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Abstract1

The existence of positive weak solutions to a singular quasilinear elliptic system in the whole2

space is established via suitable a priori estimates and Schauder’s fixed point theorem. 13

Keywords Singular elliptic system · p-Laplacian · Schauder’s fixed point theorem ·4

A priori estimate5

Mathematics Subject Classification 35J75 · 35J48 · 35J926

1 Introduction7

In this paper, we consider the following system of quasilinear elliptic equations:8

⎧

⎨

⎩

−�p1 u = a1(x) f (u, v) in R
N ,

−�p2v = a2(x)g(u, v) in R
N ,

u, v > 0 in R
N ,

(P)9

10

where N ≥ 3, 1 < pi < N , while �pi
denotes the pi -Laplace differential operator. Nonlin-11

earities f , g : R
+ × R

+ → R
+ are continuous and fulfill the condition12

(H f ,g) There exist mi , Mi > 0, i = 1, 2, such that13

m1sα1 ≤ f (s, t) ≤ M1sα1(1 + tβ1),14

m2tβ2 ≤ g(s, t) ≤ M2(1 + sα2)tβ2
15
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for all s, t ∈ R
+, with −1 < α1, β2 < 0 < α2, β1,16

α1 + α2 < p1 − 1, β1 + β2 < p2 − 1, (1.1)17

as well as18

β1 <
p∗

2

p∗
1

min{p1 − 1, p∗
1 − p1}, α2 <

p∗
1

p∗
2

min{p2 − 1, p∗
2 − p2}.19

Here, p∗
i denotes the critical Sobolev exponent corresponding to pi , namely p∗

i := N pi

N−pi
.20

Coefficients ai : R
N → R satisfy the assumption21

(Ha) ai (x) > 0 a.e. in R
N and ai ∈ L1(RN ) ∩ Lζi (RN ), where22

1

ζ1
≤ 1 −

p1

p∗
1

−
β1

p∗
2

,
1

ζ2
≤ 1 −

p2

p∗
2

−
α2

p∗
1

.23

Let D
1,pi (RN ) be the closure of C∞

0 (RN ) with respect to the norm24

‖w‖
D

1,pi (RN ) := ‖∇w‖L pi (RN ).25

Recall [12, Theorem 8.3] that26

D
1,pi (RN ) = {w ∈ L p∗

i (RN ) : |∇w| ∈ L pi (RN )}.27

Moreover, if w ∈ D
1,pi (RN ), then w vanishes at infinity, i.e., the set {x ∈ R

N : w(x) > k}28

has finite measure for all k > 0; see [12, p. 201].29

A pair (u, v) ∈ D
1,p1(RN ) × D

1,p2(RN ) is called a (weak) solution to (P) provided30

u, v > 0 a.e. in R
N and31

⎧

⎨

⎩

∫

RN |∇u|p1−2∇u∇ϕ dx =
∫

RN a1 f (u, v)ϕ dx,

∫

RN |∇v|p2−2∇v∇ψ dx =
∫

RN a2g(u, v)ψ dx

32

for every (ϕ, ψ) ∈ D
1,p1(RN ) × D

1,p2(RN ).33

The most interesting aspect of the work probably lies in the fact that both f and g can34

exhibit singularities through R
N , which, without loss of generality, are located at zero. Indeed,35

−1 < α1, β2 < 0 by (H f ,g). It represents a serious difficulty to overcome and is rarely36

handled in the literature.37

As far as we know, singular systems in the whole space have been investigated only38

for p := q := 2, essentially exploiting the linearity of involved differential operators. In39

such a context, [3,4,17] treat the so-called Gierer–Meinhardt system, which arises from40

the mathematical modeling of important biochemical processes. Nevertheless, even in the41

semilinear case, (P) cannot be reduced to Gierer–Meinhardt’s case once (H f ,g) is assumed.42

The situation looks quite different when a bounded domain takes the place of R
N : many43

singular systems fitting the framework of (P) have been studied, and meaningful contributions44

are already available [1,6–11,13–16].45

Here, variational methods do not work, at least in a direct way, because the Euler function46

associated with problem (P) is not well defined. A similar comment holds for sub-super-47

solution techniques, which are usually employed in the case of bounded domains. Hence, we48

were naturally led to apply fixed point results. An a priori estimate in L∞(RN ) × L∞(RN )49

for solutions of (P) is first established (cf. Theorem 3.4) by a Moser’s type iteration procedure50

and an adequate truncation, which, due to singular terms, require a specific treatment. We51
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Singular quasilinear elliptic systems inR
N

next perturb (P) by introducing a parameter ε > 0. This produces the family of regularized52

systems53

⎧

⎨

⎩

−�p1 u = a1(x) f (u + ε, v) in R
N ,

−�p2v = a2(x)g(u, v + ε) in R
N ,

u, v > 0 in R
N ,

(Pε)54

55

whose study yields useful information on the original problem. In fact, the previous L∞-56

boundedness still holds for solutions to (Pε), regardless of ε. Thus, via Schauder’s fixed point57

theorem, we get a solution (uε, vε) lying inside a rectangle given by positive lower bounds,58

where ε does not appear, and positive upper bounds, that may instead depend on ε. Finally,59

letting ε → 0+ and using the (S)+-property of the negative p-Laplacian in D
1,p(RN ) (see60

Lemma 3.3) yield a weak solution to (P); cf. Theorem 5.1.61

The rest of this paper is organized as follows: Section 2 deals with preliminary results.62

An a priori estimate of solutions to (P) is proven in Sect. 3, while the next one treats system63

(Pε). Section 5 contains our existence result for problem (P).64

2 Preliminaries65

Let 	 ⊆ R
N be a measurable set, let t ∈ R, and let w, z ∈ L p(RN ). We write m(	) for66

the Lebesgue measure of 	, while t± := max{±t, 0}, 	(w ≤ t) := {x ∈ 	 : w(x) ≤ t},67

‖w‖p := ‖w‖L p(RN ). The meaning of 	(w > t), etc. is analogous. By definition, w ≤ z iff68

w(x) ≤ z(x) a.e. in R
N .69

Given 1 ≤ q < p, neither L p(RN ) →֒ Lq(RN ) nor the reverse embedding holds true.70

However, the situation looks better for functions belonging to L1(RN ). Indeed (see also [2,71

p. 93]),72

Proposition 2.1 Suppose p > 1 and w ∈ L1(RN ) ∩ L p(RN ). Then w ∈ Lq(RN ) whatever73

q ∈ ]1, p[.74

Proof Thanks to Hölder’s inequality, with exponents p/q and p/(p − q), and Chebyshev’s75

inequality, one has76

‖w‖q
q =

∫

RN (|w|≤1)

|w|qdx +
∫

RN (|w|>1)

|w|qdx

≤
∫

RN (|w|≤1)

|w| dx +
(∫

RN (|w|>1)

|w|pdx

)q/p

[m(RN (|w| > 1))]1−q/p

≤
∫

RN

|w| dx +
(∫

RN

|w|pdx

)q/p (∫

RN

|w|pdx

)1−q/p

= ‖w‖1 + ‖w‖p
p.

77

This completes the proof. ⊓⊔78

The summability properties of ai collected below will be exploited throughout the paper.79

Remark 2.1 Let assumption (Ha) be fulfilled. Then, for any i = 1, 2,80

(j1) ai ∈ L(p∗
i )′(RN ).81
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(j2) ai ∈ Lγi (RN ), where γi := 1/(1 − ti ), with82

t1 :=
α1 + 1

p∗
1

+
β1

p∗
2

, t2 :=
α2

p∗
1

+
β2 + 1

p∗
2

.83

(j3) ai ∈ Lδi (RN ), for δi := 1/(1 − si ) and84

s1 :=
α1 + 1

p∗
1

, s2 :=
β2 + 1

p∗
2

.85

(j4) ai ∈ Lξi (RN ), where ξi ∈ ]p∗
i /(p∗

i − pi ), ζi [.86

To verify (j1)–(j4), we simply note that ζi > max{(p∗
i )′, γi , δi , ξi } and apply Proposition87

2.1.88

Let us next show that the operator −�p is of type (S)+ in D
1,p(RN ).89

Proposition 2.2 If 1 < p < N and {un} ⊆ D
1,p(RN ) satisfies90

un⇀u in D
1,p(RN ), (2.1)91

lim sup
n→∞

〈

−�pun, un − u
〉

≤ 0, (2.2)92

then un → u in D
1,p(RN ).93

Proof By monotonicity, one has94

〈

−�pun − (−�pu), un − u
〉

≥ 0 ∀ n ∈ N,95

which evidently entails96

lim inf
n→∞

〈

−�pun − (−�pu), un − u
〉

≥ 0.97

Via (2.1)–(2.2), we then get98

lim sup
n→∞

〈

−�pun − (−�pu), un − u
〉

≤ 0.99

Therefore,100

lim
n→∞

∫

RN

(

|∇un |p−2∇un − |∇u|p−2∇u
)

(∇un − ∇u) dx = 0. (2.3)101

Since [18, Lemma A.0.5] yields102

∫

RN

(

|∇un |p−2∇un − |∇u|p−2∇u
)

(∇un − ∇u) dx

≥

⎧

⎪

⎨

⎪

⎩

C p

∫

RN
|∇(un−u)|2

(|∇un |+|∇u|)2−p dx if 1 < p < 2,

C p

∫

RN |∇(un − u)|p dx otherwise

∀ n ∈ N,

103

the desired conclusion, namely104

lim
n→∞

∫

RN

|∇(un − u)|p dx = 0,105
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Singular quasilinear elliptic systems inR
N

directly follows from (2.3) once p ≥ 2. If 1 < p < 2, then Hölder’s inequality and (2.1)106

lead to107

∫

RN

|∇(un − u)|p dx =
∫

RN

|∇(un − u)|p

(|∇un | + |∇u|)
p(2−p)

2

(|∇un | + |∇u|)
p(2−p)

2 dx

≤
(∫

RN

|∇(un − u)|2

(|∇un | + |∇u|)2−p
dx

)

p
2

(∫

RN

(|∇un | + |∇u|)pdx

)
2−p

2

≤ C

(∫

RN

|∇(un − u)|2

(|∇un | + |∇u|)2−p
dx

)

p
2

, n ∈ N,

108

with appropriate C > 0. Now, the argument goes on as before. ⊓⊔109

3 Boundedness of solutions110

The main result of this section, Theorem 3.4, provides an L∞(RN )—a priori estimate for111

weak solutions to (P). Its proof will be performed into three steps.112

Lemma 3.1 [L p∗
i (RN )—uniform boundedness] There exists ρ > 0 such that113

max
{

‖u‖p∗
1
, ‖v‖p∗

2

}

≤ ρ (3.1)114

for every (u, v) ∈ D
1,p1(RN ) × D

1,p2(RN ) solving problem (P).115

Proof Multiply both equations in (P) by u and v, respectively, integrate over R
N , and use116

(H f ,g) to arrive at117

‖∇u‖p1
p1

=
∫

RN

a1 f (u, v)u dx ≤ M1

∫

RN

a1uα1+1(1 + vβ1) dx,118

‖∇v‖p2
p2

=
∫

RN

a2g(u, v)v dx ≤ M2

∫

RN

a2(1 + uα2)vβ2+1 dx .119

Through the embedding D
1,pi (RN ) →֒ L p∗

i (RN ), besides Hölder’s inequality, we obtain120

‖∇u‖p1
p1

≤ M1

(

‖a1‖δ1‖u‖α1+1

p∗
1

+ ‖a1‖γ1‖u‖α1+1

p∗
1

‖v‖β1

p∗
2

)

121

≤ C1‖∇u‖α1+1
p1

(

‖a1‖δ1 + ‖a1‖γ1‖∇v‖β1
p2

)

;122

cf. also Remark 2.1. Likewise,123

‖∇v‖p2
p2

≤ C2‖∇v‖β2+1
p2

(

‖a2‖δ2 + ‖a2‖γ2‖∇u‖α2
p1

)

.124

Thus, a fortiori,125

‖∇u‖p1−1−α1
p1

≤ C1

(

‖a1‖δ1 + ‖a1‖γ1‖∇v‖β1
p2

)

,126

‖∇v‖p2−1−β2
p2

≤ C2

(

‖a2‖δ2 + ‖a2‖γ2‖∇u‖α2
p1

)

, (3.2)127

which imply128

‖∇u‖p1−1−α1
p1

+ ‖∇v‖p2−1−β2
p2

≤ C1

(

‖a1‖δ1 + ‖a1‖γ1‖∇v‖β1
p2

)

+ C2

(

‖a2‖δ2 + ‖a2‖γ2‖∇u‖α2
p1

)

.
129
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S. A. Marano et al.

Rewriting this inequality as130

‖∇u‖α2
p1

(

‖∇u‖p1−1−α1−α2
p1

− C2‖a2‖γ2

)

+ ‖∇v‖β1
p2

(

‖∇v‖p2−1−β1−β2
p2

− C1‖a1‖γ1

)

≤ C1‖a1‖δ1 + C2‖a2‖δ2 ,

(3.3)131

four situations may occur. If132

‖∇u‖p1−1−α1−α2
p1

≤ C2‖a2‖γ2 , ‖∇v‖p2−1−β1−β2
p2

≤ C1‖a1‖γ1133

then (3.1) follows from (j2) of Remark 2.1, conditions (1.1), and the embedding134

D
1,pi (RN ) →֒ L p∗

i (RN ). Assume next that135

‖∇u‖p1−1−α1−α2
p1

> C2‖a2‖γ2 , ‖∇v‖p2−1−β1−β2
p2

> C1‖a1‖γ1 . (3.4)136

Thanks to (3.3), one has137

‖∇u‖α2
p1

(‖∇u‖p1−1−α1−α2
p1

− C2‖a2‖γ2) ≤ C1‖a1‖δ1 + C2‖a2‖δ2 ,138

whence, on account of (3.4),139

‖∇u‖p1−1−α1−α2
p1

≤
C1‖a1‖δ1 + C2‖a2‖δ2

‖∇u‖α2
p1

+ C2‖a2‖γ2

≤
C1‖a1‖δ1 + C2‖a2‖δ2

‖a2‖
α2

p1−1−α1−α2
γ2

+ C2‖a2‖γ2 .
140

A similar inequality holds true for v. So, (3.1) is achieved reasoning as before. Finally, if141

‖∇u‖p1−1−α1−α2
p1

≤ C2‖a2‖γ2 , ‖∇v‖p2−1−β1−β2
p2

> C1‖a1‖γ1 (3.5)142

then (3.2) and (3.5) entail143

‖∇v‖p2−1−β2
p2

≤ C2

[

‖a2‖δ2 + ‖a2‖γ2

(

C2‖a2‖γ2

)

α2
p1−1−α1−α2

]

.144

By (1.1) again, we thus get145

max{‖∇u‖p1 , ‖∇v‖p2} ≤ C3,146

where C3 > 0. This yields (3.1), because D
1,pi (RN ) →֒ L p∗

i (RN ). The last case, i.e.,147

‖∇u‖p1−1−α1−α2
p1

> C2‖a2‖γ2 , ‖∇v‖p2−1−β1−β2
p2

≤ C1‖a1‖γ1148

is analogous. ⊓⊔149

To shorten notation, write150

D
1,pi (RN )+ := {w ∈ D

1,pi (RN ) : w ≥ 0 a.e. in R
N }.151

Lemma 3.2 (Truncation) Let (u, v) ∈ D
1,p1(RN ) × D

1,p2(RN ) be a weak solution of (P).152

Then153

∫

RN (u>1)

|∇u|p1−2∇u∇ϕ dx ≤ M1

∫

RN (u>1)

a1(1 + vβ1)ϕ dx, (3.6)154

∫

RN (v>1)

|∇v|p2−2∇v∇ψ dx ≤ M2

∫

RN (v>1)

a2(1 + uα2)ψ dx (3.7)155

for all (ϕ, ψ) ∈ D
1,p1(RN )+ × D

1,p2(RN )+.156
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Singular quasilinear elliptic systems inR
N

Proof Pick a C1 cutoff function η : R → [0, 1] such that157

η(t) =
{

0 if t ≤ 0,

1 if t ≥ 1,
η′(t) ≥ 0 ∀ t ∈ [0, 1],158

and, given δ > 0, define ηδ(t) := η
(

t−1
δ

)

. If w ∈ D
1,pi (RN ), then159

ηδ ◦ w ∈ D
1,pi (RN ), ∇(ηδ ◦ w) = (η′

δ ◦ w)∇w, (3.8)160

as a standard verification shows.161

Now, fix (ϕ, ψ) ∈ D
1,p1(RN )+ × D

1,p2(RN )+. Multiply the first equation in (P) by162

(ηδ ◦ u)ϕ, integrate over R
N and use (H f ,g) to achieve163

∫

RN

|∇u|p1−2∇u∇((ηδ ◦ u)ϕ) dx ≤ M1

∫

RN

a1uα1(1 + vβ1)(ηδ ◦ u)ϕ dx .164

By (3.8), we have165

∫

RN

|∇u|p1−2∇u∇((ηδ ◦ u)ϕ) dx

=
∫

RN

|∇u|p1(η′
δ ◦ u)ϕ dx +

∫

RN

(ηδ ◦ u)|∇u|p1−2∇u∇ϕ dx,

166

while η′
δ ◦ u ≥ 0 in R

N . Therefore,167

∫

RN

(ηδ ◦ u)|∇u|p1−2∇u∇ϕ dx ≤ M1

∫

RN

a1uα1(1 + vβ1)(ηδ ◦ u)ϕ dx .168

Letting δ → 0+ produces (3.6). The proof of (3.7) is similar. ⊓⊔169

Lemma 3.3 (Moser’s iteration) There exists R > 0 such that170

max{‖u‖L∞(	1), ‖v‖L∞(	2)} ≤ R, (3.9)171

where172

	1 := R
N (u > 1) and 	2 := R

N (v > 1),173

for every (u, v) ∈ D
1,p1(RN ) × D

1,p2(RN ) solving problem (P).174

Proof Given w ∈ L p(	1), we shall write ‖w‖p in place of ‖w‖L p(	1) when no confusion175

can arise. Observe that m(	1) < +∞ and define, provided M > 1,176

uM (x) := min{u(x), M}, x ∈ R
N .177

Choosing ϕ := u
κ p1+1
M , with κ ≥ 0, in (3.6) gives178

(κ p1 + 1)

∫

	1(u≤M)

u
κ p1

M |∇u|p1−2∇u∇uM dx179

≤ M1

∫

	1

a1(1 + vβ1)u
κ p1+1
M dx . (3.10)180
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S. A. Marano et al.

Through the Sobolev embedding theorem, one has181

(κ p1 + 1)

∫

	1(u≤M)

u
κ p1

M |∇u|p1−2∇u∇uM dx

= (κ p1 + 1)

∫

	1(u≤M)

(|∇u|uκ )p1 dx =
κ p1 + 1

(κ + 1)p1

∫

	1(u≤M)

|∇uκ+1|p1 dx

=
κ p1 + 1

(κ + 1)p1

∫

	1

|∇uκ+1
M |p1 dx ≥ C1

κ p1 + 1

(κ + 1)p1
‖uκ+1

M ‖p1

p∗
1

182

for appropriate C1 > 0. By Remark 2.1, Hölder’s inequality entails183

∫

	1

a1(1 + vβ1)u
κ p1+1
M dx ≤

∫

	1

a1(1 + vβ1)uκ p1+1dx

≤
(

‖a1‖ξ1 + ‖a1‖ζ1‖v‖β1

p∗
2

)

‖u‖κ p1+1

(κ p1+1)ξ ′
1
.

184

Hence, (3.10) becomes185

κ p1 + 1

(κ + 1)p1
‖uκ+1

M ‖p1

p∗
1

≤ C2

(

‖a1‖ξ1 + ‖a1‖ζ1‖v‖β1

p∗
2

)

‖u‖κ p1+1

(κ p1+1)ξ ′
1
.186

Since u(x) = lim
M→∞

uM (x) a.e. in R
N , using the Fatou lemma we get187

κ p1 + 1

(κ + 1)p1
‖u‖(κ+1)p1

(κ+1)p∗
1

≤ C2

(

‖a1‖ξ1 + ‖a1‖ζ1‖v‖β1

p∗
2

)

‖u‖κ p1+1

(κ p1+1)ξ ′
1
,188

namely189

‖u‖(κ+1)p∗
1

≤ C
η(κ)
3 σ(κ)

(

1 + ‖v‖β1

p∗
2

)η(κ)

‖u‖
κ p1+1

(κ+1)p1

(κ p1+1)ξ ′
1
, (3.11)190

where C3 > 0, while191

η(κ) :=
1

(κ + 1)p1
, σ (κ) :=

[

κ + 1

(κ p1 + 1)1/p1

]
1

κ+1

.192

Let us next verify that193

(κ + 1)p∗
1 > (κ p1 + 1)ξ ′

1 ∀ κ ∈ R
+
0 ,194

which clearly means195

1

ξ1
< 1 −

κ p1 + 1

(κ + 1)p∗
1

, κ ∈ R
+
0 . (3.12)196

Indeed, the function κ �→ κ p1+1
(κ+1)p∗

1
is increasing on R

+
0 and tends to

p1

p∗
1

as k → ∞. So, (3.12)197

holds true, because 1
ξ1

< 1 − p1

p∗
1

; see Remark 2.1. Now, Moser’s iteration can start. If there198

exists a sequence {κn} ⊆ R
+
0 fulfilling199

lim
n→∞

κn = +∞, ‖u‖(κn+1)p∗
1

≤ 1 ∀ n ∈ N200

then ‖u‖L∞(	1) ≤ 1. Otherwise, with appropriate κ0 > 0, one has201

‖u‖(κ+1)p∗
1

> 1 for any κ > κ0, besides ‖u‖(κ0+1)p∗
1

≤ 1. (3.13)202
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Singular quasilinear elliptic systems inR
N

Inequality (3.12) evidently forces
κ0 p1+1

(κ0+1)p∗
1

< 1
ξ ′

1
. Pick κ1 > κ0 such that (κ1 p1 + 1)ξ ′

1 =203

(κ0 + 1)p∗
1 , set κ := κ1 in (3.11), and use (3.13) to arrive at204

‖u‖(κ1+1)p∗
1

≤ C
η(κ1)
3 σ(κ1)

(

1 + ‖v‖β1

p∗
2

)η(κ1)

‖u‖
κ1 p1+1

(κ1+1)p1

(κ0+1)p∗
1

205

≤ C
η(κ1)
3 σ(κ1)

(

1 + ‖v‖β1

p∗
2

)η(κ1)

. (3.14)206

Choose next κ2 > κ0 satisfying (κ2 p1 +1)ξ ′
1 = (κ1 +1)p∗

1 . From (3.11), written for κ := κ2,207

as well as (3.13)–(3.14), it follows208

‖u‖(κ2+1)p∗
1

≤ C
η(κ2)
3 σ(κ2)

(

1 + ‖v‖β1

p∗
2

)

)η(κ2)‖u‖
κ2 p1+1

(κ2+1)p1

(κ1+1)p∗
1

≤ C
η(κ2)
3 σ(κ2)

(

1 + ‖v‖β1

p∗
2

)η(κ2)

‖u‖(κ1+1)p∗
1

≤ C
η(κ2)+η(κ1)
3 σ(κ2)σ (κ1)

(

1 + ‖v‖β1

p∗
2

)η(κ2)+η(κ1)

.

209

By induction, we construct a sequence {κn} ⊆ (κ0,+∞) enjoying the properties below:210

(κn p1 + 1)ξ ′
1 = (κn−1 + 1)p∗

1 , n ∈ N; (3.15)211

‖u‖(kn+1)p∗
1

≤ C

∑n
i=1 η(κi )

3

n
∏

i=1

σ(κi )
(

1 + ‖v‖β1

p∗
2

)

∑n
i=1 η(κi )

(3.16)212

for all n ∈ N. A simple computation based on (3.15) yields213

κn + 1 = (κ0 + 1)

(

p∗
1

p1ξ
′
1

)n

+
1

p′
1

n−1
∑

i=0

(

p∗
1

p1ξ
′
1

)i

,214

where
p∗

1

p1ξ
′
1

> 1 due to (j4) of Remark 2.1. Hence,215

κn + 1 ≃ C∗
(

p∗
1

p1ξ
′
1

)n

as n → ∞, (3.17)216

with appropriate C∗ > 0. Further, if C4 > 0 satisfies217

1 <

[

t + 1

(tp1 + 1)1/p1

]
1√
t+1

≤ C4 , t ∈ R
+
0 ,218

(cf. [5, p. 116]), then219

n
∏

i=1

σ(κi ) =
n

∏

i=1

[

κi + 1

(κi p1 + 1)1/p1

]
1

κi +1

220

=
n

∏

i=1

{

[

κi + 1

(κi p1 + 1)1/p1

]
1√
κi +1

}

1√
κi +1

≤ C

∑n
i=1

1√
κi +1

4 .221

Consequently, (3.16) becomes222

‖u‖(kn+1)p∗
1

≤ C

∑n
i=1 η(κi )

3 C

∑n
i=1

1√
κi +1

4

(

1 + ‖v‖β1

p∗
2

)

∑n
i=1 η(κi )

.223
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S. A. Marano et al.

Since, by (3.17), both κn +1 → +∞ and 1
κn+1

≃ 1
C∗

(

p1ξ
′
1

p∗
1

)n

, while (3.1) entails ‖v‖p∗
2

≤ ρ,224

there exists a constant C5 > 0 such that225

‖u‖(κn+1)p∗
1

≤ C5 ∀ n ∈ N,226

whence ‖u‖L∞(	1) ≤ C5. Thus, in either case, ‖u‖L∞(	1) ≤ R, with R := max{1, C5}. A227

similar argument applies to v. ⊓⊔228

Using (3.9), besides the definition of sets 	i , we immediately infer the following229

Theorem 3.4 Under assumptions (H f ,g) and (Ha), one has230

max{‖u‖∞, ‖v‖∞} ≤ R (3.18)231

for every weak solution (u, v) ∈ D
1,p1(RN ) × D

1,p2(RN ) to problem (P). Here, R is given232

by Lemma 3.3.233

4 The regularized system234

Assertion (j1) of Remark 2.1 ensures that ai ∈ L(p∗
i )′(RN ). Therefore, thanks to Minty–235

Browder’s theorem [2, Theorem V.16], the equation236

− �pi
wi = ai (x) in R

N (4.1)237

possesses a unique solution wi ∈ D
1,pi (RN ), i = 1, 2. Moreover,238

• wi > 0, and239

240

• wi ∈ L∞(RN ).241

Indeed, testing (4.1) with ϕ := w−
i yields wi ≥ 0, because ai > 0 by (Ha). Through the242

strong maximum principle, we obtain243

ess infBr (x)wi > 0 for any r > 0, x ∈ R
N .244

Hence, wi > 0. Moser’s iteration technique then produces wi ∈ L∞(RN ).245

Next, fix ε ∈ ]0, 1[ and define246

(u, v) =
(

[m1(R + 1)α1 ]
1

p1−1 w1, [m2(R + 1)β2 ]
1

p2−1 w2

)

,247

(uε, vε) =
(

[M1ε
α1(1 + Rβ1)]

1
p1−1 w1, [M2ε

β2(1 + Rα2)]
1

p2−1 w2

)

, (4.2)248

where R > 0 comes from Lemma 3.3, as well as249

Kε :=
{

(z1, z2) ∈ L p∗
1 (RN ) × L p∗

2 (RN ) : u ≤ z1 ≤ uε , v ≤ z2 ≤ vε

}

.250

Obviously, Kε is bounded, convex, closed in L p∗
1 (RN ) × L p∗

2 (RN ). Given (z1, z2) ∈ Kε,251

write252

z̃i := min{zi , R}, i = 1, 2. (4.3)253

Since, on account of (4.3), hypothesis (H f ,g) entails254

a1m1(R + 1)α1 ≤ a1 f (z̃1 + ε, z̃2) ≤ a1 M1ε
α1(1 + Rβ1),255

a2m2(R + 1)β2 ≤ a2g(z̃1, z̃2 + ε) ≤ a2 M2(1 + Rα2)εβ2 , (4.4)256
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Singular quasilinear elliptic systems inR
N

while, recalling Remark 2.1, ai ∈ L(p∗
i )′(RN ), the functions257

x �→ a1(x) f (z̃1(x) + ε, z̃2(x)), x �→ a2(x)g(z̃1(x), z̃2(x) + ε)258

belong to D
−1,p′

1(RN ) and D
−1,p′

2(RN ), respectively. Consequently, by Minty–Browder’s259

theorem again, there exists a unique weak solution (uε, vε) of the problem260

⎧

⎨

⎩

−�p1 u = a1(x) f (z̃1(x) + ε, z̃2(x)) in R
N ,

−�p2v = a2(x)g(z̃1(x), z̃2(x) + ε) in R
N ,

uε, vε > 0 in R
N .

(4.5)261

Let T : Kε → L p∗
1 (RN )× L p∗

2 (RN ) be defined by T (z1, z2) = (uε, vε) for every (z1, z2) ∈262

Kε .263

Lemma 4.1 One has u ≤ uε ≤ uε and v ≤ vε ≤ vε . So, in particular, T (Kε) ⊆ Kε.264

Proof Via (4.2), (4.1), (4.5), and (4.4), we get265

〈−�p1 u − (−�p1 uε), (u − uε)
+〉

= 〈−�p1 [m1(R + 1)α1 ]
1

p1−1 w1 − (−�p1 uε), (u − uε)
+〉

=
∫

RN

a1

(

(m1(R + 1)α1 − f (z̃1 + ε, z̃2)
)

(u − uε)
+dx ≤ 0,

266

while Lemma A.0.5 of [18] furnishes267

〈−�p1 u − (−�p1 uε), (u − uε)
+〉

=
∫

RN

(

|∇u|p1−2∇u − |∇uε|p1−2∇uε

)

∇(u − uε)
+dx ≥ 0.

268

Now, arguing as in the proof of Proposition 2.2, one has (u − uε)
+ = 0, i.e., u ≤ uε. The269

remaining inequalities can be verified similarly. ⊓⊔270

Lemma 4.2 The operator T is continuous and compact.271

Proof Pick a sequence {(z1,n, z2,n)} ⊆ Kε such that272

(z1,n, z2,n) → (z1, z2) in L p∗
1 (RN ) × L p∗

2 (RN ).273

If (un, vn) := T (z1,n, z2,n) and (u, v) := T (z1, z2), then274

∫

RN

|∇un |p1−2∇un∇ϕ dx =
∫

RN

a1 f (z̃1,n + ε, z̃2,n)ϕ dx, (4.6)275

∫

RN

|∇vn |p2−2∇vn∇ψ dx =
∫

RN

a2g(z̃1,n, z̃2,n + ε)ψ dx, (4.7)276

∫

RN

|∇u|p1−2∇u∇ϕ dx =
∫

RN

a1 f (z̃1 + ε, z̃2)ϕ dx,277

∫

RN

|∇v|p2−2∇v∇ψ dx =
∫

RN

a2g(z̃1, z̃2 + ε)ψ dx278
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S. A. Marano et al.

for every (ϕ, ψ) ∈ D
1,p1(RN ) × D

1,p2(RN ). Set ϕ := un in (4.6). From (4.4), it follows279

after using Hölder’s inequality,280

‖∇un‖p1
p1

=
∫

RN

a1 f (z̃1,n + ε, z̃2,n)un dx

≤ M1

∫

RN

a1ε
α1(1 + Rβ1)un dx ≤ Cε

∫

RN

a1un dx

≤ Cε‖a1‖(p∗
1 )′‖un‖p∗

1
≤ Cε‖a1‖(p∗

1 )′‖∇un‖p1 ∀ n ∈ N,

281

where Cε := M1ε
α1(1 + Rβ1). This actually means that {un} is bounded in D

1,p1(RN ),282

because p1 > 1. By (4.7), an analogous conclusion holds for {vn}. Along subsequences if283

necessary, we may thus assume284

(un, vn)⇀(u, v) in D
1,p1(RN ) × D

1,p2(RN ). (4.8)285

So, {(un, vn)} converges strongly in Lq1(Br1)×Lq2(Br2) for any ri > 0 and any 1 ≤ qi ≤ p∗
i ,286

whence, up to subsequences again,287

(un, vn) → (u, v) a.e. in R
N . (4.9)288

Now, combining Lemma 4.1 with Lebesgue’s dominated convergence theorem, we obtain289

(un, vn) → (u, v) in L p∗
1 (RN ) × L p∗

2 (RN ), (4.10)290

as desired. Let us finally verify that T (Kε) is relatively compact. If (un, vn) := T (z1,n, z2,n),291

n ∈ N, then (4.6)–(4.7) can be written. Hence, the previous argument yields a pair (u, v) ∈292

L p∗
1 (RN ) × L p∗

2 (RN ) fulfilling (4.10), possibly along a subsequence. This completes the293

proof. ⊓⊔294

Thanks to Lemmas 4.1–4.2, Schauder’s fixed point theorem applies, and there exists295

(uε, vε) ∈ Kε such that (uε, vε) = T (uε, vε). Through Theorem 3.4, we next arrive at296

Theorem 4.3 Under hypotheses (H f ,g) and (Ha), for every ε > 0 small, problem (Pε) admits297

a solution (uε, vε) ∈ D
1,p1(RN ) × D

1,p2(RN ) complying with (3.18).298

5 Existence of solutions299

We are now ready to establish the main result of this paper.300

Theorem 5.1 Let (H f ,g) and (Ha) be satisfied. Then, (P) has a weak solution (u, v) ∈301

D
1,p1(RN ) × D

1,p2(RN ), which is essentially bounded.302

Proof Pick ε := 1
n

, with n ∈ N big enough. Theorem 4.3 gives a pair (un, vn), where303

un := u 1
n

and vn := v 1
n

, such that304

∫

RN

|∇un |p1−2∇un∇ϕ dx =
∫

RN

a1 f

(

un +
1

n
, vn

)

ϕ dx,305

∫

RN

|∇vn |p2−2∇vn∇ψ dx =
∫

RN

a2g

(

un, vn +
1

n

)

ψ dx (5.1)306

for every (ϕ, ψ) ∈ D
1,p1(RN ) × D

1,p2(RN ), as well as (cf. Lemma 4.1)307

0 < u ≤ un ≤ R, 0 < v ≤ vn ≤ R. (5.2)308
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Singular quasilinear elliptic systems inR
N

Thanks to (H f ,g), (5.2), and (Ha), choosing ϕ := un , ψ := vn in (5.1) easily entails309

‖∇un‖p1
p1

≤ M1

∫

RN

a1uα1+1
n (1 + vβ1

n )dx ≤ M1 Rα1+1(1 + Rβ1)‖a1‖1 ,

‖∇vn‖p2
p2

≤ M2

∫

RN

a2(1 + uα2
n )vβ2+1

n dx ≤ M2(1 + Rα2)Rβ2+1‖a2‖1,

310

whence both {un} ⊆ D
1,p1(RN ) and {vn} ⊆ D

1,p2(RN ) are bounded. Along subsequences311

if necessary, we thus have (4.8)–(4.9). Let us next show that312

(un, vn) → (u, v) strongly in D
1,p1(RN ) × D

1,p2(RN ). (5.3)313

Testing the first equation in (5.1) with ϕ := un − u yields314

∫

RN

|∇un |p1−2∇un∇(un − u)dx =
∫

RN

a1 f

(

un +
1

n
, vn

)

(un − u)dx . (5.4)315

The right-hand side of (5.4) goes to zero as n → ∞. Indeed, by (H f ,g), (5.2), and (Ha)316

again,317
∣

∣

∣

∣

a1 f

(

un +
1

n
, vn

)

(un − u)

∣

∣

∣

∣

≤ 2M1 Rα1+1(1 + Rβ1)a1 ∀ n ∈ N,318

so that, recalling (4.9), Lebesgue’s dominated convergence theorem applies. Through (5.4),319

we obtain lim
n→∞

〈−�p1 un, un − u〉 = 0. Likewise, 〈−�p2vn, vn − v〉 → 0 as n → ∞, and320

(5.3) directly follows from Proposition 2.2. On account of (5.1), besides (5.3), the final step321

is to verify that322

lim
n→∞

∫

RN

a1 f

(

un +
1

n
, vn

)

ϕ dx =
∫

RN

a1 f (u, v)ϕ dx, (5.5)323

lim
n→∞

∫

RN

a2g

(

un, vn +
1

n

)

ψ dx =
∫

RN

a2g(u, v)ψ dx (5.6)324

for all (ϕ, ψ) ∈ D
1,p1(RN ) × D

1,p2(RN ). If ϕ ∈ D
1,p1(RN ), then (j1) in Remark 2.1 gives325

a1ϕ ∈ L1(RN ). Since, as before,326

∣

∣

∣

∣

a1 f

(

un +
1

n
, vn

)

ϕ

∣

∣

∣

∣

≤ M1 Rα1+1(1 + Rβ1)a1|ϕ|, n ∈ N,327

assertion (5.5) stems from Lebesgue’s dominated convergence theorem. The proof of (5.6)328

is similar at all. ⊓⊔329

Acknowledgements This work is performed within the 2016–2018 Research Plan—Intervention Line 2:330

‘Variational Methods and Differential Equations’ and partially supported by GNAMPA of INDAM.331

References332

1. Alves, C.O., Corrêa, F.J.S.A.: On the existence of positive solution for a class of singular systems involving333

quasilinear operators. Appl. Math. Comput. 185, 727–736 (2007)334

2. Brézis, H.: Functional Analysis, Sobolev Spaces and Partial Differential Equations. Universitext, Springer,335

New York (2011)336

3. del Pino, M., Kowalczyk, M., Chen, X.: The Gierer–Meinhardt system: the breaking of homoclinics and337

multi-bump ground states. Commun. Contemp. Math. 3, 419–439 (2001)338

4. del Pino, M., Kowalczyk, M., Wei, J.: Multi-bump ground states of the Gierer–Meinhardt system in R
2.339

Ann. Inst. H. Poincaré Anal. Non Linéaire 20, 53–85 (2003)340

123

Journal: 10231 Article No.: 0832 TYPESET DISK LE CP Disp.:2019/2/12 Pages: 14 Layout: Small

A
u

th
o

r
 P

r
o

o
f



u
n
co

rr
ec

te
d

p
ro

o
f

S. A. Marano et al.

5. Drabek, P., Kufner, A., Nicolosi, F.: Quasilinear Elliptic Equations with Degenerations and Singularities.341

Nonlinear Analysis and Applications Series. de Gruyter, Berlin (1997)342

6. El Manouni, S., Perera, K., Shivaji, R.: On singular quasimonotone (p, q)-Laplacian systems. Proc. R.343

Soc. Edinb. Sect. A 142, 585–594 (2012)344

7. Ghergu, M.: Lane–Emden systems with negative exponents. J. Funct. Anal. 258, 3295–3318 (2010)345

8. Ghergu, M.: Lane–Emden systems with singular data. Proc. R. Soc. Edinb. Sect. A 141, 1279–1294346

(2011)347

9. Giacomoni, J., Schindler, I., Takac, P.: Sobolev versus Hölder local minimizers and existence of multiple348

solutions for a singular quasilinear equation. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 6, 117–158 (2007)349

10. Giacomoni, J., Hernandez, J., Sauvy, P.: Quasilinear and singular elliptic systems. Adv. Nonlinear Anal.350

2, 1–41 (2013)351

11. Hernández, J., Mancebo, F.J., Vega, J.M.: Positive solutions for singular semilinear elliptic systems. Adv.352

Differ. Equ. 13, 857–880 (2008)353

12. Lieb, E.H., Loss, M.: Analysis. Graduate Studies in Mathematics, vol. 14, 2nd edn. American Mathemat-354

ical Society, Providence (2001)355

13. Montenegro, M., Suarez, A.: Existence of a positive solution for a singular system. Proc. R. Soc. Edinb.356

Sect. A 140, 435–447 (2010)357

14. Motreanu, D., Moussaoui, A.: Existence and boundedness of solutions for a singular cooperative quasi-358

linear elliptic system. Complex Var. Elliptic Equ. 59, 285–296 (2014)359

15. Motreanu, D., Moussaoui, A.: A quasilinear singular elliptic system without cooperative structure. Acta360

Math. Sci. Ser. B 34, 905–916 (2014)361

16. Motreanu, D., Moussaoui, A.: An existence result for a class of quasilinear singular competitive elliptic362

systems. Appl. Math. Lett. 38, 33–37 (2014)363

17. Moussaoui, A., Khodja, B., Tas, S.: A singular Gierer–Meinhardt system of elliptic equations in R
N .364

Nonlinear Anal. 71, 708–716 (2009)365

18. Peral, I.: Multiplicity of Solutions for the p-Laplacian, ICTP Lecture Notes of the Second School of366

Nonlinear Functional Analysis and Applications to Differential Equations. Trieste (1997)367

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and368

institutional affiliations.369

123

Journal: 10231 Article No.: 0832 TYPESET DISK LE CP Disp.:2019/2/12 Pages: 14 Layout: Small

A
u

th
o

r
 P

r
o

o
f



u
n
co

rr
ec

te
d

p
ro

o
f

Journal: 10231

Article: 832

Author Query Form

Please ensure you fill out your response to the queries raised below

and return this form along with your corrections

Dear Author

During the process of typesetting your article, the following queries have arisen. Please check

your typeset proof carefully against the queries listed below and mark the necessary changes

either directly on the proof/online grid or in the ‘Author’s response’ area provided below

Query Details required Author’s response

1. Please check and confirm that the cor-

responding author and their respective

affiliations have been correctly identi-

fied.

A
u

th
o

r
 P

r
o

o
f


