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1. Introduction

The aim of this note is to study the global Morrey regularity for the second derivatives of the strong solutions of non-
variational elliptic equations. Namely, given a bounded domain £2 C R", we consider the linear equation

Qijlixy + ity +cu = f, (1)

where the lower order coefficients b;, ¢ and f are assumed in the Morrey space [P* (2 < p < n,n —p < A < n) and the
coefficients of the leading part are assumed in the class VMO N L°°. We obtain Morrey estimates for second derivatives for
the strong solutions of Eq. (1) (see Theorem 3.2) and, as a consequence of our estimate, we obtain the Holder continuity of
the gradient of the solutions.

The technique we use is quite simple; it is based on a multiplicative inequality for functions in Morrey classes combined
with an iterative procedure, and it exploits the Morrey bounds proved in [8] for the principal part operator.

The same problem has been studied in several papers by many Authors. Among them, we cite [1], where Caffarelli
considers the equation

aijuxin :fs (2)

proving that, if f belongs to the Morrey space L™, with 0 < « < 1, then every W2P-viscosity solution u is of class C1:¢.

Subsequently, in [9,8], Caffarelli’s result was improved, obtaining for Eq. (2) gradient regularity for any p < n.In [9], the
interior Morrey space regularity was obtained via a representation formula for the second derivatives of the solutions used
in [3] and the study of some non-convolution-type integral operators. In [8], the Authors extend the result to the boundary,
obtaining global Morrey regularity.
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2. Preliminaries

Let 2 be a bounded open setin R* (n > 3).If f € L!(£2) and E C £2, we set f; = \::"T fEfdx.
We recall some classical definitions (see [2,14]).

Definition 2.1. Let £2 be a bounded domainin R", 1 < p < +ocand 0 < A < n. A function f € [P(£2) belongs to the
Morrey space [P (£2) if

—A
IF12, ) = supT / If Pdx < +o0,
Br(x0)N$2

the supremum being taken over xo € 2 and 0 < r < diams2.

It is well known that [”*(£2) is a Banach space endowed with the above norm. Morrey and Campanato spaces are very
useful in the study of regularity properties for generalized solutions of elliptic equations (see, e.g., [15,16,10,12,11,13,5-7]).

Definition 2.2. Let 2 be a bounded domaininR", 1 < p < +ooand 0 < A < n + p. A function f € [P(£2) belongs to the
Campanato space £P*(£2) if

U]ip,l(ﬂ) = sup r_)hw/B‘ o2 |f _fBr(Xo)ﬁQ|de < +ooﬂ (3)
(X0

the supremum being taken over xy € 2 and 0 < r < diams2.

If A = n, the definition gives back the definition of the space BMO.

Definition 2.3. Let £2 be a bounded domain in R". A locally integrable function f of class BMO($2) belongs to VMO(£2) if
n(r) = SUP][ f _pr(xo)ﬂQ|dx
B, (x0)N2

vanishes asr — 0. Here, the supremum is taken overxo € 2 and0 < p < r.
The space £P* is a Banach space endowed with the norm
Wl eprc2y = Wfllpey + Uflepiiay
where [f] zp.x () IS given by (3).
Definition 2.4. Let £2 be a bounded domain in R". We say that §2 satisfies condition K if there exists a constant K > 0 such
that
B (x0) N 2| > Kr",

Vxg € 2 and 0 < r < diam{2.

Remark 2.1. Any convex domain satisfies condition K.

We state some useful results we need in what follows.

Lemma2l. let1 <q<p < 4ooand0 < A, Ay < n.lf q(n — 1) < p(n — A;), then [P*(£2) is continuously imbedded in
L9*1(£2).

Proof. The proof is a simple application of Holder inequality. O

Theorem 2.1 ([2, Theorem 2.1]). Let 2 C R" be a bounded domain satisfying condition K.

1. If 0 < A < n then £P*(£2) = IP*(£2) and there exist two positive constants C; and C, such that
Cilflepr < Mfllpr < Gl gpa-

2. If n < A <n+ pthen £LP*(2) = CO(R2), withy = %, and there exist two positive constants C3 and C, such that
C3[f]£w~ < [f]y =< C4[f],cpv}»,

where [f1, = sup,, 7W";)__y’c‘£y)‘.

Theorem 2.2 (Poincaré Inequality). Let 2 C R" be a bounded convex domain, and let u € WP (£2). Then there exists a positive
constant C such that

/ lu—uglPdx < C (diamQ)”/ |Vu|Pdx. (4)
2 2
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Lemma 2.2. Let 2 C R" be a bounded convex domain. Let u € W'P(£2) be such that Vu € IP*(£2),0 < u < n + p. Then
u € LPHTP(2) and there exists a positive constant C such that
[u] gp.itp(2y < ClIVUllpn(g). (5)
In particular, if © + p < nthen

lullpp.trcey < CUVUllpa) + Ullp)- (6)

Proof. Let B, (xy) be a ball. Since u € W'P(B,(xo) N £2), from the Poincaré inequality (4) we have

/ lu — up, x)nePdx < C Tp/ |VulPdx,
Br(xp)N$2 Br(x0)N$2

from which we have

r’(‘”p)‘/ [u — up, xy)ne Pdx < C r’“/ |Vu|Pdx,
Br(xg)N$2 Br(x0)N$2

which, since Vu € [P#(£2), implies that u € £P-#*P(£2) and (5). Moreover, from Theorem 2.1, we obtain (6). O

In what follows we will use also the following multiplicative inequality.

Lemma 2.3. Let 2 C R" be a bounded convex domain. Let u € W'"P(2) and f € [P*(2), with2 <p<nn—p <A <n.If
Vu e [P"(§2) for some n € [0, n — pl[, then

fu e [PAHITMR(Q),
Moreover, there exists a positive constant C, independent of u and f, such that

fullp.rtn—nto @y < Cllf lpa @) IVUllipnc2) + lullp@)-

The lemma has been proved in [4, Lemma 4.1] for p = 2. The extension to the case p # 2 is straightforward.
3. Holder regularity

Let £2 C R" be a bounded domain. Let us consider the following linear second order elliptic equation in non-divergence
form:

@ijlyx; + biy +cu = f, (7)
where we assume that
a;j(x) = a;(x) aexeR,i,j=1,...,n, (8)
n
1
I >0:plEl <) a0EE < SR aexe R Ve R 9)
ii=1
a; € [*°(2) N VMO(£2) (10)
and
bi,c,f el”*(£2), 2<p=<n, n—p<»Xi<n. (11)

Definition 3.1. A function u in W2 (£2) is a strong solution of Eq. (7) if u satisfies (7) a.e. x € £2.
We recall Theorem 3.3 in [8] regarding Eq. (7) when b; = 0and ¢ = 0.

Theorem 3.1. Let 2 C R" be a bounded convex domain. Let (8)-(11) hold true. Let u € WP N Wol’p(.Q) be a strong solution
of (7), with b; = 0 and ¢ = 0. Then D?u € LP*(£2) and there exists a positive constant C such that

ID*ull @y < € (Iullpie) + If L)) -
Our main Theorem is the following.
Theorem 3.2. Let 2 C R" be a bounded convex domain. Let (8)-(11) hold true and let u € WP N Wol’p (£2) be a strong solution
of (7). Then there exists 0 < y < 1such that Vu e C%7 ().
We prove Theorem 3.2 in two special cases. First, we consider the case b; = 0,i = 1, 2, ..., n, that is the equation
Qijllgx; + CuU = f, (12)
and later we study the case ¢ = 0, that is the equation
Qijlixg + biuy, =f. (13)
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The general case can be proved arguing in the same way as for the special cases. We have chosen to not give the detailed
proof of the general case because it is very intricate and the proof does not contain anything new.
The result related to Eq. (12) is contained in the following Theorem.

Theorem 3.3. Let £2 C R" be a bounded convex domain. Let (8)-(11) hold true and let u € WP N Wol’p(.Q) be a strong solution
of (12). Then, forall 0 < € < min{n — p, p + A — n}, we have that Vu € C%¥ (), wherey = 1 — ”_,#. Moreover there
exists a positive constant C such that

[Vul, < C (llcllpi) I Vullpar-c@) + (clpa@) + Dllullpi-co) + Iflpiq)) -

Proof. We start by noting that, since Vu € W1P(£2), from Lemma 2.2, Vu € [PP(£2).

If p > n— p, then, from Lemma 2.1, Vu € [P"P~¢(£2), with 0 < € < min{n — p, p+ A — n}, and we apply Lemma 2.3 to
obtain cu € [P*~¢(£2), and from Theorem 3.1 we obtain D?u € [P*~€(£2). Then, from Lemma 2.2, Vu € £LPPY*~€(£2), and,
from Theorem 2.1, since p + A — € > n, we obtain that Vu € C%7 ().

Ifp < n— p, from Lemma 2.3, we obtain that cu e [**+2P~"(£2), and from Theorem 3.1, since A +2p — n < A, we obtain
that D?u € [P**+2P~"(£2) and, using Lemma 2.2, consequently Vu € £LP*+3P~7(02),

If A + 3p — n > n, from Theorem 2.1, Vu is Hélder continuous in £2.

IfA4+3p—n < n,from Theorem 2.1, Vu € [P**~"(02).Ifalso A4+3p—n > n—pthen, from Lemma2.1, Vu € [P"P~¢(£2),
with 0 < € < min{n — p, p + A — n}, and we apply Lemma 2.3 to obtain cu € I[P*~¢(£2), from which and Theorem 3.1 we
obtain that D?u € [P*~¢(£2). Then Vu € £PPt*~¢(£2) and since p + A — € > n, we obtain that Vu € C%7 ().

IfA 4+ 3p — n < n— p, then, from Lemma 2.3, we obtain that cu € [P-***4~2"(2), from which and Theorem 3.1, since
21 + 4p — n < A, we obtain that D?u € [P2* T4 =2(Q) and Vu € LP-2* TP ~2n(Q),

If20. + 5p — 2n > n, then Vu is Holder continuous in 2.

If2A 4+ 5p — 2n < n, Vu € [P?**5P=27(2) and we can proceed as in the case A + 3p — n < n.

Finally, there exists k € N such thatn —p < (2k + 1)p + k(A — n)and Vu e [P@+DP+kG=1 () then Vu e C%7 ().
Moreover, from Theorems 2.1 and 3.1 and Lemma 2.3, we get

[Vu],

IA

CIVUl ppii—eg) < ClID Ullpie(q)

Cllicullpi-e @y + Nullpr-e@y + I lpr(2)}

Clllcl o) LIIVUllpa-p-e @y + lullr2)] + 1l pa—e @y + If )}
Clliclpr@) IVullppn—r-—e@y + (Iclprey + Dllullpi-egy + Ifllpigt O

IANIATA

Now we study Eq. (13). We have the following.

Theorem 3.4. Let 2 C R" be a bounded convex domain. Let (8)-(11) hold true. Let u € WP N WOLP(Q) be a strong solution
of (13). Then there exists k € N such that kA — kn + (k+ 1)p > nand Vu € C%7 (), withy = W. Moreover,
there exists a positive constant C depending on ||b|| .. (o) and k such that

[Vul, < C(ID?ullea) + lullpr-nea) + I lpace) - (14)

Proof. Since D*u e [P(£2), from Lemma 2.3, we obtain that b - Vu e [P*~™P(£2). Then, from Theorem 3.1, D’u €
[P*~"+P(£2) and we have

IA

C{IbVullponip@y + ltllprntp2y + I lps o)}
C{lIbllpr oy LID* Ul 2y + llullpi)] + Nullpi-npcgy + I lpr o)}
C{lIbllpa ) ID*ullp2) + (Ibllpr oy + Dlltllpi-nisig) + If lpro))- (15)

From Lemma 2.2, Vu € LP*""%'(2), where 0 < A —n+2p < n+p.
If . —n + 2p > n, from Theorem 2.1, we have that Vu e C%7 (22), withy = M;%zp. So, from Theorem 2.1, inequalities
(5)and (15),

[Vul,

2
ID" | p.r—ntp ()

IA

IA

IA

[Vu]vcp,k—n+2p(9) < C||D2u||Lp,x—n+p(Q)
CLlbllp @) ID*ullp2) + bl @y + Dlltlpinivgy + If lpia))-

IfA —n+ 2p < n,sincel — n + p < n — p,we can apply Lemma 2.3 to obtain bVu € [P?*~27+2P(2). Since
2L — 2n + 2p < A, from Theorem 3.1, D*u € [P-#~2"*2P(2), and we get also from (15) that

IA

IA

2
ID%ullp.22-2nt2p oy < C{IIbVUll 20204202 + [[Ullp.22-2012p () + If o3 (2}

IA

C{UIbll o LID*ull prntp gy + Nullpe2)] + Nl p2-2ni2p ) + I sy}
C{Ilbllfp,A(mllDZullmm + (Ilbllfm(m + bl 2y + Dllullpr-ning)
+ (||b||LM(rz) + 1)||f||LM(rz)}-

IA
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Now, from Lemma 2.2, we obtain that Vu € £P*7?"*3(2), where 0 < 24 — 2n + 3p <n + p.
If 21 — 2n + 3p > nthen Vu € €% (2), withy = W, and

[Vu],

IA

C[VU]£p,ZA—2n+3p(Q) < C||D2u||Lp.ZA—2n+2p(Q)
= C{Ilbllfp.x(g) ID*ullr(2) + (Ilbllfﬂ,x(m + 1bllpr2) + Dllullpa-niny + (bl + DI lprg)}-
If20 — 2n + 3p <n(2A — 2n + 2p < n — p), then we proceed as the previous cases.

Finally, there exists a positive integer k such thatn < kA — kn+ (k+ 1)p, then Vu € C%7(2), withy =
and

A

ki—(k+Dn+(k+1)p
P

[Vul,

IA

CIVU] gpiotntts o) < CID* Ul pior—knsernp g

< CUlIblls g 1D ullrey + (BN ) + IBI o) + -+ + 1bllp @) + Dllullpining)
+ (bl ) + -+ Ibllwace) + DIf o))

from which (14) follows. O

A
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