T], where Q is an open set 2 < R? (d is the dimension of
our phase space). If f vanishes then the equations of motion have a divergent term,
and the transformation (2.10) is no longer regular because the jacobian J diverges.
Furthermore, the kind of singularity depends on the way f vanishes. In order to
avoid this problem it is possible to regularize the transformation in the following
way. Let ¢(x, v, t) be a positive integrable function. Then we define a class of trans-
formation of the form (2.10) imposing the property:

d
— X, ¥, 1)dx dv=20, 2.27
il v (227)
with (x, v, £)=f(x, v, t) + ¢(x, v, {).

Then, proceeding in the same way as before, we get the equations of motion for
x(x% v0, 1), v(x% ¥°, 1)

ox f 1 "
—é?_f——+¢v+f————+¢(vx><A+h), (2.28)
AR S 2.2
= __f+¢F+f+¢(vaB+k), (2.29)

where (2.19) is replaced by
V,-h+V, k= —I[f1-b¢/ét, (2.19)
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Given the transformation, the function is reconstructed:
S, v, ) =Y (x°, ¥, 0)/J(x°, v°, 1) — B(x, v, 1). (2.30)

If Q is a compact domain then ¢ can be a constant. If Q is unbounded then ¢
can be chosen in such a way to control the singularity of the transformation.

We mention here an alternative formulation of the equations, which has the
advantage that it does not require the local evaluation of the function f. Let us
consider a generic volume ¥~ in the phase space and let us denote by (X, ¥) the
“center of mass” of such a volume:

X| f(x,v,t)dx dv =j xf(x, v, 1) dx dv, (2.31)
v v

oj f(x, v, 1) dx dv:J V(x, v, ) dx dv. (2.32)
v ¥

Suppose that all the points of ¥~ move according to the transformation (2.10).
Then, by taking the time derivatives of (2.31) and (2.32) we obtain, proceeding in
a similar way as before,

dx ax
~ L fdxdy= L S fix v, ndxav, (2.33)
dv av
ZLfazx dv=LEf(x, v, 1) dx dv, (2.34)

where Eq. (2.14) has been used. Here X =X(¢) and ¥=¥(¢) and dx/t, 0v/t, defined
in (2.13), are evaluated as functions of (x, v, ¢). Note that

M, = j F(x, v, 1) dx dv (2.35)

does not depend on time. Substituting (2.17)-(2.18) and (2.23) into (2.33)—(2.34)
gives the equations of motion,

dﬁ_0+j,/ h(x, v, t)dx dv

= 2.

5 M, . (2.36)
av o [, k(x, v, t)dxdv

Z—F 2.

S =F+ M, , (2.37)

where h and k, defined in (2.17)—(2.18), satisfy Eqgs. (2.19)—(2.20) and

§ F(x,v,2) f(x,v, 1) dx dv
MV )

F=

We will discuss later how to obtain a numerical scheme from these equations.
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General Considerations on the Discretization of the Equations

The equations of motion of the particles are, from (2.17)-(2.18) and (2.21),

X,=v, (2.38)
v,=F,+- (2.39)

where x, (1) =x(x], v}, 1), v.(t) =v,(x],v], 1), F;=F(x;,v,, 1), k;=k(x;, v, 1), f;=
S(x,,v;, 1), and {x?,v?}¥ | is the initial location of the particles. The dot denotes
the time differentiation. In a particle scheme an approximation of the right-hand
side of the equations is computed as a function of all the particle locations. The
term F, can be computed in the uswal way (particle-particle, particle-mesh
schemes, etc. [11, 1]).

The new problem is the computation of k, and f;. This will be one of our main
concerns.

Let us consider first the space-homogeneous case. If 7 is an integral operator then
its numerical values are computed as I f (v, £) ], where f , is a sum of é-distribu-
tions of the form

N

fim =Y wd(v—v,).

i=1

The computation of I f (v, t)] at each time step is a O(N ) computation. The
explicit expression (2.24)-(2.26) (or similar expression for compact domains) can be
used in order to compute k,. The overall computation is thus O(N?).

The value of the function f; can be reconstructed in different ways. Usually f, is
obtained by taking the convolution of f,, with some suitable base function
(generally, a piecewise linear or quadratic function) [11,1]. An alternative
approach is based on the relation between particle methods and quadrature for-
mulas, as will be explained in a following paper. Voronoi diagrams seem suitable for
handling the irregular mesh of the particles and have already been used in 2D
hydrodynamical computations [3, 4]. They also provide a discrete approximation
of differential operators (laplacian, divergence, gradient) on the irregular mesh
given by the particles, and this is particularly useful when the operator 7 contains
differential terms. There are fast algorithms that create a 2D Voronol diagram in
O(N log N) computations and update it in only O(N) operations. By means of these
diagrams and of an appropriate quadrature formula it is possible to compute an
approximate expression for f; (taking care of open polygons). There are interesting
physical cases where the phase space is bounded, as in the kinematic description of
carriers in a crystal. In this case the physical domain of the “momentum” #k of the
carriers can be restricted to the first Brillouin zone [23].

A possible way to overcome the problem of the unbounded domain is to use a
mapping of R onto the unit cube [0, 1]¢ and analyze the distribution function in
the unit cube.
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Once a system of ODEs of the form (2.38)~(2.39) is obtained, a standard techni-
que can be used to solve it numerically. In the general spatial non-homogeneous
case, the problem can be treated according to the following fractional-step scheme:

1. A regular grid in space is introduced which divides the domain into “cells.”

2. The contribution of collisions is then computed separately in each cell and
the particles are moved (in velocity) according to this term.

3. The particles are moved according to the (collisionless) equations of
motion.

We are presently working on such a scheme, treating a diffusion operator and a
linear integral operator. The results will be presented in a subsequent paper.

3. THE ONE-DIMENSIONAL, SPACE HOMOGENEOUS CASE

In this section we shall consider the initial-value problem,

o
2 =171, (31)
/(5,0)=fylv) (32)

where f is supposed to be a non-negative integrable function in Rx [0, c0) and
I[ f] is a generic collisional operator acting on f. This is the simplest prototype of
a collisional kinetic equation, where we dropped all the other terms. It is instructive
to rederive the method in this simple case. We define a Lagrangian coordinate V'
in the following way:

sz ', 1) dv'. (3.3)
If f is strictly positive, this relation is invertible. Suppose that this is the case and
consider v as a function of ¥ and ¢ Differentiating Eq. (3.3) with respect to ¢ and
V we obtain

b9
0=f(v,t)%+fﬁ a—j:(v’,z)dv’, (3.4)
1=f(v, t) g% (3.5)

Making use of (3.1) the “equation of motion” is written as

ov ov

o “’ﬁﬁ LA, 1) dv'. (3.6)
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A numerical scheme is obtained in the following way. Let

sz“of(v, £ do. (3.7)

The quantity ¥ is a constant if I] /7] does not contain any net source term, i.e., if
j I[A1(v) dv=0 (3.8)
R

for any function A(v) of the proper class. For the moment we suppose that this is
the case.
We define the initial position of the “particles,”

0

W:W folv)ds, i=1,..N, (39)

where

_2i—1
V.=V . 10)
=T (3.10)

The Jacobian dv/d) is discretized as
Wi =0 )/ (Vigr— V)= (04— v, JN2V). (3.11)

If IT /] is an integral operator, it is approximated by substituting to f'a sum of
Dirac distributions:

17' N
fzﬁ g (v —v,). (3.12)

The alternative scheme based on the evolution equations for the mean is
obtained in the following way. Let us define the quantities v, 6,:

V b , y

sz,xf(”’ tdv, j=0,.,N, (3.13)

6| fond=] ownd, i=1.N (3.14)
U — 1 Ui—1

Taking the time derivative of Eq. (3.14), integrating by parts and making use of
Eg. (3.6) we obtain

dﬁi N v v ' ’ . i
== ml;jwj_w I, 1) dv' db, (3.15)

581/87,2-3
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and, in the evaluation of the integral, f(v, ¢) is substituted by

2=

N
flo, )x—=3 6(v—3,(2)). (3.16)
i=1
In principle, Egs. (3.15) can be solved only if v,(¢) are known. In a numerical
scheme we need to express v, as a function of &,, in order to close the system of
equations. Note that the “total momentum,” P= |*% vf(v, 1) dv, is exact when f is
approximated by (3.16). The disadvantages of this formulation consist in the more
complicated form of the equations of motion and in the need of a suitable
approximation of v, in terms of &,.

Source Terms and Boundary Conditions

In view of application of this method to other problems, we describe how to treat
boundary conditions. Let us consider the initial-boundary value problem for the
function /2 [0, 1] x [0, + 0] = R:

g—{z ILf] +s(v, 1), (3.17)
(v, 0) = fo(v), (3.18)
f0,0)=g(t),  f(1,1)=h(2) (3.19)
Equation (3.6) becomes
ov 1
57 (k—S), (3.20)
where
k(v, 1) = _f” L, nar,  s=| s, 1) dv. (3.21)

At the initial time =0 the equation is described by N° points defined by
(i— §)C=j”'fo(v) d, i=1,., N (3.22)
0

where C= |{ fo(v) dv/N°. We discretize the time and define v} and v%, ;:

C

(UnN+1 —vh)

glt")= h(t") (3.23)

(v} —vg)’
Equation (3.20) is discretized in the form

VIt =p?+ F7A1,  i=0,.,N"+1, (3.24)
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where

n R
Viv1— Vi

F7
! 2C

Hl

(k" — S, )],  i=1,.,N" (3.25)

and
n__gn n — N
Fp=F7, Flo 1 =Fn.

If v3* ' >0 then we say that a new particle has been created at the left boundary.
If v”*! <0 then we say that the particle has been annihilated. A similar procedure
is applied at the right boundary. If 4¢ is small enough then only one particle can
be created or destroyed at a boundary per each time step. If 4¢ is not small enough
then this procedure can be generalized and more that one particle can be created
or annihilated per time step. An application of this method will be shown in the
next section for the heat equation.

We remark that particles are created or destroyed only at the boundary, even in
presence of an internal source. This is because the information is carried by the
relative distance between the “particles” and not by their absolute location.

4. THE D1rrusioN EQUATION: NUMERICAL RESULTS

We apply the method to the one-dimension diffusion equation. This application
is important for many reasons. It is a simple case for which exact results on
consistency and stability can be obtained and it is a deterministic way of intro-
ducing diffusion in a particle method (without changing the weights of the
particles).

As in the case of finite difference schemes, explicit schemes suffer a limitation in
the step size. The problem can be overcome by an implicit version of the method
which guarantees unconditional stability.

Let us consider the equation

of o o )
a1 ox <V5x>’ (4.1)

where v is the viscosity.
In terms of the Lagrangian coordinate X={ f(x, 1) dx, the equation can be
written in the form:

x_ o
- fox (42)
ox 1 {4.3)

P
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The discretization of the equations in X yields the system of ODEs,

1 1
)&f:V,‘< - >’ i=17 vy IV, (44)
X;— X

Xic1 X417

where v, =v(x;, f;). The function f is reconstructed according to f;= const/(x;, ; —
x;, ) and x, and x,,, are determined by the boundary conditions. For periodic
boundary conditions (period =1) it is

Xg=xy—1,
(4.5)
XN+ 1= 'xl + ]..
For unbounded domain x, and x, go to infinity,
x0= —OO, XN+1= +w, (4.6)
and in the case of a boundary value problem they are given by Eq. (3.23).
The Forward-Euler scheme relative to the system (4.4) is given by
+1 1 1
X =xi v ——; - ) A1. (4.7)
X=X Xip1—X;
T T T T T T T 0.6

L A_é--&-q&--&--é-ﬁ-a-.g_.é_ﬁ_* \
t=4

4. -3. -2, -1. 0. 1. 2. 3. 4.

FiG. 1. Comparison between the exact (lines) and numerical (marks) solution for the diffusion
equation at different times. The Forward-Euler scheme has been used with 40 particles and time step
A41=0.001. The initial profile is gaussian. The output times are: =0, 0.25, 0.5, 1.0, 2.0, 4.0.
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A stability analysis (see Section 5) shows that the scheme is stable if

—_. 2
b )

i Vit

4.8)

o

In Fig. 1 we compare the numerical results with the exact solution. The boundary
conditions (4.6) have been used. The lines represent the exact solution,

1 x?
S )= 2. /m(t+1,) P ['4(% Io)l

at different values of the time. The marks are the computed solution, reconstructed
according to (3.5), (3.11). We used the scheme (4.7) with the following values of the
parameters: At=0.001, N=40, ¢,=0.25, v=1. The output times are: =0, 0.25,
0.5, 1, 2, 4.

In Fig. 2 the stability condition is not satisfied in a part of the profile and
oscillations develop. The continuous line is the exact solution and the dotted line
represents the numerical solution after 10 time steps.

il 1=0.018 ‘

FiG. 2. Instabilities developed near the top of the profile after 10 time steps, when stability condition
is not satisfied. The time step is 4¢=0.0018 and min(#?_; — #?)*=0.001953; v=1.
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In Fig. 3 the solution of the initial-boundary value problem (4.1), (3.18)-(3.19)
with
Jox)=co{l =x)+ ¢y, g(t)=a, h(t)=b, (49)
s(x)=08(x—1),  v=v(x)=vo(l + px) ’
is shown. The parameters used in the calculations are:
co=1.5, =2, a=3, b=4,

c=35, vo=0.15, w=10.

T T T 1 T T 6.

FiG. 3. Initial-boundary value problem for the heat equation, with a source term and a non-constant
conductivity. The initial profile is the straight line on the bottom of the figure. A localized source is put
at x=0.5. The number of particles is proportional to the area below the profile and ranges from 18
(initia]l condition) to 45 for large time. The continuous line on the top is the stationary solution. The
output times are: 7 =0, 0.02, 0.05, 0.1, 0.2, 04, 0.8.
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At is computed at each time step imposing the criteria that the stability condition
be marginally satisfied. The number of particles varies from 18 to 45 and the
numerical solution approaches the exact steady solution for large times. Note that
the stability restriction (4.8) ensures that at most one particle per time step is
created or annihilated at each boundary.

A fully implicit scheme for system (4.4),

i i n+1 n+1 n+1 n+1
i — X Xivr —X,

1 i
x'.'+1=x?+v"+1< - >Az, (4.10)
X

requires the solution of a non-linear system at each time step. A scheme which is
easier to handle is obtained from (4.10} with the replacement:

n+1 n+1 n+1 n+1 n+1 n+1

St Xig 2T X o Xoo = 2% X
: n+1 n+1 n+1 n+1 i n n 1 ny’
(T = XN =X (7 —xi  Wxf o —x7)

The scheme reads:

)C’?+1—2X’-1+1 +xr_z+l
S LA (4.11)

(ef = )y —x7)

D i

7

In the next section we shall prove that this scheme is unconditionally stable. Now
we shall study the rate of convergence for this scheme as N — co. The error between
the numerical solution and the exact solution is computed in the following way: Let

X7 = jx'” f(x, 1) dx.

We define the error &7, as

eh= max |X7—X,

I1<is N

where X, is the Lagrangian coordinate and does not depend on time.

We compute &’ for various N and for a fixed time 1. In Fig. 4 we plot the error
¢ as a function of 1/N? in the case of the heat equation with unbounded domain.
Here v=1 and the initial condition is the gaussian:

1
2./n

eV,

f(xs 0)=

The computation was performed up to a fixed time {¢=1) and the equations of
motion in the form (2.28)-(2.29) have been used, with ¢ = (2/m)/(1 +x?). The
scheme (4.11) with 47=0.0001 has been used. It is apparent that the scheme is
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0.2E-2

- 0.18E2

- 0.16E-2

- 0.14E-2

- 0.12E-2
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Fic. 4. Rate of convergence of the numerical scheme for the diffusion equation inunbounded
domain: ¢, versus 1/N2,

second-order accurate with respect to N, while it is first order in time, as expected.
The order of accuracy in time depends on the scheme used for solving the ODEs
system (4.4). In the next section we shall make a theoretical analysis of the periodic
case.

5. THE D1rrusioN EQUATION: THEORETICAL RESULTS

We shall discuss first the properties of the system of ODEs obtained by the
“space discretization” and then we shall study the stability and consistency proper-
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ties of some simple numerical scheme. In the case v=1 and for periodic boundary
conditions the ODEs system for the particles is

1 1
_X.’l.: — 5 izl,,.., N, (5‘§}
Xi—= Xy Xip1— X,

where
x,e[0,1], i=1, ., N,

and
Xo=Xn—1,
0= Ay (52)
xN+1:X1+1.

The number of particles is obviously conserved. The lengths of the intervals,
Vi=Xx;,—Xx;, satisfy the system

yi=——— i=1,.,N, {8.3)
Yi Yiv1 YVioa

where y, ., = y;. The following properties hold:

(i) the minimum length of the intervals y, is a non-decreasing function of
time;
(it} the maximum length of the intervals y, is a non-increasing function of
time;
{ii) the uniform distribution, x;=i/N, i=1, .., N, is a stable solution of (5.1).

Proof. (i} and (ii). Let k£ and j denote the indices such that

Y= mun y, y;= max Yy,

1<isN I<i<N

Then, from (5.3), y, >0, and p;<0, therefore the shortest interval cannot decrease
and the largest cannot increase.

(iii) That the uniform distribution is a solution of (5.1) is evident. In order
to prove stability let us define an “energy”:

&=y —. (5.4)

Then

A e | 1 2 1
5:2__?};,,:2 ( + >,

=1 JYi 1=1y? Yie1r Vi Yion

and, summing by parts,
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, 1 1\ 1 1 /1 1 Nolg 1 \*/1 1
A e
Ynv+er YN/ I Vi\V1 Yo i—1 \JVi YVis1 Yi Vit

NoL L\ /1 1
=- X (—— ) <—+ )<O, (5.5)
o \Y: Vigt Yi Vigt
because y,= yy and y; = yy_ ;. This proves the stability of the uniform distribution
and the uniqueness of the stationary solution (expressed in terms of y;).
We shall consider now the problem of the consistency of the particle scheme with

the original diffusion equation.
Let x = ¢@(X, t) be the transformation which satisfies

0x ] ax\ !

) o)
(obtained from (4.2)—(4.3) for v=1), and let x;,= ¢(X,, t). The discrete version of
(5.6) is given by Eq. (5.1). For each point x; we define R, as

0 ox\ ! 1 1
B I Bhidd = — —R.. 57
5X|:<‘3X> ]X—X, Xip1— X Xi— Xy ' 7

We shall prove that, under regularity assumptions on the function f and its
derivatives, the system (5.1) is consistent with Eq. {5.6) and the accuracy is second
order in 1/N.

For simplicity we shall denote by a prime the differentiation with respect to X.

THEOREM. Under the assumptions
1
E<f<cﬂ |fx| <C7 Ifxx! <C9 |fxxx| <C7 (58)

the estimate
15 Xz 13 X3

max R < CP st Cl (59)

holds, where X={} f(x, 1) dx.
Proof. 1Itis

R'___(p_i”___ Piv1—20:+t 0,

o (im0 )@ — )
_ {,¢i+1_(pi(v0i_(pi71_ {2(Pi+1_2¢i+(/7i71
X ix 7 AX?

Qi1 — Q0= |
X|:‘Pi aX % ] s (5.10)
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where
ak
k) = =0, 1, ..
(pz an (Xn z) k 3 L 2
and
AX=— j\ﬁu>

From the Taylor expansion of ¢(X) it follows that

(@ivi—o N0, —@,_1)
AX2 i

" I 1 1
~|5orei-goregeie—oax A (1)

and

(Pi+1_2(Pi+(Pf—1_ v
AX? ¢ =12¢

PPAX?, (5.12)

where, with an abuse of notation, ¢, =¢{(&, ¢). It is X, | <¢, 0, <X, . Substi-
tuting (5.11) and (5.12) into (5.10) and making use of the theorem of the mean, it
follows that

R_ (4) PN "3 ((p(éi) (4}) )
12:{‘ (P,f. . PiP; @, : + AX} (513>
4x 120. 0, 30i0: 0s 4070, ¢p  240,0:, 0%

where X, <é_< X, <&, <X,
The relations between the derivatives of ¢ and f are

o'=f""

n_ __ -3

¢ S e 5.14)

" =3 f 1= fans

@ = <15 TfT 10 " ST Fanse

From (5.8) it follows:

lol<C,  [l/o'| <C,
ol <C*, 515)
|(pm!<3c7+c5’

lo@] <26C"°.
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Using relation (5.15), we get the estimate:

5 1 13
R,-<<C14+§C12+ZC15+—6—C”AX> AX?

15 X> 13 _.X%°
< Camte € (5.16)

Q.ED.

We shall consider now some simple numerical scheme for the system (5.1). As we
shall see, explicit schemes suffer a limitation on the time step due to stability
conditions. This problem can be easily overcome with implicit or linearly implicit
schemes.

Let us consider first the Forward—Euler scheme:

n n

1 1

x7+1=x;'+At< —— n). (5.17)
Xi = Xio1 Xip1—X;

We shall perform a linear stability analysis for this scheme. Let {X7} and {x7} be

two solutions of system (5.17). The linearized equation for the “error” e} = x7 — X7

18

e’ . —e? et —e?
v e G G 19
Equation (5.18) may be written in a vector form
e""l=4e", (5.19)
where, in the periodic case, 4 is the matrix
1—z,—zy z, o ... 0 Zy
A= z l—zy—z, z, - 0 0 (5.20)
Zn 0 O - zy_y l—zy_;—zy
and
;= At)(X7, | — X7 (5.21)

Because A is real and symmetric, the characteristic condition for stability states that
all the eigenvalues should not exceed one:

A <1,  k=1,.,N. (5.22)

We shall prove the following:
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THEOREM. If
1 : o o2 .
At<5mjm (X7 = X7 (5.23)

then the scheme (5.17) is linearly stable.

Proof. The Gershgorin theorem [21] ensures that all eigenvalues of a matrix
A =(a;) are contained in the union of the discs,

Kiz{,ueCﬂ‘u—aﬁ!S }l\i |aij|}, (5.24)
T
therefore the eigenvalues 1, have to satisfy one of the conditions:
Me—(—zi—z ) <zi+2,005
that is,
1—=2(z; 4z, )< 4,
and, from condition (5.23), it follows that

4] <1 Q.ED.

Figure 2 shows the behaviour of the solution in the region where condition (5.23}
is not satisfied. Note that the instability is localized where the value of the function
is large enough. This is typical of explicit schemes applied to a non-linear equation.

Note the resemblance of condition (5.23) with the stability condition for the
Forward-Fuler scheme applied to the heat equation (4.1} with constant v [20,
p. 127]:

vAr < 4 Ax

Here 4x is the spatial step of the uniform Eulerian mesh.
Consider now the implicit scheme for system ({5.1):

1 1

n+1 n )

X" =xA+At< — . (5.25)

i i n+1 n+1 n+1 m41
X, TmX oy K T X

We shall prove that such a scheme is unconditionally stable. We shall make use of
the “maximum principle” [20]; that is we shall prove that for this system a discrete
version of properties (i) and (ii) hold.

Let j(n) and k{n) denote two indices such that

yjrl(n)E max y7, Viim = min y7,

1IN I<is N
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with y? =x7, | —x7. The system satisfied by p7 is derived from system (5.25):

2 1 1
yrr! —y?+At< ~ — n ) (5.26)
yi+1 y1+11 J’zfll

Let j=j(n+1). Then

ity 2 1 L o
T A T

and hence
n41
J’j'?(n)> yjn'(n+ 1) Z Vit 1y

The proof that yi !} > Vi 1s analogous. This proves the stability of the implicit
scheme (5.25). As a corollary, it follows that the distance between the particles
cannot shrink to zero, that is y7 >0, i=1, .., N; n=0, 1, ... It is easy to prove that
system (5.25) is energetically stable. We use again the energy definition (5.4):

N
f”sz = (527)
= Vi
It is

éa"“-<§"_1§: 1 1

At T At 2yt oy

yn_ n+1

SRR TT,

Z’7+12’7(Zn+1 22”+1+Z:':11)

M=z 1M1=

—_

where z7' = 1/y7 and (5.26) has been used. Adding and subtracting the same term we
have

+1 N
&" - Z n+1) n+1 2Zn+1+27+11)

H

N
+ z (Z{1+1)2( n+1 22n+1+Z:1j11)
=1

i

Making use of (5.26) in the first term, summing by parts the second and using
periodic conditions (5.2) we obtain
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(g)n+1_(gm Z n+l)2

lN
At :_A_g‘

i

N
z Pl gneiy2 gnl g ognk iy (5.28)

where z§ =z,
With the use of the maximum principle it is easy to prove the stability of the
linearly implicit scheme (4.11).

6. OTHER EXAMPLES

Master Equation

This equation can be considered as a special kinetic equation with a linear
integral collisional operator, in which the kernel represents the differential cross
section between the particles and a known background. The equation is given by

PRI o )70, 0 1 0] di (64)
S(x,0) = fo(x). (6.2)

We applied our method to this equation and derived the following equations of
motion for the points,

oy N
ko= = SEEEL Y [S(x,x) = Clx) HOg = )] =G (63)
j=1

where

St =] 0, y)dx

- (6.4}
1 x>0
H(x)=<}3 x=0
0 x <.
We considered the case of a periodic domain [0, 2], with
x, x')=1+4cos{x—x'),
O(x, x') ( ) (6.5)

folx)=(1+ 4 cos x)/(2n),
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and the comparison with the exact solutionis shown in Fig. 5. The lines represent

the exact solution,

f(x, )= (1+ Ae™™ cos x)/(2n)

at different times. The marks represent the numerical solution. The equations in the
form (2.28)-(2.29) have been used, with ¢ = 1/(2n). A Forward-Euler discretization
in time has been used with 47=0.001. The function has been reconstructed by a
fourth-order scheme:

1
Si=(4/N)/[8(x; 1 —x; 1) — (X2 — X;_2)] —ﬂ-

t=0

- / ral _
3 &
iy § \\\ I/ 0| ok
= 2, % &
R\ 7
- A ‘\\ Iri & .
- t=1 &

1 t

0. 1. 5. 6.

(6.6)

0.3

02

0.1

FiG. 5. Master equation on a periodic domain. Comparison between the exact solution (lines) and
the numerical solution {(marks) for different times. A Forward-Euler scheme has been used with 40
particles and 4r=0.001. The output times are: =0, 0.05, 0.1, 0.2, 0.3, 0.5, 1.0.
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Several runs have been made with different numbers of particles and time steps. The
error

1

31(f)=N _

Lf (s 1) = fil0)l, (6.7

1

1=

has been computed at a fixed time /=0.2 and plotted versus 1/N? for various
values of At (see Fig. 6), confirming that the rate of convergence is second order in
1/N {and, of course, first order in time).

; o 0.6E-3
S /
//
//
2 // /
At=10 o / 7/
/ ra
s Favws
L / / /'//‘— 0.5E-3
/ / Ry
’ S ‘/'/ S //
/ ka4
// J ’ '///
/ s 4
4 ’/ ’///,
// '/ ’/'/:
L VY4 4 0483
<] ‘/ Ve ////
/ J/ ! /" ,//'
/ s /
// ‘,' ’/ /
/// Z/ ,‘////At=104
i . gy
. - // 7 "//
- e A 4 - 03E-3
: S / i
/ J
5 4 /'/’,/)/
o 7/ A 4
¥ Y
e /s /'/
/ Py
e , ,'///
= V-7 4 4 02E-3
/, l/ %
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/7 ey
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FiG. 6. Rate of convergence of the scheme for the Master equation. Error versus (2n/N)? for different
time steps.
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Kac Equation

This is a one-dimensional model for a Boltzmann equation:

o re  pndd
5—’; = o] SUEN -0 fn]dddy,  (68)
— 0 Y

x'=xcosf+ ysin§,

(6.9)
y' = —xsin 6+ ycos .

We can interpret this equation in the following way: given two “particles” with
coordinates x’ and y’, they are “rotated,” in the phase plane x— y, by a collision
through an angle 6, which is uniformly distributed. Then the probability density as
a function of the rotation angle is

Po(8)=1/2n (6.10)

and, in the coordinate of a particle,

0 i |x|>R
P.(x: R) = 1 (6.11)
—_— if |x|<R,
7/ R*—x?

where R?=x"?+ y'2
With this in mind, the collisional operator applied to a set of N particles with
coordinates x;, j=1, .., N, becomes

1
I[f(N)]:‘N‘EZ_Px(xQ Rij) (6.12)

with RZ=x7 4 x;. The equations of motion are given by

. (Xip1—=%i—1) & .
%= ___LITN___L;LOO P.(x; Ry) dx. (6.13)

The system has been solved numerically with a Forward—Euler time discretization
scheme. The initial condition is the bi-modal distribution

2

fo(x)=%x2e-x.

The solution relaxes to the steady gaussian:

f(x, oo)——-(i)l/2 exp <—— E;)
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The result is shown in Fig. 7, where 64 particles have been used. Note that the
solution at 7= 15 practically coincides with the stationary sclution.
Model Fokker-Planck Equation

We consider a simplified one-dimensional model for the Fokker-Planck equa-
tion:

o_olof  ,
a dx [ax il (6.14)
S(x, 0) = folx).

The equations of motion are given by

1 1
%= - —2x,. (6.15)

Xi—Xi—1 Xig1—X;

We use a semi-implicit first-order time discretization, with 4¢=0.002. The initial
conditions are

£x) 0.5, 2<x| <3
x)= .
0 0, otherwise.
T T T T T T T 0.5
£
L ~ 04
- 403
L =02
L 401
=
’ Lo

Fic. 7. Numerical solution of the Kac equation. A Forward-Euler scheme has been used with
N=64 and 4r=0.1 and 4 =0.9. The output times are: +=0, 0.5, 1, 2, 5, 15.
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Fic. 8. Numerical solution of the model Fokker-Planck equation; 24 particles have been used.
At=10.002. The output times are: t =0, 0.1, 0.3, 0.5, 0.7, 1, 1.5, 3.

The results are shown in Fig. 8, where the asymptotic solution is the gaussian

(1/3/m) exp(—x?).

7. CONCLUSIONS

The method presented is an extension of usual particle methods and is suitable
to treat a collisional term on the right-hand side of a kinetic equation. The density
function is approximated by a set of “particles,” suitably distributed in the phase
space. The equations of motion of these particles are the usual dynamic equations
of the collisionless case plus an additional term which describes the collisions. Note
that there is no abrupt change in the position and velocity of the “particles” due to
collisions, as in Monte Carlo simulations.

The technique can handle both differential and integral operators. It can be used
also for non-linear integral operators, as in the Boltzmann equation. The difference
in the various cases essentially consists in the number of operations required per
time step. In a space homogeneous case the complexity is O(N) for the diffusion
equation, O(N?) for a linear collisional operator, and O(N?) for a quadratic
integral operator. This disadvantage is compensated by the accuracy that can be
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reached by this method. In one dimension second-order schemes are easily derived.
In this paper we described the general characteristics of the method and devised
numerical schemes for the one-dimensional, space-homogeneous case. We are
presently working on multi-dimensional codes, both space-homogeneous and
non-homogeneous.

The main difficulty in the multi-dimensional case is the reconstruction of the
density function f at each particle location at each time step. This is equivalent to
assigning to each point of a set the value of the local “density” of the points. To
our knowledge there is no satisfactory way to compute this term in a fast and
accurate way in more than one dimension.

The technique applied to the diffusion equation leads to many interesting proper-
ties that we briefly mention and that we hope to develop further.

(1) The use of the Lagrangian coordinate shows the equivalence between the
usual diffusion equation and the quasi-linear diffusion equation:
OF L, OF of &

IR R TINr =

Here F(X, t)=f(x, 1) and X=[* _ f(», 1) dy.
(i) The particle solution of the heat equation can be used to distribute
particles according to a given function.

(ili) It can be used to define a “canonical” transformation from a uniform
distribution to a given distribution.

{iv} It is a deterministic way to introduce diffusion within a particle scheme.
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