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Introduction

Let A be an associative algebra over a field F' of characteristic zero. If Zs is the cyclic group of
order 2, a Zs-grading on A is a decomposition of A, as a vector space, into the direct sum of subspaces
A = Ay ® Aq such that AgAy + A1 A1 € Ag and AgA; + A1Ag € Aq. The subspaces Ag and Aq are
the homogeneous components of A and their elements are called homogeneous of degree zero (even
elements) and of degree one (odd elements), respectively. The Zy-graded algebras are usually called
superalgebras.

A superinvolution * on the superalgebra A = Ay @ A; is a graded linear map (a map preserving
the grading) * : A — A such that (a*)* = a, for all @ € A and (ab)* = (—1)1%lp*a*, for any
homogeneous elements a,b € Ay U Ay, of degrees |al, |b|, respectively. Since charF' = 0, we can write
A=Al ® Ay ® AT @ AT, where for i = 0,1, A = {a€ A;:a* =a} and A; = {a € 4; : a* = —a}
denote the sets of homogeneous symmetric and skew elements of A;, respectively. From now on, we
shall refer to a superalgebra with superinvolution simply as a *-algebra.

The superinvolutions play a prominent role in the setting of Lie and Jordan superalgebras. The
skew elements of a x-algebra have a structure of Lie superalgebra under the graded bracket: [a,b] =
ab — (—1)|“Hb|ba. Similarly, the symmetric elements form a Jordan superalgebra under the supersym-
metrized product: aob = ab+ (—1)|a||b|ba. Many of the classical simple Lie and Jordan superalgebras
(see [31, 48]) arise in this way.

The purpose of this thesis is to present, in the setting of x-algebras, some of the most interesting
and challenging problems of combinatorial PI-theory (the theory of polynomial identities), which have
already been addressed in the field of associative algebras or of algebras with involution.

If A is an associative algebra over a field F' of characteristic zero, an effective way of measuring the
polynomial identities satisfied by A is provided by its sequence of codimensions ¢,(A),n = 1,2,....
Such a sequence was introduced by Regev in [50] and, in characteristic zero, gives an actual quantitative
measure of the identities satisfied by a given algebra. The most important feature of the sequence of
codimensions, proved in [50], is that in case A is a Pl-algebra, i.e., it satisfies a non-trivial polynomial
identity, then ¢, (A) is exponentially bounded. Later in [32, 33], Kemer showed that, given any PI-

algebra A, ¢,(A), n =1,2,..., cannot have intermediate growth, i.e., either it is polynomially bounded

7



8 Contents

or it grows exponentially. Much effort has been put into the study of algebras with polynomial
codimensions growth ([16, 17, 18, 37, 38, 39]). In this setting a celebrated theorem of Kemer ([33])
characterizes them as follows. If G is the infinite dimensional Grassmann algebra over F' and UTj
is the algebra of 2 x 2 upper triangular matrices over F, then c,(A), n = 1,2,..., is polynomially

bounded if and only if G and UT5 do not satisfy all the identities of A.
One of the aims of this thesis is to prove a similar result in the setting of x-algebras.

Another aim is inspired from the famous theorem of Amitsur and Levitzki. Recall that the standard
polynomial of degree r in the non-commutative variables x1,...,x, is defined as St.(z1,...,x,) =

Z (sgno)xq(1) - Ty(ry- The result of Amitsur and Levitzki states that Sta, is an identity for the

oES,
algebra of n xn matrices over a commutative ring. The original proof (see [3]) was highly combinatorial

and based on the properties of the matrix units. Several different proofs were given afterwards (see for
instance [49, 51, 55, 56]). If F' is a field of characteristic different from 2, it is not hard to prove that
Stap, is, up to a scalar, the only identity of minimal degree of M, (F), the algebra of n x n matrices

over F.

In this thesis we prove similar results in the case of x-algebras. More precisely, we find standard
identities of minimal degree in the setting of matrix x-algebras and we show, in this way, that the
Amitsur-Levitzki theorem can be improved by considering only certain kinds of matrices. The idea
draws inspiration from the results of Kostant and Rowen, concerning algebras with involution. It is
well known (see, for instance [53, Theorem 3.1.62]) that, up to isomorphism, we have only the transpose
and the symplectic involution on the matrix algebra M, (F). In [35], Kostant reproved the Amitsur-
Levitzki theorem by showing that it is equivalent to a theorem in Lie cohomology. Moreover, he
showed the power of his method by proving that Sta,_o(K1,..., Kop—2) = 0, for all n even, where K;,
1=1,...,2n—2, are n x n skew-symmetric matrices with respect to the transpose involution. In 1974,
Rowen (see [52]) reproved Kostant’s theorem through a graph-theoretical approach and was able to
extend this result to the case n odd (see also [30]). Inspired from the results of Procesi and Razmyslov
(in [46, 49] they showed that the Amitsur-Levitzki theorem formally follows from the Hamilton-Cayley
polynomial), Rowen, in [54], presented a simple proof of Kostant’s theorem and solved the analogous
question for the symplectic involution s. In particular he showed that Sts, 2(Si,...,Son—2) = 0,

where S;, i =1,...,2n — 2, are n X n symmetric matrices with respect to s.

The first chapter of this thesis is introductory. We start with the basic definitions and properties
of associative algebras with polynomial identities (Section 1). A polynomial f(xi,...,z,), in non-
commuting variables, is a polynomial identity for the algebra A if f(a1,...,a,) =0, forall ay,...,a, €
A. The set of all polynomial identities of A, Id(A), is an ideal of the free associative algebra F(X),

where X = {z1,z2,...} is a countable set. Moreover Id(A) is a T-ideal of F(X), i.e., an ideal invariant
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under all the endomorphisms of F(X). We also introduce the notion of variety of algebras: if A is
a Pl-algebra, the variety )V generated by A, var(A), is the class of all algebras B satisfying the same
set of identities of A. In Section 2 we give a brief introduction to the classical representation theory
of the symmetric group and of the general linear group via the theory of Young diagrams. Section
3 is devoted to the study of associative PI-algebras. We define the sequence of codimensions, ¢, (A),
and cocharacters, x,(A), for an associative PI-algebra A. In the last part of this section we focus our
attention to varieties of polynomial growth (their sequence of codimensions is polynomially bounded)
and we prove several characterizations concerning them. Recall that the growth of a variety V is
defined as the growth of the sequence of codimensions of any algebra A generating V. The next two
sections have a similar structure than the third one. We give analogous definitions and properties in
the setting of algebras with involution and of superalgebras.

The sixth section is devoted to the main objects of the thesis, that is the superalgebras with
superinvolution (x-algebras). In this setting, we introduce the analogous objects than those of the
ordinary case. In particular we define the free x-algebra, the x-polynomial identities, the sequence of
x-codimensions and cocharacters, and, moreover, we prove some basic results. Finally, we consider the
particular case of matrix algebras with superinvolution (Section 7) and present the so-called proper
polynomials (Section 8).

In the second chapter we give some characterizations concerning finite dimensional x-algebras
with polynomial growth of the *-codimensions. In Section 1 we introduce some finite dimensional
x-algebras generating #-varieties (varieties of *-algebras) of almost polynomial growth, i.e., x-varieties
with exponential growth such that every proper subvariety has polynomial growth. Then we present a
Wedderburn-Malcev theorem for finite dimensional x-algebras (Section 2). In the final section we prove
several results characterizing x-varieties of polynomial growth. Between them, in the main theorem
of the chapter, we give the analogous result than that Kemer has proved for associative algebra:
in case A is a finite dimensional x-algebra, the sequence of *-codimensions ¢} (A4), n = 1,2,..., is
polynomially bounded if and only if the x-variety generated by A does not contain three explicitly
described *-algebras.

In the third chapter, we completely classify all subvarieties and all minimal subvarieties of the
x-varieties of almost polynomial growth generated by a finite dimensional x-algebra. A x-variety V is
minimal of polynomial growth if ¢} (V) ~ gn¥, for some k > 1, ¢ > 0, and for any proper subvariety
U SV we have that ¢ (U) = ¢'n', with t < k. We shall see that the three *-algebras which appear in
the main result of Chapter 3 are the only finite dimensional *-algebras generating *-varieties of almost
polynomial growth. In the last section we describe the x-algebras whose *-codimensions are bounded
by a linear function.

Finally, the fourth chapter is devoted to the study of standard identities in matrix x-algebras.
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If n = k + h, we define a particular Zs-grading on the matrix algebra M, (F') and, in this way, it
becomes a superalgebra, denoted by My, ,(F). If the field F' is algebraically closed of characteristic
different from 2, then any non trivial Zo-grading on M,,(F') is isomorphic to My, ,(F'), for some k and
h. Moreover, in [47], Racine proved that, up to isomorphism, it is possible to define on My, ,(F') only
the orthosymplectic and the transpose superinvolution. In this chapter we find the minimal degree
for which the standard polynomial vanishes when evaluated in homogeneous symmetric or skew-
symmetric matrices of My, ,(F) in the case of both transpose or orthosymplectic superinvolution. In
the final section, we make a systematic study of the identities of the algebra M; 1(F') endowed with
the transpose superinvolution: we compute a generating set of the ideal of polynomial identities and

we find the decomposition of the corresponding character into irreducibles.



Chapter 1

Preliminaries

In this chapter we present some preliminary concepts which allow us to treat the main arguments

of the thesis.

In the first section we give some basic definitions and well-known results concerning the theory of
polynomial identities for associative algebras. We start by introducing the free algebra F(X) and the
T-ideal of the identities, Id(A), of an associative algebra A. Then we discuss the so-called multilinear
polynomials and some results concerning them.

The second section is devoted to the description of the ordinary representation theory of the
symmetric group S, and of the general linear group. In this part we introduce the so-called highest
weight vectors.

In third, forth and fifth section we focus our attention to Pl-algebras (algebras satisfying a non-
trivial polynomial identities), algebras with involution (antiautomorphism of order 2) and superalge-
bras (Zg-graded algebra), respectively. For each of these structures we introduce the corresponding
sequence of codimensions (#-codimensions, supercodimensions) and cocharacters, the notion of va-
rieties of algebras (algebras with involution, superalgebras) and present results concerning varieties
(§-varieties, supervarieties) of polynomial growth.

In the sixth section we discuss the main objects of the thesis, that is the superalgebras with
superinvolution. They are Zo-graded algebras endowed with a graded linear map of order 2, with a
suitable property similar to that of an involution. In order to simplify the notation we shall refer to
the superalgebras with superinvolution simply as *-algebra and we shall use the prefix ”*-” to denote,
in the setting of x-algebras, the analogous objects introduced in the case of associative algebra (for

instance, free x-algebra, *-polynomial identities, *-codimensions sequence, and so on).

Finally, we consider the particular case of matrix algebras with superinvolution (Section 7) and

present the so-called proper polynomials (Section 8).
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12 Preliminaries

1.1 Basic definitions

We start with the definition of free algebra. Let F be a field and X a countable set. The
free associative algebra on X over F' is the algebra F(X) of polynomials in the non-commuting
indeterminates x1,x9,... € X. A basis of F(X) is given by all words in the alphabet X, adding
the empty word 1. Such words are called monomials and the product of two monomials is defined
by juxtaposition. The elements of F(X) are called polynomials and if f € F(X), then we write
f = f(x1,...,2,) to indicate that x1,...,z, € X are the only variables occurring in f.

We define degu, the degree of a monomial u, as the length of the word u. Also deg, u, the degree
of w in the indeterminate x;, is the number of the occurrences of z; in w. Similarly, the degree deg f
of a polynomial f = f(z1,...,z,) is the maximum degree of a monomial in f and deg,, f, the degree
of f in z;, is the maximum degree of deg,, u, for v monomial in f.

The algebra F(X) is defined, up to isomorphism, by the following universal property: given an
associative F-algebra A, any map X — A can be uniquely extended to a homomorphism of algebras
F(X) — A. The cardinality of X is called the rank of F(X).

Now we can define one of the main objects of the thesis.

Definition 1.1. Let A be an associative F-algebra and f = f(x1,...,2,) € F(X). We say that f is
a polynomial identity for A, and we write f =0, if f(a1,...,an) =0, for all ay,...,a, € A.

We may also say that A satisfies f = 0 or, sometimes, that f itself is an identity of A. Since the
trivial polynomial f = 0 is an identity for any algebra A, we say that A is a Pl-algebra if it satisfies a

non-trivial polynomial identity.

Example 1.1. If A is a commutative algebra, then A is a Pl-algebra since it satisfies the identity

[z1,22] = 0, where [x1,x2] = x129 — w21 denotes the Lie commutator of 1 and .

Example 1.2. If A is a nilpotent algebra, with A™ = 0, then A is a Pl-algebra since it satisfies the

identity 1 - - - x, = 0.
Definition 1.2. Given an algebra A, the two-sided ideal of polynomials identities of A is defined as
Id(A) ={fe F(X): f=0 on A}.

Recalling that an ideal I of F(X) is a T-ideal if p(I) C I, for all endomorphism ¢ of F(X),
it is easy to check that Id(A) is a T-ideal of F'(X). Moreover, given a T-ideal I, it is proved that
Id(F(X)/I) = 1. Then all T-ideals of F/(X) are actually ideals of polynomial identities for a suitable
algebra A.

Since many algebras may correspond to the same set of polynomial identities (or T-ideal) we need

to introduce the notion of variety of algebras.
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Definition 1.3. Given a non-empty set S C F(X), the class of all algebras A such that f =0 on A,
for all f €S, is called the variety V = V(S) determined by S.

A variety V is called non-trivial if S # 0 and V is proper if it is non-trivial and contains a non-zero

algebra.
Example 1.3. The class of all commutative algebras forms a proper variety with S = {[x1,x2]}.

Notice that if V is the variety determined by the set S and (S)7 is the T-ideal of F(X) generated
by S, then V(S) = V({S)r) and (S)1r = [ 4ey Id(A). We write (S)7 = Id(V).

In the following definition we introduce the concept of relatively free algebra.

Definition 1.4. Let V be a variety, A € V an algebra and Y C A a subset of A. We say that A is
relatively free on'Y (with respect to V), if for any algebra B € V and for every function o 1 Y — B,

there exists a unique homomorphism 3 : A — B extending .

When V is the variety of all algebras, this is just the definition of a free algebra on Y. The
cardinality of Y is called the rank of A. Relatively free algebras are easily described in terms of free

algebras (see, for instance, [26, Theorem 1.2.4]).

Theorem 1.1.1. Let X be a non-empty set, F(X) a free algebra on X and V a variety with cor-
responding ideal I1d(V) C F(X). Then F(X)/Id(V) is a relatively free algebra on the set X =
{z+ 1d(V) | © € X}. Moreover, any two relatively free algebras with respect to V of the same rank are

isomorphic.

The following theorem (see for instance [26, Theorem 1.2.5]) explains the connection between

T-ideals and varieties of algebras.

Theorem 1.1.2. There is a one-to-one correspondence between T-ideals of F(X) and varieties of
algebras. More precisely, a variety V corresponds to the T-ideal of identities Id(V) and a T-ideal 1

corresponds to the variety of algebras satisfying all the identities of I.

If V is a variety and A is an algebra such that Id(A) = Id(V), then we say that V is the variety
generated by A and we write V = var(A). Also, we shall refer to F(X)/Id(V) as the relatively free
algebra of the variety V of rank | X]|.

If the ground field F' is infinite, then the study of polynomial identities of an algebra A over F
can be reduced to the study of the so-called homogeneous or multilinear polynomials. This reduction

is very useful because these kinds of polynomials are easier to deal with.
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Let F,, = F(z1,...,xy,) be the free algebra of rank n > 1 over F. This algebra can be naturally
decomposed as

where, for every k > 1, Fé’“) is the subspace spanned by all monomials of total degree k. The Fqs,i)s
are called the homogeneous components of Fj,. This decomposition can be further refined as follows:

for every k > 1, write

o

where F,S“""’Z") is the subspace spanned by all monomials of degree i1 in x1, ..., i, in x,.

Definition 1.5. A polynomial f € F,(Lk), for some k > 1, is called homogeneous of degree k. If f €
F,,(Lil""’i") it will be called multihomogeneous of multidegree (i1, ... ,i,). We also say that a polynomial

f is homogeneous in the variable x; if x; appears with the same degree in every monomial of f.
Among multihomogeneous polynomials a special role is played by the multilinear ones.

Definition 1.6. A polynomial f € F(X) is called linear in the variable x; if x; occurs with degree
1 in every monomial of f. Moreover, f is called multilinear if f is linear in each of its variables

(multihomogeneous of multidegree (1,...,1)).

It is always possible to reduce an arbitrary polynomial to a multilinear one. This so-called process
of multilinearization can be found, for instance, in [26, Chapter 1].

We now introduce the notion of alternating polynomials and state a proposition concerning them.

Definition 1.7. Let f(x1,...,Zpn,t1,...,tm) be a polynomial linear in each of the variables x1, ..., xy.
We say that f is alternating in the variables x1,...,x, if, for any 1 < i < j < n, the polynomial f

becomes zero when we substitute x; instead of x;.

Example 1.4. Let S, denotes the symmetric group on {1,...,r}. The standard polynomial of degree

r

Str($1> v 71:7’) = Z (Sgno-)xa(l) o Lo(r)
ogESy

is alternating in each of its variables.

Proposition 1.1. Let f(x1,...,2pn,t1,...,ty) be a polynomial alternating in the variables x1,. .., %,
and let A be an F-algebra. Ifay,...,a, € A are linearly dependent over F', then f(a1,...,an,b1,...,bn)
0, for all by, ..., by € A.

We conclude this section with the following result, emphasizing the importance of multilinear

polynomials. For a proof of it see [26, Corollary 1.3.9] and previous results.
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Theorem 1.1.3. IfcharF = 0, every T-ideal is generated, as a T-ideal, by the multilinear polynomials

it contains.

1.2 The representation theory

1.2.1 Finite dimensional representations

In this section we survey the information on finite dimensional representations. We refer to [26,
Chapter 2] for the results of this section. For a start, let V' be a vector space over a field F' and let

GL(V) be the group of invertible endomorphisms of V. We recall the following.
Definition 1.8. A representation of a group G on 'V is a homomorphism of groups p: G — GL(V).

Let us denote by End(V') the algebra of F-endomorphisms of V. If F'G is the group algebra of G
over F' and p is a representation of G on V, it is clear that p induces a homomorphism of F-algebras
p': FG — End(V) such that p/(1pg) = 1.

Throughout we shall be dealing only with the case of finite dimensional representation. In this
case, n = dimp V is called the dimension or the degree of the representation p. Now, a representation
of a group G uniquely determines a finite dimensional F'G-module (or G-module) in the following way.
If p: G — GL(V) is a representation of G, V' becomes a (left) G-module by defining gv = p(g)(v),
for all g € G and v € V. It is also clear that if L is a G-module which is finite dimensional as a
vector space over F', then p : G — GL(L), such that p(g)(l) = gl, for g € G and | € L, defines a

representation of G on L.

Definition 1.9. If p: G — GL(V) and p' : G — GL(W) are two representations of a group G, we

say that p and p' are equivalent, and we write p ~ p', if V. and W are isomorphic as G-modules.

Definition 1.10. A representation p : G — GL(V) is irreducible if V is an irreducible G-module and

p is completely reducible if V' is the direct sum of its irreducible submodules.

The basic tool for studying the representations of a finite group in case charF = 0, is the Maschke’s
theorem. Recall that an algebra A is simple if A% # 0 and it contains no non-trivial two-sided ideals
and A is semisimple if J(A) = 0, where J(A) is the Jacobson radical of A.

Theorem 1.2.1. Let G be a finite group and let charF =0 or charF =p > 0 and p1|G|. Then the

group algebra F'G is semisimple.

We now present two famous results of Wedderburn and Wedderburn-Artin concerning simple and
semisimple artinian rings. Recall that a ring R is said artinian if it satisfies the descending chain

condition for ideals (i.e., if every strictly descending sequence of ideals eventually terminates).
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Theorem 1.2.2. Let R be a ring. Then

1. R is simple artinian if and only if R = My (D), the ring of k X k matrices over a division ring
D, k>1.

2. R is semisimple artinian if and only if R=1, & --- ® I, where I, ..., I, are simple artinian

rings and they are all minimal two-sided ideals of R.
As a consequence, it follows that, under the hypothesis of Maschke’s theorem,
FG = M,,(DWY®--- @ M,, (D®),

where DU, ... D®*) are finite dimensional division algebras over F. In light of these results one can
classify all the irreducible representations of G: L is an irreducible G-module if and only if L is an

irreducible M, (D®)-module, for some i. On the other hand, M, (D™) has, up to isomorphism, only

n;
one irreducible module, isomorphic to Z D eij, where the e;;s denote the usual matrix units.
j=1
From the above it can also be deduced that every G-module V is completely reducible. Hence if

dimp V < oo, V is the direct sum of a finite number of irreducible G-modules. We record this fact in

the following.

Corollary 1.1. Let G be a finite group and let charF' =0 or charF =p >0 and p1 |G|. Then every
representation of G is completely reducible and the number of inequivalent irreducible representations

of G equals the number of simple components in the Wedderburn decomposition of the group algebra
FG.

Recall that an element e € FG is an idempotent if e? = e. It is well known that, since FG has
finite dimensional and it is semisimple, every one-sided ideal of F'G is generated by an idempotent.
Moreover every two-sided ideal of F'GG is generated by a central idempotent. We say that an idempotent
is minimal (resp. central) if it generates a minimal one-sided (resp. two-sided) ideal. We record this

in the following.

Proposition 1.2. If L is an irreducible representation of G, then L = J;, a minimal left ideal of

M, (DY), for somei=1,...k. Hence there exists a minimal idempotent e € FG such that L = FGe.
If F' is a splitting field for the group G, e.g., F' is algebraically closed, the following properties hold.

Proposition 1.3. Let F' be a splitting field for the group G. Then the number of non-equivalent

wrreducible representations of G equals the number of conjugacy classes of G.
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Since by Corollary 1.1 this number equals the number of simple components of F'G, it follows that,
when F' is a splitting field for G, it equals the dimension of the center of F'G over F.

A Dbasic tool in representation theory is provided by the theory of characters. From now on, we
assume that F' is a splitting field for G of characteristic zero and let tr : End(V) — F be the trace
function on End(V).

Definition 1.11. Let p: G — GL(V) be a representation of G. Then the map x, : G — F such that
Xp(9) = tr(p(g)) is called the character of the representation p. Moreover, dimp V = deg x, is called
the degree of the character x,.

We say that the character x, is irreducible if p is irreducible. Moreover it is easy to prove that

X, is constant on the conjugacy classes of G, i.e., x, is a class function of G. Notice that x,(1) = deg x,.

1.2.2 §,-representations

We now describe the ordinary representation theory of the symmetric group S,, n > 1. We refer
to [26, Chapter 2] for the results of this section.

Since Q, the field of rational numbers, is a splitting field for S, for any field F' of characteristic
zero, the group algebra F'S,, has a decomposition into semisimple components which are algebras of
matrices over the field F' itself. Moreover, by Proposition 1.3, the number of irreducible non-equivalent

representations equals the number of conjugacy classes of 5,,. Recall the following.

Definition 1.12. Let n > 1 be an integer. A partition A of n is a finite sequence of integers A =
T

(Aly...yAr) such that Ay > -+ > A, and Z)\i =n. In this case we write A\ - n.
i=1

It is well known that the conjugacy classes of S, are indexed by the partition of n. If o € S, we
decompose o into the product of disjoint cycles, including 1-cycles, and this decomposition is unique
if we require that ¢ = 71 -+ - 7, with 7y, ..., m. cycles of length Ay > --- > A, > 1, respectively. Then
the partition A = (A1,...,A,) uniquely determines the conjugacy class of o. Since all the irreducible
characters of S,, are indexed by the partitions of n, let us denote by x) the irreducible S,-character

corresponding to A F n.

Proposition 1.4. Let F be a field of characteristic zero and n > 1. There is a one-to-one corre-
spondence between irreducible Sy-characters and partitions of n. Let {xx | A+ n} be a complete set

of irreducible characters of Sy, and let dy = xx(1) be the degree of xx, AFn. Then

FS, =1 =P My, (F),

AFn AFn
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where Iy = e)F'S, and ey = Z xx(0)o is, up to a scalar, the unit element of Iy.
oESy

Definition 1.13. Let A = (A1,...,\.) b n. The Young diagram associated to A is the finite subset of
Z X 7 defined as Dy ={(i,j) € ZXZ | i=1,....m, j=1,...,\}.

The array of the boxes denoting D) is such that the first coordinate i (the row index) increases
from top to bottom and the second coordinate j (the column index) increases from left to right.

For a partition A = (A1,...,\;) F n we shall denote by X = (A\],...,\,) the conjugate partition of
A in which Nj, ..., A} are the lengths of the columns of D). Hence Dy is obtained from D) by flipping

D, along its main diagonal.

Definition 1.14. Let A = (\1,...,A\,) E n. A Young tableau Ty of the diagram Dy is a filling of the
bozes of Dy with the integers 1,2,...,n. We shall also say that Ty is a tableau of shape .

Of course there are n! distinct tableaux. Among these a prominent role is played by the so-called

standard tableaux.

Definition 1.15. A tableau T of shape A is standard if the integers in each row and in each column

of T increase from left to right and from top to bottom, respectively.
There is a strict connection between standard tableaux and degrees of the irreducible Sy,-characters.

Theorem 1.2.3. Given a partition X\ = n, the number of standard tableaux of shape A equals dy, the

degree of x, the irreducible character corresponding to .

Next we give a formula to compute the degree d) of the irreducible character x: the hook formula.
First we need some further terminology.

Given a diagram Dy, A F n, we identify a box of D) with the corresponding point (3, j).

Definition 1.16. For any box (i,j) € Dy, we define the hook number of (i, j) as hij = A\i+ N —i—j+1,

where X 1is the conjugate partition of \.

Note that h;; counts the number of boxes in the "hook” with edge in (4, j), i.e., the boxes to the
right and below (i, 7).

n!

ILijhis’

Proposition 1.5. The number of standard tableaux of shape A Fn is dy = where the product

runs over all boxes of D).
We now describe a complete set of minimal left ideals of F'S,,. Given a partition A = (A1,...,\) F

n, we denote by T\ = D) (a;;) the tableau T) of shape A in which a;; is the integer in the box (i, 7).

Then we can give the following definitions.
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Definition 1.17. The row-stabilizer of T is
Ry, = Sy, (a11,a12, ..., a1y,) X -+ X Sy, (ar1,ar2, - - - s ary,)

where Sy, (ai1, a2, ..., a;y,) denotes the symmetric group acting on the integers a;i, aia, - .., Q-
Definition 1.18. The column-stabilizer of T is

Cry, = Sy (a11,a21, .. axn 1) X == X Sy (@1, Qx5 - - -5 Q)
where N = (N, ..., \,) is the conjugate partition of \.

Hence R, and C7, are the subgroups of \S,, consisting of all permutations stabilizing the rows and

the columns of T}, respectively.

Definition 1.19. For a given tableau Ty we define e, = Z (sgnt)oT.

UGRT)\
TGCTA

1. . . . . .
It can be shown that e?. = aer,, where @ = % is a non-zero integer, i.e., ey, is an essential idempotent
T A0 dy ) ) \

of F'S,,.
Given a partition A - n, the symmetric group S, acts on the set of Young tableaux of shape
A as follows. If 0 € S, and T\ = Dy(ai;), then 6T\ = Dy(o(a;;)). This action has the property

1

that Ro1, = URTAU*1 and Co1, = 0Cr,0~". It follows that e,7, = aeTkafl. We record the most

important fact about er, in the following.

Proposition 1.6. For every Young tableau Ty of shape A\ & n, the element er, is a minimal essential
idempotent of F'S,, and FSper, is a minimal left ideal of F'S,, with character x. Moreover, if T\
and T} are Young tableauz of the same shape, then er, and er; are conjugated in F'S, through some

oEeSs,.

The above proposition says that, for any two tableaux T\ and T3 of the same shape A F n,

FSper, = FSneT;, as Sp-modules.

We now regard the group 5, embedded in S, 1 as the subgroup of all permutations fixing the
integer n + 1. The next theorem gives a decomposition into irreducibles of any S,-module induced
up to Sp+1. Let us denote by Ly an irreducible S,,-module corresponding to the partition A - n. We

have the following.

Theorem 1.2.4. Let the group S, be embedded into Sn4+1 as the subgroup fixing the integer n + 1.
Then
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1. If \ F n, then Ly 1 Spy1 = Zue/\+ L,,, where X is the set of all partitions of n + 1 whose

diagram is obtained from Dy by adding one boz.

2. If uFn+1, then L, | S, = ZAe;r Ly, where p~ is the set of all partitions of n whose diagram

is obtained from D, by deleting one box.

We now embed the group S,, X Sy, into Sy, 4+, by letting S, act on {n + 1,...,n + m}. Recall that if

N is an S,-module and N’ is an S,,-module, then N ® N’ has a natural structure of (S, x Sy, )-module.

Definition 1.20. If N is an S,-module and N’ is an S,,-module, then the outer tensor product of N
and N’ is defined as
NRN'= (N®N') 1 Spim.

Recall that (m) denotes a one-row partition p = m, i.e., gy = m. In the following theorem we

present the so-called Young rule.

Theorem 1.2.5. Let A = (A1,...,\g) Fn and m > 1. Then

NABN(m) = ) My
where the sum runs over all partitions p of n + m such that we have gy > A1 > 2 > -+ > fntm >
Antm -

Definition 1.21. An unordered partition of n is a finite sequence of positive integers o = (aq, ..., qy)
¢

such that Z a; =n. In this case we write a = n.
i=1

Definition 1.22. Let A+ n and o |=n. A (generalized) Young tableau of shape X and content « is a

filling of the diagram D) by positive integers in such a way that the integer i occurs exactly a; times.

Definition 1.23. A Young tableau is semistandard if the numbers are non-decreasing along the rows

and strictly increasing down the columns.

We now consider the obvious partial order on the set of partitions. Let A = (A1,...,Ap) F n and
= (pi,...,1g) Fm, then X\ > p if and only if p > g and \; > p;, for all i = 1,...,p. In the language
of Young diagrams A > p means that D, is a subdiagram of D,.

If A > u, we define the skew-partition A\ u = (A1 — p1, A2 — pa,...). The corresponding diagram
Dy, is the set of boxes of Dy which do not belong to D,,.

Definition 1.24. A skew-tableau Ty, is a filling of the boxes of the skew-diagram Dy, with distinct
natural numbers. If repetitions occur, then we have the notion of generalized skew-tableau. We also

have the natural notion of standard and semistandard skew-tableau.
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Definition 1.25. Let a = (a,...,4) En. We say that « is a lattice permutation if for each j the
number of i’s which occur among a1, ..., a; is greater than or equal to the number of (i+1)’s for each
i.

We can now formulate the Littlewood-Richardson rule.

Theorem 1.2.6. Let A\Fn and p = m. Then

NABN, = > Ky Ny
vEn+m
where kﬁ\/\ is the number of semistandard tableau of shape v \ X\ and content p which yield lattice

permutations when we read their entries from right to left and downwards.

1.2.3 Representations of the general linear group

In this section we survey the information on representation theory of the general linear group
over an algebraically closed field F' of characteristic zero. We restrict our attention to the case when
GL,, = GL,(F) acts on the free associative algebra of rank m and consider the so-called polynomial
representation of GL,,, which have many properties similar to those of the representations of finite

groups. We refer to [11, Chapter 12| for the results of this section.

Definition 1.26. The representation ¢ : GLy,, — GLs of the general linear group GL., is called
polynomial if the entries of the s X s matriz ¢(a;;) are polynomial functions of the entries of the
m X m matriz a;;, for all a;; € GLy,. When all the entries of ¢(a;;) are homogeneous polynomials of

degree k, then ¢ is a homogeneous representation of degree k.

Let F,(X) = F(x1,...,zmn) denote the free associative algebra in m variables and let U =
spang {Z1,...,Zm}. The action of the group GL,, = GL(U) on F,,(X) can be obtained extend-
ing diagonally the natural left action of GL,, on the space U by defining:

g(x’ip' . '7xik) = g(l'“) o g([EZk>, g S GLma Lipy---y Ly, S Fm<X>

Actually, F,,,(X) is a polynomial GL,,-module, i.e., the corresponding representation is polynomial.
Let F7' be the space of homogeneous polynomials of degree n in the variables x1,...,Z;. Then
F" is a (homogeneous polynomial) submodule of F,,,(X). We observe that
Fﬁw _ @ F7(ni1,~~-7im)
where Féfl""’im) is the multihomogeneous subspace spanned by all monomials of degree 41 in 1, ...,

Im 1N T,
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The following theorem states a result similar to Maschke’s theorem about the complete reducibility of

G L,,-modules, valid for the polynomial representations of GL,,.

Theorem 1.2.7. Every polynomial G L,,-module is a direct sum of irreducible homogeneous polynomial

submodules.

The irreducible homogeneous polynomial G L,,,-modules are described by partition of n in no more

than m parts and Young diagrams.

Theorem 1.2.8. Let P, (n) denote the set of all partitions of n with at most m parts (i.e. whose

diagrams have height at most m).

1. The pairwise non isomorphic irreducible homogeneous polynomial G L., -modules of degree n > 1
are in one-to-one correspondence with the partitions of P, (n). We denote by W> an irreducible
GL,,-module related to .

2. Let A € Py(n). Then the GLy,-module W? is isomorphic to a submodule of FT.. Moreover the
GLy,-module F}} has a decomposition:
F! = Z d,\W/\,
AEPp, (n)

where dy s the dimension of the irreducible Sy,-module corresponding to the partition \.

3. As a subspace of F}, the vector space W is multihomogeneous, i.e.

W — @ A i)

i1+ tim=n
where WA(iim) — WA () Fiitim),

We want to show that if WA C E” . then W is cyclic and generated by a multihomogeneous
polynomial of multidegree A1, ..., \g, with A= (A\,..., ) € P.

We observe first that the symmetric group S, acts from the right on F by permuting the places

in which the variables occur, i.e., for all z;,,...,2;, € F and for all 0 € S,,, we have x;, ---x;, 07! =

n

xlo-(l) .. ml

Let now A = (A1,...,Ax) € PP. We denote by sy the following polynomial of F):

o(n)’

A1
sy =sa(z1,...,xy) = HSthi()\) (z1,-- - TR )) 5
=1

where h;(A) is the height of the i-th column of the diagram of A and St,(z1,...,2,) = Z (sgn0)To(1) * " To(r)

g€Sy
is the standard polynomial of degree r. Note that by definition s, is multihomogeneous of multidegree

(Asee s M-
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Theorem 1.2.9. The following conditions hold:
1. The element sy generates an irreducible G Ly,-submodule W of F isomorphic to W.

2. Every submodule W* C F is generated by a non-zero polynomial called highest weight vector of
W2, of the type

fr=52) w0, ay€F. (1.1)
O'ES'!L

The highest weight vector is unique up to a multiplicative constant and it is contained in the

one-dimensional vector space W (itim)

3. Let ZaeSn ago € FS,. If sy ZGESn ago # 0, then it generates an irreducible submodule W =
WA, W C F".

By Theorem 1.2.8 the multiplicity of W? in F is equal to the dimension dy of the irreducible
S,-module corresponding to the partition A. Hence every W = W* C E7 is a submodule of the direct
sum of dy isomorphic copies of W* and the problem is how to find the highest weight vectors of those
dy modules.

We fix A = (A1,...,\g) € P} and let T be a Young tableau. We denote by fr, the highest weight
vector obtained from (1.1) by considering the only permutation o € S,, such that the first column of
T) is filled from top to bottom with the integers o(1),...,0(h1(\)), in this order, the second column
is filled with o(hi(A) +1),...,0(h1(A) + ho(X)) and so on.

Proposition 1.7. Let A = (\1,..., ) € P? and let WX C E™. The highest weight vector fy of W

can be expressed uniquely as a linear combination of the polynomials fr, with Ty standard tableau.

1.3 Pl-algebras

In this section we focus our attention on associative algebras satisfying a non-trivial polynomial
identity (PI-algebras). One of the most interesting and challenging problems in combinatorial PI-
theory is that of finding numerical invariants allowing to classify the T-ideals of F'(X). A very useful
numerical invariant that can be attached to a T-ideal is given by the sequence of codimensions. It was
introduced by Regev in [50] and measures the rate of growth of the multilinear polynomials lying in
a given T-ideal.

In order to define this object, let A be a Pl-algebra over a field F' of characteristic zero and Id(A)

its T-ideal of identities. We introduce

P, = span {:17(,(1) Ty |0 € Sn}
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the vector space of multilinear polynomials in the variables xj,...,x, in the free algebra F(X).
According to Theorem 1.1.3, since charF' = 0, then Id(A) is determined by its multilinear polynomials

and so it is generated, in the free associative algebra F(X), by the subspace
(PLNId(A) e (RNId(A) & - d (P, NId(A) & --- .

It is clear that if A satisfies all the identities of some Pl-algebra B, then P, N1d(A) O P, N1d(B) and
so dim(P, NId(A)) > dim(P, NId(B)), for all n = 1,2,.... Therefore the dimensions of the spaces
P, N1d(A) give us, in some sense, the growth of the identities of the algebra A.

Definition 1.27. The non-negative integer

P,

Cn(A) = dlmF m

is called the n-th codimension of the algebra A. The sequence {c,(A)},>, is the codimensions sequence

of A.

The most important feature of the sequence of codimensions was proved by Regev in [50]. We

recall such result in the following.

Theorem 1.3.1 (Regev, 1972). If A is a Pl-algebra then c,(A), n = 1,2,..., is exponentially
bounded.

We now introduce an action of the symmetric group S, on P,. From now on, we assume that

charF' = 0. We start with the following lemma concerning arbitrary irreducible S,-module.

Lemma 1.1. Let L be an irreducible left Sy,-module with character x(L) = xx, A+ n. Then L can be
generated, as an S,-module, by an element of the form er, f, for some f € L and some Young tableau

Tx. Moreover, for any Young tableau T of shape A, there exists f' € L such that L = FSneTgf’.

The previous lemma says that, given a partition A - n and a Young tableau T of shape A, any
irreducible Sp,-module L such that x(L) = x», can be generated by an element of the form ez, f, for
some f € L. By the definition of Rr,, for any o € Rr,, we have that oer, f = er, f, i.e., e, f is stable
under the Ry, -action. The number of Rp,-stable elements in an arbitrary S,-module L is closely

related to the number of irreducible S;,-submodules of L having character y.

Lemma 1.2. Let Ty be a Young tableau corresponding to A\t n and let L be an S,-module such that
L=L® ---&® L, where L1,..., Ly, are irreducible S,-submodules with character xx. Then m is

equal to the number of linearly independent elements g € L such that og = g, for all 0 € Ry, .
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Let now ¢ : F'S,, — P, be the map defined by ¢ (Z aaa> = Z QoTo(1) " Ty(n)- 1t is clear
aGSn O’ESn
that ¢ is a linear isomorphism. This isomorphism turns P, into an S,-bimodule (i.e., an abelian

group that is both a left and a right S,-module and in which the left and right multiplications are
compatible). If o, 7 € S,,, then

0 (1) Trm)) = Tor(r) - Tor(m) = (To1) = To(m)) T-

The interpretation of the left S,-action on a polynomial f(x1,...,z,) € P,, for 0 € Sy, is

O-f(xh .- 'axn) = f(ma(1)7 s 7730(71))7

that is, of permuting the variables according to o. Since T-ideals are invariant under permutations of
the variables, we obtain that the subspace P,, NId(A) is invariant under this action, that is P, N1d(A)

is a left S,,-submodule of P,,. Hence

has an induced structure of left S,-module.

Definition 1.28. For n > 1, the Sy-character of P,(A) = P,/(P, N Id(A)), denoted by xn(A), is
called n-th cocharacter of A.

If A is an algebra over a field of characteristic zero, we can decompose the n-th cocharacter into

irreducibles as follows:

Xn(4) = maxa,

AFn
where ) is the irreducible S,-character associated to the partition A F n and my > 0 is the corre-
sponding multiplicity.

Our next goal is to present several results concerning algebras of polynomial growth.

Definition 1.29. Let A be a Pl-algebra. A has polynomial growth if its sequence of codimensions

cn(A), n=1,2,..., is polynomially bounded, i.e., c,(A) < anb, for some constants a and b.

If V is a variety of algebras, then the growth of V is defined as the growth of the sequence of

codimensions of any algebra A generating V, i.e., V = var(A). Hence we have the following.

Definition 1.30. A wvariety V has polynomial growth if its sequence of codimensions c,(V), n =
1,2,..., is polynomially bounded. We say that V has almost polynomial growth if c,(V), n=1,2,...,

s not polynomially bounded but any proper subvariety of V has polynomial growth.
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Actually, the condition ¢,(V) not polynomially bounded simply means that V' has exponential

growth. In fact, the following result, due to Kemer, holds.

Theorem 1.3.2 ([32, 33]). Let A be a Pl-algebra. Then cp(A), n=1,2,..., is polynomially bounded

or it grows exponentially.

In order to present another celebrated theorem of Kemer, let us define two suitable algebras
generating varieties of almost polynomial growth. Let G be the infinite dimensional Grassmann
algebra over F, i.e., the algebra generated by a countable set of elements {e1,es, ...} satisfying the
condition e;e; = —eje; and let UTs be the algebra of 2 x 2 upper triangular matrices over F'.

Such algebras, generating varieties of almost polynomial growth, were extensively studied in [36]
and [44]. In the following theorem we collect the results of [36, 44], concerning the T-ideals of these
two algebras. Recall that (f1,..., fn)7 denotes the T-ideal generated by the polynomials fi,..., f, €
F(X).

Theorem 1.3.3. 1. [d(UTQ) = <[$1,1‘2H1‘3,$4]>T.
2. 1d(G) = ([[x1, z2], z3]) T

Now we are ready to state the celebrated result of Kemer.

Theorem 1.3.4 (Kemer, 1979). A variety of algebras V has polynomial growth if and only if G,
Uly ¢ V.

Corollary 1.2. The varieties var(G) and var(UT) are the only varieties of almost polynomial growth.

The next theorem characterizes the algebras of polynomial growth in terms of their cocharacter

sequence.

Theorem 1.3.5 ([32]). Let A be a Pl-algebra. Then c,(A) is polynomially bounded if and only if

there exists a constant q such that, for all n > 1,
Xn(A) = Z MAXN-
AFEn
[Al=A1<q

As a consequence, it is possible to prove the following.

Theorem 1.3.6. IfV is a variety of algebras with polynomial growth then ¥V = var(A), for some finite

dimensional algebra A.

Finally, we present three results of Giambruno and Zaicev characterizing finite dimensional algebras

generating varieties of polynomial growth.
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Proposition 1.8 ([24]). Let V be a variety of algebras over an algebraically closed field F of char-
acteristic zero. Then V has polynomial growth if and only if V = var(A) for some finite dimensional
algebra A such that

1. A=Ay D A & -+ ® A,y a vector space direct sum of F-algebras where for i = 1,...,m,
A; =B+ J;, B; 2 F, J; is a nilpotent ideal of A; and Ag, J1,..., Jm are nilpotent right ideals
of A;

2. forallik e {l,....m}, i #k, A;Ar =0 and B;Ay = 0.
Moreover, if J is the Jacobson radical of A, then Id(A) = Id(A1 & Ao) N--- N Id(A,, & Ap) N Id(J).

Theorem 1.3.7 ([24]). A wvariety of algebras V has polynomial growth if and only if V = var(A; @
<@ Ap,), where Ay, ..., Ay, are finite dimensional algebras over F' and dimp A;/J(A;) < 1, for all

1=1,...,m.

If in Theorem 1.3.5 we take A to be a finite dimensional algebra (as we may by Theorem 1.3.6),
we can find an upper bound for the number of boxes below the first row of any diagram in the n-th
cocharacter of A (see [24, 32]).

Theorem 1.3.8. Let A be a finite dimensional algebra. Then A has polynomial growth if and only if

XnlA) = > max,

AFn
[Al—=A1<q

where q is such that J(A)? = 0.
We now collect these results in the following.

Theorem 1.3.9. For a variety of algebras V, the following conditions are equivalent:
1) ¢, (V) is polynomially bounded.
2) G,UTy ¢ V.

3) V =wvar(A), where A= A1 @@ Ay, with Ay, ..., Ay, finite dimensional algebras over F' such
that dim A;/J(A;) <1, for alli=1,...,m.

4) For all n > 1, there exists a constant q such that xn(V) = Z max. If V = var(A) with A

AFn
[Al—A1<q

finite dimensional algebra, then q is such that J(A)? = 0.
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1.4 Algebras with involution

Let A be an associative algebra over a field F'. From now until the end of this section the field F’

is of characteristic zero.

Definition 1.31. An involution on A is a linear map § : A — A of order two ((a*)f = a, for all
a € A) such that, for all a,b € A,

(ab)¥ = bPab.

Let A be an algebra with involution f. We write A = AT @ A~, where AT = {a cA|d = a}
and A~ {a cAlat = —a} denote the sets of symmetric and skew elements of A, respectively. Let
X = {z1,z2,...} be a countable set and let F(X,f) = F(azl,xg,:zg,xg, ...) be the free associative

algebra with involution on X over F. It is useful to regard to F(X, ) as generated by symmetric and
i

skew variables: if for i = 1,2,..., we let xj =x;+z; and x; = x; — x?, then

F(X,t) = F<x1+,xf,$§r,x5,...>.

Definition 1.32. A f-polynomial f(z],...,z},x7,...,x,,) € F(X,4) is a f-identity of the alge-

bra with involution A, and we write f = 0, if, for all s1,...,8, € A", k1,...,k,n € A™, we have
f(Sl,...,Sn,k‘l,...,kim):0.

We denote by 1d*(A) = {f € F(X,#) | f =0 on A} the T*-ideal of #-identities of A, i.e., Id*(A)
is an ideal of F(X,#) invariant under all endomorphisms of the free algebra commuting with the
involution f. It is well known that in characteristic zero, every f-identity is equivalent to a system of

multilinear f-identities. Let

P,ﬁl :spanF{wa(l)---wU(n) | o€ S, w; € {x;r,x;}, 1= 1,...,n}

be the vector space of multilinear polynomials of degree n in the variables xf, x],...,x}, x,. Hence
forevery ¢ = 1,...,n either x;” or x; appears in every monomial of P,g at degree 1 (but not both). The

study of Id*(A) is equivalent to the study of Pin Id*(A), for all n > 1 and we can give the following

definition.

Definition 1.33. The non-negative integer

pt
C?,L " )
PO Idi(A)

(A) = dimp n>1,

is called the n-th f-codimension of A.
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Given a non-empty set S C F(X,f), the class of all algebras with involution A such that f =0 on
A, for all f € S, is called the f-variety V = V(S) determined by S. Moreover, if A is an algebra with
involution, we write varf(A) to denote the f-variety generated by A, i.e., the class of all algebras with
involution B such that f =0 on B, for all f € Id*(A).

As in the case of associative algebras we have the following.

Definition 1.34. Let A be an algebra with involution. A has polynomial growth if its sequence of
i

#-codimensions cp(A), n =1,2,..., is polynomially bounded.

At the same way we define the growth of a f-variety V as the growth of the sequence of f-
codimensions of any algebra with involution A generating V. Then a f-variety }V has polynomial
growth if ¢, (V), n=1,2,..., is polynomially bounded and V has almost polynomial growth if CBL(V)

is not polynomially bounded but any proper subvariety of ¥V has polynomial growth.

In order to present an analogous result than that Kemer proved for associative algebras, let us
consider the following suitable algebras with involution generating f-varieties of almost polynomial
growth.

For a start, let UT,, be the algebra of n x n upper triangular matrices over F. One can define on
UT,, the so-called "reflection” involution ref in the following way: if a € UT},, a"*f = ba’b~!, where

a' denotes the usual transpose and b is the permutation matrix
b=ein+tern1+--+e_12+en1,

where the e;;s denote the usual matrix units. Clearly a™ is the matrix obtained from a by reflecting

a along its secondary diagonal: if a = (a;;) then arel = (bij) where bjj = ant1—j nt1—i-

u r 0
0 s 0 . .
Let now M = 0 0 | u,r,s,v € F  be asubalgebra of UTy endowed with the reflection
s w
0 0 u

involution and let F' & F' be the two-dimensional commutative algebra endowed with the exchange
involution ex defined, for all (a,b) € F & F, by (a,b)*” = (b,a).
In the following theorem we collect the results of [19, 45] concerning this two algebras with involu-

tion. Recall that (f1,..., fu)7+ denotes the T%-ideal generated by the polynomials fi, ..., f, € F(X,#).

Theorem 1.4.1. The algebras F @& F with exchange involution and M with reflection involution

generate §-varieties of almost polynomial growth. Moreover

1. IE(F & F) = {[ef, 23], la* a7, o, 2 ) s
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2. IdH(M) = (x7 x5 ) s
We remark that, in [45], Mishchenko and Valenti proved that, in the finite dimensional case over

an algebraically closed field of characteristic zero, actually varf(F @ F) and varf(M) are the only two

f-varieties of almost polynomial growth. In fact, the following theorem holds.

Theorem 1.4.2 ([45]). Let A be a finite dimensional algebra with involution over an algebraically
closed field F of characteristic zero. Then varf(A) has polynomial growth if and only if F @ F,
M & var*(A).

This result was improved by Giambruno and Mishchenko, that, in [20], were able to characterize

the f-varieties of polynomial growth as follows.

Theorem 1.4.3 (Giambruno-Mishchenko, 2001). Let V be a f-variety of algebras with involution
over a field F' of characteristic zero. Then V has polynomial growth if and only if F & F, M ¢ V.

Corollary 1.3. The f-varieties var(F & F) and var(M) are the only §-varieties of almost polynomial
growth.

1.5 Superalgebras

Let A be an algebra over a field F' of characteristic zero and let Zs be the cyclic group of order 2.

We start by introducing the notion of Zs-graded algebra.

Definition 1.35. The algebra A is Zo-graded if it can be written as the direct sum of subspaces
A=Ay D Ay such that AgAo + A1A1 C Ag and AgA1 + A1 Ag C Ay

The subspaces Ay and A; are the homogeneous components of A and their elements are called
homogeneous of degree zero (even elements) and of degree one (odd elements), respectively. If a is
an homogeneous element we shall write dega or |a| to indicate its homogeneous degree. A subspace
B C Ais graded if B = (BN Ap) @ (BN Aj). In a similar way one can define graded subalgebra,
graded ideals, and so on.

The Zs-graded algebras are simply called superalgebras.

Example 1.5. Any algebra A can be view as a superalgebra with trivial grading by setting Ag = A
and A1 = 0.

Example 1.6. Let A = M, (F) be the algebra of n x n matrices over F and let Zs = {0,1}. Given
any n-tuple (g1, ...,gn) € Z%, one can define a Za-grading on A, called elementary, by setting

A; = spanp ey | i +g9j =i}, i=0,1,

where e;;s are the usual matriz units.
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The free associative algebra F'(X) on a countable set X = {x1,x9,...} has a natural structure
of superalgebra as follows. We write X = Y U Z, the disjoint union of two sets and we denote by
Fo the subspace of F(Y U Z) spanned by all monomials in the variables of X having even degree
in the variables of Z and by JF; the subspace spanned by all monomials of odd degree in Z. Then
F(Y UZ) = Fy@® F is a superalgebra called the free superalgebra on X =Y U Z over F.

Definition 1.36. A superpolynomial f(y1,...,Yn,21,---,2m) € F(Y U Z) is a superidentity of the

superalgebra A = Ag @ A1, and we write f =0, if, for all vi,...,v, € Ag, u1,...,umn € A1, we have
f(or, .. op,ur, .o um) = 0.

We denote by Id**P(A) ={f € F(YUZ) | f =0 on A} the Th-ideal of superpolynomial identities
of A (i.e., an ideal invariant under all graded endomorphisms of F(Y U Z)).

It is well known that in characteristic zero Id*“P(A) is completely determined by its multilinear
polynomials and we denote by Pj;" the vector space of all multilinear polynomials of degree n in the

variables y1, 21, ..., Yn, Zn.

Definition 1.37. The non-negative integer

C

psup
b n > 17

1s called the n-th supercodimension of A.

Given a non-empty set S C F(Y U Z), the class of all superalgebras A such that f =0 on A, for
all f € S, is called the supervariety V = V(S) determined by S. Moreover, if A is a superalgebra, we
write var®*P(A) to denote the supervariety generated by A, i.e., the class of all superalgebras B such
that f =0 on B, for all f € Id**P(A).

As in the case of associative algebras we have the following.

Definition 1.38. Let A be a superalgebra. A has polynomial growth if its sequence of supercodimen-

sions ¢, n=1,2,..., is polynomially bounded.

At the same way we define the growth of a supervariety V as the growth of the sequence of
supercodimensions of any superalgebra A generating V. Then a supervariety V has polynomial growth
sup sup

if ¢, *(V), n =1,2,..., is polynomially bounded and V has almost polynomial growth if ¢, ”' (V) is not
polynomially bounded but any proper subvariety of V has polynomial growth.

We now present a list of superalgebras generating corresponding supervarieties of almost polyno-

mial growth. Later we shall see that they generate the only supervarieties with this property.
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First let F' @ F be the two-dimensional commutative algebra with exchange involution, defined in
the previous section. Since F' & F is commutative, the exchange involution is also an automorphism
of order 2 and so F' & F' can be regarded as a superalgebra with grading (F' & F)o = F(1,1) and
(F®F)=F(1,-1).

Recall that if A is a Pl-algebra, then A can be viewed as a superalgebra with trivial grading, i.e.,
A= Ay® Ay, where Ag = A and A; = 0. Thus var(A) can be viewed as the supervariety defined by
all the identities of the algebra A in even variables and by the identity z = 0, z odd.

Let us consider the infinite dimensional Grassmann algebra G, i.e., the algebra generated by a
countable set of elements {e1, e2, ...} satisfying the relations e;e; = —eje;, for all ¢, 5. It is well known
that G has a natural Zo-grading G = Gy ® G1, where Gy is the span of all monomials in the e;s of even
length and (71 is the span of all monomials in the e;s of odd length. Since we can define on G also the
trivial grading, in order to distinguish between the two, we denote G*"P the Grassmann algebra with
its natural Zo-grading and with G the Grassmann algebra with trivial grading.

In a similar way, we shall use UT5 to denote the algebra of 2 x 2 upper triangular matrices over F’
with trivial grading whereas UT,"? denote the algebra of 2 x 2 upper triangular matrices with natural
grading (UT,"")g = Fe1y + Fegy and (UTy""); = Feqa.

We now examine the structure of the superidentities of the above algebras. Recall that (f1,..., fu)n,
denotes the Th-ideal generated by the polynomials f1,..., f, € F(Y U Z).

Since the two-dimensional commutative algebra F' @ F with exchange involution, can be regarded

as a superalgebra, by Theorem 1.4.1, we have the following.

Proposition 1.9. The superalgebra F' & F generates a supervariety of almost polynomial growth.

Moreover
1P (F @ F) = ([y1, 2], [y, 2], [21, 22]) 1o -

Let now consider the superalgebras G and UTs with trivial grading. Since z = 0 on G and UT5,
then we are dealing with ordinary identity and, by Theorem 1.3.3 we get the following.

Proposition 1.10. The superalgebras G and UTs generate corresponding supervarieties of almost

polynomial growth. Moreover

1. 1P (UT2) = ([y1, y2lys, yal, 2) 1 -

2. 1d°*%(G) = ([ly1, y2], y3], 2) 1
We now treat the case of G*“P. In [21] the authors proved the following.

Proposition 1.11. The superalgebra G*“P generates a supervariety of almost polynomial growth.

Moreover

]’dsup(Gsup) = <[y17 y2]7 [y7 Z]a z122 + Z231>T2-
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The following proposition collects the results, concerning the superalgebra UT,"”, proved by
Valenti in [57].

Proposition 1.12. The superalgebra UTy"" generates a supervariety of almost polynomial growth.

Moreover

1P (UTy™) = ([y1, y2], 2122) 13-

Finally, we are ready to present the following result in which the authors characterize the super-

varieties of polynomial growth (see [21]).

Theorem 1.5.1 (Giambruno-Mishchenko-Zaicev, 2001). Let V be a supervariety of superalge-
bras. Then V has polynomial growth if and only if F & F, G, G**P, UTy, UTy,"" ¢ V.

Corollary 1.4. The supervarieties var(F & F), var(G), var(G**P), var(UTs), var(UTy,"") are the only

supervarieties of almost polynomial growth.

1.6 Superalgebras with superinvolution

In this section we introduce the main objects of the thesis, that is the superalgebras with super-
involution. From now on, unless otherwise stated, the field F' is of characteristic zero.

Recall that, if A= Ag@® A1, B = By @ B; are two superalgebras, then a linear map ¢ : A — B is
said to be graded if p(4;) C By, i =0, 1.

Definition 1.39. Let A = Ay @ A1 be a superalgebra. We say that A is a superalgebra with superin-

volution * if it is endowed with a graded linear map * : A — A with the following properties:
1. (a*)* = a, for all a € A,
2. (ab)* = (=1)lllblpy*a* | for any homogeneous elements a,b € Ay U A;.

Let A = Ag ® Ay be a superalgebra with superinvolution *. Since charF = 0, we can write
A=Al ® Ay ® AT & A7, where for i = 0,1, A ={a€ A;:a*=a} and A; = {a € A; : a* = —a}

denote the sets of homogeneous symmetric and skew elements of A;, respectively.
From now on, we shall refer to a superalgebra with superinvolution simply as a *-algebra.

Our next step is to define a superinvolution on the free associative superalgebra F(Y U Z) which
we have defined in the previous section. We write the sets Y and Z as the disjoint union of two other

infinite sets of symmetric and skew elements, respectively. Hence the free algebra with superinvolution
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(free *-algebra), denoted by F(Y U Z,x), is generated by symmetric and skew elements of even and

odd degree. We write

F<YUZ7*>:F<yf_7yl_azi’—7zl_7y;ayg_az;722_a>7

where yf stands for a symmetric variable of even degree, y, for a skew variable of even degree, zi+
for a symmetric variable of odd degree and z; for a skew variable of odd degree.
In order to simplify the notation, sometimes we denote by y any even variable, by z any odd

variable and by x an arbitrary variable.

Definition 1.40. A s-polynomial f(yy,...oU Yl s e s Ums 21 5w es 20 220 5--y 25 ) € F(YUZ, %) is a
x-identity of the x-algebra A = Aar@Aa © AT @ A7, and we write f =0, if, for alluf,...,u} € A(‘)*',
Uy 5.y Uy, € Ag s vf,...,vj GAIL and vy ,...,vy € A}, we have

flufy o uluy, v, vt o)) = 0.

We denote by Id*(A) = {f € F(Y UZ,%) | f = 0on A} the T5-ideal of x-identities of A, i.e.,
Id*(A) is an ideal of F(Y UZ, %) invariant under all Z-graded endomorphisms of the free superalgebra
F(Y U Z) commuting with the superinvolution .

Given polynomials f1,..., f, € F(Y UZ, ), let us denote by (f1,..., fa)1; the T3-ideal generated
by fi,.. fn.

As in the ordinary case, it is easily seen that in characteristic zero, every x-identity is equivalent

to a system of multilinear *-identities. Hence if we denote by

P;:SpanF{wO'(l)'”wd(n)‘Uesna w; € {yj_7y74_72;’—72@_}7 Zzlavn}

the space of multilinear polynomials of degree n in yf,yl_, zf, 21y yn 2t 2y (e, yj or y,;
+

or z;” or z; appears in each monomial at degree 1) the study of Id*(A) is equivalent to the study of
P¥NId*(A), for all n > 1.

Definition 1.41. The non-negative integer
Py

cp(A) = dimp m,

n>1,

1s called the n-th x-codimension of A.

Let n > 1 and write n = n1+- - -+n4 as a sum of non-negative integers. We denote by P} PR

10T
the vector space of the multilinear *-polynomials in which the first ny variables are even symmetric,
the next no variables are even skew, the next nz variables are odd symmetric and the last n4 variables

are odd skew. The group Sy, x -+ X Sy, acts on the left on the vector space Py, . by permuting
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the variables of the same homogeneous degree which are all even or all odd at the same time. Thus
Sp, permutes the variables yf, . ,yf{l, Sn, permutes the variables y, .,..., ¥y, p,, and so on. In
this way P, ,, becomes a left (Sy, X --+ X Sp,)-module. Now Py NId*(A) is invariant under

this action and so the vector space

P*
P* A — N1y..ey g
nl’m7n4( ) Prtl,...,n4 Nn1d* (A)

is a left (Sp, x -+ x Sy, )-module with the induced action.

Definition 1.42. Forn =nj + - +ng4 > 1, the (Sp, X -+ x Sp,)-character of P, ., (A), denoted
bY Xni,...ma(A), is called the (ny,...,n4)-th cocharacter of A.
If A= (\1,...,A) is a partition of n, we write A - n. As we have seen in Proposition 1.4, there is

a one-to-one correspondence between partitions of n and irreducible S,-characters. Hence if A - n, we
denote by x the corresponding irreducible S,,-character. If \(1) F ny, ..., A\(4) F n4 are partitions,
we write (A) = (A(1),...,A(4)) F (n1,...,n4) or (A\) F n and we say that (\) is a multipartition of
n=niy+---+ nyg.

Since char F' = 0, by complete reducibility, xn,,..n,(A) can be written as a sum of irreducible
characters

Xni,.na(A) = Z MOYXA(L) @ @ XA(4)s (1.2)
(AF(n1,...,na)

where myy > 0 is the multiplicity of xxq) ® -+ ® Xaw) 0 Xny,....na(A4)-
A) = dimp Py,

Now if we set ¢y A) it is immediate to see that

vna(

aw= 2 (" ) (1.3

ni+-+ng=n

vona(

| . . .
where ( " ) = ——; stands for the multinomial coefficient.
N1,y N4 ni!--ng!

Remark 1.1. Let A be a *-algebra and c,(A) be its n-th ordinary codimension. For any n = nj +
-+ 4 ny then
c (A) < cp(A4).

ni,mn2,mn3,n4
Proof. If P, = spanp{Zy(1) " Ton) | 0 € Sp} is the space of multilinear polynomials of degree n in

the variables z1,...,x,, and Id(A) is the T-ideal of ordinary polynomial identities of A then

P
cn(A) = dimp matdna )
) Portamy N14(A)

Notice that Id(A) C 1d*(A) and the map v : Py, y...4ny, — Py, ,, defined by

¢ (f(xla s Tngs g+l - - ,$n1+---+n4)) =
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n oy - + + - _
f(yl g e ;ynlayn1+17 cee ,yn1+n27 Zn1+n2+1; . ,Zn1+n2+n3) Zn1+n2+n3+1v . 7Zn1+~~-+n4)
is an isomorphism of vector spaces. Hence Id(A) N Py, 4...yn, — I[d*(A)N Py, . and, so,
*
Pn +edn,
dimp nl""’”‘** < dimp 1 4 .
By ng N1d7(A) Py topng N1d(A)

O]

The relation between ordinary codimensions, supercodimensions and *-codimensions for a x-algebra

A is given in the following.
Remark 1.2 ([22]). Let A be a x-algebra satisfying an ordinary polynomial identity. Then
en(A) < SP(A) < E4(A) < 2EP(A) < den(A), n=1,2,...

As a consequence, we obtain an analogous result of Theorem 1.3.1, i.e. an exponential bound for

the sequence of *-codimensions.

Corollary 1.5. Let A be a *x-algebra satisfying a non-trivial identity. Then ¢ (A), n = 1,2,..., is

exponentially bounded.

1.7 Matrix algebras with superinvolution

In this section we focus our attention on matrix algebras with superinvolution. We shall see that

it is possible to define on the algebra M, (F') of n x n matrices over F' two different superinvolutions.
We start by introducing the matrix superalgebra My, ,(F'). Recall that, given a n-tuple (g1,...,9n) €
5, one can define on M, (F’) the elementary Z,-grading by setting (M, (F)); = spang {ei; | gi + g; = i},

i = 0,1, where e;;s are the usual matrix units and Zy = {0,1}. Elementary gradings play a key role

among gradings in matrix algebras. In fact the following result holds (see [4]).

Theorem 1.7.1. Let F be an algebraically closed field. Then any Zo-grading on the matriz algebra
M, (F) is an elementary grading.

Let now (g1,...,9n) € Z5 be an n-tuple defining an elementary grading on M, (F). It is obvious
that the n-tuple (¢ + g1,...,9 + gn), g € Za, define the same grading. In particular, one may always
assume that gy = 0. Furthermore, if we permute g1, ..., g, according to some permutation o € .S,
then we get the isomorphic Zy-grading defined by the n-tuple (g,(1) - - -, go(n)). In fact, if A and B are
the matrix algebra M, (F') with the grading defined by the n-tuple (g1,...,gn) and (go(1y;- - -+ 9o(n))
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respectively, then ¢, : A — B defined by ¢(eij) = €,(;)€,(;) is an isomorphism of superalgebras. In

conclusion, up to isomorphism, any elementary Zs-grading on M, (F') is defined by the n-tuple

with k£ + h = n. In this case M,(F') is the superalgebra denoted by M, ,(F') where

(Myn(F))y = {<)§ ;) | X € Mp(F), T € Mh(F)} ;

(Mk,h(F))l = {(; 1(:) ’ Y e kah(F)v S thk(F)} :

In [47], Racine proved that, up to isomorphism and if the field F' is algebraically closed and of

characteristic different from 2, it is possible to define on My, 5, (F") only the following superinvolutions.

XY
1. The transpose superinvolution denoted trp. In this case h = k and for (Z T) € My, (F), we

x v\" (1t -yt
Z T zt xt )’

where ¢ is the usual transpose. Then the four sets of homogeneous symmetric and skew elements

have

are the following:

(Mk,k(F), trp)g

{(X ;3) | XeMk<F>},
{
{

" ) | XeMk<F>},
st oo

> o

(M. (F), trp)y ¥

(Mk,k(F)a trp)f

N
o

0
0Y ¢ i
| Y=-Y', Z=2'Y,ZeMi(F)y,

0 Y

s 0) ]Y:Yt,Z:—Zt,Y,ZeMk(F)}.

2. The orthosymplectic superinvolution denoted osp. In this case h = 2[ is even and

x Y\ oo\ (x v\ (n o) [(xt zq
z 1) \o @ Z T 0 Q) \Qvt —qQrtQ)’
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0
where ) = <

have

l) and I, I; are the r x r, [ x [ identity matrices, respectively. Thus, we
;O

(Mea(F), osp>0+={<X 0) X=X, T= QTt@,XeMk<F>,Tele<F>},

(M2 (F), osp)a = {(X

> , T =QT'Q, X € My(F), T ¢ MQZ(F)},
(M, 21(F), osp); = {(O Y) | Z=QY' Y ¢ kagl(F)}

Z 0

- _Qyt Y e kaQl(F)} :

N
@)

1.8 Proper polynomials

1.8.1 Proper polynomials in the ordinary case

In this section we introduce a special kind of polynomials, the so-called proper polynomials. We

refer to [10] and [12] for the results of this section.

Definition 1.43. A polynomial f € F(X) is called proper if it is a linear combination of products of

commutators

f(ﬂfl,. . .,l‘n) = Zai,m,j[zilv e ,l’ip] R [$j1, e ,l’jq],

where o j € F and [x1,...,x,] = [[... [[x1,22] , 23] ,...],2y] is the Lie commutator with left normal-

ized brackets.

We denote by B the set of all proper polynomials in F(X), by B,, = BN F(xy,...,2,) the set
of the proper polynomials in m variables and by I', = BN P,, n = 0,1,2,..., the set of all proper

multilinear polynomials of degree n.

Definition 1.44. Let A be a unitary Pl-algebra over a field of characteristic 0. We introduce the

proper codimensions sequence
Iy
A= ————

The special role that proper polynomials play in PI-theory, is underlined by the results that follow.

n=0,1,2,....

Proposition 1.13. If A is an unitary Pl-algebra over an infinite field F' then all polynomial identities
of A follow from the proper ones. Moreover, if charF = 0 then the polynomial identities follow from

the proper multilinear identities.
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In order to present the next theorem, that is the main result of this section, we need to specify the
notation as follows. If A is an algebra, for any S subset of F'(X), we denote with S(A) the image of

S under the canonical homomorphisms

F(X) — F(A) = var(A) = m

Theorem 1.8.1. Let A be an unitary Pl-algebra over an infinite field F.

1. Let {wj(z1,...,2m) | § =1,2,...} be a basis of the vector space By, (A) of the proper polynomials
B,
in the relatively free algebra F,,(A) of rank m, i.e., By, (A) = A "B, Then Fy,(A) has a
basis

{l"lll...mgnmwj(xl,...,lim) | a; > 0, ]:1,2,}

2. If {uji(x,...,2p) | 7 =1,2,...,%(A)} is a basis of the vector space I'y,(A) of the proper mul-
tilinear polynomials of degree k in F(A), then P,(A) has a basis consisting of all multilinear

polynomaials of the form
Ty T k(T Ty G = 1,2 m(A), K =0,1,..m,
with p1 <+ < pp_p and q1 < -+ < Q.

The previous theorem tells that in order to compute a basis for the T-ideal of the polynomial
identities for a unitary algebra, we need to study only the proper identities that are, of course, easier
to deal with. Moreover, we get the following relationship among proper codimensions and ordinary

codimensions sequence.

Corollary 1.6. The codimensions sequence c,(A) of an algebra A and the corresponding proper codi-

mensions Yi(A) are related by the condition

cn(A) = En: <Z>’yk(A), n=0,12....

k=0
1.8.2 Proper *-polynomials

In this section we introduce the proper *-polynomials, i.e. the corresponding object, in the setting
of unitary x-algebras, of the proper polynomials of the ordinary case. From now until the end of this

section, F' denotes a field of characteristic zero.

Definition 1.45. A polynomial f € P} is a proper x-polynomial if it is a linear combination of

elements of the type

— ot
Yiy = Yig®5 0 FAn AL WL Wm
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where wiy, ..., Wy are left normed (long) Lie commutators in the variables from Y U Z (here the

symmetric even variables appear only inside the commutators).
We denote by I'Y the subspace of P} of proper -polynomials and I'{ = span{1}.

Definition 1.46. The sequence of proper x-codimensions is defined as

*

n=20,1,2,....

For a unitary x-algebra A, the relation between *-codimensions and proper *-codimensions is given

in the following (see Corollary 1.6 for the analogous result in the ordinary case).

Theorem 1.8.2. The x-codimensions sequence ci(A) of a x-algebra A and the corresponding proper

x-codimensions v} (A) are related by the condition

n
* n *
¢ (A) = Z (Z>% (A), n=0,1,2....
=0
Given two sets of polynomials S, 8" C F(YUZ, ), we say that S’ is a consequence of S'if S" C (S) 7.
By following closely the proof of Lemma 2.2 in [40, 42] we get the next proposition.

Proposition 1.14. For every i > 1, I'; ; is a consequence of I'}..
As a consequence we have the following.

Corollary 1.7. Let A be a *-algebra with 1. If for some k > 2, v;(A) = 0 then v, (A) = 0, for all
m > k.

Let n =n; +---+n4 > 1. We denote by I';, C P, .. n, the subspace of proper x-polynomials

yeeey W4 —

in which n; variables are even symmetric, ny variables are even skew, n3 variables are odd symmetric

and ng4 variables are odd skew. I7, is also an (S, X -+ X Sp,)-submodule of Py . Since

FERERY L}

[, g N1d*(A) is invariant under the action of Sy, X - -+ x Sy,, the vector space

*

r
F* A — n1,...,14
meens @) = ()

is a left (Sp, % --- xSy, )-module with the induced action. We denote by ¥y, .. n,(A) its character and
it is called the (nj,...,n4)-th proper cocharacter of A.
Since char F' = 0, by complete reducibility, 1y, . n,(A) can be written as a sum of irreducible

characters

Yy oma(A) = > mpnxam ® - @ Xaw), (1.4)
(A)Fn
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where m 5, > 0 is the multiplicity of x\(1) ®@ -+ @ X@4) 0 Yy, 0y (A)-

Now if we set v, ., (A) = dimp T, A) it is immediate to see that

veona(

w= X ()

ni+--+tng=n

o

(1.5)



42

Preliminaries




Chapter 2

Characterization of finite dimensional
x-algebras with polynomially bounded

codimensions

In this chapter we shall give several characterizations concerning finite dimensional x-algebras with
polynomial growth of the x-codimensions. From now on, unless otherwise stated, F' denotes a field of
characteristic zero.

Definition 2.1. A x-algebra A has polynomial growth if its sequence of x-codimensions is polynomially

*

*(A) < an®, for some constants a and k.

bounded, i.e., c

We now introduce the notion of x-variety, that is the analogous of the varieties in the ordinary

case.

Definition 2.2. Given an non-empty set S C F(Y U Z, %), the class of all x-algebras A such that
f=0on A, foral f €8S, is called the x-variety V = V(S) determined by S.

If A is a x-algebra, we write var*(A) to denote the *-variety generated by A, i.e. the class of all
x-algebras B such that f =0 on B, for all f € Id*(A).
The growth of a *x-variety V is defined as the growth of the sequence of *-codimensions of any

algebra A generating V, i.e., V = var*(A). Then we have the following definition.

Definition 2.3. A x-variety V has polynomial growth if (V) is polynomially bounded and V has
almost polynomial growth if ¢ (V) is not polynomially bounded but every proper subvariety of V has

polynomial growth.

If we consider the language of *-varieties, in this chapter we present results characterizing x-varieties

of polynomial growth, generated by finite dimensional x-algebras.
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2.1 Varieties of almost polynomial growth

In this section we shall construct finite dimensional *-algebras generating x-varieties of almost

polynomial growth. We start with the following definition.

Definition 2.4. A superalgebra A = Ag ® A1 is endowed with a graded involution if § : A — A is an

involution on A preserving the grading, i.e., AE CA;,i=0,1.
In this way we are ready to prove the following remark.

Remark 2.1. Let A = Ay @ Ay be a superalgebra such that A2 = 0. Then the superinvolutions on
A coincide with the graded involutions on A. In particular, if Ay = 0, then the superinvolutions on A

coincide with the involutions on A.

Proof. Let * : A — A be a graded linear map of order 2 on A = Ag @ Aj. Since A? = 0 then, for
all a,b € A1, we have that b*a* = —b*a™ = 0. Hence if * is a graded involution then it is also a
superinvolution and vice versa. If A; = 0, then every involution on A is a graded involution and the

result follows from the first part. O

In Theorem 1.4.3 we have seen that a variety of algebras with involution has polynomial growth
if and only if it does not contain the two-dimensional commutative algebra F' @ F' endowed with the
exchange involution ez and M = F(ej1+e4q) D F(ea2+e33) D Fe1a® Fesy, a subalgebra of UTy endowed
with the reflection involution ref. Recall that the exchange involution is such that (a,b)* = (b,a)
whereas the reflection involution ref on the algebras of n x n upper triangular matrices UT,, is defined
as follows: if a = (ai;) € UT;, then arel = (bij) where b;; = ant1—j nt1—i-

Let us consider F' @ F' and M with trivial grading. In this way, by Remark 2.1, the exchange
and the reflection involutions are also superinvolutions. Hence these algebras with involution can be

viewed as algebras with superinvolution (x-algebras) and we can make the following definitions.

Definition 2.5. F' @ F denotes the two-dimensional commutative algebra with trivial grading and

exchange superinvolution.
Definition 2.6. M denotes the subalgebra of UTy with trivial grading and reflection superinvolution.

In [20] the authors proved that F'@& F and M generate the only varieties of algebras with involution
of almost polynomial growth (see Corollary 1.3). Since F' @& F and M have trivial grading (z = 0 on
F @ F and M), by Theorem 1.4.1, we get the following result.

Theorem 2.1.1. The x-algebras F' & F with the exchange superinvolution and M with the reflection

superinvolution generate x-varieties of almost polynomial growth. Moreover
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1 Id(F o F) = ([y1,42), 2%, 27 )13
2. 1d"(M) = (yy y5, 2", 2 )1y

Let now define a non-trivial grading on M: we denote by M®“P the algebra M with grading
(M=“P), = F(e11 + eaa) ® F(ex + e33) and (M*"P); = Feia @ Fezs and endowed with reflection
involution.

It is easy to see that the reflection involution on M*“? is a graded involution. Since (M *"P )? =0, by
Remark 2.1, the reflection involution on M*“?P is also a superinvolution and we can make the following

definition.

Definition 2.7. M*"? denotes the subalgebra of UTy with grading (M**P), = F(e11+e44)BF (e22+e33)

and (M*®"P); = Feia @ Fesa, endowed with reflection superinvolution.

The algebra M*"P was extensively studied in [23]. In the following theorem we present these

results.

Theorem 2.1.2. The x-algebra M*"P with reflection superinvolution generate a *x-variety of almost

polynomial growth. Moreover Id*(M**?) = (y~, z120)1y and, if

X (M) = 0 mppxa) @0 ® Xa)
(MF(n1,...,n4)
is the (ni,...,nq)-th cocharacter of M*“P, ny + -+ ng = n, then
1 if (A) =((n),0,0,0)
g+1 if (N)=(p+aqp),0(1),0)
moy = . J
g+1 if (N =(p+q¢p)0,0,(1))
0 otherwise

where p,q >0 and 2p+q+1=n.

The final goal of this section is to prove that, in case A € var*(M*"P) generates a x-variety of
polynomial growth, then A satisfies the same x-identities as a finite dimensional x-algebra. We start

with the following.
Theorem 2.1.3. If A € var*(M*"P) then var*(A) = var*(B), for some finitely generated *-algebra B.

Proof. Let B be the relatively free algebra of var*(A) with 2 even symmetric, 1 odd symmetric and 1

odd skew generators,
F<yi~_7 yg_a Z+7 Z_>
Id*(A)

B:
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We shall prove that var*(A) = var*(B). Clearly var*(B) C var*(A).

In order to get the opposite inclusion we need to prove that Id*(B) C Id*(A). Let f be a *-identity
of B. Since charF' = 0, we may assume that f = f(yf,...,yjl,yl_,...,y,;,zf,...,zTJ{S,zf,...,sz4) is
multilinear. Let L be the left (S, x - -+ x Sy, )-module generated by f and let L = L1 ®---® L,, be its
decomposition into irreducible components with L; generated by f; as a left (S,, x -+ x Sy, )-module,
i=1,....,m. If fy =0on A, for all i = 1,...,m, then also f = 0 on A. Hence, without loss of
generality, we may assume that L is irreducible.

Let xx(1) ® -+ ® X be the irreducible character of L, where A(i) Fn;, i =1,...,4 and let

€T\ = Z T Z (sgno)o |, i=1,...,4,

TERT)\(i) UECTA(Z’)

be the corresponding essential idempotents.

Notice that, if A(1)3 # 0 (here A(1)s means the length of the third row of the Young diagram
corresponding to the partition A(1)) or A(2) # 0 or A(3) ¢ {0,(1)} or A(4) ¢ {0,(1)} then, by
Theorem 2.1.2 follows that f =0 on A.

Therefore, in order to complete the proof, we may assume that A(1)3 = 0, \(2) = 0 and A\(3), A\(4) €
{0, (1)}

Now we consider g = <ZTERT/\(1) 7'> f. Since L is irreducible and g # 0 (see [26, Lemmas 2.5.1 and
2.5.2]) then f =0 on A if and only if g =0 on A. We shall prove that g = 0 on A.

Notice that ¢ is symmetric on at most 2 disjoint subsets Y7, Ys of {yf,y; ) } If we identify
all variables of Y; with yf and all variables of Y with y; we obtain a homogeneous polynomial
t= t(yf, y; , 2T, 27) which is still a *-identity of B. From the definition of relatively free algebra, it
follows that t = 0 on A. But the complete linearization of ¢ on all even symmetric variables is equal to
Y9(yi, .-y, 2T, 27) where v = A(1)1! A(1)2! # 0. Hence g = 0 on A and so f =0 on A follows. [

In order to reach our goal we need to apply the following result.

Theorem 2.1.4 ([2]). If A is a finitely generated x-algebra over an algebraically closed field F of

characteristic zero then A satisfies the same *-identities as a finite dimensional x-algebra over F.
As a consequence of Theorems 2.1.3 and 2.1.4 we get the following.

Corollary 2.1. Let A be a x-algebra such that A € var*(M*"P). Then Id*(A) = Id"(B), for some

finite dimensional x-algebra B.
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2.2 Wedderburn-Malcev theorem for finite dimensional x-algebras

In this section we present a decomposition of finite dimensional x-algebras, by giving the analogous
result than that Wedderburn-Malcev proved in the ordinary case. For a start we state the Wedderburn-
Malcev theorem in the case of associative algebras and the corresponding result in the setting of

superalgebras, proved by Giambruno and Zaicev.

Theorem 2.2.1. Let A be a finite dimensional algebra over a field F' of characteristic 0 and let J(A)

be its Jacobson radical. Then there exists a semisimple subalgebra B such that
A=DB+ J(A).

Moreover if B and B’ are semisimple subalgebras such that A = B + J(A) = B’ + J(A), then there
exists ¥ € J(A) such that B' = (1 4+ z)B(1 +z) 1.

Let A = Ay @ A; be a finite dimensional superalgebra over a field F' of characteristic 0 and let ¢
be the automorphism of order < 2 determined by the Zs-grading on A. We recall that ¢ : A — A is
defined by ¢(ag + a1) = ag — a1, for all ag € Ag, a1 € A;.

Definition 2.8. An ideal (subalgebra) I of A is a graded ideal (subalgebra), if I = (INAg) @ (INA7).
The algebra A is a simple superalgebra if A% # 0 and A has no non-trivial graded ideals.
Theorem 2.2.2. Let A be a finite dimensional superalgebra over a field F'. Then
1. The Jacobson radical of A, J(A) is a graded ideal of A.

2. If A is a simple superalgebra then either A is simple or A = B® B¥, for some simple subalgebra
B.

3. If A is semisimple, then A is a finite direct sum of simple superalgebras.
4. If charF = 0, there exists a maximal semisimple subalgebra B of A such that BY = B.

From now on A = Ag & A; denotes a finite dimensional *-algebra over a field F' of characteristic
zero, J(A) its Jacobson radical and ¢ the automorphism of order < 2 determined by the grading on

A.
The following remark holds.

Remark 2.2. Let A be a x-algebra with superinvolution x and let B C A be a subalgebra of A.

1. If B = By @ B is a graded subalgebra of A then B* = By @® BT is a graded subalgebra of A.
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2. If I = Iy ® I1 C B is a graded ideal of B then I* = I5 © I7 is a graded ideal of B*.

3. If I is a minimal graded ideal of B then I* is a minimal graded ideal of B*.
Lemma 2.1. If B is a semisimple graded subalgebra of A, then B* is a semisimple graded subalgebra
of A.

Proof. By Remark 2.2, B* is a graded subalgebra of A and we are left to prove that B* is semisimple,
ie, J(B*) = 0, where J(B*) denotes the Jacobson radical of B*. It is well known that J(B*) is a
graded nilpotent ideal of B*. We claim that J(B*)* is a nilpotent ideal of B. Let m be the smallest
positive integer such that J(B*)"™ = 0 and let aq,...,a, € J(B*)*. Since J(B*) is a graded ideal of
B* we get that, for all i, a; = (b; + ¢;)*, where b; and ¢; are homogeneous elements of J(B*) of degree

zero and one, respectively. Then
al...am — Za](dldm)*

where either d; = b; or d; = ¢; and oj = £1. But J(B*)™ = 0 and, so, we get that a; ---a,, = 0 and
J(B*)* is nilpotent. Since the Jacobson radical of an algebra is the maximal nilpotent ideal of it, then
J(B*)* C J(B). But since B is semisimple we get that J(B*)* = J(B) =0 and, so, J(B*) =0. O

By Theorem 2.2.2, we can write A = B + J, where B is a semisimple graded subalgebra of A
and J = J(A) = Jy @ Jp is a graded ideal. Moreover B = By @ -+ @ By, with By, ..., By simple

superalgebras.

Lemma 2.2. If B and B’ are semisimple graded subalgebras of A such that A= B+ J = B’ + J, with
J? =0, then there exists xo € Jy such that

B' = (14 z9)B(1 — z).
Proof. By Theorem 2.2.2, B’ = (14 xz)B(1 — z), for some x € J. Therefore:
(1+2)B(1—z) =B = (B)? = (1+2%)B?(1 —2¥) = (1 + 2¥)B(1 — z¥),
where @ is the automorphism of order < 2 determined by the grading. Hence:
B=(1-z)1+2z¥)B(1 —2%)(1+x).

This says that, for any b € B, there exists b € B such that b= (1 —z + 2%) b (1 — 2¥ + x) and, since
JN B =0, we obtain that b = b and (z — 2%)b = b(x — 2¥). Hence:

B = (1+x)B(1-xz)
r+az¥ x—ax¥ rz+z¥ x—ax¥
= (1 B(1-— -
x+ x¥ x+ x¥
= (1+ )B(1 — )
2

= (1+20)B(1— )
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T+ x¥

€ Jo. O

where xg =

Now we are in a position to prove the Wedderburn-Malcev theorem for x-algebras. First we recall

the following definition.

Definition 2.9. An ideal (subalgebra) I of A is a x-ideal (subalgebra) of A if it is a graded ideal
(subalgebra) and I* = I. The algebra A is a simple x-algebra if A2 # 0 and A has no non-trivial

*-ideals.

Theorem 2.2.3. Let A be a finite dimensional *-algebra over a field F' of characteristic 0. Then there

erists a semisimple x-subalgebra C' such that
A=C+J(A)
and J(A) is a x-ideal of A. Moreover C = C; @ - -- @ Cy, where Cy,...,Cy are simple x-algebras.

Proof. By Theorem 2.2.2, we can write
A=B+J

where B is a semisimple graded subalgebra of A and J = J(A), its Jacobson radical, is a graded ideal
of A. Since J is nilpotent, as in the proof of Lemma 2.1, we have that J* is a nilpotent ideal of A. But
being J the maximal nilpotent ideal of A, we get J* C J and, so, J = J*. Hence J is a *-ideal of A.
If J=0or B= B* then B is a semisimple x-algebra and we are done. So assume that J # 0 and
B +# B*.
Suppose first that J2 = 0.

By Lemma 2.1, B* is a semisimple graded subalgebra of A. Hence, by Lemma 2.2, we have

B* = (14 20)B(1 — x0),

for some xg € Jy. For any homogeneous element b € B, we have that b* = (1 + z¢)b(1 — ), for some

homogeneous element b € B with the same homogeneous degree as b* and b. Hence:

b = (0") = (1+z0)b(1— .%'0))*

(
— (1—ap) b (1+)
(1 —23)(1+20) b (1 —a0)(1 + )
(1 —zf +20) b (1 + x5 — x0)
for some b € By U By with the same homogeneous degree as b. As in the proof of Lemma 2.2 we obtain

that

(xo — xy)b = b(xo — xp).-



50 Characterization of finite dimensional x-algebras with polynomially bounded codimensions

It follows that, for any b € By U By,

b= (1+0) 5 (1—20)
B To+ x5  T0— TG\ T _m0+x6_x07x8
= (1+ 5 + 5 )b (1 5 5 )
T+ xTH. - Ty + x)
— (1+u)b(1_%)

= (L+=¢) b (1—aq),

_ LY g
xl xl
Consider the subalgebra C' = (1 + 70)B (1— ?0) of A. Clearly C' is a graded subalgebra of A and by

the above C' is a *-subalgebra. Also, since C' is isomorphic to B, it is a semisimple *-subalgebra of A.

Suppose now that J? # 0 and choose m > 2 such that J™ # 0 and J™! = 0. It is easy to see
that J™ is a #-ideal of A and, so, A/J™ is an algebra with induced superinvolution. Its Jacobson
radical J(A/J™) = J(A)/J™ is such that J(A/J™)™ = 0. Hence, by induction on m, we have that

there exists a semisimple *-subalgebra B/J" such that
A/J"=B/J" & J/J™.
From J(B/J™) = 0 it follows that J(B) = J™ and, so, we can write
B=C+Jm",

where C is a semisimple graded subalgebra of B. Since (J™)% C J?™ = 0, by applying again induction

on m we can assume C* = (| i.e., C' is a semisimple *-subalgebra of A and we are done since
A=B+J=C+J"+J=C+J.

Finally we prove that C' decomposes into the direct sum of simple *-algebras. By Theorem 2.2.2,

we have

C=D1®- @ Dy,
where Dy, ..., Dy, are all the minimal graded ideals of C. Hence, by Remark 2.2, for every ¢, D} is also
a minimal graded ideal of C and, so, D} = Dy, for some j € {1,...,h}. We now rename D1,..., Dy,

and we write
C:Cl@...@ck

where either C; = D; with D; = D7 or Ci=D;® D;f, with D; # D;-‘. Thus C1,...,C) are minimal

x-ideals of C, i.e. simple x-algebras. 0

The structure of the simple x-algebras is given in the following.
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Lemma 2.3. If A is a finite dimensional simple *-algebra then either A is a simple superalgebra or

A = B ® B*, for some simple superalgebra B.

Proof. Suppose that A is simple as a x-algebra but not as a superalgebra. Since J(A) is a x-ideal of
A, J =0 and A is semisimple. If B is a minimal graded ideal of A, B* is still a minimal graded ideal
of A. Since A is a simple x-algebra we have that B* # B. Then B @ B* is a x-ideal of A and hence
A = B ® B* and we are done. O

We conclude this section by giving the classification of the finite dimensional simple x-algebras over
an algebraically closed field F. We start by introducing the simple superalgebras which are involved

in such a classification.

1. Given n = k 4+ h > 1, we recall the Zs-grading on M, (F') introduced in Chapter 1:

zZ T

A (CRIR(E);

2. Q(n) = My(F @ cF) = Q(n)o & Q(n)1, where Q(n)o = My(F) and Q(n)1 = cMy(F), with

2 =1.

X Y
My n(F) = { ( ) : XY, Z, T are k xk, kxh, h xk, h x h matrices, respectively}

As we have already seen in Section 1.7, if h = 2[ the superalgebra M}, o;(F') is endowed with the

orthosymplectic superinvolution osp defined by:

x v\ (1 o rx v\ /(1 o
7 T “\lo o Z T 0 Q)
0 I

I > and Iy, I; are the identity matrices of
—1

where t denotes the usual matrix transpose, Q = (

orders k and [, respectively.

If h = k the superalgebra My, ;(F) is endowed with the transpose superinvolution ¢rp defined by:

x v\7" (1 -yt
Z T Szt xt )

If A is a superalgebra, we denote by A% the superalgebra which has the same graded vector
space structure as A but the product in A%°P is given on homogeneous elements a,b by a o b =
(—1)(deg a)(degb) g The direct sum R = A @ AP is a superalgebra with Ry = Ay @ A)? and Ry =

Ay & A} and it is endowed with the exchange superinvolution (a,b)* = (b, a).
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Definition 2.10. Let A = Ag® Ay and B = Bo® B; be two algebras endowed with the superinvolutions
x and *, respectively. We say that (A,*) and (B, ) are isomorphic, as x-algebras, if there exists an

isomorphism of algebras v : A — B such that
1. ¥(A;) C By, i = 0,1 (isomorphism of superalgebras),
2. Y(z*) = Y(x)*, for all x € A.
The following theorem gives the classification of the finite dimensional simple x-algebras.

Theorem 2.2.4 ([5, 27, 47]). Let A be a finite dimensional simple %-algebra over an algebraically
closed field F of characteristic different from 2. Then A is isomorphic to one of the following:

1. My (F) with the orthosymplectic or the transpose superinvolution,

2. My (F) @ My, (F)*°P with the exchange superinvolution,

3. Q(n) ® Q(n)%°P with the exchange superinvolution.

At the light of such classification, by Theorem 2.2.3 we get the following.

Corollary 2.2. Let A be a finite dimensional x-algebra over an algebraically closed field F', charF’ = 0.
Then

A=B @ - @B, + J(A)

where J(A) is a x-ideal of A and for every i, B; is isomorphic to one of the algebras in the previous

theorem.

2.3 Varieties of polynomial growth

In this section we shall characterize the x-varieties generated by finite dimensional *-algebras of

polynomial growth. We start with the following definition.

Definition 2.11. Let A = Ay ® A1 be a superalgebra. We say that A is endowed with the trivial

superinvolution * if A1 =0 and * is the identity map. Clearly this says that A is commutative.

Lemma 2.4. Let A be a finite dimensional x-algebra over an algebraically closed field F' of character-
istic zero and suppose that F @ F ¢ var*(A). Then A= B+ J(A), where B F@---@® F is endowed

with trivial (induced) superinvolution.
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Proof. By Theorem 2.2.3
A=A1@ O A+ J,

where Aq,..., A are finite dimensional simple x-algebras and J is the Jacobson radical of A.

We claim that, for every i, A; = F with trivial superinvolution. In fact, if not, there exists ¢ such
that A; =2 B, where B is one of the x-algebras of Theorem 2.2.4, and B is not isomorphic to F.

Now, in all but one case, we shall construct a subalgebra C' = (a,b) of B, generated by two
elements, with induced superinvolution. Then the linear map ¢ : C' — F @ F which sends a to (1,0)
and b to (0,1) will be an isomorphism of *-algebras so that F' & F € var*(B) = var*(4;) C var*(4), a

contradiction. More precisely

- if B = M, 4(F) @& M, (F)*P with the exchange superinvolution, we let a = (e11,0) and b =
(0, €11);

- if B=Q(n)® Q(n)*P, we let a = (e11,0) and b = (0, e11);

- if B = M, »(F) with the transpose superinvolution, we let a = e and b = e, 41 ny1;

it B = M, 25(F) with the orthosymplectic superinvolution and s > 0, we let a = e,41 r41 and

b=eryst1 rtstl-

We are left with the case B = M, o(F) with the orthosymplectic superinvolution and r > 1.
Notice that M, o(F') is an ordinary algebra (superalgebra with trivial grading) with involution and,
so, var* (M, o(F)) = var*((M,(F),t)), where ¢ denotes the usual transpose involution and var denotes
a variety of algebras with involution. By [43], F® F € varf(My(F),t) C vart((M,(F),t)) = var*(4;) C
var®(A) and we reach a contradiction.

Hence, for every i, we have A; = M o(F') = F with trivial superinvolution, and this completes the

proof. ]

Lemma 2.5. Let A = A1 @ -+ ® A, + J be a finite dimensional x-algebra over an algebraically
closed field F' of characteristic zero, where for everyi=1,...,m, A; =2 F is endowed with the trivial

superinvolution. If M, M*"P ¢ var*(A) then A;JA, =0, for all 1 < i,k <m, i#k.

Proof. Suppose that there exist i,k € {1,...,m}, i # k, such that A;JA; # 0. Then there exist
elements a € A;, b € Ay, j € J such that ajb # 0, with a®> = a = a*, b*> = b = b* and dega = degb = 0.
Without loss of generality we may assume that j is either symmetric or skew. In fact from ajb # 0
it follows that 2ajb = a(j 4+ j*)b+ a(j — )b # 0 and at least one between a(j + j*)b and a(j — j*)b
must be non-zero. Also we may clearly assume that j is homogeneous. Let C be the subalgebra of A
generated by a,b,ajb,bja. Then C has an induced superinvolution and if I is the ideal generated by
ajbja,bjajb, then I is a x-ideal. Thus the algebra D = C/I has an induced superinvolution.
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Consider the algebra M as a ordinary algebra and let ¢ : M — D be the linear map defined by
Ylen +eqs) = a+ 1, Ylean +e33) = b+ 1, Y(er2) = aj b+ 1, ¢(e3s) = bja + 1. Clearly 1) is an
isomorphism of ordinary algebras. Moreover 1 can be regarded as an isomorphism between algebras
with superinvolution M — D or M*"? — D according as degj = 0 or deg j = 1, respectively. In both

cases we reach a contradiction since we would have var*(D) C var*(C) C var*(A). O

By following word by word the proof given in [34, Theorem 2.2] it is possible to prove the next
theorem, characterizing the *-varieties of polynomial growth through the behaviour of their sequences

of cocharacters.

Theorem 2.3.1. Let A be a finite dimensional x-algebra over a field F' of characteristic zero. Then
i (A), n=1,2,..., is polynomially bounded if and only if, for every ny,...,ng, withni;+---+ng =n,
it holds

Xnna(A) = D mppxam @ ® Xaw,

(AF(n1,...,n4)
n—>\(1)1<q

where q is such that J(A)? = 0 and (1)1 denotes the length of the first row of the Young diagram

corresponding to the partition A(1).
We are now in a position to prove the main result of this chapter.

Theorem 2.3.2. Let A = AT & Ay @ Al @ A be a finite dimensional *-algebra over a field F of
characteristic zero. Then the sequence c}(A), n = 1,2,..., is polynomially bounded if and only if
M, M*"? F & F ¢ var*(A).

Proof. By Theorems 2.1.1 and 2.1.2, the algebras F & F, M, M*"P generate varieties of exponential
growth. Hence, if ¢} (A) is polynomially bounded, then M, M*"P F & F ¢ var*(A).

Conversely suppose that M, M“P F @ F ¢ var*(A). Since we are dealing with codimensions that
do not change by extending the base field, we may assume that the field F' is algebraically closed.
Hence, by Lemmas 2.4 and 2.5,

A=A @ DAy, +J,

where for every i = 1,...,m, A; = F is endowed with the trivial superinvolution and A4;J Ay = 0, for
all 1 < i,k <m, i # k. Hence A, @ Af @ A C J and, if ¢ is the least positive integer such that
J9 =0, then Ay & A] © A] generates a nilpotent ideal of A of index of nilpotence < g. By Theorem
2.3.1, ¢ (A) =0 as soon as ng + nz + ng > q. Hence, by (1.3), we get:

ni,n2,n3,n4

a= X (o)) (2.1

ni+-+ny
ng+ng+ng<q
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Notice that the number of non-zero summands in (2.1) is bounded by ¢* and that ( < nf (see

")
N1,y

[34, Proposition 2.2]). By Remark 1.1, ¢} (A) < cp(A) and, by Theorem 1.3.9, ¢, (A) < an?, for

T1,72,73,T4

some constants a and t. In this way we get the desired conclusion. O
As a consequence we have the following corollaries.

Corollary 2.3. The algebras M, M*“P and F'@ F are the only finite dimensional x-algebras generating

x-varieties of almost polynomial growth.

Corollary 2.4. If A is a finite dimensional x-algebra, the sequence ¢ (A), n = 1,2,..., either is

polynomially bounded or it grows exponentially.
The next corollary follows directly from the proof of the theorem.

Corollary 2.5. Let A be a finite dimensional x-algebra over an algebraically closed field F' of charac-

teristic zero. Then the sequence ¢ (A), n=1,2,..., is polynomially bounded if and only if
A=A @ ® A+ J(A),

where for every i =1,...,m, A; =2 F is endowed with the trivial superinvolution and A;J(A)Ar = 0,
foralll <ik<m,i+#k.

We remark that if A is a x-algebra having the above decomposition then ¢ (A), n = 1,2,..., is
polynomially bounded also if the field is not algebraically closed.
In order to get another characterization of finite dimensional x-algebras with polynomial growth

of codimensions, we recall the following definition and prove the subsequent lemma.

Definition 2.12. Given two *-algebras A and B, we say that A is T5-equivalent to B and we write
A~y B in case Id*(A) = 1d*(B).

Lemma 2.6. Let F be the algebraic closure of the field F and let A be a finite dimensional %-algebra
over F such that dimp A/J(A) < 1. Then A ~1; B, for some finite dimensional *-algebra B over F
with dimp A/ J(A) = dimp B/J(B).

Proof. Since dimp A/J(A) < 1, it follows that either A = F'+J(A) or A = J(A) is a nilpotent algebra.
We now take an arbitrary *-basis {w1,...,w,} of J(A) over F (i.e., a basis consisting of even and
odd symmetric and even and odd skew elements) and we let B be the x-algebra over F' generated by
B={lp,wy,...,wp} or by B={wi,...,wy} according as A = F + J(A) or A = J(A), respectively.
Clearly dimp B/J(B) = dimz A/J(A) and as F-algebras, Id*(A) C Id*(B). On the other hand, if
f is a multilinear *-identity of B then f vanishes on the basis B. But B is also a basis of A over F.
Hence 1d*(B) C I1d*(A) and A ~7; B. O
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Theorem 2.3.3. Let A be a finite dimensional x-algebra over a field F' of characteristic zero. Then
ch(A), n=1,2,..., is polynomially bounded if and only if A ~1; B, where B = By @ -+ @ By, with

n

By, ..., By, finite dimensional x-algebras over F' and dim B;/J(B;) < 1, for alli=1,...,m.

Proof. Suppose first that A ~7y B, where B = By @ -+ @ By, with By, ..., By, finite dimensional
x-algebras over F' and dim B;/J(B;) < 1, for alli=1,...,m. Then ¢,(A) =¢(B) < ¢, (B1)+---+

*
n

¢ (Bm,) and the claim follows since, by the remark after Corollary 2.5, ¢! (B;) is polynomially bounded,
foralli=1,...,m.

Conversely, let ¢ (A) be polynomially bounded. Suppose first that F' is algebraically closed. Then
by Corollary 2.5, A = A1 & --- @ A; + J, where for every i = 1,...,l, A; = F is endowed with the
trivial superinvolution and A;JA; =0, for all 1 <i,k <1, i # k.

Set By = A1+ J,..., B = A+ J. We claim that A ~7; B1 @ -+ @® B; @ J. Clearly 1d"(A4) C
[d*(Bi1®--- @B ®J). Now let f € Id*"(B; ®---® B; ® J) and suppose that f is not a *-identity of
A. We may clearly assume that f is multilinear. Moreover, by choosing a *-basis of A as the union
of a basis of A1 & --- @ A; and a basis of J it is enough to evaluate f on this basis. Let uy,...,u; be
elements of this basis such that f(uq,...,u;) # 0. Since f € Id*(J) at least one element, say wuy, does
not belong to J. Then uy € A;, for some i. Recalling that A;A; = A;A; = A;JA; = A;JA; = 0, for
all j # 4, we must have that uy,...,us € A; UJ. Thus uq,...,us € A; +J = B; and this contradicts
the fact that f is a x-identity of B;. This proves the claim. Now the proof is completed by noticing
that dim B;/J(B;) = 1.

In case F is arbitrary, we consider the algebra A = A ®@p F, where F is the algebraic closure of F
and A = A®p F is a *-algebra with the induced superinvolution (¢ ® a)* = a*® a, fora € A,a € F.
Clearly A is Tj-equivalent to A. Moreover the *-codimensions of A over F coincide with the x-
codimensions of A over F. By the hypothesis it follows that the *-codimensions of A are polynomially
bounded. But then by the first part of the proof, A = By @ --- ® B,,, where By, ..., B,, are finite
dimensional x-algebras over F and dimp B;/J(B;) < 1,for alli = 1,...,m. By Lemma 2.6, there exist
finite dimensional *-algebras C1, ..., Cy, over F' such that, for all i, C; ~7; B; and dimp C; /J(C;) =
dimz B;/J(B;) < 1. It follows that Id*(A) = Id*(A) = 1d*(B1 © - @ By,) = 1d*(C1 @ - - - ® Cp,) and

we are done. O

The following theorem collects results about *-varieties of polynomial growth.

Theorem 2.3.4. For a finite dimensional *-algebra A over a field F' of characteristic zero the following

conditions are equivalent:

1) ¢t (A) is polynomially bounded;
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2) A ~Ty B, where B=B1® - ® By,, with B1,..., B, finite dimensional *-algebras over F and
dim B;/J(B;) <1, foralli=1,...,m;

3) for every ni,...,ng with ny +---+ng =n it holds

Xnnmas(A) = D mpyxaa) @ ® Xa@),
<>‘>'_(n17"'7n4)
n—=A(1)1<g

where q is such that J(A)? = 0;

4) M, M*"P F & F ¢ var*(A).
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Chapter 3

Subvarieties of x-varieties of almost

polynomial growth

In this chapter we completely classify all subvarieties and all minimal subvarieties of the x-varieties
of almost polynomial growth, generated by a finite dimensional *-algebra. From now on, unless
otherwise stated, F' denotes a field of characteristic zero.

In Corollary 2.3 we have seen that the algebras M, M*“P? and F & F' are the only finite dimensional
x-algebras generating *-varieties of almost polynomial growth. We then classify here all subvarieties
and all minimal subvarieties of var*(F @ F), var*(M) and var*(M*"P), by giving a complete list of
finite dimensional x-algebras generating them.

We start with the definition of minimal *-varieties.

Definition 3.1. A x-variety V is minimal of polynomial growth if ¢ (V) ~ gnF, for somek >1,q >0,
and for any proper subvariety U ; V we have that ¢ (U) ~ ¢'nt, with t < k.

In the first section of this chapter we deal with the subvarieties of var*(F @& F) and var*(M)
whereas in the second section we shall focus our attention to the subvarieties of var*(M*“P). Finally

we describe the x-algebras whose *-codimensions are bounded by a linear function.

3.1 Subvarieties of var*(F' ¢ F') and var*(M)

In this section we classify, up to T5-equivalence, all the *-algebras contained in the x-variety
generated by F' @ F' or M. Recall that F' & F is the two-dimensional commutative algebra endowed
with the exchange involution ex and M = F(e11 + e44) @ F(ea2 + €33) @ Fe1o @ Fesy is a subalgebra of

UTy endowed with the reflection involution ref. The exchange involution is such that (a,b)* = (b,a),

99
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for all (a,b) € F & F whereas the reflection involution ref on the algebras of n x n upper triangular
matrices UT), is defined as follows: if a = (ai;) € UT;, then arel = (bij) where bjj = apt1—j nt1—i-

Since F' @ F' is a x-algebra with trivial grading the following remark holds.

Remark 3.1. The x-variety var*(F & F), generated by F & F, coincide with the variety of algebras
with involution var*(F & F), where F @ F is regarded as algebra with involution.

At the same way, we can state the analogous result for M.

Remark 3.2. The x-variety var*(M), generated by M, coincide with the variety of algebras with

involution var*(M), where M is regarded as algebra with involution.

Remarks 3.1 and 3.2 assure us that the classification of the x-algebras inside var*(F @ F') or
var*(M) is equivalent to the classification of the ordinary algebras with involution inside varf(F @ F)
or varf(M). Such a classification was given in [41] by La Mattina and Martino. In what follows we
present such results in the language of x-algebras.

We start by constructing, for any fixed k > 1, x-algebras belonging to the x-variety generated by

F @ F whose *-codimensions sequence grows polynomially as n*.
k—1
For k > 2, let e;;s be the usual matrix units, I the k x k identity matrix and Eq = Z €iit1- We
i=1

denote by

Cr = {(XIk+ Z OziEi ’ o, 04 € F} CUT;,
1<i<k

a commutative subalgebra of UT}, the algebra of k x k upper triangular matrices over F'. We also

write C to mean the algebra C} with trivial grading and superinvolution * given by

(alx+ Y aB)* =aly+ Y (=1) .
1<i<k 1<i<k

We next state the following result characterizing the *-identities and the *-codimensions of Cj, (see
[41]).

Theorem 3.1.1. Let k > 2. Then

1) 1d*(Cx) = ly1, vl 91 -y 215 27 )1y

2) ¢ (Ch) = ki <”> ~ (k_ll)!nk—l.

=0 N

The following result classifies all the subvarieties of the x-variety generated by F' @ F.
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Theorem 3.1.2. [{1] Let A be a *-algebra such that A € var*(F & F). Then either A~y F & F or
A~y N oor A~py C® N or A~y Cp @ N, for some k > 2, where N is a nilpotent x-algebra and

C is a commutative algebra with trivial superinvolution.

Next we exhibit finite dimensional *-algebras belonging to the *-variety generated by M whose

x-codimensions sequence grows polynomially.

For k > 2, let
Ay = spangp {611 + eanok By oo, EF 72 10, €13, -y €1k, €t 2k €422k - - - 7€2k—1,2k} ;
Ny = spang {I, E,...,E"2 €19 — ek 19k, €13, - - s €1k Chi1,2k> Cht2.2ks - - - a€2k72,2k} ;
Uy = spanp {I,E7 o BT 10 ok 10k, €13y - -+ €1k ChA1.2ky Chi2.2ks - - - 62k—2,2k} ;

be subalgebras of UTyg, the algebra of 2k x 2k upper triangular matrices over F'. Here I denotes the

2k x 2k identity matrix and
k—1

E= Z €iit1 T €2k—i 2k—it1-
i=2

We also write Ay, Ni and Ui to mean the above algebras with trivial grading and with reflec-
tion superinvolution. We next state the following results characterizing the x-identities and the x-

codimensions of these algebras (see [41] for more details).

Theorem 3.1.3. For every k > 2 we have:
1) Id(Ap) = (yr vy 25 20yl oSty U ) U s e T T o) Ty
2) ey (Ag) = qn*=1, for some q > 0.

Theorem 3.1.4. The Ty -ideal Id*(N},) is generated by the polynomials [y vy |, vy~ ], y1 vy, 27, 2~

)

mn case k =2 and by [yf, . ,y,;[l], Y1 Yy, 2T, 27, in case k > 3. Moreover

k—2
cr(Ng) =1+ Z <7Z> (20 — 1)+ <k ﬁ 1> (k—1) ~ qn*~L, for some ¢ > 0.
i=1

Theorem 3.1.5. The T -ideal 1d*(Uy,) is generated by the polynomials [yy,y5 ], v~, 2%, 27, in case
k=2and by [y ,y,... ,y,j_Q], Y1 Y, 27, 27, in case k > 3. Moreover ¢ (Us) =1 and

k—2
e(Up) =1+ Z (7) (20 —1)+ <k i 1) (k—2) =~ qn*~, for some ¢ >0, fork>3.
i=1

The following result classifies the subvarieties of var*(M).
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Theorem 3.1.6. [41, Theorem 6 | If A € var*(M) then A is T -equivalent to one of the following

x-algebras:
Mv N7 Nk‘@Na Uk@Ny Nk@Uk@Na At@Na Nk‘@At@N7 Uk:@At@Na Nk‘@Uk‘@At@Nv
for some k,t > 2, where N 1is a nilpotent x-algebra.

As a consequence of Theorems 3.1.2 and 3.1.6, we can also get the classification of all x-algebras

generating minimal *-varieties.

Corollary 3.1. A x-algebra A € var*(F & F) generates a minimal x-variety of polynomial growth if
and only if A ~ry Cy, for some k > 2.

Corollary 3.2. A x-algebra A € var*(M) generates a minimal x-variety of polynomial growth if and

only if either A ~g; U, or A ~1s Ny or A ~ry Ay, for somer > 2, k > 2.

3.2 Subvarieties of var*(M*P)

3.2.1 Unitary x-algebras inside var*(M*'?)

In this section we classify, up to T5-equivalence, all the unitary *-algebras contained in the *-variety
generated by M*VP,

We consider the algebras Ny and Uy we have defined before endowed with an elementary Zo-
grading. Recall that if g = (g1,...,92k) € Z%k is an arbitrary 2k-tuple of elements of Zy, then g
defines an elementary Zo-grading on UTs, the algebra of 2k x 2k upper triangular matrices over F,
by setting

(UTs)o = span{e;j | g; + gj = 0} and (UTy)1 = span{e;; | gi + g; = 1}

(recall that equalities are taken modulo 2). If A is a graded subalgebra of UTy the induced grading

on A is also called elementary.

Definition 3.2. For k > 2, N;"* is the algebra Ny with elementary Za-grading induced by g =
(0,1,...,1,0,...,0,1) and with reflection superinvolution.
———— ———
k—1 k—1

The following result characterizes the -identities and the *-codimensions of N;"".

Theorem 3.2.1. Let k > 2. Then:

1) I (N.™) = (y~, 2120, 2% 1, yk—2])Ts;

k—2
2) cp(N;P) =1+ 221(?) + <k‘ i 1) (k—1) = qn*7L, for some ¢ > 0.
i=1
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Proof. Let I = (y~, z12z2, [27,91,.. ., yr—2])1y. Tt is easy to see that I C Id*(N;*"). Let now f be
a *x-identity of V. ,jup . We may assume that f is multilinear and, since N; & “Pis an unitary algebra, we
may take f proper (see Section 1.8). After reducing the polynomial f modulo I we obtain that f is

the zero polynomial if deg f > k, f is a linear combination of commutators

- ¥ + . .
[ZZ‘ ayilv"‘vyik_z]a 1y < -0 < g-2,

in case deg f = k — 1 and f is a linear combination of commutators

[Zi_uy;tu"'vy;:ilh [Z;_)y;7"')y;;71]7 /il < - <is—17 jl < - <j8—17
in case deg f = s < k — 1. Hence, for some s=1,...,k — 1,

S S
fzzai [Z;7yz+1)7y:g71]+26] [Z;‘r’y;gv---,y;;l]-
=1 7=1

Suppose that there exists i such that «; # 0 (resp. (; # 0). By making the evaluation z; =
€12 — eap—12k, 2, = 0, for all | # 1, z;-r =0, for j=1,...,s (resp. z,f = €13 + €24—2,2k> zl+ =0, for all
L#4,z; =0, for j = 1,...,8)and y; = E, for all | = 4y,...,is_1, we get that a; = 0 (resp. B; =0), a
contradiction. Hence a; = §; =0, for all ¢ = 1,...,s. This says that f € I and, so, Id*(N;"") = I.
The argument above also proves the following fact concerning ~;;(N,""),
-codimensions of N;"". We have that v(N,;"") = s for s = k — 1, v¥(N;"") = 2s for s < k — 1 and

YE(N*) =0 for s > k. Then, by Theorem 1.8.2, we have

the sequence of proper

GNPy =1+ Z < )21 + < i 1) (k—1) =~ qn*1, for some ¢ > 0.

Definition 3.3. For k > 2, U,j"p is the algebra Uy with elementary Zo-grading induced by g =
(0,1,...,1,0,...,0,1) and with reflection superinvolution.
N N —

k—1 k-1
The following results, characterizing the *-identities and the %-codimensions of U Iju’) and of N;"" @

U™, can be proved in a similar way as the previous theorem.

Theorem 3.2.2. Let k > 2. Then:

1) Id*( SUP) <y y R1%2, [Zivyla"'vyk—QDTQ*

2) & (US) —1+Z<>22+< ﬁ1>(k‘—1)%an_1,f0r50m6q>0.
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Theorem 3.2.3. Let k > 2. Then:

1) Id*(Nljup S U}:up) = (y_7 2122, [27 Y1,y yk71]>T2* 5
k=1
2) (NP U™) =1+ Z < ,>2i ~ qn™1, for some q > 0.
i
i=1
The following remark is obvious.

Remark 3.3. Ift >k then U™ @ N ~ps U™ whereas U™ & NP ~ry NP if t < k.

We recall that if A = B + J is a finite dimensional x-algebra over F', where B is a semisimple
x-subalgebra and J = J(A) is its Jacobson radical, then J can be decomposed into the direct sum of
B-bimodules

J = Joo D Jo1 @ Jio @ Ji1,

where for i € {0,1}, Ji is a left faithful module or a 0-left module according as i = 1 or i = 0,
respectively. Similarly, J; is a right faithful module or a 0-right module according as k =1 or k =0,
respectively and for i, k,l,m € {0,1}, JixJim C g1 Jim where 0y is the Kronecker delta (for a proof of
this see Lemma 2 of [25]).

From now until the end of this section we assume that the field F' of characteristic zero is alge-

braically closed.
Theorem 3.2.4. For any k > 2, N,‘:uP generates a minimal x-variety of polynomial growth.

Proof. Let A € var*(N;"") be such that ¢},(A) ~ gn*~*, for some ¢ > 0. We shall prove that A ~q;
NP, Since A € var*(M*"?), by Corollary 2.1, A satisfies the same *-identities as a finite dimensional

x-algebra. Hence, since ¢} (A) is polynomially bounded, by Theorem 2.3.3 we may assume that
A=DB1 @ - @ B,

where By, ..., B, are finite dimensional *-algebras such that dim B;/J(B;) < 1, for alli =1,...,m.
This implies that either B; = F + J(B;) or B; = J(B;) is a nilpotent *-algebra. Since c};(A) <
ci(By) + -+ + ¢ (Bm), then there exists B; such that ¢ (B;) ~ bn*~!, for some b > 0. Hence

var®(N;"?) D var*(A) 2 var*(F + J(B;)) 2 var*(F + Ji1(By)).

Hence, in order to complete the proof it is enough to show that F 4 Ji1(B;) ~7; N;“". Thus, without
loss of generality, we may assume that A is a unitary *-algebra. Now since c’(A4) ~ ¢n*~!, then

ci(A) =Sk ()7 (A) and, by Corollary 1.7, v7(A) #0, for all i = 0,...,k — 1.

n
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For ny + --- 4+ ny, let

Y (A) = ) mpyxa@) @+ @ xa@y and o,y (NEP) = Y miyyxaq) @ - @ Xawy
(A)Fn (ANFn
be the (n1,...,n4)-th proper cocharacters of A and N;", respectively. Since Id*(A) 2 Id*(N;""), we
must have my, < m’</\), forall (\) Fn=mn; 4+ +ny.

For any i = 2,...,k— 1, let fi = [2{,v5,...,y5] and fo = [27,v5,...,¥5] be highest weight
vectors corresponding to the multipartitions (A\) = ((i — 1), 0, (1), 0) and (u) = ((i — 1), 0, 0, (1))
(see Section 1.8 and [11, Chapter 12] for more details). It is easily seen that fi is not a *-identity of
NP fori=2,...,k—2and fp is not a *-identity of N;*¥, for i =2,...,k—1.

Thus fori =2,..., k=2, X(;—1)®Xxp®@X(1)®Xxp Participates in the (i—1,0,1,0)-th proper cocharacter
Yi—1,0,1,0(N; ") with non-zero multiplicity. Also, fori =2,...,k—1, x(;_1)®Xp @ xp®X (1) participates
in the (i —1,0,0,1)-th proper cocharacter ¢;_1,0,0,1(N; ") with non-zero multiplicity.

Hence, for i = 2,...,k — 2, since

v (NgP) = 2i = (2._ 1.0.1 0> deg x(i-1) @ Xp ® X(1) ® xp + (Z._ 1.0.0 1> deg X (i—1) ® Xp @ Xo @ X(1)»

by (1.5) we have that, for ny +---+ng4 =1

X(i-1) ® Xo @ x(1) @ xg  if (n1,n2,n3,n4) = (1 — 1,0,1,0)

Unymamsna (NE) = § Xim1) @ Xo @ Xp @ X1y if (n1,m2,m3,n4) = (i — 1,0,0,1) -

0 otherwise
. . . . * sup k - 1
Similarly, if nq4---4+n4 = k—1,since y;_(N, ") =k—1= k—920.0.1 deg X (k—2) @ X0 @ Xp @ X(1)>

we get

sup X(k—2) @ Xp @ Xp ® x1) if (n1,m2,n3,14) = (k —2,0,0,1)
¢n1,n2,n3,n4 (Nk ) = .
0 otherwise
We claim that wnhmﬂg,nzx (A) = ¢n1,n2,n3,n4 (Nljup)
Suppose first that ny +--- +ngy = k — 1. Since v;_;(A) # 0 and m ), < m’o\>7 for any (\) F
ni + - -+ + ng, then we get that
X(k—2) @ Xp @ X0 © X(1) if (n1,n2,n3,n4) = (k—2,0,0,1)
77/}711,712,713,714 (A) = .
0 otherwise
Let now ny + - +ng = i, where i = 2,...,k —2,. Since v;_;(A4) # 0 and m < m’</\), for
any (A\) Fng +--- 4+ ng, if ¥;10,0,1(A4) = 0, for some 2 < i < k — 2, then the highest weight vector
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(21,95, ..., ys ] corresponding to the multipartition ((i—1), @, 0, (1)) would be a *-identity for A. But

i—1
this implies that also [2], 45 ,...,y5] is a x-identity for A, and so ¥_200,1(A) = 0, a contradiction.
—_———

k-1
In a similar way one can prove that, if 1;_10,1,0(A4) = 0, we would reach a contradiction and so the

claim is proved. Hence

sw=x (1) % (nhf"m)%,‘..,m<A>:1+j§§(7§)2¢+(kﬁl)w—n:c;wgup).

=0 n1+-+ng=t

Thus A and N;"” have the same sequence of *-codimensions and, since Id*(N;"") C Id*(A4), we get
the equality Id*(N;"”) = Id*(A) and the proof is complete. O

In a similar way it is possible to prove the following.
Theorem 3.2.5. For any k > 2, U,‘zu‘n generates a minimal x-variety of polynomial growth.
In the following result we classify, up to 75 -equivalence, all the unitary *-algebras inside var* (M *"P).

Theorem 3.2.6. Let A € var*(M*"P) be an unitary *-algebra such that ct(A) =~ qn*~1, for some
q>0, k>1. Then either A ~r; C or A ~pz U™ or A ~gy NP or A ~py NP @ U, where C

18 a commutative algebra with trivial superinvolution.

Proof. If k =1 it is immediate to see that A is a commutative algebra with trivial superinvolution.
Let now k > 2. Since c%(A) ~ ¢gn*~!, by Theorem 1.8.2, Yi_1(A) # 0. Hence at least one polyno-

mial among [2+, 4], ... 791—:—2] and [27, 9], ... ,y,j_z] cannot be a x-identity for A, since otherwise we

would have 7;_,(A) = 0, a contradiction.

If [27,yf,....y; 5] is not a +-identity and [z, y; ...,y ,] =0 on A then Id*(N,;*?) C Id*(A4) and

since ¢ (A) =~ qn*~1, by Theorem 3.2.4, one gets that A ~r1y NP, Similarly, if [27F, Y,y ) s
not a *-identity and [z, 51", ..., y{_,] = 0 on A one gets that A ~px U
Finally, suppose that neither of the polynomials [z T, y;, . . . ,y,;tQ] and [27, 9], ... ,y,:Q} are *-identities

for A. Since c};(A) ~ gn*~1, then v;(A) = 0, and so Id*(N;"? & U;"*) C Id*(A). As in the proof of
Theorem 3.2.4, for i =2,...,k — 1, we get

Yi-1,01.0(4) = i—1010(N.P © UZ™) = X(i-1) © X0 @ X(1) @ X0,
¥i-1,00,1(A) = Yi—1,001(N, P ©UL™) = X(i—1) @ X0 ® X0 © X(1)

and

¢n1:n2,n3,n4 (A) = ¢n1,nz,n3,n4 (N]:up S U}jup) =0,
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if (nlan2,n37n4) ¢ {(7’_ 1,0,0, ]-)7 (Z_ 1,0, 1,0)},7’11 +---+n4 = 1. Hence A and Nljup@Uljup have the

same sequence of x-codimensions

k—1
n
— _1 2 — sup USUP .
<Z.>7 +Z z< > c, © )

=0

Since Id*(N;"* @ U;*) C 1d*(A), we finally get the equality Id*(N;,"? & U;"") = Id*(A). O

3.2.2 Classifying the subvarieties of var*(M*?)

In this section we can classify, up to Ty-equivalence, all *-algebras contained in the *-variety

generated by M*“P. We start by constructing #-algebras without unit inside var*(M*"P).

Definition 3.4. For k > 2, A" is the algebra Ay, with elementary Zs-grading induced by g =
(0,1,...,1,0,...,0,1) and with reflection superinvolution.
—_—— ——

k—1 k—1

Next we describe explicitly the #-identities of A;""

Theorem 3.2.7. Let k > 2. Then
1) I1d"(A™") = (Y~ 2122, 91 Yk—12Uk -~ Yor—2) T3

n
2) cp(A)P)=1+2 Z (t>(n —t) ~ qn* L, for some q > 0.
t<k—1
nlygk
Proof. Write I = (y~, 2122, 91 Yk—12Yk - - - Yok—2) 73 - 1t is easily seen that I C Id*(A;™). In order to
prove the opposite inclusion, first we find a set of generators of P, modulo P;NI, for every n > 1. Any

multilinear polynomial of degree n can be written, modulo I, as a linear combination of monomials of

the type

R A TR Th VALY TS TANRRRY TR TR Aol (3.1)

where ip < - <4, 1 < <Js, t<k—lors<k—1,r <---<rp,s1<---<sqgandp<k—1or
q<k-—1.
We next show that the above elements are linearly independent modulo Id*(A;""). Let f €

Id*(A;") be a linear combination of the above monomials:
F=oyl b+ YD syt utgtyl oyl + YD Burs vl ud il v

t<k—1 [ ] J p<k—1 m,R S
or or
s<k—1 g<k—1

where t+s = p+q =n—1and for any fixed t and p, I = {i1,... i}, J = {j1,...,Js}, R={r1,...,rp}
and S = {s1,...,5¢}.
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By making the evaluation yf ==yt =e+ €2k 2k, and zf =z =0,foralll=1,...,n, one
gets 0(e11 + eax2k) = 0 and, so, 6 = 0.

For fixed t < k—1,1,1,J the evaluation 2" = e12+eap_1,2k, zf =0, forall ' A1, yi = =y =
E, y;; =...= y;; =e11+eaok and 2, =0, form =1,...,n, gives oy 1.7 €ap—t—12k + g1 €124¢ = 0.
Thus oy 7.7 = a7 = 0.

Similarly, for fixed s < k — 1,1, 1,J the evaluation z;r = e12 + €212k, zf,L = 0, for all I! # 1,
y;t :---:y;: = e11 + €9k 2k, y]'-t :‘--:y]'-’; =Fand 7z, =0, form=1,...,n, gives a; 1.7 = 0.

In a similar way it is proved that the coefficients 3,, r,s = 0, for all m, R and S.

Therefore the elements in (3.1) are linearly independent modulo P NId*(A;") and, since P} N
Id*(A;"") 2 PN I, they form a basis of P; modulo P} N1d*(A;*") and Id*(A;"’) = I. By counting,
we obtain

(AP =1+2 Z <7Z> (n —t) ~ qn1,

t<k—1
or
n—t<k

for some ¢ > 0. O

Remark 3.4. Let A=F+ J € UaT'*(MSUp). Then J10J01 = J01J10 = (J11)1J10 = JOI(JH)I =0.
In particular, if A € var*(A;") then (Ji1)1 = 0.

Proof. We start by proving that JigJo1 = Jo1J1o = 0. Let a = ag+ a1 € Jig, b = bg + b1 € Jp1. Notice
that, since Ay =0, a—a* = a1 —af and b—b* = by —b}. Then, because of z120 =0, (a—a*)(b—0*) =0
and, so, ab = a*b* = 0.

Now let a € (Ji1)1, b =bo + b1 € Jio. Then a(b — b*) = 0 and, so, ab = 0.

Finally, if A € var*(A4;"") then A satisfies the s-identity y; ---y;" 2y -+ v4,_, = 0. Hence, since

(Ji1)1=F---F (Ji)1 F---F, we get the desired result. O
k-1 k—1

Lemma 3.1. Let A= F + J € var*(A'F) with Jig # 0 (hence Jo1 # 0). If ¢y (A) ~ gn*~1, for some
q >0, then A ~; AP

Proof. Since A € var*(A;""), by the previous remark we must have (J11)1 = Jo1Ji0 = J10Jo1 = 0.
Suppose first that (J10)1((Joo)g)*¥ 2 = 0 and, so, ((Joo)g)*2(Jo1)1 = 0. Since J is a nilpotent
ideal of A, then there exists m such that J™. It can be proved that, for any n > m, the multilinear

polynomial
F =Y YVt Y—22Yk—1 - Yok—aVj, - Y5, € 1Id*(A),

where [ +t 4+ 2k — 3 = n.
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Hence, if @ C Id*(A) is the Ty-ideal generated by f plus the generators of the T;-ideal Id*(A;"),

it is easy to see that for any n > m, a set of generators of P¥(mod PN Q) is given by the polynomials

+ + ot + o+t + + = ot +
yl yn, ylly“ zl y]lyjs, ylly“ Zl y]lyjs,

wheret+s=n—-1,t<k—-2ors<k—2, i1 <--- <1 j1 <---<js. Hence

-1
o (A)<1+2 Z <nt )annk2,

t<k—2
or
n—t<k—1

a contradiction.

Therefore we must have (J10)1((Joo)d)¥2 # 0. In order to complete the proof it is enough to
show that Id*(A4) C Id*(A;""). Let f € Id*(A) be a multilinear polynomial. By Theorem 3.2.7, we
can write f, modulo Id*(A;") as

F=oylub+ Y0 arg vyl cutgtyl oyl Y0 > Burs uh o ut 2yl -yl

t<k—1 [ ] J p<k—1 m RS
or or
s<k—1 q<k—1

where I = {i1,...,%}, J ={j1,...,Js}» R={r1,...,mp}, S ={s1,...,54} are such that TUJU{l} =
RuSu{m}={l,...,n}and iy < - <ig, 1 < - < Js, 71 <---<rpand s1 <--- < 4. It is easy
to see that f must be the zero polynomial and so, f € Id*(A;"). This says that Id*(A4) = Id*(A4;"")
and the proof is complete. O

From now until the end of this section we assume that the field F of characteristic zero is also

algebraically closed. We are now in a position to prove the following theorem.
Theorem 3.2.8. For any k > 2, AZ"p generates a minimal *-variety of polynomial growth.

Proof. As in the proof of Theorem 3.2.4 we may assume that A = B1®---® B,,,, where By,..., B, are
finite dimensional *-algebras such that either B; = F 4 J(B;) or B; = J(B;) is a nilpotent algebra and
there exists B; such that ¢ (B;) ~ bn*~!, for some b > 0. Since k > 2, we must have that Jig(B;) # 0
(hence Jo1(B;) # 0). If not, B; = (F + J11) @ Joo and ¢ (B;) = ¢ (F + J1), for n large enough. But
since C' = F 4 Jy; € var*(A;""), we get that C is a commutative algebra with trivial superinvolution
and, so, ¢ (F + Ji1) = 1, a contradiction. Therefore, since B; satisfies the hypotheses of Lemma 3.1,

we get that B; ~7y A" and A~y A follows. O

Lemma 3.2. Let A = F + J € var*(M*"P) be a x-algebra. If Jigp # 0 (hence Jo1 # 0) then A is

T5-equivalent to one of the following *-algebras
Azup ) N, Niup D Azup o N, Usup fa AZUP P N, NSUP P Uiu}’ sy Azup P ]\[7

for some k,u > 2, where N is a nilpotent *-algebra.
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Proof. Since the proof is very similar to that given in [41, Lemma 8] we shall just give a sketch of it.
Let 7 > 0 be the largest integer such that Jlngo # 0 (hence JgOJ()l # 0). We shall see that
either A ~Ty Asiz @ Jopg or A ~Ty ASSLFZ; ® N;P @ Jyo or A ~Ty Asipz DU @ Jyo or A ~T;
Asi% DO NP DU @ Joo, for some u > 2.
Suppose first that (J11); = 0.
It is checked that A;ipz ~Ty A/J&Tl and so, Id*(A) C Id* (As“2 @ Joo). In order to prove the opposite
inclusion, it is taken f € Id* (Asip2 @ Joo) a multilinear polynomial of degree n. If n < 2j + 2, since
feld*(A7}), then f must be a consequence of (y~, z122)7y € Id*(A). Hence f € Id*(A) and we are

j+2)s
done in this case. Now let n > 2j + 2. It is checked that f can be written modulo 1d*(AjY%) as
SN s vt vyl i+ Y0 ) Bers vt ut 2oyl vl + g,
t>1+1 0,1,J ;D>J+1 m,R,S
S>J+1 q>J+1

where g € (y~, 2122)7y and I = {i1,... i}, J = {j1,...,Js}, R={r1,...,mp}, S = {s1,...,5,} with
i< <y J1 << Js, 11 < --- < 71pand sy <--- < 8q. It is easily seen that f is a x-identity of
A and Id*(Asu2 ® Joo) C 1d*(A). So A ~1z ASiQ @ Jgo follows.

Suppose now that (Ji1); # 0.
Let B = F + Jig + Jo1 + Joo. By Remark 3.4 it follows that B is a subalgebra of A and, since
(J11(B))1 = 0, by applying the first part of the lemma to B, we conclude that

B ~Ty Ag+2 @ Joo-

Now let L = F + Ji1. By Theorem 3.2.6, either L ~7; F or L ~g; N or L ~ps U™ or
L ~qy N2 @ UZ™, for some 7 > 2. Tt is proved that A ~7y L ® B and this complete the proof. [

Now we are in a position to classify all the subvarieties of var*(M*"P).

Theorem 3.2.9. If A € var*(M*"P) then A is T5-equivalent to one of the following x-algebras: M?*"P,
N,C, " @ N, i @ N, NP o UpP @ N, A7 & N, N} © AP @ N, Up? @ A7 @ N,
N,‘:W &5 U,fuP @ AfuP @ N, for some k,t > 2, where N is a nilpotent x-algebra and C' is a commutative

algebra with trivial superinvolution.

Proof. It A ~gy M?"? there is nothing to prove. Now let A generate a proper subvariety of M*“P. Since,
by Theorem 2.1.2, M*“P generates a *-variety of almost polynomial growth, var*(A) has polynomial
growth. Hence by Corollary 2.1 and Theorem 2.3.3 we may assume that A = B; @ --- @& B,,, where
By, ..., By, are finite dimensional -algebras such that dim B;/J(B;) < 1. This means that for every
1, either B; is a nilpotent x-algebra or B; has a decomposition of the type B, = F +J = F + J11 +
Jig + Jo1 + Joo- Now, by applying Theorem 3.2.6 and Lemma 3.2, we get the desired conclusion. [
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As a consequence of the previous theorem and of Theorems 3.2.4, 3.2.5, 3.2.8 we can also get the

classification of all x-algebras generating minimal *-varieties.

Corollary 3.3. A x-algebra A € var*(M*"P) generates a minimal x-variety of polynomial growth if

and only if either A ~gy U™ or A ~py NJ'P or A ~py A7, for some k > 2.

3.3 Classifying x-varieties of at most linear growth

In this section we present a classification, up to 75 -equivalence, of the finite dimensional *-algebras
generating varieties of at most linear growth.
Throughout this section F' denotes a field of characteristic zero.

The next theorem can be proved by following word by word the proof of [34, Theorem 5.1].

Theorem 3.3.1. Let A be a x-algebra. Then ¢} (A) < anP, for some constants a and p, if and only if
for every ny +--- 4+ mng =n it holds
Xni,...ns(A) = Z MOpXA1) @+ @ XA4)-

(ME(n1,...,na)
n—=A(1)1<p

As a consequence, we get the following.

Lemma 3.3. Let A be a finite dimensional x-algebra such that c,(A) < an, for some constant a.
Then A satisfies the polynomial identities x1xo = 0, with x1,22 € X \ Y, where Y = {yf,y;, .. }
Lemma 3.4. Let A = F+J be a finite dimensional x-algebra such that c},(A) < an, for some constant
a. Then

Anp (F+Jo)® (F+J7) e (F+J7).
Proof. Since ¢} (A) < an, by Lemma 3.3, A satisfies the polynomial identities z1z2 = 0. Hence F + .Jy,
F+ Jf and F' + J; are *-subalgebras of A and obviously

Id*(A) C1d* ((F + Jo) @ (F+ Ji ) @ (F+ J7)) .
Conversely, let f € Id* ((F + Jo) ® (F + J;") @ (F + J;)) be a multilinear polynomial of degree
n. By multihomogeneity of T;-ideals we may assume, modulo Id*(A), that either

f= Z O‘Uy:(n"'y:(n) or f= Z Bay;_(l)”'y;_(i—l)xg(i)y:(i—l-l)'”y;—(n)’

UESn i=1,..., n

where z; € X\ Yt i=1,...,n.

If f is of the first type, in order to get a non-zero value, we should evaluate f on F' + Jy. But
f € Id*(F + Jy) by the hypothesis, and so we get that f = 0 on A. Similarly, if f is of the second type
we get that f =0 on A. Hence Id* ((F + Jo) ® (F + J{") @ (F + J;)) C Id*(A) and we are done. [
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Since it is easily checked that F + Jy € var*(M), F + J;", F + J; € var*(M*"), we get the

following.

Corollary 3.4. Let A = F + J be a finite dimensional x-algebra such that c,(A) < an, for some
constant a. Then A ~7; By or A ~7; By or A ~7; By @ Ba, where By € var*(M) and By €
var* (M='P).

Now we are ready to present the main result of this section.

Theorem 3.3.2. Let A be a finite dimensional x-algebra such that ¢ (A) < an, for some constant a.
Then
ANTQ* B1@®Bm@Na

where B; € var*(M) or B; € var*(M®"P), for alli =1,...,m and N is a nilpotent x-algebra.

Proof. Since ¢} (A) < an, for some constant a, by Theorem 2.3.3, we may assume that
A:Al@"'@Am,

where Ay,..., A, are finite dimensional x-algebras with dim A;/J(A4;) < 1, 1 < i < m. Notice that
this says that either A; = F + J(A;) or A; = J(A;) is a nilpotent *-algebra. Since c};(4;) < ¢ (A)
then ¢} (A4;) < an, for all i = 1,...,m. Now the result follows by applying Corollary 3.4 to each
non-nilpotent A;. O

Finally, by putting together Theorem 3.3.2 and Theorems 3.1.6 and 3.2.9, we get a finer classifi-

cation of the x-algebras of at most linear codimension growth.

Theorem 3.3.3. Let A be a finite dimensional x-algebra such that ¢ (A) < an, for some constant a.

Then

A~gy B1® - @ By @ N,
where N is a nilpotent x-algebra and for alli =1,...,m, B; is Ty -equivalent to one of the following
algebras:

N;, C@® N;, No@® N;, As ® N;, No® A © N,
NIP@N;, USPEN;, ALPON;, NIPGUSPEN;, NSPaASPeN;, USP AT eN;, NyPaUS P oA PoN;,

where C' is a commutative algebra with trivial superinvolution and N; is a nilpotent x-algebra.



Chapter 4

Standard identities on matrices with

superinvolution

In this chapter we focus our attention on particular identities on the matrix algebras with superin-
volution we have introduced in Section 1.7. We shall give results inspired from the celebrated theorem
of Amitsur and Levitski. Recall that the standard polynomial of degree r in the non-commutative
variables x1,...,x, is defined as

Str(z1,...,2,) = Z (sgN0)To(1) * ** To(r)-
oc€Sy
Theorem 4.0.4 (Amitsur-Levitzki, 1950). For each n > 1, the standard polynomial Sto, is an
identity for M, (F'), the algebra of n x n matrices over the field F'. Moreover, if charF # 2, then Sta,
is an identity of minimal degree for M, (F).

The general question whether the Amitsur-Levitski theorem could be improved by considering only
certain kinds of matrices was positively solved by Kostant and Rowen, which proved some powerful
results in the setting of matrix algebras with involution. The following theorem clarify the situation

in this area (for a proof of it, see for instance, [53, Theorem 3.1.62]).

Theorem 4.0.5. For any infinite field F and any involution § on M, (F), either Id(M,(F),t) =
Id(M,(F),t) or Id(M,(F),8) = 1d(M,(F),s), where t and s denote the transpose and the symplectic
involution and (M, (F),1) denotes the matrixz algebra M, (F') endowed with the involution .

In practice, up to isomorphism, we have only the transpose and the symplectic involution on

M, (F). Recall that s is defined only when n = 21 is even by the formula

A BY (D -B
¢ pb) \-ct a)’

73
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where the original matrix is partitioned into [ x [ blocks.

Theorem 4.0.6 (Kostant, 1958). Let (M, (F),t) be the algebra of n x n matrices endowed with the

transpose involution. If n is even, then Sta,_o(x1,...,Ton—_2) is a standard identity in skew variables.

Theorem 4.0.7 (Rowen, 1974). Let (M, (F),t) be the algebra of n x n matrices endowed with the
transpose involution. Then Ston_o(x1,...,Ton—2) is a standard identity of minimal degree in skew

variables.

In order to complete the case of the transpose involution, we present the following well known

result.

Theorem 4.0.8. Let (M, (F),t) be the algebra of nxn matrices endowed with the transpose involution.

Then Stop(x1,...,To,) is a standard identity of minimal degree in symmetric variables.
Another famous result of Rowen concerns the symplectic involution.

Theorem 4.0.9 (Rowen, 1982). Let (My(F),s) be the algebra of 21 x 21 matrices endowed with the

symplectic involution. Then Sty _o(x1,...,T4_2) is a standard identity in symmetric variables.

We remark that in this case we have no results concerning the minimal degree. In fact, although
Rowen proved that 4] — 2 is the minimal degree of a standard polynomial in symmetric matrices with
respect to s when [ = 2 and Adamsson, in [1], extended this result for [ = 3,4, the proof of the general
case has not been found yet (see [29] for more details). Then 4/ — 2 appears to be the minimal degree
of a standard identity on 2/ x 2] symmetric matrices with respect to the symplectic involution s but

we have no proof of that.

Let now focus our attention to skew-symmetric matrices with respect to the symplectic involution

s. The following lemma holds.

Lemma 4.1. Let (My(F'), s) be the algebra of 21 x 21 matrices endowed with the symplectic involution.

Then the polynomial Sty (x1,...,x4) is a standard identity of minimal degree in skew variables.

Proof. Let Bi,...,B,, be 2] x 2] skew-symmetric matrices with respect to s. By Theorem 4.0.4, it
is obvious that St.(Bi,...,B;) = 0, if » > 4. In order to complete the proof, let us consider the
set of skew-symmetric matrices o; = €;; — €145 1+i, Bj = €+l Ym = €mim, 1 < 4,5,m < [ and

671 = énn+1 — Ent1+i,n+ls 1 <n< [ — 1. We claim that

!
e 2uSty—1(a, ..., 00,81, .., B, - V01, - Gm1) €141 = 3 €41

Now, if g is a monomial of St4_; whose evaluation is a multiple of ey 41, then oy, 7, and §;—; are

the only elements that can lie in the first position of g. Moreover, «;, f;, ; and §;_1 are the only ones
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where the index 2 or [ appears, so if the first element of ¢ is §;_1, we will obtain 0, since we can no
longer insert the matrices o, 5;,y;. Thus the first element of g must be either a; or +; and there are

only 3 non-zero possibilities:
(1) cx i By 61-1 9 = ewo-1 ¢,
(2) v By d1—1 9 = eu2-1 9,
B) Mo B g =—ena-19,

where ¢’ is a monomial in the remaining matrices. We notice that (1) (resp. (2)) and (3) appear with
opposite sign in the standard polynomial.
Now we have to insert in g the matrices ay_1, 8;_1,7—1 and &;_o, that are the only ones where the

index 2] — 1 or [ — 1 appears. We have only 3 non-zero possibilities
(1) gir=ar1 -1 Bi1 029" =eu122 9",
(2) ¢h=v—1 B1—1 u—1 61—2 §" = ea—121-2 ¢",
(3) g5 ="v-1 —1 B1—1 d1—2 ¢" = —exy_121-2 ¢".

As before (1) (resp. (2)) and (3) appear with opposite sign in the standard polynomial. By

iterating the process, the result follows. O

We now are ready to treat the so-called standard x-identities.

Definition 4.1. Let A = A & Ay ® AT © A7 be a *-algebra. We say that A satisfies a standard
x-identity if

+ + - — + - -\ _
Str(ul,...,un,ul,...,um,vl,...,vt,vl,...,vs)—O,
foralluf,...,uf{EAa',uf,...,u;GAa,vf',...,vfEAT and vy ,..., vy € Aj.

In this chapter we focus our attention on standard x-identities on the matrix algebras M, (F')
endowed with a superinvolution. As we have seen in Section 1.7, on the matrix algebra M, (F) it is

possible to define the following Zo-grading. Let be n = k+h, then A = M, (F') becomes a superalgebra

A= AyD Ay, where
X 0
AO:{(O T>|X€Mk(F),TEMh(F)},

A= {(0 Y) | Y € Myxn(F), ZGthk(F)}'
Z 0
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Such superalgebra is denoted by My ;(F') and, if F' is an algebraically closed field of characteristic
different from 2, any non trivial Zs-grading on M, (F) is isomorphic to My, ;(F), for some k and h.

Moreover, in [47], Racine showed that, up to isomorphism, it is possible to define on My, ;,(F") only
the orthosymplectic and the transpose superinvolution.

In this chapter we find the minimal degree for which the standard polynomial vanishes when
evaluated in homogeneous symmetric or skew-symmetric matrices of My, (F) in the case of both
transpose or orthosymplectic superinvolution, respectively. In the last section of the chapter we make a
systematic study of the identities of the algebra M ; (F') endowed with the transpose superinvolution.
We compute a generating set of the Tj-ideal of identities and we find the decomposition of the
corresponding character into irreducibles.

From now on, unless otherwise stated, F' denotes an algebraically closed field of characteristic zero.

4.1 Standard identities on (M (F),trp)

In this section we consider 2k x 2k matrices endowed with the transpose superinvolution trp. Recall

trp
X v\ (Tt Y
z 1) \zt xt )’

where t is the usual transpose. The four sets of homogeneous symmetric and skew elements are the

that trp is defined by the formula

following:
X 0
(M (F), trp)g = L) X EM(F) .
0 X
_ X 0
(th(F), trp)o = . ’ X € Mk(F> ,
0 —-X
+ 0 Y t t
(Mg i (F), trp)] = 7 0 | Y=-Y" Z=2"Y,Z € My(F) ;,
- U t t
(Mk,k(F)v tI‘p)l = 70 | Y =YY", Z=-2" Y, Z € M(F) ;.
The main result of this section states that the polynomial Stox(x1, ..., x9) is a standard *-identity
of minimal degree of (M, ,(F'),trp), where x1,. .., 29, are all symmetric or skew variables of the same

homogeneous degree (i.e. the z;s are all y:r s or y, s or z;r s or z; s). We shall prove the theorem in

several steps. For a start, the following remark holds.
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Remark 4.1. Let r > 1 and let t be the usual transpose. If By, ..., B, € My(F') then
St (BY,...,BL) = (-1)/") (St, (Bi,...,B,))",

where

0 ifr=0,1(mod4)
fr) = -
1 ifr=2,3(mod4)

In the next proposition we find the minimal degree of a standard *-identity in the y;r s and y; s,

respectively.

Proposition 4.1. The polynomials Stgk(yf, e ,y;k) and Stor(yy ,- .., Ysy,) are standard x-identities
of (Myx(F),trp) of minimal degree in symmetric and skew variables of homogeneous degree zero,

respectively.
X; 0
0 X!

(2

Proof. Let Uft,..., U}t € (My(F),trp)d, where U}t = < ) and X; € My(F), for all 1 =

1,...,r. By Remark 4.1 we get

X, 0 X, 0
St, (Uf,...,UF) = Str(<01 Xt>""’<o Xt>>
1 r
(St (X1, X 0
0 St (X1,..., X))

(St (X1, LX) 0
= 0 (—1)7™) (St, (X1,.... X))

. 0
and T; € My(F), for all
0 -1}

()

Similarly, for all Uy, ..., U~ € (My,(F),trp), , where U, = (

1=1,...,r, we get

- _ i 0 T. 0
St, (Uy,...,U7) = Sty
0 -1} 0 -1
_(St(Th,... Ty) 0
0 (=1)rSt,.(T,...,TY)

_[(St(T,..Ty) 0
B 0 (=) O+ (St.(Ty, ..., T) )

Thus, St.(y;, ...,y ) and St (y; ,...,y, ) are polynomial identities if and only if St,.(X1,..., X,) =
0 and St.(T1,...,T,) = 0, where the X;s and the Tjs are k x k matrices. By Theorem 4.0.4, we ob-
tain that in both cases, St,(y;,...,y") and St.(y;,...,y, ) are polynomial identities if and only if
r > 2k. O
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In order to simplify the notation, for ¢« > 1, let S;, K; be k x k symmetric and skew-symmetric
matrices with respect to the transpose involution, respectively. Our next goal is to find the minimal
degree of a standard *-identity in the z;r s and z; s. The following lemma shows that the two cases are

strictly related.
Lemma 4.2. In (M, trp), St, (zf', .. .,Z,T) = 0 if and only if St, (zl_, . .,zr_) =0, forallr > 1.

0

Proof. Let Vi*,..., V.t € (Myx(F),trp){ where V¥ = (S

K; .
),forallzzl,...,r. If we set

C= Z (SgnU)KU(l)SJ(g) s KU(T,_l)SU(T), if r is even,
UEST

D= Z (SgnU)SU(l)KU(Q) ce SU(T_l)KU(r), if r is even,
O'EST

C/ = Z (SgHU)KU(l)SJ(z) ce Ka(r—Q)Sa(r—l)Ka(r)7 if r is Odd,
O’EST

D = Z (SgnO')Sg(l)KJ(Q) ces Sg(r—Q)KU(T—l)SJ(r)> if r is odd,
oc€eSy

. . i ) c 0\ .. . 0o C"\ .
a simple computation shows that St,(V;",...,V,) is equal to 0 D if r is even and Do if
r is odd.

Similarly, let Vi—,..., V.~

T

_ _ 0 S .
€ (Myy(F),trp); where V,© = K ol for all ¢ = 1,...,7. Then
i

_ N D 0\. . 0 D\ .. .
St.(Vi",...,V,7) is equal to if r is even and if r is odd.
0o C c’ 0

Therefore, it is clear that St,(z1,...,2) = 0 if and only if C = D = 0 if r is even, (resp.
C'=D'=0ifrisodd ), if and only if St,(z,...,2, ) =0. O

The following remark holds.

Remark 4.2. For r > 2 even, we have that C* = D.

t
Proof. C* = (Z (sen0) Ky (1)So(2) - 'Ka(r—1)50—(r)> = (sgm0) St K1y Sty Ky =

gES, oES,
=) (3800)So(ry (—Koiro1) -+ So) (= Koy) = Y (3800)Se(1) Ko@)+ So(r—1) Ko(r) =
gESy oESy

=D ]
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In the proof of the next proposition we shall use Rosset’s approach to the proof of the Amitsur-
Levitzki theorem (see [51]). Recall that the infinite dimensional Grassmann algebra G over F' is the
algebra generated by a countable set of elements {e1, e2, ...} satisfying the relations e;e; = —eje;, for
all 4, 5. It is well known that G has a natural Zs-grading G = Gy @ G1, where Gy is the span of all
monomials in the e;s of even length and G is the span of all monomials in the e;s of odd length.

We recall the following fact (see for instance [26, Lemma 1.7.4]).

Lemma 4.3. Let A be a commutative algebra over Q. If b € My(A) is such that tr(b) = tr(b?) =
<o =tr(b*) = 0 then b¥ = 0.

Proposition 4.2. The polynomials Star (27, ..., z;k) and Stop(2y, ..., 2y,) are standard x-identities
of the x-algebra (Mjy i (F),trp) of minimal degree in symmetric and skew variables of degree one,

respectively.

Proof. By Lemma 4.2 we need to deal only with St,(z],...,2").

We start by proving that St, (zfr .-+, 27T) is a polynomial identity if > 2k. Since it is well-known
that
r+1
StrJrl (561, e ,errl) == Z(—l)”lxiStr(a:l, e ,55\1‘, e ,:Er+1),
i=1

where Z; means that the variable x; is omitted (see for instance [26, Proposition 1.5.7]), it suffices to

work with standard polynomials of degree 2k.

0 K;
For1gig2k,1etw:< !

s 0 > € (Mg (F),trp)f, e; € G, the infinite dimensional Grassmann
i

algebra over F' and define
2k

a= Z Vite; € May(G).
i=1
Recalling that, for all o € Sy, €5(1) - - €o(2k) = (sgno)er - - - egx, we get that

a% = Stgk (V1+, ey V;};) €1 €eyk.
Hence, in order to prove that Sto (zf‘ - .,z;;c) = 0 it is sufficient to show that a?* = 0. For all
1<i<k,
a = Z Stzi(‘/}j, ceey Vj;)ejl Tt €y € Mgk(Go),
where the sum runs on j1,...,72 € {1,...,2k} such that j; < --- < jg;. Since the trace of a standard

polynomial of even degree evaluated in any set of matrices is zero (see for instance [26, Corollary

1.7.6]), we get that, for all 1 < i <k,

tT’(a2i) =tr Z Stgi(v;.f,...,\/;.;)ejl c €y, = Z tr (StQZ(V]—f,,VJ;)) €51 €y = 0.
J1<<Jai J1<<Jai
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) C; 0
Now, by Remark 4.2, it is clear that a? = ( ‘ Ct), where
0 ¢

()

Ci = Z Z (Sgna)KU(jl)SU(jz) T KU(]'Qz‘fl)SO'(]’Zi) €jy """ €y € Mk(GO)'
J1<<J2i 0€S2;

) C 0
Hence 0 = tr(a*) = tr
0 C!

Since Gy is commutative, Lemma 4.3 applies and we get that C, = 0. But then a?* = 0 and we are

>> = 2tr(C;) and, so, tr(C;) =0, for all 1 <i < k.

done.
In order to complete the proof we have to show that St%,l(zf, . ,z;k_l) does not vanish in
(M 1, (F), trp).
If k=1 then 2k — 1 =1 and clearly 2T £ 0.
Let now k > 2. For Vi, ..., V,t | € (Myx(F),trp){ we have

0 Ky 0 Kok 0o
Stop_1 (Vi ... ViE ) = Stop_ = :
2k-1(V) .y 2k—1 ((51 0) (5%_1 0 )) <D’ 0)

where
C'= Y (s8n0)K,(1)So(2)  * Koon-s)Soen-2Ko(r-1);
0ES2k—1
D'= " (5gn0)S,1) Ko+ So(2h—3)Ko(@r—2)Sa@r—1)-
0ES2k—1
We now specialize the matrices Si,...,S9,_1 and K, ..., Kop_1 as follows: S = ey, S =0, S3 =
€22, Sy = 0,..., Sop-3 = ep—16-1, Sok—2 = 0, Sop—1 = ek, K1 = 0, K3 = e — ea1, K3 = 0,
Ky=eo3—e30,..., Kop_3=0, Kop_o = ep_1; — exr_1. It turns out that
D'= > (sgn0)S,1)Ko(2) - Soen-3Ko@e-2)Ss@r-1) = €1k + (—=1)Fep #0
0€Sok_1
and the proof is complete. ]

By putting together these results we get the main theorem of this section.

Theorem 4.1.1. The polynomial Stor(x1,...,Tok) is a standard x-identity of minimal degree of
(M1 (F),trp) where x1,. ..,z are all symmetric or skew variables of the same homogeneous de-

gree.
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4.2 Standard identities on (M} 9/(F), osp)

Let us now consider the orthosymplectic superinvolution on My, o;(F'). We will see that the sit-
uation in this case is much more complicated than in the previous section. First, recall that the

orthosymplectic superinvolution, denoted osp, is defined by

XYOSP_IkO_lX—YtIkO_Xt 7tQ
z 1) \o @ Z T 0 Q) \Qvt —QrtQ)’

0 I
where Q = < l) and I, I; are the r x r, [ x [ identity matrices, respectively. Thus, we have
—1
X 0 ¢ .
(Mya(F), osp)d 0 T | X =X'T=-QT'Q, X € My(F), T € My(F) ¢,
X 0 "
(Mk,2l(F)7 OSp 0T T QT Q, X € Mk( ) T e Mgl(F) R
0 Y
(Mi2u(F), osp)) {(

N
<~ o

) | Z =QY", YGkagl(F)}

(Mi(F), osp) = { <O

7 0 =-QY! Ye kagl(F)}

Now we can prove the following.

Proposition 4.3. The polynomial St,(yy , ...,y ) is a standard x-identity of the x-algebra (Mj, o;(F'), 0sp)
if and only if r > max {2k — 2, 4l}.
X; 0

, X; = —X!and T; = QT!Q, for
0 T;

Proof. Let Uy, ..., U7 € (My2/(F),0sp), , where U, = (

alli=1,...,r. An easy computation shows that

B B X, 0 X, 0 Sto(X1,..., X)) 0
St (UT,...,U7) = St, = .
0 T 0 T 0 Sto(Ty,....T,)

Since the X;s are k x k skew-symmetric matrices under the transpose involution, by Theorem 4.0.7,

we get that St, (X1,...,X,) =0 if and only if r > 2k — 2.
B
At> where A, B,C € M;(F), B = B' and

A
Moreover the Tjs are 21 x 2] matrices of the kind (C’

C = C'. Hence they are skew-symmetric matrices with respect to the symplectic involution and by
Lemma 4.1, St,(T1,...,T,) = 0 if and only if r > 4.

It clearly follows that St.(y;,...,y, ) = 0 if and only if » > max {2k — 2, 4{} and the proof is
O

complete.
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In a similar way it is possible to prove the following lemma.
Lemma 4.4. The polynomial St,.(yi,...,y;") is a x-identity of (M (F), 0sp) if r > max {2k, 41 — 2} .

X; 0

Proof. Let Uy, ...,U} € (Myo(F),0sp)d, where U;" = ( 0 T
i

), X; = X! and T; = —QT}Q, for

alli=1,...,r. As in the previous proposition,

X; 0 X, 0 Sto(X1,..., X» 0
St (U ..., UF) = St, ! = (X ) .
0 T 0 T 0 St.(Th,...,T)

Since the X;s are k x k symmetric matrices under the transpose involution, by Theorem 4.0.8,

Sty(X1,...,X,) =0if and only if r > 2k.

A B
Moreover, from T; = —QT!Q, we get that the Tjs are matrices of the type (C At), where

B = —B' and C = —C"®. Hence they are symmetric with respect to the symplectic involution. By

Theorem 4.0.9, if r > 41 — 2, then St,(T1,...,T,) = 0. Thus it is clear that St.(y;,...,y;) = 0 if
r > max {2k, 41 — 2}. O

Since, as we have remarked before, 4] — 2 appears to be the minimal degree of a standard identity
on 2] x 2] symmetric matrices with respect to the symplectic involution s but we have no proof of

that, we can only state the following conjecture.
Conjecture 4.1. If St,(y{, ..., y") is a x-identity of the algebra (My 2,(F), 0sp) thenr > max {2k, 41 — 2}.

Next we analyse identities in homogeneous degree one variables of the x-algebra (M}, o;(F), 0sp).

The following lemma shows that standard *-identities in z¥s and z~s, respectively, are strictly related.

Lemma 4.5. In (My2/(F),o0sp), St, (zf,...,zf,“) = 0 if and only if St, (zl_,...,z;) = 0, for all
r>1.

0 Y

Proof. For 1 <i <, let Vf =
Qv 0

> € (Mg21(F),0sp)|, where Y; € Myyo(F). If we set

C = Z (sgnJ)Ya(l)QY;@) e YJ(T_UQY;(T), for r even,

oESy

D= Z (Sgna)QYat(l)YU@) T QYJt(r_l)Yg(r), for r even,
oESy

¢ = Z (SgnU)Y‘T(l)QYJt(Q) U YJ(T—Q)QYUt(T_l)Yg(T), for r odd,
oES),

D/ = Z (SgnJ)QYo't(l)YO'(Q) T QYO—t(r_Q)Yo—(T_l)QYUt(T), for r Odd7
oES,
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. " c o\ .. . 0 C'\ .
then an easy computation shows that St,.(V;",..., V) equals D if r is even and if
0

D 0
r is odd.
. _ _ _ 0 Y .
Similarly, for Vi~,..., V7 € (My 2(F),o0sp); , where V,” = ov' o)’ Y: € Myxo(F), 1 <i<
C 0 0o
r, we get that St,.(V;,...,V,”) equals if r = 0(mod4) or if » = 1(mod4) or
g v ) (O D) (mod4) (_D, 0) (mod4)
-C 0 0o -
if r = 2(mod4) or if r = 3(mod4).
0 -D D 0
Then St,(z{,...,2) =0 if and only if C = D = 0 if r is even, (resp. ¢’ = D' =0 if r is odd), if
and only if St,(z1,...,2.) =0. O
Proposition 4.4. The polynomials St (2], ..., ") and St.(27,...,2, ) are *-identities of the algebra
(My21(F),08p) if r > min {2kl + 1, 2k + 41} .
Proof. Due to Lemma 4.5, in order to prove the statement it suffices only to study St, (zfr, ce 2.

Let V1+, Ve (Mk72[(F),OSp)ii_ as before. By Theorem 4.0.4,
St,(Vit,..., V") =0 for all r > 2(k + 21) = 2k + 41.

Moreover, since dimp (M, 2(F), osp)f = 2kl and the standard polynomial is alternating on all of its

variables, by Proposition 1.1, we get that
St.(Vit,..., V") =0 for all r > 2kl + 1.
It follows that St.(27,...,2") =0 if r > min {2kl + 1, 2k + 41} and the proof is complete. O

2T) = 0. In this

Next we are searching for the minimal degree of a standard *-identity Str(zf sy 2y

case we have only partial results. First we observe that 2ki+1 < 2k+4l ifand only ifl =1 and k > 1
ork=1landl>1lork=2andl>1ork=3and ! =2.
We fix the following basis for (M o (F'), osp)f

{QJ—qu€M+£¢m|Lp:L”whj=k+L“wk+Lq:k+l+L“wk+ﬂ}
The following lemma holds.

Lemma 4.6. Let | =1, k> 1 and let fi,..., far. be the following elements of (My2(F),0sp){
Ji=e1kt1 —err21,-- -5 fo = €kl — kt2ks fot1 = €1ky2 T €ki1,15- -5 Sok = k2 + Chi1k-

Then exy2k+2Stok(f1,- ., for)erropt2 = (—1)F k! epio gt
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Proof. In order to obtain ejs j42 we have to start with one f;, 7 = 1,...,k and end with one f;,
jg=k+1,...,2k. Let m = fifer1fofera- - fufor be the first combination for which we obtain
ek+2k+2- 1t is easy to see that fifry1--- fifor = (—1)k er+2,k+2- Moreover, any other combination

that gives ejy9 x42 Will be of the type

Mo = fo(1)fo)+kSo@) fo@)+k o) fo(k)+k

with o € S, since in m we can permute only groups of f;fx+; among each other. We remark that

each m, has the same sign and so the proof is complete. O

With a similar argument we also get the following lemma.

Lemma 4.7. Let k=1,1>1 and f1,..., for be the following elements of (MLgl(F),osp);r
fi=ei2—eq21,.-., fi=eri41 —eur1,1, fiyr =erp2tean, ..., fa=era41 +eq11-

Then ejyo,12Star(f1, .-, fa)eryaro = =271 (L= 1) ey 49.

Lemmas 4.6 and 4.7 show that the minimal degree of the standard *-identity in case of symmetric
or skew variables of odd degree is 2kl 4+ 1if l=1and k> 1ork=1and > 1.
When k = 3 and [ = 2 a straightforward computation shows that

St.(2F,...,27) =0 if and only if r > 11.

If Kk =2and ! > 1 and when 2kl + 1 > 2k + 4l some computational difficulties arise. Then in
general, we have no information about the minimal degree of standard x-identities in odd variables.

Finally, in the next theorem we resume the results of this section.
Theorem 4.2.1. In the x-algebra (M, 9/(F'), 0sp) hold

1. St(yf .. yf) =0 if r > max {2k, 41 — 2},
2. Str(yy .-,y ) =0 if and only if r > max {2k — 2, 41},
3 Ste(2 ..., zN) =0 if r > min {2kl + 1, 2k + 41},

4. Stp(zy,...,2,) =0 if r >min{2kl + 1, 2k + 4l }.
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4.3 Polynomial identities and cocharacters of (M ;(F),trp)

In this section we consider the case of 2 x 2 matrices endowed with the transpose superinvolution.
We shall find generators for the T5-ideal of identities of (M 1(F'),trp) and we shall compute the
(n1,...,nq)-th cocharacter and the codimensions sequence c;,((Mi1(F),trp)), where F' denotes an
algebraically closed field of characteristic zero. From now on, we write (M 1(F),trp) as My 1(F).

Recall that the transpose superinvolution on M; 1 (F) is defined as

tr
a b\ (d —b
c d c a)
Clearly (M171(F))8_ =F (611 + 622) 5 (M171(F))a =F (611 - 622) 5 (M171(F))i~_ = F€21 and (Ml,l(F))l_ =
F€12.
In the following lemma we compute a basis for the T5-ideal of identities of M; 1(F). In order to

simplify the notation we denote by z any odd variable and by x an arbitrary variable.

Lemma 4.8. The Ty -ideal of identities of My 1(F) is generated by the following polynomials

ol vl e, sz, ety

Proof. Let J be the T5-ideal generated by the above polynomials. It is easy to prove that J C
Id* (M1 (F)).

In order to prove the opposite inclusion, let f € Id*(M;1(F)), deg f = n, and assume, as we
may, that f is multilinear and f € P, ., n=mn1+ - -+n4. We want to show that f is the zero
polynomial modulo J. To this end, we notice that, since [y, 2] =0, [y7,y; ] =0and y 2+ zy~ =0,

f is a linear combination (modulo J) of monomials of the type

+ + T e
yl ynl yl yn2 zll Zln3+n47

where, for £ = 1,...,n3 + n4, 2, € {zf’,...,zf{g,zl_,...,z;l}. Since zfz; = 0 and z; 2, =0 we

cannot have monomials with two adjacent z* or two adjacent z—. Hence

|n3 — n4\ S 1.

Moreover, from zfz;' =0, 2; 29 =0and y 2+ 2y~ = 0 the identities zfzz_z; — zgrz;zf' =0 and

2y z; 25 — 23 z; 27 = 0 follow. Hence in every monomial of f it is possible to reorder the variables z*

and z~. Thus, if ng = ny we obtain

e E e S S e S UV s
FE oyl yp Ui Yng 2 2 2 2 2y BYT U Y1 Yy 21 2 2o 2y 2y gy (mod ).

(4.1)

Whereas if |ng — ng| = 1, we get
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Lof=qyylypur -y 21 2 2 --233712542;*{3 (mod J), if ng =ng4+1,

2. =yl YT Yny Rt A1 2 g Zng 1 %m0 %my (mod J), if ny = nz + 1.

Suppose that f is as in (4.1). By making the evaluation yj =en1teg, 1 <i<ni,y; =en—ex,
1<j<mng 2zt =en,1 <r<mng and 25 = e2, 1 < s < ng, we get taegy + Be;; = 0. Thus
a = =0 and f is the zero polynomial modulo J. One can deal in a similar way with the other two
cases. Thus Id*(M;1(F)) = J and we are done. O

We remark that Lemma 4.8 works as far as the field F' is infinite and has characteristic different
from 2. We should also mention that Di Vincenzo in [6] determined a set of generators of the Th-ideal
of Zy-graded identities of M ;(F').

Let (A\) be a multipartition of n, (A\) = (A(1),...,\(4)), where A(i) F n;, 1 <i < 4. We shall next
compute the (ni,...,nq)-th cocharacter xyn, . n, (M 1(F)) of My 1(F). Since char F' = 0, by complete

reducibility, xn, .. ns(M11(F)) can be written as a sum of irreducible characters

Xni,ng (M1,1(F)) = Z MyXA1) @ - @ XAx4), (4.2)
(A (n1,...,m4)
where m 5, > 0 is the multiplicity of x\1) @ -+ & X@) 0 Xny,... ;s (M1,1(F)).

In the following lemmas we compute the non-zero multiplicities of such cocharacter. To this end,
we recall that the multiplicities in the cocharacter sequence are equal to the maximal number of
linearly independent highest weight vectors, according to the representation theory of GL,,. Moreover
a highest weight vector is obtained from the polynomial corresponding to an essential idempotent by
identifying the variables whose indices lie in the same row of the corresponding Young tableaux (see

Section 1.2.3 and [11, Chapter 12] for more details).
Lemma 4.9. If (\) = ((n1), (n2),0,0), with ny +na > 0, then myy =1 in (4.2).

Proof. Define the following tableaux

T\y=[112]-|m|,Tag=m+1|n+2| - |[n+na|, Thg =T =0

We notice that the polynomial a = (y; )™ (y; )" is a corresponding highest weight vector which
clearly is not a polynomial identity for My 1(F). Thus myy > 1.
It is clear that, up to a scalar, a is the only highest weight vector in variables of homogeneous

degree 0 which is not an identity of Mj 1(F'). Hence my = 1 and the proof is complete. O

Lemma 4.10. If (\) = ((n1), (n2), (n3), (n3)), with nz > 0, then my = 2 in (4.2).
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Proof. We consider the following standard tableaux

oy=|1]2]-|n |, Thag=|m+1|n+2]| - [ n+n2|,
T\gy=|ni+ne+1|ni+na+3|- |nmi+na+2n3-11,
Thxgy=|m+n2+2|ni+na+4| - | ni+na+2n3 |,

and the corresponding highest weight vector
b= (y{)™ (y1)"2 21 o2 2

It is easily checked that b does not vanish in M 1 (F).

Let also
T;\(l): Li2)---|m 7T),\(2): n+1|n+2|- | ni+na |,
T§(3): ni+mng+2 | ny+ng+4| - | np+ng+2n3 |,
T>/\(4): ni+mne+1|ny+ng+3 |- | np+ne+2n3—11,
and

V' = (i )" (yr )2 21 oo2) 2

the corresponding highest weight vector which is not a polynomial identity of M ;(F).
We claim that b and b’ are linearly independent modulo Id* (M 1(F)). In fact, if ab+ 't/ =0
(mod Id*(Mi,1(F))), for some o, ¢’ € F, by making the evaluation yf =e11 + e, Yy = e11 — e,

zfr = eg) and z; = ez we get o = o’ = 0. Hence we deduce that

Let now T,/\/(1)v TZ’/’\’(Q)7 T)’\’(g), T/’\’(4) be any tableaux where A\(1) = (n1), A\(2) = (n2), A(3) = A\(4) =
(n3) and f the corresponding highest weight vector. According to Proposition 1.7 (see [13, Proposition
0.1]) we may consider that these tableaux are filled in a standard way. We consider f to be a non-zero
polynomial modulo the identities of M; 1 (F).

Due to the identities [y*, 2] =0, [y; ,y5 ] = 0and y~z+2zy~ = 0, without loss of generality, we may

!

assume that T>/\(1) is filled with the integers 1,...,n; and T/(’(2) with the integers ni +1,...,n1 + no.
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Moreover, since zfzj = 0 and z; 2z, =0, the remaining integers n1 +n2 +1,...,n1 +n2 +2n3 can be

inserted in T/’\’(g) and T' )’\’( 1) only in two different ways: either ny +no + 21 lie in T>/\/(3) and ny+no+20—1
lie in T//\’(4), for1<l<mngorni;+ne+2—1liein T/’\/(g) and ny 4+ ng + 21 lie in T/’\’(4)7 for 1 <1 < ns.

Hence we cover either one of the above highest weight vectors and this proves that m ), = 2. O
With a similar argument, one can also prove the following lemma.

Lemma 4.11. If (\) = ((n1), (n2), (n3), (n4)), with n3 = ny +1 or ng = ng + 1, then m(yy = 1 in
(4.2).

We are now in a position to present the decomposition of the (n1, ..., n4)-th cocharacter of M; 1 (F).

Theorem 4.3.1. Let
X (ML (F)) = ) mpyxag) @+ © Xa
(ME(n1,...,n4)

be the (ni, ..., na)-th cocharacter of My1(F). Then my, = 1 if either
1) (A) = ((n1), (n2), 0, 0), n1 +nz >0 or
2) (A) = ((m1), (n2), (n3 4+ 1), (n3)) or
3) (A) = ((n1), (n2), (n3), (n3 +1)).

Also, mpy = 2 if (A) = ((n1), (na), (n3), (n3)), ng > 0. In all other cases my, = 0.

Proof. Since dim(M;1(F))§ = dim(M;1(F))y = dim(M;1(F)){ = dim(M; 1 (F));] = 1 any poly-
nomial alternating on two symmetric or skew variables of the same homogeneous degree vanishes in
M1 (F) (see Proposition 1.1). This says that, if f is a highest weight vector, f ¢ Id*(Mi1(F)),
then the corresponding tableaux cannot have more than one row. The conclusion of the theorem now
follows from Lemmas 4.9, 4.10 and 4.11. [

We conclude this section by computing the *-codimensions sequence of M 1(F').
We recall that, if A is a x-algebra, then by (1.3),

STTEED DI (RN Ao

ni+--+ng=n

where Cfu,...,m (A) = dimp Prtl,‘..,m;(A)' Since Xn1,...,n4(A) = Z<>\>Hn1,...,n4) MyXA(L) @ - @ Xa@4) is
the (S, x -+ x Sy, )-character of P, (A), then c;;, (A) = deg xn,,..ni(A). But

yeees N4 yeees T4

deg Xny,.ma(A) = D mpydegxa) - deg X
(MF(n1,...,n4)
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and deg x ;) = 1, for 1 <i < 4. Hence, by Theorem 2.1.2 we get

cp(Mia(F)) = Z <n1 n n4) deg Xny ,...,nq (M1,1(F))

ni+-+ng=n

n n n
Z (n17n27070) * Z <n17n2,n37n3> * Z (n17n2,n3,n3 - 1)

ni+nz=n ni+ng+2n3=n ni1+ng+2nz—1=n
ngz>0 n3>0

15] 51
1 . 1 )
= TR e o) =2 D4 2) Gy e = 1) (0= 2042),
2 2 G

where | | and [ ] stand for the floor and ceiling functions, respectively. Moreover it can be checked
that
¢t (My 1 (F)) ~ an®4",

for some a, k > 0.



90

Standard identities on matrices with superinvolution




Bibliography

1]

[10]

J. M. H. Adamsson, The standard polynomial as an identity on symplectic matrices, M. Sc.
thesis, University of Ottawa (1992).

E. Aljadeff, A. Giambruno and Y. Karasik, Polynomial identities with involution, superinvolution

and the Grassmann envelope, preprint.

A.S. Amitsur and J. Levitzki, Minimal identities for algebras, Proc. Amer. Math. Soc. 1 (1950),
449-463.

Yu. A. Bahturin and M.V. Zaicev, Graded algebras and graded identities, Polynomial identities
and combinatorial methods (Pantelleria 2001), 101-139, Lecture Notes in Pure and Appl. Math.
235, Dekker, New York, (2003).

Yu Bahturin, M. Tvalavadze and T. Tvalavadze, Group gradings on superinvolution simple su-
peralgebras, Linear Algebra Appl. 431 (2009), no. 5-7, 1054-1069.

O. M. Di Vincenzo, On the graded identities of My 1(E), Israel J. Math. 80 (1992), no. 3,
323-335.

O. M. Di Vincenzo and V.R.T. da Silva, On x-cocharacters of My 1(E), J. Pure Appl. Algebra
217 (2013), no. 9, 1740-1753.

O. M. Di Vincenzo and P. Koshlukov, On the *-polynomial identities of M 1 (E), Israel J. Math.
186 (2011), no. 3, 262-275.

O. M. Di Vincenzo and V. Nardozza, On the x-polynomial identities of a class of *x-minimal
algebras, Comm. Algebra 38 (2010), no. 8, 3078-3093.

V. Drensky, Polynomial identities for 2 x 2 matrices, Acta Appl. Math. 21 (1990), no. 1-2,
137-161.

91



92

Bibliography

[11]

[12]

[13]

[14]

[15]

[16]

[19]

[20]

[21]

22]

V. Drensky, Free algebras and Pl-algebras, Graduate course in algebra, Springer-Verlag Singa-
pore, Singapore, 2000.

V. Drensky and A. Giambruno, Cocharacters, codimensions and Hilbert series of the polynomial

identities for 2 x 2 matrices with involution, Canad. J. Math. 46 (1994), no. 4, 718-733.

V. Drensky and T. Rashkova, Weak polynomial identities for the matriz algebras, Comm. Algebra
21 (1993), no. 10, 3779-3795.

A. Giambruno, A. Ioppolo and D. La Mattina, Varieties of algebras with superinvolution of

almost polynomial growth, Algebr. Represent. Theory 19 (2016), no. 3, 599-611.

A. Giambruno, A. Toppolo and F. Martino, Standard polynomials and matrices with superinvo-
lutions, Linear Algebra Appl. 504 (2016), 272-291.

A. Giambruno and D. La Mattina, Pl-algebras with slow codimension growth, J. Algebra 284
(2005), no. 1, 371-391.

A. Giambruno, D. La Mattina and V. M. Petrogradsky, Matriz algebras of polynomial codimen-
sion growth, Israel J. Math.158 (2007), 367-378.

A. Giambruno, D. La Mattina and M. Zaicev, Classifying the minimal varieties of polynomial
growth, Canad. J. Math. 66 (2014), no. 3, 625-640.

A. Giambruno and S. Mishchenko, Polynomial growth of the x-codimensions and Young dia-
grams, Comm. Algebra 29 (2001), no. 1, 277-284.

A. Giambruno and S. Mishchenko, On star-varieties with almost polynomial growth, Algebra
Colloqg. 8 (2001), no. 1, 33-42.

A. Giambruno, S. Mishchenko and M. Zaicev, Polynomial identities on superalgebras and almost
polynomial growth, Comm. Algebra 29 (2001), no. 9, 3787-3800.

A. Giambruno and A. Regev, Wreath products and P.I. algebras, J. Pure Appl. Algebra 35
(1985), no. 2, 133-149.

A. Giambruno, R.B. dos Santos and A.C. Vieira, Identities of x-superalgebras and almost poly-
nomial growth, Linear Multilinear Algebra 64 (2016), no. 3, 484-501.

A. Giambruno and M. Zaicev, A characterization of algebras with polynomial growth of the
codimensions, Proc. Amer. Math. Soc. 129 (2001), no. 1, 59-67.



Bibliography 93

[25]

[26]

[27]

A. Giambruno and M. Zaicev, Asymptotics for the standard and the Capelli identities, Israel J.
Math. 135 (2003), 125-145.

A. Giambruno and M. Zaicev, Polynomial identities and asymptotic methods, AMS, Math. Surv.
Monogr. 122 (2005).

C. Gomez-Ambrosi and 1.P. Shestakov, On the Lie structure of the skew elements of a simple

superalgebra with superinvolution, J. Algebra 208 (1998), no. 1, 43-71.

A. Toppolo and D. La Mattina, Polynomial codimension growth of algebras with involutions and
superinvolutions, J. Algebra 472 (2017), 519-545.

J. D. Hill, Polynomial identities for matrices symmetric with respect to the symplectic involution,
J. Algebra 349 (2012), 8-21.

J. P. Hutchinson, Fulerian graphs and polynomial identities for skew-symmetric matrices,

Canad.J. Math. 27 (1975), no. 3, 590-609.
V.G. Kac, Lie superalgebras, Advances in Math. 26 (1977), no. 1, 8-96.

A. R. Kemer, T-ideals with power growth of the codimensions are Specht, Sibirskii Matematiskii
Zhurnal 19 (1978), 54-69 (in Russian); English translation: Siberian Math. J. 19 (1978), 37-48.

A. R. Kemer, Varieties of finite rank, Proc. 15-th All the Union Algebraic Conf., Krasnoyarsk,
Vol. 2, p. 73, (1979), (in Russian).

P. Koshlukov and D. La Mattina, Graded algebras with polynomial growth of their codimensions,
J. Algebra 434 (2015), 115-137.

B. Kostant, A theorem of Frobenius, a theorem of Amitsur-Levitski and cohomology theory, J.
Math. Mech. 7 (1958), 237-264.

D. Krakowski and A. Regev, The polynomial identities of the Grassmann algebra, Trans. Amer.
Math. Soc. 181 (1973), 429-438.

D. La Mattina, Varieties of almost polynomial growth: classifying their subvarieties, Manuscripta
Math. 123 (2007), no. 2, 185-203.

D. La Mattina, Varieties of algebras of polynomial growth, Boll. Unione Mat. Ital. (9) 1 (2008),
no. 3, 525-538.

D. La Mattina, Characterizing varieties of colength < 4, Comm. Algebra 37 (2009), no. 5,
1793-1807.



94

Bibliography

[40]

[41]

[42]

[43]

[44]

[49]

D. La Mattina, Polynomial codimension growth of graded algebras. Groups, rings and group

rings, 189-197, Contemp. Math., 499, Amer. Math. Soc., Providence, RI, 2009.

D. La Mattina and F. Martino, Polynomial growth and star-varieties, J. Pure Appl. Algebra
220 (2016), no. 1, 246-262.

D. La Mattina, S. Mauceri and P. Misso, Polynomial growth and identities of superalgebras and
star-algebras, J. Pure Appl. Algebra 213 (2009), no. 11, 2087-2094.

D.V. Levchenko, Finite basis property of identities with involution of a second-order matric
algebra, Serdica 8 (1982), no. 1, 42-56.

J. N. Malcev, A basis for the identities of the algebra of upper triangular matrices, Algebra i
Logika 10 (1971), 393-400.

S. Mishchenko and A. Valenti, A star-variety with almost polynomial growth, J. Algebra 223
(2000), no. 1, 66-84.

C. Procesi, The invariant theory of n xn matrices, Advances in Math. 19 (1976), no. 3, 306-381.

M.L. Racine, Primitive superalgebras with superinvolution, J. Algebra 206 (1998), no. 2, 588—
614.

M.L. Racine and E.I. Zelmanov, Simple Jordan superalgebras with semisimple even part, J.
Algebra 270 (2003), no. 2, 374-444.

Yu. P. Razmyslov, Identities with trace in full matriz algebras over a field of characteristic zero,

Izv. Akad. Nauk SSSR Ser. Mat. 8 (1974), 723-756.
A. Regev, Ezistence of identities in A ® B, Israel J. Math. 11 (1972), 131-152.
S. Rosset, A new proof of Amitsur-Levitski identity, Israel J. Math. 23 (1976), no. 2, 187-188.

L. H. Rowen, Standard polynomials in matriz algebras, Trans. Amer. Math. Soc. 19 (1974),
253-284.

L. H. Rowen, Polynomial identities in ring theory, Academic Press, New York (1980).

L. H. Rowen, A simple proof of Kostant’s theorem, and an analogue for the symplectic involution,
Contemp. Math. 13 (1982), 207-215.

R. G. Swan, An application of graph theory to algebra, Proc. Amer. Math. Soc. 14 (1963),
367-373.



Bibliography 95

[56] R. G. Swan, Correction to ”An application of graph theory to algebra”, Proc. Amer. Math. Soc.
21 (1969), 379-380

[57] A. Valenti, The graded identities of upper triangular matrices of size two, J. Pure Appl. Algebra
172 (2002), no.2-3, 325-335.



