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Let us consider the nondivergence form elliptic equation a,u, . = /. In this paper
we show that if the known term f belongs to the Morrey space L™* then the second
derivatives of the W*”-solution u belong to the same space. Next we derive a
C *_regularity result that is related to a recent work by Caffarelli. 1993 Academic

loc
Press, Inc.

INTRODUCTION

The aim of this note is to study the local regularity in the Morrey spaces
L™ (1< p< +xc, 0<i<n; see Section 1 for definitions) of the second
derivatives of the solution of an elliptic second order equation in
nondivergence form.

Precisely let us consider the equation

n
a
Li=1

i/ux,,\',:f’ (*)

where f is assumed to be in some L”* spaces and the coefficients are
taken in the Sarason class 7_.#.¢. introduced in [S] (see Section | for
definitions).

In his recent paper [Ca,] (which prepares the deep work [Ca,]) in
Theorem 1 of Section 3, L. Caffarelli proved that if /' belongs to the Morrey
class L™™, with 0<x< 1, then every W?>’.viscosity solution u of the
equation (*) is of class C '~

We observe that it seems that the assumption on f could not be replaced,
in [Ca,], by the weaker one fel?”” p<n, >0, because of the
method followed in the proof which relies on the maximum principle of
Aleksandrov-Pucci.

241
(0022-1236/93 $5.00

Copyright ¢+ 1993 by Academic Press, Inc
All rights of reproduction in any form reserved



242 DI FAZIO AND RAGUSA

In this note a similar result can be obtained as an application of the
L™* estimates for the second derivatives of a strong' solution under the
assumptions

1 1

p H—A

<0, 1< p< 4+ o0, O<i<n.

Our method is based on an integral representation formula of the second
derivatives of the solution u used in [CFL].

In order to derive the required estimates from such a representation
formula, we need to study the action on Morrey spaces of some singular
integral operators (of non-convolution type). This is done in Section 2
which is the main bulk of our work.

The study of some similar simpler operators has been made by us in
[DR].

Here we have found it convenient to study previously such singular
operators in some weighted Lebesgue classes and then deduce the L7*
result using some special weights.

We believe that these results could be of some interest in themselves.

The application of these results to equation {*) is done in Section 3.

Finally we thank L. Tuccari for some useful talks.

1. SOME DEFINITIONS

1.1. Let € be an open set in R” (n>3). We denote B,(x) as the ball
centered at x with radius r. We set B, = B,(0). For any locally integrable
function f in €2 let us consider the quantity defined by

n(r)= Sup ()=S0l dy,

p<r Bu(x)
B,cc 22
where f} (., is the integral average of f/ over B, (x). Call #..#.¢.(2) the set
of those fe L\ (R2) for which 5 is bounded and 7..#.(.(R2) the subset of
B..4.0.(Q) consisting of those f for which # vanishes as r decreases to zero.
AB.#.C(Q2) is a Banach space with the norm (modulo constant

functions) || /||, = Sup #(r).
1.2. As usual, for pe ]1, + o[, A€ ]0, n[, let

1
11 =Sup= [ 1f(y)I" dy

p>0p" BN
and call L”*() the set of those measurable f for which || | Lrigy 18 finite.

!'See, e.g.. [GT, Chap. 9] for a definition.
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1.3, Let k(x): R"\{0} - R. We call k(x) a Calderon-Zygmund kernel
(C-Z kernel) if

(i) k{x)eC™ (R"\{0});
(ii}) k(x) is homogeneous of degree —n;
(i) Ir k(x)do,.=0, where 2= {xeR":|x|=1} is the unit sphere
in R”.

14. Let 1< p< 400, u(x) a non-negative locally integrable function
on R". We say that u(x) belongs to class 4, if and only if

1

P
Supf u(x) dx <][ u(x)"""”’”dx) =C, <+
o ‘¢ )

the supremum being taken on the class of all cubes with the edges parallel
to the coordinate axes. We call C, and A, constant of w.
We say that u(x) belongs to A4, if there exists a constant C > 0 such that

Mu(x) < Cu{x) a.e. in R",

where Mu is the usual Hardy-Littlewood maximal function of u. The
infimum C, of the constants C for which the previous inequality holds will
be called the 4, constant of u. Finally we let 4, ={,_,.,, 4,.

2. SINGULAR INTEGRALS AND COMMUTATORS

In this section we prove the basic results about singular integrals and
commutators that we need to get an a priori bound for second derivatives
of the solution u to equation (*).

We follow, as in [CFL], the usual technique of spherical harmonic
expansion.

Because the constant in the weighted estimate for the Calderon
Zygmund operator appears to depend on arguments which are not the
same as in the unweighted case, we prefer, for the reader’s convenience, to
recall the outline of the proof of Theorem 2.10 in [CFL] giving all the
details whenever needed.

We start recalling some well known definitions and properties of
spherical harmonics (see, e.g., [N]).

Any homogeneous polynomial p(x) of degree m, a solution of Au=0,
will be called a solid (spherical} harmonic of degree m. Its restriction to the
unit sphere X will be called a spherical harmonic of degree m. Denote by
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H,, and %, the spaces of solid and of spherical harmonics of degree m,
respectively. Also set H=1\), y, H, and # ={J H,. ¥, is a finite
dimensional vector space. Let dim %, = g,,,.

Call {Y,}, I=1,.,8, m=0,1,2 ., an orthonormal system of
spherical harmonics complete in L*(X).

The following lemma holds.

me Ny

LEMMA.  We have:
() gu=("7" )= ("< Cymt
(i) IDH(xI™ Vi)l < Cln) x| Wt 21 yxe RN (0} k =
19 ey gln'
THEOREM 2.1.  Let k be a real measurable function in R" x (R"\{0}) such
that
(1) k(x,z)is a C.Z kernel for aa. xeR"
(il) max; <y, [(87/027) k(X, 2| Lo (mrx sy =M < + 0.

Let we A, with A, constant C,,, fe L"(R"), | <p< + o, o B.4.C(R"),
and for £ >0 set

KS)=[  kxx—y) f)dy

jx--y|>e

Clo. fA =] klx,x=nle() = ()] /¥ dy.

lx -y >¢

Then, there exist Kf, C[ o, f}e€ L”(R") such that

o

im K,/ = Kf |l gy = lim 1C,0o, f1=CLos S 1giar =0

and moreover there exists a positive constant C=C(n, p, C,, M) such that

||Kf|| Lf}(R")< C ”f” LP(R")
and

ICLe, f1I v <Cloll, il LO(R":

Proof. By a density argument it is enough to prove the theorem for
feCHR).

The proof will be given in several steps.

We define for each me N and k=1,2, .., g,

ak,,,(x)=J‘ k(x, 2) Yo, (2) do..

x
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Step 1. |lag,ll = < C(n) Mm~".
See [CFL, Lemma 2.10, Step 1].
Step 2. Series expansion of K, f, C.[o, f].
We have
s Em
V" K(x, »)= 3 Y @pulx) Vil p)
m=1 k=1

and, as in [CFL],

Ykm(r ))f( )d‘

1 |Jx - yv[>e L\' ‘|n
=Y Y GO R )

and

C.Lo, f1(x)

< Vim(X —~

Y a0 ]

Ix—yl>e¢ |x

[(p(r —o(y)] fly)dy

3 .
[ M n M s

i B ) (St /()

Step 3. Fundamental inequality.

Yim(x—y Y .(—y ‘

km(r ’_’})_ km( ’,')) éC(n)m"“z——lf—lel-; |y|>2\x|>0
lx~yl [— ¥ [¥]

k=1,..,8,,m=0,1, ...
Proof. We have
a Y'"(x m—an-— m a —n
|x|"’"—“k'7“)= —n x| 2 x; Ykm(x)+(|x| 3 Ykm(x)) x|

x; x| ox;

= —n|x|" "7 X, Vi(X)

)
+xf " {E(le'" Y m(X)) —m|x|™ 2 x, Ykm(x)}-

Using the previous lemma we get

1

|x|n+l'

0 Yilx)

s ni2--1
FR Cla)}n+2m)m

Now the inequality is an easy consequence of the mean value theorem.
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In fact
Ykn (~\’_ ") Ykr (— ],') L I.Yl
, — < Cn)(n+2m)ym" T
FEET T ) T
SC)(n+2m)ym=2 12041 ( l|':|+1’
Y

where 8 is a convenient number in ]0, 1[.

Step 4. Let R,,f be the singular integral operator with kernel
Y, m(X)/|x|” and let S,,, / denote the singular commutator defined by

Ykm(x _ .V)

Senlo. /1) =] i (ol) = 0(2) () v

lx—»
If M, f denotes the fractional Hardy-Littlewood maximal operator
1p
(M, /)ix) = Sup ({m lfl”dy> (1<p<+x)
we have, for a.a. xeR", k=1, .., g,
(Rim S )* (X) < C(n, p) m">M, f(x)

and

(Sim/V* XV Cln, pY @l 1" M, f(x) + M (R [ )X) -
Here f* denotes the usual sharp function of f (see, e.g., [FS]).

Proof. By translation invariance we prove the inequalities at the point
x=0. Let us begin proving the first of these.
By Step 3 we get

r Y x—y Y. (—1v
J krr—l(Y 3)_ Am( 3) lf(y)‘ dy
> 20 | |X =y | =¥l
<Conm1xl | Iy
J¥h>21x]
<Copm™1x T 241y A dy
Pt 2K ixl sy <2k x|

< C(n)y m"* (M, £)(0).
Now let £¢> 0 and write

Fx)y= f(x) xp{x)+ fIX) Lge g (X) = [1{X) + fr{x).
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Then

e ',‘l lemf(x) - kaz:f(o)l dx

x| <62

<e | IR filx)] dx

|x} < &2

| | Ri f5(X) = Ry £10)] dx

(x| <e&i2

Vip
san,p)s*"“"(f If.(x)l”dx> S I 05
" jxl<e2¥|vi>e
x Ykm(x - ,]") _ Ykm( - }’)
|x—_1’|" |_y]n

< C(n, p)ym"* (M, £)(0),

dy dx

where we have used the Calderon-Zygmund theorem and the previous
estimate.
Taking the supremum with respect to ¢ the inequality

(Rim /)7 (0)< C(n, p) m"*M,, [(0)
follows.

Now we prove the second inequality.
If xe B,(0) we have, following [T, p. 4181,

(Skmf)(x) = ((p(x) - (PBﬁ) kaf(x) - ka((/’(}’) - (pB,) Af‘XBg,(x)
= Rl @(¥)— 05) [Agr 5,(X)
= A(x)+ B(x)+ C(x).

Arguing in the same way as [T, p. 418] we get
f, 14001 dx < €O p) ol (M (R £1)(0)
and
f, 18N dx<Cn p) gl (M, £)(O)

Now, using the fundamental inequality (note that R"\B,, is contained in
{Iyl>2|x[>0}),
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|C(Y)’_C(0)| < J. o (Ykm(x_ }")_ Ykm(_}’)

le—yI" ="

) (p(y)—@g) f(¥)dy

<Conmixl [ lon)—eal SO 1" dy
< Clny m”? || ( oo U711 dy)

1ip’
X(LWB lo(»)—@5)" 1y " ‘dy)

+ o 1/p
<conm sl (T @4 sl av)
k=1 Iyl <28 1)y
+ 1ip
(T et el )
k=1 V2Kt

< C(n, p) m" (M, 1)O) lloll 4.

where we have used Proposition 3.2 of [T, p. 206].
Then

J(B [C(x)— C(0)) dx < C(n, p)y m"* (M, f)(0) o},
Finally, for some ¢ >0,

(Sunf)* (OS2 | 1SS (x) = (Sim ] )a)
<C(n, p) 19l {m"M,, £(0) + MRy, £)O)}.

Step 5. 1R Sl ST f N pocos 1Skm S 1p. < Cm™ Nl 1S, for
every fe L?(R") with C=C(n, p, Cp).

Proof. From Step 4, if 1 <g< p<+ 0,

[ MR/ 17 () 0lx) d < Cln, pym? [ 1M, 17 (x) o(x) dix

.
= C(n, p, Cym™ [ 1/(x)]” w(x) dx
R’l
and by a well known result of Fefferman and Stein (see [FS]),

[ Rin N 5.0, < Cln, p, C,) m™? || 1., Similar arguments follow for the
commutator S,,,.
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Step 6.
”kazf”p,w < C(n’ Ps Cp) mmz ”f“p,m
”Skmef”p.m S C(”r y Cp) mm? ”Q’“* ”Af“pvm

H(R).

for every feL

Proof. 1t follows from the inequality, proven in Step 4,

e "] IR0~ R JO) d < Clm p) m" M, £(0),
Then, we have
Rin OIS C1IE " [ (R ()] dx+ Clo p) M, £10)

< C(n, pYM(R,, )(0) +m" (M, £)(0))
and then by translation invariance

|Rime SN < Clny PYM(Rp f)(x) +m" (M, f)(x)).

Taking L’ norms of both sides it follows

“Rknmf”p.m S C{n’ P’ Cp)( “kapr,m + mmZ H.f“p.m)
<C(n, p, CYM™? (| f1 p.0s

where we have used the weighted version of the Hardy-Littlewood
maximal function and the previous step.
Similar arguments follow for the commutator S,,,,, .

Step 1.

1K, Sy SCHS N p o IC.Le, S po <Clolly 1/ ,.0s
where C=C(n, p, C,, M).
Proof.

x Bm

Z Z akm(x) kac.f

m=1 k=1

IK Sl g =

P

x gm
< C(n, P> Cp) M Z Z m= “f“p.w

m=1 k=1

m- M+ ni24+n--2 Hf”
1

=C(n, p.C,) M

p.wt

m

Similar arguments follow for the commutator C.[¢o, f].
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Step 8. Letting

Kf(") = Z i akm(x) Rklmf(x)

m=1 k=1
and
Clo. fAX)= Y, Y aunlx) Spn flx)
m=1 k=1
we have
KMo <C U
and

1CLos f M po S C i@l 1S 1o
where C=C(n, p, C,, M).
Proof. The proof is the same as in the previous step using step 5.

Step 9.

lim K f = Kfll,.,= lim |C.Lo. /1= CLo, £, =0.

Since the convergence of the series defining K, f and C,[¢, f] is uniform
with respect to ¢ we can take the limit under the series sign obtaining the
thesis and so the theorem is proved.

THEOREM 2.2. Let B be an open ball of R" and let k(x, z) be a real
measurable function in Bx (R"\{0}) such that

(1) k(x,z)is a C.Z. kernel for a.a. x€ B
(i) max; ¢, 1(87027) k(x, 2 12 (pery=M < + 0.

Let me A, with A, constant C,, feLl(B), | <p<+w, geB.H4.0.(B),
and for € >0 and x € B set

K fo)=| k(x, x— ) f(y) dv

Jx - v]>¢ ve B

C.Lo S0 =] k(x, x = )[o(x) = 9(1)] f(3) dy.

v - v{>e reB

Then, there exist Kf, C[ o, f1e L?(B) such that

w

lll":')l+ “Kuf'— Kf” LP(B) = l_l'rg‘ “Cc[(/), f] - C[q)’ f]” pru(B' =0
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and moreover there exists a positive constant C=C(n, p, C,, M) such that

HKfH 1.74B) <C ”f” L7(B)

w

and

1CLo. ST oy S Cll@l o 1S rgmy-

Proof. The conclusion follows from Theorem 2.1 setting

~ k(x, z if z
k(x,:)={ (x, z) if xeB, #0

0 if xeR"™\B,  :#0
%o JS(x) xeB
fx)= {0, xeR"\B

and @ the #.#.¢.(R")-extension of ¢ given by Jones’s theorem (see, e.g.,
[J, Theorem 1 and p. 54, (2.20)]).
Indeed we have the existence of a function Kfe L
Let Kf be the restriction to B of Kf. Then

”(R") by Theorem 2.1.

w

lim K./~ Kfll o= lim 1R = K7l 1106 =0.

Moreover, by Theorem 2.1,
WKL 22000 < VTN 1 S C NI pgsen = C U W g
Similar arguments for the singular commutator lead to
1CLe, S 1remy < C U@l 1T Lo

Applying Jones’ theorem (see [J, p. 42 and p. 54, (2.20)]) we have
[CLeo, £l LP(B) < C el * ”f” LBy

THEOREM 2.3. Let B an open ball of R” and let k(x, ) be a real function
satisfying the hypotheses of Theorem 2.2.

If 1<p<+ow, O0<i<n let feL"*(B) and o€ B.#.C(B) and K, f,
C.lo, ). Kf, and Clo, ] have the same meaning as Theorem 2.2. Then Kf
and C[ @, f] belong to L™*(B). Also

lirg (K, f = Kfll s =Fl_i.r(r)1+ 1CLo, f1-ClLo, fl1ris=0

and there exists a constant C such that

HKfH 1LPAB) <C Hf“u’-‘vls)
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and
ICLe, f]“ Lrm S C “‘PH* Hf” LPAH(B)s

where C=C(n, p, M, 1).

Proof. Fix any y € J4/n, I[ we know that (My )" (x)e 4, < A4, with
A, constant depending on y and n only (see, e.g., [CR]).
For some x,e B and p >0, we have

(K S~ KV wsm<20 7| 1K= KfI7 dx

B B,(x9)

=2p [ 1KoS = KAV i x) dx

<2 | 1KS = KT (M) () dx

and, by Theorem 2.2,

lim (K, f =Kl o) = 0.
Now for every ¢ >0 and any ye B we get

J RSLOI" dx :J‘ IKFCON? (1 pa0(x)) dx
By(y)n B 5

< [ KA (M g,00(x)) dx
B

< Co* Hf“i/w'w)z
so that
VSN osmy < C NSl sy

Similar arguments follow for the commutator C[ e, f].

THEOREM 2.4. Let oe vV ..#4.C(R"). Then, for any £>0, there exists
Po>0 such that, if B, is a ball with radius r such that 0 <r < pg,, k(x, z)
satisfies the hypotheses of Theorem 2.3 in B, and f belongs to L”*B,)
(l<p<+oo, O<i<n) we have

ICla, f W ripy < Ce | fllris,y  VfEL”(B,),
for some constant C=C(n, p, A, M).

2 For the last inequality see the proof of Theorem 1 in [CF, p.275].
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Proof. Fix pgy such that n(py) <e. Then apply Theorem 2.3.

Remark 2.5. We observe that the result in Theorem 2.4 is true if we
assume ¢ is defined only in some ball B with o], <=
This clearly follows from Jones’s extension theorem.

3. AN A Priorr ESTIMATE AND SOME REGULARITY RESULTS

Now as an application of the results in the previous section we get an
a priori estimate for strong solutions to the nondivergence form elliptic
equations.

Precisely let n>3, B be an open ball of R", and LEZ;sz,aU(x)
(€%/0x, dx;), where

() aix)=a,(x)Vij=1,.,n aa xeB
(iif) Iv>0 v ' EELY a;(x) &, <v|E? ae in BVEeR"

=1

In the following we set

n 1 n?2
I(x, 1) = {(n—2) w,(det a;(x))""*} ' ( z A;(x) t,-t,-)

ij=1

for ae. xe B, for re R"\ {0}, where, as usual, we denote by A,(x) the
entries of the inverse of the matrix (a,;(x)), ;_, » . ,. Observe that, for fixed
Xxo€ B (B being the subset of € in which (i) and (ii) hold everywhere)
I'(x,, 1) is a fundamental solution for the operator

Lou(x)= Y a,(xo)u,,,(x).
ij=1
Also we set
2

at,

ivty

¢
Ii(x, t)=—t I(x, t) and Iy(x, 1)= I(x, 1)

i ot

We recall an integral representation formula for the second derivative of a
function in the class Wi #(B) (see [CFL, Sect. 3]).

THEOREM 3.1. Let n>3, B, and (a,),;—, ., be as above and
ue W2 *(B). Then, for a.a. xe B,

ll,\',x,(X) =PV, J- r‘:’. (x, x — ,V)
B

X [ Y Aam(x)— a3} uy, (1) + Lu(y)] dy

hk=1

+ Lu(x)J

1 =

Ii(x, t)t,do,.
1
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In the following we let n =3, 2 be an open subset of R”, and

71

Lu(x)= Y a,(x)u,, (x)
ij=1
where

(1) ay(x)e? . H4.C(Q)
(i) a,(x)=a;,(x) Yi,j=1,..,n, aa. xe (H)

Jit

(iii) dJv>0, v LIPS Y a8 v e a.e. in Q, vieR"

ij=1

Furthermore call y,(r) the quantity associated to a,{x) in Definition 1.1
and set n(r)= (X} ,_, n;(r)'~

Also we call
fﬁ’ri/(x’ f)

or*

o

L7 (Qx3)

max max ‘
ii=1an x| €2 !

We have the following

THEOREM 3.2. Under assumption (H), pe 1, + o[, Ae ]0,n[, there
exist positive numbers C=C(n, p, 2, M) and py = po(C, n) such that for any
ball B,cc Q, r < p,, and any ue W2 "(B,) such that Uy € L7*(B,) we have

Hu,\.,'\_/H prisy S CllLull fryg, Yi,j=1,..,n

Proof. This follows immediately from the representation formula in
Theorem 3.1 and Theorems 2.3 and 2.4.

Now we derive our regularity results. The first one is a Morrey-type
regularity theorem, while the second is a C'* result which extends, in some
sense, a result of L. Caffarelli (cf, e.g., [Ca,, Sect.3, Theorem 1; Ca,,
Theorem 27).

THEOREM 3.3, Assume (H), 1 <p< +oc, 0<i<n. Then if ue W2(82),
Lue LPX(RQ), and given 2 cc Q" <= Q we have D*ue L>*(2') and there
exists a positive constant C=C(n, p, A, v, d(', éQ"), n) such that

I D?ull L S C{ Null Losgey + | Lta]] u‘*ln"»}-

Proof. Let B< Q be a ball whose radius will be chosen later.
For i, jh k=1,.,n and fe L"*(B,) let us define

Si,hk(f)(-") =PV L Iy(x, x— Maw(x)—au(y)] f(y)dy.
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By Theorem 2.4 we can take p > 0 so small that 3, .Sl <1. Next, we
consider a ball B with radius not greater then p and a cut-off function
peCg(B).

Since v = Bu belongs to Wl 7(B) we can apply Theorem 3.1 to get

v XX (X) = Z Sljhk(v,\'h \f;,)

hk

P V.f Fx x— y) Lo(p) dy+ Cy(x) Le(x), (%)
B

where the C;(x) are bounded functions arising from the formula in
Theorem 3.1.

By the hypothesis Lue L”*(B) and from Sobolev's lemma it follows that
Lve L""(B) with 0< 4, < 4.

For the sake of simplicity let us now define

-

h=(h,), . =PV JB (6 x— y) Lo(y) dy + C(x) Lo(x)

from which it follows that

Vi, = Y Sl U ) + s ij=1,.,n
hk

Finally let us define

Tw=({(Tw);)ijor a= <Z Simc () + k.‘,‘)
hk Lj=1,..n

for every we L”*(B) and observe that clearly T is a contraction in

[L™*(B)]".

Then we know that T has a unique fixed point W in [L”*(B)]" and also
in [L?(B)]™ (cf. [CFL]).

By formula (**), (v, ); ;-1 .. is also a fixed point in [L"(B)]" and
then by the uniqueness v, =W Vi, j=1, .., n If 4, =4 then we are done.
Otherwise we get the conclusion iterating this argument a finite number of
times. The estimate now follows by standard covering arguments and
Theorem 3.2.

THEOREM 3.4 (cf. [Ca,, Sect. 3, Theorem 1]). Assume (H), 1<p<ot,
n—p<i<n Then if ue W>"(Q), Lue L"*(2) given Q' cc Q" cc Q we
have Due C%*(Q') where «=1—n/p + i/ p and moreover

1Dl congny < CLIul oy + 1 Ltll rgary )

Here C has the same meaning as in Theorem 3.3.

580:112:2-2
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Proof. Using Theorem 3.3 and the Sobolev—Morrey embedding (see,
e.g., [Sta, Theorem 3.27]) we have at once the conclusion.

Remark 3.5. Let us observe that in the previous theorems we could
weaken hypothesis (H) by substituting (i) with a requirement of sufficient
smallness of #(r).

[Ca,]
[Cay]
[CF]
[CFL]
[(CR]
[DR]
[FS}

[GR]

[(GT]

(11
[N]

(s}
[Sta]

[T]
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