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Abstract We prove the existence of N distinct pairs of nontrivial solutions for critical p-
Laplacian problems in RY, as well as in bounded domains. To overcome the difficulties
arising from the lack of compactness, we use a recent global compactness result of Mercuri
and Willem.
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1 Introduction

Consider the problem

—Apu=a@) |ulP2u+u” u, ueDPRY), (1.1)
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where 1 < p < N, p* = Np/(N — p) is the critical Sobolev exponent, and a € LY/P(R")
satisfies

inf / (IVul? — a(x) [ul?) dx > 0 (1.2)
ueDLP(RN), |Vul,=1 JRN

and
essinfyepy(xy) a(x) >0 (1.3)
for some open ball Bs(xo) C RN. Here |-|, denotes the norm in L4(R"). Let

/ [Vu|? dx
RN

S = inf (1.4)

B DL RN)\{0} " p/p*
ue \ (/ ul? dx)
RN

be the best constant in the Sobolev inequality. We prove the following multiplicity result.

Theorem 1.1 Assume that N > pz, and (1.2) and (1.3) hold. If
latln/p < (1—=277/N) s, (1.5)

where a™ is the positive part of a defined by a™ (x) = max {a(x), 0}, then problem (1.1) has
at least N pairs of nontrivial solutions.

Sufficient conditions for the existence of a positive solution of problem (1.1) when p > 2
and a(x) < O for all x € RV were given by Alves [1]. Related multiplicity results for the
subcritical scalar field equation in R N can be found in Cerami et al. [5], Clapp and Weth [6],
Molle and Passaseo [13] and Perera [14].

We prove the multiplicity result in Theorem 1.1 in bounded domains also (see Theorem
3.1). In particular, we have the following corollary for the problem

—Apu = ulP a4 ul? P u, ue Wy (), (1.6)

where  is a smooth bounded domain in R¥ and 1 < p < N.

Corollary 1.2 If N > p? and
0<ar<(1=27PNys|QI=P/V, (1.7)

where |S2| is the Lebesgue measure of 2, then problem (1.6) has at least N pairs of nontrivial
solutions.

See Devillanova and Solimini [9] for the semilinear case p = 2. For N > p? + p, Cao
et al. [4] have recently shown that problem (1.6) has infinitely many solutions for all A > 0
(see also Wu and Huang [19] and Perera et al. [15]). The multiplicity result in Corollary 1.2
is new when p # 2 and p> < N < p* + p.

From a technical point of view, we first use a recent global compactness result of Mercuri
and Willen [12] to prove that suitable Palais—Smale sequences of the energy functional
associated with problem (1.1) are weakly compact; see Lemma 2.2. Estimates of critical
levels arising from Krasnoselskii’s genus are then provided; see Lemmas 2.3-2.6. In both
cases, the so-called Talenti’s functions [17] play a basic role.
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2 Proof of Theorem 1.1

Weak solutions of problem (1.1) coincide with critical points of the C'-functional
1 1 - | N
D) = —(|Vu|P—a(x) |u|p)——|u|p dx, ueD PR"Y)
RV LD p*
restricted to the Nehari manifold
M= [u e DVP@®RV)\ {0} : / (|Vu|p —a(x) |u|p)dx =/ ul?" dx] .
RN RN

We note that M is bounded away from the origin in DLP(RY)Y in view of (1.2) and the
continuity of the Sobolev imbedding D7 (RV) — LP"(RN).

Recall that for ¢ € R, (u]) C M is a (PS), sequence for @ (resp. @[ ) if ' (u;) — 0
(resp. @’y (u;) — 0)and ®(u;) — c.

Lemma 2.1 If(uj) C M is a (PS). sequence for ®@| 4, then (uj) is also a (PS). sequence
for ®.

Proof Since u; € M,
1
D(uj) = N/RN (IVu|? — a(x) |u;|?) dx,

and since (®(u;)) is bounded and (1.2) holds, this implies that (u ;) is bounded in D" (RV).
Since @'y, (u;) — 0, for some sequence of Lagrange multipliers (,u j) CR,

/RN (|Vuj|p_2VMj-Vv—a(x)lujl”_zujv—|uj|p _2ujv)dx
—Mj /RN [p (IVu_,'|p72 Vuj- Vv —a(x) |u_,-|p72u_,' v) —p*luj;l? 7214(,- v] dx

=o(vl) YveD"P®RM). (2.1)

Taking v = u; and using the fact that (u j) is a bounded sequence in M shows that

,u,j/ (|Vuj|p —a(x)|uj|p)dx — 0.
RN

Since (1.2) holds and M is bounded away from the origin, this implies that u; — 0, so
@'(uj) — 0by (2.1). O

In the absence of a compact Sobolev imbedding, we will use the following compactness-
type property of (PS). sequences for ®| .

Lemma 2.2 If

1 2
—SN/P o < ZgN/P, (2.2)
N N
then every (PS). sequence for ®| . has a subsequence that converges weakly to a (nontrivial)

1
solution vy of problem (1.1) with ®(vg) = c or ®(vg) = ¢ — m SN/p,
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Proof Assume (2.2) and let (uj) C M be a (PS). sequence for ®| 4. Then (u;) is also a
(PS). sequence for & by Lemma 2.1, and by a recent global compactness result of Mercuri
and Willem [12, Theorem 5.2] (see also Benci and Cerami [2] and Alves [1]), a renamed
subsequence converges weakly to a solution vy € DLP(RNY of problem (1.1) and there exist
nontrivial solutions vy, ..., vz € DVP(RY), k > 0, of —Apu= Iulf”*’2 u such that

k
D (vo) + Y Poolvi) =c, (2.3)

i=1

where
1 1 * 1 N
Do) = —|Vul? — —u|? )dx, ue D PR").
RN \P p
If k = 0, then ®(vg) = ¢ by (2.3) and we are done, so suppose k > 1. We have
1 * 1 *
@ (vo) = */ l|? dx >0,  DPoo(vi) = */ lvi|” dx >0, i=1,... k.
N RN N RN
2.4)

2
Fori = 1,...,k,if v; is sign-changing, then ®,(v;) > — sN/p (see, e.g., Mercuri et al.
[11, Lemma 2.1]), so |v;| > 0 by (2.2)—(2.4) and the strong maximum principle. Hence
1 .
Do (Vi) = NSN/", i=1,....k
by Sciunzi [16, Theorem 1.1] (see also Caffarelli et al. [3], Damascelli et al. [7], and Vétois
1

[18]), and then it follows from (2.2)—(2.4) again that k = 1 and ®(vg) = ¢ — N sN/p. g

Let A denote the class of all nonempty compact symmetric subsets of M, let

y(A) = inf {k > 1 : 3 an odd continuous map A — R¥\{0}}
be the Krasnoselskii genus of A € A, let
Ar={AeA:y(A) = k+1},

and set
Ck = Aiélftk I;leaj( dwm), k=0,...,N.
We have
co = uien/{/l D (u) (2.5)
and

Co=C =" =CN,

1 2
and we will show that v SN/P < ¢ and ey < v SN/P in order to apply Lemma 2.2.

Lemma 2.3 Every A € Ay contains a point uq such that u(jf € M, and hence c1 > 2c.
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Proof Let A € A and set a(u) = / (IVul? —a(x) [ul? — Iul”*) dx. Then A contains a
RN
point ug with a(uar) = a(uy ), for otherwise

aw™) —aw™)

AT B e el

is an odd continuous map and hence y (A) < 1. We also have oc(ug) +oa(uy) =a(ug) =0
since ug € M, so this implies that a(u(j)ﬁ) = 0 and hence u(jf € M. Then

max D (u) > ®(ug) = Pugf) + P(uy) > 2
ue
by (2.5), so the second assertion follows. ]

We have the following lower bound for cy.
Lemma 2.4 IfIaJrlN/,7 < S, then
! N/p
L (S—la™Insp)™'".

Proof Forallu € M,

p/p*
S(/ |u|? dx) 5/ |Vu|1’dx:/ (@) |ul? + |ul?") dx
RN RN RN

p/p*
5/ (@t ) lul? + [ul?) dx < la™|n/p (/ |ul? dX) +/ ul” dx
RN RN RN

by (1.4) and the Holder inequality, so

* N
/ lul? dx > (S — la™|nyp) v,
RN
Since
1 k
D) = 7/ lu|? dx,
N RN
the assertion follows. O
1
Lemma 2.5 ¢; > — SN/P
N
Proof By Lemmas 2.3 and 2.4, and (1.5),

2 N/p [
SR (S—latinp) " > NS /p.

2
Lemma 2.6 cy < NSN/I’

Proof The infimum in (1.4) is attained by the family of functions

Cn.p e~ (N=p)/p

x| p/(p—1) | N=P)/P’
(M)
&

>0,

Ue(x) =
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where Cy , > 0 1is chosen so that

/ |Vue|? dx :/ u? dx = SN/P,
RN RN

Take a smooth function 5 : [0, c0) — [0, 1] such that n(s) = 1 fors < 1/4 and n(s) =0
fors > 1/2, and set

e (x) =n(x) ue(x), &>0.

We have the well-known estimates

/ Vi dx < SV/P 4 CeWN=P)/0=D), (2.6)
RN
/ i dx > SN/P — ceN/P=D), 2.7)
]RN
p
e if N > p?
/ aldx>1 G (2.8)
RN

8]7
Vel |loge| if N = p?,

where C = C(N, p) > 0is a constant (see, e.g., Degiovanni and Lancelotti [8]).
After a translation and a dilation, we may assume that xo = 0 and § = 1 in (1.3), so we
have

A i=essinfrep ) alx) > 0. 2.9)
Let S¥—1 be the unit sphere in RV, let
Si’ = {x = (x’m, H:x' eSSVt elo, 1]}
be the upper hemisphere in RV*!, and consider the map ¢ : S_’X — M defined by
@) = 7 (it (- = (1 = 2t = 1)) x/2) = (1 = 204 e (- +x7/2)),

where
N/pp*

/ (IVul? — a(x) |ul?) dx
RN

/ ul?" d
]RN

is the radial projection onto M. Clearly, ¢ is continuous. Since

N/p

7 :DYPRYN\(O) > M, ur—>

/ (|Vu|p —a(x) |u|p) dx
RN

. p/p*
(/ lu|P dx)
RN

and (- — (1 — (2t — 1)) x'/2) and &t (- + x'/2) have disjoint supports in B;(0), where
a > A a.e. by (2.9),

, ueD"P@®RV)\ {0},

1
D (m(u)) = N

N/p
(1+(1—2t){;)/ (IViig|? — ail) dx
RN

_ ap\P*\P/P* ~p*
(1+a=2n%) (/RNug’dx)

VxeSf.

Pp() < T
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The right-hand side is nonincreasing in ¢, and (2.6)—(2.8) give

- - reP
/RN (IVitg|P — niil) dx §_ % £ CeWN-P/P=D §f N > p?

RN = reP » . )
(/ i? dx) S—?llogeH—Ca if N = p~,
RN

SO

2
max ®(p(x)) < v sN/p

N
xeSy

SN—I

if ¢ is sufficiently small. Since ¢ is odd on , it can now be extended to an odd continuous

map ¢ : SV — M satisfying

2
max @) < — SN/P.
ue@(sN) N

Then
y@s™) = y(sM) =N +1
and the assertion follows. O
The next lemma is due to Devillanova and Solimini [9] when p = 2.

Lemma 2.7 If ¢y = ciy1 for somek € {1, ..., N — 1}, then ® has infinitely many critical

points at the level ci or ¢y — N SN/p.

Proof Suppose @ has only finitely many critical points vy, ..., v, at the levels ¢; and
Ck — N SN/P_and let {wy, ..., w,} be a basis for their span. We have
n
v; :Zaijwj, i=1,...,m
j=1
for some a;; € R. Take (b1, ..., b,) € R" such that

n
D aijbj #0, i=1,....m,
j=1

and let / be a bounded linear functional on D'-?(R") such that [(w;) = b;, j = 1,...,n.
Then
n n
1) = aijlw)) =D ayjbj#0, i=1..m. (2.10)
j=1 j=1

Now take a sequence (A;) C Agq1 such that max ®(A;) — cx41, and let
Aj={ueA;:lw =0}
By the monotonicity of the genus,

k+2<y(A) <y(Aj)+y(A;\A),
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andy(A.,'\/il,-) < Isince llAj\Aj is an odd continuous mapping into R\ {0},50 y (A ;) > k+1
and hence A j € Ag. Then

¢k <max ®(u) < max ®u) — ciy1 = c,
ueA; ueA;

SO max ©(Aj) — c. By Ghoussoub [10, Theorem 1], then ®|,, has a (PS)., sequence
(u j) such that

dist (u;, Aj) — 0. (2.11)

1 2
Since N SNIP < ¢ < N SN/P by Lemmas 2.5 and 2.6, a renamed subsequence converges

weakly to some v; by Lemma 2.2. Then (2.11) implies that /() — 0 and hence /(v;) = 0,
contradicting (2.10). ]

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Lemmas 2.5 and 2.6,

lSN/”<C1§---§c;V<ESN/”,
N N

1
and hence ¢; or ¢ — — SV/P is a critical level of ® fork = 1,..., N by Lemma 2.2.

If ¢k = ck41 for some k € {1,..., N — 1}, then ® has infinitely many critical points by
Lemma 2.7 and we are done, so suppose that this is not the case. Then

1 1
cl——=SVP < cey—=SVP < <<
TN NTN : N

and at least N of these levels are critical for ®. O

3 Bounded domains

Consider the problem
_ p—2 p*=2 L,p
—Apu =a(x)|ul u+ |ul u, ue Wyr(), 3.1

where Q is a smooth bounded domain in RV, 1 < p<N,ace LN/P(Q) satisfies

inf / (IVul? — a(x) [ul”)dx > 0 (3.2)
ueWy (@), |Vul,=1 /Q

and
essinfyepy(xy) a(x) >0 3.3)
for some open ball Bs(xp) C €2, and ||, denotes the norm in L7 (£2).
Theorem 3.1 Assume that N > p?, and (3.2) and (3.3) hold. If
latinp < (1—277/N) s,

then problem (3.1) has at least N pairs of nontrivial solutions.
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Proof We argue as in the proof of Theorem 1.1. Lemma 2.2 is now proved using the variant
global compactness result in Proposition 3.2 below, which readily follows by arguing as in
Mercuri and Willem [12] (see also Mercuri et al. [11, Remark 2.1]). The rest of the proof is
unchanged. O

Proposition 3.2 Let (u j) C Wol'p () be a (PS). sequence for the functional
1 1 * 1 P
Sw)= [ | = (Vul? —a@) ul”) — — |u|” |dx, ue Wy (Q).
QLP pP

Then a renamed subsequence converges weakly to a (possibly trivial) solution vy € WO1 P (Q)
of problem (3.1), and there exist nontrivial solutions vy, ..., vy € DLP(RN) or (up to

a rotation and a translation) Dé’p(]Rﬁ), k>0 of —Apu = |u|p*’2u and sequences
(yj) c Q, ()J',.) CRy, i =1,...,k such that dist(y’}, 89)/}»3 — 00 in the case of]RN
and dist (yj., 852)/)3/4 is bounded in the case of]Rﬁ,

k
uj —vo— D ANy =y >0,
i=1

k
Jui |7 = D lwill”,
i=0

k
D(v0) + D Poovi) =c,

i=1
where @ is defined on DVP (RN and Dé’p(Rﬁ) as in the proof of Lemma 2.2.

Finally, to see that Corollary 1.2 in introduction follows from Theorem 3.1, we note that
forall u € Wy (Q) with |Vul, = 1,

p/p*
/ (IVulP — A ulP)dx > 1 - (/ |u|? dx) QPN > 1 — a8 QP/N = 27PN
Q Q
by the Holder inequality, (1.4) and (1.7).
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