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Well-posedness is proved in the space W>74Q)n Wi?(Q) for the Dirichlet
problem

Y ay(x) Dx'xju=f(x)eL””‘(.Q) a.e.in Q
ij

u=0 on 0Q

if the principal coefficients a;(x) of the uniformly elliptic operator belong
to VMO N L*®(Q2). © 1999 Academic Press

1. INTRODUCTION
In the last thirty years a number of papers have been devoted to the

study of local and global regularity properties of strong solutions to elliptic
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equations with discontinuous coefficients. To be more precise, let us
consider the second order equation

Fu=Y ay(x) Dx,.xj” = f(x) for almost all xe(, (L.1)
i, j=1

where . is a uniformly elliptic operator over the bounded domain Q = R”,
n=2.

The regularizing properties of % in Holder spaces (ie., ZLue C*Q)
implies ue C>**%Q)) have been well studied in the case of Holder con-
tinuous coefficients a;(x). Also, unique classical solvability of the Dirichlet
problem for (1.1) has been derived in this case. (We refer the reader to
[19] and the references therein.) In the case of uniformly continuous coef-
ficients a;, an L?-Schauder theory has been elaborated for the operator &
[1,19]. In particular, Lu e L?(Q) always implies that the strong solutions
to (1.1) belong to the Sobolev space W2 ?(Q) for each pe(l, o).

However, the situation becomes rather difficult if one tries to allow dis-
continuity at the principal coefficients of .. In general, it is well known (cf.
[23]) that arbitrary discontinuity of a;’s breaks down as the L?-theory of
%, as the strong solvability of the Dirichlet problem for (1.1). A notable
exception of that rule is the two-dimensional case (2 = R?). It was shown
by Talenti ([27]) that the solely condition on measurability and bounded-
ness of the a;’s ensure isomorphic properties of .# considered as a mapping
from W*%(Q)n W§3(Q) into L*(2). This way, to handle with the multi-
dimensional case (n > 3) additional requirements on @;(x) should be added
to the uniform ellipticity in order % to possess the regularizing property in
Sobolev functional scales. In particular, if a,(x) e W""(Q) (cf. [24]), or if
the difference between the largest and the smallest eigenvalues of {a;(x)}
is small enough (the Cordes condition, see [7]), then Pue L*Q) yields
ue W?2(Q) and these results can be extended to W ?(Q)forpe(2—e 2 +¢)
with sufficiently small e.

Recently (see [8] for an exhaustive presentation) the Sarason class
VMO of functions with vanishing mean oscillation was employed in the
study of local and global Sobolev regularity of the strong solutions to (1.1).
More precisely, it was proved in a series of papers by Chiarenza, Frasca,
Franciosi and Longo [11,12,10] that if a,(x)e VMO L*(2) and
PLue LP(Q) then ue W>?(Q) for each value of p in the range (1, ). Also,
the well-posedness of the Dirichlet problem for (1.1) in W?2(Q)n W§#(Q)
were proved. These results were extended to the case of oblique derivative
boundary condition [ 13,227 as well as to quasilinear equations with VMO
coefficients [ 25, 14]. As consequence, Holder continuity of the strong solu-
tion or of its gradient follows, if the exponent p is sufficiently large. On the
other hand, Holder continuity can be inferred for small p also, if one
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known more fine information on Zu such as its belonging to suitable
Morrey space L?*Q).

This way, a natural problem arises to study the regularizing properties
of the operator ¥ in Morrey spaces in the case of VMO principal coef-
ficients. In [4], Caffarelli proved that each W? ?-viscosity solution to (1.1)
lies in CL,F%(Q) if f(x) belongs to the Morrey space L};"(Q) with ae (0, 1).
However, it seems that the assumption on f cannot be replaced by the
weaker one feLEXQ), p<n, A>0, because of the Aleksandrov—Pucci
maximum principle employed in the proofs in [4]. In the paper [16], Di
Fazio and Ragusa proved interior Morrey regularity for the second
derivatives of W? ?-solutions to (1.1). Precisely, the authors showed that
D*ue L) whenever fe L{AQ2) and a,(x)e VMO N L™(Q).

The general aim of the present paper is to extend the local regularity
results in Morrey spaces from [4, 16] to global ones. More precisely, we
will consider the Dirichlet problem

{ PLu= f(x) almost everywhere in Q, (12)

ue WP 4Q)n wir(Q), pe(l, o)

in the case of VMO n L*(Q) principal coefficients a;(x) and fe L” Q).
As we mentioned above, problem (1.2) with ue W*2(Q)n Wy ?(Q) has
been already studied in [12], and so the regularity and existence results in
W?r(Q) are known. Our goal will be to show that finer regularity of the
right-hand side f(x) increases the regularity of the second derivatives of the
solution. Namely, if ue W>?(Q),1<p < oo, is a strong solution to (1.2)
with fe L?*(Q), then ue W2 74 Q) (the set of functions ue W??(Q) such
that D?ue L”*(Q)). This way, our first result asserts boundary Morrey
regularity for the second derivatives of the strong W??-solution. Indeed,
that result combined with the interior Morrey regularity already derived in
[16], implies immediately the global regularizing property of ¥ in Morrey
spaces (Theorem 3.3). To derive the boundary regularity, we use an explicit
representation formula for the second derivatives in terms of singular
integral operators and commutators with Calderon-Zygmund kernels. This
way, the analytic heart of our paper consists of proving boundedness in
Morrey spaces of these integral operators. After that, using standard
techniques from the theory of PDE’s, we derive the global a priori estimate
in Morrey spaces for strong solutions to (1.2). A combination of that
estimate with the W? ?-strong solvability of (1.2) proved in [12] leads to
the second result of the paper. Namely, we show well-posedness of the
Dirichlet problem (1.2) in the space W*74Q)n W ?(Q) for each
feL”*Q) and each pe(l, wo) (Theorem 3.4).

Indeed, as a by-product of our global a priori estimate and the known
properties of Morrey spaces, we derive Holder continuity of the gradient
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Du for suitable values of pe(l, o) and Ae(0,n) (Corollary4.1). We
believe that the possibility to have an estimate for the Holder seminorm of
the gradient under very weak assumptions on a,(x) and f(x) will be useful
in the theory of nonlinear elliptic equations (cf. [5]).

At this end, let us note that quasilinear problems as well as the case of
other (oblique derivative) boundary conditions will be treated in forthcom-
ing papers.

2. SOME DEFINITIONS, NOTATIONS, AND
PRELIMINARY RESULTS

In this section we define all function spaces needed in the sequel. Let Q
be an open and bounded set in R” with sufficiently smooth boundary 0Q.

Throughout the paper we will denote by B,(x) a ball of radius p centered
at the point x, while Q,(x) stands for a cube centered at x and of side length
p. Further, we set B = B,(x) n {xeR": x,,>0}.

First of all we start with the definition of Morrey spaces. Let 1 <p < oo
and 0 </ <n. We say that a locally integrable function f(x) belongs to the
Morrey space L?*(Q) if

Hinp.A(g)ESUP — LS InI? dy < oo.

;i% P ij(x)f\Q
To formulate the main hypotheses on the coefficients of elliptic operators
under consideration, we shall need also the John—Nirenberg space [21] of
functions with bounded mean oscillation (BMO) and the Sarason class
VMO of the functions with vanishing mean oscillation ([26]). Let f(x) be
a locally integrable function. We say that f(x) belongs to BMO if

/1= su |f(x) = fgl dx < o0.
o= s 51, Vo~
Hereafter, f stands for the integral average 1/|B] | 5 f(x) dx of the function

f(x) over the set B, and B ranges in the class of balls of R”. For a function
f(x)e BMO set

0= 3 [, 1060~
p<r
We say that f(x)e VMO if lim, _, 4+ n(r) =0 and refer to #(r) as the VMO-
modulus of f(x).
Let us note that replacing the ball B above by the intersection Bn £,
one obtains the definitions of BMO(2) and VMO(L2). Further, in view of
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[2, Proposition 1.3], having a function defined on € that belongs to
BMO(Q) (VMO(L)) it is possible to extend it to all R” preserving its
BMO(VMO) character. In the following we will use this remark without
explicit reference.

We shall also use the classical Sobolev spaces

WhP(Q)={f(x): D*f e LP(Q), |a| <k},  kisan integer,

equipped with the norm || f{| yx.r (@) = HfHLp(Q) + HDkaLp(Q) The closure of
the space C¢°(L) with respect to the norm in W* 7(Q) will be denoted, as
usual, by W 7(Q).

Finally, we set W% 7*(Q) for the Banach space of functions belonging to
W*P(Q) and having kth order derivative lying in the Morrey space
L?*Q). A natural norm in that space is

Hf” wkp 2(Q) = Hf”u(g) + HDkaLP-l(gy

DerFNITION 2.1. Let f(x) be a locally integrable function in R"” we
define the maximal function and the sharp maximal function of f(x) respec-
tively as

1
Mf(x)= dy,
/) f‘io|Qr1(x>|JQ,<x> St o
% — _ d
f=sup o] 0= ol b

where Q,(x) ranges in the class of all cubes centered in x € R” with side
length r> 0.

Let f(x) be a locally integrable function defined in the half space
R” =R"n{x,>0}. Following [20], we may define the local maximal
function and the local sharp maximal function of the function f respectively
as did in (2.1) but now the cubes are centered at x € R”. and it is assumed
f(x) to be extended identically zero in the half-space {x,<0}. It is a
known result that the maximal function is bounded in the Morrey space
L7*(R"). The same is true, with the same proof, if the function is con-
sidered only in the half-space. Namely we have

THEOREM 2.2. For any 1 <p < oo and any 0 <A <n, the local maximal
operator is bounded. Precisely, there exists a constant c¢ independent of f(x)
such that

HMfHLM(Rﬁ)<C ”fHLI’~’1(R"+)'
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Proof. Let x,eR" and p>0. Now, using the inequality in [17,
Lemma 1, p. 1117, we have

[ M= MO g,
p(Xo) MR, n

<c jw | f(x)]? MXQ/,(xo)mR’ﬂr dx

with X0, (x0) AR, being the characteristic function of the respective set.
Following the lines of [9, Theorem 1, p.275]), we obtain

| IMFCOI? dx <ep? |f 15 e
n +

Q/D(xo)(\[R+

and the theorem is proved. ||

In a similar manner it is possible to prove the following theorem about
the local sharp maximal function (for the global result we refer the reader
to [15]).

THEOREM 2.3. For any 1<p<oo and any 0<i<n, there exists a
constant c independent of f(x) such that

HfHLM(R'L)<C Hf#HLM(R';)-

Proof. Let xoeR",r>0 be arbitrary and take a point x,e R". such
that O, (x,) = 0,(x¢) "R" < 0,,(X,). Denote by X0, (5, the characteristic
function of the cube Q,,(X,). Let ye(4/n, 1). Then, by means of the known
properties of the maximal function, we obtain

s o) MNP A< [ 1A 20, < [ A0 Mg, s

< jw | MF(x)1” (Mg, c5))” d.

To proceed further, we employ the Fefferman—Stein inequality between the
maximal and the sharp maximal functions (cf. [18, p.410]), with weight
(M) o, x,))"- Thus,

JL 177 (Mg, 5,7 d

<enp) [ 1SF017 (Mg, s,V d
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<cmp{[1roles

2 (%0)

r 24
| e (= ) |
1 Q2k+1,(fo)\Q2k,(fo) |x0 - x| -r

e o]
SC(I/I, p, }w V) r* Hf#HILIPJ(R"Jr) Z k=)
k=0

+

P8

k

1
<c(n, p, 4,7) 12w Al ’Lp.i(mz';)

(recall A <ny), and the result follows. ||

Our strategy in deriving boundary Morrey regularity of solutions to the
Dirichlet problem is based on an explicit representation of solution’s
second-order derivatives. That representation formula is a sum of singular
integrals of two types. The first one is a sum of singular integral operators
and commutators with Calderon-Zygmund kernels (see [12,16]). The
boundedness in Morrey spaces of that types of operators has been proved
in [16] and we present the respective result here (Theorem 2.4). On the
other hand, the second type operators appearing in the representation
formula are less singular and they due to the specific boundary condition.
The boundedness of these operators will be proved below (Theorems 2.5
and 2.6).

THEOREM 2.4 [16, Theorem 2.3]. Let D be an open subset of R”,
feLPXD), l<p<ow, 0<i<n, ac VMONL®(R"). Let k(x,z) be a
Calderon—Zygmund kernel in the z variable for almost all x € D such that

o

A ()C, Z)

max
oz*

|| <2n

=M< + 0,

L®(DxX)

where X' denotes the surfaces of the unit sphere in R". For any ¢ >0, we set

K =] kox—0) f0)
Cila, )x) = k(x, x = y)la(x) —a(y)) /() dy.

|Ix—y|>e, xeD

Then there exist Kf, C(a, f)e L?*(D) such that

i |K, f = Kf || oy = lim [ C,fa, 1) = Cla, )] 1r.s) =0
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and moreover, there is a positive constant ¢ = c(n, p, ., M) such that
HKfHLM(D)SC HfHLM(D)a [ C(a, f)HLM(D)<C HaH* HfHLM(D)-

THEOREM 2.5. Let xeR" and

/) N

dy, X=(X1s ey X 1> —Xp)-

Rrx=|

rY, X — p|”
Then there exists a constant ¢ independent of f(x), such that

|‘Kf|‘LP~Z(R”+)<C Hf”LM(R';y

Proof. Let x, € R” and r>0 be arbitrary. Then, for xe R” we have

f(X)Zf(x)XB;(xO)‘f‘ Z f(x)}{B;kH,(xo)\B;k,(xO) = Z S (x).
k=1 k=0

By virtue of [ 12, Theorem 2.5], one has
|Kfo(x)|? dx < | Kfo 1Z2rwn < c(n, p) 1 foll Zowen
B+(x0) + +

=cmp) [ 1P dx<eln p, 2 IS | i
Pato) (22)

Let k> 1 and x € B, (x,). For every y € Bfi1,(x0)\BJ,(xo) we have
IR—yl=Ix—pl=2F=1)r=25""

Therefore,

Rrone<(] 100,

kr<|xg— yl <2k+1r [X—yl"

X P
Stiad| £l dy
Ixg— yl <2k+1r

< e(n) 2P K=o+ 1) Pl o)y’ J 1f()|? dy

lxg— yl <2k+1r
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as consequence of the Holder inequality (1/p+ 1/p" =1). In other words

Il?fk(X)l”<C(n)22""’”’k”r’”f LI dy

Ixg— yl <2k+1r
< c(n) 22np—n—knr—n21+klrl Hf“’]:PJ(R’;)

<, p. 2) 20T F8 .

Hence

Jye o JRILON dx < cln p, 224000 | f s,
r (Xo

A combination of the last inequality with (2.2) yields

[ R ax< Y [ IRA(x)1 dx
B," (x) k=0

_ B, (xg)

o0
<eln, p, 2) 200 1By 3 264
k=0

=c(n, p, 1) T2 G VATIRTTRS

This completes the proof of Theorem 2.5. ||

THEOREM 2.6. Let feL”*R"), 1<p<ow, 0<i<n, aeVMOn
L*(R"). For xeR"_, define

Ca i) =[O ) gy, (23)

R, X"

The commutator defined by (2.3) is bounded from LP*R") into itself.
Precisely, there exists a constant ¢ independent of a(x) and f(x) such that

HC'(a, f)”Ll’r"(IR{';_)<C HaH* HfHLM(R”,r)- (2.4)

Proof. It is known that, for almost all xeR" ,1<r<oo, (see [3,
Theorem 2.1]) one has

|C(a, /)* (x) < e llal o LMK (x)+ (MDD (x)}. (2.5)

Let xoeR”, p>0, fe L»4R"), 1 <r<p<oo. Using Theorems 2.2, 2.3,
and 2.5, we get
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Loy, MCRASDYI () s < IMCRASTD W e
<cp* IRUSINY 202 g
= cp* IRUS 1N s,
<ep* 111 2,
ZCP Hf\|Lp,A(Rn+).

The estimate of the second term in (2.5) is even simpler, so

[ C(a, f)#HLM(R';) <c |lal * HfHLI’J-([R';_)'

Thus the estimate (2.4) follows by virtue of the boundedness of the sharp
maximal operator (Theorem 2.3). |

3. THE DIRICHLET PROBLEM

Let Q be an open bounded set in R” with a C"! smooth boundary and
consider the second order differential operator
62
i D;= .
0x; 0x;

L=ay(x)D

(Here we have adopted the usual-summation convention on repeated
indices.)

In the sequel, we will need the following regularity and ellipticity assump-
tions on the coefficients of #:

{aij(x)e VMO(.Q), aij(x)zaﬁ(x), (31)

I >0: k1 [EP<ay(x) EE <K |E? VéeR", aa.xeQ.

Set 5, for the VMO-modulus of the function a;(x) and let #(r)=
(ZU 1 17)'?. We denote by I'(x, ¢) the normalized fundamental solution of
Z, ie.,

1 n (2—n)/2
I = A.. £
(%) n(2—n) w, /det{a;(x)} <,~,,~Z=1 i) élff)

fora.a. xand all ¢&eR"\{0},

where A;(x) stand for the entries of the inverse matrix of the matrix
{a;(x)}; =1 . . and w, is the measure of the unit ball in R”. We set also
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0
Fi(x’ f) =676F(X, f)a

0
Ty(x, &) = I'(x, ),

0, 0¢,
0*I;(x,
M= max max # )
Lj=1,.,n |la<2n ¢ L®(QxZX)

It is well known that I';(x, &) are Calderon-Zygmund kernels in the ¢
variable.

We shall need the following result concerning interior Morrey regularity,
which is proved in [16]:

THEOREM 3.1. Let (3.1) be true, 1<p<oo, 0<Ai<n Suppose
ue Wi2(Q) and Lue LEHQ).

Then, for any Q' =Q"<Q, we have Dyue L»*Q') and there exists a
constant ¢ =c(n, k, p, 4, dist(Q', 0Q"), M, n) such that

”DijuHLP-i(g') << H”HLPJ(Q") + ”guHLPJ(Q"))-

In the following theorem we prove the main result of the paper which
concerns the boundary regularity in Morrey spaces for the second
derivatives of solutions to the Dirichlet problem for the operator .. Define
Wﬁ(’]"(B,+ ) to be the closure in W??” of the subspace C, ={u:u is the
restriction to B ={x=(xy, .., x,)=(x", x,)e R": x,>0} of a function
belonging to C°(B,), u(x’, 0)=0}.

THEOREM 3.2. Let (3.1) be true, 1 <p < oo, 0 <A <n. There exist con-
stants ¢ =c(n, i, p, A, M, 0Q) and py € (0, r) such that for every p < p, and
every ue WﬁaP(Br*) satisfying Lue L»*(B}) and Djue L»*(B,"), one has

HDij“HLM(B;)<C HgUHLM(B;y (3.2)

Proof.  We recall the representation formula for second derivatives of
functions in Wﬁ(’)"(B*) (see [12]).

r

D u(x)=P.V. L* I'y(x,x—y)

y

x{ T () — el 1) Dt ) + s’u(y)} dy
h

L k=1

+ Lu(x) fm T &) o+ 1 (), (3.3)
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where we have set

=] T T =0 | T (0= am0) D)+ Lu(y) | dy
r h k=
for 1 <i, j<n;

Iin(x) :Ini(x)

x{ S () — ) Dyt ) + zu(y)} dy.
h k=1

Further,

T(X, y)zx_ an(y)’ T(X)ET(X: X),

A Y)
with a,(y) =(a,,(»)):—., ... being the last row (column) of the matrix a(y)
= {aij(y)}i,j=l, s and

A(x)=(A4,(x), ... 4,(x))=T(e,, x)=T((0, ..., 0, 1), x).

In order to derive the estimate (3.2), we will take the L?*norms of the
both sides of (3.3). So, let us remark that

(1) the first integral appearing in (3.3) is a Principal Value one and
to estimate it in L?* is necessary to use Theorem 2.4;
(i1) fm (x,¢) & dos € L(B,") with a bound independent of r;
(ii1) the mtegrals appearing in the definition of /; are Lebesgue
integrals. Although they are not singular, they cannot be treated by the
help of Theorem 2.4.

It is not hard to see that the operators ;; are bounded. Indeed, using the
geometric properties of 7, it is easy to show that

e [X =yl <|T(x) =yl (34)
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for some positive constant ¢, (see [ 12, Lemma 3.1]), and then Theorems
2.5 and 2.6 yield

n

HIinLM(B,+ yS ¢ Z I Clam, th“)”u-lue,+ )+ HK(g”)HLM(Bj)
hok=1

n
< C< Z Nl H* Hth“HLM(B;f)"‘ |$“|LP’*(B,+)>-
k=1

Therefore,
HDij“”LPJ(B,* )< c(n(r) HDiju”LPv"(BrJr) + ngHLPvA(Bf ))-

This way, in view of the VMO assumption on the coefficients a;(x), it is
possible to choose p, so small that ¢x(p,)=1/2 and then

HDij”HLM(B;)<Cngumi(zz;) foreach p<po. |

The next regularity result refines what was proved in Theorem 3.2. In
fact, we are able to remove the assumption Djue L” A

THEOREM 3.3. Let (3.1) be true, 1 <p < oo and 0 < 1 <n. Assume further
that fe L X(Q) and ue W2~ Wy ?(Q) are such that Lu= f a.e. in Q.

Then Djue L” Q) and moreover, there exists a constant ¢ =c(n, x, p,
A, M, 0Q2) such that

IDgull e i) < clllull o 2@y + L f 1 22 2¢2))- (3.5)
Proof. We start with deriving a local version of (3.5) near the bound-

ary. So, let B be a half ball with a radius p to be chosen later. For an
arbitrary function /'€ L?»*(B}), we set

Sijhk(f) =P.V. JB+ Fij(xa X — yNap(x) —au(y)) f(y)dy

and

Siml f)(x) = L+ Ly, T(x) = y)amdx) — aw(y)) f(y) dy

for 1 <i, j<n 1<h k<n;

S 100 =[, (3 15,700 =) 4,0 ) @) = 2D S0
P =1

j=
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for I1<i<n 1<h k<n;

Sl £)(x) = [

B

(3 r - p A a0

X (am(x) —am(y)) f(y)dy

for 1 <h, k<n.
In view of Theorems 2.4, 2.5 and (3.4), one has

n

Y IS mc S ) + gijhk(f)”LPv’l(B;r)

i joh k=1

n n
<c Z ”ath*Hf”LP.l(B;)SC Z Nhee HfHLM(B;)
hhk=1 hk=1

N/ Hf”LPvi(B;) Vfe LP’A(B; )-

Therefore, taking into account a; € VMO, it is possible to choose p >0
such that

n

Y HSijhk‘f‘gyth <L (3.6)

i j,h k=1
Now, for the given ue W27 (recall Lue L” 4(B})) we set
hy(x)=PV. |

v +
B,

I'y(x, x—y) Lu(y)dy

+ Lu(x) j|:|=1 Ty, &) & dog+T,(x),

where
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Having in mind (3.4) and Theorems 2.4 and 2.5, we conclude immediately
that h, e L»*(B}).

Now take a w={w;} e[L” ’1(3;)]”2, and define the operator

i, j=1,..,n
A:[LPXB;)]" - [LP4B;)]1"

by the setting

Uw = {(UW)y} i =1, .. < S (St Sim) w,-j—i-h,.j(x)> .
h i,j=1,.,n

L k=1

It is a simple matter to see that % is a contraction mapping by virtue of
(3.6). Therefore, there exists a unique fixed point w={w;}, ,_, _,€
[L? ’1(B+)]" of %. On the other hand, it follows from (3.3) that also the
Hessian Dzu— {Dju},; j—1, _n€ [LI’(B*)]” is a fixed point of %. By the
inclusion properties of Lebesgue and Morrey spaces we get that the fixed
point is the same in the both cases. Therefore, D*u=w, DueL” ’I(B;L)
and moreover, the estimate (3.2) holds for the second derivatives D u.

Finally, standard covering and flattening arguments combined with the
interior estimate (Theorem 3.1) and with the boundary estimate (3.2) yield
the bound (3.5). |

Now we can prove well-posedness of the Dirichlet problem (1.2) in the
Morrey space W27 4 Q).

THEOREM 3.4. Let (3.1) be true, | <p< oo and 0 <A <n.
Then for every fe LP*(Q) there exists a unique solution of the Dirichlet
problem

Lu= f(x) ae.inQ, (3.7)
ue W»24Q)n Wi (Q). '
Moreover, there is a constant ¢ =c(n, k, p, 1, M, n, Q) such that
HD,'juHLM(g) <c Hf”LM(Qy (3.8)

Proof. Since L?”*(Q)c L?(Q), existence and uniqueness of strong
solution u e W2 2(Q) to (3.7) is already known (cf. [ 12, Theorem 4.3]). On
the other hand, Theorem 3.3 asserts ue W24 Q) n Wk 2(Q).

To show continuous dependence of the solution on the right hand side
(the bound (3.8)), let us note that the linear operator

LWEPHQ) A WEP(Q) > LPHQ)
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i1s a continuous one. In fact,
HfquLM(Q) <c HDij“HLM(Q)

since the coefficients a;(x) are bounded (cf. (3.1)). Moreover that operator
is injective and surjective mapping as it was shown above. Therefore, the
classical theorem of S. Banach implies continuity of the inverse operator,
that is, exactly (3.8). |

Remark 3.5. The results obtained above can be applied in the study of
the nonhomogeneous problems (3.7). In fact, let feL”*Q) and
@ e W*P*Q) and consider the Dirichlet problem

{$u=f(x) a.e.in Q (3.9)

u=q ondR, u—peWy?(Q).

Obviously, LpeL?* Q) and therefore, the difference u(x)—p(x) will
solve the homogeneous Dirichlet problem (3.7). This way, the strong solu-
tions to (3.9) will belong to the space W27 4Q).

4. CONCLUDING REMARKS

1. The results presented here can be applied in studying Morrey
regularity of the strong solutions to (3.9) for general elliptic operators

L =ay(x) Dy+b;(x) D;+ c(x)

with a; € VMO~ L*(Q2) and the lower order coefficients b;(x) and c¢(x)
owning suitable integrability properties. We refer the reader to [28, 29] for
the W? P-regularity results concerning the problem (3.9) (see [22] also).

2. An immediate consequence of Theorem 3.3 and the known
properties of Morrey spaces for suitable p and A (cf. [6]) is the next global
Holder regularity for the gradient Du of the strong solutions to (3.9), which
generalizes the result of Caffarelli [4].

COROLLARY 4.1. Let ue W*?(Q) be a strong solution to (3.9) with
feLPXQ) and o € W*P X Q). Suppose n— p <A <n. B
Then the gradient Du is a Holder continuous function on Q2 with exponent

a=1—(n—2)/p.

ACKNOWLEDGMENTS

We dedicate this work to the memory of Filippo Chiarenza, who died prematurely in July
1996. He was our teacher and very warm friend and he suggested we deal with the topic. The



GLOBAL MORREY REGULARITY 195

authors are grateful to Michele Frasca and Antonino Maugeri for the very useful discussions
and fruitful collaboration. We are indebted to the anonymous referee for the criticism and the
very useful remarks and suggestions.

11.

12.

13.

14.

15.

16.

17.

19.

REFERENCES

. S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of
elliptic partial differential equations satisfying general boundary conditions, I, Comm.
Pure Appl. Math. 12 (1959), 623-727.

. P. Acquistapace, On BMO regularity for linear elliptic systems, Ann. Mat. Pura Appl. 161
(1992), 231-270.

. M. Bramanti, Commutators of integral operators with positive kernel, Le Matematiche 49
(1994), 149-168.

. L. Caffarelli, Elliptic second order equations, Rend. Sem. Mat. Fis. Milano 58 (1988),
253-284.

. L. Caffarelli, Interior a priori estimates for solutions of fully non linear equations, Ann. of
Math. 130 (1989), 189-213.

. S. Campanato, Proprieta di inclusione per spazi di Morrey, Ricerche Mat. 12 (1963),
67-86.

. S. Campanato, Un risultato relativo ad equazioni ellittiche del secondo ordine di tipo non
variazionale, Ann. Scuola Norm. Sup. Pisa 21 (1967), 701-707.

. F. Chiarenza, L? regularity for systems of PDE’s with coefficients in VMO, in “Nonlinear
Analysis, Function Spaces and Applications,” Vol. 5, Prague, 1994.

. F. Chiarenza and M. Frasca, Morrey spaces and Hardy-Littlewoord maximal functions,
Rend. Mat. Appl. 7 (1987), 273-279.

. F. Chiarenza, M. Franciosi, and M. Frasca, L?-estimates for linear elliptic systems with

discontinuous coefficients, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. 5 (1994),

27-32.

F. Chiarenza, M. Frasca, and P. Longo, Interior W?? estimates for non-divergence elliptic

equations with discontinuous coefficients, Ricerche Mat. 40 (1991), 149-168.

F. Chiarenza, M. Frasca, and P. Longo, W? ?-solvability of the Dirichlet problem for

nondivergence elliptic equations with VMO coefficients, Trans. Amer. Math. Soc. 336

(1993), 841-853.

G. Di Fazio and D. K. Palagachev Oblique derivative problem for elliptic equations in

non divergence form with VMO coefficients, Comment. Math. Univ. Carolin. 37 (1996),

537-556.

G. Di Fazio and D. K. Palagachev, Oblique derivative problem for quasilinear elliptic

equations with VMO coefficients, Bull. Austral. Math. Soc. 53 (1996), 501-513.

G. Di Fazio and M. A. Ragusa, Commutators and Morrey spaces, Boll. Un. Mat.

Ital. A5 (1991), 323-332.

G. Di Fazio and M. A. Ragusa, Interior estimates in Morrey spaces for strong solutions

to nondivergence form elliptic equations with discontinuous coefficients, J. Funct. Anal.

112 (1993), 241-256.

C. Fefferman and E. M. Stein, Some maximal inequalities, Amer. J. Math. 93 (1971),

107-115.

. J. Garcia-Cuerva and J. L. Rubio De Francia, Weighted norm inequalities and related

topics, in “North-Holland Mathematical Studies,” Vol. 116, North-Holland, Amsterdam,

1985.

D. Gilbarg and N. S. Trudinger, “Elliptic Partial Differential Equations of Second Order,”

2nd ed., Springer-Verlag, Berlin, 1983.



196 DI FAZIO, PALAGACHEV, AND RAGUSA

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

B. Jawerth and A. Torchinsky, Local sharp maximal functions, J. Approx. Theory 43
(1985), 231-270.

J. John and L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl.
Math. 14 (1961), 415-426.

A. Maugeri and D. K. Palagachev, Boundary value problem with an oblique derivative
for uniformly elliptic operators with discontinuous coefficients, Forum Math. 10 (1998),
393-405.

N. Meyers, An L?-estimate for the gradient of solutions of second order elliptic divergence
equations, Ann. Scuola Norm. Sup. Pisa 17 (1963), 189-206.

C. Miranda, Sulle equazioni ellittiche del secondo ordine di tipo non variazionale a
coefficienti discontinui, Ann. Mat. Pura Appl. 63 (1963), 353-386.

D. K. Palagachev, Quasilinear elliptic equations with VMO coefficiets, Trans. Amer.
Math. Soc. 347 (1995), 2481-2493.

D. Sarason, On functions of vanishing mean oscillation, Trans. Amer. Math. Soc. 207
(1975), 391-405.

G. Talenti, Equazioni lineari ellittiche in due variabili, Le Matematiche 21 (1966),
339-376.

C. Vitanza, W? P-regularity for a class of elliptic second order equations with discon-
tinuous coefficients, Le Matematiche 47 (1992), 177-186.

C. Vitanza, A new contribution to the W? ? regularity for a class of elliptic second-order
equations with discontinuous coefficients, Le Matematiche 48 (1993), 287-296.



	1. INTRODUCTION 
	2. SOME DEFINITIONS, NOTATIONS, AND PRELIMINARY RESULTS 
	3. THE DIRICHLET PROBLEM 
	4. CONCLUDING REMARKS 
	ACKNOWLEDGMENTS 
	REFERENCES 

