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Abstract

The authors investigate differentiability of the solutions of nonlin-
ear parabolic systems of order 2m in divergence form of the following

type

> (=)D e (X, Du) + ou _
o] <m ot

The achieved results are inspired by the paper of Marino and
Maugeri 2008, and the methods there applied.

This note can be viewed as a continuation of the study of regularity
properties for solutions of systems started in Ragusa 2002, continued
in Ragusa 2003 and Floridia and Ragusa 2012 and also as a general-
ization of the paper by Capanato and Cannarsa 1981, where regularity
properties of the solutions of nonlinear elliptic systems with quadratic
growth are reached.
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1 Introduction

The study of regularity for solutions of partial differential equations and
systems has received considerable attention over the last thirty years. On
the other hand, little is known concerning parabolic systems in divergence
form of order 2m with quadratic growth and the corresponding analytic
properties of solutions. To such classes of systems, our attention is devoted.

This note is a natural continuation of the study, carried out in the last
decade and a half, of embedding results of Gagliardo-Nirenberg type from
which we deduce local differentiability theorems, making use of interpolation
theory in Besov spaces (see e.g. [1], [2], [3], [4], [5], [6] and [7]).

In this respect, we mention at first the note [8] where the author proves
that, let Q@ C R"™ an open set, 0 < T < oo and Q = Q x (=T,0),2° =
(29,29,...,2°) € Q, p > 0 and B(p) = B(2°,p) = {z = (v1,29,...,7,) :

lz; — 2% < p,i=1,2,... ,n},if
we L*(=T,0, H'(Q,RY)) N CONQ,RY)), YO<A<1 (1.1)

is a solution of a second order nonlinear parabolic system of variational type
and under the assumptions that the coefficients a®(z, Du) have quadratic
growth is obtained that

u € L*(—a,0, H'(B(0), RY)),

for every a € (0,%),v6 € (0,1) and for each cube B(20) CC .

In the same paper, Fattorusso stressed that it is not possible to improve
this result in such a way to achieve, for each solution u to the above system,
the differentiability



u € L*(—a,0, H*(B(c),RY)), (1.2)

if, preliminarily, is not ensured the regularity

Dy € L*(—a,0, L*(B(c),RY)), i=1,....n (1.3)

for every a € (0,7, and for every B(20) CC €,
The technique used in [8] allows the author to achieve, instead of (1.3),
the condition

Du e L20+9(—q 0, LY(B(0),RY)), i=1,...,n,

for every a € (0,7),VB(0) CC Q and every 6 € (ﬁ, 1), which is not
enough to ensure that is true (1.2)

In [9], under the same assumptions of the previous result [8], the differ-
entiability result (1.2) is proved, for u satisfying (1.1).

Key of this note is the use of interpolation theorems of Gagliardo-Nirenberg
type.

The use of interpolation theory, made in [9] and in [1] with montonicity
assumption and quadratic growth, as illustrated in [10], has recently allowed
Fattorusso and Marino to obtain differentiability also for weak solutions of
nonlinear parabolic systems of second order having nonlinearity 1 < ¢ < 2
(see for details [11]).

Inspired by the note mentioned above by Marino and Maugeri, in the
present note, the authors extend differentiability properties to the case of
parabolic systems of order 2m. More precisely, let €2 be an open subset of
R" n > 2, and 0 < T < oo, aim of this note is to study, in the cylinder
Q = Q x (=T,0), the problem of interior local differentiability for solutions

we LAH(=T,0, H™(Q,RM) n O™ MQ,RY), 0<A<1

of the nonlinear parabolic systems of order 2m of variational type

> (=)D e (X, Du) + % = 0.
o <m

Using the above explained idea is proved the following local differentia-
bility with respect to the spatial derivatives
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u € L*(—a,0, H" Y (B(c),RY)) N H(—a,0, L*(B(c),RY)), Ya € (0,7),¥B(c) CC .

Let us also mention the considerable note by [1] where the authors prove
that a solution u of nonlinear parabolic systems of order 2 with natural
growth and coefficients uniformly monotone in D« belongs to

L*(—a,0, H*(B(o),RM)) N H'(—a,0, L*(B(o), RY))

Results similar to those obtained by Marino and Maugeri in [9], with
stronger assumptions, are obtained by Naumann in [12] and by Naumann
and Wolf in [13]. Let us also bear in mind the study made by Campanato in
[14] on parabolic systems in divergence form.

We want to finish this historical overview, concerning interior differentia-
bility of weak solutions, recalling the recent note [4] where similar results are
achieved for elliptic systems of order 2m.

2 Useful assumptions and results

Let © be an bounded open set in R"  n > 2, x = (21, 9,...,%,) denotes
a generic point therein, 0 < T' < oo and @ the cylinder  x (=77,0), let N
be a positive integer. In (), we consider the following parabolic metric

d(X,Y) = max{||z = ylln, |t =72}, X =(2,0),Y = (y,7).

Let us set k a positive integer greater than 1, (-|-), and ||-||, respectively
the scalar product and the norm in R*. If there is no ambiguity, we omit the
index k.

Let k be a nonnegative integer and \ €]0,1]. We denote by C**(Q,RY)
the subspace of C*(Q, R") of functions u : Q — R that satisfy a Holder
condition of exponent A, together with all their derivatives D%u, |a| < k. If
u € CFAQ,RY), then we set

el pngr, = S sup ID%ullx + 37 (D],

o<k @ o=k



where

[D*u(X) — D*u(Y)| y
(D), 5 = sup
A X,YeqQ d)\<X7 Y)
XAY

< o0, Vo : |a| = k.

The space C**(Q, RY ) is a Banach space, provided with the norm
||u||C’kv)‘(§,RN) = ”UHck(@,RN) + Z [Dau]A@-

la|=k

Definition 2.1 (see e.g. [15, 16]). Let 2 be an bounded open set in R™, let
k and j be two positive integers, k > j. If p € [1,4+00[ and u € C=(Q,RY),
so we set

1 1
]pQ /Z ||Dau”p dz ’ ||u||k,p,Q = (Z |u|]pQ) (2]‘>

le|=y5

and denote respectively by H**(Q,RY) and H(]f’p(Q,RN) the spaces ob-
tained as closure of C=(Q,RY) and C°(Q,RY) regarding the norm wllypa-
The spaces HHP(Q,RN) and HyP(Q,RY) are known in literature as Sobolev
Spaces.

We remark that Ho?(Q,RY) = LP(Q,RY), 1 < p < +oo.
If p = 2, then we shall simply write H*(Q, RY), HE(Q,RY), ]u\JQ Ml o

Let © be an bounded open set in R", let us set ¥ € (0,1),p € [1, +o0.

Definition 2.2. We say that a function u defined in Q having values in RY
belongs to H'P(Q,RY) if u € LP(Q,RN) and is finite

IIU y)liv

Definition 2.3. If k is a nonnegative integer, we mean for H"‘W’T’(Q,RN)
the subspace of H*?(Q,RY) of functions u € H*?(Q,RY) such that

D € H"(Q,RY), Va : |a| =k



We stress that H*t%?(Q,R") is a Banach space equipped with the fol-
lowing norm

1
lullisope = (I} 0+ - 1Dl ,0)"

laf=k

If p = 2, then we shall simply write H*+7(Q, R") and el .0

Let k a positive integer, p € [1,+o0[, ¢ € (0,1), in the following, we will
consider the spaces

Lp(_Tv 0, Hk7p(Q7 RN)) =

0
— (e, Dlu(- ) € H*(Q,RY) for ae. t € (—T,0) and / Ju(, )|, o dt < oo

=T

and

LP(=T,0, H*"7(Q,RY)) =

0
= Qu(z, t)|u(-,t) € H*OP(Q,RY) for a.e. t € (—T,0) and / [, )y p0 A < 00

-T

We say a function u € L*(=T,0, H™(Q,RY) N C™MQ,RY), N positive
integer and 0 < A\ < 1, weak solution in () to the nonlinear parabolic system
of order 2m

> (=D a™ (X, Du) + g—? =0

la|<m
if
[T @eepiing-(uff)fax o wpecr@r

Q lalsm

(2.2)



Let us now state some properties useful in the sequel.
Let 7 €]0, 1], p and a two positive numbers and h € R\ {0} , where |h| <

(1—=7)p.
If u is a function from B(p) x (—a,0) in RY and X = (x,t) € B(1p) x (—a,0),
we set

Tinu(X) = u(z + he' 1) —u(X), i=1,2,...,n, (2.3)

where {¢'},_,, . is the canonic basis of R".

Let us now state the following results, proved in [17, 18] and [19], useful
to achieve the main result of the note.

Theorem 2.1. If u € ILP(—a,0,L7(B(2p),RY)), a,p > 0,1 < p <
400, N s a positive integer and exists M > 0 such that

0
[t [Umaulr ar<ip v i < 0 =mp vi=1,m,
—a  B(p)

then u € LP(—a,0, H'"?( B(p),RY)) and

0
[at [ipwpar<a, viz=i.n
—a  B(p)

Theorem 2.2. Letu € H'?(B(p),RY) fora,p> 0,1 <p < +ooand N be
a positive integer. Then, for every T € (0,1) and every h € R, |h| < (1 —1)p,
we have

ITintllop 5y < IRI1DsUlloy 5y s 7= 152,001

Theorem 2.3 (see [18, 20]). Let N be a positive integer and 2 a cube of
R™. If
uw e W (Q,RY) N CMNQ,RY),
with m > 2, m integer, 1 <r < oo,s > 0,s integer, 0 < A< 1, s <m—1,
then, for each integer j with s+ X < j < m, there exists two constants c; and
co (depending on Q,m,r, s, A\, j) such that

5 1-5
max | D%ulop0 < ¢ (max |Do‘u|0mg> : (max[Dau],\Q) + comax[D%uly o

laf=j al=m al=s laf=s

where%:%+5(l_m>_(1_5)5+A’ Vée[j*s*/\ [

r n n m—s—A’
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Theorem 2.4 (see [9]). Let N be a positive integer and 2 a cube of R". If

u € WO (Q,RY) N CMNQ,RY),

with m > 1,m integer, 0 < 0 < 1,1 <r < o0o,s > 0,s integer, 0 < A <
1,s < m, then, for each integer j with max(s +A,m+0—2) <j<m+0,
it results

u € WiP(Q, RY)

and there exists a constant ¢ (depending on Q,m,0,r, s, \ j,n,5) such
that

1-6

é
fullpe < llulliane 2% g

wherel%: +0 (L —mE) — (1 - §)tA V&E[#;’\_/\,l[with (1—

7
3)(s+ A) +0(m+6) noninteger.

3 Interior differentiability of the solutions

Let us set m, N positive integers, « = (a, ..., q,) a multi-index and |a| =
a1 + -+ + ay the order of a. We denote by R the Cartesian product

R = [ RY

laj<m

and p = {p®}jaj<m, p* € RY, the generic point of R. If p € R, we set
p=(p,p") where p' = {p*}ajem € R = [Tiajem B2 2" = {0"Haj=m €
R" = Tjaj=m RY and

Il = D 1% W17 = D> % 1P = ) °ll

la|<m laj<m la|=m

We consider, as usual,

8 . le% a1 a9 «
D = goi=le.m D= DY D§L Dy
Du = {Dau}\alﬁm, D'u = {Dau}|a|<m’ D'y = {Dau}|a|:m'

8



Let us consider the following differential nonlinear variational parabolic
system of order 2m :

> (~1)FD%a (X, Du) + 5 =0 (3.1)

|a|<m

where a®(X,p) = a®(X,p/,p") are functions of A = Q x R in R, satis-
fying the following conditions:

(3.2) for every a : |a| < m and every p € R, the function X — a*(X,p),
defined in Q having values in RY | is measurable in X ;

(3.3) for every a : |a| < m and every X € Q, the function p — a*(X,p),
defined in R having values in RY | is continuous in p;

(3.4) for every a : |a] < m and every (X,p) € A, such that ||| < K, we
have

oo (X, )| < M) (17201 + 117)
where f* € L*(Q);

(3.5) for every a : |a| = m, the function a®(X,p',p"), defined in QxR having
values in RY are of class C* in QxR and, for every (X,p',p") € QxR
with ||p|| < K, we have

0a

ZZ

k=1 |8|<m

la M(K) (1 +[1p"1]) .

>y

k=1|8|=m

M(K);

6pk

(3.6) dv=wv(K) >0 such that:

daf (X,
Z 3 “g ﬂp enel > v(k) > 1€ = vllel®

h.k=1|a|=|B|=m |Bl=m

for every & = (£€*) € R and for every (X,p) € Q xR, with ||p|| < K.
If the coefficients a* satisfy condition (3.6) we say that the system (3.1)
is strictly elliptic in 2.



Theorem 3.1. Ifu € L*(—T,0, H™(Q,R¥))NC™ M MQ,RY),0 < XA < 1, is
a weak solution of the system (3.1) and if the assumptions (3.2)-(3.6) hold,
then VB(30) = B(z°,30) CC Q,Va,b € (0,T),a < b, it results

u € L*(—a,0, H™*(B(0),RY)) (3.7)

and the following estimate holds

1+9

0 0 =0

/ [ull, 4 oy dt < (v, K, U X 0,a,b,m,n) {1+ > / 1 NoBEaydt |+ / [ul2, 53y dt (3.8
—a |a|<m b —b

where K = supg ||[D'ul| and U = ||u||Cm_M@RN).

Proof Let us observe that, using Theorem 2.I1T in [21], for every 0 < ¥ < 1
and b* = “TH’, we have

ue L? (—b*,o, H™ (B (ga) ,RN)> :

and

0
2
/ |D”u|19,B(%a) dt <
—_b*
0

e
@ 2
<c(w, K, U9 \oabmmn) 1+ Y / 1 Nlo,pEndt | + / [l a0y At
—b*

lal<m \ 7,
(3.9)
Hence, we remark that u € C™ 1A(Q, ]RN), then, it results, for a.e.t €

(_b*a 0)7

u(z,t) € H™ (B (ga) ,RN> nom—tA <B (ga>,]RN> , YO< ¥ <1, YB(30) CC .

10



Then, from Theorem 2.4 with 2 = B (ga) ,1—=A<0<1,ford= %, and for

a.e.t € (=b%,0) :
m ) N
u(z,t) € H™? | B 30 JRY

and there exists a constant ¢ = ¢(0, A, o, m,n) such that

1 1
2 2

I m+0,B(50) ”uHcm*lvA(B(gcr),RN) 7

m,p,B(ga) S CHUH

Wherep:4+%>4‘

The choice § = 1 — 3(> 1 — \) ensures that for a. e. ¢t € (—b*,0) we have

5 4\
u(z,t) € H™P (B <§o) ,RN) ., withp=4+ v VB(30) CC (8.10)
n N
and
: :
3y < <00l gy Tl o B1)

_ 4\
where p =4+ =4 > 4.

Then we have, for a. e. t € (=b*0), the following inclusion between
Sobolev spaces

u(z,t) € H™P (B @0) ,RN> cc H™* <B (go> ,]RN) (3.12)

then, using (3.9), written with § = 1 — 3, and (3.10)—(3.12), we have

11



/uuumwg < clo /Huum+ o p(zny <

2

2
(9 )\ ag,m,n / HDHUHI A B(go) HUHC’”*L/\(B(%U),RN) dt <

—b*

o
<clv, K,U X o,m,n) 1+ Z /Hf lo,B(30) d +/|u‘fn,B(30') dt o,
b

laf<m \7p
(3.13)

then it follows the requested inequality (3.8). |

Theorem 3.2 (main result). IfucL?*(—T,0, H™(Q,RY)NC™ 1A Q,RY),0<
A <1, is a weak solution of the system (3.1) and if the assumptions (3.2)-
(3.6) hold, then VB(30) = B(2°,30) CC Q,Va,b € (0,T),a < b it results

u € L*(—a,0, H"(B(0),RY)) N H'(—a,0, L*(B(c),RY)) (3.14)
and the following estimate holds

0

/ [uf? LT
m+1,B(o ar =
e @) ot 0,B(0)

<c(v, K,U X o,a,b,m,n) 1+Z /Hf lo,B(3.0)dt /’U|m33a

la|<m

(3.15)

— ! -
where K = supg ||[D'ul| and U = ||u||om—1,/\(§’RN)'

Proof Let us fix B(30) = B(2°,30) cC Q,a,b € (0,T) with a < b and
h € R such that |h| < Z, set b* = %2 and let ¢(z) € C3°(R") a real function
satisfying the following properties 0 < ¢ < 1in R", ¢ =1 in B(o),?») =0 in

12



R™\ B(20), |Dy] < £ in R™.
Let us also define the function p,(t), for p > ,u integer, the following real
function

1 if—agtg—%
(1) = 0 ift <-b andtz—/% (3.16)
Pult) = b if —b<t<-—a '
. 2 1

Moreover set {gs(t)} the sequence of symmetric regularizing functions
such that

gs<t) € O(())oGR)? gs(t) > 0, gs<t) :gs(_t)a

11
sSupp gs C |:__7 _:| 3 / gs(t) dt =1.
S S R

Let i be a positive integer, i < n, and h a real number such that |h| < §.
For every pu > % and for every s > max{yu, ﬁ}, let us define the following
“test function”

e(X) =70 {V* 0 [(pumipu) % g5]}, VX = (z,t) € Q. (3.17)

Substituting in (2.2) the above defined function ¢, we have

S° (rina™ (X, Du) |D* (427 p, [(pursnu) * g.] ))AX =
Q lal=m

- / (reat] 02y (i) % 2]} ) dX —

— Z / (X, Du) |75, _pD* {@/ngpu [(puTipu) * gs]}) dX.

|o¢|<mQ
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For every a : |a| =m and a. e. X = (z,t) € ), we have

Tina® (X, Du(X)) = a® (z + he',t, Du(z + he', 1)) — a® (X, Du(X)) =

1
d .
= /d—aa (z + nhe', t, Du(X) + n7pDu(X)) dn =

= (z 4+ nhe', t, Du(X) + n7; s Du(X)) dn+
0

1

N
a e %
+ Z Z TlhDBuk /8 —5a (l‘+77h6 Jt, Du(X)—i—nTi,hDu(X))dn:
Bl<m k=1

o Pk

0% ZZT”’D u(X gaa

18]<m k=1 I

where, if b = b(X, p), for simplicity of notation, we set

1
b(X) = /b (z + nhe', t, Du(X) + n7;, Du(X)) dn.
0

Then, equality (3.18) becomes

0 8
/z(“ zzmﬂw
o lal= Y aEm apk

/me / 7—1 hu| puTz hu)*gs) dX—I—/ (Ti,hu| ImepM [(pMTZ‘7hU) * gs] /) dX—
Q

D* (47", [(pyront) * ] >) ax =

Z /(aa (X, Du) |Ti,_hDa{¢2mpH [(p#n,hu)*gs}}) dX.

|O£|<T7’LQ

Taking into account, for « : || = m, that

D (4" pu [(puTint) * 65]) = 2" oy [(puTin D) % g] + 4™ 0 Y Car () [(puTin D7) % g,

<o

14



where

c(m,n)
|car (¥)] < e
we obtain
al da®
/@/JQmPu Z ((szh DPuy(X)) EC (pu Tisy D) * gs) dX =
lal=l8]=m k=1 Ph

I
Mz

o
J (G D2 00) 525 a0 (D) 0] ) -
Q

??‘

laf= \5| m7<a =1

S5 (G ) 2 5 (5 [ ¢ 1)) -
Q

lo=m |Bl<m k=1 oy

3 (5

lal=

+ /(TZ pu| P Pul(puTinu) * ¢'s dX—Z / (X, Du) |7, —p D {1/J2mp# [(puTinu) * gs}}) dX.
Q |o<|<mQ

D (V*" pyu [(puTisnu) * gs])) AX + [ ¥, (i pu|(puTinu) % gs) dX +

For s — 400, using ellipticity condition (3.6), symmetry hypothesis, convo-
lution property of g, and that
lim (T,;’hu| V"o [(puTinu) * ¢’ ) dX =0,

S§——+400

Q

we have

1
©w

_1

m
,,/ dt / G2 | D"l dx:y/ dt /Wm 2 S D%l dr <
—b B(20)

b B(20) lof=m

< /?/fmpu Z Z( TthﬂUk )) a—pg p“Tith U)dX <

A jol=[81=m k=1

< A+B+C+D+E,
(3.19)

15



laj=m |8|<m k=1 Iy
(3.21)
C=-h Y / <g“a D™ ("™ p2 hu)(X))) dXx, (3.22)
|al=m Q !
D = /me ol T u|?dX, (3.23)
Q
E=-3" [ (a®(X,Du)|r; D" (4*" o7 u)) dX. (3.24)
|0¢\<mQ

We observe that, for every € > 0, we have

1 1

Al <e /dt / V2 ||, WD'u|*dz + (K, 0,m,n, ) h? /dt / (1 + ||D”u\|2>d@3.25)
—b  B(20) —-b  B(30)
The term B can be estimated, for every € > 0, as follows
_1

1Bl < {&+ (i, Uimyn) (101 + 1) } /dt / o |17 D"ul)* da o+

—b  B(20)

+C(K,U,m,n,€)h2/dt / 1D"ul? do+

-b  B(30)

==

c(K,m,n,e) /dt /wm 2 | menD'ul” | D" ul® dz. (3.26)

—-b  B(20)

16



Let us consider the term C, for every € > 0, we have

-

€1 < {e +elomn) (2 + 1)} [ at [ 0™ raDul” do+
—b B(20)

+C(K,0,m,n,5)h2/dt / <1+||D”“||2> dz.

-b B(30)

T |-

To estimate the term D, we firstly observe that

=0 iftg—b,—agtg—%,tz—%
(P upu)(t) < < ﬁ if —b<t<-—-a (3.27)
<0 if —2<t< -1
T p
then, using Theorem 2.2, we obtain
b= /¢2mplupu\|ﬂ,hull2d){ =
Q
_1
—a .
= far [erupmaliis+ [ar [ aplnlfi <
—b  B(ao) *% B(20)
1 , h? o ,
< —— [ dt |7 pu||*de < dt | Diul|dz.
b—a ’ b—a
~b B ~b  Bae

(3.28)

Finally, using (3.4) condition, the term E can be expressed as follows

Bl < clKomm) 3 [tae [ (7 1Du)lmoaD® (57 ram) | dis20)

laf<m 7y,

==

B(go')
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Then, from (3.19) estimating the terms A, B,C, D, and FE, for every ¢ > 0,
we have

/dt /zﬁm 70 D" ul® dz <

b* B(20)

T =

<{se 4, vmm) (10 02 o+ )} fae [0t D ulPas s

—b*  B(20)

+c(K,0,a,b,m,n,6)h2/ dt / <1+||D”u||2> dz +c(o,a,b,n, ) Kh*+

—b*  B(30)

=

c(K,o,m,n,e /dt / Wl 70D w|) || D"l dz+

—b*

_1
m

(Komm) Y [ g2t / (114 10"l - D (427 p0) |

o] <m “p

(3.30)

We observe that the function
h — ¢(K,U,0,m,n) <|h| R+ B+ |h|”>

is continuous in the origin, then I ho(v, K,U, \,0,m,n),0 < hy < min{1, §},
such that for every |h| < hg, we have

c(K,U,0,m,n) <|h| FR2 4|+ |h|”) <7

For each integeri = 1,...,n , for ¢ = 7 and every h such that |h| < ho(< 1),

18



it follows

/dt /¢2m 2 ll7un D"l da <

—b* B(20)

T

< c(v,K,0,a,b,m,n) |hf? /dt / (1 + ||D”u||2> dzr +

—b*  B(30)

|~

+ (v, K,0,m,n /dt / Wl |70 D' u|) || D"l dz +

—b* B(20)

_1
14

te(Kmn) Y / 2t / (£ 1 D" all?) 1720 D (4277, ) ||

a|<m_ px
lol<me B30

(3.31)

Let us focus our attention on the last term, taking into account that from
(3.12), for a. e. t € (—b*,0), we have

u(-,t) € H™* (B (ga) ,]RN)

then using Holder and Young inequalities, for every « such that |a| < m,
for every € > 0, it follows

/ (UF%] + [ D"all?) 72 n D™ (777 pa) || dae <

B(%a)
2 2
< / B 72 |7 n D (¢ ) || da / R2(| ]+ [|D"u*)?dz | <
B(30) (%‘7)
SEW / |71 D% (2" rip ) ||* do + c(e) h? / (1f2 + || D"ul|") dz

B(30) B(g"')

19



Furthermore, for every a such that || < m, from Theorem 2.2 for every
h € R with |h| < hy and for every € > 0, we have

S [ reaDt ) [P de< S [ 07 @ n)|P a <

B(30) B(30)

<e / V> || 7 D u||” dz 4 (o, €) / | 7in D' w|” da <
B(20) B(20)

<e / V2" | i Du | da + (o, ) h? / | D" u|® dz
B(20) B(30)

the last inequality follows, as before, applying Theorem 2.2 for p = 2.
Let us now choose ¢ = , it ensures

|14

4c(K,m,n)

[ (11D o ()| e <

v m 2 o 2 4
< m/? IrnDuldz-+e(v, K, o, m, n)h? / o+, ooy + L 0

B(20) (30)
Multiplying each term for pi and integrating respect to (—b*, —%) and ap-

plying (3.13), we achieve

/ pi dt / <|fa| + ||D”u||2> }|7’Z»7_hD°‘ (@/JQmTM u)H do <

—b* B(

T |-

Njot

o)

14
< 2 dt 2m : D/l 2 d
_4C(K,m,n)/p“ /d) I 7in D7 ||” do+
—b* B(20)

==

10 1
0 2 n
+c(v, K,U, \,0,a,b,m,n)h? 1—1—2 /||fa|]073(30)dt —|—/|u|72n73(3a) dt
b

la|<m e

20



Taking into consideration the last inequality and the properties of the func-
tion 9, from (3.31) we deduce

/dt/ﬁmﬁDdexS

T

—a B(o)
149 1
2 I3
v KU A b ) 1291+ / 15 omtaont| [ 0l iy
+yKamn/ﬁt/¢mprDw|wmnm
—b* B(20)
From which, passing the limit © — oo, we get
0
/dt/ﬂmﬁandxg
—a B(o)
1+19
<c(v, K,\,0,m,n)h? 1+Z /Hf l0,B(30)dt /|u|mB(30 dt p +
laj<m \ " _p*

0
t (v, K, o, m,n) / at / 622 ru D' ul]? | D"ul? da.

—b* B(20)

(3.32)

Let us now estimate the last term in (3.32). Using Holder inequality, applying

Theorem 2.2 (for p = 4, B(30) instead of B(o) and ¢t = 2) and formula

21



(3.13), for every |h| < hg, it follows

=

1
2

[ tmapaPprapas < | [ franlas | [0 | <
B(20)

B(20) B(20)

2 2 4
< |h|2 | D"u ||o,47B(gg) | D"u ||0,4,B(20) < |h|2 | u |m74,B(%U) ‘

Integrating in (—b%,0), from (3.32), it follows

0
/dt / | 750 D"u||” da <

—a B(o)
149

0 2 0
< (v, K, U, N o,a,bmn)| AP 1+ > / 1/*(lo,5eoy dt]  + /Iuli,3<3g>dt
—b —b

la|<m

(3.33)
If hog < |h| < §, for every i = 1,2,...,n we easily obtain

0 0

0
2
/dt /ﬁn,hD”u||2da;g4/dt /D”u||2dx§ 4%/& jﬁD"uH?dxg
0

Bo) —a  B(30) —a  B(30)

0
<c(v,K,U N o0,a, b,m,n)h2/ |U|72n,B(3a)dt <

—b

149

0 2 0
< el KU Ao abom P 10 3 {17 sortt] -+ [lul o
b —b

la|<m
It is then proved, for every |h| < § and every i € {1,2,...,n}, that
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0
/dt ﬁ|7'z‘,hD”UH2 dr <

B(o)

2 0
< (v, K,U N o,a,b,m,n) |h[*{ 1+ Z /Hf lo,B(30t +/|U|,2n73(30) dt
~b

|aj<m
applying Theorem 2.1, it follows
u € L*(~a,0, H"(B(0),R"))

and

0

/|U|m+1B dt <

—a

149
2 0
<c(v, K,U X\ o,a,b,m,n){ 1+ Z /Hf llo,B(30)dt +/|U|i1,3(3a) dt
b

la|<m

(3.34)

Finally we have to prove that u € H'(—a,0, L*(B(c),R")) and inequality
(3.15).
From inequality (3.8), we have

0
/dt/ D"l d <

—a  B(o)
1+9
= 0
<c(v, K,U,\,0,a,b,m,n) 1+Z /||f llo,B(30)dt +/|u|37%3(30)dt
|| <m —b
(3.35)
then we have
D"u € L*(B(0) x (—a,0),R"). (3.36)
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Moreover, bearing in mind that, for |a| < m,a®(X,p) satisfies (3.4), and for
la| = m,a®(X, p) satisfies (3.5), we have

D*a*(X,p) € L* (B(0) x (—a,0), RY) Va :|al < m (3.37)

Recalling the definition of weak solution, for every ¢ € C§°(Q, RY ), proceed-
ing as in [22], we have

/Odt/(u ) Z/dt/DMXDuMw

“a  B(o) lad=m 2,

and, bearing in mind (3.37), we obtain that

ou 9 N
357 € L (B(o) x (~a,0),RY). (3.39)

From (3.4), (3.5) and (3.38), we get

0 2
jét/ @ dx <
ot -
—a B(o)
2 9
<c(v, K,U,\ 0,a,b,m,n) 1—|—Z /Hf l0,B(305)d +/|U‘72n,3(3a)dt .
lor|<m —b

The last inequality and (3.34) allows us to conclude the proof. B
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