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Abstract. The aim of this paper is to study local regularity in the Morrey
spaces Lp,λ of the first derivatives of the solutions of an elliptic second order
equation in divergence form

Lu ≡ −
n∑

i,j=1

(aij(x)uxi )xj = divf(x) for a.a. x ∈ Ω,

where f is assumed to be in some Lp,λ spaces and the coefficients aij belong
to the space V MO.

1. Introduction

In this note we consider the divergence form elliptic equation

Lu ≡ −
n∑

i,j=1

(aij(x)uxi)xj = divf(x) for almost all x ∈ Ω,(1.1)

in a bounded open set Ω ⊂ Rn, n ≥ 3.
We assume L to be a linear elliptic operator with coefficients aij taken in the

space V MO and f = (f1, f2, ..., fn) is assumed such that fi belongs to some Morrey
spaces Lp,λ, 1 < p < ∞, 0 < λ < n, ∀i = 1, ..., n (see section 2 below for defini-
tions). The space V MO was introduced by Sarason in [10] and it’s the subspace of
the John-Nirenberg space BMO (see [7]) whose BMO norm over a ball vanishes
as the radius of the ball tends to zero.

Our main result in this note is local regularity in the Morrey spaces Lp,λ of the
first derivatives of the solutions of the equation with discontinuous coefficients (1.1)
(Theorem 4.3) as in [5] has been done in Lp−spaces for equations in divergence form
and in [6] has been done in the nondivergence form.

As a consequence of the main result we prove (Theorem 4.4) a C0,α
loc -regularity

result. This generalizes Stampacchia’s theorem 7.2 [11] in the framework of Morrey
spaces.

Our argument rests on an integral representation formula for the first derivatives
of the solutions of equation (1.1) and the boundedness in Lp,λ of some integral

Received by the editors April 6, 1998.
1991 Mathematics Subject Classification. Primary 35B65, 32A37, 31B10; Secondary 46E35,

42B20.
Key words and phrases. Elliptic equations, Morrey spaces, VMO.

c©1999 American Mathematical Society

533



534 MARIA ALESSANDRA RAGUSA

operators and commutators appearing in this formula. This method was used to
obtain Lp regularity results in the constant coefficient case. It’s associated with the
names of A. Calderón and A. Zygmund and had been used by many authors (G.
Giraud, C. Miranda and others) to study the regularity properties in the Hölder
spaces.

This technique of Calderón and Zygmund was used in the deep result [3] by
Chiarenza, Frasca and Longo for the nondivergence form equation and made it
possible to pass from the coefficient case aij ∈ C0(Ω) to the discontinuous coefficient
case.

In the noteworthy paper [1] Lp results are obtained for linear elliptic systems
which however cannot be used in the case of V MO coefficients.

In a subsequent paper the author will study the boundary estimates and the
solvability of the Dirichlet problem for equation (1.1) as Chiarenza, Frasca and
Longo have done in [4] for the nondivergence form equation.

2. Some definitions

Let Ω be an open bounded set in Rn (n ≥ 3) and f be a locally integrable
function in Ω. We say that f is in the John-Nirenberg space BMO of the functions
of bounded mean oscillation if

sup
B

1
|B|

∫
B

|f(x) − fB|dx ≡ ‖f‖∗ < ∞,

where B ranges in the class of the balls contained in Ω and

fB ≡ 1
|B|

∫
B

f(x)dx.

We denote the number ‖f‖∗ as the norm of f in BMO.
If f ∈ BMO and r is a positive number we set

sup
x∈Rn, ρ≤r

1
|Bρ|

∫
Bρ

|f(x)− fBρ |dx ≡ η(r)

where Bρ stands for a ball with radius ρ less than or equal to r.
We say that f ∈ BMO is in the space V MO if limr→0+ η(r) = 0.
Furthermore we denote ηij the V MO modulus of the function aij and η(r) =

(
∑n

i,j=1 η2
ij(r))

1
2 .

Also, for 1 < p < ∞, 0 < λ < n we set

‖f‖p
Lp,λ(Ω)

≡ sup
x∈Ω, ρ>0

1
ρλ

∫
Bρ(x)∩Ω

|f(y)|pdy < ∞

and we call Morrey space Lp,λ(Ω) the set of those measurable f for which the norm
of f is finite.

Remark 2.1 ([9, Remark 2.2]). Let Ω an open subset of Rn. Then Lp,λ(Ω) is con-
tinuously imbedded in Lp′,λ′(Ω) for p′ ≤ p and λ′ ≤ λp′

p + n(1− p′
p ).

Let Ω be a bounded open set in Rn (n ≥ 3) and let us consider

Lu ≡ −
n∑

i,j=1

(aij(x)uxi)xj = divf(x) a.a. x ∈ Ω,
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where we assume that

∃p ∈ ]1, +∞[, λ ∈ ]0, n[ such that

f = (f1, ..., fn) ∈ [Lp,λ(Ω)]n;(2.1)

aij(x) ∈ L∞(Ω) ∩ V MO, ∀i, j = 1, ..., n;(2.2)

aij(x) = aji(x), ∀i, j = 1, ..., n a.a.x ∈ Ω;(2.3)

∃σ > 0 : σ−1|ξ|2 ≤ aij(x)ξiξj ≤ σ|ξ|2 ∀ξ ∈ Rn, a.a. x ∈ Ω.(2.4)

We say that u is a solution of (1.1) if u and ∂xiu ∈ Lp(Ω) ∀i = 1, . . . , n and for
some 1 < p < ∞ ∫

Ω

aijuxiφxj dx = −
∫
Ω

fiφxidx ∀φ ∈ C∞
0 (Ω).

3. Preliminary tools

Theorem 3.1 ([9, Lemma 2.8]). Let Ω be an open subset of Rn, 0 < α < n, 1 <
q < ∞, 0 < µ < n such that µ + αp < n and K ∈ C∞(Rn \ {0}) a homogeneous
function of degree −α. Then, for every f ∈ Lq,µ(Ω) the operator

T f(x) =
∫
Ω

K(x− y) f(y)dy

is a.e. defined, belongs to Lp,λ(Ω) where 1
p = 1

q −
α
n , λ = µp

q and exists c =
c(q, µ, α) > 0 such that

‖Tf‖Lp,λ(Ω) ≤ c‖f‖Lq,µ(Ω).

We recall the definition and some useful results on singular integrals.

Definition 3.2. Let k : Rn \ {0} → R. We say that k(x) is a Calderón-Zygmund
kernel (C-Z kernel) if

i) k ∈ C∞(Rn \ {0});
ii) k(x) is homogeneous of degree −n;
iii)

∫
Σ

k(x) dx = 0, where Σ = { x ∈ Rn : |x| = 1 }.

Theorem 3.3 ([6, Theorem 2.3]). Let B be an open ball in Rn, f ∈ Lp,λ(B), 1 <
p < ∞, 0 < λ < n, a ∈ BMO(B). Let k(x, z) be a real measurable function in
B × (Rn \ {0}) such that

(i) k(x, .) is a Calderón–Zygmund kernel for a. a. x ∈ B;
(ii) max|j|≤2n

∥∥∥ ∂j

∂zj k(x, z)
∥∥∥

L∞(B×Σ)
= M < +∞.

Let also, for any ε > 0,

Kεf(x) =
∫

|x−y|>ε, x∈B

k(x, x − y)f(y)dy,

Cε(a, f)(x) =
∫

|x−y|>ε, x∈B

k(x, x− y)(a(x) − a(y))f(y)dy.
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Then, there exist Kf, C(a, f) ∈ Lp,λ(B) such that

lim
ε→0

‖Kεf −Kf‖Lp,λ(B) = 0, lim
ε→0

‖Cε(a, f)− C(a, f)‖Lp,λ(B) = 0

and there exists a constant c = c(n, p, λ, M) such that

‖Kf‖Lp,λ(B) ≤ c‖f‖Lp,λ(B) , ‖C(a, f)‖Lp,λ(B) ≤ c‖a‖∗‖f‖Lp,λ(B).

The next theorem will be crucial in the following.

Theorem 3.4 ([6, Theorem 2.4]). Let a ∈ V MO ∩ L∞(Rn) and k(x, z) satisfying
the hypothesis of Theorem 3.3. Then for any ε > 0, there exists ρ0 > 0 such that for
any ball Br of radius r ∈] 0, ρ0 [ and f ∈ Lp,λ(Br), with 1 < p < ∞ and 0 < λ < n,
we have

‖C(a, f)‖Lp,λ(Br) ≤ c ε ‖f‖Lp,λ(Br).(3.1)

4. A representation formula and regularity results

In the following we set

Γ(x, t) =
1

n(2− n)ωn

√
det{aij(x)}

 n∑
i,j=1

Aij(x)titj

(2−n)/2

,

Γi(x, t) =
∂

∂ti
Γ(x, t), Γij(x, t) =

∂

∂ti∂tj
Γ(x, t),

M = max
i,j=1,... ,n

max
|α|≤2n

∥∥∥∥∂αΓij(x, t)
∂tα

∥∥∥∥
L∞(Ω×Σ)

for a.a. x ∈ B and ∀t ∈ Rn \ {0} where Aij(x) stand for the entries of the inverse
matrix of the matrix {aij(x)}i,j=1,... ,n, and ωn is the measure of the unit ball in
Rn.

It is well known that Γij(x, t) are Calderón–Zygmund kernels in the t variable.
Let r, R ∈ R+, r < R and φ ∈ C∞(R) be a standard cut-off function such that

for every BR ⊂ Ω

φ(x) = 1 in Br, φ(x) = 0, ∀x /∈ BR.

Then if u is a solution of (1.1) and v = φu we have

L(v) = div G + g(4.1)

where we set

G =φf + u ADφ(4.2)

g =〈ADu , Dφ〉 − 〈f , Dφ〉.

We recall an integral representation formula for the first derivative of a solution
u of (1.1).

Lemma 4.1 ([8, Theorem 3.1]). Let, ∀i = 1, . . . , n, aij ∈ V MO ∩ L∞(Rn) satisfy
(2.3) and (2.4), let u be a solution of (1.1) and let φ, g and G be defined as above.
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Then, for every i = 1, . . . , n we have

∂xi(φu)(x) =
n∑

h,j=1

P.V.
∫

BR

Γij(x, x− y) {(ajh(x)− ajh(y))∂xh
(φu)(y)−Gj(y)} dy

(4.3)

−
∫

BR

Γi(x, x − y) g(y)dy +
n∑

h=1

cih(x)Gh(x) , ∀x ∈ BR

setting cih =
∫

|t|=1

Γi(x, t) thdσt.

Now as an application of the previous lemma we prove an a priori estimate for
the first derivatives of a solution of equation (1.1).

Theorem 4.2. Under the assumptions of Lemma 4.1, u and ∂xiu ∈ Lp(Ω), ∀i =
1, . . . , n, f ∈

[
Lp,λ(Ω)

]n 0 < λ < n, 1 < p < ∞, ∀K ⊂ Ω, there exists a constant
c = c(n, p, λ, σ, η, dist(K, ∂Ω)) such that

i) ∂xiu ∈ Lp,λ(K) , ∀i = 1, . . . , n;

ii) ‖∂xiu‖Lp,λ(K) ≤ c
(
‖u‖Lp,λ(Ω) + ‖f‖Lp,λ(Ω) + ‖∂xiu‖Lq,µ(Ω)

)
where q = p∗ is such that 1

p∗
= 1

p + 1
n and µ = λp∗

p .

Proof. First we prove i). Let v = φu from Lemma 4.1; it follows that

vxi = Sijh(vh) + hi(4.4)

where

Sijh(vh) =
n∑

h,j=1

P.V.
∫

Rn

Γij(x, x− y) {(ajh(x) − ajh(y))vxh
(y)} dy

and

hi = −

 n∑
i=1

P.V.
∫

Rn

Γij(x, x − y)Gj(y)dy +
∫

Rn

Γi(x, x − y) g(y)dy


+

n∑
h=1

cih(x)Gh(x) ∀i = 1, ..., n.

We will need to prove that hi ∈ Lp,λ1(Ω), λ1 ≤ λ, for every i = 1, . . . , n.
By hypotheses for every i = 1, . . . , n, ∂xiu ∈ Lp(Ω) and applying Remark 2.1

∂xiu ∈ Lp∗,p∗(Ω), ∀i = 1, . . . , n.
For the sake of brevity we set Tg(x) =

∫
B

Γi(x, x− y) g(y)dy.

If λp∗
p ≤ p∗, i.e., λ ≤ p, we have g ∈ Lp∗, λp∗

p (Ω), and by Theorem 3.1 Tg ∈
Lp,λ(Ω).

Otherwise if λ > p, then g ∈ Lp∗,p∗(Ω) and then Tg ∈ Lp,p(Ω).
In both cases Tg ∈ Lp,λ1(Ω), λ1 = min(λ, p).
We see that also G ∈ Lp,λ1(Ω) with λ1 = min(λ, p) because ∂xiu ∈ Lp(Ω)

and then u ∈ Lp,p(Ω) and f ∈ Lp,λ(Ω). We have therefore demonstrated that
hi ∈ Lp,λ1(Ω).
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Let us define the map

T :
[
Lp,λ1(Ω)

]n →
[
Lp,λ1(Ω)

]n

as

T w ≡ {(T w)i}i=1,...,n =

 n∑
j,h=1

Sijh(wi) + hi


i=1,... ,n

.

The operator T is a contraction in
[
Lp,λ1(Ω)

]n and then T has a unique fixed
point. Since, by (4.4), (vxi)i=1,...,n is also a fixed point in [Lp(Ω)]n by the uniqueness
of a fixed point vxi = wi, ∀i = 1, . . . , n.

If λ1 = λ, then we have vxi ∈ Lp,λ(Ω) ∀i = 1, . . . , n and then ∂xiu∈Lp,λ
loc (Ω), ∀i =

1, . . . , n.
If λ1 < λ, the same result is obtained iterating this procedure a finite number of

times.
Now we prove the estimate ii).
It’s sufficient to prove the theorem when the open set Ω is a ball BR and the

compact set K is Br with r ∈]0, R[.
Let Bρ ≡ Bρ(x) in the class of balls centered in x ∈ Ω with radius ρ > 0.

Integrating over BR ∩ Bρ the representation formula (4.3) and using Theorem 3.1
and Theorem 3.4 we find 1

ρλ

∫
Br∩Bρ

|∂xiu|p


1
p

≤

 1
ρλ

∫
BR∩Bρ

|∂xiv|p


1
p

≤ c

(
‖a‖∗ ‖∂xiv‖Lp,λ(Ω) + ‖G‖Lp,λ(Ω) + ‖g‖

L
p∗,

λp∗
p (Ω)

)
where the norm ‖a‖∗ is taken in the set BR.

Using Theorem 3.4 and just observing that Lp,λ(Ω) ⊂ Lp∗, λp∗
p (Ω) the estimate

requested taking BR with radius R such that c‖a‖∗ < 1
2 follows immediately.

Theorem 4.3. Let a ∈ V MO ∩ L∞(Rn) such that (2.3) and (2.4) hold true. Let
also f ∈

[
Lp,λ(Ω)

]n 0 < λ < n, 1 < p < ∞, u ∈ Lp(Ω), the solution of Lu = div f
with ∂xiu ∈ Lp(Ω) ∀i = 1, . . . , n.

Then for any compact set K ⊂ Ω there exists c = c(n, p, λ, σ, η, K, Ω) such that

‖∂xiu‖Lp,λ(K) ≤ c
(
‖u‖L2(Ω) + ‖f‖Lp,λ(Ω)

)
for every i = 1, . . . , n, 0 < λ < n, 2 < p < +∞.

Proof. From ii) of the previous theorem we have

‖∂xiu‖Lp,λ(K) ≤ c

(
‖u‖Lp,λ(Ω) + ‖f‖Lp,λ(Ω) + ‖∂xiu‖

L
p∗,

λp∗
p (Ω)

)
.

(4.5)

Let 2 < p ≤ 2∗ (p∗ ≤ 2), where 2∗ is such that 1
2∗ = 1

2−
1
n . Then using [2, Corollary,

p. 277 ]

‖u‖Lp,λ(Ω) ≤ c
(
‖∂xiu‖Lq,µ(Ω)

)
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with 1
q = 1

p + 1
n , µ = (n−1)λ

n . Moreover from Remark 2.1 we get L2,λ ⊂ Lp∗, (n−1)λ
n ;

then
‖u‖Lp,λ(Ω) ≤ c‖∂xiu‖

Lp∗,
(n−1)λ

n (Ω)
≤ ‖∂xiu‖L2,λ(Ω).

Using again Remark 2.1 we obtain L2,λ ⊂ Lp∗, λp∗
p ; then

‖∂xiu‖
L

p∗,
λp∗

p
(Ω) ≤ ‖∂xiu‖L2,λ(Ω).

Then we find from (4.5) and the classical L2,λ theory

‖∂xiu‖Lp,λ(K) ≤ c
(
‖u‖L2(Ω) + ‖f‖Lp,λ(Ω)

)
.(4.6)

Let 2∗ < p ≤ 2∗∗ (p∗ ≤ 2∗). Using Remark 2.1 we have L2∗,λ ⊂ Lp∗, (n−1)λ
n ; then

‖u‖Lp,λ(Ω) ≤ c‖∂xiu‖
Lp∗,

(n−1)λ
n (Ω)

≤ ‖∂xiu‖L2∗,λ(Ω).

Because of L2∗,λ ⊂ Lp∗, λp∗
p we have

‖∂xiu‖
L

p∗,
λp∗

p (Ω)
≤ ‖∂xiu‖L2∗,λ(Ω).

We deduce that

‖∂xiu‖Lp,λ(K) ≤ c
(
‖f‖Lp,λ(Ω) + ‖∂xiu‖L2∗,λ(Ω)

)
applying (4.6) with p = 2∗

≤ c
(
‖f‖Lp,λ(Ω) + ‖f‖L2∗,λ(Ω) + ‖u‖L2(Ω)

)
≤ c

(
‖u‖L2(Ω) + ‖f‖Lp,λ(Ω)

)
.

Iterating this technique we deduce the result for every p > 2.

Theorem 4.4. Let 0 < λ < n, 2 < p < ∞, such that p > n − λ, a ∈ V MO ∩
L∞(Rn) satisfying (2.3) and (2.4). Then if u ∈ Lp(Ω) is solution of Lu = div f

with ∂xiu ∈ Lp(Ω) for every i = 1, . . . , n and f ∈
[
Lp,λ(Ω)

]n we have that for any
compact set K ⊂ Ω, u ∈ C(0,α)(K) and

‖u‖C(0,α)(K) ≤ c
(
‖f‖Lp,λ(Ω) + ‖u‖L2(Ω)

)
,

where α = 1− n
p + λ

p and c has the same meaning as Theorem 4.3.

Proof. To prove the above inequality we argue using Theorem 4.3 (see, e.g., [8,
Theorem 1.2]).
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