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1. Introduction

This paper deals with the blow-up criterion for the hydrodynamic system modeling the flow of nematic liquid crystal
materials in R3:

u —vAu+ (u-Vyu+ Ve = —AV - (Vd © Vd), (1.1)
di + (u-V)d = y(Ad — f(d)), (1.2)
V.u=0, (1.3)
(u, d)(x, 0) = (uo, do) (). (1.4)

Here u = u(x, t) denotes the velocity field of the flow, the direction field d = d(x, t) represents the orientation parameter of
the liquid crystal and 7 = 7 (x, t) is the pressure of the flow, while v, A, y are positive physical constants. The term Vd© Vd
denotes the 3 x 3 matrix whose (i, j)-th element is given by d;d - 9;d (for 1 < i,j < 3). In addition, f(d) = ,le(ldlz — 1d
(n > 0aconstant) is a Ginzburg-Landau approximation function whose primitive function is clearly F(d) = # (ld]?> = 1)2.
For the sake of simplicity, we will take v = A = y = n = 1 since their sizes do not play any role in our analysis.

This model can be seen as a variant of the 3D Navier-Stokes equation, where the finite time blow-up for nematic liquid
crystal flow being a very important problem. This model was introduced by Lin in [1]. It is a simplified version of the
Ericksen-Leslie model (cf. [2-4]) of the liquid crystal flow. In [5], Lin and Liu proved local-in-time existence of classical
solutions and global-in-time existence of weak solutions. Later in [6] they also considered regularity of weak solutions and
proved that the one dimensional space time Hausdorff measure of the singular set of the “suitable” weak solutions is zero.
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When d = 0, the nematic liquid crystal flows reduces to the incompressible Navier-Stokes equations. For the
Navier-Stokes equations, different criteria for regularity of the weak solutions have been proposed. In 2005, Montgomery-
Smith [7] (see also [8-10] and references therein) showed that if

! llu(t)llf 2 3
dt <oo with—4+-=1,3<q< o0,
o 14+In(e+ l[u(t)llq) o g

then u is regular. Note that the log improvement is here, in time only. This can be seen as a natural Gronwall type extension
of the Prodi-Serrin conditions. Recently, Fan and Ozawa [11] obtained a finite time blow-up criterion, which says that the
local smooth solution for initial data (ug, dg) € H3(R?) x H*(R?), blows up at T if

2
P VOIS
/o 1+ log(e + [Vu(D)l[=az0)

dt =00 with0<s< 1.

-1

In this work, we shall consider the critical Besov space Boo,oo

the condition

T IVu®I
/o 1+ log(e + IVu®liz )

(s = 0) and we concentrate on the blow-up criterion under

dt < oo.

2. Preliminaries and main result

We begin this section with some notations and lemmas used later. Let e/ denote the heat semi-group defined by

|x|?

ef =K, *f, K:(x) = (4m)—% exp <_E>

fort > 0 and x € R?, where % means convolution of functions defined on R>. )

We now recall the definition of the homogeneous Besov space with negative indices B;?., on R? with o« > 0.1t is
known [12, p. 192] that f € 8’ (R®) belongs to B.%, (R®) if and only if e'4 € [* forallt > 0and t2 le4f] .. €
L*° (0, oo; L*°). The norm of B;oofoo is defined, up to equivalence, by

Flsse,, = sup (¢ 2] ).
’ t>0
The following lemma is essentially due to Meyer-Gerard-Oru [13], which plays an important role for the proof of our
theorem.
Lemma2l.letl <p<qg<ooands =« (g - 1) > 0. Then there exists a constant depending only on «, p and q such that
the estimate

Il 1)

00,

p
q

Il < € =g

holds for all f € Hj (R®) N B3, (R?), where H; denotes the homogeneous Sobolev space.

In particular, fors = 1,p =2 and g = 4, we get@ = 1 and

1 1
Iflle < CIFI; Ilflll-%;oc (2.2)
forall f € H' (R®) N B (R?).
Let us recall by Biot-Savart law, for the solenoidal vectors u, the following representation:

ou

3—=$j(=7%><a)), j=1,2,3, wherew =V x u. (2.3)
Xj

where R = (R1, Rz, R3) and R = 367} (—A)’% denote the Riesz transforms. It is known by Jawerth [14] that

IVullje, < Cllolze . (2.4)
Notice that
feB o (R) Vfe B (R%).
Now our result reads as follows.
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Theorem 2.2. Let (u, d) be a smooth solution to (1.1)-(1.4) with initial data (ug, dg) € H3(R?) x H*(R?). Suppose that the
corresponding vorticity field w = curl u satisfies

S P
/ X gr < o0, (25)
o 1+ log(e + (t. 1)

Then, the solution (u, d) can be smoothly extended after time T. In other words, if the solution blows up at t = T, then

T lo(t, ')||§71
/ ks dt = oco.
o 1+logle+ llo(t, Iz )

Remark 2.1. This result says that the velocity field of the fluid plays a more dominant role than the direction vector d
modeling the orientation of the crystal molecules in the nematic liquid crystal. The theorem is still true, if we replace
w = curlu by Vu, due to the boundedness operator in B! ..

Remark 2.2. Since the Besov space Bgo{oo is much wider than the Lebesgue space L* and X;, hence our result covers the
results contained in [15-17] and [18].

As a consequence we have the following result.

Corollary 2.3. Let (ug, dg) € H3(R3) x H*(R?) with divuy = 0. Suppose that (u, d) is a smooth solution to the liquid crystal
flow (1.1)-(1.4) on the time interval [0, T) for some 0 < T < oo. If u satisfies

T lluct, ')||§o
f 000 dt < oo, (2.6)
o 1-+logle+ fluct, iz, )

o]

then (u, d) can be extended beyond T.
It is well-known that
L®(R?) C BMO(R?) C BY, . (R?),

where BMO(R?) is the space of the bounded mean oscillations defined by

BMO(R?) = {f € L (R?) : sup

1 _
xR |BX R Jpr) |f0’) _fB(x,R)’ dy < oo}

with

Foar = fy)dy.

[B(x, B)| JBx.R)
Thus the conclusion of Theorem 2.2 remains true if (2.6) is replaced by the condition
T u(t, )2
/ lluct, )llgmo dt < 00,
o 1+log(e+ [lu(t, -)lsmo)
To prove Theorem 2.2, we need the following lemma.

Lemma 2.4. With the assumptions of Theorem 2.2, we have

sup [|d(., t)[|pee < 14 [ldollreo -

0<t<T
Proof. See [11]. For the reader’s convenience and completeness, we give the proof. It suffices to show that
sup [[d(., O)ll;0 < max (1, [Idoll;~)
<t<T
where we use the inequalities

max (|al, bl) < /la® 4 [bI* < |a| + |b].

Without loss of generality, we may assume ||dg||;~« > 1 and denote

hx, £) = |d(x, O)* — lIdolIf -
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Then, multiplying Eq. (1.2) by d, it follows that
%a[ |d” + %(u - V) |d)* — dAd + |d* (Jd* — 1) = 0.
By the identities

1 1 1
Eat lldoll7~ + 5(u V) ol — EA(Hdonoo) + (IdolIfe — 1) [dI* = (lldoll7~ — D 1dI*,
and
1 2 2
dAd = EA(IdI ) —vd|”,
it is easy to deduce that
dh+ - V)h — Ah+2]d* h = —2(||do || > — 1) |d|?> — 2|Vd|* < 0.

Now taking the inner product in L2(R?) with h, using that

hZ
/(u~V)h~hdx:/ u-V(H)dx:O,
R3 R3 2

we obtain the inequality
d 2 2 2
I Ihllz + IVAllz +2d- ki, <0

and hence
lh(., Oll2 < [Ih(., O)]l;2 .
Therefore, in t = 0, we have

h(., 0) = |do(.)|* = lidollf <0,

and by the maximum principle, yields h(x, t) < 0, that is |d(x, t)| < ||do]; for all (x, t) € R? x [0, T), which proves the
lemma. O

In the proof of the main result, we frequently employ the following Gagliardo-Nirenberg inequality having fractional
derivatives contained in [19].

Lemma 2.5. Let 1 < p, pg, p1 < 00,5, € R, 0 < o < 1. Then, there exists a constant C such that

) 11—« o
If s < CIFL, ||f||H£] ,

where

Using Lemma 2.5, we have

3 1
s
IVulls < ClIVullb ) A%ul3,

1 5
3 6 4,116
[A%ullz < ClIVull Rl A ull 3,

3 1
IVdllse < Cllad]bllA*] S,

1 2
lA*d] < CllAd] 1 A%d] S,

Hereafter, C will denote a generic dimensionless constant.
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3. Proof of Theorem 2.2

Forany T > 0 we suppose that u is a smooth solution to (1.1)-(1.4) on R? x (0, T) and will establish a priori bounds that
will allow us to extend u for all time under (2.5). If (2.5) holds, one can deduce that for any small € > 0, there exists T, < T
such that

T oIl
/ : dt <e.
o1+ log (e + ol )

We shall establish the following a priori estimate

lim sup([|V2u(t, )17 + [IV4d(t, )I3) < oc. (3.1)

t—=T—

We first recall some conservative identities of the system (1.1)-(1.4) and their immediate consequences. First, it is easy
to see that (see e.g. [5,17])

2dt/ (lu)® + |Vd|2+2F(d))dx+/ (IVul> + |Ad — f(d)|>)dx = 0, (3.2)

which implies
||u||Loo(0yT;L2) + ”u”LZ(O,T;I'ﬂ) < C. (33)

Moreover, multiplying (1.2) by |d|?d and integrating by parts, we have

1
f|d| (t, x)dx+/ (d2|Vd|2+2|V|d|2|2+|d|6) (t,x>dx=/ (e, 0,
R3

4dt
which implies
t
ld(t, oo .r00) + / / (dIPVdI* +1dI°) (z, x)dxdr < C. (34)
0o Jr
Thanks to (3.2) and (3.4), we obtain
||d||L°°(0,T;H1) + ||d||L2(0,T:H2) f C (35)

Besides, multiplying (1.2) by |d|*d and integrating over R?, we have

/ d|%(t, x)dx—i—/ (d|*|1Vd)? + |VId ? P|d]* + |d®)(t, x)dx—/ |d|®(t, x)dx.

6dt
This implies that
d(t, )l ,r:18) < Clidolls < Clidollg1- (3.6)
Taking the operation curl on both sides of Eq. (1.1), we obtain
3
o+ U- Vo — Ao = (0-V)u+ Y VAd - Vdj, (3.7)
k=1

where o = curl u. Multiplying (3.7) by w and integrating it over R*, we find after integration by part

3
/ 3] dx—l—/ Vol dx_/ (w-Vu) - a)dx—i— / (VAdy - Vdy)wdx. (3.8)
2de — Jr3

Applying A to (1.2), multiplying the resulting equation by Ad, we find that

2dt/ |Ad| dx+/ |VAd2dx = —/ A((u~V)d)-Addx—/ Af(d)Addx. (3.9)
R3 3

R
Summing up (3.8) and (3.9), we get

1d 2 2 2 2 :
—— | (lwP+1AdP)dx+ [ (Vol*+|VAd*)dx = | (o-Vu) - wdx+ § (VAdy - Vd)wdx
2 dt IR3 R3 R3 =1 R3

- / A(u- V)d) - Addx — / Af(d) Addx
R3 3

R
=L+hL+1+1, (3.10)
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We estimate the first term I; by using Hélder’s inequality, the interpolation inequality ||w|?, < Cllwllz=1_[IVwl;2 and the
00,00

4=
Young inequality as follows:
Ii < CllolZVul 2

Cllolls_IVolz ol

IATA

IA

1 2 2 2
SIVoll +Cloll lol. (3.11)

For I, we have

L < llollslVAd|2 (V]|
1 1 1 1
= Clolls, Vol IVAd:llAd] 3 lld]l

1 1
Clloly Vol IVAdizlAdi;

IA

1 1 1
= (||VAd||22)2 Cllwll?_, [IAd]% ) (||Va)||22)4
I Bl Ik I
1

=

VAd|? 1v 2 4+ Cllo|? Ad))?
[ IILz+ZII ollz + IIwIIBngII Il

_

1
< ZIIVAdIIfz + ZIIVwIIfz + Cllwllggolw (Il + l1Ad]%) -

For I5, we have

3] < [ (Au - V)d - Addx| + 23: / (O - V)0id - Addx| + / (u-V)Ad - Addx
R3 =1 |/R3 R3
< l8ullz |Vl 4l Adls + [Vall 2 Ad,
< CIVoll 2l AdI Id] 2 IV AdIS IV A + Cllol 2 ldlw |V Ad]:
< CIVolIAdIAIVAIS + Clol: 1V Ad] 2

1 1 1
= (IVAdI%)* (CladIR)? (1Vel})? + IV, +Clol
1 2 1 2 2 2
< ZIVAdI, + JIVoIE + ClAdIE + Clol,
1 2 1 2 2 2 2
< ZIVAd + 1Yol +C (1adi: + lol?) (1+ w17 ).

Here we have used the following Gagliardo-Nirenberg inequality:
IAd?, < Clldllie< |V Ad]|,2

and
/ (u-V)Ad- Addx = 0.
R3
By the Holder’s inequality and (3.6), I4 is bounded as follows:
I, = —/ A(|d|*d)Addx + / AdAddx
R3 R3

= 3/ d’Vd - VAddx + [|Ad]%,
R3

IA

301d1% I Vlls IV Ad] 2 + [ AdIIE,

IA

1 2 4 2 2
21V Al + Clldiis Ad] + [1AdI

IA

1
Z”VAd”fz + CllAd|I%,, (3.12)
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where we used the inequality ab < % + % Combining (3.11)-(3.12) into (3.10) and from the embedding L*° (]R3) C
B%, .. (R®) and the fact that

ueBl . (R?) & VueB (R,
we obtain

d 2 2 2 2 2 2 2
3 (lellz + IAdi) + Vel + IVAd:) < Clloly, +1) (Ivuly, + AdIl,)

loll?_,
B,
<c|1+ 00,00 1+ log(e + ||@|| s w|% + | Ad|
= 1+10g(e+||wl|i;;oloo) ( g( l ”Boo],oo)) (” ||L2 I ”Lz)
||w||§_1 , ,
<C|l1+ .00 14+ log(e + |lul; |5 + ||Ad
T+ log(e + ol ) ( g(e + || Ilggm))(ll 2+l ||Lz)
||w||§_1 , ,
<C|1+ .2 1+ log(e + ||u]| o ol|l% + ||Ad .
T+ log(e + ol ) ( g(e + flully ))(II 2+ ||L2)

Since it is well know that the Sobolev space H* (R*) with s > 2 is continuously embedded into L (R?), this yields

d B
—Fty<C|1+ .20 1+ log (e + y(t))) F(t),
T ) < 1+log(e+”w”3;w) ( ge+y(t))F(t)

where y(t) is defined by
y) = sup (|A%u(z, )|, +[A%Vd(z,)|,) forallT, <t<T
Te<t<t

and
F(t) = o5 + [1Ad®)]|2,.
By Gronwall’s lemma on the interval [T, t], one has

2
r o2,
00,00

F(t) ds

IA

F(T,)exp | C(1+ log (e + y(t)))
1+ log (e + o)z )

Coexp (Ce (1 + log (e + y(t))))
Coexp (2Ce log (e + y(t)))
Co (e + y()*,

where C = [lo(., T.)I% + [ Ad(., T,)|%

=
=

F(t) < F(T)(e+y(©) Vvt e[0,T]. (3.13)

We are now ready to study the estimate in H> x H* norm. Taking the operation A3 = (—A)% on both sides of (1.1), then
multiplying them by A3u, and integrating over R3, we have

1d
S = [4%u® [ + | 24%u® |}, = —/ A (u- Vu)A3udX+f
2dt R3

A3(Vd O Vd) : A3Vudx. (3.14)
R3

Noting that V - u = 0 and integrating by parts, we write (3.14) as

| A%u(t) ||f2 + || A%u(t) ”52 = —/ A (u- Vu—uVAu) APudx + /
R3

A3(Vd O Vd) : A*Vudx. (3.15)
IR3

|
2 dt
In what follows, we will use the following commutator and product estimates due to Kato and Ponce [20]:
14 (fg) — A%l < C ([ A% g0y VS llpr + 1A%F N2 liglliaz ) (3.16)
1A% ()l < CUA“gllar Iflpr + NA%f llp2 1€ 111a2) (3.17)
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fora > 0, and% = % +1= i + é Hence, from (3.16) and (3.17) witha = 3,p = 3,p; = q; = p, = ¢, = 3 and by

a1
using Lemma 2.5, we deduce that
1d 2 2
¥ [A%u®)||2 + || A*u®)] 2 < ClIVulls | APullZs + ClI V|l | A%ull 21| A%d]l 2
13 1 5 1
< CIVull Z I A%ull I A%ull )}, + ClIVdlif= [ A%d7, + §||A4UIIfz
T a2 2 A32 31 AA g2 SPCIE
< ghaully +Clloll 3 1A%} + Clladig 1A% g | Ad) 1A%
1 4. 112 5412 % 3 % 173 4 %
< g (1A%l + 14%d1%) + Cllo)l 3 4%l + CllAdY,S | Al (3.18)

Taking the operation A* on both sides to the liquid crystal Eq. (1.2), then multiplying them by A“d, after integrating over
R3, we have

1d 2 2
S 14Oz + [ 4%d®] 2 = - /R3 A* (u- Vd — uV A*d) - A'ddx — /

A%f(d) - Atddx
]R3

< ClIVullslA%dl sl Al 2 + ClIVdllee | Aull 211 A%l 2 + Cll A%

3 1 1 S 1
ClIVull 2 I Aull SIIAdI 5 1A%, + ClIVAllE | A%, + §||A4UIlfz + Cllatd),

IA

13

1 9 3 13 3
3 (IA%ul?, + 14%d17,) + Clol S I AdI% 1 A%ull ;4 CllAdIS 1A%, + CllA%IE,. (3.19)

A

Combining (3.18) and (3.19), we easily get

d 3,13
= <HA3u(t) 17 + | a*do ||fz) < CoCle + y(t) 3+ 5 ¢, (3.20)

Gronwall’s inequality implies the boundedness of H*> x H4-norm of (u, d) provided that € < & which can be achieved by

the absolute continuous property of integral (2.5). This completes the proof of Theorem 2.2. O
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