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0.1 Introduction

One of the main reasons of the falling out of the high-duty catructions is the
appearance of defects (such as aws, cavities, etc.) as aukesf their continu-
ous exploitation. These defects results in the strength Is®of the construction
material and, in the extreme case, can cause their partial somplete destruc-
tion. Quite a number of scienti ¢ works are dedicated to the @ck theory, but
in actual practice the simple engineering solutions, whicbnable to identify
the appearance of the defects on its early stage and carry dbeir evaluation,
are used more often.

Non-destructive testing of materials represents common @b of detection
of such types of defects. In the early fties of the 20th centy, in addition
to the surface sensing, the x-ray method was developed, whis based on
the radioactive isotopes. Afterwards, the ultrasonic apmach was evolved. It
uses frequencies with short wave-length, which, thanks tbeir high velocity of
propagation in metals and high frequency of oscillations,gpmits to recognize
small-size defects. Nowadays, ultrasound non-destruaitesting is one of the
most e cient and frequently used methods of strength evalugon of modern
materials.

It is based on probing items by generating high-frequency I& known as
ultrasound) elastic waves. The ultrasonic waves propagaite the sample under
evaluation before they arrive at the boundary of defects. Dects arise in the
considered sample and in most cases may represent varyingeg of system
of cracks. The propagating ultrasound waves diract (inteact) with defects
and after that change their own characteristics. If placed rothe boundary
of the considered material the ultrasonic transducer allasvone to record the
scattered wave eld (see Fig.1), then the change in wave claateristics can be

used to analyze the image of the internal defects.
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Figure 1: Ultrasound non-destructive testing

Currently, detection of the aws position is considered to b a solved prob-
lem. From the time-of- ight information of the ultrasonic signal one can pre-
dict the location of defects with a high accuracy. The determation of the
crack form is not so trivial task and nowadays theoretical searches of the
described problems cannot be realized within the framewod any accurate
model because the arising equations cannot be solved in réale even on mod-
ern computers. Practically, important three-dimension poblems, especially in
the high-frequency range of vibration, demand too huge comfer resources.
The methods of acceleration of the computations described literature can
be applied only to single defects of canonical form (planeytsere, wedge, etc.).
In generic case it is necessary to analyze diraction integls on huge nets,
because one needs to take at least 10 nodes per each wavelentitis clear,
that with the frequency rise the number of nodes in such strght numerical
methods increases considerably. It leads to the instabilitof the calculation,

as well as to intolerably large span time. It is also known thaanalytical



LIST OF TABLES

expressions lose their accuracy at medium high frequencyt id particularly
noticeable in the case of a large order of multiple propagati, because in this
case the divergence of the ultrasonic wave beam becomes gustbstantial.
Eventually, the comparison of asymptotic formulas with thedirect numerical
methods is possible only for rather high frequency, wheres & was mentioned
above, the e ciency of the known direct numerical methods daease due to
the huge size of the computational mesh. It is obvious that thexisting com-
putational methods, described and reported in the literatte, cannot perform
calculation in mentioned ranges of changing physical progies, which occurs
in the practice of ultrasonic nondestructive testing. In tls connection it is
urgent to design numerical algorithms which can be appliediireal time for
extremely high frequencies.

In the meantime, at the present day, many scientists look farard to the
supercomputers and multiprocessor devices, which wouldaaV to parallelize
the problem and to solve it in a reasonable time. However, delopment of
the fast numeric algorithms, adapted to the problem, can bld up the nec-
essary foundation for the creation of portable devices, wii could solve the
problem on-y, without having to pass measured data to thecomputation
centre. Especially, as the fast progress in the electroniesgineering during
past few decades has resulted in so well developed moderntglole devices
which become comparable by their parameters with ten-yeadd PCs

The main aim of the current research is concerned with the delopment of
fast numerical algorithms, which take into account the phyiss of the ultrasonic
aw detection, and also the adaptation of some already-exiag algorithms to
the needs of the engineering practice.

Mathematically, recent methods of solving the dynamic crctheory prob-
lems and ultrasonic non-destructive testing reduce them tboundary inte-

grals and integral equations taken over the surface of the msidered defects.
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The well known standard numerical methods are suitable forhis equation.
But , as mentioned above, in the three-dimensional problemgspecially in
high-frequency range of vibration, the computation reques huge computer
resources even on present-day computers. On the other hatite integrals in
similar problems can be reduced to a form permitting appli¢en of the fast
Fourier transform (FFT). Thus, in the present research we @pose to use fast
algorithms, which will allow us to signi cantly reduce the @mputational time
for the elastic stress elds and to improve theoretical and umerical methods
of strength evaluation of materials in the case of accumulan of cracks and
other defects.

Another aspect, which we would like to emphasize in the cumework, is
a mathematical clarity of the numerical algorithms. This isdue to the fact,
that fast algorithms, which are well developed in the compational mathemat-
ics, are often connected with too complicated mathematicabols, and their

application is not so simple for non-specialists.

0.2 Content of the work by chapters

Logically, the current dissertation is constructed in sucta way, that we pass
from the simple model problems to the complex one, which aréose to the
physical reality.

In the rst chapter we propose a new alternative method, baskon reduc-
tion of di raction integrals and boundary integral equations of elastic dynamic
cracks theory to the forms, which permit application of the FT. This approach
demands a special change of variables, based on a speci arfaf the phase
function. Then, reduction to a form which permits applicaton of the FFT
based on some e cient semi-analytic realization of this chage of variables.

Finally, the computation of elastic wave elds can be perfaned in real-time
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on personal computer. The developed algorithms allow us tolge this problem
in the extremely high-frequency range. We apply this methotb solve di rac-
tion problem for plane rigid screen in the high frequency raye. Derivation of
the di raction integral is based on Kirchho 's physical di raction theory. It is
shown, that the developed method allows us to signi cantlyeduce the time
of computation, keeping the accuracy of direct numerical nigods.

The second chapter is devoted to the application of similarethnique in
the contact problems. Mathematically, such problems can hteeated in terms
of some integral equations of the rst kind. The numerical teatment of such
problems is based on the application of various numerical theds, that means
the change of initial integrals by nite-dimensional ones.At the same time,
integrals in such problems expressed in discrete form can bensidered as a
convolution of two signals that allows us to use the propertpf the discrete
Fourier transform, also known as the convolution theorem. Aus, the Fourier
transform of the unknown function is expressed as a Fourieransform of the
right-hand side of the integral equation and the kernel of tegral operator.
After this evaluation we only need to estimate the inverse émsform to nd
the unknown quantity. The fast Fourier transform method is sed to reduce
signi cantly the time of calculation for the proposed algoithm.

At the end of the chapter we demonstrate an application of thacceler-
ated iterative conjugate gradient method in the crack prol@m in the porous
elastic plane, by using the model developed by Nunziato ando@in. With
the help of Fourier transform the problem is reduced to an iefgral equation
over the boundary of the crack. Some analytical transformettns are applied
to calculate the kernel of the integral equation in its exptiit form. We perform
a numerical collocation technique to solve the derived hypsingular integral
equation. Due to convolution type of the kernel, we apply, aeach iteration

step, the classical iterative conjugate gradient method imombination with
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the fast Fourier technigue, to solve the problem in almostriear time. Some
numerical examples for materials of various values of poitysare presented.

In the next chapter the new iterative approach for di raction problems on
the obstacles with arbitrary shape is developed. When the @iolem is reduced
to the integral equations via Boundary Integral Equation (BE) method and
then discretized, this leads to the linear algebraic systemith the dense matrix
which can be solved by classical Gauss-elimination methatd®(N 3) arithmetic
operations , whereN is the size of the matrix. However, such matrices have
special structure which permits e ective algorithms of matix-vector multipli-
cations in such a way that it needs only linear instead of quaatic arithmetic
operations. Thus, such types of techniques are used in it schemes where
matrix-vector multiplication is the most expensive compuational operation. If
the iteration scheme converges rapidly, then the total cogb solve the initial
problem is nearly linear depending on the size of the mesh. @%e compression
methods are well studied, so we are concentrating on a certamprovement
of the iterative schemes. We develop new iterative algoritis where on each
iteration step one should solve an approximated problem wita special ma-
trix. This is performed in such a way, that the initial matrix becomes Toeplitz
after having applied this approximation. In the case of stalike obstacles it
can be done analytically by constructing a linear algebraisystem on the cir-
cle. In this case the matrix is circulant and the form of its eact inversion is
known and can be achieved by applying fast Fourier transfornvhich requires
O(N log(N)) arithmetic operations. In the case when the obstacle has neor
general form, the approximate matrix is computed numerichl by a certain
averaging procedure. Then a conjugate gradient method is @lfed to solve
the approximate system with the Toeplitz matrix by nearly Inear amount of
arithmetic operations.

In the last chapter, similar idea to construct the iterationscheme is applied

6
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in the di raction problem for the system of linear obstacles The problem
is reduced to a system of boundary integral equations, whidmre discretized
by applying the Belotserkovskii-Lifanov method. In discree form, a nite

number of systems with Toeplitz matrices (the number of sysms is equal to
the number of barriers) are solved at each iteration step bypalying the fast
bi-conjugate gradients method with preconditioning. The lgorithm is tested

on several geometries, and its convergence in these casesayzed.



Chapter 1

An e cient numerical algorithm
for one-dimensional di raction

Integrals

1.1 Introduction

First steps in the eld of the fast computations are historially connected with
the operation of the matrix-vector multiplication. The wel-known paper by
Cooley-Tukey [1] on the algorithm of the fast Fourier transirm (FFT), has

greatly in uenced the modern computational world, and nowdays it is widely
used in di erent elds. Formally, this operation can be conglered as the fast
multiplication of the Fourier matrix, which represents theVandermond matrix
of the special form, on the vector [2,3]. Further, we will refr in detail on
this representation. In the present chapter we will considehe FFT in the

classical formulation as nite series. Another example, @t we would like to
mention here, is the fast multipole method (FMM) developedyRokhlin in his

works [4 6]. This algorithm also represents fast matrix-vetor multiplication,
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but in contrast to FFT, such approach is approximate. Thesewo mentioned
methods di er from their predecessor in the fact, that they dow one to re-
duce the number of required operations from classical? for matrix-vector
multiplication to almost N operations.

The ideas of application of the FFT algorithm for evaluationof di raction
integrals arising in acoustical problems were discussedworks [7,8]. Here we
propose an alternative approach. To this end, let us show hawathematical
model which describes the wave process of interaction of teéastics waves
with cracks can be adapted to the possibility of the FFT apptiation. In fact,
integrals arising in these types of problems, are very sirail in their structure
to the form on which one can apply the fast Fourier transform. At least,
such interpretation is possible after some substitutionsfdhe variables. To
this aim, there was developed an e cient semi-analytic metbd of reduction
of di raction integrals to a form permitting the application of the FFT. It is
based on a special transform of coordinates adapted to cuntéype of the phase
function. It requires the combination of analytical and nunerical methods.

As a result of application of the proposed method the cost ofumerical
computation of the current problems will be reduced practally by the order
of mesh dimension, because, as already mentioned, any dinegmerical cal-
culation of integral requiresN 2 operations, but the proposed technique takes
only N log(N) operations, whereN is the mesh dimension. Such a method
is e cient in the high-frequency range of vibration, which s typical for wave
problems of ultrasonic non-destructive testing. The devepbed method and
the connected numerical algorithm are applied to the probfes of di raction

of ultrasonic waves by linear cracks.
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1.2 Application of FFT to the diraction by a

plane hard screen in echo-case

1.2.1 Formulation of the problem

To demonstrate the proposed method, we consider the planavd-dimensional
problem of di raction of the ultrasonic waves by the crack inan elastic isotropic
material. As a rst approximation, we assume that the crack aits initial stage
of growth is given by a nite interval (say, | long). Suppose thatitis planar. We
relate rectangular coordinate systen®xy to this interval, so that the origin of
coordinates coincides with the beginning of this intervagnd the horizontal axis
is directed along the length. Then we locate the ultrasounchdiation source
S(Xs;Ys) at some distance from crack in this coordinate system. Monear, in
the present example, we will consider the case when the saiend the receiver
of the sound signal match that corresponds to the echo-sound when both
sensors are integrated into a single device (see Fig.1.1)should also be stated
that the echo method is one of the most popular, taking about®% of the total
measurements performed.

We will seek the scattered pressure eld, considering the @he and position
of the crack to be given, as well as incident wave to be known. dveover, we
assume that all the wave processes are harmonic, so the timaetor € " will
be omitted in the subsequent calculations (wherk is the angular frequency).
Technically, the issue at hand is not the object of ultrasonitesting, but it will
help to understand how high-frequency di raction integra¢ can be adapted to
the use of fast methods.

We consider this problem (as well as the following examples) the frame-
work of linear acoustics, and the pressumgwill be the main wave characteristic

of the acoustic eld. According to this model, the total perurbed wave eld

10
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y

Ys

0 X

Figure 1.1: Diraction by the plane screen in echo-case

can be represented as the sum of the direct and re ected signaespectively
p= p"® + p%[9,10]. We assume that the cylindrical acoustic wave
eikr

pre = % (1:1)

Is sent from the sourceS, wherei is the imaginary unit, r is the distance from

the source to the screen, which is expressed by the formula P (Xxs! )2+ yE,
and k is the wave number connected with the wavelength by the ratio
k = 2 = . Given the ultrasonic waves are short wavelength, the paraater
k is large (recall that = c=f wherec is the speed of sound in the medium,
andf its temporal frequency).

Firstly, let us consider the case when the source-receiverthe signal lies
outside the interval [O; 1], say to the right of it (i.e., xs > ). It is convenient to
demonstrate the logic of the solution, leaving the transpancy of mathematical
calculations, since in this case the distance functianincreases monotonically.

Next, we show how this case can be generalized to an arbitrgrgsition of the

11
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sourcesS.

The physical Kirchho diraction theory can be applied for t he ultrasonic
waves with large wave number [11]. This model is convenienetause it im-
mediately gives an expression for the re ected signal at theeceiver using the

integral formula of the incident wave

Z, @
p>© =2 . p"° @]d (1:2)
where is the Green's function andn - normal to the surface. Thus, to nd
the unknown function it is su cient to integrate the equation (1.2).
Given that [9] in the two-dimensional acoustic case the Graes function is

expressed in terms of the Hankel function of the rst kind, neely
(= HO k) (1:3)

which in its asymptotics for large argument (in our high-frquency caser >>

1) can be expressed in terms of exponential function [12]
r—

2 . _ 2 :
H(l) kr _C dkrt =4 gk 1:4
o (kr) Kr m (1:4)
whence it follows that
(1) bl g (1:5)
4 kr

Normal integration can be represented as

. p_. . P
@ _@ @r (itl)ys gy, r(k! 1=2r)) (i! 1ys Kk g .
en” @@n 4Lk z PP (49

Substituting this expression in equation (1.2), we obtaintte integral represen-

tation for nding the unknown pressure eld

z .
il _ = Q2ikr
e ;plkpk izd (1:7)

0

From this equation one can obtain the exact solution with stadart nu-

merical methods. However, due to the points given in the intduction, this

12
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approach would be time-consuming. To implement the propodelternative
approach based on the use of the FFT method, we make the foliog change

q q
=xs! r2! yz =1 r= r2! yidr (1:8)

which transforms the foregoing equation to

2ikr

Pp—
psc — gg—lyspERp xZ+y3 pe dr =

(xs! N2+yZ r r21y2 .
iL1 pEeZika x5+yg! a ] ne?k ) (1:9)
AR 0 (+a) (+a2 3
h = | . = p ] | 2 4+ 2
where =r! a;a= (xs! I)2+ ys.

We assume that the wave number is given by a large initial vady i.e. k =
ko+ . Introducing, for convenience, constanf and denoting the subintegral

function through u( )

i1 P g?lko
A= = K; u( )= p— 1:10
P=Ys () (v (Tl %2 (1:10)
we obtain the nal form of the integral equation
. zP xg+ys! a .
pP() = Ae?lor) 2 u( ) d (1:11)

0

suitable for reduction to the discrete Fourier transform.

1.2.2 Numerical treatment

For the numerical solution of the equation (1.11) we introdce a uniform spaced
grid of N nodes , =(n+1=2)h;n=0;1;::;;N ! 1 with a constant pitch on
the interval of integration h = (IO W! a)=N. Then, the rst integral can
be approximated by the approximate integral sum:

z P

Aga X 1 |
u()e? d h  u(.)e v (1:12)

0 n=0

13
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If we take the countable set of wave numbers as

m = p%; (m=0;1:;N! 1) (2:13)
Xg+ys! a

then it easy to see, that the integral in the equation (1.12)apresent a standard
expression for the FFT [13], which according to the ideologyf the FFT can

be calculated for allN simultaneously, i.e. for all wave numbers. The nal
expression of the pressure of the re ected wave will be thellfawing

11
Py hAe?lor miad mh —y g2mN = hNAeZker mag mhERET! Iy,
n=0
(1:14)
Further, this problem is calculated numerically. Note that unlike the existing
approximate methods of matrix-vector multiplication, theapproach presented

here is accurate.

1.2.3 Analytical solution

In the case where the source abscissa coincides with the eridhe interval

(xs = I), in the subintegral function u( ) there is root singularity at the lower

end of integration sincea = ys and correspondingly
ko

u( )= P
( +Yys) (ys)?+2ys

(1:15)

The application of L'Hopital rule shows that u(0) = 0. Nevertheless, using
this feature, the problem can be solved analytically. We takthis feature into

a single integral.

Z, .
ek 1 1 1 T he

= p—pr— - d + = —d 1:16
P Coye)® w2y ye 2 yso2 0 P7 (1:19)

0

wherelL = g X2+ y2! ys.

14
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The second integral in the equation (1.16) can be represedten standard
integrals. For this purpose we represent the exponential @assum of trigono-

metric functions

z z
L ik L L o
fe;—d - coA )y g singZk), (1:17)
0 0
Replacingz = 2k we observe that the resulting integrals
Z, r r
ol Cos(z)dz+ ot EBde = _Cy2kL)+ i —Sy(2KL)
2k o 2k o k k
(1:18)
represent the sum of the Fresnel integrals, which are givery b
Z, Z, .
Ca(x) = plz_ Cos(t)dt Sy(x) = plz_ S g (1:19)
0 0

For these integrals there is a good rational approximatiorlp]

q_— q_— q_—
Cy(2kL) = C 2q K =1l+q 2q KL sin(2kL)! ¢ 2q KL cog2KL)

S,(2kL)=S 2 K =11 g 2 K coq2kL)! g 2 K- sin(2kL)
(1:20)

Therefore, using the Fresnel integrals, we rewrite the desd pressure of the

N

re ected wave in a compact form

aiky s (C2(2KL) + ISz(ZkL))
YS 2k

p*(k) Ae (1:21)

1.2.4 Generalization for arbitrary position of the inducto r-

receiver system

Similarly, the analysis is done in the case where the abseissf the source-
receiver is above the screen (see Fig.1.2). The main di ex@nis the fact that

the integrand function becomes piecewise smooth, as in thease, after the
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change of variable (1.8), the integration interval is spliinto two sub-intervals

i1 p pr (xs! N2+y3 2k

SC | h —
g P Ys K pX%w% ror2ly2 ar
) p_ Rp <3 ik Rp T NZeu? )
— iyl X5+ys pedikr (xs! 2+yg 2k — 1:22
A T P & (1:22)

. RP % .
= ?ijs k Vs X5+ Y3 U(I’)E‘akr dr

where, the piecewise smooth function was introduced for tli®nvenience

8
2202 2y (xel N2+
u(r): rorelyg

P C N e ey

)
ra1 y2

(1:23)

For de niteness, we assume. (xs! N2+yZ < P xZ + yZ (i.e., the sound
source is located to the right of the center of the screen). €h all the ar-
guments repeat exactly the previous case and dier only in mme complex
derivation of Fresnel integrals. The nal form of the analytcal solution is as
follows

sy (Co(2KL) + Ca@KL1) + i(So(2KL) + Sp(2kL1)"

>C(k) Ae
p>*(K) y5P2k

(1:24)

wherelL, = P (xs! )2+ y2! ys.

1.2.5 Numerical results

The comparative analysis of the results of fast numerical tiegration of the
equation (1.14) (denoted as numeric 2 in the gures) with a explicit asymp-
totic solution (1.21),(1.24) of the problem (in the case whethe sound source
is located above the screen) shows good convergence of th@ppsed method.
Numerical experiments have also shown that the accuracy dadlculation of the
integral from the formula (1.14) almost coincides with the glect numerical

integration of the equation (1.7)(denoted as numeric 1 ithe gures). Thus,
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0 X

Figure 1.2: Diraction in the case when source-receiver is laove the screen

when the number of the nodes il =29 = 1024 FFT method di ers only in
the third decimal place, which is re ected in the graph 1.3.

In the calculation of the pressure dependence of the horizahcoordinates
of the source the following parameters were takerl: = 5mm, ys = 35mm,
N =219 =1024, c = 5940m=s (which corresponds to the propagation velocity
of sound in steel). At frequencies beloww 1MHz the in uence of the aw
does not essentially change the magnitude of the re ected gssure. This is
logical from the physical point of view, because this waverigth is almost equal
to the size of the crack and there are not any di raction e ecs in fact. This
fact is well known to experimenters who use high-frequensi¢o detect small
aws. Obviously, because of the symmetry of the problem, thenagnitude of
the pressure modulgpj of the re ected eld to the left of the interval will
coincide with the eld in the symmetric point to the right of it.

In practice, the ultrasonic amplitude variation under the \ariations of fre-
guency over a wide frequency range, i.e. the so-called arydie-frequency
characteristic (AFC) is sometimes measured. The correspaing analysis for
the di erent number of nodesN = 2M is shown in Figures 1.4 1.6. In the

calculations the same parameters as the previous exampleravéaken, how-
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Figure 1.3: Pressure dependence of the horizontal coordites of the source [ =

5mm, ys = 35mm, N =210 =1024, ¢ =5940m=s)

ever, the abscissa of the source was xed als = 20mm. Figure 1.4 shows
the graphs in the frequency rangé 1MHz ! 10*°MHz. It can be seen
that the direct numerical calculation from formula (1.7) ata certain frequency
becomes unstable, which is re ected in the strong oscillatns of the solution
at high frequencies. This is due to the fact that the grid of te input nodes is
too small for such an oscillating function. It is evident tha more dense grids
should be used at higher frequencies. However, the calcigat on the modi ed

formula (1.14) on the same grid falls in agreement with the kdion "later",

l.e. for higher frequencies. Moreover, this solution doestoscillate. This can
be explained by the nature of the discrete Fourier transformwhich typically

converts the signal from a time-frequency range (where therfction is oscil-
lating ) into the amplitude-frequency range, where the sigl is represented by

a more regular function. The di erence of the approximate "gtical" frequen-
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Table 1.1: Comparison of executional time uporN

number of method “critical"  executional

nodesN = 2M frequencies time (ms)

N =28=256 Straight 2:09 1¢° 91 188
FFT 2:46 10° 0.50.8

N =29=512  Straight 4:78 10° 500624
FFT 5:66 10 1.22.12

N =219=1024 Straight 108 10° 827 1134
FFT 1:28 1P 2335

N =211=2048 Straight 1.93 1¢° 5939 6510
FFT 2:22 1P 497.4

N =2%2=4096 Straight 4:27 1¢° 29182 29801
FFT 501 10° 11.416.4

N =213=8192 Straight 9:11 10° 116285-127518
FFT 1.07 10 21.835.2

cies above at which the solution begins to diverge, for therdict numerical
integration and the proposed method is shown in the compaigé table 1.1.
It is evident that in the case of numerical integration if we drside the screen
into N nodes and perform calculations foN di erent frequencies, then the
direct evaluation of integral (1.7) would requireN? operations, whereas the
fast Fourier transformation results in N logN operations. For example, for
N = 219 =1024 the di erence in speed of calculation isN 2=(N logN) = 102:4.
With increasing frequency the e ect of the FFT grows exponerally. This is
also re ected in table 1.1.

Note that the frequency step depends only on the location ohé source-

obstacle, and the maximum calculated frequency also dependn the number

19



CHAPTER 1. An e cient numerical algorithm for one-dimensional
di raction integrals
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Figure 1.4. Modulus of the scattered wave pressurgpj versus wave numberk in a

wide range

of nodesN. The range given in the previous graph is the direct conseque
of this fact. It is evident that most of the solutions are not 6 practical interest
since they refer to the hyper-sound. The range of the ultras waves is de ned
asf 1MHz! 10°MHz. The graph for the range is shown in gure 1.5. The
gure shows that the number of nodes which equals! = 10; N =2M =1024
approximates well the frequency domaifi 1MHz ! 500MHz. This range
is shown in more detail in the graph (1.6). To reduce the gridpacing on the
frequency parameter the distance between the sound souraedathe screen
should be increased, which is probably the only drawback ohe proposed
method.

It is signi cant that the use of the FFT provides a solution fa all wave
numbers only in N log(N) operations without any approximations. In this

respect, this method is equivalent to the direct numerical alculation of the
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Figure 1.5: Modulus of the scattered wave pressur@)j versus wave numberk in

ultrasound range f 1MHz ! 10®MHz)
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Figure 1.6: Modulus of the scattered wave pressurgj versus wave numberk in the

range of frequency betweed MHz and 500MHz)
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equation (1.7).

1.3 Extension to the case of spaced source and
receiver

In practice, the sound source does not always coincide withd sound receiver.
For example, in "end-to-end" test of the walls of the buildilg, the source is
located on one side of the wall, and the receiver on the backeonTherefore,
in this section we consider a model of spaced source and reeepf the audio
signal (see Fig.1.7)

As can be seen from the gure, the distance from the source thd screen

. L Y
and from the screen to the signal receiver is di erent, namel; = (! xg)2+ y2

Y .
andr, = (! xg)2+ y3 where(xs;ys) and (xg;Yyr) are the coordinates of
the sound source and receiver, respectively. It makes its mwhanges to the
integral representation for the incident wave in the frameuwark of the Kirchho

di raction
SC

A ( !n 1)pE Z eikr(‘r1+r2) d

— 1:25
2 o T2 Tz (1:23)

To reduce the di raction integral to the form of the Fourier transformation we
make the following changes. As in the previous example, Hstit is necessary
to replace the variable in equation (1.25) so that the integtion was de ned
for the variable, located in the exponent. Thus, introducig a new variable

q q
r()=ri+ra= (! xs)2+yd+ (! xg)2+ R (1:26)

expressing further through r, and r; and r, through (r) we arrive at the

expression b

. p_ -
| r(l) 0_ elkl’
yr(ip 1) K A (1:27)

2 r(0) o riro

SC

Y
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0

Figure 1.7: Diraction by the plane screen. S - sound source,R - receiver, B -

specular point.

The solution of the quadratic equation resulting from the caversion of (1.26)
has two roots 1,(r) = (! b=2 P (D=4))=a where D - is the discriminant,
a - is the rst coe cient, b - is the second coe cient of the equation. From
physical point of view it is clear that one of the roots belorgto the interval
from the origin to the point of specular re ection, and the seond one belongs
to the other half of the interval (see Fig. 1.7). We will use tb simple relations

such as a condition for membership to a particular interval:
1(r(0)) =0; 2(r(h) =1 (1:28)

where 12 [0;B); 22 (B;l]:

Then the re ected pressure eld for an acoustic wave (1.27) i be as

follows |
. P Z : Z . :
I 1) K r(0) 0qikr rl) 0aikr
Mpf)i ! ﬁéé: dr + ﬁéé: dr (1:29)
2 rg) F2 Tl rg) M2 Tl

We note that by integrating this expression at mirroring ( = B) a singularity
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appears. To avoid this problem we make the following changedVe extract

the summands which have this feature from each of the previeuntegral ex-

pression:
z r(0) ) z r(l) ) Z r(0) 1 DO ) Z r(l) 1 DO ]
! u e dr + u,eX" dr ! Z p—édr+ ~ p_—€Xdr
r(B) r(B) re) @4 D rg) @4 D

(1:30)
Here, the prime denotes the derivative with respect to the veable r and
functions uy; u, contain the remaining members, i.e.
| (a1 b2 | D=d)=e! t=(2a)

ro( 12) "1( 12)'2( 1.2)

Upo(r) = (1:312)

It should be pointed out that it is the discriminant D that becomes zero at
the point of specular re ection. Further, replacing = r! r(B), we divide the

integrals containing the feature into the sum of the two as flows
0 1

Rr(O)! r(e) 1 |§°_e"‘ d = Rr(O)! r(B) %kT@l I@o_! 1 |'§0 A d +
A 0 a b a

0 4 4 b

=0

g R i
+ %4 05 Or(O)! r(B) %kfd
=0
(1:32)

where the wave marks the same magnitude after substituting= + r(B)
there. Here® = B= , B8 =4 6+ U 5+ T 4+ E 3+ Q 2+ W , and the
constantsU; T; E; Q; W are expressed in terms of the coordinates of the sound
source and the receiver.

The resulting integrals are easily calculated as the rst iiegral has a re-
movable singularity at the lower limit, which is calculatedby the L'Hopital
rule, and the second integral can be represented as the sune$mel integrals,
which, as mentioned above, have fairly good approximationylkrational func-

tions. Thus, the re ected pressure eld can be sought as theim of the Fresnel
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integrals and integral of a known function:
sc yR(i'pl)pEeikr (B) Rz LOE( gk d 1
P 2 0 ( ) :

R . R _
|§CL 0|_11 L0$kjd + 0|_21 L0$kjd A
4 B

=0

(1:33)

o [

whereLO = r(B); L2=maxfr(0);r(l)g; L1= minfr(0);r(l)g:
The rst integral of the formula (1.33) can be represented asn integral

sum:

Z 210 _ Z (L2 Loyl _ X! 1 _
F()e<d = F(1)d d =lh F( n)é ™ (1:34)

0 0 m=0
which after selecting the dimensionless units

L21 LO 21n
= ; = 1:
MmN "7 121 Lo (1:35)

represent a standard expression for the fast Fourier trarmsimation. According
to the FFT this sum can be calculated for allN at once, i.e. for all wave
numbers simultaneously. Thus, with the increase of the nunalp of points of
division the maximum wave number for which one can calculatihe pressure
eld increases as well, ak, = ,=l=21In=(L2! LO); n=0;1,:;N! 1L
Next, as in the previous section, we represent each integmal the second
summand of the equation (1.33) as the sum of the Fresnel intads. Then, the

nal form of the re ected pressure eld will be as follows
2

. P 0
pe @ ®yedpth FET(F(m)! 5 6% Co(( L2! LO)=I)+
4

=0
+Co(( L1Y LO)=D)+ i Sy(( L2! LO)=l)+ Sp(( L1! LO)=I)
(2:37)
The graphs 1.8, 1.9 show that this method gives results similto direct nu-

merical simulations as well as the asymptotic behavior of éhexpression (1.37)
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Figure 1.8: Pressure of scattered wave eld versus-coordinate of the sound receiver

given that the wave number tends to in nity. It should be noted that the Fres-
nel integrals mainly contribute to the asymptotic solution When construct-
ing these graphs the following values were taken:= 3; x5 =0:3; ys =
32, xg=0:6; yr=0:09.

After 4000direct numerical calculation becomes erratic, as shown in
Figure 1.10. This is due to the fact that one wavelength hasde than ten
nodes. However, the proposed method saves the results whaeck close to the
asymptotic behavior almost all along the axis (see Fig. 1.11For clarity, all
the graphics are shown foN = 219 since the convergence of the numerical
calculation and the proposed method based on the FFT is virally absolute
with the increase of this parameter. The numerical impleméation of this
problem when the number of nodeN = 16384 (which corresponds to2!4)

in the programming environment Visual C++, took 44.99 secots, while the
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Figure 1.9: Pressure of scattered wave eld versus wave numab in a short range

proposed method using FFT demanded just 0.124 seconds! i.about 500
times faster.

It is clear that the proposed approach has three major advaages: 1) short
calculating time; 2) calculation of the wave eld for the frguency range, and
3) good convergence with the asymptotic theory where cont@mnal numerical
methods are erratic. Thus, the developed method showed goadcuracy of
calculations in the problem of di raction on the solid planescreen, allowing to

reduce the computation time of the considered integrals by any times.
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Figure 1.10: Pressure of scattered wave eld versus wave nuar. Comparison be-

tween asymptotic solution and direct numerical treatment (N = 1024)
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Figure 1.11: Pressure of scattered wave eld versus wave nuar. Comparison be-

tween asymptotic solution and FFT-based method N = 1024)
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Chapter 2

Application of the FFT to solve
Integral equations in mechanics of

continua

2.1 Introduction

As we have already pointed out, the external loads give rise defects in the
exploited materials. The study of the changes in the crack ape under load
allows predicting the crack growth and the condition of the raterial strength.

Mathematically, contact problems are the closest to the cck problems. Both
problems can be reduced to integral equations of the rst o second kind.
Numerical treatment of such problems is based on applicatiocof various al-
gorithms which reduce the initial integral equations to a nte-dimensional
form. If there is a need to solve the problem on a large grid foii erent right-

hand sizes, the numerical calculations of the received larealgebraic system is
computer-intensive. On the other hand, the kernel of the imtgral in such prob-

lems represents, in the discrete form, a certain matrix of geci c structure.
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Thus, one can apply well-developed fast algorithms of comational linear al-
gebra for structured matrices. Note that, the use of the FFTd directly related
to the solution procedure, based on the application of the alytical Fourier

transformation.

2.2 Application of the fast sine and cosine trans-
forms in contact problems on elastic layer

For example, let us consider the contact problem of the disbuted load action
on an in nite layer. In this section, we will present the formof the integral
eqguation. Its derivation for the problem of a crack in a porosi elastic material
will be considered in detail in the relevant chapter.

So, let us assume that the distributed loagy, applied on the interval [O; @]
(y = h) acts on the in nite, linear-elastic, isotropic and homogeeous layer
(jxj<1;0 vy h),with the height of h, clamped to the basey = 0.

As is well known [14], the displacement eld for such a prohhe can be
expressed by the formula

4

a
u(x) = . po( )K(x! )d (2:1)
where the kernel of the integral operator
21 ch(2s)! 1
o S(sh(2s)+25s)

K(x) = cogsx)ds (2:2)

2.2.1 Case of the point load

Let us consider a simple example, when a single-point forcet@on the layer
instead of a distributed load, such as applied at the origin,e. po( ) = po (X)

(see Fig.2.1). Then, using the property of Dirac delta funain (x), the equa-
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yA

Pgd(X-X,)

o 5 .

777777 o

Figure 2.1: Contact problem on elastic layer in the case of sgle-point force

tions (2.1),(2.2) are reduced to a rather simple form:

21 ch(2s)! 1
o S(sh(2s)+2s)

u(x) = po cogqsx)ds (2:3)

Further, not to lose the accuracy because of the deletion objts at in nity
when substituting the integral by the nite-dimensional sun, we distinguish
the additive component in an explicit form in the integrand orresponding to

the asymptotic behavior at in nity:

z, z
B ch@2g)! 1 1 1 cogsx)
UXI= P Ssh@s)+2s) Porr COXSVASTR - Pmds
(2:4)

Using the L'Hopital rule, we nd that the integrand at the lower limit is 1=3.
The second component is the standard integral and is exactthe modi ed
Bessel function (MacDonald function)K o(x) [12].

Numerical experiment shows that the distinguished root feare already at
s > 10di ers from the original function only in the third decimal place. In our
calculations we have limited rst integral upper limit to A = 350 where the

di erence is reduced toO(10' 8). Then, by introducing nodes grids, = nh =
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NA=N; n =0;1;::;;N ! 1, the rstintegral is replaced by the integral sum
VAN K 1 A
f (s)cogsx)ds h f (sn)cos xnn (2:5)
0 n=0

, Which, when selectecy, =2 m=A; m =0;1:;;N! 1reduces to the fast cosine
transform. Here
ch(2s)! 1 1
f(s)= l p——

(s) s(sh(2s)+2s) ' s2+1
Then the nal form of the expression for the strain eld is given by the following

(2:6)

formula
U(Xm)=p hFCTI[f (sn)] + Ko(Xm) (2:7)

where FCT - is the fast cosine transform algorithm. The rational appma-
mation is used for the numerical calculation of the modi ed Bssel function
[12].

Below there is a comparative graph (Fig. 2.2) of the proposeahethod
(shows by the points) and the direct numerical calculation fothe equation
(2.4). The results are given for the following design pararteas: N = 213 =
8192 pp=1; A =350.

The direct numerical computation in the programming envirament Visual
C++ took 4.72 seconds. The proposed approach took only 0.04Bconds, that
is about 100 times faster. It is worth noting that in the rst case, it is necessary
to calculate the integral for each coordinate separately,ivereas the use of fast
transform allows nding it immediately for the entire interval. Moreover, the
bigger the number of node® we take for the numerical score, the greater the

length of this interval is, becausexy = N =A .

2.2.2 Case of the uniform load

Likewise the problem of a uniformly distributed loadp, acting on the interval

[0;a] can be considered. Indeed, it is easy to notice that in this sa the
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Figure 2.2: Displacement vectoru versusx-coordinate in the case of point load

eqguation (2.1) takes the form:
VA aZ 1

ux) = p 0 ch(2s)! 1

o S(sh(2s) +2s)

cogs(x! ))dsd (2:8)

Exchanging the order of integration in (2.8) and integratiig over the interval
of loading, we obtain the expression (2.9)

= ch(2s)! 1
o S%(sh(2s)+2s)

ux)=p (sin(sx) + sin(s(a! x))) ds (2:9)

which in our view is convenient to consider as the sum of twoteygrals , i.e. for
each sinus separately. Note that the integral in the equati(2.9) allows one to
use the fast sine transform almost immediately. For this it3 only necessary to
select appropriately the partition mesh for both variables However, as in the
previous example, we distinguish the additive component ian explicit form
in the integrand corresponding to the asymptotic behaviortain nity for the

greater accuracy of the numerical integration:

Ry 2sh?2 R )
S _gj -1 2sh2(s) 1
0 TenpeagSin(sX)ds= ' omasey ! 3 Sin(sx)dst 210
1 si A . Si(A :
*2 0 Smésx)ds o T (s)sin(sx)ds+ %
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Figure 2.3: Displacement vectoru versusx-coordinate in the case of uniform load

It can be seen that the second component is the standard inted; namely
the integral sine Si(Ax) where A - is the upper limit of integration. Further,
replacing the rst integral by the integral sum, we arrive ata form that when

chosenxy = k =A is reduced to a fast sine transform [15]:

Z A K 1
f (s)sin(sx)ds h f (sj)sin(sjx) (2:11)
0 i =0
whereh = A=N;s; = jh;j =0;1;:;;N! 1. Then the nal expression for the
displacement eld will have the form

- P NI 1 ! . ; P N! 1 _ . . |
uxk)=p h  f(s)sin(six) + h L7 f(s)sin(sj(xc ! a)+

_ . (2:12)
+ Si(Axg)! Si(A(xk! a))
2

The graph 2.3 comparing this technique with direct numeridantegration

of equation (2.10) is given above. The calculations were fpemed for the

34



CHAPTER 2. Application of the FFT to solve integral equations in
mechanics of continua

following parameters: A = 10; a=50; N = 213 =8192, p=1. The rational
approximation was used for the numerical calculation of thategral sine [12].
Here a direct numerical calculation in the programming enk@nment Visual

C++ took 32.46 seconds, and the present method - 0.008 secend

2.2.3 Case of the non-uniform load

From the previous section it is evident that the FFT is a fast ad e cient
method for integration. However, the equations kernels dooh always allow
bringing them to the form suitable for direct use of the FFT. MNvertheless,
over a wide problem class the integrals presented in disceefiorm can be con-
sidered as the convolution of two signals, that allows to uske discrete Fourier
transformation property, also known as the convolution therem. Thus, the
Fourier transform of the unknown function is expressed in tens of the Fourier
transform of the right-hand side of the integral equation ad the kernel of the
integral operator. After their calculation it is only necesary to perform the
inverse transform to nd the unknown value. Obviously, to irtrease the calcu-
lation speed of the proposed algorithm the method of fast Foer transform is
used.

To demonstrate the proposed approach, we assume that in theepious
problem the load is distributed unevenly and is given as a fation of force
distribution p(x) (0 x a;y = h) (see Fig. 2.4). Obviously, in this case,
the discretization of the integral equation (2.1) (2.2) lads to the following
sum ¥ L

u, hg PKn;, N=0;L:5N 1 (2213)
0

whereh; = a=N; u, = u(X,); B = p( j), and the coe cients of the matrix
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Figure 2.4. Contact problem on elastic layer in the case of nouniform load

Kn are given by the following expression

X' ch2sn) ! 1
_o Sm(sh(2sm) +2sm)

cogsm(Xn! j)); h2= A=M
(2:14)

Here, the constantA is the upper limit of integration arising when replacing
the integral nite sum, and the nodes are calculated using # formulasx, =
nhy; j = jhy; sm = mho.

In the case where the unknown function is the displacementl@, the direct
calculation of the double sum (2.13) for only one xed positin x; takesN M
operations. On the other hand, the right-hand side of the e@tion (2.13) can
be regarded as a convolution of two discrete signals. Thusy happlying the
discrete Fourier transform to this equation and using the ewolution theorem

[13], we obtain
" #

X!l
b=DFT hy p(j)KX,! ;) = hpl (2:15)
j=0

Here the valuesh; p; R denote the Fourier transform of functionsu; p; K re-

spectively, andDF T - is the Discrete Fourier Transform. Therefore, the solu-
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tion of the direct problem is obtained by applying the invers Fourier transform
to the equation (2.15), i.e.
u= DFT' lhhlplbI (2:16)
For the e cient computation of Fourier transforms made in the proposed
method, the FFT algorithms are used. However, the solutionfahis prob-
lem can be even more e ective if we note that the discretizeceknel of integral
operator (2.14) by means of a special choice of the partitianesh can be pre-
sented in the form of fast cosine transformation, which in tun can be expressed
by the inverse discrete Fourier transform. Such an approacetould present the
kernel as the inverse discrete Fourier transform of the injeand, as a result
there is no need to apply the direct conversion in the formulé2.16), since
instead integrand kernel can be directly used. Mathematid, it is as follows.
Since
1
K)o fmcossnx): fm = smé:gz:;izlsm)

m=0

(2:17)

when selecting a partition mesh ok; = j = (h,M) this expression takes the

form of fast cosine transformation [15].
To bring the resulting sum to an inverse Fourier transform wexpand the

discretized integrand so that it is even with respect toan = M :
fomim=fm; m=0;1:;M! 1 (2218)

Then the inverse FFT of the extended functions will be:

1
Fe 2 e meoiLiM 1 (2:19)
J 2M m 1 1" - .

m=0

The second half of this sum froonm = M to 2M ! 1 can be simplied if we
use replacemenm®=2M ! m:

¢! 1 . ! 1 L emimd ! 1

0
m j Jm
fm e M = f2|\/|1 mo€ M = fmoel M

m=M mO0=0 m%=0

(2:20)
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Thus

1|y(11 h . i 1|y(11

Fi=oy T dii-+di = = f.cogjm=M ) (2:21)
m

M

=0 m=0
Finally, we obtain that the kernel of the integral operator 8 expressed

through the inverse discrete Fourier transform of as follows:
Kj = MhF; (2:22)

Substituting this expression in equation (2.15), we obtain

" #
D(! 1
b=DFT hy  p( )K(Xn! ;) = hyhMpf (2:23)

j=0
Consequently, the required displacement eld is obtaineddm the following
equation:
u= DFT'[hih,M pf] (2:24)

The described approach is quite versatile and can be appli¢d various
integral equations with di erence kernels. When the righthand side of the
original equation (2.1) has a rather simple form, it is morex@edient to bring

the numerical integration to the fast transforms by a speclahange of variable.

2.3 Fast numerical solution of the crack problem
in the porous elastic material

In the examples above, we restricted ourselves to the evaliwm of integrals,
however, FFT algorithms can be successfully applied to thelsition of integral
equations (i.e. in cases where the integrand is unknown). tLies demonstrate
application of this idea in the crack problem for a medium wh voids. Materials
of this nature play important role in many elds, such as soimechanics, civil

engineering, ultrasonic non-destructive testing and otle. The used theory
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for the behavior of the porous elastic media has been propdsey Nunziato
and Cowin in 1980s [16,17]. In accordance to this model, tieers introduced
an unknown function which takes into account a certain volum fraction eld.
This new function of volumetric density signi cantly in ue nces the stress-strain
state, being introduced as a product of material density @ and the volume
fraction eld. The general theory, developed in detail, hadeen tested on
numerous concrete problems for special domains under patiar boundary
conditions (see, for example, [18 21]) and shows good agrent with both
experimental data and physical conclusions. The applicatm of this theory
for the crack problem in porous materials has been presented[22] and our
further treatment is based upon this work.

Mathematically, when the problem for linear crack is reduakto the lin-
ear algebraic system by a collocation technique, the obtad matrix has a
Toeplitz-like structure. The algorithms to solve such maiix equations are
well-developed and there are many di erent approaches pesged in litera-
ture. For N N systems direct fast methods requireN log?(N) arithmetic
operations. To improve such approaches, there have been eleped faster
methods based on a preconditioned conjugate gradient methavith circulant

pre-conditioners.

2.3.1 Formulation of the problem and review of previous

results

Let us consider a linear crack of lengti2a in the considered porous material
with a distributed load py acting on its boundary. We couple with this crack
a xed system of rectangular Cartesian coordinate®xyz in such a way that
the center of the system is located at the center of the crackde Fig.2.5). As

proposed in [16,17], we call® the constant volume fraction. In this frame the
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Figure 2.5: Linear crack in the porous elastic material

constant mass density2ois represented as a product of two elds: the density
of the matrix material and the volume fraction eld (0< 1), i.e.
%= . This representation introduces an additional degree of ikmatic
freedom and, in absence of the volume fraction eld, this they reduces to the
classical theory of elasticity.

Assume that ( = I 9) represents the change in volume fraction
from the reference oneu denotes the displacement vector, and are usual
elastic constants, and; ; represent some constants related to porosity of
the medium. Then, according to the Nunziato and Cowin modellp,17], it
is possible to describe the behavior of the homogeneous aadtiopic elastic

material using the following system of partial di erential equations
8
3 u+( + )graddivu+ grad =0
(2:26)
>
: ! I' div u=0 ;

Itis clearthat = 0 corresponds to the case when the elastic and the porosity
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elds are independent from each other. Thus, in the case = 0 the stress-
strain state is insensitive with respect to function . The components of the

stress tensor are regresented by the following formulas

2 = k2 My i
(2:27)
i = %(Ui;j + Uj ) -
where j is Kronecker's delta.
In the plane problem, whereu = fuy(x;y); uy(X;y); Og, one can rewrite

system (2.26)-(2.27) in the two-dimensional form

 Ra RCICE L AL
; Gu+c@ur1r &) ZurH =0 (2:28)
T2 GG e @ =g
with 8
% mo= QU1 2% P+ H
2-=(11! 2) & @u 4 @'9+ H : (2:29)

XY—@N+@

. @y @x
Here, for the sake of convenience, some new positive physparameters are

added. Two of them are dimensionless:

= H= ; (2:30)

and
2= 5= — (2:31)

are measured in meters.

The boundary conditions over the liney = 08 are given as follows:

<

. Uo¥); Xj
W=D 0 X & u=g)= .

0; jxj > a: (2:32)
w=0(y=0); g,=0
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Here, for simplicity, the tangential load is assumed to be a@ent. The last
boundary condition refers to an elastic material with voidsnd it follows from
the balance principle (see [20]).

In order to transform the problem into an integral equation poblem, it
Is convenient to apply the Fourier transform along thex-axis [22]. We recall
here that, for arbitrary function f (x) and respective Fourier imagéd-(s), the

Fourier transform can be written as
Z, ) zZ,
F(s)= f(x) € dx ; f(x)= > F(s) € ™ds: (2:33)

11 1

By applying the Fourier transform (2.33) to system (2.28), ne reduces the
system of partial di erential equations to a system of ordiary di erential
equations with constant coe cients regarding images of fuctions uy; uy;

Obviously, these functions depend only on variablg:
8
% AU s2U, + (1! )(!is) UQ! isH =0

(1! A)( is)U2+ UM 22U+ H °=0 (2:34)

‘r—‘l\.)

iSU! U0+ 12 9 B4 282 =0

NN

In [18,19] it is shown that solution of homogeneous system.82) can be
found by classical exponential substitution. This leads t@ couple of double
characteristic values (the same as in the classical linedasticity) and a simple
value, arising due to porosity of the material. Finally, thegeneral solution is
constructed in the form

0 1
0 1 1
UX isH

0
T CN . i sign(s)
P, e o
Uy = D1% H i12+é[l| CN § e! y s2+1! CN + ng 1 § e!J Sl +

1 0

(2:35)
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0 , 1
] . .
R ONT sxe) T 1Y Sign(s)

+Dj y el sy (2:36)

where the dimensionless physical paramet&N = (13=I)H; 0 CN < 1is
usually called the Coupling Number . The constantd,; D,; D3, which de-
pend ons, can be found by substituting the above equation into the bawdary
conditions, since we have three boundary conditions for tae unknowns.
Finally, the application of the inverse Fourier transform o the images of

the unknown functions leads to the following representatio[18,19]
1 Rl hRa j I | j
Ux;y (xy) = 2 n Yy (syy) Up( )e® d e *ds=

l'a
R R - 2:37
= ZL !aa Uo( )d 11 Yx;y(S;Y)e'S( 'Xds ( )

Function can be written by analogy. It is proposed in [22] to use the sec
ond equation of system (2.29), to obtain an integral equatiofor the stress-
deformation relation. This approach gives the following egral representation

R R,

V) _ a
wxy) — 1 !auo( )d .

- 5 f(1! 2 (! is)Y«(s;y)+
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where coe cients Yy; Y,; Y are given by the formulas
8

pi
. . _ 2Chc?s8 ! 'y s2+1! CN
IYx(s1y) = (CNT 1)2" s+1ToN © *

(1! CN)c?! 2CNc?s
(CN! 1)2

1 CN! 2

2 ..
+ sign(s) + Y ys € Ve

P
Yy = NS ey SNy (2:39)

(CN! 1)2+2 CNc?2s? CN! 1+ iai A Visi
+ (CNT 1)2 t=enit YIS €

N\ — 2CNe?jsi . s !yp52+1! CN I yisj
HY (SV) = vy Poren® '€

After some routine mathematical transformations, by putthgy = 0, it is
possible to connect the unknown displacement and the stress the boundary

of the crack: 7
x)_¢& @
= 2 L X)u( )d (2:40)
+2 l'a
where the kernel functionL (x) is given by the expression

R n
L(X) - 1 2CNc2s?
1 (1! CN)2" s2+1! CN *

(2:41)

| jsi[2CNc2s2+(11 CN)(1! ¢?)]

(11 CN)? e ds

The authors of [22] show that the kernel can be reduced to a neoexplicit
form. This based on some classical tabulated integrals [23]. Thus, if one
takes into account that the integrand is even, then integrain (2.40) can be

rewritten on the semi-interval (0; 1 ) as follows:

R

2 1 4

L(X) = @ieny o Py COSSxds!
2(1! ) Rl (2:42)
(1' CN) o0

R
2 1
| ACNc" = * §3cossxds! scossx ds

ArcN)Z o
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It is easy to check that the last integral is the same as in thelassical linear
problem. Moreover, withCN " 0 (no voids), there remains only the last
term, like in the crack problem for the ordinary material without voids.

It is shown in [22] that the kernel is hyper-singular. Thus, dr a stable
numerical calculation for everyx on the interval [! a;a] (outside the origin)

the kernel can be divided to regular and irregular parts

h
L) =4CNC* Ko(ixib) 1+ gz + KaliXiB) 55+ g
i 2(1! 21?) 0/$ (243)
llc _
(Xg)4! Z(X:t))2 + x0)Z  ~ Lo(X) + g! 2¢2 x%

where we have introduced parameten= P 1! CN, andLy(x)=O(Injxj); x "
0 is a function with a more regular behavior when compared witlthe char-
acteristic hyper-singular part. Finally, integral equaton (2.40) takes the form

appropriate for an e cient numerical treatment:

Z a Z a
Lo(x! Jup( )d + é! 2c2 !a(xu?( ))2

Ug( )d = — o JX] &
(2:44)

Ia

2.3.2 Discrete implementation and fast algorithms

To perform the numerical calculation needed to solve Eq. @4), one may use
the collocation technique proposed in [24]. In this case tliterval of the crack

boundary (! a;a) is divided into n small subintervals of lengthh = 2a=N. The

set of nodes ,, = ! a+ mh; m = 0;:::;;N are chosen in discretization over
internal variable, and in dicretization of the external varable one should take
the nodesx, = ! a+(n! 1=2)h; n = 1;:::; N placed at the central points of each
sub-interval [ i, 1; i]. Thus, the initial integral equation can be approximated

by the following linear algebraic system

X
AmmUn = q; (n= o=, 8n); (2:45)

n=1
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where the non-diagonal elements of the matrid,,; (n 6 m) are equal to

2 1 1
A = 5! 2c? 1 ' xa o, thhebal ) (2:46)

with u, = Ug( m). The diagonal elements of the matrixit = m) are calculated

as

Ann = é! 2¢2 1 ! ! (2:47)

Xn! n Xn! n'1

System (2.45) (2.47) can be solved by classical numericalethods (for ex-
ample, by Gauss elimination), but this requiresO(N3) number of arithmetic
operations [15]. When the number of nodd is large, such a technique takes
too much computational time. Thus, a faster iterative apprach should be
applied to reduce the computational cost of the solution. Té advantage of it-
erative techniques is connected with the fact that one may @p the algorithm,
when a desired precision is attained. In fact, in practicalomputing with appli-
cations we are usually interested in some accurate solutitmit not exact one,
because computer implementation itself does bring some dency in the solv-
ing process. Moreover, real electronic devices installad the industry never
give exact input or output data, because of presence of neis

Generally, iterative methods are faster when compared toréict methods.
In the present work we test the conjugate gradients method &)[2] as one
of the most e cient and popular techniques in the nowadays aomputational

mathematics. This method provides a minimization of the fuction
1
t(x) = éuAu I u (2:48)

Such a minimization problem is solved when the gradient of figtion t is equal
to zero:
grad(t)= Au! =0 (2:49)

which is equivalent to the initial problem (2.45). The prindgpal advantage

of this method is that its recurrence relations are very conget and can be
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represented only by few lines:
i = (e )=(AZ; 7);
U = Upat 7,
=rp1! jAZ; (2:50)
p = ()= 5 1);
Za =Nt g
At the rst step one should set the initial residual vectorro = ! Axg and
the initial basis vector to bez; = ro. The initial solution X can be set trivial
or taken from some general assumptions (for example, frometrasymptotic
behavior). It is clear from (2.50) that the most computer-egensive operation
is a matrix-vector multiplication in the rst and third line s of the iteration
algorithm. If one operates with a general dense matrix, thisperation is per-
formed in N2 numerical operations. Thus, the overall numerical cost ofish a
method is O(N;N?), where N, is the number of iterations needed to achieve
the desired precision.

However, let us notice that the matrix in system (2.45) has ap®cial form,
because its elements depend only on di erence of subscripte. Aym = Ani m,
and then all the information about the matrix is collected inits rst row
and rst column. This also means that the overall computer meory storage
required for this kind of matrix includes only an array of legth 2N ! 1, or
evenN in the case of symmetric matrix. This is much lower than the eksical
N2 required for matrices with a dense structure. Just this factvas an origin
for development of the algorithms which solve such a system a reasonable
computational time [25]. In fact, in the present day the soltion of matrix
systems with Toeplitz and Toeplitz-type matrices is an intasively developing
area of computational mathematics.

Actually, there are various approaches to solve LAS with Tquitz matrices.

The most convenient way is a construction of a certain numel scheme that
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calculates the unknown vectoru. The algorithms of such a kind are based
on the developed results of computational mathematics andten include too
complex numerical schemes. One of disadvantages of suchrapphes is that
they are very unstable for ill-conditioned systems and as, @esult, give in-
accurate solutions. To improve the stability of such a techique, there have
been proposed few approached of complexi®(N log®N) [26,27]. It is easy
to check that if N = 103, then such an algorithm requires almos©O(N ?) op-
erations. However, real applications usually require to b@ LAS (2.45) for
di erent right-hand sides. This means that we should apply ay fast algo-
rithm several times (as much as the number of right-hand sideve have).

Another idea is based on the fact that the inverse of a Toephtmatrix can
also be represented in compact manner (as a sum of productsTokplitz ma-
trices, i.e. A' 1 = W,V + Wo\s, where A; Wq; Vi; Wa; Vs, are Toeplitz matrices
[28]). Below we will show some fast ideas for the product of mgral Toeplitz
matrices by using an algorithm based on a FFT method which redares only
O(2N log(2N)) operations. It becomes clear from this fact that the inversn
of any Toeplitz matrix can by multiplied by a right-hand side vector just in
O(8N log(2N)) operations. This again justi es the e orts of many authors b
develop fast inversion algorithms for such matrices. In fgcan obvious ad-
vantage of this approach is that, when a system has to be salveith several
right-hand sides, the algorithm is applied only once, folleed by only matrix-
vector multiplications. A shortcoming of such methods is tht they are also
unstable in the case of ill-conditioned systems.

Both approaches described above can be implemented using telassical
algorithms: direct or iterative. The earliest works in thisdomain were concen-
trated on the development of the direct methods. As a rule, #ir complexity
is quadratic (instead of a cubic) number of operations, whicis a considerable

advantage. Generally, this methods impose some restriat® to matrix A. As
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an example, the invertibility of the (N ! 1) (N ! 1) principal sub matrix

of A was required for rst fast Toeplitz solvers such as wellskown Levin-
son and Trench algorithms [29,30]. Further, faster algotims of quasi-linear
complexity O(N log?> N) have been developed by de Hoog, Ammar and others
[31,32] and now known as superfast solvers. The key ideatbése methods
is to solve the problem recursively. As a rule, such algoriths dealt with well-
conditioned, symmetric positive-de ne Toeplitz matricesand were unstable in
the case of poor conditioning. To overcome the obstacle vaus look-ahead
algorithms have been recently developed for the Teoplitz sigms with singular
or ill-conditioned principal sub-matrix.

However, in the case of Toeplitz matrices, the iterative appach is clearer
and easier to implement. In fact, the most popular way of salvg Toeplitz sys-
tems in engineering mechanics is represented by the simplelaather e cient
conjugate gradient method with preconditioning (PCG), whee the power of
the fast Fourier transform is intensively used. It has beerhswn that the so-
lution of such a LAS by the conjugate gradient method requigea quasilinear
number of operations if preconditioning is applied to the max of the sys-
tem [33, 34]. This approach has been widely used in applicatis because of
its convenient implementation. It is this approach that we sed in our study.
Below, we describe it in more detail, following [2].

Recall that the preconditioning technique is based on theraple idea that
a system

An mUnm = n (2:51)

with an ill-conditioned matrix A is replaced by a preconditioned system
AC'tu= (2:52)

where the preconditioning matrixC is chosen so that the matrix of the product

AC' ! has a low condition number. Theoretically, any matrix can bémproved
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with this technique as soon as a suitable preconditioner hégen found.
PCG can be compactly rewritten as the following recurrenceelations [2]
i =(rjr 5 CHr 1)=(AZ); ),
U = Uprat 7,
r=rp1!  jAZ; (2:53)
i = (r; C )= 15 C gy a);
zq=Clrj+ gz
In the contrast to the classical CG, here at the rst step theitial basis vector
is set to be a solution of the systenCz; = rq or, equivalently, z; = C' 'rq if the
inverse matrix is known. Likewise, this inverse matrix appas two times at
each iteration of PCG algorithm. Therefore, the inversion fothe matrix C'?!
and the multiplication of the matricesC' * and A by the corresponding residual
and basis vectors are the most expensive operations and, as said earlier,
in the general case the rst operation requires a cubic numbef operations,
while the second one, a quadratic number of operations. Hencdhis approach
is faster then CG method only in the case when the inverse to mnx C can
be found at least inN? (or even less) operations and both the multiplication
of matrix C' ! by vector and construction of preconditioning matrixC can be
performed in su ciently less operations thanN 2.

In the case of Toeplitz matrices, both operations are redugdo quasilin-
ear complexity by applying the properties of circulant matices, which are a
discrete representation of the convolution operation. A ulant matrix is a
periodic Toeplitz matrix with ¢ « = ey forl k N! 1. Here, the vector
cis the rst row of the matrix C.

In the modern literature on computational mathematics thee are many
various techniques to construct a preconditioning matrix35]. Advanced ap-
proaches use a generating function of the matrix and are knavas function-

based . For symmetric matrices a classical preconditionawrhich is built from
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the elements of the given matrix, generally works well. Thiglea has initially
been proposed by G. Strang in 1986 [33] and in his algorithm é¢enstructed
from a half of elements of the rst row and rst column of orighal Toeplitz

matrices:

8

ZAJ_; 0 j< N;-l

G = (2:54)

'>Aj! N R j<N
recalling that A, m = Anm. This circulant matrix minimizes normsjjC! Ajj
andjjC! Ajj; .

Let us also recall the so-called optimal circulant precontibned matrix
proposed by T.Chan [34]. This matrix is the nearest, in the Ebenius-norm,
circulant matrix to the given Toeplitz matrix. Namely, this solves the opti-
mization problem: minjjC! Ajje. The rst row of this matrix is built from

the elements of the initial Toeplitz matrix by the following formula

N1 A +jA .
Q=( J),il BN j<N (2:55)

In the case of poor conditioning, one can use the techniquesdabed in [36].
The advantage of using circulant preconditioned matricessijusti ed by
the fact that circulant matrices can be easily inverted and oth initial and
inverse matrices can be multiplied with any vector irO(N log(N)) arithmetic
operations by the fast Fourier transform. It is well known tkat circulant matri-
ces have explicit singular value decomposition (SVD) withhie help of Fourier
matrices: C = F'! F, where the Fourier matrix F is a special type of Van-
dermonde matrix with the elementsFy = €N | The matrix-vector mul-
tiplication of such matrices can be performed ifO(N log(N)) operations by
applying Fast Fourier transform algorithms [3]. It is easy ¢ see that by using
this decomposition, the inverse to the circulant matrix als has an explicit

representation, specically, C'* = F '!F'1 where matrix is a diagonal
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matrix with singular values of C on its diagonal, and is obtained by multiply-
ing a Fourier matrix by the rst row of C. Hence, the inversion of this matrix
requires onlyO(N) operations. It has been shown that, with a good choice of a
circulant preconditioner, PCG is faster than available diect superfast Toeplitz
solvers and the number of iterations is independent of the mdension of the
problem.

Let us show how one can multiply a Toeplitz matrixA by a vector using
the aforecited decomposition of circulant matrices. Firsof all, let us analyze
the di erence between the circulant and the Toeplitz matries. The accepted
notations for Toeplitz matrix imply that its elements are castant along every

diagonal parallel to the principal one, i.e.

1
Qo & s ANz anta
a1 o a ant 2
A= : a ap - : : (2:56)
i (N! 2) aQ
a (N1 A(Nt2) i A o

From the other hand, the circulant matrix is just a periodic Toeplitz matrix,

wherec = cyiforl k NI 1 ie.

0 1
Co Cb 7 G2 Cnra
i1 G C Cni 2
C= : Cni1 G - : : (2:57)
C, 1
C1 G i G G

It is clear that the original Toeplitz matrix can be extendedto the matrix

of larger size, of circulant structure:
0 1

A° = @A A (2:58)
A
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where matrix is constructed in a special way, to provide the nal matrixA°®
to be circulant (af , = a5y, ;1 k 2N ! 1). Again, positive subscripts
of vector a correspond to the rst row of A® and negative ones to the rst
column. The vector which is to be multiplied by matrixA is also lled (usually
by zeros) in order to reach the lengtt2N. The nal product of the extended
matrix by this vector produces a certain vector of lengtt2N, from which one
keeps only rstN elements and remove the remaining part. It is easy to control

that this procedure precisely represents the matrix-vectgroduct:
0 101 0 1

@ A@'a-a@"Va (2:59)

A 0 u
This can be executed as the multiplication of a circulant maix by a vector
using FFT algorithm. As already discussed, the advantage tfiis approach
is that the number of required operations is onlyO(2N log(2N)), instead of
O(N?). Thus, if the CG algorithm results in a desired precision wit N, then
the overall required cost of the algorithm is onlyO(6N N log(2N)).

In the works of T.Chan it has been shown that the required nundr of iter-
ations Nj; of PCG with optimal circulant preconditioner for Toeplitz systems
is considerably small and does not depend on the number of msdN . In fact,
in our numerical experimentsN; does not exceed 25 steps, while the number
of nodes is varied from 256 to 1024. This fact allows us to cdumde that the
numerical scheme is quasi-linear in the sense that it is robh smaller than

classicalO(N?) but not yet linear O(N).

2.3.3 Some numerical results

We have performed a number of computational experiments inceordance
with Eq.(2.45) for various values of parameteCN and for di erent types of

materials. Some of them are re ected in gures 2.6 2.9. Theplied vertical
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stress g is accepted to be of unit value.
In gure 2.6 we present an example of dependence of the dispdanent
vector for concrete with Young's modulus = 30 (GP a) and Poisson's ratio

= 0:2 versus parameterCN (GP a represents one gigapascal). It can be
noted that, with growing coupling number CN, the opening of the crack
becomes smaller. Thus, one can conclude that the crack in theaterials with
voids is less sensitive to the load (recall, that valuEN = 0 corresponds to
the classical linear elasticity). However, the qualitatie behavior is similar to
those obtained for analogous classical problem.

In gure 2.7 we show another example where the displacementgde is
calculated for di erent types of materials with CN = 0:5. In our computer
simulations we have used di erent types of real materials Wi the following
values of physical parameters: concrete - = 0:2; E = 30(GPa); glass -

= 0:25 E = 60(GPa); aluminum - =0:34 E = 70(GPa); steel - =
0:3; E = 200 (GP a). One can conclude from these numerical experiments that
increasing of Young's modulu€ results in decreasing of opening.

Figure 2.8 shows the correlation between vectar and the coupling num-
ber CN for di erent types of materials, at the central point over the crack's
faces:x = 0, where vectoru has its maximum. From this gure one can also
see the properties outlined in the two previous paragraphs.

Other numerical experiments are demonstrated in gure 2.9The depen-
dence ofu versus length of the crack shows that for larger cracks the eping
grows less rapidly.

Another series of numerical experiments have been perfortng exam-
ine the e ciency of the proposed numerical algorithm to sole LAS (2.45).
These results are represented in tables 2.1, 2.2. First of, &t us estimate the
number of numerical operations needed. It is well known thahe straight-

forward Gauss elimination technique require®(N ®) numerical operations to
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solve LASN N. lIterative CG method uses only a matrix-vector multipli-
cation on each iteration, thus the overall cost of the clagsal CG approach is
O(NiN?), whereNj is the number of iterations needed to arrive to a desired
precision andO(N?) is the cost of the matrix-vector multiplication on each
step. In order to speed-up this algorithm, we use a fast makrivector multi-
plication, as described in the previous section. Since suattreatment implies
a double size of the initial matrix, with the use of FFT method3 times, one
attains O(N;;6N log(2N)) cost. In the case of the preconditioned algorithm it
is added supplementary a LAS solver at every iteration steg-or the circulant
preconditioner it can be done also by applying FFT algorithmi.e. we have
additional O(3N log(N)) operations at each step. Since the di erence between
log(N) and log(2N) is considerably small, we can approximately estimate the
cost of PCG asO(N;: 9N log(2N)).

The implementation of fast algorithms is more interesting 0 large meshes.
For example, it is seen from the table, that in the casdl = 2° our approach
requires around a second only, instead of 4 minutes. When timember of
numerical calculations are almost equal, the classical atght-forward Gauss
elimination technique is more preferable. It is interestig to note the di er-
ence between classical CG and CG with fast Toeplitz matrixector multi-
plication for N = 2% where the classical approach is even faster, but twice
more expansive when compared with the fast CG algorithm. Father cases
(M > 6; N = 2M) one can see a considerable speed-up of the fast methods.
However it should be noted that the number of iterations grog/rapidly in the
CG standard algorithm, while in PCG this remains near20. Moreover, this
guantity does not depend upon a type of material or the valuefats porosity.
Also, in our numerical experiments both T. Chan and Strang m@condition-
ers give the same number of iterations for PCG. However, in mecomplex

problems some more advanced techniques can be used (seegXample [36]).
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Table 2.1: Dependence of execution time upoil

number of method  number execution
nodesN = 2M of num.calc. time (ms)
N =2°=32 Gauss 32768 0.89
CG 41984 3.02
log(2N) =4:15 fastCG 32739 3.35
fast PCG 20362 2.21
N =26=64 Gauss 262144 6
CG 245760 6
log2N)=4:8 fastCG 111790 7
fast PCG 50305 4
N =27=128 Gauss 2097152 35
CG 1376256 32
log2N)=5:5 fastCG 357730 23
fast PCG 114984 6
N =28=256  Gauss 16777216 320
CG 7929856 249
log2N)=6:2 fastCG 1159430 70
fast PCG 287461 18
N =29=512 Gauss 134217728 2347
CG 42991616 1297
log(2N)=6:9 fast CG 3492130 245
fast PCG 670744 36
N =219=1024 Gauss 1073741824 24097
CG 231735296 7524
log(2N)=7:6 fastCG 10352890 535
fast PCG 1545966 77
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Table 2.2: Number of iterations versusN

N =2M CG PCG

2>=32 41 17
2% =64 60 18
2"=128 84 18
28 =256 121 20
2°=512 164 21
210=1024 221 22

0.018

—CN=0.3
- CN=0.5

0.016
0.014
0.012

[ul o001
0.008
0.006
0.004/

oy
0.0021 ,”

Figure 2.6: Openingu of the crack,! 1 <x < 1, versus coupling number CN for

concrete ( =0:2; E =30(GPa); N =210
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Figure 2.7. Displacement vectoru over the crack boundary! 1< x < 1 for dierent
210)

types of materials CN =0:5; N
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Figure 2.8: The maximum of the opening (naxu = u(0)) versus CN for di erent

types of materials (N = 21°)
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Figure 2.9: The maximum of the opening (haxu = u(0)) versus half-length of the

crack a for concrete with di erent values of porosity CN (N = 210)

Some gures for the opening of the crack for di erent types omaterial
are presented. Qualitatively, the vertical displacement eld is similar to the
classical linear elasticity, but the quantitative behavio is di erent. One can
conclude from the gures that with porosity increasing the Bape of cracks's
opening becomes more uniform. This property is quite naturérom the phys-

ical point of view.
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Chapter 3

A fast iteration method for
Integral equations of the rst and

second kind

3.1 Introduction

In the last chapter we have shown how integral equations aimg in the prob-
lems of continuum mechanics, can be reduced to the linear elgaic equations
of convolution type. For fast solution of the integrals we ued the properties of
circulant and toeplitz matrices, which permits to accelet® computations by
using FFT. However, in the di raction problems such types oimatrices arise
only in the case, when the re ecting object is of special geatny and nodes of
computational grid are arranged on equal distance betweenah other. Specif-
ically, circulant matrix corresponds to the diraction on the circle obstacle,
and di raction problem for the linear obstacle of nite length can be reduced
to the system with Toeplitz matrix. In the rst chapter we demonstrated fast

method of evaluation of the di raction integrals, which is lased upon physical
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inc

oS

Figure 3.1: Diraction by an arbitrary shaped object

Kirchho theory. For more accurate solution of the diraction problems by
arbitrarily shaped body (see Fig.3.1) we use the Boundary tegral Equation
(BIE) method. In frames of this approach the unknown functia is under the
integral and for numerical solution there is a need to solveespective LAS (in
contrast to Kirchho theory, which reduces the estimation d the re ected eld

to the evaluation of a certain integral).

In fact, in wave problems of mathematical physics the BIE méibd repre-
sents one of the most powerful instruments to nd and analyzsolutions of
arising boundary value problems. The basic advantage of thmethod is that
such equations are more tractable from mathematical pointfaowiew than the
original di erential equations. In the case of 2D scatterig by hard or soft
obstacles the problem can be reduced respectively to a rsbr second-kind
integral equations of Fredholm type [37]. In order to constrict numerical so-
lution to the diraction problem, it is used a certain appropriate quadrature
formula, which reduces the problem to some linear algebrasystems (LAS)

whose matrix has a fully dense structure. Therefore, the dict numerical treat-
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ment with a grid containing N nodes implies that the matrix hasN ? nonzero
elements, and classical approaches requi@N 3) arithmetic operations (for
example, by the Gauss elimination technique). As we said imtroduction,
with the frequency increasing, if one keeps at least 10 nodesr wavelength,
such a treatment becomes computationally too expensive. shufor this reason
there have been proposed recently some fast numerical rhetls.

The most popular approach is based on some iteration schemsu¢h as
conjugate gradients (CG) method or generalized minimal relkial (GMRES)
method). As mentioned in previous chapter, these methodsually require cal-
culation of a matrix-vector product on each step of iteratias, which appears to
be the most expensive operation in such approaches, sinc¢hie general case of
matrices with dense structure it can be done i®(N ?) operations with matrix
storage ofO(N?). Hence, in order to reduce computational cost the most in-
tensive e orts were directed to arrange some fast matrix-wtor multiplication
algorithms. As a rule, they are based on some special numatfi¢echniques
connected with a representation of big data arrays by relately small number
of parameters in a easy-to-use form. Such approaches amdated to some
approximation methods which are in active use in statisticsspeech recogni-
tion, image processing etc. As a rule, these methods are gdasear, since
the CPU cost of matrix-vector multiplication is O(N log(N)) operations with
O(N) storage dimension.

Some basic ideas of this sort have been proposed by Rokhlid&reengard
[4,5] in 1985 that is known now as a fast multipole method (FMM Similar
method was also developed by Hackbusch and Novak [38,39]stls known as
a panel clustering method. Further, both method were gendized in H?! and
H -matrix approaches [40 42]. Some other methods are basedaupa certain
approximation of the initial matrix by a matrix of block stru cture, with the ma-

trix rank equal to 1. This method, proposed by Tyrtyshnikov n 1993 [43,44], is
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known as mosaic-skeleton method. The other, interpolatiomethod, reduces
the problem to a dense matrix of a smaller regular grid. The ostructed ma-
trix in this case is Toeplitz or block-Toeplitz one, for whib there exist some fast
matrix-vector multiplication algorithms based on the FastFourier Transform.
This idea was considered by Nechepurenko in 1985 [45]. Fuethdevelopment
in this direction was performed by A. Brandt [46], who applid these ideas
to irregular grids. Other powerful methods are based upon welet analysis,
when the initial matrix transforms to a pseudo-sparse formaf T-sparse, by
A. Harten de nition [47,48] which means that the matrix is sf@arse if one ne-
glects its small elements). This idea is currently under aise development
[49,50]. Some alternative fast treatments of BIE arising iuli raction theory
are proposed in [51 54].

All above methods are based upon a special decomposition bétinitial
matrix. Depending on structure of the operator, as well as odisposition of
the source and the observation point , the elements of # initial matrix
are divided to two groups related to the so-called long-rayje and short-
range interaction. Typically, the elements located nearfte principal diagonal
correspond to short-range interaction, just these elenmés are associated with
the singularities. All operations with such blocks are peofmed in a standard
way. The matrix blocks, out of the diagonal, connected withhe long-range
action zone, may be approximated by some matrices of a spexistructure.
The algorithms discussed above operate just with these bl

The rst attempts in this research direction were founded orsome special
analytical decomposition of the kernel in the consideredtiegral equation. The
evident lack of such an approach is that there is a need to cangct a speci c
computational code for every speci c kernel. Besides, somgpes of kernels
do not permit the required decomposition. Recently, therera created the

algorithms which operate only with the elements of the matxiand do not use
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any information about the kernel [43,55]. In the present wérwe use one of
such methods, namely, adaptive cross approximation (ACAalgorithm [43].
In this algorithm the elements out of the principal diagonakre approximated
by matrices of small rank. In practice, we used the C++ libray HLibPro, to
realize a fast matrix-vector multiplication by the ACA method [56].

This modern fast matrix methods implies numerous applicatns of new
e cient algorithms in many branches of applied mathematicsand mechanics.
Mentioned fast algorithm gives a good basis to apply an itetige solver to
construct a fast numerical scheme. Therefore, the main ainf the present
chapter is to propose an alternative iterative scheme. The ethod we present
at each iteration step requires to solve a convolution integl equation, or in
discrete form, a linear algebraic system with circulant or @eplitz matrix. This
can be attained by a fast method. In frames of such approachd computation
time required to solve systems of linear algebraic equati®generated by BIE is
linear instead of quadratic or cubic in classical methods &t is a big advantage

when solving problems of huge mesh dimension.

3.2 Integral equation of the rst kind arising in
2D di raction by soft obstacles

In applications to di raction problems many authors preferto treat a second-
kind Boundary Integral Equation (BIE) which, as predicted ly the classical
Fredholm theory, provides a continuous inverse operatorrfevery wave number
di erent from an enumerable set [37]. This property leads tatability of the

numerical treatment. In frames of the direct BIE method intgral equations
of the second kind arise in the case of acoustically hard balary (Neumann

boundary-value problem). Analogous direct treatment for eoustically soft
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obstacles results in a rst-kind BIE where the Fredholm thepy is not valid. It
is known that indirect BIE formulation allows one to come aga to an integral
equation of the second kind [37]. Nevertheless, it is veryt@mesting to study
fast numerical methods applied to direct integral equatiomf the rst kind in
the case of acoustically soft boundary.

It is well known [9,37] that the direct BIE method reduces thali raction
problem for acoustically soft obstacle (Dirichlet-type bondary condition) to

the Fredholm integral equation of the rst kind

z o/)

(Jy Ly)—=dly = p™(yo); Yo21; (3:1)

wherel is the boundary contour of the obstacledl, is the elementary arc-length
of the boundary line coupled with pointy 2 I, p"® = exp[ik (y?cos +y9sin )]
is the incident plane wave, de nes the direction of incidence, and is the
wave number. As we mentioned in the rst chapter, in the 2D-cse Green's

function is represented by the Hankel function
I I —u i .
(= ZHo () r=iv! i (3:2)

Let us consider, to be more specic, a star-like obstacle deted in the

polar coordinate system by a single-valued polar-radiusriation

yi= ()cos; yp= ()sin; 0 2;
(3:3)
yi= ()cos; y32= ()sin; 0 2;
Then Eq. (3.1) can be rewritten over the interval0; 2 ]:
R, " h L ,
soHe ksin QRO ea () () o()d = p();
(3:4)
s)= 2" @)+ 2y, © ;2

Integral equation of the rst kind in its general form (3.1), as well as in the
star-like polar representation (3.4), for complex geomeaés and high frequen-

cies is di cult-to-solve, since any direct approach demortgates instability for
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some examples. However, the numerical treatment can be perhed by the

simplest quadrature rule, on the uniform grid:

m=mh; = jh; h=il; (m;j =0;1;:5N 1 1); (3:5)
that leads to the following algebraic system
P : i
Cg=f; Mo GmOn = i J=0;L:5N T 15gn = 9( m); fj = P™°( §);
8 s 9
<

; Z
Gm = GHG", k sintpt Tl 44 () (). 5 MB ]

sin 7
(3:6)
The diagonal elements should be calculated more accuratelyy arranging

integration of a logarithmic function which is the asymptoic representation

of the Hankel function for small argument:(i:4)Hél)(z) "1 (1=2 )[In(z=2) +
I, z" O(where =0:57721566s Euler's constant) [12]:
b2 h P i 0
G =3 [hep Inksint 200+ 2(5) + d
P (3:7)
| h |nkh 2O 200 11 -

4

The classical Gauss elimination gives a natural tool to dealith LAS (3.6).
The alternative strategy to arrange fast computations is tgporoceed with a
matrix of a specic structure. The essence of the algorithmrpposed is to
arrange a circulant matrix in the left-hand side of system (8)-(3.7). This can

be done by the following averaging in the argument of the Haekfunction:

W L oan rh()!()i2 Wy
Ho’ Kk sin—- r— +4 () () Ho’ Ak sin—-
L : 3:8
_ % o RR T )2 . 39
A= 5 - W*“l()()dd-
This allows us to rewrite the system in the following equivaint form:
%
Cog=f +(C°! C)g; @ =! 1 In&hy 11,
(3:9)

Gy = MHS Ak sin "L m6j:
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As pointed out in previous chapter, solution of LAS and mati-vector multi-
plication with such a matrix both are O(N logN) expensive, where solution is
attained by a simple convolution scheme. It is obvious thaticculant matrix
operator, or a convolution integral operator in the continous form, is related
to a problem of di raction by a certain round obstacle [57]. Tis is the phys-
ical meaning of the algorithm. Now, if the norm of the matrix @erator in
the right-hand side is su ciently small: = jjC°! Cjj 1 (that is certainly
valid for any contour close to a circle), and operato€? in the left-hand side of
Eq. (3.9) is invertible: jj(C°' 1jj < B, then operator equation (3.9) is equiva-
lentto: g= F +(C9%'1(C°! C)g, F =(CY%'f. Hence, by classical Banach
theory, this provides the normjj(C®' 1 (C°! C)jj < 1, therefore the solution
to this equation may be obtained either as the Neumann opewat series or by

successive iterations [58]:
%
C%G =f + C°I C g n=0;1;::; (3:10)

where the solution on the initial step (i.e. forn = 0) may be taken trivial.

Each iteration step requires a certain kind of fast circularsolver that is per-
formed by convolution theorem. As we mentioned before, themputational
cost of such solver i©(N logN), by using an appropriate FFT algorithm. The
most expensive operation in this scheme is the matrix-vectmultiplication in
the right hand side of (3.10). This can also be done ®(N logN) operations
by using some e cient methods, such as wavelet-transform, dst Multipole
Method (FMM), skeletonization and others. As noted in the Itroduction, in
our algorithm we used for this purpose a C++ code of the ACA algrithm as
a part of the standard library HLibPro [56].

In practice, in the low-frequency case the method demonstes powerful
convergence. An example of this sort is presented in Fig. 3.2

For higher frequencies, good convergence takes place oolygdeometries of
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lg(0)l

— Exact Solution

— — -5 iterations
15 iterations

— — 20 iterations

Figure 3.2: Diraction by a soft four-leaves rose: () = 2+ cos(4 ), k = 0:1,

N=29=512

not very complex shape, like in example shown in Fig. 3.3.

3.2.1 Extension to other parametric representations of

the boundary contour

The approach developed in the previous section for star4ikcontours can suc-
cessfully be applied for some alternative representations$ the boundary con-
tour. For example, in the case of a simple elliptic obstacléné equation of the

boundary contour in the polar coordinate system is not veryiple:

o ab _ _ _ _ .
()= Pt Vi) = ()cos; yz()= ()sin:
(3:11)

Much more natural parametric form, to describe this contouyris given as

y = facos;bsin g; Yo = facos ;b sin g; o ; 2); (3:12)
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o lg(0)l

L L L
0 50 100 150 200 250

Figure 3.3: Diraction by a soft three-leaves rose: () =1+0:4cos(3), k =

N =28 =256

where parameters; are no longer polar angles. Such a parametrization

results in the following integral equation

. q .
2 HP 2ksinl (@! B)sii o+ g()d = pre( );
0 (3:13)
g( )= @) " @si? + Pcod ; o 2);
which is again equivalent to the one similar to Eq. (3.9):
%
Dog=f +(D°! D)g; o =! L AL | g
d% = " H{Y 2Ak sin-", L, m6j; (3:14)
% , RR . 1= 2o 172
= 5 (a2! P)sin® -+ P dd = &
00
with
i | f q .
Om = %Hél) 2k sin-"5--  (a?! bz)sinz%+ P ; mé6j:
p (3:15)
djj = ZL In kh™ (a2! b24)sm2 j+b2+ 11
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Figure 3.4: Diraction by a soft ellipse, k = 10, b=a=0:9, N = 210 = 1024

The iterative process is absolutely analogous to (3.10). Aexample for a

soft elliptic obstacle is demonstrated in Fig. 3.4.

3.2.2 The estimate of the number of required iteration

steps

It is conventionally accepted for many classical iteratioralgorithms (see, for
example [28]) that they must provide a consistent criteriorio stop the iter-

ations. Let us give some appropriate estimates of this sorrf the algorithm

proposed in the present work.

As follows from Eq. (3.10), the di erence between the soluin on the cur-
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rent step and exact solutiong is (recall thatf = Cg):
Gt ! 9 =(COH +(CO)H(CO! C)gn! g =
=(CY' H(C C)gn +[(CO'IC! (CY)'IC%g =(C% *(C°! C)(gn! 9)
=[(C%)' 1! N (! 9);
(3:16)

where gy is the chosen initial iteration. Therefore,
ignsa b ogi di (COMHCOY CM i ! g (3:17)
where the following norm for arbitrary vectorc = f¢ g and arbitrary matrix
C = fgg g are used in the standard functional spack [58]:
X
i = e jel G = K ol (3:18)
The rst term in the right-hand side of Eq. (3.17) can easily @ estimated
from the concept ofcondition number[28] which is
condC®) = jiC% jj (C°)" 1ji: (3:19)
Since the norm of the circulant matrix = jjC%j can easily be calculated
directly by its de nition on a pre-processing step and sincéhe calculation of
the condition number for any matrix is a simple technical proedure [28], one
can simply estimate the norm of inverse to the circulant maix, asjj(C°)' ijj =
=; = condC?). It should also be noted that the norm = jjC°! Cjj is
again calculated directly by its de nition. Then Eq.(3.17)gives a good basis
for the sought estimate of the required number of iterationteps, if one applies
after n iteration steps the following approximationg O:) ' g
! ¢,. With all these comments made, Eq.(3.17) can be arranged ¢ethat
the required arbitrarily small quantity: jjg.+1 ! gjj9jgjj " 1 provided
- i ! i
o))
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This gives a nite-number-of-steps stopper at least for bawdary contours suf-
ciently close to a circle, since as noted above, in this case 1 1ltis
interesting to note that with the trivial initial step gy = 0 the last inequality

becomes even simpleft = )™ .

3.3 Integral equation of the second kind arising

in 2D di raction by hard obstacles

In the previous chapter we have proposed an alternative itetive approach
to di raction by the soft obstacles, which requires at eachteration step to

solve only a LAS with circulant matrix. Since, in the case ofhe star-like
contours, the kernel of integral equation contains a certaiexactly convolution
term, the approximation procedure can be based on reducinge remaining
part to a constant by averaging over the polar angle. Such arpproach is very
attractive, but, unfortunately, it is not clear how to construct such a matrix

for more general kernel functions. The main goal of the pragechapter is to

extend this approach to the diraction problems for hard obtacles. At the

same time, we apply here a di erent, improved, strategy to agwstruct circulant

matrix. Namely, the proposed method is based upon the algetic instead
of analytical construction of the circulant matrix. Another goal is to evaluate
convergence of the proposed method versus frequency andatie's geometry.

Let us consider 2D diraction of a plane incident wavep™ by a hard

obstacle with smooth closed boundary curve. The governing equation is
the Helmholtz partial di erential equation with the Neumann-type boundary
condition [37]:

@ _, er _,eFr

@n @n, ~ @n,

By applying Green's integral formula, this can directly be educed to the

p+ kszO; p:pinc_i_psc;

:(3:21)
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following integral equation of the second kind:

4
PO ey = R0 Yo2 I Y= (yiva: Yo = (¥iv9):
|
G(y; o) = %;) = iI;Hil’(kr)(rrny): (3:22)

Heredl, is the elementary arc-length of the boundary line coupled thi point
y 2 I, ny is the outer unit normal vector to contour at this point, ( r) is
Green's function expressed in terms of Hankel transcendahffunction.

Now, by dividing contour ~ to N small subintervals of length I; and
choosing nodey;; j =0;1;:::;N ! 1, say at the central points of each small
subinterval, one can reduce BIE in a standard way to the fowing LAS with

respect to quantitiesp;, = p(y;) [59]:

D(! 1 ‘
PiCm = P"(Ym); M=0;1::5;N! 1 (3:23)
i=0

where with the simplest approacttnm =1=2; ¢nj = ! G(Yj;¥m) lj; (j 6 m).

3.3.1 Iteration algorithm

In the previous chapter we showed analytical approximatioof the kernel. Here
we arrange the algebraic averaging over the elements belompto any diagonal
parallel to the principal one. Actually, there is no need to allect all elements
of the circulant matrix, since they can be collected in a veot of dimension
N, su cient to represent the matrix. To this end, we build an approximated

vector d; with N elements, whera = 0;:::;N ! 1, that satis es the relation
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P
d= sz1 g =N. That is clearly shown in the following scheme:

0 1
€

€n 1

€m+1

0 1 (3:24)

d

This algebraic approximation is convenient from the compuatiional point of
view, since it allows one to organize a unique machine code foany di er-
ent physical problems with di erent geometry of obstaclesSo, by using this

approximation, one can rewrite LAS (3.23) in the equivalenform
Cp=f +(C°! C)p (3:25)
and then arrange iteration scheme
C g1 = F +(C°! C)pq; g=0;1;:::; (3:26)
where the initial-step solution may be taken trivial: po = 0.
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— Gauss Elimination
2 iterations

- --4 iterations

---8 iterations

Figure 3.5: Diraction by a hard three-leaves rose: ( )=2+1:5c0s(3), k=2

As follows from the classical results of functional analysi given in the
previous chapter, ifjC¢! Cjj is su ciently small then the iteration process is
certainly convergent.

The convergence of the proposed algorithm has been testedmany exam-
ples. One of them is demonstrated in Fig. 3.5, for a three-ls rose which in
the polar coordinate system is described in the legend to Fi§5. The number
of nodes with the discretization isN = 219 here and all other examples below.
In this case the classical CG method diverges. The proposecetmod con-
verges, and one can see that the 8th iteration is practicaliydistinguishable
from the exact diagram constructed by the Gauss elimination

The numerous calculations carried out show that convergemof the itera-
tive scheme takes place up to signi cantly higher frequeres when compared
with the standard CG method. The number of iterations in the poposed al-
gorithm does not depend on the size of numerical grid, beingone sensitive to

the wave number and to the shape of the obstacle. In particulafor geometry
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25

9
3

2 iterations
- - -4 iterations

—--8 iterations
—— Gauss Elimination

n
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0 100 200 300 400 500 600 700 800 900 1000

0

Figure 3.6: Diraction by a hard quadratic obstacle with a unit side, k=8. The rst

node is near the left lowest boundary point

shown in Fig. 3.5 our algorithm converges fadd <k  5:6.

For a four-leaves rose( ) =2+ 1:5cos(4), (0 < 2 ), the proposed
method converges fol0 < k 0:8, and we did not succeed in nding any,
even very small, value ok when the direct CG algorithm converges for this
geometry.

With further increasing of the number of leaves, the upper é&quency bound-
ary of convergence is naturally decreases. Thus, in the case8-leaves rose,

() =2+1:5cos(8), (O < 2 ), the algorithm converges only for
O<k 035

In the example of di raction by a simple quadratic obstacle he proposed
iteration algorithm converges forO < k  8:7. Fig.3.6 demonstrates conver-
gence fork = 8, and the direct CG iterations again diverge in this example.

It is very interesting to study the convergence in the classf @lliptic obsta-

cles with various aspect ratio. Let us set the bigger semi-axof the ellipses to
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be unit: a=1. Then with variation of the second semi-axis one can observe
the following: b= 0:3 convergence forO<k 5; b=0:1 convergence for
0<k 3; and the critique value isb = 0:0022when the convergence breaks

even for extremely low frequencies.

3.4 Application of the fast BIE iteration method
for an arbitrary body in a ow of incom-
pressible inviscid uid

In the present chapter let us demonstrate the variation of tb method we
propose on the 2d problem about an arbitrary body placed in aow of in-
compressible inviscid uid. Since the solution of Toeplitasystem by the PCG
(preconditioned conjugate gradients) method with a circaint pre-conditioner
is O(N logN) expensive, we try here to approximate the exact matrix by a
certain Toeplitz one instead of circulant, and then apply adst algorithm for
this matrix, on each iteration step. We illustrate the convegence of this it-
eration scheme by a number of numerical examples, both forrdaand soft
boundary conditions. It appears that the method is highly e cient for hard
boundaries (indeed, the most natural case), being much lesient for soft
bodies (which are of less interest in practice).

To be more speci ¢, the ow is assumed stationary in time and niform at
in nity. Then the classical Boundary Element Method (BEM), or Boundary
Integral Equation (BIE) method can be formulated here eithein terms of
velocity potential ' (y); y = (y1;¥2); v= grad’; orinterms of stream function

(y). Again, to be more specic, we treat the problem by using furion
Then, the classical theory [60] determines potential®to the perturbed value

of the velocity vectorv, at arbitrary point y, = (y?;y?) in the ow, through the
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integral taken over the boundary contour to the body under consideration:

Q y;Yo) , @(y)
@p  @np

z
"Wo) = " (y)

(yiyo) dly (3:27)

If the boundary of the body is absolutely hard:@'=@yj; = 0 then (3.27) is

simpli ed to

Z
. v oy @Y Yo)
= ———dl 3:28
o) | (y) @y (3:28)
Here' ="'0%+"',, Green's functionis ( y;yo) = ! Inr=(2 );r = jy! yoj =

[(yr! yD2+(y2! ¥9)2*2 ny is the outer unit normal vector to contour I,
"1 (y) = wo(y1cos +y,sin ), where isthe angle between axig; and ow's
velocity vector at in nity vp.

It should be noted that representation (3.28) is valid onlyn the case when
the velocity circulation is zero. We thus leave aside all gggons related to the
Kutta-Zhukovsky hypothesis if the body has a sharp edge onsitooundary.

Now, by setting point x approaching to the boundary line from the uid:
Yo" X 2 I; and taking into account the standard properties of the doulel layer
potential [9,60], Eq. (3.28) is directly reduced to the fotiwing second-kind BIE
of Fredholm type:

Z
' (x) Cn @YX . . :
5 ! | (y)ngly = f (x); X2 (3:2%)
f(X)="1(X)= v(Xicos + Xpsin ): (3:2%)

Eq. (3.29) is valid for smooth contours only, but it can eagjl be rewritten in
an appropriate form if there is a sharp edge on contour[60].

The natural way to arrange a direct numerical treatment of tle basic BIE
(3.29) is to apply the so-calledcollocation technique[9]. One may arrange
a dense set of nodex; 2 I;j = 1;:::;N, distributed over contour | along

its full length: the same nodes for internal variabley 2 | and external
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variable x 2 |. One then can associate the nodes for variabjewith subscripts
J;Xj; and for variable x with subscripts i;x;. If we approximate the integral
in (3.29a) by a quadrature formula, the simplest one is inddeto put the
integrand approximately constant over each elementary arthen this leads to

the following LAS (linear algebraic system):

X . .
C' =f; G'(x)="fi; i=1;::5;N; fi=v(xjcos + xisin );
j=1
. _ . ~ (3:309)
1 o @GX;; i) (x4 ! XD+ (x4t xbnh
Gi=5 J6i:¢ =!I el T, 5
2 @n (XL xp)2+(xh! xh)? 2
(3:300)

wherel; denotes the length of elementary arc. Besides, only in thisction we

accept the notation more standard for discrete mathematicsvhen the elements

It should be noted that the integral in (3.29a), after discrézation, gives
a certain contribution to the diagonal termsg; . It is well known that this is
de ned by the value of the curvatue of the boundary ling at nodex;. However,
this contribution contains again a small factorl;, being asymptotically small
at N "1 , when compared with the termc; = 1=2 given by that present

outside the integral.

3.4.1 An application of the proposed iterative scheme

Typically, LAS (3.30) can be treated directly, by the Gausslanination process.
In the meantime, there is a case when the matrikc; g has a speci ¢ structure.
We mean the case when the body placed in the ow is a circle, thevith the

set of the nodes, arranged with a uniform stefpp over the polar angle, the
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matrix elements becomégx,( ) = acos; X,( ) = asin ):

8 8

<Xj1:aCOSJ-; <nj1:COSJ'; J:(JI %)h, h:2:N,
x,=asin j; © nh=sin j; i =ah; j=1;::155N;

(xh 1 xinh + (xh ! xbyn,, = a1t cos(;! )] = afl! cos[(! j)h ]g;

(X1 x)2+ (x5! xh)2=2a% 1! cos[{! j)h ]g:
(3:31)

Therefore, the elements of the matrix depend on the di eremcof subscripts
(i' j), i.e. the matrix is of convolution type or, by other words, ths is a
periodic Toeplitz matrix. Note that in this particular case of hard boundary
the matrix is even degenerated since the numerator and therdaminator cancel
to each other. However, periodic Toeplitz structure of the atrix remains valid
in all problems for round geometries, including with full (ot only degenerated)
structure.

The principal idea of the method we propose here is to arranga the case
of arbitrary geometry of the body, an iterative process wheat each iteration
step there is a need to solve a certain LAS with a Toeplitz mak. This
idea looks very attractive since solution to Toeplitz LAS ca be constructed
more e ciently than in the case of matrices of general struatire. The required
Toeplitz matrix, for arbitrary shape of boundary contourl, can be constructed
if we change in matrixc; (3.30) all elements on every diagonal parallel to the
principal one by the average value of all elements situatedver this chosen
diagonal. Such an approach yields a new matrifx(:}j g with the elements:

PN! n+1

¢ =dij; Gen k= et n=1;:5N; k=1;05N 1 n+l;

P N! n+l .
j=1 Gj +n! 1,

Oek+nt 1= s> N=2;005N; k=100 N ! n+1:
This formal de nition is clearly demonstrated here:
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(3:33)

With so constructed Toeplitz matrix C! let us represent LAS (3.30) in the

equivalent form:
Ct" =f+(C'! Q) (3:34)

This allows us to organize the iteration process
Cl g1 =f+(C'! C) g q=0;1;:::; (3:35)

where' o = 0 is accepted as the initial iteration step, which is obviougl to
solve the LAS with the Toeplitz matrix in the left-hand side and the true

right-hand side.
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Numerical experiments performed show that the rate of conkgence is in-
dependent of the number nodes, but is quite sensitive to theegmetry of the
boundary line |. This is quite natural from the physical point of view. In
fact, the number of nodes must increase also in standard apaiches of direct
treatment if the geometry of the object becomes more compdited.

Generally speaking, for bodies of arbitrary complex geonmgtit is not so
easy to give a strict proof of the convergence for the propaké&eration al-
gorithm. However, this can be done for some particular class of boundary
contours. For example, let us restrict the consideration bthe class of elliptic

domains:

- - : p .
x, = acosj; x,=bsin;; (a>b); I, =h  asin® | + Pcog | ;

asin

nj =p bcos |
1 a?sin? [+ cod? |

% :
i= ]! ih; h =2 =N: J =1;:000N:

. nl=p
' 2 a?sin? j+Pco? |

(3:36)
Then the elements of matrixC in (3.30) become

(le! x'l)njl+( x'2_! x'2.)nJ2 I
(x4 xi)2+(xh xb)2 2

Gi=3 j6i:g=

— a(cos j!cos j)bcos j+b(sin j!sin j)asin j h _ .
- a?(cos j! cos )2+ k2(sin j!'sin ;)2 2 T (3-37)

- h abh T h abh i
P+

4 (a2! P)sin2 11+ 12 4 (2! R)sinz DN

therefore, Eq. (3.32) implies

t=1 . — abh N+ 1 .
C'= 2(' + D)1 dk+n! 1k — )

2 (N'n+) i=1 (a2 B?)sin? M+

(3:38)
Oikent 1= ket 1 (N=2;:00 Ny k=1;::N ! n+1); di =0;
where D is evidently a Toeplitz matrix. Such a representation allow us to

rewrite Eq. (3.34) as a second-kind matrix operator equatio

(1+D)" =2f+2(C'' C); =) ' =F+2(1+D)*(C" C); F =2(1+D) '
(3:39)
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Let us estimate the elements of matriXD in (3.38) in the class of ellipses of
small eccentricity, i.e. witha=(1+ ")b, " << 1, when the ellipse is very close
to a circle. Let us keep in all expressions only linear termser parameter”.
Then one deduces from (3.38):

N IPn+1
dh. = Oy 1= = 2ab
kik+n! 1= Hk+nl Lk = 27 (NI ne) - (@Z+1?)! (a2 ) cos[(2j+n! 2)h ]

N!Ph+1
h P 1+"
2 (N! n+l) - 1+"f1! cos[(2j+n! 2)h ]g

N+l 3:40
M‘W __lf1+ cos[(3 +n! 2)h ]g= (3:40)
D oon oE
=5 It SWEE2 M cos[N ! n+1)h ]! cos[p! 2h] =
° " in[2_(2n! 3)=N] *
-1 " 1 sin n! 3)= — .
N 1+ Nind 2 ! 2sin(2 =N ) cos[2(n! 2)=N] ;

where we have used a tabular value of a nite sum for trigonortréc functions
[61].

For all estimates we introduce the standard normalized spa¢; of dimen-
sion N, where the norm for arbitrary vectorc = f¢g and arbitrary matrix

C = fgq 0 are, respectively [58,62]

X
jigi = max jGj;  JjCji = max . 1G4 J: (3:41)
Then
p. . NRUk . R . NPk . R .
jdgj = JOeksn o+ jdikr nea] = JOkk+nt o+ JOkent 1) =
j=1 n=2 n=2 n=2 n=2
NR!k R . n : . Y
=1 + It ger 3! Thangmy ! cosf2 (n! 2)=N]
n=2 n=2
(3:42)
Let us notice that forN >> 1
0
" in[2 (2n! 3)=N] _ "
N % ! SInZsin(anN ) ! COS[Z (n! 2)_N] N
[2 ( )=N] © " ( ) (3:43)
3, jsin2 (2N! 2m3)=N]j " 3, 2 (2N! 2m3)=N " .
2 +! 2sin(2 =N ) : N 2 T 4=N <1
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hence expression under the modulus in (3.42) is positive. @iefore,

ro
jogj =
j=1
Nnprkp D n . ) &
— " 1 sin[2 (2n! 3)=N] — —
- h=p +n=2 1+ Nintl 2 ! 2sin(2 =N ) I cos[2 (n! 2)=N] =
N o (3:44)
NR!k R . _
— N1, " 1 1 [2 (2n! 3)=N] -
=Nty + NI n+l E! Sln25in(2n=N ) I cos[2 (n! 2)=N]
n=2 n=2
R

LG+ e stade <L (<< 09 Di<

Now, if in operator equation of the second kind (3.39) the nar of operator
jiDJj < 1, then, by Banach theorem [58], equation (3.39) is uniquelhokable
andjj(1+ D)'Yj 1=1!jj Djj)is nite.

Let us estimate the norm of operatolC!! C in Eq. (3.39). Obviously, both
these matrices have the constant elements2 on the principal diagonal which
is canceled when calculating their di erence. Then, for thelements outside

the principal diagonal one obtains from (3.38)

4 —
abh (dk+n! 1k P Ckeni 1;k) -

NP+l
— 1 al

= , | 1 =
Nl j=1 @ R)sin2 G 4 T (@3 pp)sin2 BN ypp

NP (3:45)

= =+ 1 | 1 =
N j=1 @2 &)sinzwﬂ}? BNEY lc}z)sinzwﬂo2

Ph+ . 5 (2k+r 2)h . 5 (2j+1 2)h
_az!szFhlh sin2 72 i S'n2(1+2)

- - i
N nd j-1 @ lc}z)sinzw+b2 @3 lc}z)sin2M+b2

This implies

N Ph+1

id | . abh a2 p? a 2 2-_)

JOk+nt 1:k 0 Ck+nt 14 4 N o N’
J:

m (3:46)
jiCt! Cjj = 1m|9xNj:ljdkj og] 2'<< 1
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—— Exact Solution
— — — 2iterations
— — 8iterations

Figure 3.7: Flow over a hard ellipsis,b=a=0:5, N =200, (1 n N). The rst

node is near rightmost boundary point

that yields the following nal estimate in Eg. (3.39):
1ljj Dij
(3:47)

the value which can be attained arbitrarily small for small’. Again, according

' = F+2(1+D) }(C" C)"; jj21+DY Y(C* C)jj  2jj(1+DY %jjjj C" Cjj

to the classical Banach theory, if the last norm is less thannit value then

operator equation of the second kind (3.47) is uniquely salble and its solution
can be constructed by the standard successive iteration m®ss, or equivalently,
by Neumann's operator series [58].

When evaluating practical convergence of the proposed itgion algorithm,
one may notice that this converges provided all above estites are valid. For
example, the real range of convergence in the class of elipbbjects is much
wider that those with small eccentricity. Further examplesshow that the
convergence is perfect also for various geometries di etdrom elliptic ones.

Figures 3.7 and 3.8 demonstrate convergence of the iteratiprocess for

the ellipse with aspect ratio” = b=a= 1=2 and for quadratic domain. For
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Exact Solution
— — — 2iterations
—— - Siterations

Figure 3.8: Flow over a hard quadrate,N =400, (1 n N). The rst node is

near left lowest boundary point

such simple geometries 10 iteration steps provide relatiegror less thanl10

in the solution, when compared to the Gauss elimination tecique. Note that

in these and all forthcoming examples the enumeration of ned is arranged
counterclockwise when passing along the boundary contour.

Fig. 3.9 demonstrates a 8-leaves contour, for a correct tte@ent one needs
to take at least 800 nodes, 100 nodes per every leaf.

Since during the intensive investigation we could not nd ay geometry
where the method proposed diverges, let us restrict the calations by the
class of ellipses with varying aspect ratio. By decreasirig= b=aup to value
" = 0:02 we come to the geometry demonstrated with its BIE solution in
Fig. 3.10. With further decrease of parametet the calculations show that for
extremely small values of' the iteration process diverges. The critical value
separating convergence from divergence is somewhere fear 0:014

When looking at so stable convergence of the proposed ald¢fom, one may

suppose that all considered examples are taken only for ot close, in some
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Figure 3.9: Flow over a hard 8-leaves owerN =800, (1 n N). The rst node

is near rightmost boundary point
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Figure 3.10: Flow over a hard ellipsisp=a=0:02, N =800, (1 n N). The rst

node is near rightmost boundary point
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Figure 3.11: Flow over a hard roll,N =400, (1 n N). The rst node is near

upper boundary point

sense, to a round shape which exactly generates a real Togplnatrix. In
order to study this question, let us consider two other geortrees which seem
absolutely di erent, both topologically and quantitatively, from any circular
domain, see Figures 3.11 and 3.12.

As a nal remark in this section we note that the structure of he exact
matrix C is such that its principal diagonal in (3.30a)g; = 1=2 is Toeplitz-
like. Since the principal diagonal is usually dominant for ell-posed matrices,
one may assume that this property makes the iteration procegonvergent and
stable. The next section demonstrates the convergence inetltase when the

principal diagonal is of more general structure.
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i—ﬂtm 15F N

Figure 3.12: Flow over a hard body of a complicated shapéy =1120, (1 n N).

The rst node is close to the center of the lower boundary segent

3.4.2 Flow over a soft body

If the boundary condition is' je = 0, then Eq. (3.27) immediately yields the

following integral equation
R . .
aly)Injy! xjdly = f(x); x21;
|
9y) = @n = Vel FOO=12" 1 (X) =1 2Vg(X1C08 + Xzsin ):
(3:48)
which is the basic BIE in the case of soft boundary.
The same discretization like in the case of hard body, apptido Eq. (3.48),
leads to the following LAS
P . . o
=G G =Fio g =Injglxj lj; |6
fi=1f(x); xi21l;, i=21;:::;N:

(3:49)

In order to write out correctly the diagonal elements of the mtrix here, | = i,
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one needs to calculate explicitly the contribution over smiarc:

X7 7 2= |
Gi = Injy! Xx;jdy =2 Inydy= | In7i! 1 (3:50)

i 0
2

Xi!
The same iteration scheme proposed in the previous sectioancbe applied
to system (3.49)-(3.50) too. Let us note that if the length othe elementary
arc varies withi: 1; 6 const, then diagonal elements (3.50) are di erent for
dierent i, and so matrix¢; is not of Toeplitz type.

The detailed numerical analysis shows that the proposed redion algo-
rithm converges in many cases also in the case of soft boungdike for the
hard contour. First of all, it is very interesting to nd the critical value " = b=a
for ellipses, if exists, analogous to that in the case of abhstely hard body. This
is found to be around” = 0:15. The comparison with” = 0:014from the
previous section leads to the supposition that the develogéteration technique
is less applicable in the soft case. Numerous examples cdaestd con rm that
this is so indeed. The quadratic domain gives the example wh¢he method
converges, respective solution is re ected in Fig. 3.13. Wever, for geometries
used in Figures 3.11 and 3.12 the iterations diverge.

One may assume that the supposition indicated above is validamely that
the Toeplitz-type principal diagonal predetermines convgence, therefore such
a diagonal structure takes place for hard body with good coargence but it
is not Toeplitz for soft boundaries. However, on example akd to Fig.3.12
the constant elementary arc length |; = const;8j can easily be arranged, but
even in this case the iteration process diverges.

Let us try to improve the convergence of the iteration algotiim by pass-
ing to the indirect BIE method which reduces the Dirichlet bandary value

problem to a second-kind integral equation. This means thatne may seek the
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solution as a double-layer potential:

@ Y;Yo)

z
o) = u(y) @0

dly; (3:51)

whereyo = (y?9;y9) is an arbitrary point in the ow, and u(y) is a certain

unknown function on the boundary contour. If the boundary ofthe body is

absolutely soft:' jj =0,"' ="'% "', then (3.51) implies
Z
u(x) @ y;x) o . : :
> + u(y) @y dy=1"4(x); x21; (3:52)

where the boundary property of the double-layer integral reagain been ap-
plied. Let us note that, like with the direct BIE treatment for rigid boundary,
equation (3.52) is indeed the Fredholm integral equation dhe second kind.
However, a detailed numerical analysis performed for Eq..62) in its dis-
crete form, analogous to what is presented by expressions3@), shows that
convergence of the iteration scheme is even worse than witiettreatment by
the rst-kind integral equation, see Egs. (3.48), (3.49). n particular, for el-
liptic obstacles iterations converge i0:738< b=a < 1 only. It is completely
unexpected, since the only dierence between the integralperators in the
left-hand sides of Egs. (3.29) and (3.52) is opposite signs front of integral.
This property indicates implicitly that such a poor behavio of the proposed
algorithm in the case of soft boundary is connected with thehysical nature

of the ow for soft obstacles rather than with the type of integral equation.

3.5 Conclusions

In the present chapter we propose a new numerical iterationethod to solve
BIEs arising in various boundary value problems of mathematal physics.
The essence of the algorithm is demonstrated for integral @ations of the

rst and second kind as a direct BIE method to diraction by acoustically
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Figure 3.13: Flow over a soft quadrate,N =400, (1 n N). The rst node is

near left lowest boundary point

soft and hard obstacles, and also for a ow of inviscid incomessible uid
around a body, in the two-dimensional formulation. At eachteration step
there is a need to solve a certain LAS with a circulant or Teph matrix,
which is constructed both analytically and algebraicallyby a certain averaging
along diagonals parallel to the principal one. As Toeplitzadvers we use some
special techniques known from literature, and give an estate of respective
computational expenses which shows an evident signi canteeleration of the
algorithm, when compared to standard Gauss elimination.

The fast methods known in literature, to solve BIE arising immathematical
physics, are typically based upon some iteration technigadike CG method
and others. This has rather weak relationship with the physal nature of the
considered problem. Particularly, such an approach is inérent with respect
to geometry of the obstacle and to the frequency of the osailions. In practice,
the e ciency of these fast methods is determined by the contion number of

respective matrix equation, after discretization. Usuayi they become less
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e cient with the frequency increasing.

The method proposed is more coupled with the physical essenof the
di raction problem. This is developed for integral equatios of the rst kind
as a direct BIE method to di raction by acoustically soft obgacles. It is based
on an iterative scheme whose each iteration step requiressolve a certain BIE
with a convolution kernel, that is equivalent to a circulantmatrix in the discrete
form. The meaning of this idea is that the method proposed opstes at each
step with a BIE which is close to a certain physical obstacleith respective
convolution kernel. Naturally, this is chosen in the rst paagraph as a kernel
corresponding to round obstacle, but this is not the only chee. In fact, for
volumetric obstacles the circle represents a natural geotmewith convolution
kernel, which in numerical implementation on uniform grid epresent circulant
matrix. However, for thin obstacles one may recall linear seens which also
provide convolution-type, hypersingular kernels, holdigp again as rst-kind
integral equations [24], and after discretization give Tqeiz matrix.

Essentially, the new feature of the proposed method is a netenation
scheme. Like in the more standard approaches, each iteratioequires a fast
matrix-vector multiplication. This can be done by analogy 6 what is applied
for this purpose in other known methods (a brief survey is gan in the Intro-
duction). In our computations we used an ACA standard algotiim, in frames
of the Hierarchical matrix technique.

The computational cost of the proposed algorithm is quasifear, like in
some other fast methods mentioned in the Introduction wheros/ing boundary
value problems of mathematical physics of this kind. Therefe, there arises a
natural question: what is the advantage of this method compad, say to the
straightforward CG in terms of accuracy and e ciency? By ouropinion, there
are several motivations. First of all, this leads to exact $ation for any round

obstacle. Then, for complex shapes this demonstrates a clgdnysical sense,
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showing how close is the real geometry respectively a rounkdape. Finally,
in the cases of convergence, the method demonstrates veryceent practical
convergence.

The method demonstrates a perfect practical convergence fow frequen-
cies with complex geometry of the obstacles with hard bounda Only a few
iterations are su cient to attain good precision. With the frequency increas-
ing the convergence becomes less optimistic. However, thgsstill e ciently
applicable for the obstacles which do not permit multiple rections on the
interior parts of the boundary curve the phenomenon playig important role
in di raction just at higher frequencies.

Another principal question with the proposed method is reted to the
problem of its convergence. Unfortunately, the convergeeaannot be proved
strictly for arbitrary geometry of the object. However, we @monstrate a proof
in the class of ellipses with su ciently small eccentricity The scheme of the
proof shows that the key point for the convergence is that opator | + D in
Eq. (3.39) must be invertible. As follows from the Fredholmheory [58], this
property is valid for a wider class of boundary contours, natecessarily with the
condition jjDjj < 1. Therefore, the practical signi cance of the method is that
this is applicable not only for the class of elliptic object®f small eccentricity
with the given proof.

As stated above, if geometry of the obstacle is su ciently dse to a round
shape then this converges for arbitrary frequency. Certdiy practical con-
vergence is absolutely di erent from theoretical one. We gtlied this question
thoroughly with a lot of numerical experiments, trying to distinguish examples
where it converges and where it does not. By collecting todper the results of
such experiments, we could establish that convergence bkeaf either complex
geometry or high frequency takes place.

The method demonstrates wonderful stability for hard bounaries of var-
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lous complex geometry. There has been performed a specialestigation, to
nd the cases when the algorithm diverges. We could only detethat this
diverges for extremely elongated ellipses, and we did notceeed in nding
any other examples.

Unfortunately, in the case of the Dirichlet boundary conditon the e -
ciency of the algorithm is poorer. This is so when applied tahe rst-kind
Fredholm integral equation of the direct BIE method, and unepectedly even
worse convergent when applied to the second-kind equatior the indirect
method. Therefore, we come to the conclusion that probabhhé convergence
is more dependent on physical nature of the problem, rathehan upon the
kind of the integral equation.

In the case of perfect convergence, i.e. with the Neumannpy boundary
condition, the number iterations is insensitive with respe to the numerical
grid dimension. This signi cantly depends on geometry of th body only. The
more complex the geometry the more iterations are requiredlhis means in
practice that the complexity of the algorithm is free of numiler of iterations,
being determined only by the computational expenses to selvioeplitz-type
LAS.

When comparing the method proposed with other existing fashethods in
di raction, we only note that, as indicated by those authors their approaches
become, as a rule, less e cient for high frequencies. Our nteid converges for
any frequency if the geometry is su ciently close to a certai circle. Since, with
the frequency increasing, the geometry must be too close toet round shape,
one can conclude that both the standard and the proposed mettl loose their

e ciency if the frequency is high enough.
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Chapter 4

Fast Iteration Method in the
Problem of Waves Interacting with

Set of Thin Screens

In the current section we propose a similar iterative techgue for the wave
eqguation describing the scattering of a harmonic wave frormaarbitrary con-
guration in the form of an array of thin straight barriers.

Scattering of waves by a set of breakwaters representing bars or screens
Is an important problem in the uid dynamics of waves. In the rst approxima-
tion, they can be assumed to be thin rigid bodies. Classicagsearch techniques
for this scattering problem are available for a single scregin which case an
exact solution in the form of an in nite series in Mathieu furctions can be
constructed (see [63]). It is well known that this series egmsion becomes in-
e ective in the case of short wavelengths. In this context, symptotic methods
have been widely used, which are designed for both short amehy wavelengths
[11, 64]. An alternative approach to such problems is based the numerical

solution of boundary integral equations (BIE) [9, 65]. Forats of plane scat-
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terers, e ective methods have been developed in the case d@ripdic arrays
of barriers, where the underlying integral equation for wae scattering can be
derived using the periodicity of the problem. Both asymptat [66] and vari-
ational methods and techniques based on series expansiansertain systems
of functions have been found fruitful as applied to such inggal equations (see
[67, 68]).

However, classical methods cannot be applied if a set of biars (obsta-
cles) has no special geometric con guration. A method apphble to such
problems is based on scattering T matrices (see [69]). Anethpossible tech-
nigue for solving such problems is the BIE method. For any nuenical method,
as the number of barriers grows, the computational dimensicof the problem
increases considerably. For example, in the case of the BIEethod, an increas-
ingly larger number of nodes has to be chosen, and the numatisolution of
the arising systems of linear algebraic equations turns ot be an extremely
complicated task for modern computers. This restriction isnuch more criti-
cal for short wavelengths, since, as we already mentioned,reer grid with at
least 10 nodes per wavelength has to be used in that case. As a resultjsi
practically not possible to investigate important physichfeatures associated
with mode locking and other wave e ects in such problems (s¢é8, 69]).

In this chapter, we develop an approach applicable to an atbary con gu-
ration in the form of an array consisting of an arbitrary numier of thin straight
barriers. The idea underlying the proposed algorithm is thain the case of a
single obstacle, the corresponding BIE has a convolutionrkel. As a result,
discretizing the matrix of the corresponding LAS, we obtaim Toeplitz matrix
and such a system can be solved using special fast methodsTmeplitz matri-
ces described in previous chapters. In the case of severalrigas, we propose
an iteration process. At each iteration step, an integral egtion is solved for

each screen separately. The solutions for the other screeme taken from the
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Figure 4.1: Geometry of the problem of a plane wave interactig with a set of thin

screens.

previous iteration. Hence, they appear on the right-hand de of the operator
equation. Thus, each iteration step in the discrete formuten involves a LAS
of Toeplitz structure, which can be solved using well-knowfast computational

methods.

4.1 Statement of the problem and reduction to
a system of boundary integral equations

Consider the gravity driven oscillations of a free surfacd an ideal incompress-
ible uid in a channel of constant depthh (see [70]). Assume that these are
small harmonic linear oscillations of constant circular &#quency! . Assume
also that the channel is much longer than the wavelength. As ithe previous
chapters, the pressure in the incident wave is denoted Ipjf°.

Let N rigid disjoint barriers high enough to prevent a wave from aopletely
covering it be placed perpendicularly to the bottom. The with of the barriers
iIs much less than their length, and their curvature is so smiathat it can be
neglected. Since the depth of the bottom is a constant, the leeity of wave

propagationc® = ghis also a constant. By de nition, the wavelength is = cT
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whereT =2 =! s the period of oscillations. The wave numbek is de ned
ask? = ! 2=gh Then the wavelength is related to the wave number by the
formula =2 =k.

On the water surface, we introduce a Cartesian coordinate st¢gm such
that the direction of the incident wave is aligned with thex, axis, as shown
in Fig. 4.1. Then the positions of the barriers can be specikeby their base
segmentdy, =[am;bn]; m=1;:;N, wherea, = (af';a}') and b, = (0'; 3'").

Let L denote the composite line representing the union of the baer seg-

P
N

ments: L = _;

m. The task is to nd the wave pressure at an arbitrary
point X = (X1;X,) on the water surface. Letu; and u, denote the horizontal
components of the velocity of particles at the poini;z be the depth below
the free surface, and denote the free surface elevation above the unperturbed
level.

First, we consider a plane water layer of constant depth (see [70]). On
retaining the leading terms, the continuity equation for tle uid ow in a
prismatic volume with the base given by the elementary rectale x; X, can

be written as

@ @ @
—(uth x5) X1+ —(uhx) x, =1 —=f( + h) x1X,0; 4:1
@(1 2)1@(2 1) X2 @t( ) X1 X20 (4:1)
whence
@_,, @ @y
—=1h 4:2
@t @x @x (4:2)
If there is no perturbing forces, the equations of motion havthe form
Qu_, @p @u_, @p (4:3)

@ @ @t @ @x
If the vertical acceleration of the uid particles is negleted, it is easy to
show that the pressure at an arbitrary pointx is approximately equal to the

static pressure caused by the depth below the free surfaceds[70]). As a

99



CHAPTER 4. Fast Iteration Method in the Problem of Waves Integacting
with Set of Thin Screens

result, we have the equation

P! pp=9 (o+ ! 2); (4:4)

where z; is the ordinate of the free surface in the unperturbed stateThis

equation yields

@p_ @ @p @ @p @

@ Yex ex ‘ex @ ‘@& (*+5)
From relations (4.2) (4.5), it is easy to derive the wave eqation
@ _ . Gp, G (4:6)

@t @% @3
Assuming that the wave process is a harmonic one with the fregncy !
and the time dependence given by the multiplieexp(! i't ), Eq.(4.6) can be

reduced to the Helmholtz equation

@p, @p
@% @3

which describes harmonic oscillations of water on the searface.

+k?p=0 or (+ k»)p=0; 4:7)

The boundary condition on the boundary of the barriers has # form
@
— 7 = O, 4:8
@JL (4:8)

wherey is a point on the barrier surface andhy is the normal vector to the
barrier surface at this point.
The wave pressure is sought in the form of the sum of the inciteplane

wave and the wavep™ scattered from the set of barriergp®e:
p= pinc + psc. pinc - eikxl: (4:9)

The boundary value problem (4.7) with boundary conditions4.8) can be

reduced to a system of BIEs on the considered array of barrger Consider a
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Figure 4.2: Set of contours for deriving the underlying BIE.

contour | enclosing all the obstacles under study, while the obserian point
X remains outside it (see Fig. 4.2).

For this contour, we have the standard integral representain (see [65])

Z
@ , @fy)
>°(X) = — 1 === I 4:10
p>(x) | p(y)@p @y y (4:10)
where = ( r) is the Green's function and here, again, we use its two-
dimensional representation as Hankel functiorf r) = (i=4)H (r); r = jy! X|.

The integration point y belongs tol.

It is easy to see that the contributions made by a pair of conto's traversed
along the same arc segment but in opposite directions canarit, since the
corresponding integrals involve the same functions with nmal derivatives of
opposite signs. This means that the integral over the origat outer contour is
equal to the sum of the integrals over three arcs, each endgtagits own barrier
(for illustrative purposes, Fig. 4.2 depicts only three barers, but they can be
as many as desired).

Let each arc shrink to its barrier. Then the contour is replaed by the array
of two-sided rectilinear arcs along the banks of the physicharriers. Each two-

sided arc is represented as a pair of one-sided ongsand |}, , wherem is the

101



CHAPTER 4. Fast Iteration Method in the Problem of Waves Integacting
with Set of Thin Screens

index of the corresponding barrier. Herd,, is chosen so that the unit normal
vector n;, to it is directed to the right of the segment(an;hy,). Accordingly,
the unit normal vector n_ to |}, is directed to the left of the segmenta,; hy).
The wave pressures olf, and I, are denoted byp* and p' , respectively.
The point y, belongs tol;,. Then, in view of boundary condition (4.8), rep-

resentation (4.10) is rearranged into

N @ ya
5¢(x) = dl? dl!
p(x) R p(y) an y t . pm(y) an W
X Z @
= aly) ——(Kkjy! xpdly; gy)=p (y)! p(y); Y2In; (4:11)
m=1 m @nl

whereg(y) is the jump in pressure in passing the corresponding barriefhus,
if the pressure jump function is found, then the scattered kel at an arbitrary
point x on the uid surface can be obtained using formula (4.11).

To derive BIEs, following the standard approach [9, 65], orhe left-hand
side of (4.11), we take into account that the scattered elds equal to the total
eld minus the scattered one. Then we send in this relation to the boundary

(x yjO 2 L) and di erentiate the resulting expression with respect to e

+ H 0.
normal n;” at the point y;”:

@m:@mm+wz
@ @

g( ) ————(kjy ! y%j)dl: (4:12)

@hap

m=1
Again using boundary conditions (4.8), from the last equai, we derive a
system of BIEs for determining the jump in pressure:

x s @ @B u).

g(y)@ﬁ@m(kw yPjdly = ! @n (4:13)

m=1
Note that Eq. (4.13) in the more general case of curvilinearoatours can
be found in [71, 72]. Here, we only demonstrate the derivatigorocedure for

a set of screens.
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All the quantities involved in (4.13) can be written as clos& form expres-

sions. Speci cally,

e = B e B AR OFON G B8
jbn ! @] jbn ! @] @n ih! aj
(4:14)
Moreover, in view of the recurrence expressions for Hankeinttions, we
have
@l HOr)1 HO(r ¢ h [
gr = Mo E RO o= P vPe) - @1s)
Then, fory 2 1, it is easy to obtain
@ . . o
kiy! y°j) =
@ﬁ@m( iy vl

ikH O (kjy ! yoi) (B! a) (B! @)+ (bt al)(b ! &)

=1 . - - . : 4:16
dim ! amjib ! aliy! v (4:16)
Moreover, system (4.13) becomes
Z .
. - iley ]
. a(y)K (y;y))dly, = 4jif 1 a%je';
m m
H®Y (kiy ! y9 L al)(b,! &)+ (bt ar) ! &
Ky = (kiy! 1) (5! 2)(62__ ) 0_(tif (! &) 4:17)
jom ! anjiy! vyl
In the integrand, it is convenient to pass to dimensionlessavables. For
this purpose, we make the following substitution§0 t; 1)
yr=al+ (! al)tn; Vi=a+ (B! &) ;; (4:18)

y3 = ag+ (B al)tm: ¥y = @+(B! @) i dI = jhn! amidtn; (Y2 Im)
(4:19)
Then system (4.17) takes the form
X Z1 |
9(tm)K (tm; j)dtm = 4(17 1 &?)ei(1);

m O
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HY (Kiy(tm) ! y())i) (B! af)(B! a)+ (b al)(b! &)
jY(tm)! Yj(j)j

K (tm; i ) =
(4:20)

Note that the kernels of system (4.20) have a hypersingulamgularity. If the
points y(tn) and y( ;) lie on a single barrier (i.e.,m = j ), the kernels of
system (4.20) become

HI” (Kjy(tm) ! yCD) (B! ag)(By! &)+ (B ! af)(B! &) _
jy(tm) ! Yj(j)j

(1) . | T Y | r
_ Hi(kig ! aiit ! jpib! & @:21)
Gl
From the asymptotics of the Hankel function for small valuesf the argu-

ment, Hf)(x) I 2i=(x), it follows that

HO ki ! ajiy ! b ! &) i |
it ok )7 tm i (4:22)

i.e., the kernel is hypersingular.
Extracting the singularity of the kernel in explicit form, we reduce system

4.20) to
(4.20) < Z,

9(tm)Kjm (tms )t = 4B, 1 ab)evi(); (4:23)

m O

where the kernel is given by

8 o .

2 H kiytm)! y()D[E! aR)(Byt ab)e(B7t al)(Bt )], g

Ko (tor )= ym @) Y; ()] ' J;
m (tmi ) = P21 ki iHP kit ain! Dbt a2 .
T k()2 2G5! )2 '

m = j
(4:24)

Here, the hypersingular singularity of the kernel is extraed in explicit form.

4.1.1 |Iteration algorithm and its discrete implementation
using fast computational mathods
The idea of the proposed iteration method can be described fadlows.
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System (4.23), (4.24) is discretized using the Belotserlgkii-Lifanov method
[71, 72]. Taking into account that, for each pair of barrier¢m; | ), the variables
tm and ; range within the interval (O; 1), we introduce the following partition
of the barriers with a discrete set of nodes chosen on them:

vl 05 u

yv=1;20n; t0 = — u=1;2ny; (4:25)
n; Nm

v
wheren,, and n; are chosen so that the number of partition points i, and
l; for the wavelength is su ciently large. Practical experience shows that
the partition must be such that it ensures at least ten pointgper wavelength.
Then, according to the Belotserkovskii-Lifanov method, stem (4.23), (4.24)
has the discrete analogue

X Rm

QMK = 48,1 ah)eli(D; (4:26)
m=1 u=1
where
8 @) (i IRY j i j j
2 H Gy yCOD[F ! af )t apr(Bpt ol )bkt ah)]. g i
KM = iyt (0 S
WU a1y 1y ibraidt GHP bt agiltdpte. o
S TR TV N2 ! J
(4:27)

Note that the discretization of general hyper singular equins is also
discussed in [71, 72].

It is easy to see that the dimension of LAS (4.26) i® = i N N I
the incident waves are of high frequency, satisfactory aaacy can be achieved
by using ne grids on the set of barriers. Then the resulting ystem is of
high dimension and direct classical methods, such as Gaassielimination,
become ine ective, since their complexity i<O(D?3) (see [28]). With the aim
of devising a faster solution method, we examine the struatel of the matrix
of system (4.26) in more detail.

Obviously, whenm = j (the points belong to a single barrier), the formula

for nding the coe cients is a di erence scheme with respectto the indices
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Figure 4.3: Structure of the matrix for the discretization of the problem for N

barriers.

u and v. In this case, we obtain a symmetric Toeplitz matrix, which an
be solved using fast methods described in previous chapte®hysically, the
casem = | determines the contribution made by scattering from a singl
barrier to the complete wave eld. However, form 6 j (the points belong to
di erent barriers), the matrix elements have no special fon. Physically, this
case describes the in uence exerted on the general structuof the wave eld
by multiple re ections of a wave from various barriers.

The structure of the coe cient matrix is shown in Fig. 4.3. Hee, T
denotes the Toeplitz parts of the matrix. Based on this matx representation,
we construct an iteration algorithm in whichN Toeplitz systems of equations
order n,, are solved at every step.

At the zero step of the algorithm, the pressure on each barries determined
regardless of the other barriers:

Xi _

QPEYKI =41 a)evi (D j=1;2:N; v=1;2:mn;  (4:28)
u=1
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At every new iteration step, the pressure is re ned using thealues obtained
at the previous step:

X XX

QK =a(th 1 dh)e ¢ K (4:29)

uv
u=1 m=1;m6j u=1

wherej = 1;2;:;;N; v = 1;2;::;n;: Obviously, several independent LAS (as
many as the number of barriers) with Toeplitz matrices haved be solved at
every step.

In our problem we have used the conjugate gradient method witcirculant
preconditioning (PCG) as in the previous chapters. The ovall complexity
of the this approach to the solution of a system with a Toepl#d matrix is
O[2Njer nlog 2n], where the numberN;e, of iterations is small. Based on this
estimates for Toeplitz solvers, we can analyze the complgxof the fast method
proposed for solving the problem of waves interacting with set of thin screens.
For convenience, the segments are assumed to have an idetlength. Then
the number of nodes for all the segments is identical as weld the size of
system (4.26) iD = P ,':'qzl n = Nn. As was noted above, the direct numerical
solution of this system would requireO(D3) = O(N3n3) operations. Instead,
the problem for each barrier is solved separately at each iiggion step. Even
without using fast methods, the complexity is then reducedatO(Nn?). If the
number mjye, Of iterations in the algorithm is small (which is con rmed bynu-
merical experiments), this simple approach is superior fonie, Nn® < (Nn)3,
i.e., if mger < N 2. The e ciency of this method can be further enhanced by
applying superfast solvers for Toeplitz systems at each pt®f the algorithm.
Then, as is easy to see, we obtain the estima@{2mj., Niter NN log 2n], where
Nier IS the number of iterations in PCG method. This estimate is aormed
by numerical experiments.

The numerical results presented below were obtained usinget iteration

method described above. Within ve signi cant digits, they coincide with
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Figure 4.4: Scattering of a plane wave from a single barrierlpced at an angle of30 .

the solution of the corresponding Toeplitz-structured LASased on Gaussian
elimination. Moreover, with the use of the fast algorithm, he computations
can be executed in real time.

The following examples were considered.

Example 1. Canonical case: a single barrier placed at an angle 8
to the wavefront. The length of the barrier = 10 meters, and tle wavelength
= 0.628 m (wave number = 10 rad/m). Obviously, for a single baier, there
Is no in uence of neighboring barriers, so the iteration métod immediately
produces an exact result. The structure of the wave eld is slwn in Fig. 4.4.

As was expected, the method converged after two steps. Moveg the
second step was required only because the residual cannotdetermined at
the rst step. At the rst step, CG without preconditioning ¢ onverged after
44 iterations. At the second step, CG immediately produceche exact result.

The number of nodes was N = 256.
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Figure 4.5 Scattering of a plane wave from a set of three pallal barriers placed at

an angle of30 .

Example 2. Another two barriers separated by a distance of 2 m are
placed in parallel to the one considered in Example 1. The tat number of
nodes isN =3 256 =768

The structure of the wave eld is displayed in Fig. 4.5. This ime the
method converged after nine steps. The process of computats is described
in Table 4.1.

Example 3. Two barriers make an angle o0 degrees. The distance
between their neighboring ends i§:8m(IO 224+22); N =2 256 =512 The
other parameters are the same as in Example 4.1. The complgfeometry is
presented in Fig. 4.6.

As in Example 1, the method converged after two steps. This @&surprising
result, since there must be multiple re ections of waves fro the barriers.

However, by varying the wave number, it becomes clear that ¢hinteraction
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Figure 4.6: Scattering of a plane wave from two mutually orttogonal barriers.

of the barriers is weak in this case. Speci cally, the methodonverges after
three steps if the wavelength is doubled and after eight stepf the wavelength
Is three times as long.

Example 4. The same as in Example 3 but for two adjoining barriers (see
Fig. 4.7). The wavelength is1:884m. This case required the largest number
of iterations: N =2 128 = 256 The method converged after ve steps (see
Fig. 4.7).

Example 5. The barriers form a square-like con guration. The distance
between the ends of neighboring barriers is 2.8 mete(rgm). The other
parameters are the same as in Example 1 (see Fig. 4.8). The dmsion of the
system isN =4 256 = 1024 The convergence process is described in Table
4.2.

Example 6. The same as in Example 5 but the barriers are adjoining,
N =4 256 =1024(see Fig. 4.9).
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Figure 4.7: Scattering of a plane wave from two mutually orttogonal adjoining bar-

riers.

Figure 4.8: Scattering of a plane wave from four mutually orhogonal barriers.
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Figure 4.9: Scattering of a plane wave from four mutually orbhogonal adjoining

barriers.

In this case, the method converged after 41 steps. Curiousho oscillations
must be observed inside the square, since the wave processda the square
Is ctitious. This is con rmed by the direct computation of t he complete LAS
based on Gaussian elimination, which produces the same wapadtern.

Note that the performance of the algorithm is demonstratedére for several
screens. If the number of screens is increased consideratitg dimension of
the LAS after the discretization can reach tens of thousandsnd more. It is
in this case that the proposed algorithm becomes e cient.

Note also that the idea of using an iteration algorithm in whth every step
involves the inversion of matrices corresponding to scatiag from a single
screen can also be applied to curvilinear screens. Howeuwbe advantages of

Toeplitz solvers fail to be used in that case.
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Table 4.1: Number of iterations of the conjugate gradient méhod

Step Norm of

the error barrier 1 barrier 2 barrier 3

1 - 44 44 44
2 2.566861 11 36 22
3 0.205326 9 3 4
4 0.010384 2 2 2
5 0.004213 1 3 1
6 0.003428 1 1 3
7 0.002215 1 1 1
8 0.001082 1 1 1
9 0.000850 1 1 1

Table 4.2: Number of iterations of the conjugate gradient méhod
Step Norm of

the error barrier 1 barrier 2  barrier 3  barrier 4

1 - 44 49 44 49
2 0.098940 7 2 7 2
3 0.001390 1 1 1 1
4 0.001242 1 1 1 1
5 0.001627 1 1 1 1
6 0.003054 1 1 1 1
7 0.001458 1 1 1 1
8 0.001906 1 1 1 1
9 0.000829 1 1 1 1
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4.2 General Conclusions

The current research concern a solving of fundamental praoh about e cient
numerical realization of integral expressions and boundaintegral equations
arising in wave dynamics, acoustics, and boundary-valuegislems of mechan-
ics with mixed boundary conditions. This includes:

1) Development of an FFT-based method to accelerate numeaicalgo-
rithms in diraction problems. This is based on the reductim of integrand
to a form suitable for application of the fast Fourier transbrm. Developed
approach is applied to solve diraction problem for plane gid screen in high
frequency range. Derivation of the di raction integral is lased on Kirchho s
physical diraction theory. After a special change of variales, based on a
speci ¢ form of the phase function, with the use of some e ciet semi-analytic
realization of this change, the integral is reduced to a forqmermitting applica-
tion of FFT. It is shown, that the developed method allow us tasigni cantly
reduce the time of computation, keeping the accuracy of deenumerical meth-
ods. An essential decreasing of necessary computer resesirat the expense
of high performance of the developed method permit the reseha wide range
of physical parameters.

2) The fast numerical algorithm is also developed for solgnwide range of
problems in mechanics of continua. Integral equations in sl problem often
has di erence kernel and in numerical form can be represendteas discrete
convolution. Application of the convolution theorem with the fast Fourier
transform algorithm allows us to evaluate this integral fasand accurate.

The numerical solution to the static crack problem for lineacracks in the
non-classical porous material of a Cowin-Nunziato type iastructed by fast
iteration methods founded on Conjugate Gradient method wit a precondition-

ing. It is shown, that arising integral equation, after discetization, may be
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reduced to linear algebraic systems with matrix of Toeplizofm. To accelerate
CG method there can be applied FFT-methods. This leads to a gsi-linear
numerical algorithm. There is presented a comparison betese the classical
direct Gauss elimination, iterative conjugate gradients mthod and fast ver-
sions of the CG method, such as preconditioned CG. We can chrde that
fast PCG methods considerably accelerate numerical calatibns, while the
number of iterations is weakly sensitive to the number of na.

3) In the case when the di raction is happen by a general-formbject whose
shape is neither linear nor circular, the problem can be reded to an integral
equation with a general-form kernel. There is developed awmepproach, which
operate on each iteration step with an integral equation, wbh has a convo-
lution kernel. Di erent averaging procedures of changinghte full kernel with
convolution one are presented. Analytical approximatiorsiapplied to star-like
obstacles for two-dimensional scattering by soft obstasle Discrete numerical
approximation is demonstrated on the problem of a ow aroundbodies placed
in the incompressible inviscid uid. With such a treatment, we approximate
the exact matrix by a certain Toeplitz one and then apply a fasalgorithm for
this matrix, on each iteration step. This admits again a quadinear numeri-
cal algorithm. The practical convergence of the algorithmsidemonstrated by
examples for di erent geometries. We illustrate the convgence of this itera-
tion scheme both for hard and soft boundary conditions. It gpears that the
method is highly e cient for hard boundaries, being much les e cient for soft
boundaries.

4) In the present chapter we apply the same idea to wave proses with
obstacles which represent an arbitrary set of linear rigiccseen of nite length.
The iteration process is proposed, when at each iterationegt one needs only
solution of the problem for every isolated single screen. IAdquations in this

case are of convolution type, and they are reduced again to djliz-like matrix
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equations in a discrete form. The algorithm developed shouast convergence

for respective second-kind Fredholm integral equation.
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