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We show that every K C space (X, τ ), such that τ is minimal among the K C topologies
on X , must be compact (not necessarily T2). This solves a long-standing question, first
raised by R. Larson in 1973.
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1. Introduction

A topological space X is said to be K C if every compact (not necessarily T2) subset of X is closed. Of course, each T2

space is K C ; on the other hand, if a space is K C then clearly its singletons are closed, i.e., the space is T1. Under this point
of view, the K C property may be envisaged as a kind of separation axiom between T1 and T2.

In [7] R. Larson wondered whether every K C space which does not admit any strictly coarser K C topology must be
compact. Such a question, which is also considered by W.G. Fleissner in [5], fits naturally into those investigations concerned
with topologies that are (or are not) minimal or maximal among the ones enjoying a given property. These studies are
having a renewed impetus since the nineties—cf., for example, [11,10,12,9,6,3,8].

In [2] a first partial positive answer to Larson’s question was given by the authors, who proved that every countable,
minimal K C space is compact. Then several results in the same direction were provided in [1], where it was shown that the
same holds for a minimal K C space which is either hereditarily Lindelöf, or sequential, or a T2 k-space. In the mean time,
T. Vidalis gave a further contribution to this problem, proving that all minimal K C spaces are countably compact [13].

In the present paper we obtain the final positive answer to Larson’s question, showing that every minimal K C space
must be compact.
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2. The main result

Throughout the paper, for any topology ρ on a set X and any x ∈ X , we will use the notation ρ(x) to denote the
collection of all elements of ρ containing x (i.e., the collection of all open ρ-neighbourhoods of x).

We start with some preliminary results, which will be useful for the subsequent part of this section.

Lemma 1. Let (X, τ ) be a K C space, a,b two distinct points of X , and τa,b the topology on X defined by τa,b|X\{a} = τ |X\{a} , while the
point a has a fundamental system of (open) τa,b-neighbourhoods given by:

{
V ∪ (W \K )

∣∣ V ∈ τ (a), W ∈ τ (b), K is τ -compact
}
.

Then τa,b is still a K C topology on X.

Proof. We want to prove that every compact subset of (X, τ ) is τa,b-closed, and that τa,b-compact sets are τ -compact.
As for the former fact, suppose K to be τ -compact, and let us prove that X\K is a τa,b-neighbourhood of every x ∈ X\K .

Indeed, this is clear if x �= a, and if x = a then one sees that X\K ∈ τa,b(a), as X\K = V ∪ (W \K ) where V = X\K and
W = X .

Suppose now to have a C ⊆ X which is τa,b-compact: if a /∈ C , then τa,b|C = τ |C , hence C is τ -compact, too. Therefore,
we may assume that a ∈ C . We have two possible cases.

1st case. b ∈ C .
To prove that C is τ -compact, consider an arbitrary A⊆ τ such that C ⊆ ⋃

A. Let Aa = {A ∈A | a ∈ A}, Ab = {A ∈A | b ∈ A}
and B = (A\Aa) ∪ {A ∪ B | A ∈Aa ∧ B ∈Ab}. Then it is apparent that B ⊆ τa,b; also, since Ab �= ∅, we see that
A� B—hence C ⊆ ⋃

A ⊆ ⋃
B. Therefore, by τa,b-compactness, there exists G ∈ [B]<ω with C ⊆ ⋃

G . Write G as
F ∪ {A1 ∪ B1, . . . , An ∪ Bn}, where F ∈ [A]<ω , Ai ∈ Aa and Bi ∈ Ab for every i ∈ {1, . . . ,n}; then consider the collection
G′ =F ∪ {A1, . . . , An} ∪ {B1, . . . , Bn}. We see that G′ ∈ [A]<ω and

⋃
G′ = ⋃

G , so that C ⊆ ⋃
G′ .

2nd case. b /∈ C .
To prove that C is τ -compact, it will suffice to show that C\V is τ -compact for every V ∈ τ (a). Thus, let V ∈ τ (a) and
consider C ′ = C\V : since V \{a} is τ -open and does not contain a, it is also τa,b-open. Therefore C\(V \{a}) = (C\V ) ∪
{a} = C ′ ∪ {a} is a τa,b-closed subset of C , hence it is τa,b-compact. Consider now the set C ′ ∪ {b} and notice that j: (C ′ ∪
{a}, τa,b|C ′∪{a}) → (C ′ ∪{b}, τ |C ′∪{b}), defined by j(a) = b and j(x) = x for every x ∈ C ′ , is continuous. Indeed, this is obvious at
each point x ∈ C ′ , because τa,b|X\{a} = τ |X\{a} . To prove continuity at a, let W ∈ τ (b) be arbitrary: then (V ∪ W )∩ (C ′ ∪{a}) =
(V ∩ (C ′ ∪{a}))∪ (W ∩ (C ′ ∪{a})) = {a}∪ (W ∩C ′) is a τa,b-neighbourhood of a in C ′ ∪{a}, and we see that j({a}∪ (W ∩C ′)) =
{b} ∪ (W ∩ C ′) ⊆ W . Thus, since C ′ ∪ {a} is τa,b-compact, C ′ ∪ {b} is τ -compact; it follows that Z = V ∪ (X\(C ′ ∪ {b})) is an
element of τa,b(a), and we see that Z ∩ (C ′ ∪ {a}) = {a}. Therefore a is isolated in C ′ ∪ {a} with respect to τa,b , hence the
τa,b-compactness of C ′ ∪ {a} implies as well that of C ′ . Since a /∈ C ′ , we conclude that C ′ is τ -compact. �

The following consequence of the above lemma will play a key rôle in the proof of the main result.

Corollary 2. If (X, τ ) is a minimal K C space, then

∀x ∈ X: ∀y ∈ X: ∀V ∈ τ (x): ∃W ∈ τ (y): Clτ (W \V ) is τ -compact.

Proof. If x = y, then the above formula is trivial; therefore, we may assume x �= y. As we have the equality τx,y = τ , for
any V ∈ τ (x) there must exist V ′ ∈ τ (x), W ∈ τ (y) and a τ -compact set K such that V ′ ∪ (W \ K ) ⊆ V —hence in particular
W \ K ⊆ V , which is in turn equivalent to W \ V ⊆ K . By K C , it follows that Clτ (W \V ) is τ -compact. �

Let us recall that an element x of a topological space X is said to be a point of complete accumulation for a subset M of X ,
if for every neighbourhood V of x we have the equality |V ∩ M| = |M|. It is a well-known fact that a space X is compact if
and only if every infinite subset of X has a point of complete accumulation (cf., for example, [4, Problem 3.12.1], which is
formulated for T2 spaces but whose hint for the proof actually holds for general topological spaces).

The next result may be considered as folklore for experts of K C spaces, but we provide a proof of it for the reader’s
convenience.

Lemma 3. A noncompact K C space contains a discrete subspace whose closure is not compact.

Proof. Let X be a noncompact K C space: then we may fix a strictly increasing open cover {Uα | α < κ} of X , where κ is a
regular infinite cardinal. By transfinite induction, we select points xβ ∈ X and ordinals αβ ∈ κ in the following way: if we
have already defined the set Dγ = {xβ | β < γ } and the set Dγ is compact, then let αγ be the smallest ordinal such that
Dγ ⊆ Uαγ and select xγ ∈ Uαγ +1 \ Uαγ . Observe that, if the set Dγ is compact for each γ < κ , then the set Dκ cannot have

a compact closure because the family {Uα ∩ Dκ | α < κ} witnesses that the space Dκ is not compact. Therefore, there exists



1428 A. Bella, C. Costantini / Topology and its Applications 155 (2008) 1426–1429
a first ordinal δ � κ such that the set Dδ has noncompact closure. Then, for any β < δ the set Dβ is compact and hence
closed in X . Any xβ ∈ Dδ has the open neighbourhood V = Uαβ+1 \ Dβ satisfying V ∩ Dδ = {xβ} (this depends on the fact,
which is easy to check, that β �→ αβ is strictly increasing), and we conclude that Dδ is discrete. �

Now we are ready to state and prove the main result of the paper.

Theorem 4. Let (X, τ ) be a minimal K C space. Then (X, τ ) is compact.

Proof. Towards a contradiction, suppose (X, τ ) is noncompact: since, by Lemma 3, there is a discrete subset of (X, τ ) whose
closure is not compact, we may set κ to be the minimal cardinality of a discrete subset of (X, τ ) with noncompact closure,
and then fix a τ -discrete D ⊆ X with |D| = κ , such that Clτ D is not τ -compact. Therefore, for every D ′ ⊆ D with |D ′| < κ ,
the set Clτ D ′ will be τ -compact. Notice also that, up to removing a point from D , we may assume that there is an element
a of X which is not in the τ -closure of D . This means that there exists

V ∗ ∈ τ (a) such that V ∗ ∩ D = ∅.

Now, set

F = {
S ⊆ D

∣∣ Clτ (D\S) is compact in (X, τ )
}: (1)

it is easily seen that F is a (proper) filter on D containing all complements of sets of size less than κ . Thus, F extends to
a uniform ultrafilter U on D . Observe that:

∀S ∈ U : Clτ S is not compact in (X, τ ); (2)

indeed, if Clτ S were compact in (X, τ ) for some S ∈ U , then D\S ∈F ⊆ U by (1), a contradiction.
Let σ be the topology on X such that σ |X\{a} = τ |X\{a} , while the point a is given the fundamental system of (open)

σ -neighbourhoods:
{

V ∪ W
∣∣ V ∈ τ (a) ∧ W ∈ τ ∧ W ∩ D ∈ U

}
. (3)

Clearly, σ ⊆ τ , and actually it is easy to realize that we have strict inclusion. Indeed, while V ∗ is a τ -neighbourhood of a
missing the whole set D , every σ -neighbourhood of a contains infinitely many points of D .

We also set

F = Clτ D\D

and, for every T ∈ U :

O T = X\(F ∪ (D\T )
) = (X\Clτ D) ∪ T . (4)

Notice that each O T as above is an element of σ(a) whose intersection with D is exactly T . In particular, to see that O T is
τ -open (hence also σ -open, as its intersection with D belongs to U ) take Vd ∈ τ (d) for every d ∈ D such that Vd ∩ D = {d},
and consider that O T = (X\Clτ D) ∪ ⋃

d∈T Vd .

Fact 1. If K is a compact subset of (X, τ ) such that a /∈ K , then K is closed in (X, σ ).

Proof. Since K is τ -compact, it follows from KC that the set D ∩ K has compact closure in (X, τ ). Thus, letting S = D\K ,
we see that D ∩ K = D\S , so that S ∈ F ⊆ U by (1). Since S = (X\K ) ∩ D , X\K is easily seen to be in σ(a), hence K is
σ -closed. �
Fact 2. Let M be a subset of X with a ∈ M , such that M is compact with the topology induced from σ . Then M ∩ D /∈ U .

Proof. Towards a contradiction, assume M ∩ D ∈ U . Consider the set L = (M ∩ Clτ (M ∩ D)) ∪ {a}: since Clτ (M ∩ D) is not
compact in (X, τ ) (by (2)), and X is K C , we see that L cannot be τ -compact, as it includes M ∩ D . This implies that there
exists an infinite set Y ⊆ L without complete τ -accumulation points in L, and of course we may also assume that a /∈ Y .

Now, since Y ⊆ M and M is σ -compact, there exists a point y ∈ M which is a complete σ -accumulation point for Y .
Notice that y is nothing but a: otherwise, y would be as well a complete τ -accumulation point for Y , and since L\{a} is
τ -closed in M\{a} it would follow that y ∈ L, contradicting the properties of Y .

The fact that a is a (complete) σ -accumulation point for Y implies that Y ∩ D ∈ U : otherwise, O D\Y would be a σ -
neighbourhood of a missing Y (consider that since Y ⊆ L\{a} ⊆ Clτ (M ∩ D), we have the equality Y = (Y ∩ D) ∪ (Y ∩ F ),
and O D\Y misses the whole of F by (4)). Now, U is a uniform ultrafilter, hence |Y ∩ D| = |D| = κ ; therefore, we may
partition Y ∩ D into two sets both of cardinality κ , and we let S be the one of them which belongs to U . Then O S is a
σ -neighbourhood of a missing Y \S (consider again that Y \S = (D\S) ∪ (Y ∩ F ), and that O S ∩ F = ∅), so that a is not a
(complete) σ -accumulation point for Y \S . On the other hand, since |Y | = |Y \S| (this depends on the fact that Y \S includes
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(Y ∩ D)\S , which has the same cardinality of S), the set Y \S cannot have complete σ -accumulation points in M which
are different from a, as any such point would also be a complete τ -accumulation point for Y , and would belong to L,
contradicting again the properties of Y .

We conclude that Y \S is an infinite subset of M without complete σ -accumulation points in M , and this contradicts the
hypothesis that M is σ -compact. �

Now we want to show that σ is still a K C topology on X , and this will lead to a contradiction with the fact that τ is
minimal K C . Indeed, let M be a σ -compact subset of X , and let us prove that M is σ -closed. Consider that, if a /∈ M , then M
is τ -compact, and hence σ -closed by Fact 1. Thus, we may assume that a ∈ M; this implies, by Fact 2, that M ∩ D /∈ U . Set

D ′ = D\M = D\(M ∩ D), (5)

so that

D ′ ∈ U . (6)

If we can prove that M is τ -compact, then it will follow that M is τ -closed, and hence σ -closed (as a ∈ M); to show that M
is τ -compact, as in the proof of the 2nd case of Lemma 1, it will suffice to show that M\V is τ -compact for every V ∈ τ (a).
Therefore, consider an arbitrary V ∈ τ (a), and let

M ′ = M\V .

Fact 3. D ′ ∩ Clτ M ′ = ∅.

Proof. Towards a contradiction, suppose D ′ ∩ Clτ M ′ �= ∅, and fix d ∈ D ′ ∩ Clτ M ′ . By Corollary 2, there exists U ∈ τ (d)

such that Clτ (U\V ) is τ -compact. Since U ∩ M ′ ⊆ U\V (as V ∩ M ′ = ∅), this implies that the set K = Clτ (U ∩ M ′) is
in its turn τ -compact—hence τ -closed. Moreover, K is still disjoint from V , so that a /∈ K and we deduce from Fact 1
that K is σ -closed. It then follows that M ∩ K is σ -compact (as a σ -closed subset of the σ -compact set M), and now
a /∈ K implies that M ∩ K is τ -compact and τ -closed. However, d ∈ Clτ M ′ and U ∈ τ (d) entail that d ∈ Clτ (U ∩ M ′); since
U ∩ M ′ ⊆ Clτ (U ∩ M ′) ∩ M = K ∩ M , we see that d ∈ M ∩ K , which is impossible because d ∈ D ′ = D\M . �

Since V \{a} is τ -open and does not contain a, it is also σ -open. Then, writing the set M ′ ∪ {a} as M\(V \{a}) (recall that
we have assumed a ∈ M), it follows that M ′ ∪ {a} is closed with respect to σ |M ; since M is σ -compact, M ′ ∪ {a} turns out
to be in its turn σ -compact. Therefore, to prove that M ′ is σ -compact, it will suffice to show that a is isolated in M ′ ∪ {a}
with respect to σ . Actually, this follows from Fact 3, as we can associate to every x ∈ D ′ a V x ∈ τ (x) with V x ∩ M ′ = ∅, so
that (by (6)) W = V ∪ (

⋃
x∈D ′ V x) is an element of σ(a) missing M ′ . �

As a final remark we point out that in the literature another question related to Larson’s original problem is considered,
namely whether every closed subspace of a minimal K C space is in its turn minimal K C (cf. [1, Question 2.11]). It is an easy
by-product of the main result of this paper that such a question has a positive answer—take into account the fact, which is
straightforward to prove, that every compact K C space is minimal K C . Of course, our result also settles the first two items
of [1, Question 2.10].
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