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Abstract. We provide sharp estimates in Lorentz spaces for the solution
of the Dirichlet problem associated to the system{

A(u) ≡ −Di(Aij(x)Dju) = f

u ∈ W 1,1
0 (Ω, RN )

where Ω is an open bounded subset of R
n (n ≥ 3) with sufficiently reg-

ular boundary, A(u) is an elliptic operator with VMO-coefficients and f
is not in the natural dual space. Moreover, when the coefficients belong
to C0,α(α ∈]0, 1[), we study the differentiability of the solution in Besov–
Morrey spaces.

Mathematics Subject Classification (2000). 35J25, 35D10.

Keywords. Elliptic systems, VMO-coefficients, L1-data.

1. Introduction

In this paper we are concerned with the regularity of the (suitably defined)
solution of the Dirichlet problem associated to the system1

{
A(u) ≡ −Di(Aij(x)Dju) = f

u ∈ W 1,1
0 (Ω,RN )

(1)

where Ω is an open bounded subset of R
n (n ≥ 3) with sufficiently regular

boundary, A(u) is an elliptic operator with VMO-coefficients and f is not in
the natural dual space.

Namely, when the datum f belongs to the Morrey space Lγ,θ(Ω,RN ) with

γ ∈
]
1,

2θ
θ + 2

]
, θ ∈]2, n] (2)

1 Einstein’s convention will be used throughout the paper.
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we provide sharp estimates in Lorentz–Morrey spaces for the solution of the
aforementioned problem while, when the coefficients belong to C0,α, for α ∈
]0, 1[, we study the differentiability of the solution in Besov–Morrey spaces.

We remark that the case q = 1 has been investigated in the paper [12].
In the paper [19] (see also [15]) G. Mingione introduces a unified method

enabling to treat simultaneously rearrangement and non-rearrangement invari-
ant spaces. As a consequence he recovers at once all known regularity results
(see [4,5]) about non linear elliptic equations (N = 1) and closes some open
problems.

We will follow Mingione’s approach from papers [18,19], related to non-
linear equations (see also [11]), combined with some results in [12,17], related
to elliptic systems, to prove the same estimates contained in the paper by
Mingione for the very weak solution of the system of linear equations (1).
Moreover, we refer to the aforementioned papers for further details and
remarks.

The paper is organized as follows: we start with notations; a few auxiliary
results for homogeneous systems are stated in Sect. 3; in Sect. 4 we give a pri-
ori estimates for the weak solution of systems with regular right-hand side. In
Sects. 5 and 6 we provide the integrability properties respectively of Du and
u; finally, Sect. 7 is devoted to sketch the proof of the differentiability of Du.

2. Notations, functional spaces and statements of the results

In R
n(n ≥ 3), with generic point x = (x1, x2, . . . , xn), we shall denote by

Ω a bounded open nonempty set with diameter dΩ and sufficiently regular
boundary ∂Ω.

For R > 0 and x0 ∈ R
n we define

BR(x0) = B(xo, R) = {x ∈ R
n : |x− x0| < R},

Ω(x0, R) = Ω ∩BR(x0),

QR(x0) =
{
x ∈ R

n : sup
1≤i≤n

|xi − x0
i | < R

}
,

d(x0, ∂Ω) = dist(x0, ∂Ω).

We shall often use the short notation BR and QR instead of BR(x0) and
QR(x0) respectively, when no ambiguity will arise.

Moreover, if u ∈ L1(B,RN ) and 0 < |B| < +∞2 we denote by

uB :=
1

|B|
∫

B

u(x) dx.

Let us define the functional spaces we will use. In order to simply the
exposition we adopt a slight modification of the usual definitions of function
spaces we deal with.

2 |B| is the n-dimensional Lebesgue measure of B.
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Definition 2.1. (Morrey space) Let q ≥ 1 and θ ∈ [0, n]. By Lq,θ(Ω,RN ) we
denote the space of all vector-functions u ∈ Lq(Ω,RN ) such that

‖u‖Lq,θ(Ω) = sup
BR⊆Ω,R≤1

{
Rθ−n

∫
BR

|u(x)|qdx
}1/q

is finite. Lq,θ(Ω,RN ) equipped with the above norm is a Banach space.

Definition 2.2. (Campanato space) Let q≥1 and 0≤λ<n+q. By Lq,λ(Ω,RN )
we denote the space of all vector-functions u ∈ Lq(Ω,RN ) such that

[u]Lq,λ(Ω) = sup
x0∈Ω,0<ρ≤dΩ

{
ρ−λ

∫
Ω(x0,ρ)

|u(x) − uΩ(xo,ρ)|qdx
}1/q

< +∞.

Now, starting from the usual definition of Lorentz, Marcinkiewicz, Orlicz
and fractional Sobolev spaces, respectively denoted by L(q, s)(Ω,RN ), Mq

(Ω,RN ), L logL(Ω,RN ) and W η,q(Ω,RN ), we define their obvious “Morrey
-like” extension.

Definition 2.3. (Lorentz–Morrey space) Let q ≥ 1, s > 0 and θ ∈ [0, n]. By
Lθ(q, s)(Ω,RN ) we denote the space of all vector-functions u : Ω → R

N such
that the quantity

sup
BR⊆Ω,R≤1

R
θ−n

q ‖u‖L(q,s)(BR) < +∞

where

‖u‖L(q,s)(BR) =
(
q

∫ +∞

0

(λq| {x ∈ BR : |u(x)| > λ} |) s
q
dλ

λ

)1/s

.

We denote by

‖u‖Lθ(q,s)(Ω) = ‖u‖L(q,s)(Ω) + sup
BR⊂Ω,R≤1

R
θ−n

q ‖u‖L(q,s)(Ω).

Definition 2.4. (Marcinkiewicz–Morrey space) We denote by Mq,θ(Ω,RN ), q ≥
1, θ ∈ [0, n], the space of all vector-functions u : Ω → R

N such that

sup
BR⊆Ω,R≤1

R
θ−n

q ‖u‖Mq(BR) < +∞

where

‖u‖Mq(BR) = sup
λ>0

λ | {x ∈ BR : |u(x)| > λ} |1/q.

We denote by

‖u‖Mq,θ(Ω) = ‖u‖Mq(Ω) + sup
BR⊆Ω,R≤1

R
θ−n

q ‖u‖Mq(BR).

Definition 2.5. (Orlicz–Morrey space) We denote by Lθ logL(Ω,RN ), θ ∈
[0, n], the space of all measurable vector-functions u : Ω → R

N such that
the quantity

‖u‖LθlogL(Ω) = sup
BR⊆Ω,R≤1

Rθ−n‖u‖LlogL(BR) < +∞
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where

‖u‖LlogL(BR) = inf
{
λ > 0 :

∫
BR

∣∣∣u
λ

∣∣∣ log
(
e+

∣∣∣u
λ

∣∣∣) dx ≤ 1
}
.

Finally, let us define the Sobolev–Morrey spaces of fractional order (see
[6,7]).

Definition 2.6. (Fractional Sobolev–Morrey space) For fixed η ∈]0, 1], q ≥ 1
and θ ∈ [0, n]. We denote by W η,q,θ(Ω,RN ) the space of all vector functions
u : Ω → R

N such that the following quantity

[u]qη,q,θ,Ω =
{‖Du‖q

Lq,θ(Ω)
if η = 1

supBR⊆Ω, R≤1R
θ−n[u]qη,q,BR

if η < 1
< +∞

where

[u]η,q,BR
=
(∫

BR

∫
BR

|u(x) − u(y)|q
|x− y|n+ηq

dx dy

) 1
q

.

W η,q,θ(Ω,RN ) equipped with the norm

‖u‖W η,q,θ(Ω) = ‖u‖Lq(Ω) + [u]η,q,Ω + [u]η,q,θ,Ω

is a Banach space.

Moreover we introduce the notion of BMO and VMO classes.

Definition 2.7. (John–Nirenberg space) Let Q be a cube in R
n. By BMO(Q)

we denote the space of all functions u ∈ L1(Q,RN2
) such that the seminorm

defined by

[u]BMO(Q) = sup
Q̃⊂Q

1
|Q̃|

∫
|Q̃|

|u− uQ̃| dx

is finite, where the supremum is taken over all cubes with sides parallel to
coordinate axes.

Let us recall that Lq,n(Q) ∼= BMO(Q), ∀q ≥ 1.

Definition 2.8. (Sarason space) For a matrix-function w ∈ L1(Ω,RN2
) and

r > 0 we define

V (x, r) ≡ sup
0<ρ≤r

1
|Ω(x, ρ)|

∫
Ω(x,ρ)

|w(y) − wΩ(x,ρ)|dy

and we introduce the VMO-continuity modulus for w

V (r) ≡ sup
x∈Ω

V (x, r).

By VMO we denote the space of all matrix-functions w ∈ L1(Ω,RN2
) such

that

V (r) < +∞ for all 0 < r ≤ dΩ

and

lim
r→0

V (r) = 0.
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If u : Ω → R
N , we set

Di ≡ ∂

∂xi
, Du = (Diu

r)i=1,...,n

r=1,...,N
.

Let Aij(x) = (Ars
ij (x))r,s=1,...,N , i, j = 1, 2, . . . , n, be matrix-functions for

which the following conditions are satisfied:
there exist two positive constants Λ1 and Λ2 such that

Λ2 ≥ 1 ≥ Λ1,
Λ2 |ξ|2 ≥ Aij(x)ξiξj ≥ Λ1 |ξ|2

for a.a. x ∈ Ω, ∀ξi = (ξr
i ) ∈ R

N , i = 1, 2, . . . , n,
Ars

ij (x) = Asr
ji (x) i, j = 1, . . . , n; r, s = 1, . . . , N

for a.a. x ∈ Ω

(3)

and

Aij(x) ∈ L∞(Ω,RN2
) ∩ VMO, i, j = 1, 2, . . . , n. (4)

Assume moreover that

μ ∈ Mb(Ω,RN ), (5)

where Mb(Ω,RN ) denotes the space of the Radon vector-measures with finite
total variation |μ|(Ω)| < +∞, and let us consider the following Dirichlet prob-
lem {

A(u) ≡ −Di(Aij(x)Dju) = μ in Ω
u = 0 on ∂Ω. (6)

Let us first recall that the VMO space of functions with “vanishing mean
oscillations”, introduced by Sarason in [20], turns out to be very useful in the
study of smoothness of weak solutions to elliptic equations or systems (see [9]
for a survey and [2]). In fact the VMO condition provides the natural inte-
gral-type generalization of continuity allowing for extending several classical
results for constant coefficients problems to those with variable ones.

Due to a celebrated De Giorgi’s counterexample [14], it is well known
that the elliptic systems with coefficients only measurable and bounded need
not have continuous solutions for n ≥ 3; while an extra structural condition
like VMO or Cordes type guarantees the Hölder continuity of the solution (see
[2] or [16]).

For the problem (6) we shall adopt the following notion of solution.

Definition 2.9. We say that a vector-function u ∈ W 1,1
0 (Ω,RN ) is a very weak

solution (briefly a Stampacchia solution) of the system (6) if it satisfies∫
Ω

uA(ϕ) dx =
∫

Ω

ϕdμ,

∀ϕ ∈
{
ϕ ∈ W 1,2

0 (Ω,RN ) ∩ C0(Ω̄,RN ) : A(ϕ) ∈ C0(Ω̄,RN )
}
. (7)

The existence and uniqueness of such a solution, whenever μ∈L1(Ω,RN ),
has been proved in [16] (see also [13]), provided the matrix (Aij) has bounded
entries Aij and sufficiently small dispersion of the eigenvalues (i.e. a Cordes
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condition), and in [17] provided Aij belong to L∞(Ω,RN2
)∩VMO. The proof

remains unchanged whenever the right hand side belongs to Mb(Ω,RN ).
Moreover, in [13,16,17] it was proven also that u ∈ W 1,q

0 (Ω,RnN ) for any
q ∈ [1, n

n−1 [.
Here we shall start assuming that μ ∈ Lγ where the range of the expo-

nent γ of interest is the one dominated by the duality exponent, i.e. γ is such
that Lγ �⊆ W−1,2 ≡ (W 1,2)∗, so that one initially considers

1 < γ ≤ 2n
n+ 2

≡ (2∗)′.

Analogously, when considering the Morrey space Lγ,θ we always assume
that the parameters γ and θ are such that

2 ≤ θ ≤ n, 1 ≤ γ ≤ 2θ
θ + 2

≤ (2∗)′

since it is well known that L1,θ ⊂ W−1,2 for θ < 2 (see [3,21] and the appendix
of [10]) and in this case some regularity results con be found e.g. in [17].

Here we can prove the following

Theorem 2.1. Let Ω be a bounded domain with C2-boundary and f ∈ Lγ

(Ω,RN ), with γ ∈]1, 2n
n+2 ]. Let conditions (3) and (4) be satisfied.

Then the Stampacchia solution u ∈ W 1,1
0 (RnN ) of the problem (1) belongs

to W 1,q
0 (Ω,RN ) for any q ∈ [1, nγ

n−γ ].
Moreover, there exists a positive constant c = cV (n, q,Λ1,Λ2,Ω)3 such

that

‖u‖W 1,q
0 (Ω) ≤ c‖f‖Lγ(Ω). (8)

Proof. If A satisfies (3) then, by Lax–Milgram theorem, there exists a linear
continuous operator G : W−1,2(Ω,RN ) → W 1,2

0 (Ω,RN ) such that ũ = G(T ) is
the unique weak solution of the equation

A(ũ) = T.

For p ∈ [2, n[ consider T = Digi, with gi ∈ Lp, and Aij satisfying (3)
and (4). Then by Theorem 3.4 of [2] we have

‖Dũ‖Lp(Ω) ≤ cV (n, p,Λ1,Λ2,Ω)‖g‖Lp(Ω). (9)

Thus, Sobolev embedding Theorem yields

‖ũ‖Lp∗ (Ω) ≤ cV (n, p,Λ1,Λ2,Ω)‖g‖Lp(Ω). (10)

As the inequality (10) holds for any representation T = Digi we have

‖ũ‖Lp∗ (Ω) ≤ cV (n, p,Λ1,Λ2,Ω)‖T‖W −1,p(Ω). (11)

Thus G maps continuously W−1,p(Ω,RN ) into Lp∗
(Ω,RN ).

3 As a permanent convention we will denote by cV (. . . , Ω) a constant which depends on
various parameters, on the coefficients of the system through the smallness of their VMO-
continuity modulus and on the geometrical properties of the involved domain Ω.
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On the other hand (7) holds if and only if∫
Ω

uψ dx =
∫

Ω

fG(ψ) dx, ∀ψ ∈ C0(Ω̄,RN ) (12)

i.e. if and only if u = G∗(f) for G∗ adjoint of G.
Since G maps continuously W−1,p(Ω,RN ) into Lp∗

(Ω,RN ), then G∗ is a
continuous linear operator from Lp∗′

(Ω,RN ) into W 1,p′
0 (Ω,RN ), with 1

p + 1
p′ =

1,4 and ‖G∗‖ ≤ ‖G‖ and this implies the thesis. �

Corollary 2.1. Let Ω = BR(x0), with 0 < R ≤ 1, and let the assumptions of
the Theorem be satisfied.

Then there exists a unique Stampacchia solution u of the problem (1)
such that u ∈ W 1,q

0 (Ω,RN ) for any q ∈ [1, nγ
n−γ ].

Moreover, there exists a positive constant c = cV (n, q,Λ1,Λ2) such that

‖u‖W 1,q
0 (Ω) ≤ cR1−n( 1

γ − 1
q )‖f‖Lγ(Ω). (13)

Proof. By the previous Theorem, the Corollary is true for Ω = B1(0) and (13)
follows directly from (8).

To get (13) for R < 1, let us perform the following change of variables

ũ(y) := R−1u(xo +Ry), Ãij(y) := Aij(xo +Ry),

f̃(y) := Rf(xo +Ry), y ∈ B1(0).
(14)

and note that the transformed coefficients Ãij are still in VMO class.
In fact it is not difficult to see that, denoted by Ṽ the VMO-continuity

modulus for Ãij , it is

Ṽ (r) = V (Rr) ≤ V (r).

As a consequence, it holds (8) for ũ and thus a change back of variables com-
pletes the proof. �

3. Auxiliary results

In this section we state and prove some regularity results for weak solutions
to homogeneous elliptic systems.

The next lemma deals with the solutions to homogeneous systems with
VMO-coefficients.

Lemma 3.1. Let assumptions (3) and (4) be satisfied, let q ∈ [1, 2] and let
v ∈ W 1,2(Ω,RN ) be a weak solution to the system

−Di(Aij(x)Djv) = 0 in Ω.

4 Observe that if p ∈ [2, n[ then (p∗)′ ≡ γ ∈]1, 2n
n+2

] and that p′ = nγ
n−γ

.
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Then, there exist three positive constants β=β(n) ∈]0, 1/2], c=c(n, q, Λ1
Λ2

)
and ρ0 = ρV (n, q, Λ1

Λ2
) such that it holds

∫
Bρ

|Dv|q dx ≤ c
( ρ
R

)n−q+βq
∫

BR

|Dv|q dx (15)

and ∫
Bρ

|v|q dx ≤ c
( ρ
R

)n
∫

BR

|v|q dx (16)

for every BR ⊂⊂ Ω with R < ρ0 and ρ ∈]0, R].
Moreover, there exist χ = χ(n, Λ1

Λ2
) > 1 and c = c(n, q, Λ1

Λ2
) > 0 such that

Dv ∈ L2χ
loc(Ω,R

nN ) (17)

and
⎛
⎝−
∫

B R
2

|Dv|2χ dx

⎞
⎠

1
2χ

≤ c

(
−
∫

BR

|Dv|q dx
) 1

q

, 5 (18)

holds for any BR ⊂⊂ Ω, while, for every χ0 > 1, it holds that
⎛
⎝−
∫

B R
2

|v|2χ0 dx

⎞
⎠

1
2χ0

≤ c

(
−
∫

BR

|v|q dx
) 1

q

. (19)

Proof. The estimates (15) and (18) have been proved respectively in Theorem
5.1 of [17] and in Lemma 3.2 of [12].

As far as it concerns estimates (16) and (19) let us observe that they
readily follow from inequality (63) of [17].

Indeed, if ρ < R/26 we have∫
Bρ

|v|q dx ≤ c1(n,Λ1,Λ2)ρn sup
BR/2

|v|q

≤ c1ρ
nR−n

∫
BR

|v|q dx

which is (16). Analogously, for any χ0 > 1, we estimate

∫
B R

2

|v|2χ0 dx ≤ c1

[
R−n

∫
BR

|v|q dx
] 2χ0−q

q
∫

BR

|v|q dx

which is (19). �

5 This inequality holds without any restriction on R as it can be proven under the weaker

assumption Aij ∈ L∞(Ω, R
N2

).
6 The case ρ ≥ R/2 being obvious.
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4. Systems with regular right-hand side

In this section we establish some a priori estimates for the weak solution of
the Dirichlet problem related to systems with regular right-hand sides.

Namely, from now on we shall suppose f ∈ L∞(Ω,RN ) and we let u ∈
W 1,2

0 (Ω,RN ) be the weak solution to the Dirichlet problem{−Di(Aij(x)Dju) = f in Ω
u = 0 on ∂Ω (20)

under the structural assumptions (3) and (4).
Moreover, for any x0 ∈ Ω let us fix a ball BR = BR(x0) ⊂⊂ Ω and let

us consider the weak solution v ∈ W 1,2(BR,R
N ) to the following Dirichlet

problem {−Di(Aij(x)Djv) = 0 in BR

v = u on ∂BR.
(21)

Thus we can prove the next

Lemma 4.1. Let f ∈ Lθ(γ, s)(BR,R
N ), with R ≤ 1, for some γ > 1 and

s ∈]0,+∞], and let u ∈ W 1,2
0 (Ω,RN ) and v ∈ W 1,2(BR,R

N ) respectively solu-
tions of the problems (20) and (21).

Then there exists a positive constant c = c(n, γ,Λ1,Λ2) such that∫
BR

(
R−1|u− v| + |Du−Dv|) dx ≤ cRn− θ−γ

γ ‖f‖Lθ(γ,s)(BR). (22)

Proof. The proof follows the lines of Lemma 9 from [19].
Namely, we start from (16) of Lemma 4.1 of [12] i.e.∫

BR

|Du−Dv| dx ≤ cR

∫
BR

|f | dx (23)

then we use Poincaré inequality (see e.g. [1]) and inequalities (4.12) and (4.16)
of [19] to deduce the thesis. �

Let Q0 be a cube such that |Q0| ≤ 1 and such that the magnified cube
n2Q0 ⊂⊂ Ω.7 For a given function g ∈ L1, we denote by

M∗(g)(x) = sup
Q⊆n2Q0, x∈Q

−
∫

Q

|g(y)| dy,

M∗
β(g)(x) = sup

Q⊆n2Q0, x∈Q

|Q| β
n −
∫

Q

|g(y)| dy

where the supremum is taken over the cubes Q with sides parallel to those of
Q0.

Following the proof of Lemma 10 by Mingione [19] we can prove the
following

7 n2Q0 is the cube with side length n2-times the side length of Q0.
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Lemma 4.2. Let u ∈ W 1,2
0 (Ω,RN ) be the solution to the problem (20). Then,

for every T > 1 there exists a number ε = ε(n,Λ1,Λ2, T ) ∈]0, 1[, such that if
λ > 0 and Q ⊂ Q0 is a dyadic sub-cube of Q0 such that

|Q ∩ {x ∈ Q0 : M∗(|Du|)(x) > CTλ,M∗
1 (|f |)(x) ≤ ελ}| > T−2χ|Q|, (24)

then it predecessor Q̃ satisfies

Q̃ ⊆ {x ∈ Q0 : M∗(|Du|)(x) > λ}. (25)

Here χ = χ(n,Λ1,Λ2) > 1 is the higher integrability exponent introduced in
Lemma 3.1, while C = C(n,Λ1,Λ2) > 1 is an absolute constant.

Proof. We assume, by contradiction, that (25) is false. Then, arguing
as in [19], we can prove that

−
∫

3Q

|Du| dx ≤ λ (26)

and that

M∗
1 (|f |)(x̄) ≤ ελ, (27)

for some x̄ ∈ Q.
Now, we let BR, with R ≤ 1, be the ball having the cube 3Q as inner

cube8 and such that BR ⊂ n2Q0. In BR we consider the Dirichlet problem{−Di(Aij(x)Djv) = 0
v − u ∈ W 1,2

0 (BR).
(28)

Observing that

|BR| 1
n −
∫

BR

|f | dx ≤ c(n)ελ (29)

and exploiting Lemma 4.1 from [12] we deduce

−
∫

3Q

|Du−Dv| dx ≤ cV (n,Λ1,Λ2)ελ. (30)

As far as it concerns v, from (18) we deduce
(

−
∫

2Q

|Dv|2χ dx

) 1
2χ

≤ c(n,Λ1,Λ2) −
∫

3Q

|Dv| dx (31)

where χ is the number introduced in Lemma 3.1.
On the other hand, by (26) and (30) we get

−
∫

3Q

|Dv| dx ≤ c−
∫

3Q

|Du| dx+ c−
∫

3Q

|Du−Dv| dx ≤ cλ

and this last inequality together with (31) give

−
∫

2Q

|Dv|2χ dx ≤ cλ2χ. (32)

8 We shall call inner cube of a ball B the largest cube, concentric to B and with sides parallel
to the coordinate axes, contained in B. The inner cube of B will be denoted by Qinn(B).
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The aforementioned inequality corresponds to the inequality (6.13) of [19] and
so the proof can be completed as in Lemma 10 of [19]. �

Lemma 4.3. Let u ∈ W 1,2
0 (Ω,RN ) be the solution of the problem (20) and let

f ∈ Lθ(γ, s)(Ω,RN ) with 1 < 2γ ≤ θ ≤ n and s ∈]0,+∞]. Then there exists a
positive constant c = cV (n,Λ1,Λ2, γ, s) such that

‖Du‖
L

1,
θ−γ

γ (Bt)
≤ c [(d− t)

θ−γ
γ −n‖Du‖L1(Bd) + ‖f‖Lθ(γ,s)(Bd) (33)

holds for every couple of concentric balls Bt ⊂ Bd ⊂⊂ Ω.

Proof. Let us fix x0 ∈ Bt and a ball BR(x0), 0 < R ≤ min{1, ρ0, d(x0, ∂Bd)},9

such that BR ⊆ Bd.
Then, for the solution v of the problem (21) we have the estimate (15)

with q = 1, i.e. ∫
Bρ

|Dv| dx ≤ c
( ρ
R

)n−1+β
∫

BR

|Dv| dx (34)

for any ρ ∈]0, R[.
From the aforementioned inequality we deduce∫

Bρ

|Du| dx ≤ c
( ρ
R

)n−1+β
∫

BR

|Dv| dx+ c

∫
BR

|Dv −Du| dx

≤ c
( ρ
R

)n−1+β
∫

BR

|Du| dx+ c

∫
BR

|Dv −Du| dx. (35)

The last integral can be estimated using Lemma 4.1 and thus, by the
mean of (35), we get∫

Bρ

|Du| dx ≤ c
( ρ
R

)n−1+β
∫

BR

|Du| dx+ cRn− θ−γ
γ ‖f‖Lθ(γ,s)(Bd). (36)

An algebraic lemma by Campanato (see e.g. [8, Chap. 1]) allows us to
conclude with∫

Bρ

|Du| dx ≤ c

[
(d− t)

θ−γ
γ −n

∫
Bd

|Du| dx+ ‖f‖Lθ(γ,s)(Bd)

]
ρn− θ−γ

γ (37)

where c = cV (n,Λ1,Λ2, γ, s).
The aforementioned inequality and a covering argument similar to the

one in Corollary 3.2 of [17] concludes the proof. �

5. Systems with right-hand side not in the natural dual space

In this Section we suppose again that the conditions (3) and (4) be satisfied.
Following the proof in [19, p. 611], we are now in the position to prove

the following fundamental

9 ρ0 is the number which occurred in the the Lemma 3.1.
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Theorem 5.1. Let f ∈ Lθ(γ, s)(Ω,RN ), with γ ∈]1, 2θ
θ+2 ], θ ∈]2, n], s ∈]0,+∞],

and let u ∈ W 1,1
0 (Ω,RN ) be the Stampacchia solution to the problem (20).

Then

Du ∈ Lθ
loc

(
θγ

θ − γ
,
sθ

θ − γ

)
(Ω,RnN ) (38)

and there exists a positive constant c = c(n,Λ1,Λ2, γ, s) such that the estimate

‖Du‖Lθ( θγ
θ−γ , sθ

θ−γ )(BR/2)
≤ cR

θ−γ
γ −n

[‖Du‖L1(BR) + ‖f‖Lθ(γ,s)(BR)

]
(39)

holds for every ball BR ⊂⊂ Ω.

Proof. We will argue as in the Step 5 of Theorem 11 from [19].
Let {fk} be a sequence of L∞-regular functions such that

fk → f strongly in Lγ(Ω,RN )

and

‖fk‖Lγ(Ω) ≤ ‖f‖Lγ(Ω) ∀ k ∈ N.

For any k ∈ N, let us consider the unique weak solution uk ∈ W 1,2
0 (Ω,RN ) of

the problem (20) with f = fk and observe that uk is also the unique Stam-
pacchia solution of the same problem.

Now, we fix a ball Bρ ⊂⊂ Ω, with ρ ∈]0, 1], and we consider the prob-
lem (20) in Bρ. In view of the standard rescaling procedure used in the Corol-
lary 2.1 we switch to ũ and f̃ defined on B1.

Proceeding as in the Steps 2 and 3 of the aforementioned paper10 one
can prove the following inequality

‖Dũk‖L( θγ
θ−γ , θs

θ−γ )(Q̃) ≤ c

[(
−
∫

n2Q̃

|Dũk| dx
)

|Q̃| θ−γ
θγ + ‖f̃k‖Lθ(γ,s)(n2Q̃)

]
(40)

with c = cV (n,Λ1,Λ2, γ, s) and Q̃ ≡ Qinn(B1).11

Passing to inner and outer balls of Q̃ and applying inequality (40) we
obtain

‖Dũk‖L( θγ
θ−γ , θs

θ−γ )(B1/n2 ) ≤ c

[
‖Dũk‖

L
1,

θ−γ
γ (B9/10)

+ ‖f̃k‖Lθ(γ,s)(B1)

]

whence, by rescaling back to Bρ and by Lemma 2 of [19], we deduce

‖Duk‖L( θγ
θ−γ , θs

θ−γ )(Bρ/n4 ) ≤ cρ(n−θ) θ−γ
θγ

×
[
‖Duk‖

L
1,

θ−γ
γ (B9/10ρ)

+ ‖fk‖Lθ(γ,s)(Bρ)

]
. (41)

The covering argument of step 5 of [19] and (41) give

‖Duk‖Lθ( θγ
θ−γ , θs

θ−γ )(BR/2)
≤ c

[
‖Duk‖

L
1,

θ−γ
γ (B27/40R)

+‖fk‖Lθ(γ,s)(B3/4R)

]
(42)

for any BR ⊂⊂ Ω.

10 The proof of these steps remains unchanged in the case of several equations (i.e. N ≥ 2).
11 Qinn(B1) is the inner cube of B1 as defined in footnote 7.
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We now apply (33) on the right-hand side of (42) inferring

‖Duk‖Lθ( θγ
θ−γ , θs

θ−γ )(BR/2)
≤ cR

θ−γ
γ −n

[‖Duk‖L1(BR) + ‖fk‖Lθ(γ,s)(BR)

]
(43)

and we conclude the proof by passing to the limit in (43). �

We now state some Theorems whose proofs can be deduced, by virtue of
Theorem 5.1, arguing respectively as in the proofs of the Theorems 1, 4 and
3 from [19]. It is worthwhile to note that the proofs of the aforementioned
theorems remain unchanged in case of several equations.

Theorem 5.2. Let f ∈ Lγ,θ(Ω,RN ), with θ ∈]2, n] and γ ∈]1, 2θ
θ+2 ], and let

u ∈ W 1,1
0 (Ω,RnN ) be the Stampacchia solution to the problem (1).

Then

Du ∈ L
θγ

θ−γ ,θ(Ω,RnN )

and there exists a positive constant c ≡ c(n,Λ1,Λ2, γ) such that it holds

‖Du‖
L

θγ
θ−γ

,θ
(BR/2)

≤ cR
θ−γ

γ −n
[‖Du‖L1(BR) + ‖f‖Lγ,θ(BR)

]
(44)

for every ball BR ⊂⊂ Ω.

Theorem 5.3. Let f ∈ Lγ,θ(Ω,RN ), with θ ∈ [2, n] and γ > 2θ
θ+2 , and let

u ∈ W 1,1
0 (Ω,RnN ) be the Stampacchia solution to the problem (1).

Then

Du ∈ Lh,θ(Ω,RnN )

for some h ≡ h(n,Λ1,Λ2, γ, θ) > 2 and there exists a positive constant c ≡
c(n,Λ1,Λ2) such that it holds

‖Du‖Lh,θ(BR/2) ≤ cR
θ
h −n

[‖Du‖L1(BR) + ‖f‖Lγ,θ(BR)

]
(45)

for every ball BR ⊂⊂ Ω.

Theorem 5.4. Let f ∈ L1,θ ∩ L log L(Ω,RN ), with θ ∈ [2, n] and let u be the
solution to the problem (1).

Then

Du ∈ L
θ

θ−1 (Ω,RnN )

and there exists a positive constant c ≡ c(n,Λ1,Λ2) such that it holds
(

−
∫

BR/2

|Du| θ
θ−1 dx

) θ
θ−1

≤ c−
∫

BR

|Du| dx

+ c‖f‖ 1
θ

L1,θ(BR)

⎡
⎢⎢⎣−
∫

BR

|f | log

⎛
⎜⎜⎝e +

|f |
−
∫

BR

|f(y)| dy

⎞
⎟⎟⎠ dx

⎤
⎥⎥⎦

θ−1
θ

(46)

for every ball BR ⊂⊂ Ω.
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Theorem 5.5. Let f ∈ L(γ, s)(Ω,RN ), with γ ∈]1, 2n
n+2 ] and s ∈]0,+∞], and

let u ∈ W 1,1
0 (Ω, RnN ) be the solution to the problem (1).

Then

Du ∈ Lloc

(
nγ

n− γ
, s

)

and there exists a positive constant c ≡ c(n,Λ1,Λ2, γ, s) such that it holds

‖Du‖L( nγ
n−γ ,s)(BR/2) ≤ c

[
R

n−γ
γ −n‖Du‖L1(BR) + ‖f‖L(γ,s)(BR)

]
. (47)

for every ball BR ⊂⊂ Ω.

As a consequence we obtain the following

Corollary 5.1. Let f ∈ L
(

2n
n+2 , s

)
(Ω,RN ) and let the rest of the assumptions

of the Theorem be satisfied.
Then

Du ∈ Lloc(2, s)(Ω,RnN ).

6. Integrability of u

We assume that conditions (3) and (4) be satisfied and we start with the
following Lemma analog to Lemma 10 from [19].

Lemma 6.1. Let u ∈ W 1,2
0 (Ω,RN ) be the solution to the problem (20).

Then there exists an absolute constant C ≡ C(n,Λ1,Λ2) > 1 such that:
for every T > 1 and χ0 > 1, there exists a positive constant ε ≡ ε(n,Λ1,Λ2, T,
χ0) ∈]0, 1[ such that, if λ > 0 and Q is a dyadic sub-cube of Q0 such that

|Q ∩ {x ∈ Q0 : M∗(|u|)(x) > CTλ,M∗
2 (f)(x) ≤ ελ}| > T−2χ0 |Q|, (48)

then its predecessor Q̃ satisfies

Q̃ ⊆ {x ∈ Q0 : M∗(|u|)(x) > λ}.
Proof. The proof proceeds as the one of Lemma 4.2 with some modifications.

Indeed, we start again by contradiction and we obtain the following ana-
log of inequality (27)

M∗
2 (f)(x̄) ≤ ελ

for some x̄ ∈ Q. In turn, inequality (29) is replaced by

|BR|2/n −
∫

BR

|f | dx ≤ c(n)ελ, R ≤ 1.

By virtue of Poincaré inequality and (23) we get the analog of
inequality (30)

−
∫

3Q

|u− v| dx ≤ cV (n,Λ1,Λ2)|BR|2/n −
∫

BR

|f | dx ≤ cελ. (49)
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Using (49) and (19) we obtain

−
∫

2Q

|v|2χ0 dx ≤ cλ2χ0 (50)

which replaces (32) and the proof can be completed as in Lemma 12 of [19]. �

From the previous Lemma, following the proof of Theorems 14 and 15
from [19] and Theorem 5.1 one can prove the next two Theorems.

Theorem 6.1. Let f ∈ Lθ(γ, s)(Ω,RN ), with γ ∈]1, θ/2[, θ ∈]2, n], s ∈]0,+∞],
and let u ∈ W 1,1

0 (Ω,RnN ) be the solution to the problem (1).
Then

u ∈ Lθ
loc

(
θγ

θ − 2γ
,

θs

θ − 2γ

)
(Ω,RN )

and there exists a positive constant c ≡ cV (n, λ1,Λ2, γ, θ, s) such that it holds

‖u‖Lθ( θγ
θ−2γ , θs

θ−2γ )(BR/2)
≤ c

[
R

θ−2γ
γ −n‖u‖L1(BR) + ‖f‖Lθ(γ,s)(BR)

]
(51)

for every ball BR ⊂⊂ Ω.

Theorem 6.2. Let f ∈ L(γ, s)(Ω,RN ), with γ ∈]1, n/2[, s ∈]0,+∞], and let
u ∈ W 1,1

0 (Ω,RnN ) be the solution to the problem (1).
Then

u ∈ Lloc

(
nγ

n− 2γ
, s

)
(Ω,RN )

and there exists a positive constant c ≡ cV (n, λ1,Λ2, γ, s) such that it holds

‖u‖L( nγ
n−2γ ,s)(BR/2)

≤ c
[
R

n−2γ
γ −n‖u‖L1(BR) + ‖f‖L(γ,s)(BR)

]
(52)

for every ball BR ⊂⊂ Ω.

Finally, we prove the following Theorem which deals with a borderline
case.

Theorem 6.3. Let f ∈ Mθ/2,θ(Ω,RN ), with θ ∈]2, n], and let u ∈ W 1,1
0 (Ω,RN )

be the solution to the problem (1).
Then

u ∈ BMOloc(Ω,RN )

and there exists a positive constant c ≡ cV (n,Λ1,Λ2, θ) such that it holds

[u]BMO(BR/2) ≤ c
[
R1−n‖Du‖L1(BR) + ‖f‖Mθ/2,θ(BR)

]
(53)

for every ball BR ⊂⊂ Ω.

Proof. The proof of (53) follows via Lemma 4.3 and the fact that BMO ≡
L1,n.12 �

12 Inequality (53) can be proved also as in the Corollary 6.2 of [17].
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7. Differentiability of Du

In this Section we will assume that the coefficients Aij are smoother than the
previous Sections, namely we assume condition (3) and we suppose that

Aij ∈ C0,α(Ω,RN2
) for some α ∈]0, 1].

Following the idea of [19] we prove the following

Theorem 7.1. Let f ∈ Lγ,θ(Ω,RN ), with γ ∈]1, 2θ
θ+2 ] and θ ∈]2, n], and let

u ∈ W 1,1
0 (Ω,RnN ) be the solution to the problem (1).

Then, for every σ < 1,

Du ∈ Wασ,γ,θ
loc (Ω,RnN )

and there exists a positive constant c ≡ c(n,Λ1,Λ2, α, γ, θ, σ, [Aij ]C0,α) such
that it holds

[Du]W ασ,γ,θ(BR/2) ≤ c
[
R

θ−nγ
γ −ασ‖Du‖L1(BR) +R−ασ‖Rf‖Lγ,θ(BR)

]
(54)

for every ball BR ⊂⊂ Ω.

Proof. We will follow the idea of Lemmata 4.4 and 4.5 from [12] for the approx-
imating solution u(≡ uk) and then we pass to the limit.

Instead of (23) from [12] we set⎧⎨
⎩
q = γ
δ = 1
γα(t) = α

α+1−t for every t ∈ [0, 1 + α[,
(55)

we fix a ball BR ⊂⊂ Ω and we set B̂ = B16R ⊂⊂ Ω
With the aforementioned notation, Lemma 4.4 from [12] works replac-

ing everywhere |f | by |f |γ provided we use (13) of Corollary 2.1. Specifically,
estimate (33) from [12] is replaced by∫

B̂

|Du−Dv|γ dx ≤ c‖|f |γ‖L1(B̂)|h|βγ .13 (56)

The rest of the proof remains unchanged and thus the conclusion is that
the implication

Du ∈ W t,γ
loc (Ω,RnN ) for some t ∈ [0, α[⇒

Du ∈ W t̃,γ
loc (Ω,RnN ) ∀t̃ ∈ [0, γα(t)[

holds, that is the implication

Du ∈ W t,γ
loc (Ω,RnN ) ⇒ Du ∈ W t̃,γ

loc (Ω,RnN ) (57)

holds for every t < α whenever t̃ ∈ [t, γα(t)[.

13 Recall that 0 < |h| << 1 and β = 1
1−t−α

.
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Along with (57) we have that for every couple of open subsets Ω′ ⊂⊂
Ω′′ ⊂⊂ Ω there exists a positive constant c = c(n, Λ1

Λ2
, q, d(Ω′, ∂Ω′′), t̃, [Aij ]C0,α)

such that

[Du]γ
W t̃,γ(Ω′,RnN )

≤ c

∫
Ω′′

(|Du|γ + |fγ |) dx. (58)

The implication (57) is the starting point of an iterative procedure like
the one of Lemma 6.2 of [18] (according to the notation used in Lemma 4.5 of
[12]). The final outcome is that

Du ∈ W t,γ
loc (Ω,RnN ) for every t ∈ [0, α[ (59)

which implies the first part of the thesis.
The inequality (54) now follows as in the proof of Theorem 5 from [19]

also taking into account inequality (44) of Theorem 5.2. �
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