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Abstract

We discuss colourings of elements of Steiner systems S(2; 4; v) in which the elements of each block get precisely two
colours. We show that there exist systems admitting such colourings with arbitrary large number of colours, as well as
systems which are uncolourable.
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1. Introduction

In this paper, we discuss colourings of the elements of Steiner systems S(2; 4; v), i.e. mappings of the set of elements
of an S(2; 4; v) into a set C whose elements are called colours. Here, an S(2; 4; v) is a pair (V;B) where V is a 8nite set
of elements, and B is a collection of 4-element subsets of V called blocks such that each 2-subset of V is contained in
exactly one block. It is well known that an S(2; 4; v) exists if and only if v ≡ 1 or 4 (mod 12) (cf. [1,2]).
There are 8ve di=erent ways in which a block of an S(2; 4; v) can be coloured (cf. [8]). For known results on colourings

of S(2; 4; v), see [1,2,8]. In this paper, we restrict ourselves to colourings which colour each block of an S(2; 4; v) with
exactly two colours. A block is B-coloured if three of its elements are coloured with one colour and the remaining element
is coloured with a di=erent colour (X; X; X; ), and it is C-coloured if it has two elements coloured with one colour and
the other two elements coloured with a di=erent colour (X; X; ; ).

2. Bicolourings for S(2; 4; C)

A colouring of an S(2; 4; v) is a bicolouring if each block is coloured with precisely two colours. An S(2; 4; v) is
bicolourable if it admits at least one bicolouring. A bicolouring using exactly h colours is an h-bicolouring.
Let V be the vertex set and B be the family of blocks of an S(2; 4; v). Consider a bicolouring of an S(2; 4; v) in

which h colours are used. Let Xi be the set of elements coloured with colour i; Xi is the colour class whose cardinality
is |Xi| = ni. We associate with a bicolouring the integer vector (n1; n2; : : : ; nh), the type of bicolouring where we assume
w.l.o.g. that

n16 n26 · · ·6 nh:

Let SI , with |SI | = sI , be the union of |I | colour classes, where I ⊆ {1; 2; : : : ; h} is any subset of colours used in a
bicolouring.
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The maximum (minimum) number of colours for which there exists a bicolouring of an S(2; 4; v) (V;B), is its upper
(lower) chromatic number and is denoted by Fbi(V;B) [(bi(V;B)]. We also denote Fbi(v) [bi(v), respectively] the
maximum of Fbi(V;B) [the minimum of bi(V;B), resp.] where the maximum (minimum) is taken over all S(2; 4; v)
(V;B) of order v.
The numbers bi(v), Fbi(v) are well de8ned: for every admissible order v ≡ 1; 4 (mod 12) there exists an S(2; 4; v) with a

2-colouring ([1,2]) which is necessarily a 2-bicolouring. Moreover, this shows also that bi(v)=2 for all v ≡ 1; 4 (mod 12).
On the other hand, for individual systems S(2; 4; v) (V;B) the numbers bi(V;B) and Fbi(V;B) may not be de8ned. In

other words, an S(2; 4; v) (V;B) may be uncolourable. In fact, result of [8] can be restated for bicolourings as follows.

Theorem 2.1. There exists a constant v∗ such that for all v¿ v∗, v ≡ 1; 4 (mod 12), there exists an S(2; 4; v) without
a bicolouring.

As all S(2; 4; v)s with v6 25 are bicolourable (see proof of Proposition 3.1 in Section 3 below), it follows that v∗¿ 28.

Proposition 2.1. If S(2; 4; v) has a bicolouring using h colours where xB is the number of B-coloured blocks and xC is
the number of C-coloured blocks, then

xB =

∑h
i=1 ni(ni − 1)

2
− v(v− 1)

6
;

xC =
v(v− 1)

4
−
∑h

i=1 ni(ni − 1)
2

:

Proof. In a B-coloured block there are three distinct pairs of elements coloured with two di=erent colours and three
distinct pairs of elements coloured with one colour, while in a C-coloured block there are four distinct pairs of elements
coloured with two di=erent colours and two distinct pairs of elements coloured with one colour, so we have

3xB + 2xC =

∑h
i=1 ni(ni − 1)

2
; (1)

and

3xB + 4xC =
v(v− 1)

2
−
∑h

i=1 ni(ni − 1)
2

: (2)

The statement follows by resolving for xB and xC .

For a bicolouring of type (n1; n2; : : : ; nh) of an S(2; 4; v), let xIB and xIC be the numbers of B-coloured and C-coloured
blocks contained in SI respectively.

Corollary 2.1. Given a bicolouring of an S(2; 4; v) of type (n1; n2; : : : ; nh), and I ⊆ {1; 2; : : : ; h}, the set SI is a subsystem
S(2; 4; sI ) if and only if

xIB =

∑
j∈I nj(nj − 1)

2
− sI (sI − 1)

6
; (3)

xIC =
sI (sI − 1)

4
−
∑

j∈I nj(nj − 1)

2
: (4)

Proof. In fact (3) and (4) hold if and only if all the monochromatic pairs of elements coloured with the colour i∈ I ,
belong to blocks all contained in SI .

Corollary 2.2. If an S(2; 4; v), v¿ 4 is coloured with a bicolouring which uses h colours, then

v(v + 2)
3

¡
h∑
i=1

n2i 6
v(v + 1)

2
: (5)

Moreover, the right inequality becomes an equality if and only if xC = 0.



M. Gionfriddo et al. / Discrete Mathematics 283 (2004) 249–253 251

Proof. It follows from [8] that if v¿ 4, then we must have xB ¿ 0. The rest follows from the de8nition of a bicolouring
and from the expressions for xB and xC , as given in Proposition 2.1.

In particular, if a bicolouring of an S(2; 4; v) is of type (1; 3; 32; : : : ; 3h−1), then the right inequality in (5) becomes an
equality.

Lemma 2.1. If S(2; 4; v) is coloured with a bicolouring of type (n1; n2; : : : ; nh) using h colours and I ⊆ {1; 2; : : : ; h}, then
for 26 |I |6 h the following inequality holds:

3
∑
j∈I
nj(nj − 1)¿ sI (sI − 1): (6)

Proof. The generic set SI contains at most sI (sI − 1)=12 blocks. Let xIB and xIC be the number of B-coloured blocks, and
the number of C-coloured blocks, respectively, contained in SI . We have

sI (sI − 1)
12

¿ xIB + x
I
C¿

1
4
(3xIB + 4xIC)) =

1
4

(
sI (sI − 1)

2
−
∑
j∈I

nj(nj − 1)
2

)
(7)

which implies

3
∑
j∈I
nj(nj − 1)¿ sI (sI − 1): (8)

Note that in (7) xIB can be equal to zero for some set I .

Proposition 2.2. If S(2; 4; v) is coloured with a bicolouring using h colours, then the following implications hold:

1. if n1 = 1, then ni ≡ 0 (mod 3) for 26 i6 h;
2. if n1 = 2, then there is a unique nj ≡ 2 (mod 3); nj = 2 or nj¿ 11 and ni ≡ 0 (mod 3) for 26 i6 h with i 
= j;
3. if n1 = 3; then ni¿ 9 for 26 i6 h and there exists nk¿ 10.

Proof.

1. If n1 = 1, let x be the element in X1; it is contained in (v− 1)=3 B-coloured blocks, so ni ≡ 0 (mod 3) for 26 i6 h.
2. If n1 =2, let y1 and y2 be two elements in X1, y1 is contained in ((v−1)=3−1) B-coloured blocks and in a C-coloured

block containing y2. Then there exists a unique nj ≡ 2 (mod 3) and ni ≡ 0 (mod 3) such that 26 i6 h and i 
= j;
clearly nj cannot equal 2, but further analysis shows that it cannot equal 5 or 8, either.

3. If n1 = 3, let z1, z2 and z3 be three elements in X1. If b = {z1; z2; z3; x} is a block of S(2; 4; v), then all the blocks
di=erent from b and containing z1 or z2 or z3 are B-coloured, and from the de8nition of S(2; 4; v) we have that ni¿ 9
for 26 i6 h. In particular, since n1 
= 1, we have that Xk , the colour class which contains x, has cardinality nk¿ 10:
If b is not a block of S(2; 4; v), then zi, 16 i6 3, is contained in ((v − 1)=3 − 2) B-coloured blocks and in two
C-coloured blocks. It follows that ni¿ 9 for 26 i6 h and since n1 
= 1 we have that there is a colour class with
cardinality at least 10.

Proposition 2.3. In a bicolouring of S(2; 4; v) of type (n1; n2; : : : ; nh), we have ni¿ 2i−1 for 16 i6 h, and there is at
least one nj with nj ¿ 2j−1.

Proof. By Lemma 2.1 and Lemma 2 in [7] we have that ni¿ 2i−1 for 16 i6 h. If n1 = 1; then by Proposition 2.2
ni ≡ 0 (mod 3) and ni ¿ 2i−1 for 26 i6 h.

3. An upper bound for "�bi

Theorem 3.1. If S(2; 4; v) admits a bicolouring and v6 ((3d − 1)=2)(d∈N ), then
Fbi6

⌊
d

log3 2

⌋
− 1:
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Proof. If P is a bicolouring of S(2; 4; v) which uses h colours, then by Proposition 2.3 we have the sequence of inequalities

3d − 1
2

¿ v =
h∑
i=1

ni ¿
h∑
i=1

2i−1 = 2h − 1 (9)

which implies

3d¿ 2h+1: (10)

Inequality (10) is true for bicolourings which use h= Fbi colours, hence the theorem follows.

In the theorem above, d∈N is usually taken to be the smallest integer for which the inequality v6 (3d − 1)=2 holds.

3.1. Results for S(2; 4; v) of small orders

In this subsection we prove some results about the upper and the lower chromatic numbers for small S(2; 4; v).

Proposition 3.1. An S(2; 4; v), with v∈ {13; 16; 25; 28} can only be coloured with a bicolouring which uses either two or
three colours. Thus Fbi(v) = 3 for these orders.

Proof. By Theorem 3.1 we have that Fbi(13)6 3 and Fbi(v)6 5 for v∈ {16; 25; 28}. Propositions 2.2 and 2.3 imply that
the unique S(2,4,13) admits only bicolourings of type (6,7), (1,3,9), (2,2,9) and (1,6,6). Similarly, the unique S(2,4,16)
admits only bicolourings of type (8; 8) and (1; 6; 9).
There are 18 nonisomorphic systems S(2,4,25) ([3,9]). Only two of these admit a 2-bicolouring which is then, by a

result of [5], necessarily of type (12,13). The remaining 16 systems do not admit a 2-colouring. All 18 Steiner systems
S(2,4,25) admit a 3-bicolouring of type (1,12,12). Systems No. 2, No. 6 and No. 8 in [3] or [6] (with automorphism
group of order 63, 150, and 6, respectively) admit also a 3-bicolouring of type (1,9,15). Whether there exists a bicolouring
of type (2,11,12) (the only remaining possibility) is an open problem. By Corollary 2.1 and Proposition 2.2, an S(2,4,25)
has no 4-bicolouring.

There exist exactly 4466 nonisomorphic systems S(2,4,28) with nontrivial automorphism group [4]. Several of these
admit a bicolouring of type (14,14). Whether a 2-bicolouring of type (13; 15) is possible is an open problem [5].

To show that there exists an S(2; 4; 28) with a 3-bicolouring, consider the following system (cf. [4]). The set of
elements is {0; 1; : : : ; 27}, and the set of blocks is obtained by developing the base blocks {0; 1; 7; 9}, {0; 2; 12; 14},
{0; 3; 18; 21}, {0; 11; 26; 27}, {0; 16; 17; 23}, {0; 20; 22; 24}, {7; 8; 21; 25}, {7; 10; 15; 20}, {7; 14; 18; 26} under the automor-
phism (0 1 : : : 6) (7 8 : : : 13) (14 15 : : : 20) (21 22 : : : 27) of order 7. It is straightforward to verify that
{0}, {4; 6; 8; 11; 13; 15; 20; 22; 24; 25; 26; 27} and {1; 2; 3; 5; 7; 9; 10; 12; 14; 16; 17; 18; 19; 21; 23} are colour classes of a
3-bicolouring of type (1; 12; 15). No S(2,4,28) can have a 4-bicolouring by Corollary 2.1 and Proposition 2.2.

4. Bicolourings for a class of S(2; 4; C)

Theorem 4.1. If an S(2; 4; v) is bicolourable with a colouring of type (n1; n2; : : : ; nk ; nk+1; : : : ; nh) and the sets
⋃k
j=1 Xj ,

for l6 k6 h with l¿ 2, induce a sequence of subsystems Sk(2; 4; sk) of S(2; 4; v), then ni¿ 2i−1 for 16 i6 l and
nk+1 = 2sk + 1 for l6 k6 h, and moreover, all the C-coloured blocks belong to the subsystem Sl(2; 4; sl).

Proof. For the induced bicolouring on Sl(2; 4; sl) of type (n1; n2; : : : ; nl), by Proposition 2.2 we have ni¿ 2i−1 for
16 i6 l. Let x be an element of Sk(2; 4; sk), l6 k ¡h: It follows that x∈Xi, with 16 i6 k. Let y be an element
of Xk+1; the pair {x; y} is contained in a B-coloured block because all pairs of elements coloured with the colour i belong
to blocks of Sk(2; 4; sk). By the arbitrary choice of x and by the fact that any pair of elements of Xk+1 belongs to a block
of Sk+1(2; 4; sk+1), we have that all elements of Sk(2; 4; sk) induce a resolvable STS(2sk + 1) with sk parallel classes on
Xk+1 and nk+1 = 2sk + 1 for l6 k6 h. Clearly, all the blocks outside Sl are B-coloured.

Corollary 4.1. If an S(2; 4; v) is bicolourable with a colouring of type (n1; n2; : : : ; nl; : : : ; nh) and the set
⋃l
j=1 Xj induces

a subsystem Sl(2; 4; sl) of S(2; 4; v), then nl+1¿ 2sl + 1.

Theorem 4.1 is based on the “3v+1 construction” (cf. [8]) which allows to obtain an (h+1)-bicolourable S(2; 4; 3v+1)
if there exists an (h)-bicolourable S(2; 4; v). In particular, this construction allows one to construct h-bicolourable systems
with h¿ 3.
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It has already been observed in Section 2 that for every admissible order v, there exists a 2-bicolourable S(2; 4; v).
Applying the “3v + 1 construction” yields:

Theorem 4.2. For every v ≡ 4, 13 (mod 36), v¿ 13, there exists a 3-bicolourable S(2; 4; v). For every v ≡ 13,
40 (mod 108), v¿ 40, there exist a 4-bicolourable S(2; 4; v). In general, for every h¿ 2 and for every

v ≡ 3h−1 − 1
2

or
3h − 1

2
(mod 4 · 3h−1); v¿

3h − 1
2

;

there exists an h-bicolourable S(2; 4; v), and the number of such systems goes to in<nity with v.

Proof. Only the last statement requires proof; it follows easily from the fact that the number of nonisomorphic Kirkman
triple systems of order v goes to in8nity with v [10].
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