
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
S 0002-9947(2012)05780-1
Article electronically published on October 4, 2012

PARTIAL REGULARITY OF p(x)-HARMONIC MAPS

MARIA ALESSANDRA RAGUSA, ATSUSHI TACHIKAWA, AND HIROSHI TAKABAYASHI

In memory of the Japanese victims of the earthquake and tsunami that occurred
on 11 March 2011

Abstract. Let (gαβ(x)) and (hij(u)) be uniformly elliptic symmetric matri-
ces, and assume that hij(u) and p(x) (≥ 2) are sufficiently smooth. We prove
partial regularity of minimizers for the functional

F(u) =

∫
Ω
(gαβ(x)hij(u)Dαu

iDβu
j)p(x)/2dx,

under the nonstandard growth conditions of p(x)-type. If gαβ(x) are in the
class VMO, we have partial Hölder regularity. Moreover, if gαβ are Hölder
continuous, we can show partial C1,α-regularity.

1. Introduction

Throughout this note we investigate regularity properties of local minimizers of
functionals defined in open subsets Ω of Rm.

We say that a function u : Ω → R
n, u ∈ W 1,1(Ω) is a local minimizer of the

functional

F (u) =

∫
Ω

f(x, u,Du) dx

if |Du| ∈ L1
loc(Ω) satisfies

F(u; suppϕ) ≤ F(u+ ϕ; suppϕ)

for every ϕ ∈ W 1,1
0 (Ω) with compact support in Ω.

Recently there has been an increase in interest in the study of regularity of
solutions to elliptic equations, systems and of minimizers of integral functionals
of the calculus of variations under nonstandard growth conditions; it is relevant,
for instance, in the applications to nonlinear elasticity problems. We highlight the
results obtained in the context of regularity theory of minimizers, for instance, by
Carbone and Sbordone in [3], Fusco in [12] or Dal Maso and Modica in [8], where
for integral functionals of the kind∫

Ω

f(x, u,Du) dx

where for a given function f is assumed the p-growth condition

(1.1) |z|p ≤ f(x, u, z) ≤ C(1 + |z|p), p ≥ 1.

Received by the editors March 31, 2011 and, in revised form, July 19, 2011, October 3, 2011
and December 14, 2011.

2010 Mathematics Subject Classification. Primary 35J20, 35J47, 35J60, 49N60, 58E20.
This research was partially supported by the Ministry of Education, Science, Sports and Cul-

ture, Grant-in-Aid for Scientific Research (C), 22540207, 2010.

c©2012 American Mathematical Society
Reverts to public domain 28 years from publication

1

Licensed to Tokyo University of Science. Prepared on Thu Nov  8 22:08:15 EST 2012 for download from IP 133.31.101.225.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Marcellini in [24] replaced this hypothesis considering integrals that are of the kind

(1.2)

∫
Ω

f(Dv) dx

and satisfy the nonstandard growth condition

(1.3) λ

n∑
j=1

|zj |qj ≤ f(z) ≤ Λ

n∑
j=1

|zj |qj , 2 ≤ qj ≤
2n

n− 2
, j = 1, ..., n.

The study continues in [25] where weak solutions of elliptic equations are of the
form

n∑
i=1

∂

∂xi
ai(x,Du) = b(x), x ∈ Ω,

under the hypothesis that ai satisfy the following (p, q)-growth conditions:∑
i,j

aizj (x, z)ξiξj ≥ λ(1 + |ξ|2)(p−2)/2)|ξ|2, ∀z, ξ ∈ Rn, a.e. x ∈ Ω,

|aizj (x, z)| ≤ Λ(1 + |z|2)(q−2)/2, ∀z ∈ R
n, a.e. x ∈ Ω, ∀i, j,

with 2 ≤ p ≤ q < np/(n − 2). Such types of equations correspond to the Euler-
Lagrange equations of the functionals∫

f(x,Du)dx,

with (p, q)-growth condition

(1.4) λ(1 + |z|2)p/2 ≤ f(x, z) ≤ Λ(1 + |z|2)q/2, 2 ≤ p ≤ q <
np

n− 2
.

Some examples of weak minimizers of integrals where the (p, q)-growth condition
is used have been given in [14], [23]. Later a sharp condition is introduced by Boc-
cardo, Marcellini, Sbordone in [2] to study a special anisotropic case. Other results
for anisotropic equations and functional and variational problems with nonstandard
growth conditions are later studied by Marcellini in [26], by Morrey in [29] and the
references therein.

We also quote the study made by Marcellini in [27] of Lipschitz regularity as
well as C1,α regularity obtained for systems and the regularity results for functions
dependent on the modulus of the gradient.

Let us also notice that in [28] regularity results are established for minimizers of
the integral (1.2) that can be applied not only to the case of arbitrary large expo-
nential growth but also to functions whose behaviour at infinity can be represented
by any finite composition of exponential functions.

In 1997, Zhikov in [34] obtained conditions to satisfy Meyers type estimates, for
variational problems related to the integrand |ζ|p(x), where p(x) has a logarithmic
continuity modulus.

We mention the study of Coscia and Mingione [5] where Hölder continuous func-
tions p(x) are considered to prove Hölder continuity for local minimizers of the
functional ∫

Ω

|Du|p(x) dx,

where we point out the vectorial setting of the function u.
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Among the many related papers in the literature, in a noncomprehensive way,
we recall the study made by Acerbi and Mingione in [1], by Fan and Zhao in [10]
and later in [11].

Hölder continuity for local minimizers is also intensely studied by Chiadò Piat
and Coscia in [4], for variational integrals where the integrand function f(x, u,Du)
satisfies growth assumptions with a variable exponent.

Significant contributions were made by other authors such as Coscia and Mucci
in [6], where we find integral representation properties of limits of sequences of
integral functionals of the type ∫

Ω

f(x , Du ) dx

under nonstandard growth conditions of the type:

|z|p(x) ≤ f(x, z) ≤ C(1 + |z|p(x)),
which is a borderline hypothesis lying between the conditions (1.1) and the above
condition (1.4).

For real-valued minimizers of an integral functional
∫
Ω
f(x, u,Du)dx, Eleuteri in

[9] proves a regularity result under a nonstandard growth condition of p(x) type.
More recently, Cupini, Marcellini and Mascolo, see [7], prove boundedness of

minimizers of energy functionals, for instance of the anisotropic type

C (u) =

∫
Ω

n∑
i=1

|uxi
|pi(x) dx

under sharp assumptions on the exponent pi in terms of the usual Sobolev conjugate
exponent p∗ = np

n− p of p. The authors also prove local Lipschitz continuity of

minimizers under sharp assumptions on the exponent of anisotropic growth.
In the present paper we set Ω to be an open subset of Rm and p : Ω → [2,+∞)

a locally Hölder continuous function. We consider the p(x)-energy functional

(1.5) F (u) =

∫
Ω

f(x, u,Du) = (gαβ(x)hij(u)Dαu
iDβu

j)
p(x)
2 dx.

Here and in the sequel, we use the Einstein convention.
Our work is devoted to the study of partial regularity of the local minimizers of

the functional F . We point out that in this note we deal with the vector-valued case
n ≥ 1. The technique to obtain higher integrability properties for local minimizers
employs a direct approach as well as classical inequalities by Jensen and Poincaré.

About constant p-growth functionals defined for u : Ω ⊂ R
m → R

n with general
m,n ≥ 2, roughly speaking, known regularity results differ from each other by the
structures of functionals. Let us consider the three types of functionals

F1(u) =

∫
Ω

a(|Du|)dx,(1.6)

F2(u) =

∫
Ω

a
(
gαβ(x, u)hij(x, u)Dαu

iDβu
j
)
dx,(1.7)

F3(u) =

∫
Ω

A(x, u,Du)dx,(1.8)

where (gαβ), (hij) and the Hessian matrix of A(x, u, ξ) with respect to ξ are uni-
formly positive definite. Moreover, we are assuming the following growth conditions
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on a : [0,∞) → [0,∞) and A:

λtp ≤ a(t) ≤ Λtp, for all t ∈ [0,∞),

λ|ξ|p ≤ A(x, u, ξ) ≤ Λ|ξ|p, for all (x, u, ξ) ∈ Ω× R
n × R

mn.

We have the following results for minimizers of the above types of functionals.

(I) : (Uhlenbeck [33]) Let u be a minimizer of F1; then u ∈ C1,α(Ω).
(II) : (Giaquinta-Modica [19], Fusco-Hutchinson [13]) Let u be a minimizer of F2.

Then u ∈ C1,α(Ω0), where Ω0 is an open subset of Ω withHm−p−ε(Ω\Ω0) =
0 for some ε > 0. Here, Hq denotes the q-dimensional Hausdorff measure.
In [13], they also showed that under slightly stronger conditions the estimate
on the dimension of the singular set can be improved.

(III) : (Giaquinta-Giusti [16]) Let u be a minimizer of F3. Then u ∈ C1,α(Ω0),
where Ω0 is an open subset of Ω with |Ω \ Ω0| = 0. Here, for a measurable
set D ⊂ R

m, |D| denotes the Lebesgue measure of D.

On the other hand, for p(x)-growth cases, the results of Coscia-Mingione [5] and of
Acerbi-Mingione [1] correspond to the above results (I) and (III) respectively. The
results of this paper correspond to a part of (II).

2. Some definitions and the main result

Let Ω ⊂ R
m be a bounded domain with smooth boundary ∂Ω. In the following

we write
B(x,R) := {y ∈ R

m ; |x− y| < R}.

Definition 2.1. Letting f ∈ L1(Ω), we set the integral mean fx,R by

fx,R =

∫
−

Ω∩B(x,R)

f(y)dy =
1

|Ω ∩B(x,R)|

∫
Ω∩B(x,R)

f(y)dy,

where |Ω ∩B(x,R)| is the Lebesgue measure of Ω ∩B(x,R).
If we are not interested in specifying which is the center, we only set fR.

Let us now give the definition of a bounded mean oscillation function (BMO)
that first appeared in the note by John and Nirenberg [21].

Definition 2.2. Let f ∈ L1
loc(Ω). We say that f belongs to BMO(Ω) if the

seminorm

‖f‖∗ ≡ sup
B(x,R)

1

Ω ∩ |B(x,R)|

∫
Ω∩B(x,R)

|f(y)− fx,R|dy < ∞.

Let us recall the definition of the space of vanishing mean oscillation functions,
given at first by Sarason in [32]. (See also [30, 31].)

Definition 2.3. Let f ∈ BMO(Ω) and

η(f,R) = sup
ρ≤R

sup
B(x,ρ)

1

|Ω ∩B(x, ρ)|

∫
Ω∩B(x,ρ)

|f(y)− fρ|dy,

where B(x, ρ) ranges over the class of the balls of Rm of radius ρ. We say that
f ∈ VMO(Ω) if

lim
R→0

η(f,R) = 0.
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We consider the p(x)-energy functional defined by (1.5) with the following con-
ditions.

(H 1) There exist constants λ0,Λ0, λ1,Λ1 (0 < λi < Λi, i = 0, 1) such that

λ0|ζ|2 ≤ gαβ(x)ζαζβ ≤ Λ0|ζ|2, λ1|η|2 ≤ hij(u)η
iηj ≤ Λ1|η|2

for all x ∈ Ω, u, ζ ∈ R
m and η ∈ R

n.
(H 2) For every u, v ∈ R

n,

|hij(u) − hij(v) | ≤ ω0(|u − v |2),

where ω0 is some monotone increasing concave function with ω0(0) = 0.
(H 3) gαβ are in the class L∞ ∩ VMO(Ω).

In the sequel, we put

η(g,R) := max
1≤α,β≤m

η(gαβ , R).

Moreover, we assume the following conditions on the exponent p(x).

(H 4) For some positive constants γ1, γ2,

(2.1) 2 ≤ γ1 ≤ p(x) ≤ γ2, for all x, y ∈ Ω.

(H 5) For some constants L > 0 and σ ∈ (0, 1),

(2.2) |p(x)− p(y)| ≤ L|x− y|σ for all x, y ∈ Ω.

In general, if p(x) is a uniformly continuous function in the set Ω, as in [6], we
consider

W 1,p(x)(Ω) := {u ∈ W 1,1(Ω) ;

∫
Ω

|Du|p(x)dx < ∞}

and similarly, if Ω has Lipschitz boundary or at least has the cone property and
p(x) is continuous in Ω,

W
1,p(x)
loc (Ω) := {u ∈ L1

loc(Ω) ; |Du|p(x) ∈ L1
loc(Ω)}.

We also define

W
1,p(x)
0 (Ω) := {u ∈ W 1,1

0 (Ω) ;

∫
Ω

|Du|p(x)dx < ∞},

and for a given map ϕ,

ϕ+W
1,p(x)
0 (Ω) := {u ∈ W 1,p(x)(Ω) ; u− ϕ ∈ W

1,p(x)
0 (Ω)}.

Theorem 2.4. Let Ω ⊂ R
m be a bounded domain with sufficiently smooth boundary

∂Ω. Assume that gαβ(x) and hij(u) satisfy the conditions (H 1)–(H 3). Let u ∈
W 1,p(x)(Ω) be a local minimizer of the functional

F(u) =

∫
Ω

(gαβ(x)hij(u)Dαu
iDβu

j)
p(x)
2 dx,

where p(x) : Ω → [2,∞) satisfies (H 4) and (H 5). Then u ∈ C0,α(Ω0) for some
α ∈ (0, 1), where Ω0 is an open subset of Ω with Hm−γ1(Ω \ Ω0) = 0.

Moreover, if gαβ(x) and hij(u) are Hölder continuous, then u ∈ C1,α′
(Ω0) for

some α′ ∈ (0, 1).
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3. Preliminary results

In the following, for the sake of simplicity, we freely set by c any constant which
may differ from line to line.

We need some results on the higher integrability of minimizers. We will state
them in a more general form than actually needed for the proof of the main results.

Let g(x, u, ξ) be a Carathéodory function on Ω × R
n × R

mn which satisfies, for
some positive constants λ < Λ,

(3.1) λ|ξ|p(x) ≤ g(x, u, ξ) ≤ Λ|ξ|p(x)

for all (x, u, ξ) ∈ Ω× R
n × R

mn.
Let ω1 : [0,+∞) → [0,+∞) be a nondecreasing continuous function with ω1(0) =

0 which represents the modulus of continuity; namely, ω1 satisfies

(3.2) |p(x)− p(y)| ≤ ω1(|x− y|).

Let us consider the following condition on ω1:

(3.3) lim
r→0

ω1(r) log
(1

r

)
= μ < +∞.

The above condition implies

(3.4) (1/t)ω1(t) = exp
(
− log tω1(t)

)
→ eμ as t → 0+.

We also mention that if p(x) is Hölder continuous, then condition (3.3) is fulfilled.
Let G be a functional defined by

(3.5) G(w; Ω) :=
∫
Ω

g(x,w,Dw)dx

for w : Ω → R
n. We call a map v ∈ W

1,p(x)
loc (Ω,Rn) a local minimizer of the

functional G(w,Ω) if |Dv|p(x) ∈ L1
loc(Ω) and

G(v; suppϕ) ≤ G(v + ϕ; suppϕ)

for all ϕ ∈ W 1,1
0 (Ω,Rn) with compact support.

About the higher integrability of local minimizers, here we state a result which is
originally due to Zhikov [34] and is extended by Eleuteri [9] for general functionals
as above. The next result is given in [9], only for the real-valued functions. The
proof is unchanged for the general case n > 1.

Proposition 3.1 ([9, Theorem 3.1]). Let G be a functional defined as above. As-
sume that the exponent p(x) > 1 has modulus of continuity ω1 which satisfies (3.3).

Let u ∈ W
1,p(x)
loc (Ω,Rn) be a local minimizer of G. Then, there exists a constant

δ0 > 0 such that |Du|(1+δ0)p(x) ∈ L1
loc(Ω). Moreover, the estimate

(3.6)

∫
−

B(y,R)

|Du|(1+δ0)p(x)dx ≤ c
(∫
−

B(y,2R)

(1 + |Du|2)p(x)/2dx
)(1+δ0)

holds for any B(y, 2R) � Ω.

Here, by virtue of Hölder’s inequality, (3.6) holds for any δ ∈ (0, δ0).
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We also need higher integrability results on the neighborhood of the boundary.
Let us use the following notation: for T > 0 we put

B+(T ) := {x ∈ R
m ; |x| < T, xm > 0},

Γ(T ) := {x ∈ R
m ; |x| < T, xm = 0},

∂+B+ := ∂B+(T ) \ Γ(T ).

Let g(x, u, ξ) be a Carathéodory function on B+(T )×R
n ×R

mn which satisfies
(3.1). Assume that p(x) is a uniformly continuous function on B+(T ).

When we consider the functional G on B+(R), as in [22] for the case p(x) = 2, let
us call a map v ∈

⋂
T ′<T W 1,p(x)(B+(T ′),Rn) a local minimizer of the functional

G(w,B+(T )) :=

∫
B+(T )

g(x,w,Dw)dx

in B+(T ) ∪ Γ(T ) if for every T ′ < T and any ϕ ∈ W 1,1
0 (B+(T ′),Rn) the following

inequality holds:

G(v,B+(T ′)) ≤ G(v + ϕ,B+(T ′)).

Then we have the following lemma on the higher integrability of such local mini-
mizers.

Lemma 3.2. Assume that the exponent p(x) > 1 has modulus of continuity ω1

which satisfies (3.3). Let p1 := infB+(T ) p(x) and p2 := supB+(T ) p(x), and suppose
that

(3.7) (p2)∗ =
mp2

m+ p2
< p1 (or equivalently p∗1 =

mp1
m− p1

> p2).

For some δ0 > 0, let u be a given map in the class W 1,(1+δ0)p(x)(B+(T )). Let v be
a local minimizer of G in the class

{w ∈ W 1,p(x)(B+(T ) ; w = u on Γ(T )}.

Then, there exists a positive constant δ1 < δ0 such that for any δ ∈ (0, δ1), the
local minimizer v satisfies v ∈ W 1,(1+δ)p(x)(B+(T ′)) for any T ′ < T . Moreover, if
x0 ∈ B+(T ′) ∪ Γ(T ′) and r < T − T ′, we have

(∫
−

Ω(x0,r/2)

(1 + |Dv|2)(1+δ)p(x)/2dx
)1/(1+δ)

≤ c

∫
−

Ω(x0,r)

(1 + |Dv|2)p(x)/2dx+ c
(∫
−

Ω(x0,r)

(1 + |Du|2)(1+δ)p(x)/2dx
)1/(1+δ)

,

(3.8)

where we put

Ω(y, ρ) := B(y, ρ) ∩B+(T ).

Proof. For convenience, we extend u, v,Du,Dv to be zero outside B+(T ). Of
course, because extended u, v may have discontinuity on ∂B+(T ), they are not

always in W
1,p(x)
loc (Rm), and therefore Du,Dv do not necessarily coincide with dis-

tributional derivatives of them. On the other hand, since u = v on Γ(T ), u − v is
in the class W 1,p(x)(B(T ′)) and Du−Dv can be regarded as the weak derivatives
of u− v in B(T ′) for any T ′ < T .
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For some T ′ < T let x1 ∈ B(T ′) and s, t, r be positive numbers with t < s < r <
min{T − T ′, 1}. In the following let us write

Ωr := Ω(x1, r), Br := B(x1, r),

and put
ρ1 = inf

Ωr

p(x) and ρ2 = sup
Ωr

p(x).

Choose a function η ∈ C∞
0 (Bs) so that 0 ≤ η ≤ 1 and η ≡ 1 on Bt, |Dη| ≤ 2/(s−t).

Put ϕ = η(v − u). Then we see that ϕ ∈ W 1,1
0 (B+(T ′)) and that G(v) ≤ G(v − ϕ).

Since
D(v − ϕ) = (1− η)Dv − (v − u)Dη + ηDu,

using (3.1), we get

λ

∫
Ωt

|Dv|p(x)dx ≤ Λ

∫
Ωs

|D(v − ϕ)|p(x)dx

≤ Λ
{∫

Ωs\Ωt

|Dv|p(x)dx+

∫
Ωs

|Du|p(x)dx

+

∫
Ωs

( 2

s− t

)p(x)

|v − u|p(x)dx
}

≤ Λ
{∫

Ωs\Ωt

|Dv|p(x)dx+

∫
Ωs

|Du|p(x)dx

+ 2ρ2

( 1

s− t

)ρ2
∫
Ωs

|v − u|p(x)dx
}
.(3.9)

Now, we use the hole filling method. Adding Λ
∫
Ωt

|Dv|p(x)dx to both sides and

dividing them by λ+ Λ, we get∫
Ωt

|Dv|p(x) ≤ Λ

λ+ Λ

∫
Ωs

|Dv|p(x)dx+ c

∫
Ωs

|Du|p(x)dx

+
c

(s− t)ρ2

∫
Ωs

|v − u|p(x)dx

≤ Λ

λ+ Λ

∫
Ωr

|Dv|p(x)dx+ c

∫
Ωr

|Du|p(x)dx

+
c

(s− t)ρ2

∫
Ωs

|v − u|p(x)dx.(3.10)

Using, for example, [15, Lemma 1.1], from (3.10), we can see that∫
Ωρ

|Dv|p(x)dx ≤ c
(
(r − ρ)−ρ2

∫
Ωr

|v − u|p(x)dx+

∫
Ωr

|Du|p(x)dx
)

holds for any ρ ∈ (0, r). Taking ρ = r/2 in the above estimate, we obtain

(3.11)

∫
Ωr/2

|Dv|p(x)dx ≤ c
(
r−ρ2

∫
Ωr

|v − u|p(x)dx+

∫
Ωr

|Du|p(x)dx
)
.

Since we are assuming that r ≤ 1, we have

(3.12) r−ρ2 = rp(x)−ρ2 · r−p(x) ≤ rρ1−ρ2 · r−p(x).

On the other hand, the assumption (3.3) implies that

(3.13) rρ1−ρ2 ≤
(1

r

)ω1(2r)

= exp
(
ω1(2r) log

1

r

)
≤ e2μ
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for sufficiently small r > 0. Combining (3.11), (3.12) and (3.13), we obtain

(3.14)

∫
Ωr/2

|Dv|p(x)dx ≤ c
( ∫

Ωr

( |v − u|
r

)p(x)

dx+

∫
Ωr

|Du|p(x)dx
)
.

Now, let us estimate the first term of the right-hand side of the above inequality.
As in [22], we treat the two cases xm

1 ≤ 3
4r and xm

1 > 3
4r separately.

Case 1. Let us assume that xm
1 ≤ 3

4r. Then v − u = 0 in Br \ B+(T ) and
|Br \B+(T )| > γ|Br| for some constant γ > 0 depending only on the dimension m.
So we can use the Sobolev-Poincaré inequality for u− v to obtain

∫
Br

∣∣∣v − u

r

∣∣∣p(x)dx ≤
∫
Br

(
1 +

∣∣∣v − u

r

∣∣∣)ρ2

dx

≤ crm + cr−ρ2

∫
Br

|v − u|ρ2dx

≤ crm + cr−ρ2

( ∫
Br

|Dv −Du|ρ3dx
)ρ2/ρ3

,(3.15)

where ρ3 = (ρ2)∗ = mρ2/(m+ ρ2). Here, let us mention that by virtue of (3.7) and
the definition of ρ1, ρ2, ρ3, we have

ρ3 =
mρ2

m+ ρ2
≤ mp2

m+ p2
< p1 ≤ ρ1.

Then, we can choose a constant θ0 > 1 so that ρ1/θ0 > ρ3. For any θ ∈ (1, θ0),
using the Hölder inequality, we can estimate the second term (3.15) as follows:

r−ρ2

( ∫
Br

|Dv −Du|ρ3dx
)ρ2/ρ3

≤ r−ρ2

{( ∫
Br

|Dv −Du|ρ1/θdx
)θρ3/ρ1

(crm)1−(θρ3/ρ1)

}ρ2/ρ3

= cr−ρ2

( ∫
Br

|Dv −Du|ρ1/θdx
)θρ2/ρ1

rm{(ρ2/ρ3)−(θρ2/ρ1)}

= crm− ρ2
ρ1

θm
( ∫

Br

|Dv −Du|ρ1/θdx
)θρ2/ρ1

= crm
(∫
−

Br

|Dv −Du|ρ1/θdx
)θρ2/ρ1

= crm
(∫
−

Br

|Dv −Du|ρ1/θdx
)(ρ2−ρ1)θ/ρ1

(∫
−

Br

|Dv −Du|ρ1/θdx
)θ

=: rm ·A ·B.(3.16)
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10 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

Using (3.13), we can show the boundedness of A as follows:

A ≤
(
cr−m

∫
Br

|Dv −Du|ρ1/θdx
)(ρ2−ρ1)θ/ρ1

≤ cr(ρ1−ρ2)θm/ρ1

( ∫
Br

(
1 + |Dv|p(x) + |Du|p(x)

)
dx

)(ρ2−ρ1)θ/ρ1

≤ cr(ρ1−ρ2)θm/ρ1

( ∫
B+(T ′)

(
1 + |Dv|p(x) + |Du|p(x)

)
dx

)(ρ2−ρ1)θ/ρ1

≤ ce2μθm/ρ1

( ∫
B+(T ′)

(1 + |Du|p(x))dx
)(ρ2−ρ1)θ/ρ1

≤ c
(
ρ1, ρ2, ρ3,m, θ0,G(u,B+(T ′)

)
.(3.17)

Here, we use the minimality of v also. On the other hand, we can estimate B as

B ≤
(
cr−m

∫
Br

(|Du|2 + |Dv|2)ρ1/(2θ)dx
)θ

≤
(
cr−m

∫
Br

(1 + |Du|2 + |Dv|2)p(x)/(2θ)dx
)θ

≤ c+ c
(∫
−

Br

|Du|p(x)/θdx
)θ

+ c
(∫
−

Br

|Dv|p(x)/θdx
)θ

.(3.18)

Combining (3.15), (3.16), (3.17) and (3.18), we obtain

∫
−

Br

∣∣∣∣v − u

r

∣∣∣∣
p(x)

dx ≤ c+ c
(∫
−

Br

|Dv|p(x)/θdx
)θ

+ c
(∫
−

Br

|Du|p(x)/θ
)θ

.(3.19)

Since we extended u, v,Du,Dv to be zero outside B+(T ), the estimate (3.14)
holds for Br/2 and Br instead of Ωr/2 and Ωr respectively. So, combining (3.19)
with (3.14), we see that∫

−
Br/2

|Dv|p(x)dx

≤ c+ c
(∫
−

Br

|Du|p(x)/θdx
)θ

+ c
(∫
−

Br

|Dv|p(x)/θdx
)θ

+ c

∫
−

Br

|Du|p(x)dx

≤ c+ c

∫
−

Br

|Du|p(x)dx+ c
(∫
−

Br

|Dv|p(x)/θdx
)θ

.

So, we have the following estimate:∫
−

Br/2

(1 + |Dv|)p(x)dx ≤ c

∫
−

Br

(1 + |Du|)p(x)dx

+ c
(∫
−

Br

(1 + |Dv|)p(x)/θdx
)θ

.(3.20)

Case 2. Let xm
1 > 3

4r. Then B3r/4 ⊂ B+(T ), and therefore we can proceed as
in the proof of [9, Theorem 3.1] slightly modifying the radii, to see that for some
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PARTIAL REGULARITY OF p(x)-HARMONIC MAPS 11

constant ν > 1 the following estimate holds:∫
−

Br/2

(1 + |Dv|2)p(x)/2dx ≤ c
(∫
−

B3r/4

(1 + |Dv|2)p(x)/(2ν)dx
)ν

≤ c
(∫
−

Br

(1 + |Dv|2)p(x)/(2ν)dx
)ν

.(3.21)

From (3.20) and (3.21), putting k = min{θ, ν}(> 1), we have for any case,∫
−

Br/2

(1 + |Dv|2)p(x)/2dx

≤ c

∫
−

Br

(1 + |Du|2)p(x)/2dx+ c
(∫
−

Br

(1 + |Dv|)p(x)/kdx
)k

.(3.22)

Now, we are in the position to use the so-called reverse Hölder inequality with in-
creasing supports due to Giaquinta-Modica [18]. We can find this famous inequality
in many articles. Here, let us use [20, p.299, Theorem 3] with

g = (1 + |Dv|2)p(x)/(2k), f = (1 + |Du|2)p(x)/(2k), q = k, θ = 0.

Then, for some l > k, we see that |Dv|p(x)/k ∈ Ll
loc(B(T )) and that the following

estimate holds for any y ∈ B(T ):

(∫
−

B(y,r/2)

(1 + |Dv|2)p(x)l/(2k)dx
)1/l

(3.23)

≤ c
(∫
−

B(y,r)

(1 + |Dv|2)p(x)/2dx
)1/k

+ c
(∫
−

B(y,r)

(1 + |Du|2)p(x)l/(2k)dx
)1/l

.

Putting 1 + δ = l/k (> 1), we obtain

(∫
−

B(y,r/2)

(1 + |Dv|2)(1+δ)p(x)/2dx
)1/(1+δ)

≤ c

∫
−

B(y,r)

(1 + |Dv|2)p(x)/2dx+ c
(∫
−

B(y,r)

(1 + |Du|2)(1+δ)p(x)/2dx
)1/(1+δ)

.

When y = x0 ∈ B+(T ′) ∪ Γ(T ′), the above estimate is nothing but (3.8). �

By virtue of the above lemma, we can show the following estimate.

Corollary 3.3. Let D ⊂ R
m be a bounded domain with smooth boundary ∂D.

Let S > 0 be a positive number which satisfies the following conditions for every
y ∈ ∂D:

(C 1) p1 = infB(y,4S) p(x) and p2 = supB(y,4S) p(x) satisfy (3.7).

(C 2) There is a diffeomorphism Ψ : B(y, 4S) → B(T ) which satisfies

Ψ(B(y, 4S) ∩D) ⊂ B+(T ) and Ψ(B(y, 4S) ∩ ∂D) = Γ(T ).

Given a map u ∈ W 1,p(x)(1+δ0)(D,Rn), let v be a minimiser of G(·, D) in the class

{w ∈ W 1,p(x)(D,Rn) ; w − u ∈ W 1,1
0 (D,Rn)}.
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12 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

Then there exists a constant δ1 ∈ (0, δ0) such that for any δ ∈ (0, δ1], we have that
v ∈ W p(x)(1+δ)(D,Rn) and that

(3.24)

∫
D

(1+ |Dv|2)(1+δ)p(x)/2dx ≤ c
(
1+ |D|δS(−mδ)

) ∫
D

(1+ |Du|2)(1+δ)p(x)/2dx,

where c depends only on m, λ, Λ, p(x),G(u,D).

Proof. Choose S > 0 as above and cover D by a finite number of B(y, S) with
y ∈ D. If B(y, S) � D, we can use (3.6). For B(y, S) with B(y, S) ∩ ∂D 
= ∅,
we flatten B(y, S) ∩ ∂D by a diffeomorphism and use (3.8). Summing up these
inequalities we get(S

2

)−m
∫
D

(1 + |Dv|2)(1+δ)p(x)/2dx

≤ c
(
S−m

∫
D

1dx
)1+δ

+ c
(
S−m

∫
D

|Dv|p(x)dx
)1+δ

+ cS−m

∫
D

(1 + |Du|)(1+δ)p(x)dx.

Using the minimality of v in order to estimate the second term of the right-hand
side, we obtain∫

D

(1 + |Dv|)(1+δ)p(x)dx

≤ cS−mδ
( ∫

D

|Du|p(x)dx
)1+δ

+ c

∫
D

(1 + |Du|2)(1+δ)p(x)/2dx.

Now, using Hölder’s inequality for the first term of the right-hand side, we get the
assertion. �

Remark 3.4. In the corollary above, when the domain D is a ball B(x,R), we can
choose, for example, S = R/4. Hence, the quantity |D|δS−mδ can be a constant
depending only on the dimension m.

In [5], Coscia-Mingione have proved C1,α-regularity of local minimizers of the
functional

∫
|Du|p(x)dx. It is easy to see that their result is valid for the local

minimizers of ∫
(Aαβ

ij Dαu
iDβu

j)p(x)/2dx

with constant coefficient Aαβ
ij satisfying

λ|ξ|2 ≤ Aαβ
ij ξiαξ

j
β for all ξ ∈ R

mn.

From [5, Proposition 6] and a part of the proof of C1,α-regularity in [5], we have
the following proposition.

Proposition 3.5 ([5]). Let Aαβ
ij be as above and define a functional A(w) by

A(w,Ω) :=

∫
Ω

(
Aαβ

ij Dαu
iDβu

j
)p(x)/2

dx.

Assume that p(x) is Hölder continuous with exponent σ ∈ (0, 1) and that p1 :=
infΩ p(x) and p2 := supΩ p(x) satisfy

p2 < (1 + δ0/2)p2 ≤ (1 + δ0)p1,
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PARTIAL REGULARITY OF p(x)-HARMONIC MAPS 13

where δ0 is the constant given by Proposition 3.1 for A. Let v ∈ W
1,p(x)
loc (Ω,Rn) be

a local minimizer of A. Then, for some R2 > 0 and every τ ∈ (0, 1) there exists
c > 0 such that for all 0 < ρ < R < R2 with B(y, 2R) � Ω we have

(3.25)

∫
B(y,ρ)

|Dv|ρ2dx ≤ c
( ρ

R

)m−τ
[ ∫

B(y,2R)

|Dv|ρ2dx+Rm−τ
]
,

where ρ2 = supB(y,2R) p(x). Moreover, for some α > 0,∫
B(y,ρ)

|Dv − (Dv)ρ|ρ2dx

≤ c
[( ρ

R

)αρ2

ρm
∫
−

B(y,R)

|Dv|ρ2dx+Rσ

∫
B(y,2R)

(1 + |Dv|2)ρ2/2dx
]
.(3.26)

Remark 3.6. In [5], the authors have written the above estimates with exponent
p2 = supΩ p(x). However, in the proof of [5, Proposition 6], they use the estimate

(3.27) |p2 − p(x)| ≤ cRσ, for all x ∈ B(y, 2R).

Accordingly p2 in the proposition should be supB(y,2R) p(x). On the other hand, it is

clear that we can take the exponent ρ2 = supB(y,kR) p(x) (k > 2) when B(y, kR) �
Ω, since (3.27) holds for such a choice of ρ2.

4. Proof of Theorem 2.4

Proof of Theorem 2.4. Let δ0 be a positive constant given by applying Proposition
3.1 to u, in order to have

(4.1) |Du|(1+δ0)p(x) ∈ L1
loc(Ω).

Without loss of generality we assume that δ0 < 1. For this δ0 let δ1 ∈ (0, δ0) be
the constant given in Corollary 3.3, and take a positive constant δ < δ1 sufficiently
small so that

(4.2) σ −mδ > 0,

where σ is the positive constant given in the assumption (H 5) as the Hölder expo-
nent of p(x).

Fix a point x0 ∈ Ω arbitrarily, and take R1 > 0 sufficiently small so that

p1 := inf
B(x0,R1)∩Ω

p(x), p2 := sup
B(x0,R1)∩Ω

p(x)

satisfy (3.7) as well as

(4.3) ω1(2R1) := p2 − p1 < δ,
(
1 +

δ

2

)
p2 ≤ (1 + δ)p1.

Then, from (4.1) we get

(4.4) |Du|(1+ δ
2 )p2 ∈ L1(B(x0, R1)).

Take a point x1 ∈ B(x0, R1) arbitrarily. In the following, let us write Br :=
B(x1, r) and

(4.5) ρ1(r) := inf
Br

p(x), ρ2(r) := sup
Br

p(x).
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14 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

Choosing R > 0 so that B2R ⊂ B(x0, R1), let us define two types of “frozen
functionals”

F1(v) :=

∫
BR

(
gαβR hij(uR)Dαv

iDβv
j
)p(x)/2

dx,(4.6)

F2(v) :=

∫
BR

(
gαβR hij(uR)Dαv

iDβv
j
)ρ2(2R))/2

dx,(4.7)

where gαβR = gαβx1,R
and uR = ux1,R; see Definition 2.1. Let v be a minimizer of

F1 in the class u+W
1,p(x)
0 (BR). Then, keeping in mind our choice of δ and using

Corollary 3.3 with D = BR, we have for any ε ∈ (0, δ],

(4.8)

∫
BR

(1 + |Dv|2)(1+ε)p(x)/2dx ≤ C

∫
BR

(1 + |Du|2)(1+ε)p(x)/2dx.

On the other hand, for every β ∈ (0, 1), from Proposition 3.5, recalling Remark 3.6,
we can see that the following estimate holds for any 0 < s < R/2:

(4.9)

∫
Bs

|Dv|ρ2(2R)dx ≤ c
( s

R

)m−β[ ∫
BR

|Dv|ρ2(2R)dx+Rm−β
]
.

Using (4.8) with ε = ω1(2R)(< ω1(2R1) ≤ δ) and Proposition 3.1, we can estimate
the right-hand side of (4.9) as∫

BR

|Dv|ρ2(2R)dx

≤ c

∫
BR

(1 + |Dv|2)(1+ω1(2R))p(x)/2dx

≤ c

∫
BR

(1 + |Du|2)(1+ω1(2R))p(x)/2dx

≤ cR−mω1(2R)
( ∫

B2R

(1 + |Du|2)p(x)/2dx
)1+ω1(2R)

≤ cR−mω1(2R)

∫
B2R

(1 + |Du|2)p(x)/2dx

≤ cR−mω1(2R)

∫
B2R

(1 + |Du|2)ρ2(2R)/2dx,

where we point out that for the fourth inequality, we used the boundedness of∫
B2R

(1+ |Du|2)p(x)/2dx. Since we see that R−mω1(2R)is bounded by virtue of (3.4),

from (4.9) and the above estimate, we obtain

(4.10)

∫
Bs

|Dv|ρ2(2R)dx ≤ c
( s

R

)m−β[ ∫
B2R

(1 + |Du|2)ρ2(2R)/2dx+Rm−β
]
.

Now, put

e0 := gαβR hij(uR)Dαv
iDβv

j ,(4.11)

f1(ξ) :=
(
gαβR hij(uR)ξ

i
αξ

j
β)

p(x)/2,

f2(ξ) :=
(
gαβR hij(uR)ξ

i
αξ

j
β)

ρ(2R)/2.
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Then by [13, (5.8), (5.10)], we see that

F2(u)−F2(v) ≥
∫
BR

∂f2
∂ξiα

(Dv)
(
Dαu

i −Dαv
i
)
dx+ c

∫
BR

|Du−Dv|ρ2(2R)dx.

So, we have∫
BR

|Du−Dv|ρ2(2R)dx ≤ c
(
F2(u)−F2(v)

)

+

∫
BR

∂f2
∂ξiα

(Dv)
(
Dαu

i −Dαv
i
)
dx.(4.12)

Since v is a weak solution of the Euler-Lagrange equation of F1, using e0 defined
by (4.11), we estimate the second term of the right-hand side of the above inequality
as follows: ∣∣∣

∫
BR

∂f2
∂ξiα

(Dv)
(
Dαu

i −Dαv
i
)
dx

∣∣∣
=

∣∣∣
∫
BR

{ ∂f2
∂ξiα

(Dv)− ∂f1
∂ξiα

(Dv)
}(

Dαu
i −Dαv

i
)
dx

∣∣∣
≤

∣∣∣
∫
BR

(
ρ2e

(ρ2−2)/2
0 − p(x)e

(p(x)−2)/2
0

)

· gαβ(x0)hij(uR)Dαv
i(Dβu

j −Dβv
j)dx

∣∣∣
≤ c

∫
BR

{
(ρ2 − p(x))e

(ρ2−2)/2
0 + p(x)

∣∣∣e(ρ2−2)/2
0 − e

(p(x)−2)/2
0

∣∣∣}

· |Dv||Du−Dv|dx

≤ c

∫
BR

{
(ρ2 − p(x))e

(ρ2−1)/2
0 + p(x)

∣∣∣e(ρ2−1)/2
0 − e

(p(x)−1)/2
0

∣∣∣}

· |Du−Dv|dx

=:

∫
BR

{
(i) + (ii)

}
|Du−Dv|dx.(4.13)

By (2.2), we have

(4.14) (i) ≤ cRσe
(ρ2−1)/2
0 .

For (ii), we mention that as (7) in [5] for every ε > 0 there exists a constant C(ε) > 0
such that

(4.15) |tr − ts| ≤ C(ε)(s− r)
(
1 + t(1+ε)s

)
, for all t ≥ 0 and s ≥ r ≥ 1.

Using the above inequality with r = (ρ2(2R) − 1)/2 and s = (p(x) − 1)/2, we see
that

(4.16) (ii) ≤ γ2C(ε)(ρ2 − p(x))(1 + e
(1+ε)(ρ2−1)/2
0 ) ≤ cRσ(1 + e0)

(1+ε)(ρ2−1)/2.

Here we used (2.2) also. From (4.14) and (4.16), we get for some constant c de-
pending on ε,

(4.17) (i) + (ii) ≤ cRσ(1 + e0)
(1+ε)(ρ2−1)/2.
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16 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

Thus, using Young’s inequality, we can see that for 0 ≤ R ≤ 1,∣∣∣
∫
BR

∂f2
∂ξiα

(Dv)
(
Dαu

i −Dαv
i
)
dx

∣∣∣
≤ cRσ

∫
BR

(1 + |Dv|2)(1+ε)(ρ2−1)/2|Du−Dv|dx

≤ 1

2

∫
BR

|Du−Dv|ρ2dx+ cRσ

∫
BR

(1 + |Dv|2)(1+ε)ρ2/2dx.(4.18)

From (4.12) and (4.18), we obtain∫
BR

|Du−Dv|ρ2(2R)dx ≤ c
(
F2(u)−F2(v)

)

+ cRσ

∫
BR

(1 + |Dv|2)(1+ε)ρ2(2R)/2dx.(4.19)

Now, we can estimate
∫
BR

|Du−Dv|ρ2(2R)dx as follows:∫
BR

|Du−Dv|ρ2(2R)dx

≤ c
(
F2(u)−F2(v)

)
+ cRσ

∫
BR

(1 + |Dv|2)(1+ε)ρ2/2dx

≤ c
(
F2(u)−F1(u) + F1(u)−F(u) + F(u)−F(v)

+ F(v)−F1(v) + F1(v)−F2(v)
)
+ cRσ

∫
BR

(1 + |Dv|2)(1+ε)ρ2/2dx

≤ c
{(

F2(u)−F1(u)
)
+

(
F1(u)−F(u)

)
+

(
F(v)−F1(v)

)
+

(
F1(v)−F2(v)

)
+ cRσ

∫
BR

(1 + |Dv|2)(1+ε)ρ2/2dx
}

=: c(I + II + III + IV + V ).(4.20)

Using (4.15) with r = ρ2(2R) and s = p(x), we can estimate I and IV as

|I| ≤ cRσ

∫
BR

(1 + |Du|2)(1+ε)ρ2(2R)/2dx,

|IV | ≤ cRσ

∫
BR

(1 + |Dv|2)(1+ε)ρ2(2R)/2dx.

Let us take ε < δ/2. Then by the assumption (4.3), we have

(4.21) (1 + ε)ρ2(2R) ≤
(
1 +

δ

2

)
ρ2(2R) < (1 + δ)ρ1(2R) ≤ (1 + δ)p(x).

So, we can estimate I as

(4.22) |I| ≤ cRσ

∫
BR

(1 + |Du|2)(1+δ)p(x)/2dx.

Using Corollary 3.3, we have

|IV |, |V | ≤ cRσ

∫
BR

(1 + |Dv|2)(1+δ)p(x)/2dx

≤ cRσ

∫
BR

(1 + |Du|2)(1+δ)p(x)/2dx.(4.23)
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PARTIAL REGULARITY OF p(x)-HARMONIC MAPS 17

Using Proposition 3.1 we can see that

Rσ

∫
BR

(1 + |Du|2)(1+δ)p(x)/2dx

≤ cRσ−mδ
( ∫

B2R

(1 + |Du|2)p(x)/2dx
)1+δ

≤ c′Rσ−mδ

∫
B2R

(1 + |Du|2)p(x)/2dx,(4.24)

where we used the boundedness of
∫
|Du|p(x)dx. Combining (4.22) and (4.23) with

(4.24), we obtain

(4.25) |I|, |IV |, |V | ≤ cRσ−mδ

∫
B2R

(1 + |Du|2)p(x)/2dx.

Let us estimate |II + III|. Writing q = 1 + δ and q′ = q/(q − 1) = (1 + δ)/δ,
using Hölder’s inequality, and remembering condition (H 2), we have

|II + III| ≤ c
[( ∫

BR

ωq′

0 (|u− uR|2)dx
)1/q′

+
(∫

BR

|g(x)− gR|q
′
dx

)1/q′]

·
( ∫

BR

|Du|qp(x)dx
)1/q

+ c
[( ∫

BR

ωq′

0 (|v − uR|2)dx
)1/q′

+
( ∫

BR

|g(x)− gR|q
′
dx

)1/q′]

·
( ∫

BR

|Dv|qp(x)dx
)1/q

=: c(II ′ + III ′).(4.26)

Here and in the sequel, we write

g(x) = (gαβ(x)), and |g(x)− gR| =
{∑

αβ

(
gαβ(x)− gαβR

)2}1/2

.

Since ω0 and g are bounded, using Proposition 3.1, Jensen’s inequality, Hölder’s
inequality and the Sobolev-Poincaré inequality, we can estimate II ′ as follows:

II ′ ≤ c
[
ω
1/q′

0

(
cR2−m

∫
BR

|Du|2dx
)
+

(∫
−

BR

|g(x)− gR|dx
)1/q′]

·
∫
B2R

|Du|p(x)dx

≤ c
[
ω
1/q′

0

({
cRρ2(2R)−m

∫
BR

|Du|ρ2(2R)dx
}2/ρ2(2R))

+
(∫
−

BR

|g(x)− gR|dx
)1/q′] ∫

B2R

|Du|p(x)dx.(4.27)
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18 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

Using Corollary 3.3 and proceeding as above, we estimate III ′ as

III ′ ≤ c
[( ∫

BR

ω0(|u− uR|2 + |u− v|2)dx
)1/q′

+
( ∫

BR

|g(x)− gR|dx
)1/q′]

·
(∫

BR

(1 + |Du|2)qp(x)/2dx
)1/q

≤ c
[
ω
1/q′

0

(∫
−

BR

|u− uR|2dx+

∫
−

BR

|u− v|2dx
)

+
(∫
−

BR

|g(x)− gR|dx
)1/q′]

·
∫
B2R

(1 + |Du|2)p(x)/2dx

≤ c
[
ω
1/q′

0

(
cR2−m

∫
BR

|Du|2dx+ cR2−m

∫
BR

|Dv|2dx
)

+
(∫
−

BR

|g(x)− gR|dx
)1/q′]

·
∫
B2R

(1 + |Du|2)p(x)/2dx.(4.28)

Again with Corollary 3.3, we can estimate the second term in ω0 as follows:

R2−m

∫
BR

|Dv|2dx

≤ c
(
Rρ2(2R)−m

∫
BR

|Dv|ρ2(2R)dx
)2/ρ2(2R)

≤ c
(
Rρ2(2R)−m

∫
BR

(1 + |Dv|2)(1+ω1(2R))p(x)/2dx
)2/ρ2(2R)

≤ c
(
Rρ2(2R)−m

∫
BR

(1 + |Du|2)(1+ω1(2R))p(x)/2dx
)2/ρ2(2R)

≤ c
(
Rρ2(2R)−mR−ω1(2R)m

{∫
B2R

(1 + |Du|2)p(x)/2dx
}1+ω1(2R)

)2/ρ2(2R)

.

Since R−ω1(2R) and
∫
|Du|p(x)dx are bounded, from the above estimate, we obtain

R2−m

∫
BR

|Dv|2dx ≤ c
(
Rρ2(2R)−m

∫
B2R

(1 + |Du|2)p(x)/2dx
)2/ρ2(2R)

≤ c
(
Rρ2(2R)−m

∫
B2R

(1 + |Du|2)ρ2(2R)/2dx
)2/ρ2(2R)

(4.29)

and from (4.28) and (4.29) we obtain

III ′ ≤ c
[
ω
1/q′

0

(
c
{
Rρ2(2R)−m

∫
B2R

(1 + |Du|2)ρ2(2R)/2dx
}2/ρ2(2R))

+ η1/q
′
(g, 2R)

]
·
∫
B2R

(1 + |Du|2)p(x)/2dx.(4.30)
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PARTIAL REGULARITY OF p(x)-HARMONIC MAPS 19

Here, for the definition of η(g, 2R), see Definition 2.3. Combining (4.20), (4.25),
(4.26), (4.27) and (4.30), we arrive at
(4.31)∫

BR

|Du−Dv|ρ2(2R)dx

≤ c
[
Rσ−mδ + ω

1/q′

0

(
c1

{
Rρ2(2R)−m

∫
B2R

(1 + |Du|2)ρ2(2R)/2dx
}2/ρ2(2R))

+ η1/q
′
(g, 2R)

]
·
∫
B2R

(1 + |Du|2)ρ2(2R)/2dx.

Now, from (4.9) and (4.31), putting r = 2R and changing the constants if nec-
essary, we obtain for any 0 < s < r/4 with Br � B(x0, R1),
(4.32)∫

Bs

(1 + |Du|2)ρ2(r)/2dx

≤ c0

[(s

r

)m−β

+ rσ−mδ + ω
1/q′

0

(
c1

{
rρ2(r)−m

∫
Br

(1 + |Du|2)ρ2(r)/2dx
}2/ρ2(r))

+ η1/q
′
(g, r)

]
·
∫
Br

(1 + |Du|2)ρ2(r)/2dx+ c2s
m−β.

In the rest of the proof we shall show that the above estimate implies a certain
decay estimate on (

∫
Bs

(1 + |Du|2)ρ2(s)/2)dx)1/ρ2(s).

For τ ∈ (0, 1), let s = τr in (4.32). Then we have∫
Bτr

(1 + |Du|2)ρ2(r)/2dx

≤ c0
[
τm−β + rσ−mδ + ω

1/q′

0 + η1/q
′
(g, r)

]
·
∫
Br

(1 + |Du|2)ρ2(r)/2dx

+ c2(τr)
m−β.(4.33)

Multiplying both sides by (τr)ρ2(r)−m, we get

(τr)ρ2(r)−m

∫
Bτr

(1 + |Du|2)ρ2(r)/2dx

≤ c0
[
τρ2(r)−β + τρ2(r)−mrσ−mδ + τρ2(r)−mω

1/q′

0 + τρ2(r)−mη1/q
′]

· rρ2(r)−m

∫
Br

(1 + |Du|2)ρ2(r)/2dx+ c2(τr)
ρ2(r)−β

= c0τ
ρ2(r)−β

[
1 + τβ−mrσ−mδ + τβ−mω

1/q′

0 + τβ−mη1/q
′]

· rρ2(r)−m

∫
Br

(1 + |Du|2)ρ2(r)/2dx+ c2(τr)
ρ2(r)−β.(4.34)

Let us put

Φ(r, p) :=
(
rp

∫
−

Br

(1 + |Du|2)p/2dx
)1/p

= ω1/p
m

(
rp−m

∫
Br

(1 + |Du|2)p/2dx
)1/p
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20 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

and

Ψ(r) := Φ(r, ρ2(r)).

Here ωm denotes the volume of the m-dimensional unit ball. From (4.34) we have
(4.35)

Φρ2(r)(τr, ρ2(r))

≤ c0τ
ρ2(r)−β

[
1 + τβ−m

{
rσ−mδ + ω

1/q′

0 (c1ω
1/ρ2(r)
m Ψ2(r)) + η1/q

′
(g, r)

}]
·Ψρ2(r)(r) + c2(τr)

ρ2(r)−β.

Mentioning that

Φ(r, p) ≤ Φ(r, q) for p ≤ q,

we obtain from (4.35),

Ψ(τr) = Φ(τr, ρ2(τr)) ≤ Φ(τr, ρ2(r))

≤ c3τ
1−(β/ρ2(r))

[
1 + τ (β−m)/ρ2(r)

{
r(σ−mδ)/ρ2(r) + ω

1/(q′ρ2(r))
0

+ η1/(q
′ρ2(r))(g, r)

}]
·Ψ(r) + c4(τr)

1−(β/ρ2(r)).(4.36)

Since 0 < β < 1, m > 2, γ1 ≤ ρ2(r) ≤ γ2, and τ < 1, we have

(4.37) τ (β−m)/ρ2(r) ≤ τ (β−m)/γ1 .

Without loss of generality we can assume that 0 < r < 1, so we see that

(4.38) r(σ−mδ)/ρ2(r) ≤ r(σ−mδ)/γ2 , (τr)1−(β/ρ2(r)) ≤ (τr)1−(β/γ1).

In the following, we consider the case that ω0 and η(g, r) are sufficiently small, so
we can assume that ω0, η(g, r) < 1. So, we have

(4.39) ω
1/q′ρ2(r)
0 ≤ ω

1/q′γ2

0 , η(g, r)1/q
′ρ2(r) ≤ η(g, r)1/q

′γ2 .

For the sake of simplicity, let us put

γ := 1− β

γ1
, ω̃0 := ω

1/(q′γ2)
0 , η̃(g, r) := η(g, r)1/(q

′γ2), c5 := c1ω
1/γ1
m .

Then, from (4.36), we get

Ψ(τr) ≤ c3τ
γ
[
1 + τ (β−m)/γ1

{
rσ−mδ)/γ2 + ω̃0(c5Ψ(r)) + η̃(g, r)

}]
Ψ(r)

+ c4(τr)
γ .

For a technical reason we replace the exponent γ of the last term by α ∈ (0, γ), and
obtain

Ψ(τr) ≤ c3τ
γ
[
1 + τ (β−m)/γ1

{
rσ−mδ)/γ2 + ω̃0(c7Ψ(r)) + η̃(g, r)

}]
Ψ(r)

+ c4(τr)
α.(4.40)

Fix ν ∈ (α, γ) and choose τ ∈ (0, 1) so that c3τ
γ < τν/5. Take ε0 > 0 such that

(4.41) ω̃0(c5ε0) < τ (m−β)/γ1 .

Finally, let r0 > 0 be a sufficiently small constant for which

(4.42) τ (β−m)/γ1r
(σ−mδ)/γ2

0 ≤ 1, τ (β−m)/γ1 η̃(g, r0) < 1 and c4r
α
0 ≤ 1

5
ε0

hold.
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PARTIAL REGULARITY OF p(x)-HARMONIC MAPS 21

Now, assume that Ψ(r) < ε0 holds for some r ∈ (0, r0). Then, mentioning that
c6τ

α < c6, we get from (4.40) that

Ψ(τr) ≤ τν

5
[1 + 1 + 1 + 1]Ψ(r) + c4r

α

=
4

5
τνΨ(r) + c4r

α

≤ 4

5
τνε0 +

1

5
ε0 < ε0.(4.43)

By virtue of (4.43), we can repeat the above estimate replacing r by τr, τ2r, τ3r, . . .
and get

Ψ(τk+1r) ≤ (τk+1)νΨ(r) + c4r
ατkα

k∑
j=0

τ j(ν−α)

≤ (τk+1)νΨ(r) + c6(τ
kr)α.(4.44)

For any s ∈ (0, r) there exists k with τk+1r < s ≤ τkr, and we have

Ψ(s) ≤ τ1−(1/ρ2(s)Φ(τkr, ρ2(s)) ≤ τ1−(1/γ1)Ψ(τkr)

≤ τ1−(1/γ1)
[
τ−ν

(s

r

)ν

Ψ(r) + c6τ
−αsα

]
≤ c7s

α.(4.45)

From the above estimate for the integral of |Du|γ1 with γ1 = infΩ p(x) we obtain

s−m+γ1−αγ1

∫
B(x1,s)

|Du|γ1dx ≤ ωm

(
s−αΦ(s, γ1)

)γ1

≤ ωm

(
s−αΨ(s)

)γ1 ≤ ωmcγ1

7 .(4.46)

Now, let

D0 :=
{
y ∈ B(x0, R1) ;

(
rp2−m

∫
B(y,r)

|Du|p2dx
)1/p2

≤ ε0

for some r with B(y, r) ∈ B(x0, R1)
}
.

Then, by virtue of the continuity of the integral, we see that D0 is an open set.
Moreover, for every x1 ∈ D0 the estimate (4.46) holds, and hence by virtue of
Morrey’s Dirichlet growth theorem, we have that u ∈ C0,α(D0). On the other hand,
since |Du|p2 ∈ L1+(δ/2)(B(x0, R1)), by a well-known property of the Hausdorff
measures we have that

dimH(B(x0, R1) \D0) < m− p2,

where dimH denotes the Hausdorff dimension. Now, covering Ω by balls with the
property which we considered on B(x0, R1), we conclude that u ∈ C0,α(Ω0), for
some open subset Ω0 ⊂ Ω. Moreover, since γ1 ≤ p2 on every B(x0, R1), we have

dimH(Ω \ Ω0) < m− γ1 .
In order to obtain the Hölder continuity of Du on Ω0, let us assume that gαβ

and hij are Hölder continuous. Namely, in the following we suppose that for some
θ, θ′ ∈ (0, 1),

(4.47) ω0(t) ≤ ctθ, η(g, t) ≤ ctθ
′
.
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22 M. A. RAGUSA, A. TACHIKAWA, AND H. TAKABAYASHI

Let B2R = B(y, 2R) � Ω0 be a ball with sufficiently small R > 0, and let v be
a minimizer of F1 as before. For ρ < R/4 we estimate

∫
Bρ

|Du − Dv|ρ2(2R)dx as

follows: ∫
Bρ

|Du− (Du)ρ|ρ2(2R)dx

≤ c

∫
Bρ

|Dv − (Dv)ρ|ρ2(2R)dx+ c

∫
Bρ

|Du−Dv|ρ2(2R)dx.(4.48)

By (3.26) of Proposition 3.5, Proposition 3.1 and Corollary 3.3, we can estimate
the first term as follows for some β′ ∈ (0, 1):
(4.49)∫

Bρ

|Dv − (Dv)ρ|ρ2(2R)dx

≤ c
( ρ

R

)β′ρ2(2R)+m
∫
BR/2

|Dv|ρ2(2R)dx+ cRσ

∫
BR

(1 + |Dv|2)ρ2(2R)/2dx

≤ c

{( ρ

R

)β′ρ2(2R)+m

+Rσ

}∫
BR

(1 + |Dv|2)(1+ω1(2R))p(x)/2dx

≤ c

{( ρ

R

)β′ρ2(2R)+m

+Rσ

}
R−mω1(2R)

∫
BR

(1 + |Dv|2)p(x)/2dx

≤ c

{( ρ

R

)β′ρ2(2R)+m

+Rσ

}∫
B2R

(1 + |Du|2)p(x)/2dx.

Here, we used the boundedness of R−mω1(2R) and
∫
BR

|Dv|p(x)dx (that is lower

than
∫
BR

|Du|p(x)dx) also.
About the second term of the right-hand side of (4.48), from (4.31), we see that

∫
BR

|Du−Dv|ρ2(2R)/2dx

≤ c
[
Rσ−mδ + ω

1/q′

0

(
c5Ψ

2(2R)
)

+ η1/q
′
(g, 2R)

]
·
∫
B2R

(1 + |Du|2)ρ2(2R)/2dx.(4.50)

Since B2R ⊂ Ω0, we have

Ψ(2R) ≤ cRα.

So, by the assumption that (4.47) holds, we obtain

(4.51) ω0

(
c5Ψ(2R)

)
≤ cR2αθ.

Here, we mention that we can take α ∈ (0, 1) arbitrarily near to 1. We obtain

∫
BR

|Du−Dv|ρ2(2R)/2dx

≤ c
[
Rσ−mδ +R2αθ/q′

+Rθ′/q′
]
·
∫
B2R

(1 + |Du|2)ρ2(2R)/2dx.
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Putting

ζ := min{σ −mδ, 2αθ/q′, θ′/q′},
we have

(4.52)

∫
BR

|Du−Dv|ρ2(2R)/2dx ≤ cRζ

∫
B2R

(1 + |Du|2)ρ2(2R)/2dx.

Combining (4.48), (4.49) and (4.52), and putting μ := min{ζ, σ}, we see that∫
Bρ

|Du− (Du)ρ|ρ2(2R)dx

≤ c
{( ρ

R

)β′ρ2(2R)+m

+Rζ +Rσ
}∫

B2R

(1 + |Du|2)ρ2(2R)/2dx

≤ c
{( ρ

R

)β′ρ2(2R)+m

+RμRm−ρ2(2R)
}(

Ψ(2R)
)ρ2(2R)

≤ c
{( ρ

R

)β′ρ2(2R)+m

+Rμ
}
Rm−ρ2(2R)+αρ2(2R)

≤ c
( ρ

R

)β′γ1+m

Rm−(1−α)γ2 + cRm−(1−α)γ2+μ.(4.53)

Let us take ρ = R1+a/4 with a > 0 to be specified later. Then from (4.53) we get∫
Bρ

|Du− (Du)ρ|ρ2dx

≤ c
(
Rm−(1−α)γ2+(m+β′γ1)a + Rm−(1−α)γ2+μ

)
.(4.54)

Take a = μ/(m+ β′γ1). Then the right-hand side will be

cRm−(1−α)γ2+μ = cρm+(aβ′γ1−(1−α)γ2)/(1+a).

Now, let us choose α ∈ (0, 1) sufficiently near to 1, then

α′ :=
aβ′γ1 − (1− α)γ2

1 + a
> 0,

and we obtain(∫
−

Bρ

|Du− (Du)ρ|γ1dx
)1/γ1

≤
(∫
−

Bρ

|Du− (Du)ρ|ρ2(2R)
)1/ρ2(2R)

≤ cρα
′/ρ2(2R) ≤ cρα

′/γ2 .

From the above estimate, by Campanato’s theorem (see [17, Theorem 5.4]), we
conclude that

Du ∈ C1,α′γ1/γ2(Ω0).
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34. Vasilĭı V. Zhikov, On some variational problems, Russian J. Math. Phys. 5 (1997), 105–116.

MR1486765 (98k:49004)

Dipartimento di Matematica e Informatica, Universitá di Catania, Viale Andrea Do-
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