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Pedal Polygons

Daniela Ferrarello, Maria Flavia Mammana, and Mario Pennisi

Abstract. We study the pedal polygonH1H2 · · ·Hn of a pointP with respect
to a polygonP, where the pointsHi are the feet of the perpendiculars drawn
from P to the sides ofP. In particular we prove that ifP is a quadrilateral
which is not a parallelogram, there exists one and only one pointP for which
the pointsHi are collinear.

1. Introduction

Consider a polygonA1A2 · · ·An and call itP. LetP be a point and letHi be the
foot of the perpendicular fromP to the lineAiAi+1, i = 1, 2, . . . , n (with indices
i taken modulon). The pointsHi usually form a polygonH1H2 · · ·Hn, which we
call thepedal polygonof P with respect toP, and denote byH (see Figure 1). We
call P thepedal point. See ([2, p.22]) for the notion of pedal triangle.
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Figure 1

In this article we find some properties of the pedal polygonH of a pointP with
respect toP. In particular, whenP is a triangle we find the pointsP such that
the pedal triangleH is a right, obtuse or acute triangle. WhenP is a quadrilateral
which is not a parallelogram, we prove that there exists one and only one point P
for which the pointsHi are collinear. Moreover, we find the pointsP for which
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the pedal quadrilateralH of P has at least one pair of parallel sides. We also prove
that, in general, there exists one and only one pedal point with respect to which
H is a parallelogram. In the last part of the paper, we find some properties ofthe
pedal polygonH in the general case of a polygonP with n sides.

2. Properties of the pedal triangle

Let P be a triangle. The pedal triangle of the circumcenter ofP is the medial
triangle ofP; the one of the orthocenter is the orthic triangle ofP; the one of
the incenter is the Gergonne triangle ofP (i.e., the triangle whose vertices are the
points in which the incircle ofP touches the sides ofP).

Theorem 1. [2, p.41] If P is a triangle, the pointsHi are collinear if and only if
P lies on the circumcircle ofP.

The line containing the pointsHi is calledSimson lineof the pointP with
respect toP (see Figure 2).
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Figure 2.

Theorem 2. [1, p.108]The pointsP for which the pedal triangleH is isosceles are
all and only the points that lie on at least one of the Apollonius circles associated
to the vertices ofP.

The Apollonius circle associated to the vertexAi is the locus of pointsP such
that PAi+1 : PAi+2 = AiAi+2 : AiAi+1. The three Apollonius circles are
coaxial and they intersect in the two isodynamic points of the triangleP, I1 andI2.
Therefore,the isodynamic points ofP are the only points whose pedal triangles
with respect toP are equilateral(see Figure 3).
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We will find now the pointsP whose pedal triangle is a right, acute, obtuse
triangle. LetP be a point (see Figure 4) and letAiAi+1 = ai+2, PAi = xi,
HiHi+1 = hi+2. Since the quadrilateralAiHiPHi+2 is cyclic,hi = xi sinAi ([2,
p.2]).
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By the Pythagorean theorem and its converse, the pedal triangle ofP is right in
Hi if and only if

x2i sin2Ai = x2i+1 sin
2Ai+1 + x2i+2 sin

2Ai+2.

By the law of sines, this is equivalent to

a2ix
2
i = a2i+1x

2
i+1 + a2i+2x

2
i+2. (1)

This relation represents the locusγi of pointsP for which the triangleH is right
in Hi. Therefore, the locus of pointsP whose pedal triangle is a right triangle is
γ1 ∪ γ2 ∪ γ3. Observe thatγi contains the pointsAi+1 andAi+2; moreover,γi and
γi+1 intersect only in the pointAi+2.

We verify now thatγ1 is a circle. Set up an orthogonal coordinate system such
thatA2 ≡ (1, 0) andA3 ≡ (−1, 0); let A1 ≡ (a, b) andP ≡ (x, y). The relation
(1) becomes:

4((x−a)2+(y−b)2) = ((a+1)2+b2)((x−1)2+y2)+((a−1)2+b2)((x+1)2+y2).

Simplifying, we obtain the equation of a circle:

(a2 + b2 − 1)(x2 + y2) + 4by − (a2 + b2 − 1) = 0.

Moreover, it is not hard to verify that the tangents to the circumcircle ofP in
the pointsA2 andA3 pass through the center ofγ1.

Analogously the same holds forγ2 andγ3. We can then state thatγi is a circle
passing through the pointsAi+1 andAi+2; the tangents to the circumcircle ofP in
the pointsAi+1 andAi+2 pass through the centerCi of γi; moreover,γi andγi+1

are tangent inAi+2. Then, ifC1C2C3 is the tangential triangle ofA1A2A3, γi is
the circle with centerCi passing throughAi−1 andAi+1 (see Figure 5).
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Observe that, by the law of cosines, the angle inHi of the pedal triangle ofP is
obtuse if and only if:

a2ix
2
i > a2i+1x

2
i+1 + a2i+2x

2
i+2,
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i.e., the pointP lies inside the circleγi. Thus, we have established the following
theorem.

Theorem 3. The pedal triangle of a pointP is
(a)a right triangle if and only ifP lies on one of the circlesγi,
(b) an obtuse triangle if and only ifP is inside one of the circlesγi,
(c) an acute triangle if and only ifP is external to all the circlesγi.

3. Properties of the pedal quadrilateral

Let P be a cyclic quadrilateral. The pedal quadrilateral of the circumcenter of
P is the Varignon parallelogram ofP, and the one of the anticenter ([6, p.152]) is
the principal orthic quadrilateral ofP ([5, p.80]).

Let P be a tangential quadrilateral. The pedal quadrilateral of the incenter ofP

is the contact quadrilateral ofP, i.e., the quadrilateral whose vertices are the points
in which the incircle ofP touches the sides ofP.

For a generic quadrilateral, we consider the problem of finding the pedalpoints
for which the pointsHi are collinear.

It is easy to verify that ifP has only one pair of parallel sides, there is only one
pedal pointP for which the pointsHi are collinear.P is the common point to
the lines containing opposite and non parallel sides ofP, and the pointsHi lie on
the perpendicular fromP to the parallel sides ofP. On the other hand, ifP is a
parallelogram, there is no point with respect to which the pointsHi are collinear.
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Suppose now thatP is a quadrilateral without parallel sides (see Figure 6). Let
A5 be the common point to the linesA1A2 andA3A4, andA6 the common point
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to A2A3 andA1A4. Consider the four trianglesA1A2A6, A2A3A5, A3A4A6,
A1A4A5, and letC1, C2, C3, C4 be their circumcircles, respectively.

If the pedal pointP lies on one of the circlesCi, then, by Theorem 1, at least
three of the pointsHi are collinear. It follows that the four pointsHi are collinear
if and only if P lies in everyCi. The four circles are concurrent in the Miquel
point of the quartet of lines containing the sides ofP ([3, p.82]). Thus, we have
established the following theorem.

Theorem 4. If P is a quadrilateral, that is not a parallelogram, there exists one
and only one pedal point with respect to which the pointsHi are collinear.

We call this point theSimson pointof the quadrilateralP, and denote it byS.
We call theSimson lineof P the line containing the pointsHi. Observe that the
pointsHi determine a quadrilateral if and only ifP 6∈ C1 ∪ C2 ∪ C3 ∪ C4.

Theorem 5. If P is a quadrilateral which is not a parallelogram, the reflections of
the Simson point with respect to the lines containing the sides ofP are collinear
and the lineℓ containing them is parallel to the Simson line.
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Proof. The theorem is trivially true ifP has one pair of parallel sides. Suppose that
P is without parallel sides (see Figure 7). LetKi, i = 1, 2, 3, 4, be the reflection
of S with respect to the lineAiAi+1. The pointsS, Hi andKi are collinear and
SHi = HiKi, thenKi is the image ofHi under the homothetyh(S, 2). Then, since
the pointsHi are collinear (Theorem 4), the pointsKi are also collinear. Moreover,
the lineℓ containing the pointsKi is parallel to the Simson line ofP. �
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Conjecture. If P is a cyclic quadrilateral without parallel sides, the lineℓ passes
through the anticenterH of P, and the Simson line bisects the segmentSH.
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The conjecture was suggested by using a dynamic geometry software (seeFig-
ure 8). However, we have been unable to prove it.

If P is a cyclic quadrilateral with a pair of parallel sides, thenP is an isosceles
trapezoid. The lineℓ coincides with the Simson line,i.e., the line joining the mid-
points of the bases ofP, and passes through the anticenter ofP. In this case the
Simson line contains the segmentSH.

We now find the pointsP whose pedal quadrilaterals have at least on pair of
parallel sides.

If P is a parallelogram, then the pointsP whose pedal quadrilaterals have at
least one pair of parallel sides are all and only the points of the diagonals of P.

Suppose now thatP is not a parallelogram. We prove that the locus ofthe point
P whose pedal quadrilateral has the sidesH1H4 andH2H3 parallel is the circle
A1A3S (see Figure 9).

First observe thatS is a point with respect to whomH1H4 andH2H3 are par-
allel because the pointsHi are collinear. Set up now an orthogonal coordinate
system such thatA1 ≡ (−1, 0) andA3 ≡ (1, 0); let A2 ≡ (a, b), A4 ≡ (c, d) and



160 D. Ferrarello, M. F. Mammana and M. Pennisi

P ≡ (x, y). If H1H4 andH2H3 are parallel, thenP lies on the circleγ of equation:

(hd+ kb)x2 + (hd+ kb)y2 − (hk − 4bd)y = hd+ kb,

whereh = a2 + b2 − 1 andk = c2 + d2 − 1.
Note that the pointsA1 andA3 are onγ, andγ is the circleA1A3S.
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Analogously we can prove thatthe pointsP whose pedal quadrilateral has the
sidesH1H2 andH3H4 parallel is the circleA2A4S. Therefore we have estab-
lished the following theorem.

Theorem 6. The pointsP whose pedal quadrilaterals have at least one pair of
parallel sides are precisely those on the circlesA1A3S andA2A4S.
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In general, the circlesA1A3S andA2A4S intersect at two points, the Simson
point S and one other pointP ∗ (see Figure 10). The pedal quadrilateral ofP ∗ is
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a parallelogram. We callP ∗ theparallelogram pointof P. Observe that ifP is a
parallelogram the parallelogram point is the intersection of the diagonals ofP.

If P is cyclic, the pedal quadrilateral of the circumcenterO of P is the Varignon
parallelogram ofP. Therefore, the parallelogram point ofP is O. It follows that
if P is cyclic, the Simson point is the intersection point of the circlesA1A3O and
A2A4O, other thanO.

4. Some properties of the pedal polygon

Let P be a polygon withn sides. Consider the pedal polygonH of a point
P with respect toP. We denote byQi the quadrilateralPHiAi+1Hi+1, for
i = 1, 2, . . . , n. Since the angles inHi and inHi+1 are right,Qi cannot be con-
cave.

Lemma 7. If ABCD is a convex or a crossed quadrilateral such thatABC and
CDA are right angles, then it is cyclic. Moreover, its circumcenter is the midpoint
ofAC and its anticenter is the midpoint ofBD.
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Proof. Let ABCD be a convex or a crossed quadrilateral withABC andCDA

right angles (see Figure 11). Then, it is cyclic with the diagonalAC as diameter.
(When it is a crossed quadrilateral it is inscribed in the semicircle with diameter
AC). Then its circumcenterO is the midpoint ofAC.

Consider the maltitudes with respect to the diagonalsAC andBD. The malti-
tude throughO is perpendicular to the chordBD of the circumcircle, then it passes
through the midpointH of BD. But also the maltitude relative toAC passes
throughH. Then, the anticenter of the quadrilateral isH. Note that the malti-
tudes of a crossed quadrilateralABCD are concurrent because they are also the
maltitudes of the cyclic convex quadrilateralACBD. �
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By Lemma 7, the quadrilateralsQi are cyclic. Denote byOi andA′

i the cir-
cumcenter and the anticenter ofQi respectively. We callO1O2 . . . On thepolygon
of the circumcentersof P with respect toP and denote it byPc(P ). We call
A′

1A
′

2 . . . A
′

n thepolygon of the anticentersof P with respect toP and we denote
it with Pa(P ).

Theorem 8. The polygonPc(P ) is the image ofP under the homothetyh
(

P, 1
2

)

.

Proof. By Lemma 7, the circumcenterOi of Qi is the midpoint ofAiP (see Figure
12 for a pentagonP). �
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Note that by varyingP the polygonsPc(P ) are all congruent to each other (by
translation).

Theorem 9. The polygonPa(P ) is the medial polygon ofH, with vertices the
midpoints of the segmentsHiHi+1 for i = 1, 2, . . . , n.
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Proof. By Lemma 7, the anticenterA′

i of Qi is the midpoint ofHiHi+3 (see Fig-
ure 13 for a pentagon). �

Corollary 10. (a) If P is a triangle,Pa(P ) is the medial triangle ofH.
(b) If P is a quadrilateral,Pa(P ) is the Varignon parallelogram ofH.

Theorem 11. If H is cyclic, the Euler lines of the quadrilateralsQi are concurrent
at the circumcenter ofH .

Proof. The Euler line of the quadrilateralQi passes through the circumcenterOi

of Qi and through the anticenterA′

i of Qi , that is the midpoint ofHiHi+3, then it
is the perpendicular bisector of a side ofH (see Figure 14 for a quadrilateral).�
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Corollary 12. If P is a triangle, the Euler lines of the quadrilateralsQi are con-
current at the circumcenter ofH (see Figure 15).

Remark.If P is a quadrilateral andH is not cyclic, the Euler lines of the quadri-
lateralsQi bound a quadrilateral affine toH ([4, p.471]).
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