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1. Introduction

In the present paper we consider the following singular quasilinear elliptic
problem

—Apu = ANf(z,u) + pa(z)u™, inQ
u >0, in (PA,M)
u =0, on Of)

where ) is a bounded domain in RY (1 < p < N), f: Q x [0, +oo[— [0, +00]
is a Carathéodory function not identically zero, a : @ — R is a function in
L®))'(€) which is positive almost everywhere (being p* the critical Sobolev
exponent and (p*)’ its conjugate), A\, pu are positive parameters and v is a
positive real number.

There is a wide literature dealing with existence and multiplicity results
for quasilinear elliptic problems depending on a singular term of the type u ™"
when 0 < v < 1. In such a case it is natural to associate to problem (P, ,) the
following energy functional

u(z)
Enulu) = %/ﬂ |Vu(z)[Pdz — )\/Q/O f(z,t)dt do + % /Q a(z)u(z) " dx

which is well defined on the Sobolev space WO1 P(£2). Although not continu-
ously Gateaux differentiable, under standard assumptions &), is continuous
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and variational methods are still applicable (see for example [4,5,13] and the
references therein).

When v > 1, such kind of problems have been less investigated. Notice in
fact that the above functional (when v > 1) is not defined on the whole space
WO1 (). However, the existence of one or two solutions can be still obtained
in the framework of variational setting by using suitable truncation methods
(see [7,8]) or techniques from non smooth analysis (see [1,6]).

As far as we know, the existence of three solutions for arbitrary v > 0 has
been investigated only in [12]. More precisely, the authors employ an abstract
three critical points theorem in the lower dimensional case, i.e. when p > N,
being crucial the continuous embedding of W, ?(Q) into C(Q).

In the present paper we derive three positive solutions to the problem
(Pap) forall v >0, 1<p<N, for A large enough and p sufficiently small.
In our approach we combine an abstract multiplicity result by Ricceri [9] with
techniques from non smooth analysis. With respect to [1] and [6] where a suit-
able variational approach is provided, we employ some topological arguments
to guarantee the existence of two local minimizers. The third solution is given
by a suitable version of the Mountain Pass Theorem for Szulkin functionals.
To the best of our knowledge, this is the first contribution establishing three
solutions in the higher dimensional case and for any ~ > 0.

Under further restrictions on the function a we also show that the solu-
tions belong to C*(£). This work extends a previous result of the authors [4]
in which three solutions are obtained for 0 < v < 1 by means of a different ap-
proach which exploits truncation techniques and classical critical point theory.
It is to be mentioned that in [4], extra properties of the solutions are derived,
namely, the solutions lie in int(CZ(£2))+ and are bounded in norms uniformly
with respect to the parameters.

First of all we clarify the meaning of solution we adopt in the sequel.

Definition 1.1. A weak solution of (Py ) is a function u € W, *() such that
(i) w > 0 almost everywhere in 2,
(ii) au"p e L*(Q), for all p e W, P(Q),
(iii) / |VulP~2VuVy do = / Nf(z,u) + pau )@ dx,  for all ¢ €
Q Q
Wy (9).
We assume that for almost all € Q, f(z,0) = 0 and for almost all z €
and all ¢t >0
(H)  flat) <c(l+¢77)

where ¢ >0, 1 <r < p*.
Let also F': Q x [0,400[— R be the primitive of f, i.e.

Pa,t) = /0 fardr.

We require that:

F(x,t
(Hl) lim SUPgeq (J}, )
t—0t+ tP

= 0;
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(Hs) lim SPecn @8 _ o
t——+o0 tpP

(Hs) there exists @ € C}(Q) such that @ >0 on Q and a7 € L®)'(Q).
Assumption (H3) is a standard hypothesis in the setting of singular problems
with arbitrary v > 0 (see for example [8]).

As usual, if u € W, P(Q), we denote by ut its positive part, that is,
ut = max{u, 0}.

Our main multiplicity result is the following

Theorem 1.1. In addition to (H), assume (Hy), (Hs), (Hs).
Set

Vu( pd
A= — 1f{ Jo[Vu(@) dz /qu da:>0} (1)

Jo F(z,ut(z

Then, for each X > \* there exists p* > 0 such that for each p €0, u*], the
problem (Px ) has at least three weak solutions.

In order to derive weak solutions in C1(Q), we replace hypothesis (Hz)
by the following stronger one:

(H}) there exist w € C3(Q), ¢ > p’N such that @ > 0 on Q and
au~" € L1(QY) (where p' =p/(p—1)).

We have the following

Theorem 1.2. In addition to (H), assume (Hy), (Hz),(HS) and let \* be as
in (1).

Then, for each A > \* there exists u* > 0 such that for each p €]0, u*],
the problem (P ) has at least three weak solutions in C(€2).

2. Preliminaries

Let us recall first some well known facts from non-smooth analysis (see [11]).
Let X be a Banach space and ®, ¥ be two functionals with ® € C1(X)
and ¥ : X —] — 00,400] proper, convex and lower semicontinuous. A point
uw € X is said to be critical for the Szulkin functional I = ® + ¥ if u €
dom¥(u) = {ue X : ¥(u) < +oo} and
(@' (u),v —u) + ¥(v) — ¥(u) >0 forall veX.
It is well known that a local minimum of I is a critical point of 1.

We also say that I satisfies the Palais Smale condition if the following
holds:

(PS) If {up nen is a sequence in X such that I(u,) — ¢ € R and
(@ (un), v —upn) +W(v) = ¥(uy) >

—epllv —uy| forallve X, neN

(where {e,} is a sequence of positive numbers converging to zero) then, it has
a strongly convergent subsequence.

Theorem 2.1. ([11], Corollary 3.3) Suppose that I satisfies (PS). If I has two
local minima, then it has at least three critical points.
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If X is a reflexive Banach space, a map A: X — X* satisfies the (9)4+
condition if the following holds:

(S)+ If {up tnen is a sequence in X such that u, — u (weakly) and

lim sup(A(uy,), un, —u) <0,
n

then, it strongly converges to u.

Remark 2.1. Let X be a reflexive Banach space, ® € C}(X), ¥ : X —
] — 00, 4+00] such that @ is sequentially weakly lower semicontinuous with @’
of type (S)4 and ¥ is proper, convex and lower semicontinuous. If 7 = ¢4+
is coercive, then I satisfies (PS).

Proof. Indeed, choose {un}tneny € X, {en}nen CJ0,4+00[ such that I(u,) —
ceR, g, —0 and

(D' (un), v —up) + ¥ (v) = U(u,) > —epllu, —v|, foral veX, n>1.

By coercivity of I and by passing to subsequences, we may assume that
u, — u. Since I is sequentially weakly lower semicontinuous, we have I(u) <
liminf, I(u,) = ¢ < 400, thus ¥(u) < +oo. Putting v = u in the above
inequality we obtain

(@ (up), up —u) < V(u) — U(u,)+ epllup —ull, forall n>1

and hence, limsup, (®'(u,), u, —u) < 0 (recall that U is weakly lower
semicontinuous). Exploiting the fact that @’ is of type (S)y, we infer that
U, — u strongly. O

We will need the following theorem which we state here in a convenient
form for our purposes:
Theorem A([10], Theorem C) Let Xbe a reflexive and separable real Banach
space, I : X — R be a sequentially weakly lower semicontinuous functional
and p > 0. Denote by T : X — R the functional

T(u) = %Hull”ﬂ(u)

and assume that T is coercive. Then, any strict local minimizer of T in the
strong topology is so in the weak topology.

The following is a convenient form of the Weak Comparison Principle
whose proof is standard and we omit:

Proposition 2.1. Let g: Q2x]0,+oo[— R be a Carathéodory function, nonin-
creasing with respect to the real variable and w,w € W1P(Q) are such that
u > 0, w > 0 almost everywhere in Q and w |spq < u |pq in the sense of
trace. Suppose that

—Apu(z) =gz, u(z)) > —Ayuw(z) - gz, w(z)),
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that is, for each non negative ¢ € W, ?(Q) we have g(z,u)p, g(z,w)p €
L'(Q) and

/ |VuP~2VuVedz — / g(z, u)pdr > / |Vw|P~2VwVedz — / g(z, w)pdx.
Q Q Q Q
Then, u > w almost everywhere in (2.

We conclude this section with a topological remark which will be useful
in the sequel.

Proposition 2.2. Let X be a Hausdorff topological space and {K, },en be a
sequence of nonempty compact subsets of X s.t. K,,11 C K,, for all n € N and

o0
() Kn=D1UDsy, DiNDy=0,

n=1

where D;, Dy are nonempty and compact. Then, there exist n € N and
C1, Cy nonempty compact sets such that

Kﬁ:C] UCQ, 010022@, Dlgcl, D2gc2~

Proof. Since X is a Hausdorff topological space, the compact sets D, Dy can
be separated by two disjoint open sets, i.e. there exist disjoint, nonempty, open
sets A, B such that Dy C A, Dy C B. So, K1 C |J,_,(X \ K,) UAU B. By
compactness and since {K,},en 18 nonincreasing, we may find 7 > 2 such
that K7 C (X\K;)UAUB, thus K;; € AUB. Then we set C7 = Kz\B, Cy =
K; \ A. O

3. Proofs of Theorems 1.1, 1.2.

In order to prove our main results, let us introduce the functional &) , associ-
ated to problem (P, ,) and some of its properties.

Without loss of generality we can assume that f(z,t) = 0 for almost all
z € Qandallt <0.Set, forall A >0, &y = H—\J , being H, J : Wol’p(Q) —R
defined by

1 1
Hw) = 7l = / Vu(z)Pdz,

J(u) = / P, u(z))dz,
Q
respectively, where F': 2 x R — R is the function
t
F(x,t) :/ f(z,7)dr.
0

Because of assumption (H), the functional ®, turns out to be of class
C' on the Sobolev space W, ().
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Define G : Q x R —] — 00, +00] as it follows:

a(z) t*”H, ifzeQ and ¢t >0

if 0<y<1, Grt)={ 1-~
400, ifxe and t <0
— _J —a(z)Int, ifxeQ and t>0
if y=1, G(x’t)_{—&—oq ifze and t<0
@) 41 e eQ and >0
if v>1, Glz,t) =< v—1 '
00, ifzeQ and t<0.

Remark 3.1. For almost every x € Q)
1. G(z,-) is convex,
2. G(x,-) is lower semicontinuous,
3. G(z,-) belongs to C*(]0, +oo[) and G'(z,t) = —a(x)t=7 for all t > 0.

Remark 3.2. 1. From assumption (Hs), it follows at once that a € L®")'(Q).
2. For all u € WyP(Q), the function a - u € L'(Q) and from Holder’s in-
equality, there exists a constant ¢ (the embedding constant of Wy? ()

into LP" (Q2))such that

/Qa(l’)llt(wﬂdw < cllall ey [lull-

Moreover, if u € Wy P(Q) with u > 0 ae. in €, then for
0 <y <1 wehave au'™? € L'(Q). [This follows from the above
inequality combined with the inequality ¢'~Y < 14t which holds for
t>0]
3. Forallu € VVO1 P(Q), the superposition operator associated to the function
G satisfies the following inequalities:

if 0<vy<1, G(yu()>- a() (u(-) +1) € L(Q)

if y=1 G(ul(-) >
if y>1 G(uls) =

G(z,u)dz, if G(z,u) € L'(Q)

+00, if G(x,u) ¢ LY(Q).

Using Remark 3.1, ¥ turns out to be convex and lower semicontinuous
(thus, sequentially weakly lower semicontinuous). Moreover, ¥ is proper. In
fact, we have the following

Lemma 3.1. Assume (H3). Then,
int(C;(Q)4) € dom(W)
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where int(C}(2),) denotes the interior in the ordered Banach space C{(Q) of
the positive cone

CoQ)y ={uecCi(Q):ux)>0 Vel
Proof. Let u € int(C3(Q)). Choose a C'- open ball B(u,d) (§ > 0) such
that B(u,8) C int(C3(Q),). Therefore, for ¢ > 0 small enough, u — et €
B(u,d) C int(C§()4), that implies u(x) > ei(x) for every z € . Then,
0<au™" <e Vau" € L¥)(Q) (see (Hs)).

If v =1, then
G u)| = allnu| <2 max |tint] € L) (Q) ¢ LMQ).
U t€]0,]ull o]
If v # 1, then,
w7l
G(u)|=a——.
Gl = ot

By Holder inequality, au~"t! € L'(Q) as the product of au™" € L®)'(Q) and
of u € LP"(Q), so the latter is a function of L'(€). O

Define &), : Wol’p(Q) —] — 00, 400] by
Ep(u) = Pa(w) + p¥(u), A, p=>0.

&\, is a Szulkin functional according to the definition given at the beginning
of Sect. 2.

Lemma 3.2. If u is a critical point of &) ,,, then u is a weak solution of (Py ).
Proof. By definition, u is a critical point of &), if u € dom(¥) and
(@) (u),v —u) + p(¥(v) — U(u)) > 0 forall ve W,P(Q). (2)

Let us prove first that u > 0 almost everywhere in €.

Since [, |G (x, u(z))|dz < +o0, then G(-,u(-)) is finite almost everywhere.
We distinguish two cases.

When ~ > 1, according to the definition of G, v > 0 almost everywhere.

When 0 < v < 1, from the definition of G, u > 0 almost everywhere.

Assume that there exists a set of positive measure A such that v = 0
in A. Let ¢ : @ — R be a function in Wol’p(ﬂ), positive in Q. Let ¢ > 0
small enough and define v = u + ep. Notice that since G(z,-) is a decreasing
function in [0, +oo[, we have G(-,v(:)) < G(-,u(-)) € L*(£2). This fact together
with Remark 3.2 implies that v € dom(¥). Plugging v into (2), dividing by
¢ and using the monotonicity of G(z,-), that is G(-,u(-) +ep(-)) < G(-,u(+))
almost everywhere in 2, we get
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0< / |VulP~2VuVe dr — )\/ f(z,u)p dx
Q Q
H _ H _
+5 /A[G(x,sgo) G(z,0)] de + /Q\A[G(x,u—i—sgo) G(z,u)] dx

e

< / |VuP~2VuVe dr — )\/ f(z,u)p dx
Q Q

5*7/ax¢x*7+1dwﬂfooassﬂ()+
T-y° ], 0

(notice that [, a(z)¢(z) 7 dx € RT, thanks to Remark 3.2). The contradic-
tion ensures that u > 0 almost everywhere in .
Next, let us prove that

auVp € LYQ) for all ¢ € WyP(Q) (3)

and that

/ |Vu|P~2VuVe dx — )\/ flz,u)p do — ,u/ a(x)u” Yo dx >0 for all
Q Q Q
pEWP(Q), 920 (4)

Choose ¢ € WyP(€), ¢ > 0. Fix a decreasing sequence {&, },en CJ0,1] with
lim,, €,, = 0. The functions

Gz, u(x)) — Gz, u(z) + enp(z))

En

hp(x) =

are measurable, non-negative and lim,, h,, (z) = a(x)u(z) 7 (z) for almost all
x € Q. From Fatou’s lemma, we deduce

/ a(x)u™ Ve dx < lim inf/ hy, dx. (5)
Q " Q

From the definition of critical point, using again as test function v = u + e, ¢,
it follows that

,u/ hy, dx §/ |VulP~2VuVy dx — )\/ f(z,u)p dx.
Q Q Q

Passing to the liminf as n — oo in the above inequality and taking into
account (5), we deduce at once (3) (it is enough to prove the integrability for
nonnegative test functions) and (4).

To proceed, first note that for each ¢ > 0, we have that cu € dom(WV).
Indeed, by the definition of G we get that for v # 1,

1
vy =1
For v = 1, we have G(-,cu(-)) = —Inca(-) + G(-,u(:)) € L*(9).

G eu()] < M a( () € LNQ)  (see (3)).
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Now fix € €]0,1] and plug v = (1 — €)u into (2). Dividing by &, there
exists 7 = 7(¢g) €]0,¢[ such that

0< —/ [VulP dx—!—/\/f(m,u)udx—l—u/ Gla,u=eu) = Gla,u) dx
Q Q Q £

= —/ |VulP dz + /\/ flz,w)u de + p(l — 7')77/ a(z)u=* d.
Q QO Q

Passing to the limit as ¢ — 0 and taking into account (4) we get

/Q |VulP de = )\/Qf(x,u)u dz + u/ (z)u= " da. (6)

a
Q

Let ¢ € W, P(2) and plug into (4) the test function v = (u+ep)t where
¢ is a positive number. Hence, by using (6) we have

0< / |VulP 2 VuV (u+ ep) do — )\/ flz,u)(u+ep) do
{ut+ep>0} {utep>0}

—,u/ a(x)u” " (u+eyp) dz

{u+ep>0}

:/ [Vul? dm—|—s/ \VulP2VuVe d
Q Q

_AAf(i,U)udx—gAAf(m7u)¢ dfc—u/Qa(:r)u_VH e

—& a(x)u T dr — Vul? de — ¢ VulP2VuVe dz
po| alz)u e ®
Q {u+ep<0} {u+ep<0}

o f flou)(utep) do o [ ol (u+ ep) d <
{utep<0} {utep<0}
<e {/ |VulP*VuVe dr — )\/ flz,u)p dx — ,u/ a(z)u” Y dm]
Q Q Q
—8/ |Vu|P"2VuVe dr.
{utep<0}
Notice that as € — 0, the measure of the set {u+ecp < 0} tends to zero, so
/ |VulP~2VuVe dx — 0.
{u+tep<0}
Hence, dividing by ¢ and passing to the limit as ¢ — 0, we get that

/ |VulP~2VuVe dr — )\/ flz,u)p doe — u/ a(x)u T dx > 0.
Q Q Q

From the arbitrariness of ¢, we get at once that u is a weak solution of (Py ;).
O

Lemma 3.3. Under hypotheses (H), (H2) and (H3), the functional &) , satisfies
(PS).

Proof. By using hypothesis (H) together with the Sobolev embedding theorem
and the strong monotonicity of —A,, one may show that @) is of type of
(S)+. Then due to Remark 2.1, it suffices to prove that &\, is coercive.
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By virtue of Remark 3.2, we may find positive constants ¢y, ¢o s.t.
U(u) > —ci|ul| — ¢, for all uwe WyP(Q). (7)

Next, fix € > 0. From (H) and (Hz), we may choose ¢, > 0 such that for
almost all z € Q and allt > 0

F(z,t) < et 4+ ce.
Then for all u € Wy*(Q),

1

1
D5 (u) ];IIUII” - A/QF(%U)dw 2 EIIUH” — Aeflully = Ace|€|

v

v

1
(p — /\035) llullP = Aec|,

for some positive constant cs.
Hence,

1
Sunlt) = B () + pT(u) > (p - A) lal? — Acel] — perflul - pes -

Choosing ¢ > 0 sufficiently small, we obtain the coercivity of &) ,. O

We can prove now our multiplicity result. The existence of two local
minimizers is obtained by following the ideas of Theorem 1 in [9], while the
third solution of (P ,) derives from Theorem 2.1.

Proof of Theorem 1.1.
From hypotheses (H), (H;) and (Hs) one has

J(u)
T ®
and
Jw _ (9)

||u\|1im+oo H(u)

Therefore, for each A > 0, the functional ®, is sequentially weakly lower
semicontinuous and coercive [as it follows from (9)]. Let ug be a global mini-
mizer of @,.

For every s € R, the set @;1(] — 00, §]) is weakly compact and metrizable
(thus, weakly sequentially compact) with respect to the weak topology.

Choose A > A* [see (1)]. One has that the null function 0 turns out to be
a strict local minimizer of @y [see (8)]. Applying Theorem A we get also that
0 is a strict local minimizer of ®, in the weak topology. Thus, we may choose
a weak neighborhood of zero U, such that

0=2®,(0) < ®)(u) forevery ueU, \{0}.
By the choice of A it follows that 0 is not a global minimum, that is

(I))\(UO) = WI}I;I(lQ) P\ < 0= (b)\(O)
0

We may write

®,1(] —00,0])) = D1 UDy, Dy ={0}, Dy="(]—00,0])\U, .
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Clearly Dy, D5 are disjoint and weakly compact in X.
On the other hand, one has

0571(] — 00,0)) = ﬁ@zl G o, H) -

Exploiting Proposition 2.2 we may find 7 > 1 and weakly compact sets
Cq, Cy s.t.

1
(I);1<:|_Ooan]>zcluc% CinCy=0, Dy CCy, DyCCs.

Note that C7, Cy are also weakly sequentially compact and that 0 € Cy, ug €
Cs.

Put o = % We separate C1, Cy by two disjoint weakly open sets A; and
A, and we consider the sets

Gi={ued;: O\(u)<o}, i=1,2.

Obviously, G; C C;, i=1,2 and 0 € Gy, ug € Gs.

The sets A;, Az are also open with respect to the strong topology.
Moreover, the functional ®) is continuous with respect to the strong topology,
as the sum of two continuous functionals. It follows that the sets G ,Gy are
open with respect to the strong topology.

We wish to prove that dom(¥) N G; # 0, for i = 1,2. By virtue of
Lemma 3.1, it suffices to check that

int(Co(Q))NG; A0, i=1,2.
Since 0 € G, there exists a positive number € such that B(0,¢) C Gi.
Choose @ € int(C¢(2)4). Then sz € G and this proves that dom(¥) N
G1 #0.

On the other hand, ug € G2 and ug is a critical point of @, thus it is a
weak solution of

—Apu = Af(z,u), uloa=0.

By classical regularity theory, ug € int(C}(€Q)4) and thus, dom(¥) N Gy # 0.
Since ¥ is sequentially weakly lower semicontinuous and C; are sequen-
tially weakly compact sets, the infimum of ¥ on each Cj; is attained.
Set

. \Il(u) — ming, ¥ .
; =inf { ————— Y ; =1
m; m{ RO u € dom( )ﬁGl} 7 )2

and choose p* >0 s.t.
1/p* > max{my, ma}.

Let p €]0,u*]. For each i € {1,2}, we have 1/u > m;, so there exists
y; € dom(¥)NG; s.t.

o> ®x(yi) + p¥(y:) — Hr%in\ll. (10)
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Since @) + p¥ is sequentially weakly lower semicontinuous we may find
uy € dom(¥) NCy, ug € dom(¥)NCy s.t.

min(®y + pl) = €5 (u) +p¥(u;), i=1,2.

We claim that u; € G;, i = 1,2. Suppose on the contrary that ®y(u;) >
o, for some i € {1,2}. Then, by (10)

©a(ui) + p¥(ui) 2 0+ pmin ¥ > @5 (y;) + 0¥ (yi),

which is a contradiction.

Since (G1, G2 are open in the strong topology, we infer that wy, us
are two local minima of ®, + pV (recall that G; C C;). Thus, from Theorem
2.1, we deduce the existence of a third critical point for &) ,. Bearing in mind
that local minimizers of &), are critical points of &) ,, Lemma 3.2 ensures
that problem (P, ,) has at least three weak solutions.

Remark 3.3. It is clear that for u = 0 the thesis still holds. Indeed, 0 and
the function wg are respectively a local and a global minimizer of ®,. The
existence of a third critical point for ®, follows in a standard way through the
classical Mountain Pass Theorem.

Proof of Theorem 1.2. It suffices to prove that for all A\, y > 0, each positive
weak solution of the problem (P ,) lies in C'(Q). Fix A\,x > 0. Since
q > p'N > N, from Proposition 2.1 of [8], there exists a unique weak solution
v € int(C§(Q)) of the problem

—Apy =pa, v|pa=0.

Put u=crive int(C3(Q)) with e €]0, 1] and such that ||u/|s < 1. One has
that

—Apu — pau? = pale —u~7) <0.

Arguing as in Lemma 3.1, au™" € L9(Q) C L®)'(Q) (recall that ¢ >
N > (p*)'). Thus, au "¢ € L'(Q), for all ¢ € W (). To proceed, let u
be a positive weak solution of the problem (P, ,). We have

—Apu — pou? = Af(Lul) > 0> —Ayu — pau”

which implies that w > u (see Proposition 2.1). Hence, au™ < au™", so
au=" € LI1(Q) and ¢ > N > N/p = (p*/p)’. Now by virtue of hypothesis (H),
we have

—Apu < Aeu™™ U+ pauT + Ae,

where 1 < r < p*. Exploiting Theorem 2.3 of [2], we infer that u is locally
bounded. It follows that

—Apu=Af(-,u(") + pau=" € LL ()
with ¢ > p’N. Consequently, u € C*(£2), due to [3, Corollary,p.830].
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