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ABSTRACT
The communication mediated by extracellular vesicles (EVs) is
recognized as an opportunity for delivering biological material to
recipient cells, with the aim of developing innovative and more
efficient therapeutic protocols. In this context, they can represent
an effective alternative to unsuccessful drug delivery systems, for
the treatment of several diseases. However, a deeper understanding
of the dynamics regulating the uptake of EVs by target cells is
necessary, yet challenging, for the development of novel therapeutic
approaches. In fact, the technologies today available do not allow
the direct visualization of EV uptake over time. On the contrary,
an indirect reconstruction of the molecular events is only possible
and the estimation of the parameters involved in this molecular
process remains a difficult task. For this reason, in this article we
propose the mathematical model of a generic uptake process, with
the aim of providing a tool both for the inference of still unknown
biological parameters and for the design of biological experiments,
according to some desired results.
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1 INTRODUCTION
Extracellular Vesicles (EVs) mediate a particular type of cell-to-cell
communication that is gaining interest in the bio-medical com-
munity [20]. EVs are nano-sized (30-1000 nm), spherical particles,
carrying several kinds of molecules, and delimited by a lipid mem-
brane which protects their payload from the action of external
proteases and nucleases (i.e. the enzymes that digest proteins and
nucleic acids, respectively). EVs are secreted by donor cells, diffuse
into the extracellular space, and are internalized by target cells
through several uptake mechanisms [14]. Once reached the target
cell, the EVs with their payload may induce profound changes in
the biology of the target cells. Therefore, thanks to the advances in
bio-nano-technology and the possibility of engineering EVs, it has
been envisioned to engage natural or synthetic-engineered EVs for
delivering drugs to target cells, in the treatment of diseases [12].

However, the molecular mechanisms involved in the uptake of
EVs are not fully understood. Ideally, for understanding the whole
process, it would be necessary to work at a single EV (even single
molecule) resolution, over a dense set of time points [9]. However,
this remains a technical challenge for the field, considering that it is
possible to visualize and to estimate the internalization, but without
any knowledge of the number or concentration of internalized EVs
and their relationship with the effects observed after the treatment.
Furthermore, the experiments carried out at different time points,
require multiple replicates, since for each measurement the experi-
ment need to be stopped for the analysis. For example, in the set
of experiments carried out to generate the model describing the
dynamics of EV internalization, target cells were seeded in several
wells of 12-well plates, with 3 wells representing a single condition.
Therefore, to produce different conditions at different time points,
multiple wells were provided. At the end of the treatment, to per-
form the measurement of EV-derived fluorescence by the imaging
flow cytometry, the cells were detached from the well, washed of
their medium to eliminate both cellular debris and residual EVs,
and then resuspended in a specific buffer to be finally analyzed at
single cell level. All passages are repeated for every time point. As
expected, this kind of experiments is, in general, very expensive (in
particular in terms of EV production, other than for instruments’
costs) and time-consuming, and it is hardly affordable to repeat
them for a dense set of time points. For these reasons, a good design
of the experiments, based on the estimation of the expected results,
is crucial to avoid waste of resources.
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To this purpose, several models of EV uptake are present in
literature [11]. However, diverse pathways are used by cells to
uptake the vesicles. Indeed, after reaching the target cell, EVs can be
internalized via receptor-mediated endocytosis or lipid RAFTs [8],
spontaneous and protein-mediated fusion [21], phagocytosis [7],
macropinocytosis [17] or can signal to target cells with a juxtacrine
mechanism [19]. The uptake models developed so far are specific
of some particular mechanisms and would be useful on the design
of selective uptake experiments. Unfortunately, considering that
the internalization mechanisms are used by cells, not only for the
EV uptake, but also for internalization of other molecules and for
the physiological recycle of membranes, the inhibition or selection
of specific uptake pathways may be toxic for the cells and the
development of efficient pharmacological treatments is challenging.

With this in mind, in this paper we introduce an analytical model
of a generic uptake process of EVs by a target cell. However, the
model parameters, which correspond to the rate of chemical reac-
tions involved in the absorption process, are not known. For this
reason, based on laboratory data, an estimation of the unknown
parameters is performed and used to design future experiments so
reducing costs and time. More specifically, the model solutions de-
scribing the evolution of the process are compared with experimen-
tal data collected in vitro from a neuroblastoma cell line (SH-SY5Y)
treated with EVs isolated from primary murine astrocytes (AS).
From these experiments the values of the parameters associated
with the uptake of EVs by SH-SY5Y are deduced. Then, the use of
the model as a tool for the design of new biological experiments
is assessed by comparing the EV internalization forecasted by the
model with experimental data obtained in the same conditions.

The paper is organized as follows. The Section 2 gives an overview
on the uptake of EVs from a target cell. In Section 3 the analytical
model of a generic uptake process is derived. Section 4 describes the
biological experiments that have been conducted. In Section 5 the
comparison between collected data and model solutions provides
values to the model parameters. Additionally, a model application
example is provided. Finally, Section 6 draws some conclusions.

2 OVERVIEW OF EV UPTAKE
EVs are nanometric spherical particles, coated with a lipid mem-
brane, enrichedwith transmembrane proteins that allow their recog-
nition by recipient cells [4]. Once generated and released by donor
cells, EVs meet different fates. Some EVs may undertake a long-
term navigation in the extracellular fluids. Another fraction of EVs
release their cargo in the extracellular space as the result of the
dissolution of their membrane [21]. Other EVs remain local and
establish various types of interaction with so-called target cells.

Interactions between EVs and target cells are based mainly on
protein interactions (receptors, tetraspanins, integrins, clathrine,
caveoline, etc.) [16], that mediate both a juxtacrine signaling or the
EV internalization. The latter involves mechanisms classified in: i)
endocytosis (both clathrin dependent, independent, and lipid-raft
mediated) [15], ii) macropinocytosis [5], iii) phagocytosis [6], and
iv) membrane fusion [21].

More in detail, endocytosis, macropinocytosis, phagocytosis and
lipid-raft have a similar events evolution distinguished by the types
of proteins involved and the response of the target cell membrane
that causes the EV internalization. The process is sprung from a

high affinity binding of one or two pairs of surface proteins (one
protruding from the EVs and the other from the plasma membrane
of the target cell). This binding allows activation of cascading reac-
tions, which bend, distort or prolong the membrane of the target
cell. Due to that, EV is totally enveloped and internalized in the
endosome, where it can then meet different fates [14].

Juxtacrine signaling is a different strategy in which target cell is
able to process information bound to the EV. The principal differ-
ence between endocytosis and juxtracrine way is that EVs bind with
high affinity to the surface of the cell, to trigger a specific molecular
process [19]. This strategy is not included into our model, since in
the experimental data we have not an accumulation of EVs on the
surface of the target cell, but only within the cell over time.

Finally, fusion is a well-known natural phenomenon taking place
when two separated membrane portions come close and melt into
each other. It seems to be activated by specific fusogenic proteins
[18]. In general, phospholipidic membranes have a positive charge
on the external surface, so spontaneous fusion is rare in nature.
Thanks to the presence of two couples of fusogenic proteins, one
on the surface of the EV and the other on the membrane of the
target cell, depending on the values of pH and temperature, it is
possible to force the charge pushback until the fusion between both
membranes with release of the EV cargo within the cytoplasm [21].

The identity of the proteins involved in all of those processes
are only partially known (caveolines, clathrins, receptors), while
several proteins and mechanisms are still under investigation. For
this reason, among others, the development of efficient pharmaco-
logical treatments for long-term inhibition or selection of specific
uptake pathways in in vitro experiments, is not easy to be practi-
cally achievable, since also the uptake of other molecules would be
inhibited with consequent side effects for the viability of the cells.
Therefore, the experimental measures of the EV internalization
rate in target cells, that, at the time, is possible to collect, do not
discriminate among the possible uptake mechanisms.

3 UPTAKE MODEL
In this work we focus on a generic EV uptake process, which de-
velops on two phases: i) the EVs in the extracellular medium are
supposed to bind with some generic receptors, ii) they are inter-
nalized by the target cell. Let 𝑉𝑒 indicate the number of available
EVs in the extracellular space close to the plasma membrane of the
target cell, and let 𝑉𝑏 and 𝑉𝑖 indicate the bound and internalized
EVs, respectively. The dynamics of the binding and internaliza-
tion processes are assumed to be regulated by the binding and
internalization rate constants, denoted as 𝑟𝑏 and 𝑟𝑖 , respectively.
Note that, a fraction of the EV-cell bonds may disassociate before
the internalization is activated and the involved EVs come back
to the extracellular medium. To take into account this occurrence,
the bond disassociation rate constant 𝑟𝑑 has been introduced. The
evolution of the EV uptake can be summarized by the following
simplified reaction scheme:

{extracellular medium}
𝑔𝑉−−→ 𝑉𝑒

𝑟𝑏
⇄
𝑟𝑑

𝑉𝑏
𝑟𝑖−→

←−−−−−−−
𝑟𝑟

𝑉𝑖 (1)

where 𝑔𝑉 is the supply rate of EVs, i.e. the number of EV supplied
to the cell by external sources in the time unit, and 𝑟𝑟 indicates the
recycling rate constant, i.e. the rate at which the target cell may
recycle or release a fraction of the internalized EVs.
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In order to model the evolution of the EV uptake process, we first
focus on the time-dependent number of the available, bound and
internalized EVs,𝑉𝑒 (𝑡),𝑉𝑏 (𝑡) and𝑉𝑖 (𝑡), respectively, and consider
the events that affect their temporal variation. In particular, let us
note that the binding of an EV to the target cell produces a decrease
in the number of available EVs,𝑉𝑒 (𝑡), and a corresponding increase
in the number of bound ones, 𝑉𝑏 (𝑡). Similarly, the internalization
of a bound EV, at the rate 𝑟𝑖 , accounts for a negative contribution in
the temporal variation of the bound EVs, 𝑉𝑏 (𝑡), and a positive con-
tribution to the temporal variation of the internalized ones, 𝑉𝑖 (𝑡).
Besides the binding and internalization events, also the recycling
processes of EVs, as well as the possibility that a fraction of the
EV-cell bonds disassociates before the fusion process is activated,
affect the EV amount in the three considered states. More specif-
ically, both events produce, at the rate 𝑟𝑟 and 𝑟𝑖 , respectively, an
increase of the number of available EVs, 𝑉𝑒 (𝑡), and a decrease of
the internalized and bound ones, 𝑉𝑖 (𝑡) and 𝑉𝑏 (𝑡), respectively. All
the above considerations lead to the following equations:

𝑑𝑉𝑒 (𝑡 )
𝑑𝑡

= −𝑟𝑏𝑉𝑒 (𝑡) + 𝑟𝑑𝑉𝑏 (𝑡) + 𝑟𝑟𝑉𝑖 (𝑡) + 𝑔𝑉 (𝑡)
𝑑𝑉𝑏 (𝑡 )
𝑑𝑡

= 𝑟𝑏𝑉𝑒 (𝑡) − (𝑟𝑑 + 𝑟𝑖 )𝑉𝑏 (𝑡)
𝑑𝑉𝑖 (𝑡 )
𝑑𝑡

= 𝑟𝑖𝑉𝑏 (𝑡) − 𝑟𝑟𝑉𝑖 (𝑡)
(2)

Note that the number of EVs in the extracellular mediummay not
be spatially uniform. However, the fluid dynamics of EVs delivery to
the cell surface [22] is out the scope of this work, since we are here
interested on the dynamics of binding and internalization of the EVs
to the plasma membrane. For this reason, we assume that there is a
layer of fluid close to the plasma membrane of the target cell, where
the number of the EVs can be considered spatially uniform and
we define 𝑉𝑒 as the number of EVs in this portion of extracellular
fluid. Therefore, we can consider here the solely dependance of 𝑉𝑒
from time. The number of EVs, close to the plasma membrane of
the target cell, is supplied to the system from an external source at
the delivery rate 𝑔𝑉 (𝑡), which in general is a function of time.

3.1 Model solution
The set of ordinary differential equations (2) constitutes the model
of the binding and internalization process of EVs by a target cell. In
this section we provide the solution of this system, which is linear
and solvable with standard methods.

As usual, we need to find three linearly independent solution of
the homogeneous system associated to (2), i.e. for 𝑔𝑉 (𝑡) = 0. So let
us look for solutions in the form:

V = 𝑒𝜆𝑡v (3)
where 𝜆 and v are the eigenvalues and eigenvectors, respectively,
of the coefficient matrix A of (2), and V is the vectorial notation for
the number of external, bound and internalized EVs, i.e.:

V =


𝑉𝑒
𝑉𝑏
𝑉𝑖

 A =


−𝑟𝑏 𝑟𝑑 𝑟𝑟
𝑟𝑏 − (𝑟𝑑 + 𝑟𝑖 ) 0
0 𝑟𝑖 −𝑟𝑟

 (4)

As known, the eigenvalues 𝜆 are the roots of the characteristic
equation of the matrix A, i.e. |A − 𝜆I| = 0 (where | · |, when applied
to a matrix, denotes its determinant, and I is the identity matrix),
which is easy to verify that can be written as follows:

𝜆

(
𝜆2 + (𝑟𝑏 + 𝑟𝑖 + 𝑟𝑑 + 𝑟𝑟 ) 𝜆 + 𝑟𝑟 (𝑟𝑑 + 𝑟𝑖 ) + 𝑟𝑏 (𝑟𝑟 + 𝑟𝑖 )

)
= 0 (5)

The roots of (5) are:

𝜆1 = 0
𝜆2,3 = − 1

2 (𝑟𝑏 + 𝑟𝑖 + 𝑟𝑑 + 𝑟𝑟 ) ±
1
2
√
Δ

(6)
where

Δ = (𝑟𝑏 + 𝑟𝑖 + 𝑟𝑑 + 𝑟𝑟 )2 − 4 (𝑟𝑟 (𝑟𝑑 + 𝑟𝑖 ) + 𝑟𝑏 (𝑟𝑟 + 𝑟𝑖 )) (7)

The eigenvector v𝑖 associated to the 𝑖-th eigenvalue 𝜆𝑖 must
satisfy the following equation:

Av𝑖 = 𝜆𝑖v𝑖 (8)
However, when Δ = 0, the characteristic equation (5) presents a
double root, i.e. 𝜆2 = 𝜆3, which means the eigenvalue is incomplete
or defective, and a third linearly independent solution can be found
in the form: V = 𝑒𝜆2𝑡 (𝑡v2 + v3) (9)
where v2 is found from (8), and v3 is found from:

(A − 𝜆2I) v3 = v2 (10)
After some calculation, the eigenvectors associated to the eigen-

values in (6) are:

v1 =

𝑟𝑟 (𝑟𝑑 + 𝑟𝑖)

𝑟𝑏𝑟𝑟
𝑟𝑖𝑟𝑏

 v2 =

(𝜆2 + 𝑟𝑟 ) (𝜆2 + 𝑟𝑑 + 𝑟𝑖 )

𝑟𝑏 (𝜆2 + 𝑟𝑟 )
𝑟𝑖𝑟𝑏


v3 =




(𝜆3 + 𝑟𝑟 ) (𝜆3 + 𝑟𝑑 + 𝑟𝑖 )

𝑟𝑏 (𝜆3 + 𝑟𝑟 )
𝑟𝑖𝑟𝑏

 if Δ ≠ 0


2𝜆2 + 𝑟𝑑 + 𝑟𝑖 + 𝑟𝑟

𝑟𝑏
0

 if Δ = 0

(11)

The general solution of the system (2) is the linear combination
of the solution (3) and (9) with the eigenvalues and eigenvectors
found so far, and can be summarized, according to the sign of Δ, as
follows:

V =


𝑘1v1 + 𝑘2𝑒𝜆2𝑡v2 + 𝑘3𝑒𝜆3𝑡v3 if Δ > 0
𝑘1v1 + 𝑒𝜆2𝑡 (𝑘2v2 + 𝑘3v3 + 𝑘3v2𝑡) if Δ = 0
𝑘1v1 + 𝑒R[𝜆2 ]𝑡 (cos (I[𝜆2]𝑡) (𝑘2R[v2] + 𝑘3I[v2]) +

+ sin (I[𝜆2]𝑡) (𝑘2I[v2] + 𝑘3R[v2]))
if Δ < 0

(12)

where R[·] and I[·] indicate real and imaginary part of a complex
number, respectively, and 𝑘1, 𝑘2, and 𝑘3 are constants to be find
according to the initial conditions.

Note that the solution found so far is the solution of the homoge-
nous system associated to (2). To find the complete solution of the
system, the term 𝑔𝑉 (𝑡) has to be considered. However, the model
solution will be compared with experimental results obtained in the
case 𝑔𝑉 (𝑡) = 0, ∀𝑡 . For this reason, the computation of the general
solution of (2), with 𝑔𝑉 (𝑡) ≠ 0, is out the scope of this work.

4 EXPERIMENTAL CASE STUDY
In this section, we describe the biological experiments for the mea-
surement of the EV uptake evolution.

The methods of isolation, characterization and staining of the
EVs, and the detailed description of the cellular treatments can be
found in [10]. Briefly, EVs were isolated from primary murine astro-
cytes (AS) taken fromwild-type newbornmice (C57BL/6, P2-P4)[10].
After maturation, AS were maintained in culture for further 24
hours and, subsequently, the EVs were isolated via differential ultra-
centrifugation [10]. The number of EVs obtained were 2.73 · 109 per
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million of AS (the donor cells), as measured by Nanoparticle Track-
ing Analysis [10]. EVs were labelled with the very stable (about
100 days) CellVue Claret Fluorescent Cell Linker Dye (Merck), us-
ing the protocol described in [10]. This dye is excited by a laser
at a wavelength of 655 nm and emits at a wavelength of 675 nm
corresponding to the far-red spectrum [2].

The target cells are SH-SY5Y, a human neuroblastoma cell line
differentiated into dopaminergic-like neurons with retinoic acid
and serum deprivation [10]. SH-SY5Y cells were seeded in a 12 well
plate, in an amount of 1 · 106 cells per well. 24 hours after seeding,
target cells were treated with EVs using two ratios 5:1 and 0.5:1, that
correspond to the EVs produced by 5 or 0.5 donor AS, respectively,
and given to 1 target cell. In total, 1.37 · 1010 EVs were used for the
5:1 ratio, while for the 0.5:1 ratio 1.37 · 109 EVs. In the following we
refer to this two experiment conditions as 𝐸𝑥𝑝1 and 𝐸𝑥𝑝2 for the
ratio 5:1 and 0.5:1, respectively. The time of EV treatment represent
the time 𝑡0. Then cells were left with EVs for 6, 24, 48 and 72h, to
evaluate EV uptake over time. Target cells at each time points were
detached by trypsinization, washed of their medium and cellular
debris, and resuspended in 1 mm EDTA + 1% BSA [10].

The EV uptake by the target cells was detected with the imag-
ing flow cytometer (IFC, Amnis FlowSight), using the IDEAS [13]
software [1]. This approach allows to evaluate the amount of EV
internalization at single cell level. The first 2000 single cells, in
order of acquisition, were analyzed, and the data were expressed
in terms of mean fluorescence intensity. In order to convert such
a measure to number of internalized EVs, the fluorescence of a
single EVs should be known. However, the Amnis FlowSight mag-
nification does not allow the detection of single EV fluorescence,
neither within the cells, nor as a sample to be directly measured
by the instrument before the treatment on target cells. Therefore, a
parallel set of experiments was carried out seeding cells in 96-well
plates, in an amount of 85.000 cells per well. The treatment with EVs
was performed following the same strategy as for the IFC analysis
(1.16∗ ·109 EVs for the 5:1 ratio, and 1.16 ·108 EVs for the 0.5:1 ratio).
The EV-derived fluorescence was measured by using a plate reader
(PR, Varioskan, Thermo Fisher Scientific), with use of Skanlt𝑇𝑀
software [3]. To derive the fluorescence of the single EVs, the same
amount of labelled vesicles has been measured with the PR in the
96-well plate, in the absence of cells. Note that the amount of EVs
and cells in the 96 well plate differs from the ones in the 12 well
plate (although a normalization per area/well has been used) for
the analysis through the flow cytometer, while the ratio between
EVs and cells is kept constant. Notably, the exclusive use of PR
for the measurement of EV derived fluorescence in target cells is
not possible since this instrument does not allow the analysis at
single cell level. On the contrary, only the fluorescence of the whole
well (including both cells and the medium) can be measured. For
this reason, we used two different strategies to obtain the required
unknown variables. Indeed, the measurements obtained through
IFC and PR have been compared, and the fluorescence of a single EV
(in the unit of measurement of the IFC) has been deduced through
a simple proportion, in the assumption of linearity, as follows:

𝐹 (𝐸𝑉 )𝐼𝐹𝐶 =
𝐹 (𝐸𝑉 )𝑃𝑅 ·𝐹 (𝐶𝑒𝑙𝑙+𝐸𝑉𝑠 )𝐼𝐹𝐶

𝐹 (𝐶𝑒𝑙𝑙+𝐸𝑉𝑠 )𝑃𝑅 (13)

where 𝐹 (𝐸𝑉 )𝐼𝐹𝐶 and 𝐹 (𝐸𝑉 )𝑃𝑅 indicate the fluorescence intensity
of a single EV for flow cytometer and plate reader, respectively, and

𝐹 (𝐶𝑒𝑙𝑙 + 𝐸𝑉𝑠)𝐼𝐹𝐶 and 𝐹 (𝐶𝑒𝑙𝑙 + 𝐸𝑉𝑠)𝑃𝑅 indicate the fluorescence
intensity of a single cell after EVs internalization for flow cytometer
and plate reader, respectively.

By applying the results of (13) to the flow cytometer results, we
obtain the temporal evolution, shown in Fig. 1b, of the number of
EVs internalized by the target cells for two different initial condi-
tions (namely the initial number of EVs the cells are treated with),
above referred to as 𝐸𝑥𝑝1 and 𝐸𝑥𝑝2. The initial number of EVs per
cell, in the following indicated as 𝑉0, has been calculated accord-
ing to the percentage of cells detected as positive by the imaging
flow cytometer (i.e. the cells that present a non negligible level of
internalization). The values obtained are 𝑉0 = {16000, 3400}, for
the case 𝐸𝑥𝑝1 and 𝐸𝑥𝑝2, respectively.

5 MODEL APPLICATION
In Section 3 we have derived an analytical model describing the
uptake process of EVs from a target cell. In this model, the variables
are the EV in different phases of the process, and the coefficients are
the parameters regulating the processes, i.e. the rates of the chemical
reactions involved in EV binding and internalization, as well as
in the disassociation/recycling process of the EVs. However, as
already said, poor information is available in literature about those
parameters. On the contrary, through the biological experiments,
as described in Section 4, the concentration of the external, bound
and internalized EVs, i.e. the model variables𝑉𝑒 (𝑡),𝑉𝑏 (𝑡) and𝑉𝑖 (𝑡),
can be measured over the time. Then, a change of perspective can
be applied to the model, so that the 𝑉 s are no more unknown
variables, and instead the model parameters, are the unknowns
in the equations (2). Therefore, we will exploit the model to infer,
through a mathematical inverse process, the values for the model
parameters that apply to the case under study, i.e. the administration
of EVs from murine astrocytes to the target cells SH-SY5Y.

With this in mind, in this section we will first consider, in Sec-
tion 5.1, which model assumption are needed, to make the model
representative of the experimental conditions. Then in Section 5.2,
we will compare the analytical solution of the model with experi-
mental results, to infer the model parameter that apply for the case
under study. Finally, in Section 5.3 we will use the model with the
parameter values found in Section 5.2, to provide a forecasting of
the results of a second experiment, and to demonstrate that the
model could also be used for the design of new experiment, based
on desired results.

5.1 From the model to lab experiments
In this section, we will consider the model assumptions that makes
the model representative of the experiments described in Section 4.

Let us first focus on the initial condition of the experiment. In
particular, let us note that the labelled EVs are placed all at once in
the well at the beginning of the experiment, while the cells have
not yet either bound or internalized EVs. In terms of the variables
of the model, this means that at the initial time 𝑡0 = 0, we can write:

𝑉𝑒 (0) = 𝑉0, 𝑉𝑏 (0) = 0, 𝑉𝑖 (0) = 0 (14)

where 𝑉0 indicates the initial amount of EVs per cell.
Moreover, no additional EVs are supplied during the duration

of the experiment to the system under study. Therefore we can
consider:

𝑔𝑉 (𝑡) = 0 ∀𝑡 (15)
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According to (14), the constants 𝑘1, 𝑘2 and 𝑘3 in (12), can now
be calculated. Note, that we do not know yet which case we need
to consider, according to the sign of Δ. Nevertheless, as shown in
Fig. 1b, the measurements of 𝑉𝑖 do not show oscillating behaviour,
which allows us to exclude, in our study, the case of Δ < 0. More-
over, the case Δ = 0 is a singular case, for which the parameters
need to be fine-tuned, and this occurrence can be reasonably con-
sidered unlikely in real-world experiments and meaningless from
the biological/physical point of view. Therefore, in the following, if
not otherwise specified, we will consider only the case Δ > 0.

From (12), together with (11) and (14), we obtain the following
expressions for the constants 𝑘1, 𝑘2 and 𝑘3:

𝑘1 =
𝑉0
𝜆2𝜆3

, 𝑘2 =
𝑉0

𝜆2 (𝜆2−𝜆3 ) , 𝑘3 =
𝑉0

𝜆3 (𝜆3−𝜆2 ) (16)

By replacing (16), in (12), we obtain the general solution of the
model for the experiments described in Section 4.

5.2 Model parameter inference
In this section, we will exploit the model to infer, through a mathe-
matical inverse process, the values for the model parameters that
apply to the case under study, i.e. the administration of EVs from
murine astrocytes to the target cells SH-SY5Y.

To this purpose, let us consider the measurement of 𝑉𝑖 from the
experiment denoted as 𝐸𝑥𝑝2 in Section 4, and let us look for the
best fitting of this curve. According to (12), the best fitting function
has to be in the following form:

𝑉𝑖 = 𝑎 + 𝑏𝑒𝜆2𝑡 + 𝑐𝑒𝜆3𝑡 (17)
with:

𝑎 = 𝑘1𝑣31, 𝑏 = 𝑘2𝑣32, 𝑐 = 𝑘3𝑣33 (18)
where 𝑣𝑖 𝑗 indicates the 𝑖-th component of the vector v𝑗 of (11). It
is easy to verify that from (11), together with (16), the following
constraints between the coefficients 𝑎, 𝑏, and 𝑐 of (17) hold:

𝑏 = 𝑎
𝜆3

𝜆2−𝜆3 , 𝑐 = 𝑎
𝜆2

𝜆3−𝜆2 (19)

Therefore, according to the coefficient constraints in (19), the best
fitting function for 𝑉𝑖 has to be in the form:

𝑉𝑖 = 𝑎

(
1 + 𝜆3

𝜆2 − 𝜆3
𝑒𝜆2𝑡 + 𝜆2

𝜆3 − 𝜆2
𝑒𝜆3𝑡

)
(20)

where𝑎, 𝜆2 and 𝜆3 are to be determined by the fitting. Let us indicate
as 𝑎𝑓 , 𝜆𝑓 2 and 𝜆𝑓 3, the values obtained in this way. By replacing
the above values in (18), and combining them with (6), (7), (11) and
(16), we obtain the following system of equations:

𝑉0
𝑟𝑏𝑟𝑖

𝜆𝑓 2𝜆𝑓 3
= 𝑎𝑓√

Δ = |𝜆𝑓 3 − 𝜆𝑓 2 |
− 1
2 (𝑟𝑏 + 𝑟𝑖 + 𝑟𝑑 + 𝑟𝑟 ) =

1
2 (𝜆𝑓 2 + 𝜆𝑓 3)

(21)

where | · |, when applied to a number, denotes its absolute value.
Let us recall that the unknowns in this problem are the model pa-

rameters 𝑟𝑏 , 𝑟𝑑 , 𝑟𝑖 , and 𝑟𝑟 , that regulates the internalization process.
Therefore, we need to solve a system of four independent equations
in those unknowns. The system (21), provides three of the four
needed equations. The last equation is obtained considering the
measurement of the number of EVs in the extracellular medium
at a given time-point. In terms of the variables of the model, the
measurement of the EVs in the extracellular medium correspond
to the variable 𝑉𝑒 . By equating the measured value of 𝑉𝑒 (𝑡𝑝 ), at
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Figure 1: (a) Comparison between the experimental data,
curve fitting and model solution, for the case 𝐸𝑥𝑝2 - (b) Com-
parison between the experimental data and the EVs internal-
ization forecasted by the model

the time point indicated here as 𝑡𝑝 , to the analytical expression
obtained from (12), together with (16), and solving the obtained
equation together with (21), after some mathematical manipulation,
we obtain the following formulas for the computation of the model
parameters:

𝑃 =
𝑎𝑓 𝜆𝑓 2𝜆𝑓 3

𝑉0

𝑟𝑟 = − 1
2 (𝜆𝑓 2 + 𝜆𝑓 3) ±

1
2

√︃
4𝑃 + (𝜆𝑓 2 − 𝜆𝑓 3)2

𝑆 =
𝑉𝑒 (𝑡𝑝 )−𝑘2𝜆𝑓 2 (𝜆𝑓 2+𝑟𝑟 )𝑒𝜆𝑓 2𝑡−𝑘3𝜆𝑓 3 (𝜆𝑓 3+𝑟𝑟 )𝑒𝜆𝑓 3𝑡

𝑘1𝑟𝑟 −𝑘2 (𝜆𝑓 2+𝑟𝑟 )𝑒𝜆𝑓 2𝑡−𝑘3 (𝜆𝑓 3+𝑟𝑟 )𝑒𝜆𝑓 3𝑡

𝑟𝑏 = −(𝜆𝑓 2 + 𝜆𝑓 3 + 𝑟𝑟 + 𝑆)
𝑟𝑖 =

𝑃
𝑟𝑏

𝑟𝑑 = 𝑆 − 𝑟𝑖

(22)

where, for the sake of simplicity, we have introduced the quantities
𝑃 , and 𝑆 , defined as:

𝑃 = 𝑟𝑏𝑟𝑖 , 𝑆 = 𝑟𝑑 + 𝑟𝑖 (23)
In Fig. 1a, the measurement of 𝑉𝑖 from the experiment 𝐸𝑥𝑝2 in

Section 4 is shown together with the best fitting functions in the
form of (20). The corresponding values of 𝑎𝑓 , 𝜆𝑓 2, and 𝜆𝑓 3 are re-
sumed in Table 1a. The fit has been performed with the curve-fitting
toolbox in the statistical analysis package of Matlab (MathWorks),
with the nonlinear least squares method, by using the default al-
gorithm “Trust Region”. The starting points have been empirically
found to help the fit to be found.

According to the values in Table 1a, together with the measured
value of the EVs in the extracellular medium for the experiment
𝐸𝑥𝑝2, which is 𝑉𝑒 (𝑡𝑝 ) = 1.3534 · 103, for 𝑡𝑝 = 6h, we proceed to
calculate the model parameters from (22). Note that, as it is easy
to verify, the expression of 𝑟𝑟 in (22) comes from a second order
equation, which provides in general two solutions. Accordingly,
two theoretically possible combinations of parameters are found.
Nevertheless, negative values of the model parameters do not have
physical meaning. For this reason, if some negative theoretical
value is found, the corresponding combination of parameters is
discarded. With all this in mind, the computation of the parameter
according to (22), for the values in Table 1a, provides one feasible
combination of parameter values, which are provided in Table 1b.
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Table 1: (a) Parameters for the best fitting curve in Fig. 1a -
(b) Model parameter values according to (22)

(a)
Name Value
𝑎𝑓 2.0624 · 103
𝜆𝑓 2 −2.395 · 10−1
𝜆𝑓 3 −1.228 · 10−1

(b)
Name Value
𝑟𝑏 1.68335 · 10−1
𝑟𝑑 4.8915 · 10−2
𝑟𝑖 1.14475 · 10−1
𝑟𝑟 3.0550 · 10−2

The analytical solution, obtained according to (12), by replacing
the values from Table 1b, is drawn in Fig. 1a. As expected, the figure
shows that the analytical solution of the model describes with good
approximation the experimental data.

5.3 Forecasting and Design
In this section we will exploit the model with the parameter values
found in Section 5.2, to forecast the results of another experiment
session. In particular, let us consider the case study, denoted as 𝐸𝑥𝑝1
in Section 4, where the amount of initial EVs changes with respect
to the experiment 𝐸𝑥𝑝2, used to infer the model parameters. Let
us consider the solution of the model according to the new initial
conditions. Fig. 1b shows the comparison between the experimental
results and the model solutions. As we can see the model solution
is close to the experimental results.

To show the potentiality of the model let us consider an example.
Let us suppose we would like to know the initial amount 𝑉0 of EVs
to provide at the time instant 𝑡0 = 0, such that, at the time instant
𝑡∗, the amount of EVs inside the cell is 𝑉 ∗. In terms of the model
variables, this condition can be written as:

𝑉𝑖 (𝑡∗) = 𝑉 ∗ (24)
where the expression of 𝑉𝑖 is given by the third component of (12).
The change of 𝑉0 affects the values of the coefficients 𝑘1, 𝑘2, and
𝑘3, that have to be calculated again. Although this time 𝑉0 is the
unknown, the initial condition is again expressed by (14). Therefore,
𝑘1, 𝑘2, and 𝑘3 can be calculated through (16), as function of 𝑉0.

For this example, let us choose 𝑡∗ = 48ℎ e let us suppose the
desired number of EVs internalized by the target cell be the cor-
responding value in the 𝐸𝑥𝑝1 series of data, i.e. 𝑉 ∗ = 1.9 · 104.
By replacing these values in (24), together with the expression
from (12), and (11) and solving the equation in 𝑉0, we find that
the initial number of EVs to be administered to the target cell is
𝑉0 = 1.6745 · 104, which in fact corresponds with good approxi-
mation to the initial number of 1.6 · 104 EVs considered for the
experiment 𝐸𝑥𝑝1.

6 CONCLUSIONS AND FUTUREWORKS
In this paper we have presented the analytical model of a generic
EV uptake mechanisms from target cells, with the aim of providing
an efficient tool for the design of biological experiments, which are
often expensive and time consuming. However, since the biological
parameter regulating the chemical reaction involved in the uptake
process are not known, a comparison between experimental results
and model solutions has been carried out, to infer characteristic
values of those parameters. After that the model has been used to
forecast the results of a second experiment session, showing how
can be used for the design of new biological experiment, according
to some desired results.
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