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A NOTE ON A RESULT OF MIRONESCU AND RADULESCU

Francesca Faraci

Abstract. In the present note we deal with a bifurcation problem involving an
asymptotically linear function. By employing a recent result of Ricceri we make
much more precise the conclusion of a theorem of Mironescu and Radulescu.

1. RESULTS

Let us consider the problem

P
(P) u=20 on 90’

{ ~Au=Af(u) inQ

where € is a smooth bounded domain in RY (N > 2), f : [0, +-00[— R is non-negative,
convex and of class C! in [0, +oc, such that f£(0) > 0 and f/(0) > 0, X is a positive
parameter. By a positive solution of (Py) we mean a function u € C%(Q)(NC(Q)
which is positive in €2, such that the equation —Au(x) = Af(u(x)) holds for every
x € Q and u(z) = 0 for every x € 9 (i.e. a classical solution). It is well known
(see the work of Brezis et al. [2]) that if f satisfies the above assumptions and is also
asymptotically linear, i.e.

(1.1) lim )

t—+4oo —a€ (0’ +OO>

then,

(a1) there exists A* > 0 such that (Py) has a positive solution for A € (0, \*), no
solution for A € (\*, +00);

(ag) for any A € (0,\*), (Py) has a minimal positive solution uy (i.e. for every u
solution of (Py), ux(x) < u(x) for every x € Q);
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(a3) the function A — wuy is a C, convex, increasing function;
(a4) wy is the only solution u of (Py) such that the operator —A — A f/(u) is coercive.

The problem of the uniqueness of the solution, as well as of the properties of u) for
A close to \*, the existence or non-existence of solutions of (Py) for A = \* were
investigated by Mironescu and Radulescu (see [5] and [6]) who proved the following:

Theorem 1.1. ([5], Theorem A and [6], Theorem 1). Assume that f : [0, +oo[— R
is non-negative, convex and of class C' in [0, 400, such that f(0) > 0, f'(0) > 0
and

(1.2) lim (f(t) —at)=1>0

t—+o00
for some positive a. Then,
(1) A* = ’\71 (\1 being the first eigenvalue of —A in H}(Q));
(be) limy_,x« ux = 400 uniformly on compact subsets of §);
(bs) wy is the only solution of (Py) when X € (0, \*);
(ba) (Px+) has no solution.

See also [4] in connection with conclusion (bs) and [1] and [3] for extension of
the above theorem to the biharmonic equation and to p-Laplacian problems.

Remark 1.1. Notice that hypothesis (1.2) implies (1.1).

The purpose of this note is simply to point out that, under the same assumptions as
those of Theorem 1.1, many further additional assertions, besides (b1) — (b4), can be
deduced by combining the conclusions of the above theorem with some recent results
by Ricceri. More precisely, in our result, we will exhibit some extra properties of the
function u) in connection with well posedness problems on spheres and some continuity
properties of suitable mappings involving the energy functional related to problem (Py).

Let us introduce some notations and preliminary remarks. Put

f(s) ifs>0
£(0) ifs<0

and

F@:Af@@

1
In the Sobolev space H{ (), endowed with the norm ||u|| = ([, [Vu(z)|?dz)?, define
the functional

J@:AFMMM.
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The equation appearing in (Py) is the Euler-Lagrange equation associated to the energy
functional &y : H}(2) — R defined by

-

Ex(u) 5 A (u)

which is continuously Gateaux differentiable in Hj (§2), with derivative at u given by
E\(u)v = / Vu(z)Vou(z)dr — /\/ flu(z))v(z)dz
) )

for every v € H}(2). Since f is non-negative, any critical point u of £ turns out
to be non-negative, and so it is a weak solution of (Py). Actually, u is positive on 2
from the maximum principle and classical from bootstrap arguments.
Let
S, ={uec HYQ) : ||ul® =7}

Our main result is

Theorem 1.2. Under the same assumptions as in Theorem 1.1, the following holds
true:

(c1) the function
A= h(A) = Jluy?
is increasing in (0, \*) and its range is (0, +00);
ca) for each v > 0, the function w1, is the unique global maximum of J\g  and
h=1(r) S
every maximizing sequence for J in S, converges to it;
(c3) the mapping r — up-1(y) is continuous in (0, +00);
(ca) the mapping r — J(up-1(y)) is of class C* in (0, +00) with derivative %_—ll(r)
in particular it is increasing and strictly concave in (0, +00).

The above result is an immediate consequence of an abstract theorem by Ricceri
which gives an answer to a problem raised by Schechter and Tintarev in [13] about
conditions providing uniqueness of maxima of integral functionals on spheres (see [12]).
The quoted result of Mironescu and Radulescu turns out to be an essential tool in order
to apply Ricceri’s result.

Let X be an infinite dimensional real Hilbert space and J : X — R a sequentially
weakly continuous functional of class C" and such that .J (0) = 0. Denote as above,
by

S, ={ue X :|ul*=r},

v(r) = sup J,
S



1034 Francesca Faraci

and
r* =inf{r > 0:~(r) > 0}.

The following Theorem is a byproduct of previous results of Ricceri (see [7]-[11]):

Theorem 1.3. ([12], Theorem 1). Set

J
p = limsup (ug
(|

and

J(u)
o= sup 5
ueX\{0} [l

Let ¢, n satisfy
max{0,p} < <n<o.

Assume that J has no local maximum in X \ {0} and that, for each ji € (C,n), the
Sfunctional w — pllul|? — J(u) has a unique global minimum, say §,. Let M, (resp.
M, ifn < +o0 or My = 0ifn=+o0) be the set of all global minima of the functional
u— (llull* = J(u) (resp. w— nllul]* = J(u) if n < +00). Set

o =max< 0, sup |u?
ue My,

= inf |ul®.
= Jnf lul

and

Then, the following assertions hold:

(d1) one has ™ < o < f3;
(da) the function pn — g(u) := ||9,||? is decreasing in (,n) and its range is (v, B);
(ds) for each r € (v, B), the point &, := g-1(y) is the unique global maximum of
J|s, towards which every maximizing sequence in S, converges;
(dy) the function r — &, is continuous in («, 3);
(ds) the function v is of class C* with derivative ~'(r) = g~ *(r) for all v € (o, ),
so in particular it is increasing and strictly concave in («, [3);
(d¢) one has J'(&,) = 29~ (r)&, for all r € (a, ).
Proof of Theorem 1.2. We are going to apply the conclusions of Theorem 1.1 to
Theorem 1.3 where we choose X = H}(Q) and J = J. From assumption (1.2),

and the definition of f , J is sequentially weakly continuous, of class C'' and satisfies
J(0) = [, F(0)dz = 0. We notice also that J has no local maxima in H{(Q2). More
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precisely, J has no critical points in H}(2). Indeed if u were a critical point of .J,
then, for every v € H(S2),

which implies f(u(z)) = 0 a.e. in Q, which, in view of the assumptions on £, can not
be fulfilled by any u € Hi (9). )
From assumption (1.2), and from the definition of f one has in particular that

F(t) a . F(t)
t—}-rl—noo t2 - 5’ tl}inoo t2 =0
from which, it follows that
J(u) a
lim sup < —.
luf—oo Ul 2\

Hence, by using (b1) of Theorem 1.1,

J(u) 1
1. li —= <
(1.3) im sup Tl = 2%

[[uf| =00

and so, we deduce also that the energy functional £, is coercive for A € (0, \*).
Moreover, since f(0) > 0, one has

F
lim £
t—0t 12
and so
J
(1.4) sup () 400

u€HE ()\{0} [Jull a

Hence, from (1.3) and (1.4),

p < and o = +o0.

T 2XF

Choose then, in Theorem 1.3

(= and 7 = +oo.

20*
We notice that the energy functional

Fu(u) = pllull* = J(u)
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has a unique global minimum for every 1 € (535, +00), say §,, if and only if the

functional

Ex(u) = @ — AJ(u)

has a unique global minimum for every A € (0, A*), that is the point

(1.5) ux = §, with A = i
Let now A € (0, \*). From (b3) of Theorem 1.1 (Py) has a unique solution, which,
in view of the coercivity of £, in H} (), coincides with the global minimum wy. It
has no solution for A = A* (see (bs) of Theorem 1.1). Then, if pn € ({,n), F, has
a unique global minimum, while the sets M. and M,, are empty. Then, Theorem 1.3
applies with
a =0, 8= 4o0.

O =g (%)

(where ¢ is from (ds) of Theorem 1.3). Hence, h is increasing in (0, A*) with range
equal to (0, +00), so it is continuous and its inverse, still continuous and increasing
satisfies

So, if h()) := [[uy||?, then,

1
hir) = ———.
) 2971(r)
In our setting for every r > 0, one has also that Z, = u__1 = up-1(,) (With 2,

29— 1(r
from (d3) of Theorem 1.3) is the unique global maximum of J | ;: towards which every
maximizing sequence in S, converges; by applying (d4) — (d5) of Theorem 1.3 we
get that the mapping r — wy-1(,) is continuous in (0, +00) and that the mapping
r — J(up-1() is of class C" with derivative equal to %%(T) This concludes the

proof. ]
We would like to conclude this note with some examples of nonlinearities complying
with our assumptions.

Example 1.1. 1. Let a > 0 and a € (0,1) such that a > —Ina. Let f(s) =
a® + as for every s > 0;

2. f(s) = (s+1)arctan(s + 1) for every s > 0;
3. f(s) =Vs®+s+1 for every s > 0.
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