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0  INTRODUCTION

In the aerospace and automotive industries 65 % 
to 70 % of failures and breakdowns of mechanical 
systems are caused by geometric and/or size 
variations whose consequences were not accurately 
predicted during the design phase [1]. Dimensional 
and geometrical variations can significantly influence 
the functionality of assembled mechanical systems, 
especially those consisting of highly deformable 
components subjected to shock and vibration [2] and 
[3]. These systems characterized by the presence of 
sliding contacts and yielding constraints are generally 
used in mechanics to dampen vibrations and store or 
dissipate energy. Their reliability is as important as the 
need to precisely predict and control the variability of 
their dynamic characteristics since their geometrical 
properties (e.g. shape and dimension) are subjected 
to change. Examples of such assemblies include civil, 
military, automotive, naval and aerospace applications 
[4] to [6].

According to the available numerical analysis 
methods (i.e. finite element method (FEM) and 
multibody), simulations of these systems appear to be 
particularly complex, since it is difficult to determine 

the presence of extended sliding contacts and moving 
impacts between flexible components, as well as a 
high degree of geometric non-linearity [7] and [8]. 
Usually constitutive equations or rate constitutive 
equations are used in finite element software to model 
these systems and characterization of such systems is 
carried out by means of experimental testing [9] and 
[10].

This study proposes a replicable semi -empirical 
procedure, based on few targeted experimental 
displacement measurements and modal analyses, 
where functional tolerance specifications are used 
to predict and control the variability of the dynamic 
behaviour in such systems.

The actual tolerance specifying method is 
geometric dimensioning and tolerancing (GD&T) 
as indicated in the ASME Y14.5 [11] and ISO 1101 
[12] standards. The application of GD&T can be 
ensured by different approaches, mainly attributable 
to tolerance analysis and tolerance synthesis. In 
tolerance analysis [13] and [14] the contribution to the 
accumulation of variations at one or more functional 
features in a tolerance stack-up is considered, while 
tolerance synthesis [15] to [17] studies the influence of 
geometrical variations in parts on the behaviour of a 

An Integrated Approach to Characterize the Dynamic Behaviour 
of a Mechanical Chain Tensioner by Functional Tolerancing

Calì, M. – Oliveri, S.M. – Ambu, R. – Fichera, G.
Michele Calì1,* – Salvatore Massimo Oliveri1 – Rita Ambu2 – Gabriele Fichera3

1University of Catania, Electric, Electronics and Computer Engineering Department, Italy 
2University of Cagliari, Department of Mechanical, Chemical and Materials Engineering, Italy 

University of Catania, Civil Engineering and Architecture Department, Italy

Assembled systems composed of flexible components are widely used in mechanics to dampen vibrations and store or dissipate energy. Often, 
the flexible components of these systems are assembled via non-linear sliding contacts and yielding constraints. Geometric non-linearity along 
with non-linearity of stiffness, damping and contact pressure between flexible components greatly complicate the dynamic characterization of 
these assemblies. Therefore, such assemblies are characterised almost exclusively by means of experimental testing.

This research analyses how classic ASME and ISO tolerance standards can be used to guarantee and control the conformity of these 
assembled systems with their functional requirements limiting the number of experimental tests. In particular the dependence of the dynamic 
behaviour upon functional tolerances is studied for a mechanical tensioner in a chain drive timing system of an internal combustion engine 
(ICE). The semi empirical methodology is based on displacement measurements and modal analyses. A multibody model with few degrees of 
freedom (MBM-FDoF) is proposed as the first approximation to reproduce the variability of the dynamic behaviour of the tensioner considering 
variations in functional tolerances.
Keywords: ASME-ISO tolerance specification, reverse engineering, tensioner, deformation energy, multibody model

Highlights
• Dynamic behaviour of assembled systems composed of flexible components was analysed.
• ASME and ISO tolerance standards are used to guarantee and control the conformity of assembled systems with functional 

requirements.
• A multibody model with few degrees of freedom validated with modal analysis allowed to control the variability of the 

assembled system.

http://www.sciencedirect.com/science/article/pii/S0360835205000641
app:ds:keyword


Strojniški vestnik - Journal of Mechanical Engineering 64(2018)4, p. 245-257

246 Calì, M. – Oliveri, S.M. – Ambu, R. – Fichera, G.

mechanism and on its functional requirements, since, 
generally, geometrical variations in parts are due to 
the degradation of the functional characteristics of a 
mechanism.

In the present research, GD&T approach is used 
to control the influence of functional tolerances on 
the dynamic behaviour of a mechanical tensioner for 
internal combustion engine (ICE) chain drive timing 
systems. Functional dimensioning of each component 
is obtained by selecting the features which establish 
the datum reference frame (DRF) and attributing 
appropriate typology and values to geometrical errors.

Furthermore, a mathematical model, based on 
multibody formulation with few degrees of freedom 
(MBM-FDoF), has been proposed in order to predict 
and control the variability of dynamic characteristics 
in the tensioner depending on the variations in 
functional tolerances.

The mechanical tensioner inserted in the ICE 
chain drive timing systems displays significant 
geometric and contact nonlinearities. It consists of 
highly deformable components which come into 
direct contact due to the forces acting on the system, 
changing the load path, stress state and dissipated 
deformation energy [5] and [9]. The case study 
demonstrates that the appropriate assignment of 
functional tolerances allows predicting and controlling 
the variability of dynamic system behaviour without 
resorting to complex and expensive experimental 
tests. In particular, functional dimensioning is used to 
control couplings whose interference influences the 
dynamic behaviour of the system.

The paper is organized as follows: in Section 
2 functional dimensioning of the components is 
described in relation to the initial design and operating 
conditions of the tensioner. Section 3 illustrates the 
construction of the MBM-FDoF capable to reproduce 
efficiently the dynamic behaviour and the frequency 
response of the tensioner. In Section 4 the dynamic 
characterization of the tensioner is carried out via 
modal analysis and displacement measurements. 
In Section 5 the functional tolerances that have an 
impact on the dynamic behaviour of the tensioner 
are identified and the influence of the variation in 
tolerances on the dissipated energy and the flexibility 
of the tensioner are studied. In Section 6 closing 
remarks and conclusions are finally reported.

1  FUNCTIONAL DIMENSIONING  
OF THE TENSIONER COMPONENTS

The tensioner is a part of the primary stage chain 
drive timing system in a high performance V-12 ICE 

studied by the authors in recent scientific publications 
[9] and [10]. The tensioner consists of five parts: 
bracket, blade and three equal leaf springs (Fig. 1a). 
The steel bracket holds the polyamide (PA 66) blade 
with a pin, and a bracket shelf allows the blade to flex, 
which transmits the damped transverse forces of the 
chain to the cylinder block and ensures proper chain 
meshing on the sprocket (Fig. 1b).

a)

b)

Fig. 1.  Mechanical tensioner: a) system components;  
b) positioning in primary stage of timing chain drive

The three leaf springs are held in the internal 
concave seat of the blade. The tensioner plays an 
important role in the isolation and damping of transient 
mechanical vibrations in chain drive timing systems, 
mitigating undesirable effects such as wear, noise and 
fatigue. These latter capabilities are correlated to the 
quantity of energy the tensioner can dissipate.

Complete functional dimensioning is 
accomplished by the assignment of dimensional 
and geometrical tolerances to the components of 
the assembly according to the ASME international 
standards [11]. In particular, the couplings between the 
blade and the leaf springs and between the blade and 
the bracket were characterized.
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The first step in functional dimensioning consists 
of the definition of DRF, based on the functionality 
and precision in manufacturing the features of the 
components (internal and external bracket surfaces, 
bracket hinge pin).

Manufacturing accuracy of bracket, blade and 
leaf springs was evaluated considering available 
information selected in literature [18] to [21]. Blade, 
in polyamide, is created through a pressure-melted 
operation. Leaf springs derive from rolling, whereas 
bracket is produced by a developer cut plate fold for 
moulding.

The selected datums are the most suitable ones 
for the control of the dimensional and geometrical 
tolerances related to manufacturing, whose variability 
due to assembling and/or wear significantly influences 
the dynamic behaviour of the tensioner, as reported in 
Section 4.

The dimensioning scheme of the blade reported 
in Fig. 2 takes into account all these factors. All 
dimensions and tolerances apply to a free-state 
condition, as required by the ASME standard [11].

The tolerances for size/profile are selected 
according to the most achievable degree of accuracy 
in the die casting process for the manufacture of 
polyamide [19] and [20].

The primary datum of the blade, indicated as A in 
Fig. 2, is the hole which, coupled with the hinge pin of 
the bracket, enables the rotation of the blade.

Fig. 2.  Functional dimensioning scheme of the blade

The secondary datum B is the plane perpendicular 
to the axis of the hole and is located on the back of 
the blade. The tertiary datum C is determined by the 
surface in contact with the bracket shelf during device 
operation.

Complementary datums were selected for the 
bracket. In particular, the primary datum A is the hinge 

pin around which the blade rotates. The secondary 
datum B is the internal surface of the bracket, while 
the tertiary datum C is determined by the shelf 
surface of the bracket in contact with the blade during 
tensioner operation (Fig. 3).

The DRF determined by the datums of the blade 
and the bracket allows introducing an orthogonal 
coordinate system (Fig. 4), which can be used to 
characterize the tensioner in terms of stiffness 
and damping, and to measure displacement and 
deformation.

Fig. 3.  Functional dimensioning scheme of the bracket

The origin of this coordinate system is on the 
inner surface of the bracket, where the z axis coincides 
with the hinge pin axis while the y axis is parallel to 
the bracket shelf.

Fig. 4.  Coordinate system in blade-bracket assembly

Profile tolerances allow shape and position errors 
to be checked, including orientation of surfaces. 
They are particularly suitable for controlling the 
polycentric profile of blade and springs. Fig. 5 reports 
the functional dimensioning scheme of the leaf 
springs [22], which, in conjunction with the functional 
dimensioning of the blade shown in Fig. 2, allows all 
the interactions among these components to be taken 
into account.

In the coupling between the first (upper) spring 
and the inner surface of the blade, the tolerances refer 
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to the ideal profiles (a polycentric curve with three 
curvatures) specified in Section 3. The reciprocal 
position and orientation of the springs are determined 
by their coupling with the bottom ends of the blade.

Fig. 5.  Functional dimensioning of the leaf spring

Plane B plays an important role in controlling the 
geometrical errors between the springs and the blade 
since the reciprocal orientation of the components 
in contact with this plane determines the overall 
arrangement during device operation.

2  NUMERICAL MODELLING

An MBM-FDoF was created using a MSC ADAMS® 
commercial code so obtaining some effective 
numerical tools able to predict and control which 
effects functional tolerance variations have on 
tensioner’s dynamic behaviour.

A detailed finite element (FE) model was also 
generated (using ANSYS® commercial code ver. 17.0) 
to accurately evaluate structural deformation, stress 
state, frictional sliding contact forces and yielding 
constraints (Fig. 6a).

In the FE model the coupling regions of contact 
were modelled with ANSYS® frictional sliding 
contact; this type of connection is able to accurately 
reproduce the sliding contact with friction even in the 
presence of high deformations [8]. Due to the presence 
of lubrication a regularized friction law was used 
with low values of coefficient of friction (µstatic = 0.1; 
µdynamic = 0.05) [23] and [24].

Blade design shape was acquired by reverse 
engineering technique with a laser scanner 
(Konica Minolta 9v-I, precision ≤ 10 μm). Final 
3D reconstruction has been optimized (border 
regularization) using the method reported in [25]. 
To ensure a realistic dynamic behaviour of tensioner 
during numerical simulation enabling the contact 

between tensioner’s external surface and the chain 
links in multibody simulations of the entire timing, 
the blade shape was divided in three contiguous 
sectors of hollow cylindrical sections with external 
radiuses R1, R2 and R3 and angular extensions q1, 
q2 and q3 (Fig. 6b). The curvature profile continuity 
of the blade’s outer surface during deformation has 
been guaranteed with geometric constraints, applied 
to the radiuses R1, R2 and R3 and angles q1, q2 and 
q3. The geometric constraints keep the three external 
cylindrical surfaces with C1 continuity in the points 
they have in common. Furthermore, the three radiuses 
and the three angles were assigned so that the flexible 
components could be subdivided into an integer 
number n of equal parts. The number of partitions 
was selected in accordance with the “modal basis” 
concept, i.e. the number of modes necessary to 
approximate the system response within the frequency 
range of forces [26] and [27]. It was demonstrated by 
[21] that once the range of interest is established (Ωmin 

a) 

b)

Fig. 6.  a) Tensioner FE model; and b) blade subdivision
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– Ωmax), the modal basis can be formed considering 
all the modes whose frequency is ωi < 2 Ωmax. The n 
parts are interconnected by elastic-damping forces and 
dynamically characterize the model according to the 
experimental data of displacement measurements and 
modal analysis.

The accuracy of results obtained by the MBM-
FDoF was confirmed by comparing them with 
experimental data. Fig. 7 summarizes the described 
methodology in detail.

Fig. 7.  Work flow of the implemented methodology

According to the frequency values calculated 
below, the tensioner was subdivided into 22 parts (Fig. 
8).

Fig. 8.  FDoF multibody model

Table 1.  Mechanical properties of equivalent material

Parameter PA 66
Steel
48SI7

Equivalent 
material

Young’s modulus [N/mm2] 4000 210000 28000
Density [kg/m3] 1345 7810 3200
Poisson’s ratio 0.34 0.3 0.33

Part 1 was hinged by the pin to the bracket 
whereas part 22 was constrained unilaterally to slide 

along the bracket shelf at the end of the bracket. In 
this way the model has 20×6+2+1 = 123DoF.

Twenty central parts of equal volume and mass 
have the same equivalent inertial density, the weighted 
mean lying between the polyamide density and that of 
the leaf spring steel (Table 1).

Two adjacent parts are linked at their centres 
of mass by general forces (GF). In this way parts 
exchange axial, flexional and torsional elastic-
damping forces in three mutually right-angled 
directions (Fig. 9).

The elastic force components are linear whereas 
the damping force components are viscous, and 
proportional to the velocity of the centres of mass 
which they connect.

a)

b)
Fig. 9.  Connection between parts with general force (GF):  

a) schematic diagram; and b) application points in MBM-FDoF

Compared to the orthogonal coordinate system 
originating in the centre of mass (CM) of part i, and 
the y axis oriented towards the CM of part i +1, the 
six GFi components applied on part i can be written 
as follows:
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where ki are stiffness coefficients and ci damping 
coefficients. The components 



Fiϑ , 


Fiψ  and 


Fiϕ  are 
flexional moment in yz plane, flexional moment in xy 
plane and torsional moment around the y axis, 
respectively.

Associating the dependent coordinate vector  
q(x, y, z, ϑ, φ, ψ) to each part and using the Lagrange 
multipliers technique, the following differential 
algebraic equations (DAE) are obtained, describing 
the tensioner’s deformation movements:

 
M

0
=
QqΦΦ
γγΦΦ λλ
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T
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,  (2)

where Q(t) is the vector which gathers the internal, 
external and complementary inertia forces (Coriolis 
forces), M is the mass (and inertial) matrix, Φq is the 
gradient of constraints (Jacobian), λ is the Lagrange 
multipliers vector, γ is the vector that groups all the 
terms of the acceleration constraint equations that 
depend on velocities. Q(t) include GF and constraint 
reactions in the extremities (part 1 and part 22).

By means of design of experiment (DoE) analysis, 
in Section 4 the best fitting stiffness (ki) and damping 
(ci) coefficient values in the GF are determined to 
reproduce the system’s dynamic behaviour in terms of 
frequency response and cyclic deformations.

3  DYNAMIC CHARACTERIZATION

The dynamic characterization of the tensioner was 
performed by means of modal analysis and cyclic 
deformation tests. The experimental modal analysis 
(EMA) was carried out by roving hammer impact test, 
with a Brüel & Kjær piezoelectric charge hammer and 
a small size charge accelerometer (Fig. 10a, 10d).

Front-end data and specific software (Test 
Xpress, TestLab) from Siemens/LMS were used 
for the acquisition of signals, post-processing, FRF 
calculation and complete identification of main 
modes.

The blade with leaf springs was tested under 
different constraint conditions: free-free body 
(Fig. 10a, Fig. 10b), and constrained operational 
configuration with three different vertical loads, 
whose values were set to a minimum level of 21.6 
N (static pre-load: Fpre), a mean level of 80.0 N 

a)

b)

c) d)

Fig. 10.  Modal analysis: a) data acquisition front-end; b) free-free 
EMA; c) and d) loaded EMA

Table 2. Tensioner frequencies, modal damping and mode shapes 
descriptions

Mode
Freq.  
[Hz]

Damping 
[%]

Description

Fr
ee

 c
on

fig
ur

at
io

n 1° 413.18 5.42 Bending mode in xy plane

2° 1054.7 5.41 Longitudinal torsion mode

3° 1938.7 5.03 Bending and torsion mode

4° 2267.2 4.34 Bending mode in yz plane

5° 3222.8 5.20 Bending and torsion mode

St
at

ic
 p

re
lo

ad

1° 287.04 5.61 Bending mode in xy plane

2° 657.55 5.56 Bending mode in xy plane

3° 987.39 5.09 Bending mode in xy plane

4° 1416.5 4.84 Longitudinal torsion mode

5° 1976.0 5.21 Bending mode of leaf springs

M
ea

n 
lo

ad

1° 290.78 5.73 Bending mode in xy plane

2° 655.47 5.67 Bending mode in xy plane

3° 985.48 5.51 Bending mode in xy plane

4° 1410.1 5.81 Longitudinal torsion mode

5° 2184.1 5.25 Bending mode of leaf springs

M
ax

im
um

 lo
ad

1° 296.61 6.37 Bending mode in xy plane

2° 653.95 5.71 Bending mode in xy plane

3° 982.56 5.61 Bending mode in xy plane

4° 1403.6 5.85 Longitudinal torsion mode

5° 1971.8 5.37 Bending mode of leaf springs
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(mean load: Fmean) and a maximum level of 138.3 N 
(maximum load: Fmax) (Fig. 10c, Fig. 10d).

As outlined by the authors in Calì et al. [8], the 
values of preload, mean load and maximum load were 
experimentally determined by tensioner measurement 
at static test bench.

Experimental frequency, modal damping and 
mode shapes resulting from EMA are reported in 
Table 2.

a)

b)

c)

Fig. 11.  Cyclic tests: a) strain gauge load cell and inductive HBM 
displacement transducers; b) transverse, and c) longitudinal 

displacement curves

Blade flexibility was characterized using cyclic 
load-unload tests at varying frequencies. Tests were 
carried out with lubricated leaf springs applying loads 

between preload (Fpre = 21.6 N) and maximum load 
(Fmax = 138.3 N) in the central area where the chain 
touches the tensioner (point P Fig. 11a) within the 
frequency range 0.01 Hz to 5 Hz.

Displacement transducers measure transverse 
displacements (Dt) in x direction on point P of 
tensioner surface and lengthening (longitudinal 
displacements: Dl in y direction) at the blade tip along 
the bracket shelf (Fig. 11a).

The experimental setup includes: Instron 
8501 servo-hydraulic dynamic testing machine 
and FastTrack 2 software; a 2 kN A.S.T. GmbH 
Angewandte Systemtechnik strain gauge load cell 
with the sensitivity of 2 mV/V; an inductive HBM 
vertical displacement transducer (WA20, 20 mm, < 
0.1 % f.s.); an inductive HBM horizontal displacement 
transducer (WA50, 50 mm, < 0.1 % f.s.); an HBM 
MgcPlus acquisition system (ADC 24bit).

The cyclic displacement curves were quite 
variable during the first cycles and were regularly 
repeated only after approximately twenty cycles; it 
is governed by the adopted frequency and maximum 
load. In Fig. 11b and Fig. 11c Dt and Dl versus 
fluctuating loads (∆F = Fmax – Fpre = 116.7 N) after 
twenty cycles at 0.33 Hz, 1 Hz and 5 Hz are outlined 
respectively.

In cycles with small fluctuating loads and low 
frequency the dissipated energy is negligible. For 
∆F = 116.7 N the hysteresis phenomenon becomes 
significant only at frequencies exceeding 0.33 Hz. In 
order to quantify the tensioner damping, D stands for 
the ratio between the dissipated energy per cycle WD 
and the equivalent elastic energy Ws (green and blue 
areas respectively in Fig. 12):

 D W
W
D

s

= .  (3)

Fig. 12. Dissipated and equivalent elastic energy per cycle at 5 Hz

Table 3 shows the dissipated energy per cycle 
WD, the equivalent elastic energy Ws and the damping 
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factor D evaluated in the areas where the cycles are 
regularly repeated at 0.01, 0.33 Hz, 1 Hz and 5 Hz.

Values of D, Dt, Dl and frequencies allow 
determining, with a DOE analysis, the best fitting 
stiffness ki and damping ci coefficient values for the 
21 GF of the multibody model. Table 4 shows these 
values.

Table 3.  Equivalent viscous damping coefficient

Cycle freq. [Hz] WD [mJ/cycle] Ws [mJ/cycle] D [-]

0.01 1.04 249.07 0.004
0.33 16.43 248.95 0.066

1 38.77 248.57 0.156
5 73.77 248.39 0.297

These coefficients allow obtaining a MBM-FDoF 
capable of accurate reproduction of the tensioner’s 
dynamic behaviour. In Fig. 13 modal shapes in 
correspondence with mean load obtained with the 
MBM-FDoF are compared with those obtained with 
the FE model. The red geometry is the undeformed 
shape.

b)a)

Fig. 13. Tensioner modal shapes (Fmean = 80 N): a) MBM-FDoF; 
and b) FE model

Table 4.  General-force stiffness and damping coefficients

GF kx
[N/mm]

ky
[N/mm]

kz
[N/mm]

cx; cy; cz 
[N⋅s/mm]

GF1 to GF3 30E+06 3.6E+06 90E+06 150
GF4 to GF18 30E+06 4.2E+06 90E+06 150
GF19 to GF21 30E+06 3.0E+06 90E+06 150

GF kϑ
[N⋅mm/°]

kφ
[N⋅mm/°]

kψ
[N⋅mm/°]

cϑ; cφ; cψ
[N⋅mm⋅s/°]

GF1 to GF3 1E+06 2500 1490 3500
GF4 to GF18 1E+06 2500 1960 3500
GF19 to GF21 1E+06 2500 1490 3500

Fig. 14.  Multibody model versus experimental and FE model 
frequencies (Fmean = 80 N)

b)

a)

Fig. 15.  Experimental versus numerical for  
a) transverse and b) longitudinal displacement curves

Fig. 14 shows the multibody model frequencies 
and percentage deviations from the experimental and 
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FE model values in correspondence with mean load. 
MBM-FDoF reproduces the first five experimentally 
obtained frequencies with a maximum error of 5.6 %.

Fig. 15 compares experimental and numerical 
transverse and longitudinal displacement curves at 5 
Hz. The maximum measured error was 3.4 %.

4  CONTROLLING THE TENSIONER’S DYNAMIC  
BEHAVIOUR BY FUNCTIONAL TOLERANCES

With the aim of evaluating the effects functional 
tolerance variations have on the tensioner dynamic 
behaviour, numerical simulations with FE tensioner 
model were performed modifying dimensions, 
geometries and interferences controlled by the 
tolerances outlined in Section 2.

Sensitivity analysis, conducted by loading the 
FE tensioner model with the above defined cyclic 
loads, indicates that the coupling between the three 
leaves and the both ends of the blade mostly influence 
the dynamic behaviour of the tensioner. It has been 
observed that also the coupling between the first leaf 
spring and the internal concave surface of the blade 
influences the dynamic behaviour of the tensioner 
and, in particular, the energy it dissipates.

The control of such couplings can be performed 
directly by means of profile tolerance values in 
F-G and H-L zones of the blade, as well as profile 
tolerances in G-H zone of the blade (Fig. 2), and 
profile tolerances on leaf spring (Fig. 5).

As long as the profile tolerances on leaf springs 
and blade remain within design values, the interference 
at the couplings of both ends can be exclusively 
considered as a function of initial static curvatures 
of leaf springs and blade. Leaf spring housings are 
designed to be larger than the widths of the leaf 
assembly (Fig. 16a). The difference in curvature 
between the leaves and their housing surfaces right 
from their initial assembly create an interference 
coupling (initial assembly interference) which 
undergoes little variations (functional interference) 
during tensioner operation (Fig. 16b). Hypothesising 
that the leaf housing deforms within the elastic limit of 
polyamide (and therefore also that of steel), the value 
of the initial assembly interference i can be calculated 
by equaling the elastic force Fs between the three leaf 
springs (Eq. (4)) to the elastic deformation force Fp of 
the leaves housing (Eq. (5)):

 F E I
L

E I
Ls

s
s

s
s=









=
3

2

24
3 3
δ δ ,  (4)

 F E i
hp p
r

= ⋅ ⋅A ,  (5)

where Es and Ep are Young’s moduli for leaf spring 
and polyamide respectively, I = bh3/12 is the moment 
of inertia of the leaf springs cross-section (Fig. 16a), 
ds is the difference in the transverse direction between 
the non-deformed spring height hundef and that of the 
leaf spring within its housing hdef (ds = hundef – hdef), 
L = 84 mm is the leaf spring length, A is the contact 
area between the leaf spring and its housing, i is the 
interference and hr is the total resistant thickness of 
the housing (Fig. 17).

a)

b)

Fig. 16.  Coupling between leaf springs and blade housing:  
a) design clearance; b) initial assembly interference

Fig. 17.  Geometric parameters and contact areas in the couplings 
between leaf springs and blade

By substituting the geometric parameters and 
Young’s modulus in Eqs. (4) and (5), assigning hr 
a value of 8 mm, ds a value of 5 mm the minimum 
interference imin and the maximum interference imax 
values are function of contact area A values.

 i E I
L E

hs

p
r s= ⋅

24 1
3

δ
A
.  (6)
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4.1  Evaluation of Contact Areas

As visible in Fig. 17 there are three contact areas 
between leaf springs and blade, but for the calculation 
of interference i only the areas at the both ends of the 
blade (contact areas in F-G and H-L zones) must be 
taken into account. The FE model provides, during 
tensioner operation between preload (F = 21.6 N) 
and maximum load (F = 138.3 N), variable values 
of these contact areas between 7.1 mm2 and 14 
mm2. In accordance with such values the minimum 
interference imin = 0.20 mm and the maximum 
interference imax =  0.38 mm.

Tensioner’s dynamic behaviour has been studied 
assigning to springs and blade a larger range of profile 
tolerance values than those fixed in the design in 
order to evaluate the effects that functional tolerance 
variations have on it.

In particular variations in the profile tolerance 
values in the F-G and H-L zones of the blade, as 
well as profile tolerances on the leaf spring produce 
changes in the maximum amplitude and position of 
the contact area A. Using the FE model the values 
of A and interferences i during cyclic load-unload 
tests were evaluated. Fig. 18 shows, as an example, 
the values of contact areas in the F-G and H-L zones, 
estimated when the profile tolerances on the leaf 
spring equal 1.3 mm. The figure also represents the 
two limit cases in which the leaf spring exclusively 
deforms torsionally or flexurally up to the maximum 
shape error allowed by the profile tolerance (Case 3 
Table 5).

Fig. 18.  Contact areas between leaf spring and blade for profile 
tolerance 1.3 mm; a) maximum torsional error, and  

b) maximum flexional error

b)

a)

Table 5.  Profile tolerance variations, contact area A and interference i

Case Shape Position Orientation

Blade 
profile 

tolerance 
[mm]

1 0.1 0.05 0.05
2 0.1 0.05 0.05
3 0.1 0.05 0.05
4 0.7 0.3 0.3
5 0.7 0.3 0.3
6 0.7 0.3 0.3
7 1.30 0.7 0.7
8 1.30 0.7 0.7
9 1.30 0.7 0.7

Leaf spring 
profile 

tolerance 
[mm]

1 0.05 0.05 0.05
2 0.7 0.3 0.3
3 1.3 0.7 0.7
4 0.05 0.05 0.05
5 0.7 0.3 0.3
6 1.3 0.7 0.7
7 0.05 0.05 0.05
8 0.7 0.3 0.3
9 1.3 0.7 0.7

Case
Contact area [mm] Interference [mm]
Min Max Min Max

1 7.1 14.0 0.20 0.38
2 6.7 19.5 0.14 0.41
3 6.2 24.7 0.12 0.44
4 6.8 21.1 0.14 0.40
5 6.1 28.2 0.11 0.45
6 5.5 35.5 0.09 0.51
7 6.3 31.6 0.10 0.44
8 5.4 38.7 0.08 0.51
9 5.0 47.2 0.06 0.55
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Similarly it is possible to link position and 
orientation errors to values of contact areas A and 
interference i in the F-G and H-L zones. Table 5 
outlines contact areas A minimum and maximum 
values, as well as minimum interference (imin) and 
maximum interference (imax) values depending on the 
variation in profile tolerances on the leaf springs and 
blade.

The nine cases of tolerance combinations shown 
in Table 5 were obtained from three profile tolerance 
values (0.1 mm, 0.7 mm and 1.3 mm) for both blade 
ends and three profile tolerance values (0.5 mm, 
0.7 mm and 1.3 mm) for the leaf springs. The same 
variations in profile tolerance at both blade ends were 
hypothesized.

4.2  Discussion of Results

It has been observed that the variations in assembly 
interference i values mainly influence the flexional 
moment values in xy plane of the GF (



Fiψ ) and the 
D value. So to uphold the validity of the MBM-FDoF 
in a wide range of profile tolerances stiffness ki and 
damping ci coefficient values have to vary with i. 
To automatically retrieve stiffness ki and damping ci 
coefficient values for GF components the following 
analytic equation has been empirically derived:

b)

a)

Fig. 19.  a) Cyclic transverse and b) longitudinal  
displacement curves at 0.33 Hz, iinit= 0.3 mm

Fig. 20.  a) Cyclic transverse and b) longitudinal  
displacement curves at 5 Hz, iinit= 0.3 mm

b)

a)

 k k einit
i

ψ ψ= 0 276.
,  (7)

 c c einit
i

ψ ψ= 0 561.
,  (8)

where kψ init and cψ init are stiffness and damping 
coefficients respectively in correspondence with 
design interference (Table 4).

As long as the variations in assembly interference 
are between 0.03 mm and 1.3 mm, MBM-FDoF 
enables monitoring tensioner dynamic performances 
in correspondence with different functional tolerances. 
Figs. 19 and 20 show experimental and numerical 
cyclic transverse and longitudinal displacement 
curves at 0.33 Hz and 5 Hz corresponding to an initial 
assembly interference values iinit= 0.3 mm.

The experimental curves were obtained, inserting 
small calibrated thickness in stainless steel within the 
couplings between leaf spring and ends of the blade, 
thus reproducing the desired interference values (Fig. 
21). In particular thickness from 0.4 mm to 0.6 mm ± 
0.02 mm (measured with caliber) was used to perform 
experimental measures.

Highlighting principal results obtained MBM - 
FDoF is able to predict transverse and longitudinal 
displacement of the tensioner, as well as the dissipated 
energy due to variations in functional tolerances. Fig. 
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for the nine cases of tolerance combinations shown in 
Table 5.

Table 6.  Dissipated deformation energy

Cases WD [mJ/cycle]
1 196.2
2 245.4
3 295.1
4 178.3
5 225.0
6 306.9
7 162.1
8 319.4
9 547.5

5  CONCLUSIONS

GD&T was used to control the influence of functional 
tolerances on the dynamic behaviour of a mechanical 
tensioner. The study demonstrates how ASME and 
ISO tolerance standard specifications can be used 
to control the conformity of an assembled system 
composed of flexible components with functional 
requirements. The method, based on experimental 
modal analyses and displacement measurements, 
can be used to predict the effects of assembly and 
utilization errors on dissipated deformation energy 
and on flexibility.

Multibody models with few degrees of freedom 
can be used to precisely predict and control the effects 
functional tolerance variations have on the tensioner’s 
dynamic behaviour. In particular the energy the 
tensioner dissipates was measured and the inter-
relationship with the most influential tolerances was 
established

This methodology can be applied to many 
different types of assembled systems with flexible 
components, including compliant and biomechanical 
systems.
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22 shows experimental and numerical transverse 
displacement of the point P (evidenced in Fig. 
11a) during the most critical accelerating transient 
condition (sweep 1000 rpm to 8000 rpm in 0.7 s) [9].

Fig. 21.  Calibrated thickness within the couplings between leaf 
spring and ends of the blade

Fig. 22.  Tensioner transverse displacement during acceleration 
transient condition (sweep 1000 rpm to 8000 rpm)

Fig. 23. Deformation energy vs blade profile tolerance and leaf 
spring profile tolerance

Fig. 23 shows the dissipated deformation energy 
per cycle as function of blade profile tolerance and 
leaf spring profile tolerance. It indicates that the leaf 
spring profile tolerance mostly influence dissipated 
energy especially for high blade profile tolerance. 
Table 6 summarizes the obtained dissipated energy 
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