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1 Introduction

The extension problem is a classical problem in the theory of function spaces with important applications in many
fields of mathematical analysis, in particular harmonic analysis and the theory of partial differential equations.
Broadly speaking, the problem consists in extending to the whole of R” the elements of a space of functions
defined on a given subset of R”, with preservation of certain differentiability and summability properties. The
analysis of such problem goes back to the works of Whitney [9], [10] and Hestenes [5] who considered spaces
of continuously differentiable functions. In the case of Sobolev spaces W'”(Q2), with [ € N and p € [1, o0],
defined on open sets £ in R” with minimal boundary regularity, i.e. €2 in the Lipschitz class C%!, the problem
received important contributions by Calderon [4], Stein [7], [8] and Burenkov [1], [2]. They constructed three
different linear bounded extension operators from W7 () to W7(R"). Compared with the classical extention
operator by Hestenes [5], the main striking feature of Calderon’s, Stein’s and Burenkov’s operators consists in
the fact that  is not required to be of class C! with [ > 1. For a discussion concerning the differences between
those operators, as well as for historical remarks and other references, we refer to Burenkov [2], [3], and to
the earlier Stein’s book [8]. For the convenience of the reader, we briefly mention here the main properties of
such operators. Calderon’s extension operator is based on an integral representation formula involving singular
integral operators, hence it does not allow to deal with the cases p = 1, co. Stein’s extension operator concerns all
exponents p € [1, oo] and is universal in the sense that the same operator can be used for all orders of smoothness
[. Burenkov’s extension operator is not universal but allows dealing with all exponents p € [1, oo], and also with
anisotropic Sobolev spaces. Moreover, Burenkov’s operator provides functions which are C* outside €2 and the
order of growth of the derivatives of such functions, when approaching the boundary, is the best possible in some
sense. We also mention that Burenkov’s operator allows to deal with open sets of class C*” with y < 1, in which
case the target space is not W7 (R") but W7 (R").

We denote Burenkov’s extension operator by T and we refer to formula (2.3) for its definition in the case of an
elementary Lipschitz domain €2 given by the subgraph of a Lipschitz function, and to formula (3.1) for the case
of general bounded or unbounded Lipschitz domains. For simplicity, we do not emphasize the dependence of T
on [ in the notation, but it is always understood. Burenkov’s extension operator is also described in great detail in
Burenkov’s book [3, Chap. 6], to which we shall refer in this paper for any result required in our proofs.
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2 M. S. Fanciullo and P. D. Lamberti: On Burenkov’s extension operator

We note that the operator 7 in (2.3) is defined by means of a sequence of mollifiers with variable steps and has
a local nature in the sense that the values of the extended function 7 f around a point in R” \ €2 depend only on
the values of f localized around certain “reflected” points inside €2.

The main aim of the present paper is to exploit the local nature of Burenkov’s extension operator in order to
prove that such operator preserves also Sobolev—Morrey spaces.

Given p € [1, oo], a function ¢ :]0, co[—]0, oo[ and § €]0, oo], for all f € L] (), we set

loc
) 1
”f” 0.6 = Sup Sup (-/ |f|”dy> .
My (2) xeQ 0<r<s ¢(r) B, (x)NQ

We also write M (R2) to denote M’ *(£2). The Morrey space M’ () is the space of functions f € L ()

such that [| £l ¢4 o) < 0. If ¢(r) = r* forall r €]0, oo|, we obtain the classical Morrey spaces M]*,"S(Q) (which

are known to be of interest only in the case A € [0, n]).
Givenl € N, p € [1, 00[ and § € [0, oo[, the main result of the paper is the following estimate

IDTf gy ¢ D PP Fllyesqy (1.1)
0=<|B|=le]

for all f € wl-p () and |x| < I, where ¢ > 0 is independent of f. See Theorem 3.3. Moreover, we also prove
that if 2 is a bounded or an elementary unbounded domain, then ¢ can be chosen to be independent of §, hence in
these cases estimate (1.1) holds also if § = co. See Corollary 2.6 for the case of elementary unbounded domains.

In particular, if f € W/7(Q) is such that D* f € M*(Q) for all || <[ then D*Tf € M}°(R") for all
laf < L.

This paper is organized as follows. In Section 2, we consider the case of elementary Lipschitz domains defined
by the subgraphs of Lipschitz continuous functions. Section 3 is devoted to the case of general Lipschtz open sets.

For another contribution in this field of investigation, we refer to Khidr and Yeihia [6] which obtain results
radically different from ours.

2 Burenkov’s extension operator on elementary Lipschitz domains

In this paper the elements of R" are denoted by x = (X, x,) with ¥ € R"~! and x, € R.
If © is an open subset of R", we denote by W7 (Q) the Sobolev space of function f € LP(2) with weak
derivatives D* f € L?(Q2) for all |at| < I, endowed with the norm || f|ly.»(q) = ZOS\(X\SI D% fliLr(q)-

2.1 The case of unbounded Lipschitz subgraphs
In this subsection we consider elementary Lipschitz domains €2 in R” of the form
Q={xr=F x)eR :x, <gx),¥xeR" '}, 2.1)
where ¢ : R"~! — R is a Lipschitz continuous function, that is there exists a positive constant M such that
p(X) — (3| < MT-3]. VE&.yeR". 2.2)

The best constant M in inequality (2.2) is the Lipschitz constant of ¢ and is denoted by Lip ¢.
Let G = R" \ Q. For every k € Z, we set

Gi={xeG: 275 < pa(x) < Z’k}

where p,(x) = x, — ¢(X) is the signed distance from x € R" to 3G in the x,, direction. Clearly, p, (x) > 0 for all
x €G.

In the sequel, we need the following Partition of Unity’s Lemma from [3, Lemma 18]. Here N denotes the set
of natural numbers including zero.

Lemma 2.1 There exists a sequence of nonnegative functions Y. belonging to C*°(R"), for all k € 7Z, satisfying
the following conditions:

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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s I, if xegG,
i > = .
o 0, if x¢GaG;
(i) G = UpZ_ . suppyy and the covering {suppyy }kez has multiplicity equal to 2;

(iii) Gy C supp¥x C Gy UG UGy, forallk € Z;
(iv) DY (x)| < c(@)2", forallx e R", k € Z,a € N}

We are now ready to recall the definition of Burenkov’s extension operator for an elementary Lipschitz domain
Qasin (2.1).
Let/ e Nand 1 < p < oo. Forevery f € W'?(Q), we set

f(x), if xeQq,

(Th)(x) = (2.3)

3 ) filx). if xeG,

k=—00

where

Ji(x) = /” f (Y— 27z, X, — A2_kz,,) w(z) dz

= A1k / o (2°& —5). A2 (%0 — ) £(3) dy.

A=16(M + 1), and w € CX(R") is a kernel mollification satisfying

1
supp w C {x € B(0,1) :x, > E},

fB(O,l) w(z) dz = 1 and fB(O,l) (z)z%dx =0, € N}, 0 < || <.
The operator T is a linear continuous operator from W'7(Q) to W7 (R"), see [3, p. 286].
Following [3], for every k € Z we set

Gi=Gi1UG UG = {xeG: 2752 < p,(x) =271}
We prove now the following:

Lemma 2.2 Let B, be a ball in R" of radius r such that B, N G # (. Let h € Z be the minimum integer such
that B, N Gy, # @. Let k € Z be such that k > h + 3 and B, N Gy # 0. Then

270 — 27K < r(M + 1),
where M is in (2.2).
Proof. Since B, NGy, B, NGy # ¥ and k > h + 3, it follows that {x € B, : p,(x) =272}, {x € B, :
2

pn(x) = 2751} £ (. Hence, by taking y, w € B, with y, — ¢(5) =27""? and w, — ¢(w) = 27" we have
—th _ | R “ 1 _ _
|2 (h43) _ o k| _ 5 |2 h=2 _ 9 I»+1i = §|yn —9(3) —w, + ()]

IA

1 o
§(|yn_wn|+M|y_w|)Sr(M+1)‘
O

Then we need the following lemma. Here and in the sequel by B, (x) we denote a ball with center x and radius
r. Moreover, M is the constant in (2.2).

Lemma 2.3 Let B, and h € 7Z be as in Lemma 2.2, and E > 0. Then there exists a positive constant S
depending only on M, E such that for every n € R", with |n| < E, there exists a ball Bs,(x,), such that

o0

U (Br n Gk — 271{7]) C Bg, (x,,). 24)
k=h+3

www.mn-journal.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



4 M. S. Fanciullo and P. D. Lamberti: On Burenkov’s extension operator

Moreover, there exist K € N depending only onn, M, E, and K balls B, (xfli)), i=1,..., K, such that

o] K
U B-nGi—27n) c | B (x}"). 2.5)
k=h+3 i=1
Finally, x,, and x,<,[> can be chosen to depend with continuity on n foralli =1, ..., K.

Proof. We suppose directly that B, N Gh+3 # (), otherwise the unions in the left-hand sides of (2.4) and
(2.5) are empty, and the statement is trivial. Let k > h + 3 be such that B, N Gy # 0. Let a € B, N Gj43 and
b € B, N Gi. Then by Lemma 2.2, for all n € R”, with || < E, we have

b—2Fn—(a—27"y)| < b —al+ 275 =27 || < 2+ (M + 1)E]r.

Then, choosing § = 2[2 + (M + 1)E], the ball By, (x,), with radius Sr and center x,, = a — 2~ "3y, satisfies
inclusion (2.4).

Finally, it is obvious that each ball Bg,(x,) can be covered by a finite number of balls of radius r as in
(2.5). Moreover, the fact that the centers x,(,') can be chosen to depend with continuity on 1 can be deduced by
the continuous dependence on 1 of x, =a — 2-("+3)y via a simple but lenghty argument which is not worth

including here. g
As in [3, Chap. 6], for every k € Z we set
Q= {x €eQ: 272 < p,(x)| < b2_k+l} ,

where b = 10A.
In the proof of the following lemma and of the other statements in the sequel, the value of the constant ¢ may
change from line to line but is always independent of the function f and of the radius r.

Lemma 2.4 Let f € W'’ (Q) and B, a ball in R" of radius r such that B, N G # . The following statements
hold:

(i) There exists ¢ > 0 depending only on n,l, p, M, w and there exists H € N, depending only on n and M
such that for every z € B;(0), with z, > 1/2, there exist H balls B, (x§l)), i=1,..., H, such that

||D°‘fk||L/)(B,ﬂGk) < C/ ||D"‘f||Lp(uﬁ B (rw)mfz,{)dzf 2.6)
{z€B1(0): z,>1/2} LB, (x:

forallk € Z, and a € Nij, with |a| <.

(ii) LetU C R" be a fixed measurable set and let d = sup{p,(x) : x € B, NU}. Assume that d < co. There
exists ¢ > 0 depending only on n,l, p, M, w, there exists Hy € N depending only on n, M, d, and for
every o € N with || < [ there exists a function g, independent of r,U, such that for every z € Bi;4(0)

there exist Hy balls B, (x§i>), i=1,..., Hy, such that

o ok (|oe|—1
D% i = 8l g gy <270 [ ST Dty
B]+ul(0) Wl:l

Lo (i, (0 Y2) 9
forall k € Z.

Moreover, in both statements the points xz(l) can be chosen to depend with continuity on z.

Proof. We begin with proving statement (i). By differentiating under integral sign and using Minkowskii
inequality we get

dz

||Dafk||Lp(B,nGk) = C/ ” D* f (f — 2_1‘2, X, — AZ_an)’ L?(B.NGy)
{zeB1(0): z,>1/2}

= C/ ||Daf||LIJ(B,.mGPz—Af(E,AZ”)) dz. 2.7
{z€B1(0):z,>1/2}

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Let i € Z be the minimum integer such that B, N G;, # ¢. By Lemma 2.3, there exists K € N depending only on
n and M such that for every z € R”, |z| < 1 there exist K balls B, ( { )) such that

h+2 K
U (Br N Gk - 2_k(3, AZn)) - U (Br N Gk - Z AZn U xfl
ke, k=h—1 i=1

hence

H

(B NG =27z, Azn)) U (2.8)
keZ i=l

where we have set H = K + 4 and B, (x; (K+7) ) = B, —27ti)(z, Az,) for j = —1,0, 1, 2.

Now we observe that for all k € Z and z € B,(0) with z, > 1/2 we have

G — 278z, Azy) € . 2.9)

Indeed, if x € Gy, thatis 27572 < x, — ¢(¥) < 27%*!, we have
O(X —277) —x, + 27 Az, = p(F = 27°2) — () + ¢(X) — x, +27 Az,
< M27Fz| —27%2 £ 27% Az,
< M27F —27F 2 o7k A < p2 M
and
o (¥ —27"2) —x, +27F Az, = 0 (¥ —27%2) — 0(X) + 0(X) — x, +2 Az,
> —M27F 7| — 27" 1 27F A,
> M2k gkl + k=14 & o—k=2
By (2.8) and (2.9) we deduce that

H
B, NGy — 274z, Az,) € | B (x17) NS
i=1
which, combined with (2.7), proves the validity of (2.6).
We now prove statement (ii). By differentiating under integral sign, changing variables and integrating by parts,
we get

D fi(x) = A~ 2t f (& =272, x, — A27%2,) D*w(z) dz. (2.10)
B,(0)

We set x* = (¥, xy — 3Ap,(x)), ¥ = (¥ —27%2,x, — A27%z,) and we denote by V; the conic body with

vertex in X constructed on the ball By, () (x*), ie., Vi =U,cp, () (x*,y) (where (x*,y) is the “open”
segment joining x* and y). Let u € C2°(B;(0)) be such that fB wdx =1, and wy(y) = (4p,(x)) "1 (4)??;7))'
By the Sobolev integral representation formula (cf. [3, Theorems 4, 5, Chap. 3]), we get
fE) = PEx)+ Y ry(%x), @.11)
lyl=t
where
1
Prn=[ Y D0 ) () dy
B4ﬂu( )(‘ ) ly|<i V-
and

www.mn-journal.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



6 M. S. Fanciullo and P. D. Lamberti: On Burenkov’s extension operator

where w,, , is the appropriate kernel associated with w appearing in the formula as in [3, (3.38)]. By (2.10) and
(2.11) we deduce that

D fi(x) =A’°‘"2"‘“‘/ P, x)Do(2) dz + A anzk‘a‘/ S 1y (5, %) Doo(z) dz.
B,(0)

) Iyl=t

We set
ga(x) = A%kl / P(%,x)D%w(z) dz.
B1(0)

We note that the function g, does not depend on k (see [3, p. 280]).
We now estimate

1D fi = gallpo(B,0unc,) = HA‘“”Z“ > / ry (¥, x)D*w(z) dz (2.12)
ly|=l B1(0) L?(B.NUNGy)
To do so, we proceed as follows
P p
‘/ ry (%, x)D%w(z) dz SC/ / ry (%, x)dz| dx
B,(0) L7 (B,nUNGy) B.NUNG |/ By(

/ / Iry (%, x)|Pdz dx.
B,nUNG; J B, (0)

Using Minkowskii inequality and the fact that V, C ; and that diamV, < 20A27* (cf. [3, (6.83) and pp. 278—
279]), we get

1/p
(/ r, (%, x)l”dz)

B1(0)
_ </ / D" f(y)xa,(¥)

B1(0) |X — y|n!
(]

B, (0)

<e /

By ao- «(0)

=<,
B,y ao—k (0)

P 1/p
dz)

/ D" f(x —n)xa, (X —n)
Bygpo-+(0) |r)|n—l

Wy, x (y) dy

dn

P 1/p
dz)

DY (% — ~ (% —n)|P 1/p
/ |D” f (% n)XQ; (X —n)l dz) dn
B1(0) n|p(n=0)

1/p d
- n
DY (% — m)xe, (7 - n)l”dz) L

(
(L
S o )
“holl -

1/p
|Dyf( ) (f)l‘”dz Tl
ul
1/p
3 s dn
‘ ( / |Dyf(x)szk(x)|”dz> [ o
By 12042 (0) By 4p-k (0) Inl

2042k

1/p
<o ¥ f D7 f(D)xa, ()1Pdz )
By 12042+ (0)

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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from which it follows that
p
[ noprel
B1(0) LP(B,NUNGy)
<27 / / Dyf(i) (%)17dz dx
B,NUNGy B 040 x(
< 27k / / |D” f(%)xq, (¥)17dx dz. (2.13)
Bl+20A2*k (0) B,-ﬂz/{ﬁGk
By (2.13) and (2.12) we obtain
1D fi = 8ull} iy < €277 / / D (%) X, (%)|Pdx dz.
Lr(B,nUNGy) |y2=:l By ot (0) J B.0UNG, k
If we denote by k the minimum k € Z such that B, NU N Gy # (), then we easily see that 20A2°* < cd and
o P
||D fk _got”Lp(BrﬁumGk)
< c2Pk(lal=1) Z / / |Dyf(i)XQk (X)|Pdx dz
lyi=t ¥ Biis0a-£(0) J B,AUNG,
< 2Pk (lal=1) / / |DY f(%)x X, (%)|7dx dz. (2.14)
ly|=t BH—(d B, ﬁl/{ﬂGk
Now by Lemma 2.3 and its proof we obtain that for all z € Bj..4(0)
U (B, NG =27z, Az,))
keZ
h+2 00
= |J BnGi—27%@ Az))u | (B.nGi —27(z, Az)))
k=h—1 k=h+3
h+2
C (B, NGy —27%(z, Az,)) U By, (x,), (2.15)
k=h—1

where S’ =2+ (M + 1)(1 + ¢d) and By, (x;) is the ball provided by Lemma 2.3.
Clearly, as in the proof of Lemma 2.3, one can easily deduce by (2.15) the existence of Hy € N and of Hy,

balls B, (x\"),i = 1,...,

Hy, defined for all z € B;1.4(0) as in the statement such that

Hy
(B, NG =27z, Az)) U B, (x{"). (2.16)
keZ
By (2.14) and (2.16) we get
1D fie = 8all} 1 (5, cuunciy)
< 27k / ID” fxa, " ; dz
2 o "R g (20 n)
< coPkllal-) / DP L\ dz
=cC Brreal0) “3'Z/ “ f| L” HMB (x ) Q) <
O

Then we have the following

Theorem 2.5 Let B, be a ball in R" with radius r such that B, N G # @. The following statements hold:

www.mn-journal.com
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8 M. S. Fanciullo and P. D. Lamberti: On Burenkov’s extension operator

(i) There existc > 0, H € N and H balls B, ( (@ ) =1,..., H, as in Lemma 2.4 such that

1751y 500 <€ [ 1717 odz,
L) em =12 L (VL8 (7))
forall f € Wr(Q).
(ii) LetU C R" be a fixed measurable set and let d = sup{p,(x) : x € B, NU}. Assume that d < co. There
exist ¢ > 0, Hy € N and Hy balls B,(x§l>), i=1,..., Hy such that for all o € Nj with |a| =1
DT A1) = o 2= 1P
Biyca(0

=~ Lr(U B, (x")ne)

dz, 2.17)

forall f € Wi'P(Q).

Proof. We begin with statement (i). Since the multiplicity of the covering {supp ¥ }rcz is equal to 2, by
(2.6) with ¢ = 0 and Holder inequality, we get

400 P
||Tf||ip(3,.ma) :/ Z Vi (x) fi(x)
B.NG | Z_
< 2ﬂ-1/ Z e (x) fic () Pdx
BﬁGk7 00
=2 Z/ Wk (x) fic(x)1 P dox
k=—o00
<2r! Z / Wi (%) fic(x) 1P dox
ﬂGL
<2r! Z | fi(x)1Pdx
k=—00 BﬂG;\

IA

d
C/{zeBl( 02 >1/2}kZ ”f"Lp Ui, B ( :(”)mf?‘k) .

14
< ckg /{ZEB]( 1) ”f”u(u,i,B,(xﬁ”)mg)dz’

forall f € W!'7(Q), where kg denotes the multiplicity of the covering { Qi } vl
it suffices to observe that kg depends only on M by [3, Remark 12, Chap. 6].

We now prove statement (ii). Using statements (i) and (ii) in Lemma 2.4, statement (iv) in Lemma 2.1, and the
simple equality >", ., D* Py DP fi =3, o, D* Py (DP fi — gp) for B < a (recall that g4 does not depend on
k) we get

of 2. Thus, in order to conclude

||Dan||L”(B ﬂZ/IﬂG)
P
[ S o wo |
= oy «D” fi| dx
srunc | (@ = B)'B!
p
scf S woin| ar
B.NUNG keZ

p

o! o
+c/B ZmZD Py DP fi| dx

FUNG |5y keZ

© 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. (2016) / www.mn-journal.com 9

= CZ ”Dafk”u Bruncy) T € Z ”Da_ﬂl/’k (Dﬂfk - gﬁ)HZF(B,ﬂL{ﬁGk)
keZ B<a,keZ

o p
e B
+c Z 2P | DP £ — g HZP(BJWUQGA')

B<wo,keZ

o P
s [ DI ()

be T e wl/ Z||Dﬂf|| (5, () ns) 9

B<a,keZ Bisea( |ﬂ\ 1

o P
< ckq /B,(O) D f||Lp( e <))m9)dz

wa [0 DN ey 25

|Bl=l

which allows to conclude. O

Corollary 2.6 Letl € Ny, p € [1, 00, ¢ :]0, +00[—]0, +00[. The following statements hold:
(1) There exists ¢ > 0 such that
HTf”Mf,"‘&(R”) = C”f”M,?"S(Q)? (2.18)

forall § €]0, 00] and f € WhP(Q).
(i) Let D > Q. There exists ¢ > 0 such that

DT £ g0 gy < € > D’SfHM?,s(Q) , (2.19)
|Bl=l

forall § €]0, 0], f € W!'P(Q) withsuppf C {x € Q: |p,(x)| < D}, and o € N} with || = L.

Proof. Letd €]0, oo] be fixed and let B, be a ball in R” with radius r < §. We begin with proving statement
(i). Then by Theorem 2.5 (i) we have

WL isy = WAL 500y TN TAIL0(500)

5 r d
< S0 +c/{2631(0)2m’>1/2} ||f||”(u,,]B( )
¢( )”f”M(pa +C¢(r) /{ZEBI( ) n>1/2} ”f”Md)B

for all f € W'7(Q), which provides the validity of (2.18).

We now prove statement (ii). Let f be as in statement (ii). We claim that 7f(x) = 0 for all x € G with
0n(x) > 8D. Indeed, assume that x € G with p,(x) > 8D and let k € Z be such that x € G;. By [3, Remark 11
and (6.83)], it follows that the value of f; (x) depends only on the values of fi and in particular, if fig =0
then fi(x) = 0. Since p, (x) > 8D and x € G, we have that 27! > 8D, hence 27%~2 > D which implies that
Qi C{yeQ:|p.(y)| > D} C (suppf)‘. Thus, fi(x) = 0 as we have claimed. We set

Gp={xeG: p,(x) <8D}.

www.mn-journal.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Since supp Tf C Gp, we have
ID“TF 125y = 1D UL 06 + 1D TSN

= ||Daf||ZII(B’_mQ) + ”Dan”Z”(BrﬂGD)' (2'20)

By applying (2.17) with i/ = G and observing that d = sup{p,(x) : x € B, NU} < 8D, by (2.20) we get
ID“TfI}

Lr(

= () ID f N +c/3 2 NPT e () %

) 1B1=t

< ep()ID* fllys g +c¢(r)f3 N L2 [

|+8<D 0 ‘ﬂ‘ !

which implies (2.19). O

2.2 The case of bounded Lipschitz subgraphs

In this subsection, we consider bounded elementary domains with Lipschitz boundaries. Namely, these domains
are bounded Lipschitz subgraphs. However, in order to treat the case of general Lipschitz domains in the next
section, we need to take into account a number of parameters describing the size of such subgraphs. For this
reason, following [3], it is convenient to give the following definition.

Definition 2.1 Letd, D > 0, M > 0. We say that an open set H in R” is a bounded elementary domain with
Lipschitz boundary and parameters d, D, M if H can be represented as

H= {x eR': xeW, a, <x, < (p()’c)} 2.21)

where W = H;lgll]a,-,b,-[, —o0 <a; <b <ooforalli=1,...,n,diamH < D and ¢ : W — R is a Lipschitz
function such that

a,+d < ¢ and Lipp < M.

We note that if ¢ is a Lipschitz function as in Definition 2.1, then ¢ can be extended to the whole of R~
by means of a Lipschitz function F, such that Lip F, = Lip ¢. In particular, given an elementary domain H
represented as in (2.21), we can define the following open set

Qy={xeR": x, < F,(%)}.
We find it convenient to set
WhP(H) = {f € W'P(H) @ suppf € T ]a;, by [}

Given a function f € W7 (‘1) then the extension-by-zero f, of f (defined by fy(x) = f(x) forall x € H and
fo(x) = Oforall x € Q) belongs to W"?(Q), because the distance of supp f from the boundary of I17_,]a;, b; |
is positive, hence a standard truncation argument is applicable. Consider now the extension operator 7 defined by
(2.3) for the open set 2 = . For all functions f € W"?(H) we set

Tuf = Tfo. (2.22)

It is clear that Ty f € W'?(RY) for all f € W"?(H). The following theorem is an easy consequence of
Corollary 2.6.

Theorem 2.7 Letl € Ny, p € [1, oo[and ¢ :]0, +00[—]0, +00[. Let H be a bounded elementary domain with
Lipschitz boundary and parameters d, D, M. Then there exists ¢ > 0 depending only on n, 1, p, D, M such that

”THf”M;f»&(Ru) =< C”f”M,d;'S(H)’
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and

1D Tt fllaggo ey < € D 1D fllagesg (2.23)
IBI=L

forall § €10, 00], f € W-P(H) and a € N}, with |a| = L.

Proof. The proof immediately follows by Corollary 2.6 and by observing that for all f € whr (H) we have
that supp fo C {x € Qpy : |p.(x)| < D}. O

3 Burenkov’s extension operator on general Lipschitz open sets

We recall the definition of open set with Lipschitz boundary. Here and in the sequel, given aset C in R” andd > 0
we denote by C, the set {x € C : dist(x, dC) > d}. Moreover, when we write j = 1, ..., s, with s € NU {oco},
we mean j € Nif s = oo.

Definition 3.1 Letd > 0, M > 0, s € NU {oco}. Let {Vj};_, be afamily of cuboids, i.e. forevery j = 1,..., s,
there exists an isometry A ; in R” such that

)»j(Vj) = Hz?zl]ai,ja bi.j[

where0 < a; ; < a;j+d <b; ;. Assumethat D :=sup;_;
that the multiplicity of the covering {V;};_, is finite. We then say that A = (s,d,{V; Yooy {2 j}j.:,) is an atlas.

Let M > 0. We say that an open set 2 in R” is of class C ;),}l (A) if the following conditions are satisfied:

(i) Forevery j=1,...,s, wehave QN (V;); # 0.
(i) Q C U‘;zl(Vj)d.
(iii) For every j=1,...,s, the set H; :=A;(QNV;) satisfies the following condition: either H; =

IT_,]a; j, b; ;[ (in which case V; C ), or H; is a bounded elementary domain with Lipschitz boundary
and parameters d, D, M of the form

Hi={xeR": xeW;, a,; <x, < ¢p;(x)}
where ¢; is a real-valued Lipschitz function defined on W; = IT'_/'|a; ;, b; ;[ such that
a,j+d <g¢; and Lipp; <M

(in which case V; N 92 # ).
Let A= (s,d, {Vj}j.zl, {Aj}‘}zl) be an atlas and let :}j(Q NV;)forallj =1,...,s,as above. For every
J =1,...,s, we consider an extension operator T;, from W!P(H;) to WP (R") which is the operator defined
by (2.22) if V; N9 # @ and is just the extension-by-zero operator if V; C Q.
Next, for every j =1,...,s, we consider the push-forward operator A; from whr(Qn V;) to Whr (H )

definedby A; f = f o )\;_U forall f € Wh?(2 N V;) and we set WP (QNV;) = AE_U(W”’(Hj)). Note that
whr(Qn V;) is the space of functions in W?(€2 N V;) such that their support has positive distance from the
boundary of V;. Moreover, we consider the corresponding pull-back operator defined now from W’? (R") to itself,
which we call directly A;fl) and which is defined by Af”u =uokjforallu e W7 (R™). Finaly, we set

Tj = A.(I-il) o TH,- o Aj,

and we note that 7 is a well-defined linear continuous extension operator from whr (QNV;)to Whr(R).

Following [3, p. 265], given an open set 2 of class C %] (A), we consider a family of functions {¥}_, such
that ¥, € CX°(R"), supp ¥; C (V;)a, 0 < ¥; < 1, 375_ ¥7(x) = 1 for all x € Q and such that || DV || . ()
<Mforall j =1,...,sand a € Nj with || </, where M depends only onn, [, d.
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We are able now to define the Burenkov’s extension operator T from W' () to W!-”(R") as follows:
Tf = Zl/fj (f¥)), 3.1)

forall f € W””(Q) Note that suppA ;(fy;) C IT{_,]a;, b;[, hence T;( ;) is well-defined.
Before giving the proof of the main result of this section, we need to prove the following lemma.

Lemma 3.1 Let! € Ny, p € [1, 0o] and ¢ :]0, +00[—]0, +o0[. Let A be an atlas in R", M > 0 and Q be an
open set of class Cg,;l (A). Then there exists ¢ > 0 depending only on n, A, M, p such that

1T £l ey < €F lagse o)
and
ID“T; f laggs oy <€ D 10" F ey, (32)
1BI=L
foralls €]0,00],j=1,...,s, f € W P(QNV;)and a € Nj with o] = L.
Proof. The proofis an easy consequence of Lemma 2.6. For the convenience of the reader we write a few
details for the proof of (3.2). We assume directly that V; N 92 # @ since the other case V; N 92 = @ is trivial. Let

a, 8 and f be as in the statement and let B, be a ball in R” with radius r < §. By changmg variables in integrals
and applying the chain rule, we immediately deduce from Corollary 2.6 that

[B DT f1Pdx = f 1D (T, 0 A (1)) (s (3))17dx
- fHB 1D (7, o A1) D)1y

< C¢) Z || Dﬂ ))HPMZ)A(H/)
|BI=1

< pr) 3107 o

1BI=t

which allows to conclude. O

Remark 3.2 We note that in Lemma 3.1, Theorem 2.7, and Corollary 2.6, inequalities (3.2), (2.23) and (2.19)
allow to estimate the derivatives of the extended function T f of order |«¢| = [ by means of all derivatives of f
of order || =1, and this is valid for all functions f in the Sobolev space W’?. Clearly, Burenkov’s extension
operator defined for functions in W’? works also for functions in W”? for any m < [. This implies that all
above mentioned inequalities hold also for any || < [, provided one replaces in the right-hand sides |8| = [ by

1Bl = lal.
Finally, we can prove the following

Theorem 3.3 Let A be an atlas in R", M > 0 and Q be an open set of class C; l(,4). Letl e N, p €1, 00]
and ¢ :]0, +00[—10, +o0l.

Then for every § €10, oo] there exists ¢ > 0 depending only onn, A, M, 1, p, § such that inequality (1.1) holds
forall f € W'P(Q) and |a| < L.

Moreover, if Q2 is bounded, ¢ can be chosen to be independent of 8, hence

IDTf gy ¢ D D7 Fllisa) (3.3)

0=[Bl=le]
forall f € W'P(Q) and |a| < 1.

Proof. Leté8 €]0, 0o] be fixed and B, be a ball of radius r with 0 < r < 8. Weset S = {j € {1,...,s}:
B.NV; #0},5 = #S and we note that § is a finite number depending only on A and §.
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By Lemma 3.1 and Remark 3.2 we get

P

/'DaTﬂpdx:/B D D WiTi(f¥) ]| da
: , o
= CZ/ Y 1D Y DY T (f )| dx
BOV; b=
SCZ/ D_IDVT;(f4)1 dx
jes ’)/<Ol
=c¢ Z Z |DﬁfHM;’,’5szmv
j<5 0<1B<lal
<csp(r) D 1D flesa - (3.4)
0<IfI=lal

which implies the validity of (1.1).
If @ is bounded then § < s < oo, hence § in the previous inequality can be replaced by s which is independent
of §, and (3.3) follows. [l
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