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A b s t r a c t - - I n  this note, we prove the well posedness for a Cauchy-Dirichlet problem in the class 
W 1'2, for every p between 1 and co. 

The main part of the linear parabolic operator is symmetric, uniformly elliptic and belongs to the 
Sarason's class VMO. 

Consequently, we prove a boundary estimate of the solution u, where the related constant depends 
on coefficients only through the ellipticity constant and the VMO moduli. @ 2005 Elsevier Ltd. All 
rights reserved. 

K e y w o r d s - - P a r a b o l i c  equations, Cauchy-Dirichlet problem. 

1.  I N T R O D U C T I O N  

Let Z; be  a l inear parabol ic  opera to r  of the  form, 

x lx j  
i,j=l i=1 

! ! ] ~n -F1 .  w h e r e  x = (xt ,  t) ---- ( x l , x 2 , . . .  ,X/n,t)  C 

Let  f~ C ]R ~ be a bounded  C 1,1 domain  and QT, the  cylinder ft × (0, T) .  
Aim of this note  is to s tudy  the  Cauchy-Dir ichle t  problem,  

Z:u = f ,  a.e. x C QT, 

u = 0, on cgf~ x ( 0 , T ) ,  

u (z' ,  0) = 0, in f~, 

(1.1) 

(1.2) 

where f c LP(QT), 1 < p < oo. The  coefficients aij(x) are discontinuous;  precisely, they  are in 
the  space V M O  defined by  Sarason [1], symmet r i c  and also uni formly  elliptic, i.e., 

~-~_l:<~l~12_~j(~)¢~¢j_(,-I~l  2, v ~ c R  n, a.e.x~QT. 

Let  us assume t h a t  the coefficients bi and c belong to  sui table  Lebesgue  spaces. 

(1.3) 
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The literature about Cauchy-Dirichlet problem is very wide, we recall for instance the study 
by Campanato [2], Guglielmino [3], the papers by Gagliardo [4,5], the book by Lady2enskaya and 
Ural'ceva [6]. 

With different methods than that  one used by Lady2enskaya and Ural'ceva, Gagliardo proved 
the existence and the uniqueness of the solution of Cauehy Dirichlet problem in [4]. In this paper, 
Gagliardo begins to study the regularity problem of the solutions, and interesting developments 
have been achieved in the study of this problem in the note [5]. 

A few years later, Arena with different hypotheses for the coefficients than those by Gugliel- 
mino in [7,8] studied the well posedness of the Cauchy-Dirichlet problem proving theorems of 
existence and uniqueness for solutions u C H 2'1 (QT). 

In the present note, the author considers a Cauchy-Diriehlet problem related to nondivergenee 
form parabolic equation with discontinuous coefficients and proves the existence, uniqueness, 
and regularity of the solution. This problem is inspired by the study made by Bramanti  and 
Cerutti  [9]. We point out that  our fundamental tools are some properties related to the products 
of the terms bi and c with u and its derivatives. The technique used to obtain these results is 
based on dividing the cylinder QT in sections and obtaining the requested estimates in each part 
of the subdivision. 

2. S O M E  D E F I N I T I O N S  

Let us introduce in R ~'+1 the following parabolic metric d(x, y) = p(x - y), where 

,J Ix'l 2 + V/Iz, I n + 4t 2 
p(x) 

2 

DEFINITION 2.1. Let us assume parabolic cubes of center x = (x~,t) C tR n+l and radius r 

I = L (x) = {y = ( y ' ,  s)  • R n + l :  ]X ¢ --  Y'] "( r ,  It - -  81 < r 2 } .  

DEFINITION 2.2. (See [10].) Let f ¢ L~oc(Rn+l). We say that f belongs to the parabolic BMO 
space (BMO (JR n+ l ) ) if  the seminorm, 

Hfll* = suP ~Il f lf (x) - f±l dx' 
I 

is t~nite, where [ ranges in 

1/15 f~ f ( x )  dx. 

Let f c B M 0  and 

the class of the parabolic cubes in R n+l and f~ is the average 

~ f ( r ) = s u p  1 / If(x) f,.I 
P 

where Ip ranges over the class of parabolic cubes in 1R '~+1 of radius p. 

DEFINITION 2.3. (See e.g., [11].) We say that the function f E BMO is in the Sarason class 
VMO (R '~+1) i f  

lim r](r) = 0. 
r---*0+ 

We will refer to r! as the VMO modulus of f .  
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DEFINITION 2.4. Let  us denote LP,q(QT) , 1 <_ p, q <_ oo the space of measurable functions h(x, t) 
such that 

[Ih[[Lp,q(QT) ~ (~oT (If [h(x,t)[P dx>q/P d') l/q ~ 00, 

with obvious modifications if  p or q or both the exponents are infinite. I f  p = q, we simply write 
LP(QT) instead of LP'P(QT). 

Moreover, if  h C LP'q(QT), we set 

~(~) = sup IlhllL.,q(D), 
IDI<_~ 

where D C R n+l is Lebesgue measurable and IDI is its Lebesgue measure.  

The function co(a) is decreasing in ]0, IQTI[ and is such that 

lira w (or) = 0. 
~ 0  

We will refer to w(cr) as the A C  modulus of lh[. 

We intend consider W2p,I(QT) as the space of functions u(x, t) with p-summabi l i ty  in QT such 

tha t  the derivative with respect to t belongs to LP(QT) and as functions of  t with values in LP(f~), 
belong to LP(O, T, W2(a) ) .  

Let  us assume in W2'I(QT) as a norm the quantity,  

II~llw~,l(Q~) -- ~ + IO%[ 2 dxdt 
T a = l  

Let us define Wo,p(QT) to  be the closure in the W~,I(QT) norm of the space 

C = { ¢ e C  ~ ( Q T ) : ¢ = 0 ,  f o r t = 0 ,  o r x • 0 a } .  

We are interested in the following Cauchy-Dirichlet  problem, 

£u  = f ,  a.e. x • QT, 

• Wo,, (Qr) ,  

associated with a nondivergence form parabolic equation. 

3. P R E L I M I N A R Y  L E M M A  A N D  M A I N  R E S U L T S  

In the  sequel, we need the next  result and we refer the readers to [12] for the proof  of the 
lemma. 

LEMMA 3.1. For every function u C W2pA(QT), we have 

essQ~sup ]DJ~[ _< C II~llw~.~(,~), (3.1) 

i f0  < IJt < 1, 2p - 2 - IJ[P > n; 

IIDJ~IIL.,~(q~) + [IDJ~I]L~ .(Q~) _< CHU[Iw2p,I(QT) , (3.2) 

i f  O < [j] < 1 , 2 p - 2 - ] j I p = n ;  1 <_ p < oc; 

IIDJ~IILo,¢.,,-o~(Q~) <-- CII~IIwx,'CqT), (a.a) 
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i fO < [j[ <_ 1, 2p - 2 - [jlp < n, p = n p / ( n  - 2p + 20 + [j[p), and moreover,  

( 2 p - l J [ P - n )  < O < m i n ( 1 ,  p ( 2 - 1 j ] ) )  (3.4) max 0, 2 2 " 

I f  2p - ]JIP - n = 0 in (3.4), we have not  to read the  equal sign on the  left. I f  2p - 2 - [ j [ p -  n < 0 

and 2 < p < oo in (3.4) we have  no t  to read the  equal sign on the right.  

The  cons tan t  C does not  depend  on ~ , p , T  and on p in the  case o f  (3.2), or on O in the case 

o f  (3.3). I f  u has a trace equal to zero on ~ x {T - 0}, the  cons tan t  C is no t  decreasing when T 

is growing. 

Let us assume the following hypotheses. 

For every i = 1 , . . . ,  n, bi E U ' t ( Q T ) ,  where 

t = { = p, i f p > n + 2 ,  

t = p, { - -  PP or t -  PP , { = p ,  V p > p, i f p = n + 2 ,  
p - p  p - p  

t - -  pp  ~ p p _ p ,  = ~ ,  i f l < p < n + 2 .  

I f p  < n + 2 ,  we set p = n p / ( n - p + 2 0 )  and m a x ( O , ( p - n ) / 2 )  <_ 0 <_ min(1,p/2).  Let us 

suppose e _< 0 a.e. in QT and also c E L~'~(QT), where 

n + 2  
s = ~ = p ,  i f p >  2 ' 

pp pp n + 2 
s = p ,  ~ - -  or s - -  , ~ - - - -p  V p > p ,  i f  p - -  , 

p - p  p - p  2 

pp p n + 2  
s - -  ' ~ 0 '  i f l  < p < - -  

p - p  2 

If p < n + 2 / 2 ,  we assume p = n p / ( n  - 2p + 2 0 ) ,  max(0, (2p - n ) / 2 )  < 0 < min(1,p). 

THEOREM 3.2. L e t  us assume the  coefficients b~ and e as above, V i = 1 , . . .  , n. 

Then,  for every  funct ion u E W2p'I(QT), we have 

biDu,  eu E L p (QT), V 1 < p < oo, 

and it  resul ts  

IlbiD IILp(Q ) + Ile I[Lp(Q ) _< C Ilullw ,l(qT), 

where  C depends  on T , p ,  n, ~, i[ciiLs.~(Qr), ]]biilL~,qQT) and the  Sobo lev  constant .  

PROOF. To prove some of the following inequalities it is useful to consider Lemma 3.1. 
Let p > n +  2. 

Then, 

Q~oT (ffllbiDitlP dx) dr) 1/p 

= iBDuB]L~(QT)i[biBBLv(QT) • 

I/p 

Let p > ( n +  2)/2.  

1/p 
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Let  p = n + 2 .  

where 1/(p/p) + 1/y = 1 or equivalently y = p/(p-p), Vp >_ 1, such tha t  p > p, then  

fo T (fa IbiDui" dx) 

Also, we have 

i/p 

-< IID~IIL.,~(e.)llbgllc../(..)..(Q.). 

dt 

integrat ing between zero and T, we obtain 

fo T (/olbiDulPdx) dt<_ ( f o  T ( s ~ p l D u l )  e dt) p/p • [ ( f o  T (/Ibil p dx)Y/Pdt) 1/v] 

with 1/(p/p) + 1/(y/p) = 1, or equivalently, y = pp/(n - p). 
Then,  

[;(s. )I" Ib~Oul" dz dt <- IID~IIL-,.(O.) IIb~llL .... /(.-.)(Q.), p >p. 

luIP dx) I/P]P • [(f IciPY dx) I/pY]P , 

JlT [~l~lP dxJP/P • [(/fllclPY dx) I/pYlP dt. 

Let  p = (n + 2)/2.  
We obtain 

with y = p/(p - p); then  

So T (~ IculP dx) dt <_ 

It follows 

-< II~llc.,~(eT)Ilcllc-,(.-.),.(e~) • 

,~ pip (1/y)p 

Moreover,  in this case, we have 

integrat ing between zero and T we obta in  

fo T (fa ,cul" dx) dr<_ ( l o t  II~ll~(qT) 

with p > p and y = pp/(p - p). 

1249 
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I t  implies 

- II I IL: : (Q~.) I l e l I L . , . / < . - . ) ( Q T )  

= I I~ I IL= , . (q~> I Ic l IL  . . . .  /<0 . ) (q~>-  

Let p < n + 2, p = np/(n - p + 20), max(0 ;  (p - n ) /2 )  < 0 < min (1;p/2) .  
Then,  

i a ib iDu f  dx<_ ( ( i i b i f Y d x ) l / p Y ) P ( ( i a l D u l P d x ) l / P ) P ,  

where y = p/(p - p), so tha t  

( / o ) 0 ( / ;  )10 
r plO dt r)u pl(~-o) dt 

P p --Ilbllc./(.-.),(./o)(Q~) IID~IIL.,./(,-o>(Q~) • 

Let p < (n + 2 ) /2 ,  p = np/(n - p + 20), max  (0; (2p - n ) /2 )  < 0 < min (1;p), we have 

where y is such tha t  1/(p/p) + 1/y = 1, and then 

<_ ; dt 

( / o ) o ( / ;  )1o T p/O p/(1--O) 
-- IlcllL../(.-.)(~) dt u C,(Q~) dt 

P P 

THEOREM 3.3.  Let f C LV(QT), 1 < p < 0% the coefficients bi, c satisfying the above assump- 
tions and aij C V M O  A L~( QT ) are symmetric and uniformly elliptic. 

Then, there exists a constant k such that for any u solution of the Cauchy-Dirichlet prob- 
lem (2.1), we have 

II~IIw:'~(QT) --< k (IIC~IIL.(QT) + II~IIL'(QT)) ' 
where the constant k depends on n;p; 7; rl; If~[; 0R; T; IIb~llL,x, Vi = 1 , . . . ,  n; IlcllL.,~ and the AC 
moduB of bi and c. 
PROOF. We s tar t  by observing tha t  for the above Cauehy-Dirichlet  problem Bramant i  and 
Cerut t i  [9, Theorem 4.3] have proved the estimate,  

HUllw:,~(QT) <_ C £u - ~b~D~u - cu 
i = 1  LP(QT) 

Therefore,  we obtain  

liU['w~'~(QT) <-C { H£u''L~(QT) + ~biDiui=l LP(QT) "}-HCUtiLP(QT)} 

~-- C { N£'UHLP(QT) q- ~ NbiDiUHLp(QT) q- llCUNLp(QT) } 
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Let us define 

then 

Q(L)  = {(x,t) E QT:  Ib~ (~,t)l >_ L},  

Using Lemma 3.2 and Sobolev inequality, we obtain 

+ Ib~l p ID~ul ~ dxd t  
(L) 

(jQ i1/p (/Q )l/p ]bi]p IDiu] p dxdt < L ]Diu] p dxdt + c ]]biUn,,qQ(L)).]]UHw~,~(Q~), T T\Q(L) 
where the constant c depends on the Soboiev constant. 

It is also known that  

Hence, we obtain 

Q tbil p [Diu[ p dxdt <_ L (e IlUlIW~,I(QT)-t-e(e)II~[ILp(Q~)) ÷ IIb~IILt,~<Q<L)> " II~IIw~,I<QT>. T 
In the following, we will have to estimate the last term of the above inequality. 
We have that  

I bi (x, t)l dx dt 2 L dt dx = L.  I Q (L) I. 
(x,t):lb~(x,t)l> L } (z,t):Ib~(x,t)l> L } 

Moreover, using HSlder inequality 

fOT f{(z,t):lb,(x,t)l>L} [bi(x,t)[ dxdt 

<- foT dt ( fa 'b i (x , t ) '  dx) 

<_ LT  dt ( L  lbi (x,t)lt dx) l/t . ( ~  dx) 1-(1/t) 

! fo ( l • l ) l - (a / t )  [bi(x,t)] t dz)  1/t dt 

~ (l~l)l-(l/t)" (LT (If Ibi(x,t)lt dx)(1/t)'gdt)(1/t~ • (~oT dt) l-(1/t-) 
= (lal)l-(1/t).llbillL~,r(c2r)Tt-(1/t~. 

From inequality (3.6) and the last one, we obtain 

1 
IQ (L)l <- Z ([fll)l-(t/t) " llb~llL~,~(e~) Tl-(1/t~. 

Let L be large enough and let us assume 

1 = ~ ., ,. ,, ,,(lal)l-O/t)'llb~llL~.qQ)T~-(1/t~. 
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We know (see [13]) t h a t  i f f  C LP'm(Q) Ve > 0 ~ a  > 0 : V E  subset  of Q : IE I < 

where E(t)  is a section of E a t  level t. 

Then,  if we choose f ( x ,  t) = bi(x,t),  we have 

pl/p ~ 1/pl 

dr)  < e, 

IlbillLt,~(Q(L)) < e 

and the  requested inequal i ty  is obtained.  
Let  us now consider IlcUlIL~(Q~). 
We have t h a t  

then  f rom (3.6) on, similar  a rguments  allows us to get to the conclusion. 

THEOREM 3.4. Let f E LP(QT), 1 < p < ~z, the coet~cients ai j ,bi ,c  satisfying the above 
assumptions. 

Then, the Cauchy-Dirichlet problem (2.1) has a unique solution u E W2p '1 (QT) and there exists 
a constant Co such that 

The constant Co depends on n; p;T; 7]; If~l; Of~; T; Hb~llLt,~, Vi  = 1 , . . .  ,n;  IICIILs,n and the A C  
moduli of bi and c. 

PROOF. Using inequal i ty  (3.5) let us prove the  uniqueness. 
Let  u be a solution of the  above Cauchy-Dir ichle t  p rob lem wi th  known t e r m  f = 0. 
Let  us suppose u e C. Then ,  we set u(x, t) = fo u~(x, ~)d~. 
I t  follows Ilullp <_ T .  ]lutllp, which, using (3.5), implies t h a t  there  exists T > 0, such t ha t  if 

T _ < T  

The  above es t ima te  is obta ined ,  by densi ty  a rgument ,  for u E Wo,p(QT). 
Let  us also b reak  up QT into a finite number  of cylinders Qi = t~ × [Ti;T~+I], such t ha t  

[T~+I - Ttt _< T. Apply ing  the  last  inequal i ty  to each Qi we have t h a t  u _= 0. 
The  estimate (3.7) is proved by contradict ion.  

Let  us suppose  t ha t  e s t ima te  (3.7) is not  t rue,  then  there  exists a sequence, 

n 

£(k) _ 0 _(k) 0 2 ~ b ! k )  0 

i , j = l  i=i 

(k) k C N, are uni- such t ha t  the  hypotheses  for aij, bi, c are true,  such t ha t  the L ~ no rms  oi  aij , 

formly bounded,  the  Lt'~(QT) and Ls 'S(QT) norms  respect ively  of b! k) c (k), k C N, are uniformly 
bounded.  Let  us also suppose  t ha t  there  exists a sequence of funct ions {u (k) } ,  u (k) c Wo(QT), 

u (k) W~'I(QT) = 1, lira L(k)u (k) = O. 
k----~c<~ LP ( Q T  ) 

As proved in [14, T h e o r e m  4.4], it is possible to find a subsequence of {al~ )} and we call it 
r (k) again laij }, such t h a t  it converges a.e. in R n+l to a funct ion aij sat isfying the  above hypothesis  

of aij. 
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It is also possible to find two subsequences of {bl k)} {c (k)} weakly converging, respectively to 
~i • Lt'~(QT) and ~/C L~'~(QT). Let us define 

at ~,, (x) Ox~O~-----j + 9~ (x) ~ + ~. 
{,j=l ~,=l 

M o r e o v e r  t h e r e  ex i s t s  a s u b s e q u e n c e  {u (k)} w e a k l y  c o n v e r g e n t  to  a f u n c t i o n  u (~) C WO,p(QT) .  I t  

fol lows that  { I1~(~)IIL~(Q./} converges to I1~(~)II~(Q~). Let us suppose  1 < p < ~ + 2 ,  z • n "  (Q~) ,  
p' = p/(p - 1), then 

fQT (£(k)u(k)--£(~)u(~))z dxdt 

~ /QT i,j~--I (I/'(k) --~t~k) --I/'('r) -~-It~r)l C~ijZ dxdt -- ~ XiXj 2glXj 

~_ ~ U(k) U~k) LP(QT) f ( k )  OLij ) LP - -  ° - -  Z t i,j=l xixj ~aij (QT) 

~- ~ u(k) -- U(7) Lq(QT) x~ x. " ltZ~zllL~' (Q~) 
i=1 

+ ~ bl ~> - Z~ L,(Q~)'IIzlIL~'(QT>" ~(k) _ ~(L) 
i=1 x~ Lq(QT) 

i=1 T 

~- C (k) -- ~[ L~(QT) " []ZllLP'(QT) " U (k) __ U(v) 
Lt(QT) 

Jr U(k) -- U(r) Lt(QT) " II~" ZHLt'(QT) ~- / Q T  (C(k) --~) U(V)Z dxdt, 

with 1/q' + l / q  = 1, 1 < q < ( ( n + 2 ) p ) / ( ( n + 2 ) - p ) ,  1 < t < ( ( n + 2 ) p ) / ( ( n + 2 ) - 2 p ) ,  
1/t' + 1/ t  = 1. Since {£(k)u(k)} is weakly convergent to £(~)u (~) in LP(QT) we have that 
£(r)u(~)  = 0 a.e. in Q T  a n d  by t h e  u n i q u e n e s s  i t  fol lows u (~) = 0. M o r e o v e r  tlU(k) HLp(QT) 

c o n v e r g i n g  t o  ze ro  a n d  (3.5) c o n t r a d i c t  IlU(k) IIW~,,(QT) = 1. T h e  cases  p = n + 2 a n d  p > n + 2 

are  s imi la r .  

T h e  ex i s tence  will  fol low by  a s t a n d a r d  a p p r o x i m a t i o n  a r g u m e n t  us ing  s m o o t h  coeff icients .  
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