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1. Introduction

Let © be a bounded domain in RY having a C2-boundary 99, let a € L*(Q) for appropriate s > 1, and
let f:Q xR — R be a Carathéodory function. The semilinear elliptic equation with indefinite unbounded
potential

—Au+a(z)u = f(z,u) in Q

has by now been widely investigated under Dirichlet or Neumann boundary conditions; see [10,19]
and [20,22], respectively, besides the references given there. If a(z) = 0 then the case of asymmetric nonlin-
earities f, meaning that ¢ — f(z,t)t~! crosses at least the principal eigenvalue of the relevant differential
operator as t goes from —oo to +00, was also studied; cf. [6,7,24]. From a technical point of view, the Fuéik
spectrum is often exploited [2], which entails that the limits t_l)irinoo f(z,t)t™! do exist.
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This work treats equations having both difficulties under Robin boundary conditions. Hence, for a(x)
bounded only from above, s > N, and 3 € W1°°(9Q) nonnegative, we consider the problem

—Au+a(zx)u = f(z,u) in Q,

0 1.1
3_Z + B(zx)u=0 on 01, (1)
where 9% := Vu - n, with n(z) being the outward unit normal vector to 9Q at its point z. As usual,

u € HY(Q) is called a (weak) solution of (1.1) provided
/Vu~Vvdx+/ﬁuvda+/auvdm:/f(x,u)vdx Vv € H(Q).
Q o9 Q Q

Our assumptions on the reaction f at infinity are essentially the following.

< lim sup f(@.?)

§ )\k—‘rla
t——o0 t

[, 1)
t

t

t R
e limsup M < A1, and ligrn fla, t)t — Q/f(:c,T)dT = 400

t—+oco t—

o There exists k£ > 2 such that 5\k < lim inf
t——o0

0

uniformly in x € Q. Here, An denotes the nth-eigenvalue of the problem

ou

—Au+a(z)u=Au in €Q, n

+B(x)u=0 on ON. (1.2)
It should be noted that a possible interaction (resonance) with eigenvalues is allowed. If an additional
condition on the behavior of t = f(x,t)t~1 ast — 0 holds then we obtain at least two nontrivial C'-solutions
to (1.1), one of which is positive; see Theorems 3.1-3.3 for precise statements. As an example, Theorem 3.1
applies when

bt if <1,

,0) =9 « o
fz,t) { Mt —t+(b— A + 1)t ! otherwise,

with :\k <b< 5\k+1 and k > 2 large enough, or

b(t+1)—c ift<—1,
flz,t) =< et if |¢] <1,

~

A1(t —1) + ¢ otherwise,

where ¢ > \o. Let us point out that, unlike previous results, the nonlinearities treated by Theorem 3.3 turn
out to be concave near zero. Finally, Theorem 3.4 gives a third nontrivial C''-solution once

f(ma ) € Cl(R) and sSup |ft/(7t)| € LOO(Q)
teR

Our arguments are patterned after those of [13] (cf. also [12]) where, however, the Dirichlet problem is inves-
tigated, a(x) = 0, but the p-Laplace operator Ayu := div(|Vul[P~2Vu) appears. Moreover, the hypotheses

on f made there do not permit resonance at any eigenvalue. The approach we adopt exploits variational and
truncation techniques, as well as results from Morse theory. Regularity of solutions basically arises from [26].
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Problem (1.1) evidently falls inside the more general one

~Apu+ a(@)|ulP?u = f(r,u) in Q, |Vu|p_2% + B(x)[ulP2u=0 on 09Q.

It will be addressed in a future work but, mainly due to the limited information available at present on the
associated eigenvalue problem when p # 2, the matter looks non-standard.

2. Preliminaries

Let (X,| - ||) be a real Banach space. Given a set V C X, write V for the closure of V, OV for the
boundary of V, and int(V') for the interior of V. If x € X and ¢ > 0 then Bs(z) :={z € X : ||z —z| < ¢}
while B;s := B;s(0). The symbol (X*, || - || x~) denotes the dual space of X, (-,-) indicates the duality pairing
between X and X*, while x,, — = (respectively, z,, — x) in X means ‘the sequence {z,} converges strongly
(respectively, weakly) in X'. We say that ® : X — R is coercive iff lim|z) 400 ®(x) = 400. ® is called
weakly sequentially lower semi-continuous when x,, — x in X implies

O(z) < liminf®(z,).

n—oo

Let ® € C''(X). The classical Cerami compactness condition for ® reads as follows.
(C) Every sequence {x,} C X such that {®(x,)} is bounded and

lim (1 [l ])[[® (zn)]|lx- =0

n=+o0
has a convergent subsequence.
Define, provided ¢ € R,
. :={zeX: ®x)>c}, P°:={zxeX: O(z)<c},
K@®) :={zeX: ?@) =0}, K. (P):=K(@)Nd ().

Given a topological pair (4, B) fulfilling B ¢ A C X, the symbol H,(A, B), ¢ € Ny, indicates the gth-relative
singular homology group of (A4, B) with integer coefficients. If 2o € K.(®) is an isolated point of K (®) then

Cy(@,20) := Hy(®°NV, 2NV \ {z0}), ¢ € Ny,

are the critical groups of ® at xy. Here, V stands for any neighborhood of ¢ such that K(®)N®°NV = {xo}.
By excision, this definition does not depend on the choice of V. Suppose ® satisfies Condition (C), ®|x(a)

is bounded below, and ¢ < inf ®(x). Put
zeK (D)

Cy(®,00) := Hy(X,®°), qeNp.

The Second Deformation Lemma [8, Theorem 5.1.33] implies that this definition does not depend on the
choice of c. If K(®) is finite, then setting

+oo —+oo
M(t,z) = rank Co(®,2)t?, P(t,00):=» rankCy(®,00)t? V(t,z) € R x K(®),
q=0 q=0
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the Morse relation below holds:

> M(t,z) = P(t,00) + (1 + 1)Q(¢), (2.1)

z€K (D)

where Q(t) denotes a formal series with nonnegative integer coefficients; see for instance [17, Theorem 6.62].

Proposition 2.1. Let h € C*([0,1] x X). Assume that:

(i1) h maps bounded sets into bounded sets.

(ia) h(0,-) and h(1,-) satisfy Condition (C).

(i3) t +— hi(t,x) is locally Lipschitz continuous. Moreover, there exist o > 0, p € (1,+00) such that
[hy(t,z)| < allz]|P in [0,1] X X.

(i4) @+~ Rl (t,x) is locally Lipschitz continuous and with appropriate a,d > 0 one has

h(t,x) <a = (1+ [le|)h;(t 2)| = ofj«]”.
Then Cy(h(0,-),00) = Cy(h(1,-),00) for all ¢ € Ny.

This result represents a slight generalization of [11, Proposition 3.2]. Therefore, we omit the proof.

Now, let X be a Hilbert space, let x € K(®), and let ® be C? in a neighborhood of . If ®”(z) turns out
to be invertible, then z is called non-degenerate. The Morse index d of x is the supremum of the dimensions
of the vector subspaces of X on which ®”(x) turns out to be negative definite. When z is non-degenerate
and with Morse index d one has

Cy(®,2) =044Z, q € Ng. (2.2)

The monographs [15,17] represent general references on the subject.

Throughout this paper, {2 denotes a bounded domain of the real euclidean N-space (RY,|-|) whose
boundary is C2. On 99 we will employ the (N —1)-dimensional Hausdorff measure o. The Trace Theorem [3,
Theorem 2.79] ensures that there exists a unique completely continuous linear operator v : H(Q) — L?(9Q)
such that

Y(u) = ulpa Yu € CHQ), ker(y) = Hi(Q).

To simplify notation, we let u in place of y(v) when no confusion can arise. The symbol | - ||, with ¢ > 1
indicates the usual norm of L(2) and

1/2
lull = (I9ul3 + ul)"*, we H'(®),
Cr:={uecC’Q): ux)>0 Vzecq}.

Write 2* for the critical exponent of the Sobolev embedding H'(2) C L9(Q). Recall that 2* = 2N/(N — 2)
if 2 < N, 2% = 400 otherwise, and the embedding is compact whenever 1 < ¢ < 2*. Moreover,

int(Cy)={uecCy: ulx)>0 VaecQ}
Given t € R, u,v: Q2 = R, and f: Q2 x R — R, define
t* = max{+t,0}, uF(z):=u(@)®, Npu)(z):= f(z,u()).

u < v signifies u(x) < v(zx) for almost every z € ). The meaning of u < v etc. is analogous.
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Remark 2.1. If u € H'(Q2), w € L?(Q), and 8 € L*>°(99Q) then the condition

/Vu(m) - Vo(x)dx + /ﬁ(m)u(m)v(m)do = /w(x)v(x)dm, ve HY(Q),
o0

Q Q
is equivalent to

ou

I +B(x)u=0 on 9.

—Au=w a.e.in €,

This easily comes out from the nonlinear Green’s identity [8, Theorem 2.4.54]; see for instance the proof of
[21, Proposition 3].

We shall employ some facts about the spectrum of the operator u — —Au + a(x)u in H'(Q) with
homogeneous Robin boundary conditions. So, consider the eigenvalue problem (1.2) where, from now on,

a€ L*(Q) forsome s> N, at € L>®(Q), BecWh>®0OQ), and £>0. (2.3)

Define

E(u) := ||Vul3 —|—/a(x)u(a:)2d:c—|— /,B(x)u(x)zdo Yu e HY(Q). (2.4)
Q o0

Lemma 2.1. There exist &,13 > 0 such that
E(w) + allul3 > bllull*  Vue H'(Q).

Proof. If the conclusion was false, we could construct a sequence {u,} C H(Q) fulfilling

E(un) + nllunl2 < %HunHQ, nen. (2.5)
Set vy, := |lun ||~ tu,. Since
lon] =1 ¥neN, (2.6)
we may assume that
v, —v in HYQ), wv,—wv in L*(Q), and v, —v in L*9Q). (2.7)
Therefore,
Ev) < lﬁglfg E(vp). (2.8)

From (2.5)—(2.8) it follows v = 0 as well as n|v,||3 — 0, which implies

lim [|vn|| = 0. (2.9)

n—-+oo

In fact, on account of (2.5),

1
0=£(0) <liminf &(v,) <limsup&(v,) < lim (— - n||vn||§> =0
n

n——+oo n——+o0o n——+oo



1826 G. D’Agui et al. / J. Math. Anal. Appl. 433 (2016) 1821-1845

and, by (2.7),

0= lim E(Un): hm [V, |3.

n—-+oo

However, (2.9) contradicts (2.6). O

Thanks to the above lemma, letting
(u,v) := /Vu - Vudx + /(a(i) + a)uvdx + /ﬂ(:c)uvdo Yu,v € HY(Q)
Q Q o0

produces a scalar product on H*(£2) equivalent to the usual one. Further, given u € L%(f2), there exists a
unique % € H'(Q) such that

Let K : L?(Q2) — H(2) be defined by
K(u):=1 forevery ue L*Q)

and let i : H'(Q) — L%*(Q) be the embedding map. Obviously, K oi : H'(Q2) — H'(Q) is linear, compact,
self-adjoint, while

(Koi(u),v) = /u(x)v(x)dm Yu,v € HY(Q).
Q

Consequently,
(K oi(u),u) = |[ul3, we H'(Q).

Theorem 3.1.57 in [8] ensures that K o ¢ possesses a decreasing sequence {u,,} of positive eigenvalues such
that p, — 0. Then

“ 1
Ap = — —a, meN,
fin
represent the eigenvalues of (1.2) and there exists a corresponding sequence {4, } € H*(f2) of eigenfunctions,
which turns out to be an orthonormal basis of H'(€2). For each n € N, denote by E(\,) the eigenspace
associated with A,,. It is known that:

(p1) E(\,) is finite dimensional.

(p2) Ifu lies in E(\,) and vanishes on a set of positive Lebesque measure, then u = 0.
(p3) E(\n) € CH(9).

(ps) HY(Q) = &, E(\,). Moreover,

A1 = inf { A0 HY(Q), u# o}, (2.10)

2
2
j\n:inf{g(ug : ueflm u;«éO}:sup{iug: uwe H,, u;«éO}, n > 2,
2

[lull3

y>

where H, = &> E(\;) and H, = &7 E()\;).
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(ps) Elements of E(A\1) do not change sign and Ay is simple.
(ps) There exists an L2-normalized eigenfunction @, € int(Cy) associated with \;.
(p7) Each A with n > 2 possesses nodal eigenfunctions.

In particular, (p2) comes out from [5, Proposition 3], the regularity results of [26, Section 5| imply (ps),
while (ps) is easily verified through Picone’s identity [17, p. 255] besides (2.10). The same holds true for (p7);
see, e.g., [17, Section 9.3]. Finally, Theorems 2.5.2 and 5.5.1 in [23] basically yield (pg).

The next characterization of Ay will be used later. Its proof is analogous to that of [21, Proposition 5.

(ps) Write M == {u € H*(Q) : |lull2 =1} as well as
Iyi={yeC%-11,M): y(-1) = —ay, v(1) = 1}
Then

Ao = inf max E(y(t)).

~ETy t€]—1,1]
A simple argument, based on orthogonality, (p2), and (p4), gives the next result.

Lemma 2.2. Let n € N and let 0 € L®(Q) \ {\,} satisfy 0 > \,. Then there exists a constant ¢ > 0 such
that

£~ [ Oyutafde < —elul* vue I,
Q
Let n € N and let 6 € L=(Q) \ {\n} satisfy 0 < \,. Then there exists a constant &é > 0 such that

E(u) — /H(x)u(x)zdx >é|lull?> Vue H,.
Q

Finally, consider the weighted eigenvalue problem

ou

—A =A in Q —
u+a(z)u = Aa(z)u in Q, n

+B(x)u=0 on 01, (2.11)

where o € L (Q)\ {0} and a > 0. Arguing as before produces an increasing sequence {, (@)} of eigenvalues
for (2.11), which enjoys similar properties. In particular, via the analogue of (p2) we achieve the following
(cf. [5, Proposition 1]):

(Do) If an, a0 € L®(Q)\ {0}, 0 < oy < ag, and ay # ay then A, (a) < Ap(ay) for alln € N.

3. Existence results

To avoid unnecessary technicalities, ‘for every x € 0’ will take the place of ‘for almost every x € " and
the variable x will be omitted when no confusion can arise. Define

no :=inf{n e N: \, >0}.

Let f:Q xR — R be a Carathéodory function such that f(-,0) =0 and let
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&
F(z,¢) := /f(m,t)dt, (z,8) €e QA xR. (3.1)
0

We will posit the following assumptions.

(f1) There exists ag € L>(2) such that

|f(z,t)] <aog(x)(1+|t]) V(z,t) € QxR

(f2) limsup
t—+oo
(f3) For some k > max{ng, 2} one has

@ <X\ and tl}gl [f(z, )t — 2F(x,t)] = +00 uniformly in x € Q.

HED) g 1020

< Akt
t——o0 t

5\k < liminf
t——o0

uniformly with respect to x € ) and
flz,t)t —2F(z,t) >0 V(z,t) € QA xRy. (3.2)

(f4) There exist ay,as € L=(9) such that Ao < a1 < ay and

o fat)
<1 f— 2 <1 S
a1(z) < im in < Hgl_)Sélp

uniformly in x € Q.

We start by pointing out the next auxiliary results.
Lemma 3.1. Let (f2) be satisfied. Then

lim [At? — 2F(z,t)] = +o0

t——+o0

uniformly with respect to x € Q.

Proof. Given any K > 0, one can find dx > 0 such that f(z,t)t—2F(z,t) > K for all (z,t) € QX [0k, +00).
Hence,

d (F(z,t) K .
£< P )>t—3 provided t> g

and, a fortiori,

whenever £ > t > k. Since

2F(x,§)

lim sup <X\ uniformly in  x € €,

£—~+oo 62

the above inequality produces N2 — 2F(z,t) > K for every (z,t) € Q X [0k, +00). As K was arbitrary, the
conclusion follows. O
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Lemma 3.2. If (2.3), (f1), and (f4) hold, then every nontrivial solution ug > 0 of (1.1) belongs to int(C..).

Proof. Using (f1) and (f4) we get co > 0 such that |f(x,t)| < colt| in Q@ xR. Therefore, the function b : Q@ — R
defined by

(@, uo(x))

b(x) := o)

if wo(x)#0, b(z):=0 otherwise,

is essentially bounded. Since ug turns out to be a weak solution of the problem

—Au = [b(z) —a(z)lu in €Q, g—z +B(x)u=0 on 01,

where, because of (2.3), b—a € L*(Q) for some s > N, Lemma 5.1 in [26] and the Moser iteration technique
yield ug € L>(Q). Through [26, Lemma 5.2] we achieve uy € CH*(Q). So, in particular, uy € C; \ {0}.
Finally, from

Aug(z) < ([la™|loo + Ibllsc) wo(z) for every =€ Q

and the Boundary Point Lemma [23, p. 120] it follows ug € int(C ), as desired. O

To simplify the notation, write X := H'(Q2). The energy functional ¢ : X — R stemming from Prob-
lem (1.1) is

o) = %5@) _ / Flo,u(@)) dz, ue X, (3.3)

with £ and F given by (2.4) and (3.1), respectively. One clearly has ¢ € C'(X). Moreover,
Proposition 3.1. Under (2.3) and (f1)—(f3), the functional ¢ satisfies Condition (C).
Proof. Let {u,} be a sequence in X such that

lp(un)| <c1 Vn €N, (3.4)
. , B
Jm (1 [unlDlle"(un)llx- = 0. (3.5)

We first show that {u,} is bounded. This evidently happens once the same holds for both {u; } and {u,, }.
Claim 1. The sequence {u;} is bounded.

If the assertion was false then, up to subsequences, ||u,}|| — +o00. Write vy, == |Ju} || ~tuf. From |jv,| =1
it follows, along a subsequence when necessary,

v, —=v in X, v,—v in LQN/(N_D(Q) and in  L?(09Q). (3.6)
Through (3.5) one has (¢’ (uy,), u,) — 0, which, dividing by [Ju,}||?, easily entails

Mj‘rix))vn@) dr Vn eN, (3.7)

[

E(vy) < ey +/
Q
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where £,, — 0. Because of (f;) the sequence {||u,} || "' N (u,})} € L*(Q) is bounded. Via the same reasoning
made in [17, pp. 317-318] we thus get a function § € L>°(£2) such that 6 < M\ and

1
[l |

Ni(ut) —=0v in L*(Q).
Thanks to (3.6)—(3.7) this produces, as n — +o0,
E(w) — /H(z)v(m)Qda: <0. (3.8)
Q
If @ # Ay then, by Lemma 2.2, v = 0. Consequently, on account of (3.6) (3.7) again, v, — 0 in X, which

contradicts ||v,|| = 1. Otherwise, from (3.8), (2.10), (ps), and (ps) it follows v = t@; for some t > 0. So,
ul — +o00 a.e. in . Using (f3) and Fatou’s Lemma we thus obtain

im [ [ (@) (2) — 2F (2, ()] de = oo, (3.9)
Q

On the other hand, (3.4) forces
while (3.5) easily yields

Therefore, on account of (3.2),

/[f(sc,u:)uj —2F (z,ul)] dz < /[f($7un)un —2F(z,up)]dr <2¢1 +c2 VneN,
Q Q

which contradicts (3.9).

Claim 2. The sequence {u,, } is bounded.

If the assertion was false then, up to subsequences, ||u,, || — +o0o. Write, like before, w,, = |lu,, || ~1u., .
From ||w,| =1 it follows, along a subsequence when necessary,
w, —=w in X, w,—w in L*N®-V(Q) andin L*Q), w>0. (3.10)
Through (3.5) one has
Lo
5(5 (upn), vy — | fz,up)vde| <eplv] YveX, (3.11)

Q

where g, — 0%. A simple computation based on (f;) and the boundedness of {u,"} immediately leads to
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%(8’(ui{)m>—/f(x,u;f)vd:r < csl|v]|- (3.12)
Q

Since u, = u;” — u,,, inequalities (3.11)—(3.12) produce, after dividing by ||u,, |,

1

=
il J

1
5(5'(710”),1)) - fla,—u, Jvdz| < e |lv|, veX, (3.13)

with &/, — 0%. Observe next that, by (f;) besides (3.10),

1
lim —7/f(x,—u;)(wn—w)dx20.
o T

So, (3.13) written for v := w,, — w provides

. / .
ngrilm@ (—wp,), wy, —w) =0,

whence

lim w,=w in X (3.14)

n—+4o0o
because, on account of (3.10) and (2.3),
/a(x)wn(x)(wn(as) — w(@)) dz — 0, /5(95)%(3:)(%(3;) —w(@))do — 0.
Q o0
Thanks to (f;) the sequence {||u, |[|7*Ns(—u, )} C L?(2) is bounded. Using the arguments made in [17,

pp. 317-318] we thus obtain a function o € L (£2) such that A, < o < Appq and

1 _ .
”u_”Nf(—un)A—aw in L*Q).

By (3.13)-(3.14) this implies, as n — +00,

%(5’(w),v> _ /a(x)w(x)v(x) dr Vv e X,
Q

i.e., w turns out to be a weak solution of the problem

—Au+a(z)u =alz)u in Q, g—z +B(x)u=0 on ON. (3.15)

If o # A, and a # Ay then (po) yields
)\k(OZ) < )\k‘(j\k) =1= 5\k+1(5\k+1) < 5\k+1(04)~

Therefore w = 0, which contradicts |Jw|| = 1; c¢f. (3.14). Otherwise, either & = A\x or @ = Agy1. In both
cases, via (3.15) one sees that w has to be nodal, against (3.10).
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Summing up, the sequence {u,} C X is bounded. Along a subsequence when necessary, we may thus
assume

U, =~ u in X, u, —u in LPV/ND(Q) andin L*9Q),
whence, like before, u,, — u in X. This completes the proof. 0O
3.1. FEzistence of at least two nontrivial solutions

Define, provided =z € Q and t,£ € R,

&
h@ﬂ:ﬂﬁm+ﬁﬂ<ﬁ@®:/l@ﬁﬁ (3.16)
0
It is evident that the corresponding truncated functional

() +alul}) - [ il u@)ds, we X,
Q

belongs to C'(X) also.
Proposition 3.2. Let (f1)—(f2) be satisfied. Then ¢4 is coercive.

Proof. If the conclusion was false, we may construct a sequence {u,} C X such that ||u,| — +oo but

1 R R
B (E(un) + allunll3) — /F+(z,un(z))dzr <c¢3 VneN (3.17)
Q
Write vy, = ||tn]| " uyp. From ||v,|| = 1 it follows, along a subsequence when necessary, (3.6). Moreover, by
(3.16)—(3.17),
1 Al —112 1 + C3
= (En) +alv, [3) — 7—5 [ Flz,u)(z)de < —=, neN. (3.18)
2 [[un]| [[en |

Because of (f;) the sequence {|u,| ?>Ng(u, )} C LY(Q) is uniformly integrable. Via the Dunford—Pettis
Theorem and the same reasoning made in [17, pp. 317-318] we thus get a function 6§ € L>°(Q) such that
0< M\ and, up to subsequences,

1

TENe() = 3007 i L@)

" 2

Using (3.18), besides (3.6), this produces, as n — 400,

E() +allvT|]2 - /9($)U+(1‘)2d$ <0, (3.19)
Q
whence, in view of Lemma 2.1,
ET) < /9(x)v+(a:)2dx. (3.20)
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If @ # Ay, then Lemma 2.2 and (3.20) force v = 0. From (3.19) and Lemma 2.1 again it follows v~ = 0,
namely v = 0. Since, like before,

1

[[en 12

Nz, (up) =0 in LY(Q),

inequality (3.17) combined with Lemma 2.1 yield ||v, || — 0. However, this is impossible. So, suppose 6 = \;.
Gathering (3.20) and (p4)—(pg) together lead to v™ = tii; for some ¢ > 0. The above argument shows that
t > 0. Hence, v > 0 in Q, which actually means v = v™ > 0. Recalling the definition of {v,,} we thus have
un(z) = uf (x) as well as u;f (x) — +oo for every z € Q. Consequently, by Lemma 3.1 and Fatou’s Lemma,

nEIJIrlOO Mg (2)? = 2F (2, up, (2))]dz = +oco. (3.21)
Q

On the other hand, (3.16)(3.17), besides (2.10), easily give rise to

/[/A\lun(a:)2 —2F(x,up(z))]de < 2¢5 Vn €N,
Q

against (3.21). O
Theorem 3.1. Under (2.3), (f1)—(f4), and the assumption that, for appropriate as > M,

2F(z,€) > azé? in Q xRy, (3.22)
Problem (1.1) possesses at least two nontrivial solutions ug € int(Cy) and u; € CH(Q).

Proof. A standard argument, which exploits the Sobolev Embedding Theorem and the compactness of the
trace operator, ensures that ¢, is weakly sequentially lower semi-continuous. Since, due to Proposition 3.2,
it is coercive, we have

nf &4 (u) = P+ (uo) (3.23)
for some up € X. Fix ¢ > 0. Assumption (f;) yields § > 0 small such that

F(z,€) > %52 V(z,€) € Q x [, 4]. (3.24)

If 7 € (0,1) complies with 74; < §, then by (3.16), the above inequality, (ps), and (fs),

PR 72 . . 2 .
polri) < = | (i) - /(al—eﬁ@dx =T Btz - /(al—sm%dm
Q Q
T2 2
=5 /(Alfal)ﬁ:{ders <0

Q

as soon as € < [, (ay — 5\1)&% dz. Hence,

P+ (uo) <0 =¢4(0),
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which clearly means ug # 0. Now, through (3.23) we get ¢/, (ug) = 0, namely

/Vuo -Vudx + /(a + a)upv de —|—/Bu01}da = /[f(a:,ua') +auflvdz, veX. (3.25)
Q Q o0 Q
Using Lemma 2.1 and (3.25) written for v := —u; produces

blug |1* < &(ug) + allug |5 = - / B(x)ug (x)*do <0,
o9
whence ug > 0. Therefore, ug is a nontrivial nonnegative solution to (1.1), because (3.25) becomes

/Vuo~Vvdx+/au0vdx+/ﬁuovda:/f(x,uo)vd:c Vv € X.
Q Q Q

o0

By Lemma 3.2 one has ug € int(C) while (3.16) forces ¢|c, = ¢4|c,. Thus, [21, Proposition 3| ensures
that ug turns out to be a local minimizer for . We may evidently assume uq isolated in K (), otherwise
infinitely many solutions there would exist. The same reasoning made in the proof of [1, Proposition 29]
provides here p > 0 fulfilling

<c¢p:= inf . 3.26
pluo) <cpi= nf o) (3.26)
From (3.2) it easily follows
TEIPOO p(rly) = —00.

Thanks to Proposition 3.1, Condition (C) holds true for . Consequently, the Mountain Pass Theorem gives
u1 € X \ {uo} such that ¢'(u;) = 0 and

< =i .
cp < p(uy) ;Ielg nax, (v(1)), (3.27)

where
I:={yeC%0,1],X): v(0) = —7a1, (1) = uo}

with sufficiently large 7 > 0. Obviously, uy solves (1.1). Through the regularity arguments exploited in the
proof of Lemma 3.2 we achieve u; € C'(Q). Thus, the only thing to check is that u; # 0. This will be a
consequence of the inequality

o(ur) <0, (3.28)
which, due to (3.27), derives from the claim below.
There exists a path 4 € T" such that ¢(%(t)) < 0 for all ¢ € [0, 1]. (3.29)
Pick € > 0 and choose § > 0 as in (3.24). Combining (ps) with [14, Lemma 2.1] entails

max E(:(t)) < A +e (3.30)
te[—1,1]
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for appropriate 7. € C°([—1,1],C*(€2)) NT;. Since . ([—1,1]) is compact in C1(Q2) while 71, ug € int(C)
we can find n > 0 so small that

—ra1(z) < mye(t)(z) <wolx), () (@) <6
whenever z € Q, t € [—1,1]. On account of (3.24), (3.30), and the equality ||7-(¢)||2 = 1 one has

2
plne(t) = TE0u(0) = [ Flama(t)(a) do

Q

2 2
< R [e-anpePis | <% | [Ge-ahetPde 22 | <o
Q Q

provided ¢ < 27! [ (a1 — A2)|7e (t)|2dz. Consequently,

Olnye (j=1,1)) < 0. (3.31)
Next, write a := ¢4 (ug). It is evident that a < 0. Further, we may suppose
K(¢+) ={0,uo},
otherwise the conclusion would be straightforward. Hence, no critical value of ¢ lies in (a, 0) while
Ka(p+) = {uo}-

Due to the Second Deformation Lemma [8, Theorem 5.1.33], there exists a continuous function h : [0, 1] x
(953- \ {0}) — 553_ satisfying

h(0,u) =u, h(l,u) =ug, and ¢4(h(t,u)) < @4(u)

for all (t,u) € [0,1] x (¢% \ {0}). Let v (¢) := h(t,nty)*, ¢t € [0,1]. Then v4(0) = iy, v+ (1) = uo, as well
as

(4 (1) = ¢+ (74-(1)) < @4 (h(t, nitn)) < G (nin) = @(m7e(1)) < 0; (3.32)
cf. (3.31) besides (3.16) and Lemma 2.1. Finally, define
v—(t) == —[tn+ (1 —t)T]4,  Vt€[0,1].

Since through (3.22) we obtain

e(r=(t)) < 5 (E(v=(t)) — asllv-(®)]13) = %[tn + (1= t)7* (A —a3) <0, (3.33)

N | =

concatenating v_, 7., and 4 produces a path 4 € T which, in view of (3.31)-(3.33), fulfills (3.29). O

Remark 3.1. The information ug > 0 basically derives from (3.23). Instead, u; turns out to be a mountain
pass type critical point for . This merely gives u; # 0.
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A variant of Theorem 3.1 that does not change overall problem’s geometry is the one below, where

(fs) There exist m > max{ng,2} as well as a1, az € L=(2) \ {Xm,j\m_i'_l} such that Ay < a1 < as < 5\m+1

and

t t

ay(z) < liminf fzt) < lim sup fzt) < as(z)
t—0 t t—0 t
uniformly in x € Q.
4
(fs) f(x,-) is differentiable at zero and f](x,0) = %in(l) @ uniformly with respect to x € Q. Moreover,
—

for appropriate m > max{ng,2} and ay € L>®(Q) \ {\ny1} one has
Am < f1(,0) < a2 < A1

Lemma 3.3. If (f1), (f2), (f3), and either (f5) or (fs) hold true then Cy(p,0) = 64.4,,Z for all g € Ny, where

= dim(H,y,).

Proof. 1) Under Condition (f5).
Pick any 0 € L*°(Q) satisfying a1 < 6 < ay and set

P(u) = % E(u) — /Q(x)u(x)zda: , ueX.

Thanks to (f5), Lemma 2.2 can be applied. So, u = 0 is a non-degenerate critical point of ) with Morse
index d,,,, which forces

Cq(w,()) = 6q,dmZ Vq € Np; (334)
see (2.2). Now, let h : [0,1] x X — R given by
h(t,u) = (1 =t)p(u) +t(u),  (tu) €[0,1] x X,

We shall prove that there exists » > 0 such that 0 ¢ h([0,1] x 9B,). In fact, if not, one might construct two
sequences {t,} C [0,1] and {u,} C X \ {0} with the properties

tn > t€[0,1], u, =0 in X, hl(tw,u,)=0 VneN.
Consequently, letting v, := ||u,| ~'u, we have

[z, un)

+ tp0v, | wdz (3.35)
[[un]|

/(an -Vw + av,w) dx —I—aé Bupwdo = Q/ {(1 —tn)

Q

whatever w € X as well as (3.6). Because of (f;) the sequence {||u, | ' N¢(u,)} € L*(€) is bounded. The
same reasoning made in [17, pp. 317-318] produces a function 0eL>® () such that a3 < 0 < ay and

1 A
m]\ff(un)éﬁv in L*Q). (3.36)

Thanks to (3.35) besides (3.6) we get, as n — +00,
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/[(1 — )0+ thlowdz, w e X,

/(Vv-Vw+avw)dx+/vadJ:
o0 Q

namely v is a weak solution of the problem
in Q, % +B8(x)u=0 on 09,

—Au+ a(z)u = 0:(x)u

where 0,(x) := (1 — t)0(z) + t0(z). From a1 < 0; < ay, assumption (f5), and (py) it follows

~

5‘771(‘915) < )‘m(j‘m) =1= /\m-i-l(:\m-i-l) < :\m+1 (Qt),

whence v = 0. Through (3.6), (3.36), and (3.35) written for w := v,, — v we easily infer that v, — 0 in X,
but this is impossible, because ||v,|| = 1. Finally, combining the homotopy invariance property of critical

groups with (3.34) completes the proof.
2) Under Condition (fg).
Define, like before,
1 ! 2
d(u) =5 | €(w) = [ fi(z,0)u(z)dr ), ueX.
Q

Thanks to (fg) and (p4) one has ¢(u) < 0 for all u € H,,. If ¢ > 0 is furnished by Lemma 2.2 for n := m+1

ul2>0 Yu € Hyyir \ {01,

N

then
E(u) —/ag(x)u(a:)de >

Y(u) 2
Q
since f}(x,0)t? < az(x)t? in Q x R. Now, Proposition 2.3 of [25] ensures that (3.34) holds. Due to (fg) again,

| =

given any € > 0 we can find § > 0 fulfilling
(z,t) € Q x [=4,0].

|f(2,t) = fi(2,0)t] < elt],

This entails
)|
€
|fz,t) = fi(z,0)t]d|t| | dx < §HU||§

o(u) — v(w)] < / 7

as well as
(¢ (u) = (u),v)] < /If(waU) — fi(z,w)ullvldr < ellullz[lv]s Vv € X
Q

provided |u(z)| < d. Consequently, to every € > 0 there corresponds p > 0 such that
||SO - ¢“C1(DP) < g,

[ullcr () < p}- Corollary 5.1.25 of [4] thus yields
qc N07

where D, := {u € C*(Q)
Cq(@|cl(ﬁ)70) = Cq(wcl(ﬁ)vo)



1838 G. D’Agui et al. / J. Math. Anal. Appl. 433 (2016) 1821-1845

which actually means C, (¢, 0) = Cy(¢,0), because C1(€2) is dense in X; see, e.g., [18]. Now the conclusion
directly follows from (3.34). O

Theorem 3.2. Let (2.3), (f1)—(f3), and either (f5) or (fs) be satisfied. Then the same conclusion of Theorem 3.1
holds.

Proof. An argument analogous to that employed in showing Theorem 3.1 provides here two solutions,
up € int(Cy) and u; € CL(Q). So, it remains to see whether u; # 0. By [17, Proposition 6.100] we
have C1(p,u1) # 0 while Lemma 3.3 entails C;(¢,0) = d1,4,,Z. Since d,, > 2, the function u; cannot be
trivial. O

Remark 3.2. Although (f5) and (fg) look less general than (f), inequality (3.22) is not taken on.

The next variant of Theorem 3.1 exhibits a different geometry at zero. Indeed, instead of (f4), (f5), or (fs),
we shall suppose

(f7) There exist ay > 0, g € (0,2), and & > 0 such that

aqglt]? < f(z, )t < qF(z,t) VY(x,t) € Q x [-4,0].

Condition (f7) allows to get further information on the critical groups of ¢ at zero. This has previously been
pointed out in [16] concerning a different problem; cf. also [12].

Lemma 3.4. Under (2.3), (f1), (f7), and the assumption that zero is an isolated critical point of ¢, one has
Cq(,0) =0 for all g € Ny.

Proof. Let ¢y : X — R be defined by

(S(U) + &||u||§) — /F(x, u(x))de, ueX.
Q

DN | =

P(u) =

Obviously, zero turns out to be an isolated critical point of ¥, because
19" (u) = &' (u)l|x+ < alfull,-
Reasoning as in the proof of Lemma 3.3 we get Cy(,0) = Cy(2,0). Thus, the conclusion is achieved once
Cq(¥,0)=0, g¢€No.
Thanks to (f;) and (f7), given any r € (2,2*), there exists ¢4 > 0 fulfilling
F(z,t) > a—q“|t|q —cft]” and qF(x,t) — f(z, )t > —calt|” in QxR (3.37)

If u e (X \ {0}) Nt then

)],y = (@) 2 () ) — g (w)

= (1 - g) (E(u) +alull3) + /[qF(:E,u) — f(z,u)u| dz
Q

q\ 2 r
> (1= 2) bllull® = eallul
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by (3.37) besides Lemma 2.1. Consequently

d
i P(tu)|,_; >0

whenever ||ul| is sufficiently small, say u € (Ba, \ {0}) Nty for some p > 0. Hence, in particular, 7 > 0 and
Tou € (Bay \ {0}) N 4o imply

1d

d
E w(’ru)|7’=7’0 = %E ?/)(TTou)szl > 0

This means that the C*-function 7 — ¥ (7u), 7 € (0, +00), turns out to be increasing at the point 7 provided
Tu € (Ba, \ {0}) N1bg. So, it vanishes at most once in the open interval (0,2[ul|~!p). On the other hand,
(3.37) yields

R o
(E(u) +allul3) — a4;\|u||3 + cat"|Jullr,

whence ¢ (7u) < 0 for all 7 > 0 small enough, since ¢ < 2 < r. Summing up, given any u € ng \ {0}, either
Y(Tu) < 0 as soon as Tu € By, or

3 a unique 7(u) > 0 such that 7(u)u € Bs, \ {0}, ¥(7(u)u) = 0. (3.38)
Moreover, if u € (Ba, \ {0}) N4 then 0 < F(u) < 1 and
Y(ru) <0 V7 e (0,7(u), (ru)>0 VY7 >7(u) with Tu € By,

Let 7: B, \ {0} — (0,+00) be defined by

W) = {1 when u € (B, \ {0}) Nny°,
7(u) when u € (B, \ {0}) No.

We claim that the function 7(u) is continuous. This immediately follows once one knows that 7(u) turns
out to be continuous on (B, \ {0}) Ny, because, by uniqueness, u € B, \ {0} and ¥(u) = 0 evidently force
7(u) = 1; cf. (3.38). Pick @ € (B, \ {0}) Nty. The function ¢(t,u) := ¥(tu) belongs to C*(R x X) and, on
account of (3.38), we have

Since zero turns out to be an isolated critical point for v, there is no loss of generality in assuming KwﬂBp =
{0}. So, the Implicit Function Theorem furnishes € > 0, o € C*(B.(1)) such that

d(o(uw),u) =0 Yue B.(d), o(d)=7(a).

Through 0 < 7(4) < 1 we thus get 0 < o(u) < 2 for all w € U, where U C B.(4) denotes a convenient
neighborhood of @. Consequently,

o(w)u € B, \ {0} and ¢(c(u)u) =0 provided wu e (B,\{0})NoNU.

By (3.38) this results in o(u) = 7(u), from which the continuity of 7(u) at @ follows. As @& was arbitrary,
the function 7(u) turns out to be continuous on (B, \ {0}) N vyo.
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Next, observe that Tu € Bp N0 for all 7 € [0,1], u € Bp N 0. Hence, if
h(t,u) = (1 —t)u, (t,u)€[0,1] x (B,N°)
then A ([0,1] x (B, N°)) C B, N1°, namely B, N¢° is contractible in itself. Moreover, the function
g(u) == 1(u)u Yu€ B,\ {0}
is continuous and one has g(B, \ {0}) C (B, N°) \ {0}. Since

9lB,0pon 10y = 1dl(B,ng0)\ {0}

the set (B, N 1) \ {0} turns out to be a retract of B, \ {0}. Being B, \ {0} contractible in itself because
X is infinite dimensional, we get (see, e.g., [9, p. 389])

Cq(¥,0) = Hy(B, N ¢°, (B, ny") \ {0}) =0, ¢ €N,
as desired. O
Remark 3.3. This proof is patterned after that of [12, Theorem 3.1].
Theorem 3.3. Let (2.3), (f1)—(f3), and (f;) be satisfied. Then the same conclusion of Theorem 5.1 holds.
Proof. Reasoning exactly as in the proof of the above-mentioned result yields (3.23) for some ug € X.
Furthermore, with (f4) replaced by (f7), one achieves both ug # 0 and uy € int(Cy); cf. Lemma 3.2. So,
up turns out to be a local minimizer for ¢, which entails ug € K(p). Proposition 3.1 guarantees that ¢
fulfills Condition (C). Thus, the arguments exploited in the proof of Theorem 3.1 provide a second solution

u; € CY(Q). Thanks to [17, Proposition 6.100] we have C(p,u;) # 0. Since C;(p,0) = 0 by Lemma 3.4,
the function u; cannot be zero. 0O

3.2. Existence of at least three nontrivial solutions

From now on, we shall suppose that f(-,0) =0, f(z,-) € C'(R) for every = € Q, and
(f1) There exists ag € L>=(R2) satisfying |f{(z,t)| < ap(x) in Q@ x R.
Lemma 3.5. Under (2.3), (f), (f2), and (f3), one has Cy(p,00) =0 for all ¢ € Ny.
Proof. Pick i € (A, Ary1). Define, provided (¢,u) € [0,1] x X,

1-1¢

h(t,u) := %E(u) - t/F(:mu)dx +
Q

+ 112
[

(@llu® 13 — ullu=]3) -

Clearly, h maps bounded sets into bounded sets. On account of Proposition 3.1, both h(0,-) and h(1,-)
satisfy Condition (C). Due to (f]), the functionals ¢ — hi(t,u) and u — hl(t,u) are locally Lipschitz
continuous. Let us next verify that

JacR, 6§ >0 fulfilling h(t,u) <a = (1+ ||ul)||h,(t,w)]x- > 0|jul* (3.39)
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If the assertion were false, then we might find two sequences {¢,} C [0,1], {u,} C X with the properties

below:
tn =t |unl| = o0, Aty u,) = —o0,
, 1 ) (3.40)
A+ funlD I (tn, un)llx- < —llun]l® Vo€ N.
Put v, := ||uy||"'u,. Reasoning as in the proof of Lemma 3.3 produces v € X such that v, — v and
/ [Vv: Vw + avw + (1 — t)avtw]| dz + /ﬁvwda = / [tovt — g™ | wda (3.41)

Q o Q

for all w € X, where n(x) := tn(z) + (1 — t)u while 8,7 € L>°() comply with § < A, Ap < 7 < Appr.
Hence, v is a weak solution to the problem

0
—~Au+a(z)u+ (1 —t)aut = td(z)u™ — n(x)u” in Q, 8—Z +B(@)u=0 on ON.
If ¢ =1 then (3.41) written for w := v entails
EwT) = /9(x)v+(x)2dx
Q
Two situations may now occur:
1) 0 # A\1. Lemma 2.2 immediately forces v+ = 0. Consequently,
. v
—Av+a(z)v=n(z)v in Q, I +B(x)v=0 on 9N
n

Since v # 0, because |[v]| = 1, and Ax < 7 < Agy1, through (pg) we see that v must change sign, which
is absurd.
2) 0 = A,. Likewise the proof of Proposition 3.2, (3.40) give rise to a contradiction.

Therefore, t < 1. Letting w := v in (3.41) yields
(1-=tEWTH) + (1 —t)alvT|5 =t /9 V2dr — E(vT)
Q

From Lemmas 2.1-2.2 it thus follows (1 — )b[lut||> < 0, whence v = —v~. Now, (3.41) becomes

ov

—Av+a(z)v=mn(z)v in Q, an

+B(x)v=0 on 99,

and, as before, v has to be nodal, since :\k <n < 5\k+1 by the choice of u. However, this is impossible.
Thus, (3.39) holds true. Via Proposition 2.1 we obtain

Cq(p,00) = Cy(h(1,-),00) = Cyq(h(0,-),00) Vg € No. (3.42)

Observe next that



1842 G. D’Agui et al. / J. Math. Anal. Appl. 433 (2016) 1821-1845

In fact, if uw € K(h(0,-)) then
/ (Vu - Vv + auv + autv) do + /ﬂuvdg = —u/u*vdx, veX. (3.44)
Q o0 Q

Choosing v := u™ furnishes £(u*) + a|lu™||% = 0, namely ut = 0; cf. Lemma 2.1. So, (3.44) actually means

—Au+a(z)u=pu in Q, g—z +B(x)u=0 on 99,

and, a fortiori, u = 0, because A < pt < Ag41. This shows that K (h(0,-)) = {0}, from which (3.43) follows
at once.
Let us finally compute C,(h(0,-),0). Consider the homotopy

h(t,u) := h(0,u) —|—t/u(ac)dx V(t,u) €10,1] x X.
Q

We claim that

R(tu) # 0, (tu) € [0,1] x (X \ {0}). (3.45)

By contradiction, suppose there exists (¢,u) € (0,1] x (X \ {0}) fulfilling A/, (¢,u) = 0. The same arguments
exploited above produce here © < 0 and

—Au+a(z)u=pu—t in €, g—u+ﬁ( Ju=0 on ON.

Hence, likewise the proof of Lemma 3.2, u € — int(C}.). Define, for every v € int(C),

R(v,—u) := |[Vv|* = V(~u) -V <i> .

—u
Using Picone’s identity [17, Proposition 9.61] yields
0< /R(U, —u)(z)dx = ||Vol3 — /( Au dx — /,Bu—da
Q Q
= ||Vv||§+/av2da:+/ﬂv2daf / 2dx+t/—d:c
Q oQ
< ||Vvl3 +/av2dx+/6v2do—u/v2dx.
Q o0 Q

On account of (pg) this entails, for v := 44,
0< A\ —pu<0,

which is clearly absurd. Thanks to (3.45) and Theorem 5.1.2 in [4] we have, for p > 0 small enough,
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Hy(h(1,-)° N B,,h(1,)° N B, \ {0}) =0 (3.46)
while the homotopy invariance of singular homology forces
Hy(1(0,)° 0 By, 7(0,-)° 1 By \ {0}) = Hy(A(1,-)° N By, h(1,-)° 1 B, \ {0}). (3.47)
Since h(0,-) = h(0,-), (3.46) (3.47) provide
Cq(h(0,-),0) =0 Vg e No. (3.48)
Gathering (3.42), (3.43), and (3.48) together yields the conclusion. O

Theorem 3.4. Let (2.3), (f1), (f2), (f3), and (fs) be satisfied. Then Problem (1.1) admits at least three
nontrivial solutions ug € int(Cy), uy,us € C1().

Proof. The same arguments adopted in the proofs of Theorems 3.1-3.2 give ug and u;. Moreover,
Cq(ip,u0) = 0g,0Z Vg € No, (3.49)

because ug is a local minimizer for ¢, while u; turns out to be a mountain pass type critical point of .
Observe next that ¢ € C?(X) and one has

(" (u1)(v),w) = / Vo - Vw + avw — f{(x,ur)vw] dx + /ﬂvwda, v,w e X. (3.50)
o) o0
If the Morse index of u; is zero then, by (3.50),

||Vv||§+/ﬁv2d02/[f{(x,ul)—a] vide in X. (3.51)
B )

Two situations may now occur.

1) (f{(-;u1) —a)t = 0. Given u € ker(¢”(u1)), from (3.50) we immediately infer

IVul2 + / Butdo <0,
o0

whence, on account of (2.3), the function v must be constant.
2) (f!(-,u1) — a)T # 0. Inequality (3.51) entails A\ (a) > 1, where a := (f{(-,u1) — a). So, due to (3.50),

~

A1(a) =1 as soon as u € ker(¢”(u1)) \ {0}.
Consequently, in either case, dim(ker(¢”(u1))) < 1, and Corollary 6.102 of [17] yields
Cylp,u1) = d41Z Vq € Ng. (3.52)

Finally, if K(¢) = {0, ug, u1 } then the Morse relation written for t = —1, Lemma 3.3, (3.49), (3.52), besides
Lemma 3.5 would imply
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which is impossible. Thus, there exists u; € K(¢) \ {0, ug,u1}, i.e., a third nontrivial solution to (1.1).
Standard regularity arguments (see the proof of Lemma 3.2) ensure that u; € C*(Q). O

Example 3.1. Let k > max{ng,2} and let b € [A, Ap11]. The function f: Q x R — R defined by, for every
(z,t) € @ xR,

bt ift<1,

x,t) =19 .
fa1) {Alt—\/z_f+clogt~l—d otherwise,

where ¢c:=b — 5\1 +2landd:=b— 5\1 + 1 satisfies all the assumptions of Theorem 3.4.
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